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Abstract—We present a maximum-likelihood (ML) decoder
with the lowest computational complexity known to-date for
full-diversity, arbitrary size Quasi-Orthogonal Space-Time Block
Codes (QO-STBCs) with symbols from square or rectangular
quadrature amplitude modulation (QAM) constellations. We
start with the formulation of an explicit joint two-complex-
symbol decoder for general QO-STBCs with arbitrary complex
symbols and then derive the proposed ML decoder for QO-
STBCs with QAM symbols. The complexity savings are made
possible by a simplified quadratic ML decoding statistic that
utilizes algebraically the structure of the signal points of the
QAM constellation. Comparative computational complexity anal-
ysis with existing ML implementations and simulation studies are
included herein for illustration and validation purposes.

Index Terms—Full diversity, maximum-likelihood (ML) detec-
tion, multi-input multi-output (MIMO) communications, quadra-
ture amplitude modulation (QAM), space-time block codes
(STBC).

I. INTRODUCTION

RTHOGONAL space-time block codes (O-STBCs) [1]

offer full transmit diversity and allow independent
single-complex-symbol maximum-likelihood (ML) decoding.
Rate-one O-STBCs do not exist, however, for systems with
more than two transmit antennas [1], [2]. For systems with
four transmit antennas, the rate limitation of O-STBCs was
overcome in [3], [4] by Quasi-Orthogonal Space-Time Block
Codes (QO-STBCs) of full-diversity via signal constella-
tion rotation for some transmitted symbols in the codeword.
Unfortunately, ML decoding of the QO-STBCs in [3], [4]
requires joint detection of two complex symbols, which is
computationally prohibitive for high-order constellations such
as 16-QAM or higher. Single-complex-symbol decodable full-
rate full-diversity QO-STBCs for four transmit antennas were
presented in [5]-[7], but suffer from performance loss in
comparison to [3] due to lower diversity product by design.
Low complexity QR decomposition based ML decoding al-
gorithms for full-diversity QO-STBCs have been reported in
[8]-[10]. To that respect, Azzam and Ayanoglu [9] presented
the lowest-complexity ML decoding algorithm known in past
literature, utilizing the QR decomposition of the real channel
matrix representation by stacking the real and imaginary
components of the original complex channel matrix. In [11],
sphere decoding was used to reduce decoding complexity, an
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approach that is sensitive to the choice of the initial radius and
has complexity that increases exponentially with the size of the
QO-STBC. In [12], an iterative algorithm that is not provably
ML is developed with complexity that has not been analyzed.
The works in [13], [14] study code structures amendable to
low-complexity decoding.

In this paper, we present the lowest-complexity known to-
date ML decoder for full-diversity QO-STBCs of the form
in [3], [4] with QAM signal constellations and arbitrary
number of receive antennas. The proposed algorithm applies,
in general, to any joint two-complex-symbol decodable QO-
STBC. The computational hurdle faced in joint ML decoding
of two complex symbols is tackled by (i) simplifying the ML
expression and partitioning the global minimization problem
into equivalent independent multiple minimization problems
of quadratic structure and (i7) simultaneously utilizing alge-
braically the quadratic nature of the minimization terms and
the geometric positions of the QAM signal points. The identi-
fied algebraic manipulations drastically reduce the complexity
of the ML decoding procedure and the decoding complexity
stays independent of the operating signal-to-noise ratio (SNR).
The general complexity expression is derived and compared
with that of conventional ML decoding and the prior state-of-
the-art ML implementation in [9]. Simulation results are also
presented to demonstrate experimentally the theoretical ML
equivalence of the proposed decoding procedure.

II. SYSTEM MODEL AND NOTATION

We use the following notation: Re{-} and Im{-} denote the
real and imaginary part, respectively, of a complex number;
tr(B), || B||%, BT, and B denote the trace, Frobenius norm,
transpose, and Hermitian operator, respectively, on matrix B;
(-)* denotes complex conjugation and I;, O; denote the
identity and all-zero matrix, respectively, of size L x L. Let
M; be the number of transmit antennas, M, the number of
receive antennas, and 7' the number of time slots over which
an STBC is transmitted. M; and T are assumed to be even.
An O-STBC of K symbols and size N x N can be written as

[2] .
V(@ 2x) = ) (@nAn +2Bn) (M
n=1

where A,, and B,, are called dispersion matrices [1], [15]. A
QO-STBC of 2K symbols and size T" x M; can be designed
as [3]

X(on,--- B V%(xl,m LTK) V%(mKH?... )
1,00, Tak) = Vs (e, w2x) Vg (an,00,2x0)

(2)
For the QO-STBC to be full-diversity, if the symbols
Z1, -+ ,xx come from an (Lgr,L;)- QAM constellation A,
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the symbols zx 1, - ,zox Will be from Ay £ €79 A where
the diversity-product optimal 6 for QAM is /4 [3]. For square
or rectangular QAM, the symbols are of the form
k=1,--- K,

k=K+1,---

Tk = QR+ jakr,

T = (a;@,R—i—jak,])eje, 2K, (3)

where a r and ag 7, kK =1, --
imaginary part of the k-th symbol.
The received signal matrix Y of size T° x M, is given by

,2K, denote the real and

ap
Y=,/LXH+N 4
I, + 4

where H is the channel matrix of size M; x M, and N is the
additive noise matrix of size 1" x M,. The channel is assumed
to be quasi-static with Rayleigh fading coefficients and known
to the receiver but unknown to the transmitter. The elements of
H and N are modeled as independent, identically distributed
complex Gaussian random variables with zero mean and unit
variance. In (4), p is the average SNR at each receive antenna
and the constant ¢ is chosen such that each codeword X
satisfies the energy constraint E{|X||%} = T M, [3], where
E{-} denotes statistical expectation.

III. PROPOSED DECODER

In this section, we present the details of the proposed sim-
plified ML decoding algorithm for full-diversity, maximum-
diversity-product QO-STBCs with M;-transmit antennas. ML
decoding of the 2K symbols x1, - - - , xox relies on the quasi-
orthogonal property of XX [3], [4]

o alw, BIumy
_ ! !
XOX= ) B, ol )
2 2
where
a= iil |$k|2, /B = QRG{Z;}C{:l IkI;(+k}

We note the manifested in S “inter-symbol interference”
among the symbol pairs (g, tx+k), k=1, , K.

The full-diversity QO-STBC in (2) requires joint two-
complex-symbol ML decoding [3]. Specifically, with known
channel matrix H at the receiver, the ML decoder is given by

amr = arg min [— 2Re{tr(XHYH)} +
x0T EA
TR41,,Tok €Ap

\/%tr(XHXHHH)]. 6)

By (5), r( XHXHHY) = o|H||%2 + Bey where

My
M, 3~
#=2Req > N han b )
i—1=1 -
We define U 2 HYH = Un U with each submatrix
Uz Uap

Uij, 0,5 = 1,2, of size 5 X % (assuming T = M;). Using
(1), (5), a, 3, cy, and the trace of XU, the ML minimization
in (6) can be written in the form

K
aML:Z{ min, Fk(xk,xm&)} ®)
Tk
k=1 TR LKEAg

where

Fr(tr, Tr1k)

= /]%4—p{(|mk|2 + |mK+k|2)HH”% + 2Re{mkm}+k}61{}
t

—2Re katr{(Uu + Un)Ag} + zpue{ (U + Uzz)Bk}}

+{1’K+ktr{(U12 + U21)Ar} + 2k tr{(Us2 + Uzl)Bk}H .
)

The above explicit expression for general joint two-complex-
symbol decoding of full-diversity QO-STBC symbols shows
that joint 2K -complex-symbol decoding can be broken down
to K pairs of joint two-complex symbol decodings without
losing ML optimality. However, joint decoding for each pair
of two-complex symbol requires (LpL;)? test trials whose
complexity is still unacceptably high for high-order signal
constellations. Below, we are able to reduce significantly the
complexity of the ML decoder for QAM constellations without
sacrificing ML optimality.

Due to the identical algebraic structure of the functionals
Fy(zk,xk4k), k= 1,--- K, in (9), it suffices to consider
the joint ML decoding problem for only one pair of symbols,
say x; and xx 4. The work for all other symbol pairs is
identical. We start by defining

uir+jur,r = tw{(Up + U)AL},
ug,r + juz,r = tr{(Uys + Usz)By},
vi,r +jvir 2 tr{(Uz + Uz )Ag},
vo,r +jvar 2 tr{(Uiz + U2)Bi}. (10)

Expanding Fy(zk, Tk +x) in terms of the real and imaginary
parts of the symbols x; and x4 from (3), we have

(i) = arg _ min | filanr) + folans) +
T Il eel?]
where fi(ay r) and fa(ay 1) are given by
Flarr) = g7 1HIEGE & + 91+
t

4
—e+ ﬂcH(a(KJrk) R — G(K+k),1)| Gk, R,(12)
2M, ’ ’ ’7

f2(ak,r) =

4
-y + ﬂcH(aKkR‘FaKk )] ar,r (13)
oaz, Crleacn (K+k),1) | Gk,

with € = U1, R+ U2, R, ¥ = U2, ] — U1,], and

qp 2 2
—||H
M, IH|[Fak,r + g2 +

V2
g1 = T(G(KJrk),R — a(x+k),1)(—V1,R — V2,R),
V2
g2 = T(G(KJrk),R+a(K+k),1)(’U1J —1)2’1), (14)

We observe that fi(ax,r) in (12) depends on a(gir),r —
a(k+k),r» While fo(ag ) in (13) depends on a(xip) r +
a(x+k),1- Define

b7 = a(rrk),r + Aty b = QiR R — A4k (15)
b2 4 (b |2 I
Then, |zxix]* = %, AQ(K+k),R = %, and

A(K4+k),] = b+gb7. Most importantly, each of b and b~
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has a limited number of possible values, a fact which can
be exploited to reduce ML decoding complexity. Specifi-
cally, for any given (LR,L{)- QAM! constellation A =
Ap x Ap,with Ap = Eg?{£1, 43, -+, £(Lr — 1)},
Ar = Es 2 {£1,43, -+, £(L; — 1)}, and E; the power
normalization factor to set the symbols in A to unit average
power, for all a(g 1) r € Ar and a(x 1)1 € A;s the possible
values of b and b~ are in

1
Q= 0, £2, 4, - -,
\/ES{

Now we return to the ML optimization problem in (11) and
rewrite

+(Lr+Li—2)}. (16

@k, Tr4r) = “rgzKﬂZ?Ae{akTénARGl(“k R)
+ akTénAIGQ(ak’I)} 17
where
Gi(ar,r) = 16M IH|Zb7° + fi(arr),  (18)
Gaans) = \/qrp HIEDTF + f(an). (19)

From (17), (18), we see that for any given b~ € (), we can
determine aj, r by minimizing

Cifann) = %IIHH%ai,R+<—e+ bc) ann
t t
T b (il 0)

over the set Apg. Relaxing, for the moment, the constraint
ar.r € Agr to ax.p € R, the quadratic function in (20) is
minimized by the real number
qap -
ZH|Z) .
S

amin = (e— |22 cb™
t 2M,

The key observation now -and good fortune- is that the
function Gi(ay r) is decreasing for axr € (—o0,al™™)
and increasing for ayr € (a®"™, 00). Hence, the point

in Apg nearest to a}’" minimizes Gi(ax,r) over Ag. If

21)

lamin| > L\Rﬁl the point in Ag nearest to a3 is
Lp—1
ap. p = sign(a™m™) ——; 22
k,R g ( R ) \/E_s (22)
if |a’h"| < % the point in Ag nearest to a’f™ is
1 VE.amm + 1
ap,r = —— |2 X round | ——2—— | —1 (23)
=g ot ()

where the sign operator sign(r) returns the sign of the real
number 7 and the round operation round(r) finds the integer
number nearest to 7.

Similarly, from (17), (19), we can see that for any given
b € Q, we can determine ay ; by minimizing

ap 2 2 qp n
9 g SN AP
7 IH||7ak,r + ( ¥+ oM, CH ) Ak, 1

qp 2 1142
Toxr, IHIE| 24)

Ga(ak,1) =

+g2 +

'We assume that both Ly and Lj are even as mostly used in practice.
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TABLE 1
REAL MULTIPLICATIONS AND ADDITIONS FOR 4 TRANSMIT ANTENNAS

QAM ML by (8) ML [9] Proposed ML
(Lr,Lr) Rs Ra Ry | Ra Ry [ Ra
16 (4,4) 2569 7103 592 656 471 356
64 (8,8) 31081 108095 1744 | 2192 695 868
256 (16,16) 467689 1710143 6352 | 8336 1143 | 2468

over the set A;. Changing ar; € A to ai; € R, the
quadratic function in (24) is minimized by the real number

—1
_ ap + qr 2
(7= oo ) ((J22rmE) . s

Again, we observe that the function Gy(ay,r) is decreasing
for ag,; € (—o00,a’"™) and increasing for ax,; € (a7'", 00).
Hence, the point in A;j nearest to a7 minimizes GQ (ak 1)

over A;. If |a"| > L’ — the point in set A; nearest to

min
ar

min ;
ayp’™ is
I ( mzn)LI_l (26)
ar,1 = sign(ary ;
VEs
if [a7"| < L\;; the point in set A7 nearest to a7"" is

Ak, = @7

\/2_S|:2><round<\/_a2 )—1:|.
In view of (22), (23) and (26), (27), to find the optimal
pair &,Zx+r only (LgLy) trials are required instead of
(LrL1)? needed by the original statistic in (8). For clarity in
presentation, we outline below the algorithm of the proposed
simplified ML detector for symbols xj and xx 5. The same
procedure can be followed to decode all other K — 1 symbol

pairs.

Proposed ML Decoder

1. Select a symbol z x4 € Ag, determine
b" = a(xir).r + arr).r and b7
2. Use b~ to determine &k,R:

ey g eHb shr cHDT
N ||HH2

b. Find the closest signal pomt in set Ag:

= Q(K+k),R — O(K+Ek),I-

a. Calculate amm =

if |amzn| > L\}{E_l,
min Lrp—1
ak,r = sign(ay )( m)
else
dkR—F[eround(ra )—1]

3. Use b™ to determine a ak I

g
YTV MG CHY cmb
— i AT

b. Find the closest signal point in set A;:

a. Calculate a7V'"™ =

if |a7"| > LI\/E;:
ap,1 = Slgn(a;nm)(LI—\/E;l)
else
ap,1 = \/T [2 X round (\/E_sal ) — 1].

4. Repeat (1)-(3) for all other k1 € Ap.
5. Find the minimum of G1(ax,r) + G2(ax,r) and output
the corresponding Ty = ax,r + jar,r and Tx4k.

IV. COMPUTATIONAL COMPLEXITY COMPARISONS

In Table I, as an example, we explicitly compare numeri-
cally the decoding complexity of the proposed ML algorithm,
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TABLE 11
DECODING COMPLEXITY IN REAL MULTIPLICATIONS AND ADDITIONS

ML Rar: (54 K)|A|® + 2(8K + 1)|A| + 2M2 (K + 4M,) + 6 M, M, + 17

by (8) Ra: (6 + 10K)|A|? + 12K |A| + MZ?(4M,. — 1) + 5M M, — 3 — K

Proposed | Ry M2(4K +4M,.) + 6 M, M, + 28(Lr + L1 — 1) + 59

ML Ra: M2(4M, —1.5) + 2(8M; + 1) M, + (3| A| + 14(Lr + L1 — 1) + 2)K — 6

10 ‘ ' ’ : ‘

-+ ML decoder by (8)

+=X=" Proposed ML decoder
ML [7]

BLKER

i i i i i

10°

19 20 21 22 23 24 25
SNR (dB)
Fig. 1. Block-error-rate (BLKER) versus SNR for M; = 4, M, = 1 and

16-QAM signal constellation.

the original ML decoder by (8), and the current lowest-cost
ML implementation in the literature [9], in terms of real mul-
tiplications (Rjs) and additions (Ry4) for M; = 4, M, =1,
and K = 2 with different size QAM constellations. In Table
II, we generalize and present in greatest detail the decoding
complexity of ML by (8) and the proposed ML in terms of
number real multiplications and additions as a function of
M, M,., K, and constellation size |A| = LrLj.

We can observe that the proposed algorithm makes 256-
QAM directly implementable. > Finally, in Fig. 1 we validate
experimentally the equivalence (in error-rate) of the ML
decoder in (8), the developed simplified ML algorithm for a
system with M; = 4, M, = 1 and 16-QAM modulation. For
broader reference purposes only, we add the error-rate curve
of the codewords in [7] under ML decoding.

V. CONCLUSIONS

We presented explicitly in direct implementation form the
lowest-complexity ML algorithm known to us to-date for
decoding full-diversity QO-STBCs with square or rectangular
QAM signal constellations. As the size of the signal constella-
tion used in the system increases, the relative complexity gap
between the developed ML algorithm and the previous state
of the art grows rapidly.
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