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Abstract—We develop a new 4×4 Hadamard-precoded quasi-
orthogonal space-time block code (QO-STBC) that enables highly
effective near-maximum-likelihood (near-ML) reliability-based
prioritized symbol detection using linear filters. Approximate
block-error-rate minimization is being used to optimize the code
rotation angle. Detailed computational complexity evaluation of
the decoder in terms of real multiplications and additions shows
significant complexity reduction for symbol alphabet sizes of
interest. Numerical and simulation studies demonstrate negligible
bit-error-rate degradation compared to the state-of-the-art in bit-
error-rate by ML decoded 4× 4 codewords.

Index Terms—Hadamard precoding, matched-filter (MF),
maximum-likelihood (ML) detection, minimum-mean-square-
error (MMSE) filter, multi-input multi-output (MIMO) commu-
nications, quasi-orthogonal space-time block codes (QO-STBC).

I. INTRODUCTION

ORTHOGONAL space-time block codes (O-STBC) [1]
offer full transmit diversity and allow disjoint single-

complex-symbol maximum-likelihood (ML) decoding. The
first-in-line, celebrated 2-transmit-antenna Alamouti O-STBC
[2] has also rate one and ushered wireless communications
in the era of space-time coded transmissions. Full-diversity,
rate-one O-STBCs for complex symbols drawn from arbitrary
constellations do not exist, however, for systems with more
than two transmit antennas [1], [3]. For systems with four
transmit antennas, a case of great practical importance, the
rate limitation of O-STBCs was overcome by quasi-orthogonal
space-time block codes (QO-STBCs) [4]-[8] at the expense of
diversity loss and increased decoding complexity. Rotation of
few symbols in the QO-STBC can, however, reinstate full-
diversity. In particular, full-diversity rate-one QO-STBCs for
4-transmit-antennas were described in [9]-[14]. On the other
hand, ML decoding of the full-diversity QO-STBCs in [9],
[10] requires joint detection of two complex symbols (four real
symbols), which is computationally expensive for high-order
signal constellations. In [11], interleaving real and imaginary
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parts of rotated symbols enables single-symbol decoding of
full-rate full-diversity QO-STBCs for the 4-transmit-antenna
case. Linear-transformation-based full-diversity QO-STBCs
with joint two-real-symbol ML decoding were presented in
[12], [13]. Grouping of dispersion matrices leading to joint
two-real-symbol ML decodable full-diversity codewords was
described in [14]. Noise prewhitening followed by subgroup
ML decoding was suggested in [15].

Arguably, the practical significance of a high-performing
low-computational-complexity 4×4 space-time code warrants
further research. Recently, low complexity block-orthogonal
[16], [17] and several other general proposals appeared in the
literature on linear (or partial-interference-cancelation (PIC))
receivers of space-time codes [18]-[20], but have not provided
yet an appealing definitive solution for the 4 transmit antenna
case.

In this paper, we develop a new (open-loop) Hadamard
precoded 4 × 4 QO-STBC codeword that, unlike code-
words from [11]-[15], facilitates high-performance reliability-
based linear-complexity decoding using minimum-mean-
square-error (MMSE) and matched filters (MF). Precoded
codewords and linear receivers were also pursued earlier on
by Sezgin and Oechtering [21] with resulting error rates
that may be deemed, however, unsatisfactory. For the de-
veloped codeword herein1 and the MMSE-MF decoder, a
semi-closed-form approximate block-error-rate expression is
derived, which is then minimized to find the optimal codeword
rotation angle. Simulation and numerical studies are, then,
provided to compare the error rate of the proposed code
under ML and MMSE-MF decoding and existing works in the
literature. The tradeoff performance-versus-complexity point
becomes, arguably, the most appealing to date in view of the
minimal computational cost per decoding measured in number
of real multiplications and additions executed by the described
scheme.

The rest of the paper is organized as follows. In Section II,
the system model and necessary notation for the proposed
codeword is introduced. In Section III, we derive the proposed
associated linear-filter (MMSE-MF) detector. Performance op-
timization for the MMSE-MF detector is carried out in Sec-
tion IV. Complexity and error rate performance comparisons
are presented in Section V. A few concluding remarks are
drawn in Section VI.

1The proposed precoded codeword enjoys full-diversity under joint two-real
symbol ML decoding as in the works of [11]-[14].
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II. SYSTEM MODEL

Throughout this paper, we use the following notation: E{·}
denotes statistical expectation; (B)−1, ‖B‖22, BT , BH , [B]i,j
denote the inverse, L2 norm, transpose, Hermitian, and (i, j)th
element of matrix B; IL, 0L is the identity and all zero matrix
of size L; (·)∗ is the complex conjugation operator and Re{·}
extracts the real part of a complex number.

We consider a system with Mt = 4 transmit antennas
and T = 4 time slots over which the space-time code is
to be transmitted (4 × 4 space-time block coding). For ease
in presentation, we consider the system case of one receive
antenna, Mr = 1. The treatment is, of course, directly
extendable to any number of receive antennas. We assume
perfect channel state information (CSI) at the receiver and
no CSI at the transmitter. The independent symbols to be
transmitted are formed by mapping the incoming bits onto
a known unit energy signal constellation A (for example,
quadrature amplitude modulation (QAM)) to form symbols
z1, · · · , z4, which are then represented by a column vector z.
The symbol vector z is precoded by the Hadamard matrix V
of size 4 followed by the diagonal rotation matrix operator

Pθ �
[
I2 02

02 ejθI2

]
, θ ∈ [0, π/2], to form the final precoded

symbol vector x with elements x1, · · · , x4,

x = Pθ
V

2
z (1)

where the factor 1
2 is the energy normalization constant to

make each symbol of unit energy and θ in Pθ is the rotation
angle to be optimized. The final space-time block code matrix
of size four-by-four to be transmitted has the structure [5], [9]

X =

⎡
⎣ x1 x2 x3 x4

−x∗
2 x∗

1 −x∗
4 x∗

3

x3 x4 x1 x2

−x∗
4 x∗

3 −x∗
2 x∗

1

⎤
⎦ . (2)

The received signal y of size (T = 4)× (Mr = 1) is given
by

y =

√
ρ

Mt
Xh+ n (3)

where ρ is the signal-to-noise ratio (SNR) per receive antenna,
h is the channel vector with elements h1, · · · , h4, and n is
the additive noise vector. The channel is assumed to be quasi-
static with Rayleigh fading coefficients. The elements of h
and n, hi, nl, 1 ≤ i ≤ Mt, 1 ≤ l ≤ T , respectively, are being
modeled as independent and identically distributed complex
Gaussian random variables with zero mean and unit variance.
The channel-equivalent representation of (3) is given by [10],
[21] (see also [22])

ye =

√
ρ

4Mt
HVz+ ne (4)

where ye,ne are obtained by conjugating the second and
fourth element of y and n respectively, and

H �

⎡
⎣ h1 h2 h3 h4

h∗
2 −h∗

1 h∗
4 −h∗

3

h3 h4 h1 h2

h∗
4 −h∗

3 h∗
2 −h∗

1

⎤
⎦Pθ (5)

is the equivalent channel matrix. The Hadamard precoding
operation by V enables us to derive and propose two low-
complexity detectors as discussed in the following section, a
joint two-real-symbol ML decoder and a two-stage MMSE-
MF decoder. We will suggest that the latter offers the best
performance-versus-complexity tradeoff known to date.

III. DECODERS

In this section, we derive and discuss an ML and a linear-
filter decoder for the received signal vector ye in (4).

A. Joint Two-real-symbol ML Decoding

With knowledge of CSI and the fixed precoder V at the
receiver, the ML decoder of z requires 4 independent joint
two-real-symbol decoding as opposed to joint decoding of 4
complex symbols. The ML decoder for the signal in (4) is
given by

ẑML = argmin
z∈A

‖ye −
√

ρ

4Mt
HVz‖22

= argmin
z∈A

[
−2Re

{
yH
e HVz

}

+

√
ρ

4Mt
zHVHHHHVz

]
. (6)

Analyzing cross-interference terms will allow us to identify
symbol couplings for ML decoding. Simplifying the second
term in (6) and ignoring the multiplicative constant we obtain

zHVHHHHVz = zH
[
(a+ b cos θ)I2 −jb sin θ I2
jb sin θ I2 (a− b cos θ)I2

]
z

= zH13

[
(a+ b cos θ) −jb sin θ

jb sin θ (a− b cos θ)

]
z13

+ zH24

[
(a+ b cos θ) −jb sin θ

jb sin θ (a− b cos θ)

]
z24 (7)

where z13 � [z1 z3]
T , z24 � [z2 z4]

T , and a �
4∑

i=1

|hi|2, b �
2Re

{
h1h

∗
3+h2h

∗
4

}
are channel dependent constants known to

the receiver. As the two terms in (7) are identical, we expand
the first term only to study the inter-symbol-interference

zH13

[
(a+ b cos θ) −jb sin θ

jb sin θ (a− b cos θ)

]
z13 = |z1|2(a+ b cos θ) +

|z3|2(a− b cos θ) + 2b sin θ(z1Rz3I − z1Iz3R) (8)

where the subscripts R and I denote real and imaginary part,
respectively. As shown above, inter-symbol-interference exists
between symbol pairs (z1, z3) and (z2, z4), while the two
groups of symbols are orthogonal to each other. Furthermore,
in each pair the real and imaginary part of the symbols do not
interfere with each other. For the pair (z1, z3), interference
exists between real symbols (z1R, z3I) and (z1I , z3R); for
the pair (z2, z4) interference exists between real symbols
(z2R, z4I) and (z2I , z4R). Thus, ML decoding of (4) requires
joint decoding of the real and imaginary part of the two
different symbols (i.e., two-real-symbol decoding) resulting
in the same decoding complexity as in [11]-[14]. The ML
decoding equations are given at the top of the next page,
where α = yH

e HV, βk,R and βk,I , k = 1, 2, are the real
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(ẑk,R, ẑk+2,I) = arg min
zk,R∈AR

zk+2,I∈AI

[
(a+ b cos θ)z2k,R + (a− b cos θ)z2k+2,I(2b sin θ)zk,R zk+2,I + αk,R zk,R − αk+2,Izk+2,I

]

(ẑk,I , ẑk+2,R)= arg min
zk,I∈AI

zk+2,R∈AR

[
(a+ b cos θ)z2k,I + (a− b cos θ)z2k+2,R −(2b sin θ)zk,I zk+2,R − αk,I zk,I + αk+2,Rzk+2,R

]

and imaginary part of a complex number, and AR and AI are
the set of real and imaginary parts of the signal constellation
A.

The codeword in (1), (2) achieves full-diversity under ML
decoding as can be easily shown by following the analysis of
[9].

B. MMSE-MF Decoding

Next, we derive and describe in detail a reliability based
two-stage linear-filter decoding approach. In stage one, we
will adaptively choose two symbols to be MMSE decoded
and removed. Then, in stage two, the two remaining symbols
will be MF decoded.

The incorporated Hadamard precoding in (1), (2) bestows
different signal-to-interference-plus-noise ratio (SINR) at the
output of the MMSE filter for different symbols. The symbols
having higher SINR (reliability) are to be decoded first and
removed from the linearized received signal ye. The remaining
symbols are to be decoded at the second stage with simple
channel MF filters. The first step of the decoder is to determine
which of the symbols will have higher SINR and will be
decoded at the first stage with the MMSE filter. To answer
this question that lies in the core of this work, we calculate
the post MMSE filtering SINR and show that a simple channel
parameter can be used to determine the symbols having higher
SINR.

For the received signal model in (4) the MMSE filter (in
matrix form) is given by

W =

√
ρ

4Mt
(HV)

(
I4 +

ρ

4Mt
VHHHHV

)−1

.

The MMSE receiver output is

ẑ = WHye.

The post-filtering SINRs are

SINR� =
1[(

I4 +
ρ

4Mt
VHHHHV

)−1
]
�,�

− 1, � = 1, · · · , 4,

where [B]i,j represents the element in the ith row and jth

column of matrix B. Simplifying SINR� further, we obtain

SINR� =

(
ρ
Mt

a+ 1
)2

−
(

ρ
Mt

b
)2

ρ
Mt

(
a− b cos θ

)
+ 1

− 1, � = 1, 2, and (9)

SINR� =

(
ρ
Mt

a+ 1
)2

−
(

ρ
Mt

b
)2

ρ
Mt

(
a+ b cos θ

)
+ 1

− 1, � = 3, 4. (10)

Hence, by the Hadamard precoding, one symbol in each pair
(z1, z3) and (z2, z4) has higher SINR than the other. From (9),
(10), we conclude that out of the four symbols in a codeword,
two of the symbols have high SINR and the other two have
lower SINR, depending on the channel parameter b. If b ≥ 0,
symbols z1, z2 have higher SINR than z3, z4 and are decoded
first. If b < 0, symbols z3, z4 have higher SINR than z1, z2
and are decoded first. The proposed MMSE-MF decoder is
summarized below where V[i,j] denotes the submatrix of V
consisting of the i and j columns and U(·) is the symbol
decision operator after linear filtering.

————————————————————————————–
MMSE-MF Decoder————————————————————————————–

1. Compute sign of b � 2Re(h1h
∗
3 + h2h

∗
4).

2. If b ≥ 0
(i) (ẑ1, ẑ2) = U(WH

L ye);

(ii) y
′
e = ye −

√
ρ

4Mt
(HV) [ẑ1 ẑ2 0 0]

T ;

(iii) (ẑ3, ẑ4) = U

(
(V)H[3,4]H

Hy
′
e

)
.

else
(i) (ẑ3, ẑ4) = U(WH

L ye);

(ii) y
′
e = ye −

√
ρ

4Mt
(HV) [0 0 ẑ3 ẑ4]

T ;

(iii) (ẑ1, ẑ2) = U

(
(V)H[1,2]H

Hy
′
e

)
.

end
————————————————————————————

We conclude this section on decoding the described code-
word with the technical statement that the proposed two-
stage MMSE-MF approach is equivalent to an MMSE-MMSE
or MMSE-ML configuration, at the lowest computational
cost. For brevity in presentation, the equivalence is shown in
Appendix A.

IV. CODEWORD PERFORMANCE OPTIMIZATION FOR

MMSE-MF DECODING

In this section, we provide approximate block-error-rate
analysis of the MMSE-MF decoder of the proposed codeword
in (1), (2) with the aim of finding the optimal (minimum block-
error-rate) rotation angle in Pθ.

We calculate the probability of error for each of the symbol
pairs (z1, z3) and (z2, z4) and then the error rate for the whole
codeword. The error rate is calculated stage-wise rather than
symbol-wise. As both the pairs have the same probability of
error due to the structure of the STBC, any pair of symbols
can be chosen to carry out the error rate analysis. We denote
by (s1, s2) the symbol pair chosen to be detected at the first
stage

(
(s1, s2) = (z1, z2) if b ≥ 0 and (s1, s2) = (z3, z4)

if b < 0
)
. The average probability of error of the pair of

symbols (s1, s2) is given by

P(s1,s2) = (1 − PL1)PL2 + (1 − PL2)PL1 + PL1PL2

= PL1 + PL2 − PL1PL2 (11)
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where PL1,PL2 (PL2 being a function of PL1) are the average
probability of error of the symbols detected with linear MMSE
in the first stage and the MF detector in the second stage,
respectively.

Symbol s1 is detected at the first stage with the MMSE
filter receiver. The SINR at the output of the MMSE filter at
the first stage is

γL1 =

(
ρ
Mt

a+ 1
)2

−
(

ρ
Mt

b
)2

ρ
Mt

(
a− |b| cos θ

)
+ 1

− 1

=
(ρ/4)2(a2 − b2) + (ρ/4)(a+ |b| cos θ)

(ρ/4)(a− |b| cos θ) + 1

≈ (ρ/4)
a(1− w2)

1− w cos θ
+

1 + w cos θ

1− w cos θ

≥ (ρ/4)
a(1− w2)

1− w cos θ
+ 1

�
= γ̃L1 + 1 (12)

where w � |b|/a < 1. The approximation comes under the
consideration of sufficiently large ρ.

Next, we calculate the channel instantaneous symbol error
probability at the output of the MMSE filter, denoted by PCSI

L1 .
The instantaneous symbol error probability can be found
for many signal constellations in [23]. We focus on square
quadrature amplitude modulation (QAM) constellations for
illustration purposes only. Other constellations can be easily
covered as well (for example phase-shift-keying). For a square
QAM constellation of size |A| = 2f where f is even, the
channel instantaneous symbol error probability is

PCSI
L1 = 4μQ(

√
δ(γ̃L1 + 1))− 4μ2Q2(

√
δ(γ̃L1 + 1))

where μ = 1 − 1√
|A| , δ = 3

|A|−1 and Q(·) is the Gaussian

Q-function. Using the notation

[
ε1

∫ ηU

ηL

− ε2

∫ τU

τL

]
F (ε)dε � ε1

∫ ηU

ηL

F (ε)dε− ε2

∫ τU

τL

F (ε)dε (13)

and the integral representation of the Q-function [23], we can
further simplify to

PCSI
L1 =

[
4μ

π

∫ π
2

0

−4μ2

π

∫ π
4

0

]
e−α1(φ)dφ (14)

where α1(φ) � δ(γ̃L1+1)
2sin2φ . We now try to find the average

symbol error probability over all channel realizations

PL1 =

∫
PCSI
L1 f(h)dh (15)

where f(h) is the probability density function of the channel
vector. Even numerical calculation of PL1 in (15) is hard as
it requires executing five-fold integration. The instantaneous
SINR parameter γ̃L1 in (12) of the MMSE filter output is a
function over two real random variables a, w, which in turn
are functions of the channel vector h. We derived (shown in
Appendix B) the joint distribution of a, w,

fa,w(a, w) =
1

4
(1− w2)a3e−a, a ∈ (0,∞), w ∈ (0, 1). (16)

Using (16) and (14) in (15),

PL1 =

∫ 1

0

∫ ∞

0

PCSI
L1 fa,w(a,w) dadw

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
e
− δ(γ̃L1+1)

2sin2φ fa,w(a,w)da dw dφ

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
c(φ)I1(a,w, φ) da dw dφ

=

[
μΓ(4)

π

π
2∫

0

1∫
0

−μ2Γ(4)

π

π
4∫

0

1∫
0

]
c(φ)(1− w2)[
G1(w, φ)

]4 dw dφ (17)

where we have used
∫∞
0 xpe−uxdx = Γ(p+ 1)u−(p+1), p >

−1, u > 0 [24], I1(a, w, φ) � e
−
[

δρ(1−w2)

8sin2φ(1−w cos θ)
+1

]
a{

a3(1−w2)
4

}
, c(φ) � e

− δ
2sin2φ , G1(w, φ) �

δρ(1−w2)
8sin2φ(1−w cos θ) + 1, and Γ(·) is the gamma function
in (17). We may further integrate (17) with respect to the
variable w, but the result is highly complicated and laborious
and does not provide new insight in the analysis of the
system. Therefore, the average symbol error probability
calculation is left at two-fold integration (from five-fold
integration initially).

Next, we calculate the symbol error probability PL2 for the
symbol s2 detected with the MF filter decoder at the second
stage. The error rate of the second stage PL2 depends on the
error rate of the first stage PL1 and is as follows:

PL2 = Pe

(
ŝ2 	= s2

∣∣∣ŝ1 = s1

)(
1− PL1

)
+Pe

(
ŝ2 	= s2

∣∣∣ŝ1 	= s1

)
PL1 (18)

≤ Pe

(
ŝ2 	= s2

∣∣∣ŝ1 = s1

)(
1− PL1

)
+ PL1 (19)

where ŝ1 and ŝ2 are the symbols detected at the first and
second stage, respectively. Pe

(
ŝ2 	= s2

∣∣∣ŝ1 = s1

)
is the

average probability that the symbol detected at the second
stage ŝ2 is in error provided that the detected symbol ŝ1
at the first stage is correct; Pe

(
ŝ2 	= s2

∣∣∣ŝ1 	= s1

)
is the

average probability that the symbol detected at the second
stage ŝ2 is in error provided that the detected symbol ŝ1 in
the first stage is also in error. By inspection, (19) provides an
upper-bound on the symbol error probability for the second
stage. We proceed now with the distinct calculations of
Pe

(
ŝ2 	= s2

∣∣∣ŝ1 = s1

)
and Pe

(
ŝ2 	= s2

∣∣∣ŝ1 	= s1

)
.

Calculation of Pe

(
ŝ2 	= s2

∣∣∣ŝ1 = s1

)
� Pe|L1

We need to write the received signal expression under
the conditions ŝ2 = s2 and ŝ2 	= s2. The component of the
received signal ye due to symbols s1, s2 is

ye12 =

√
ρ

4Mt
HV[1,3]J

[
s1
s2

]
+ ne (20)

where V[1,3] are the first and third columns of the Hadamard
matrix V and J is a 2 × 2 permutation matrix depending on
the sign of the channel parameter b. We denote the columns
of HV[1,3]J by g1 and g2. Under the assumption ŝ1 = s1,
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the resulting signal after the removal of the detected symbol
at the first stage (ŝ1) from ye12 is

yC
e12 = ye12 −

√
ρ

4Mt
g1 ŝ1 =

√
ρ

4Mt
g2 s2 + ne.(21)

The matched-filter g2 (second column of HV[1,3]) is used
for detecting the symbol s2 at the second stage with channel
instantaneous SNR

γC
L2 =

E|gH
2 (
√

ρ
4Mt

g2s2)|2
E|gH

2 ne|2 =
ρ

Mt
(a)(1 − w cos θ). (22)

Following the notation in (13), we simplify the channel
instantaneous symbol error probability to

PCSI
e|L1

=

[
4

π
μ

∫ π
2

0

− 4

π
μ2

∫ π
4

0

]
e−α2(φ)dφ (23)

where α2(φ) � δγC
L2

2 sin2 φ
. We now try to find the average symbol

error probability at the second stage under ŝ1 = s1 over all
channel realizations

Pe|L1 =

∫ 1

0

∫ ∞

0

PCSI
e|L1fa,w(a,w) dadw

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
e
− δγC

L2
2 sin2 φ fa,w(a,w)da dw dφ

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
I2(a,w, φ) da dw dφ

=

[
μΓ(4)

π

π
2∫

0

1∫
0

−μ2Γ(4)

π

π
4∫

0

1∫
0

]
(1− w2)[
G2(w, φ)

]4 dw dφ (24)

where I2(a, w, φ) � e
−
[

δρ(1−w cos θ)

8sin2φ
+1

]
a{a3(1−w2)

4

}
,

G2(w, φ) � δρ(1−w cos θ)
8sin2φ + 1. As with (17), integrating

further is cumbersome without adding much in analysis.
Using (17) and (24) in (19), we can obtain the upper-bound
on the symbol error probability at the second stage PL2.

Calculation of Pe

(
ŝ2 	= s2

∣∣∣ŝ1 	= s1

)
� Pe|L1

Under the assumption ŝ1 	= s1, the resulting signal
after the removal of the (incorrectly) detected symbol at the
first stage (ŝ1) from ye12 is

yE
e12 = ye12 −

√
ρ

4Mt
g1 ŝ1

=

√
ρ

4Mt
g1Δs+

√
ρ

4Mt
g2s2 + ne (25)

where Δs = (s1 − ŝ1). The matched-filter g2 is used in
detecting the symbol s2 at the second stage. The channel

instantaneous SINR is given by

γE
L2 =

E|gH
2 (
√

ρ
4Mt

g2s2)|2

E|gH
2 (
√

ρ
4Mt

g1Δs+ ne)|2

=

ρ
4Mt

|gH
2 g2|2

ρ
4Mt

|gH
2 g1|2E|Δs|2 + |gH

2 g2|

≈
ρ

4Mt
|gH

2 g2|2
ρ

4Mt
|gH

2 g1|2d2min + |gH
2 g2| (26)

≈ (1− w cos θ)2

(w sin θ dmin)2
� γ̃E

L2 (27)

where we obtain the approximation in (26) by replacing the
square of the absolute value of the error with the square of
the minimum distance dmin of the signal constellation. The
approximation is made under the notion that symbol error
occurs with highest probability to the nearest symbol in the
constellation. We used high SNR approximation (ρ → ∞) in
(26) to reach the simple intuitive result of (27).

We simplify the channel instantaneous symbol error prob-
ability to

PCSI
e|L1 =

[
4μ

π

∫ π
2

0

−4μ2

π

∫ π
4

0

]
e−α3(φ)dφ (28)

where α3(φ) � δγ̃E
L2

2 sin2 φ
. We next try to find the average symbol

error probability at the second stage under the assumption that
the detected symbol at the first stage with the MMSE filter is
in error (ŝ1 	= s1) over all channel realizations

Pe|L1 =

∫ 1

0

∫ ∞

0

PCSI
e|L1fa,w(a,w) dadw

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
e
− δγ̃E

L2
2 sin2 φ fa,w(a,w)da dw dφ

=

[
4μ

π

π
2∫

0

1∫
0

∞∫
0

−4μ2

π

π
4∫

0

1∫
0

∞∫
0

]
I3(a,w, φ) da dw dφ

=

[
μΓ(4)

π

π
2∫

0

1∫
0

−μ2Γ(4)

π

π
4∫

0

1∫
0

]
(1− w2)[
G3(w, φ)

]dw dφ (29)

where I3(a, w, φ) � e
−
[

δ(1−w cos θ)2

d2
min

w2 2 sin2 φ sin2 θ

]{
e−aa3(1−w2)

4

}
,

G3(w, φ) � e

[
δ(1−w cos θ)2

d2
min

w2 2 sin2 φ sin2 θ

]
. Using (17), (24), and (29),

we can calculate directly PL2 by (18).
Having calculated PL1 by (17) and PL2 by (18), we can

now obtain by (11) the approximate average block-error-rate
for two symbols in the codeword that we denote PApprox

(s1,s2)
. Due

to the symmetry of the codeword transmission, the other pair
of symbols represented by (s3, s4) has the same approximate
block-error-rate as the pair (s1, s2). Hence, the approximate
average block-error-rate for all 4 symbols in the codeword is
given by

PApprox
(s1,··· ,s4) = 2PApprox

(s1,s2)
−
(
PApprox
(s1,s2)

)2
. (30)

Similarly, we can obtain an upper-bound in block-error-rate for
the two symbols in the codeword by (17), (19), (24) and (11),
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denoted by PUB
(s1,s2)

(Appendix C). An upper-bound average
block-error-rate for the 4 symbols in the codeword is then

PUB
(s1,··· ,s4) = 2PUB

(s1,s2)
− (PUB

(s1,s2)
)2. (31)

Finally, we use the calculated approximate block-error-rate to
optimize the code rotation angle θ in Pθ in (1) for the given
signal constellation A,

θ∗ = argmin
θ∈[0,π/2]

PApprox
(s1,··· ,s4). (32)

Certainly and unfortunately, closed form solution for the
optimal rotation angle is not feasible. Yet, the easy to compute
expression (30) makes it feasible to numerically obtain the
optimal rotation angle.

V. COMPLEXITY AND PERFORMANCE STUDIES AND

COMPARISONS

In this section, we carry out computational complexity and
error-rate performance comparisons of the proposed Hadamard
precoded 4 × 4 QO-STBC with decoding as described in
Section III (joint two-real-symbol ML or MMSE-MF) against
the ML-decoded most powerful known to date 4×4 QO-STBC
in [9] and [12].

In Table I, we present detailed complexity analysis and
calculate the number of real multiplications and additions,
denoted by RM and RA respectively, needed by the ML
decoded codewords in [9], [12], [17] and our developed
proposed QO-STBC with MMSE-MF decoding2. In all cases,
we consider one receive antenna (Mr = 1). Implementation
of linear detection has computational cost that is independent
of constellation size. Of course, as the size of the signal
constellation increases the cost of implementing the final
symbol decision operator increases proportionally, as reflected
on Table I. As expected, we observe that the computational
complexity of the MMSE-MF decoder increases minimally
with the constellation size, unlike [9], [12], and [17].3 We
can conclude that the proposed codeword/decoder combination
reduces complexity drastically. What needs to be seen next is
error-rate comparisons.

For error-rate studies we consider the 4 and 64-QAM signal
constellation examples. For the proposed MMSE-MF decoder
of the codeword in (1), (2), the block-error-rate minimizing
rotation angle by (32) for 4 and 64-QAM is shown in Fig. 1 as
a function of the SNR. The figure demonstrates the intriguing
behavior of the rotation parameter under high-order (64 herein)
symbol alphabets. For illustration purposes, in Fig. 2 we show
the block-error-rate upper bound by (31), the approximate
block-error-rate by (30), and the simulated block-error-rate
of the proposed MMSE-MF decoded codeword with 4-QAM
and 64-QAM alphabet and rotation angle fixed at 54◦ and
51.1◦, respectively. These rotation angle values are the high-
SNR converging points in Fig. 1 to enable open-loop system
operation. We recall that the approximate block-error-rate
expression encompasses two approximation steps, the high
SNR assumption in (12) and dmin-type-only codeword errors

2We recall that the computational complexity of the proposed QO-STBC
under ML decoding is the same as in [12].

3We have assumed that the SNR per receive antenna ρ is known at the
receiver as is the case for [9], [12], and [17].
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Fig. 1. Optimal rotation angle of proposed MMSE-MF decoded codeword
versus SNR for the 4 and 64-QAM constellations.
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Fig. 2. Upper-bound, approximate, and simulated block-error-rate of pro-
posed MMSE-MF decoded codeword versus SNR for the 4-QAM and 64-
QAM constellation.

in (26). In high alphabet sizes (e.g., 64-QAM compared to 4-
QAM), non-dmin-type errors occur more frequently than low
alphabet sizes in low/moderate SNR conditions. The relatively
higher approximation error in the block-error-rate of 64-QAM
in low SNR in Fig. 2 and higher rotation-angle dynamic range
in low SNR in Fig. 1 may be attributed to the approximations
in (12), (26).

In Fig. 3, we fix the constellation size to 4-QAM and plot
versus SNR the bit-error-rate of the codeword in (1), (2) under
ML and MMSE-MF decoding, together with the bit error rates
of the ML decoded codewords of [9], [12]. In Fig. 4, we repeat
the study for 64-QAM.

In Fig. 5, we compare the bit-error-rate performance of
the proposed codeword in (1), (2) and the codeword from
[18] for Mt = 4 transmit antennas to be transmitted over
T = 6 time slots that also employs linear decoding. For a fair
comparison, the received SNR is set to be the same and the
spectral efficiency is set to 2 bits per channel use for both
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TABLE I
COMPARISONS OF REAL MULTIPLICATIONS AND ADDITIONS

QAM(LR, LI ) Code in (1),(2) MMSE-MF RM , RA Code in [9] ML RM , RA Code in [12] ML RM , RA Code in [17] ML RM , RA

4 (2, 2) 283, 221 439, 451 512, 432 439, 451
16 (4, 4) 332, 225 3319, 4675 2048, 1728 592, 656
64 (8, 8) 348, 225 43639, 67651 8192, 6912 1744, 2192

256 (16, 16) 364, 225 665715, 1056835 32768, 27648 6352, 8336
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Fig. 3. Bit-error-rate versus SNR comparisons for 4-QAM constellation.

24 25 26 27 28 29 30
10

−4

10
−3

10
−2

SNR in dB

B
it−

er
ro

r−
ra

te

 

 

Codeword (1), (2) MMSE−MF
Codeword (1), (2) ML
[9] ML
[12] ML

Fig. 4. Bit-error-rate versus SNR comparisons for 64-QAM constellation.

codewords.
In view of Figs. 3-5 and the complexity findings in Table I,

the proposed precoded codeword and MMSE-MF decoder
combination places itself as a strongest candidate for the
preferred 4× 4 space-time coding scheme.

VI. CONCLUSIONS

In 2 × 2 space-time block coding, the Alamouti code is
the obvious choice with rate one, state-of-the-art error-rate
performance, and minimal complexity. In this work, we set
out to identify a 4 × 4 coding scheme that maintains rate
one, matches closely the best known to date 4 × 4 error-rate
performance, and has lowest computational complexity with
minimal-only increase with the symbol alphabet size.
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Fig. 5. Bit-error-rate versus SNR comparison of proposed rate-1 codeword
with MMSE-MF decoding and 4-QAM constellation and rate-2/3 codeword
of [18] with MMSE decoding and 8-QAM constellation (common spectral
efficiency set to two bits per channel use).

The answer was given by Hadamard precoding that enables
effective two-stage MMSE and MF linear filter decoding
and MMSE-MF decoder block-error-rate rotation angle
optimization. The proposed Hadamard precoded STBC with
MMSE-MF decoding provides an excellent performance-
versus-complexity operation point, which makes it a strong
candidate as the 4 × 4 space-time block code of choice for
field implementation. The described methodology may be
extendable to higher code sizes using proportionally larger
Hadamard4 and rotation matrices as precoders.

APPENDIX A: EQUIVALENCE OF MMSE-MF,
MMSE-MMSE, AND MMSE-ML DETECTORS

We denote the columns of the equivalent channel corre-
sponding to the symbol pair (z1, z3) as HV[1,3]J �

[
g1 g2

]
.

Assume that MMSE detectors are applied to both stages of
the detection procedure. The MMSE filter at the second stage
can be written as

w =

√
ρ

4Mt

(
I4 +

ρ

4Mt
g2g

H
2

)−1

g2

=

√
ρ

4Mt
g2 −

√
ρ

4Mt

(
g2g

H
2

4Mt

ρ + gH
2 g2

)
g2

= ζg2 (33)

4A necessary condition for the existence of a Hadamard matrix is that its
size is a multiple of four, [25].
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where ζ =

√
ρ

4Mt

1+ ρ
4Mt

gH
2 g2

.

Assume now correct detection at the first stage, i.e. ŝ1 = s1.
When symbol detection at the first stage is correct, the signal
processed at the second stage is given by (21). The SNR in
this case is

γC
MMSE =

E|ζgH
2 (
√

ρ
4Mt

g2s2)|2
E|ζgH

2 ne|2
=

ρ

Mt
(a)(1 − w cos θ) = γC

L2. (34)

Assume now incorrect detection at the first stage, i.e. ŝ1 	= s1.
When symbol detection at the first stage is incorrect, the signal
processed at the second stage is given by (25). The SINR in
this case is

γE
MMSE =

E|ζgH
2 (
√

ρ
4Mt

g2s2)|2

E|ζgH
2 (
√

ρ
4Mt

g1Δs+ ne)|2

=

ρ
4Mt

|ζgH
2 g2|2

ρ
4Mt

|ζgH
2 g1|2|Δs|2 + ζ2|gH

2 g2|
= γE

L2. (35)

As both the MMSE-MF and MMSE-MMSE detectors have the
same SNR/SINR at both stages, their error-rate performance
is the same.

Consider now the case where ML detection is being used
at stage two. For the additive Gaussian noise channel, ML
detection performance is pre-detection SNR/SINR dependent.
Under the assumption of correct detection at first stage
(ŝ1 = s1), the pre-detection SNR ie equal to γC

L2. Under the
assumption of incorrect detection at the first stage (ŝ1 	= s1),
it can be found that the pre-detection SINR is γE

L2.
We conclude that MMSE-MF, MMSE-MMSE, and MMSE-

ML detector configurations are equivalent performance-wise.
MMSE-MF has the lowest implementation complexity and is
the obvious choice for practical use.

APPENDIX B: PROOF OF (16)

We derive the joint distribution of the channel parameters
a and w. We define the variables

u+ = u+
R + ju+

I

�
= (1/

√
2) · (h1 + h3) ∼ CN (0, 1),

u− = u−
R + ju−

I

�
= (1/

√
2) · (h1 − h3) ∼ CN (0, 1),

v+ = v+R + jv+I
�
= (1/

√
2) · (h2 + h4) ∼ CN (0, 1),

v− = v−R + jv−I
�
= (1/

√
2) · (h2 − h4) ∼ CN (0, 1)

where CN (0, 1) is the complex Gaussian distribution with
zero mean and unit variance and u

(±)
R , u(±)

I , v(±)
R , and v

(±)
I

are the real and imaginary parts of the corresponding complex
random variables with each part being an independent and
identically distributed real Gaussian random variable with
mean zero and variance 0.5. Next, we define two new random
variables used to obtain a and w, Z1

�
= |u+|2 + |v+|2 =

u+2
R +v+2

R +u+2
I +v+2

I and Z2
�
= |u−|2+|v−|2 = u−2

R +v−2
R +

u−2
I + v−2

I . Z1, Z2 are independent and identically distributed

with generalized Chi-square distribution. The joint distribution
of Z1 and Z2 is

fZ1,Z2(z1, z2) = z1z2e
−(z1+z2), z1 ∈ (0,∞), z2 ∈ (0,∞).

(36)
We now aim to find the joint distribution of a, w from the joint
probability distribution of Z1, Z2 using a transformation. We
observe that a = Z1+Z2, w = |Z1−Z2|

Z1+Z2
. The joint probability

density function of a, w is

fa,w(a, w) =
fZ1,Z2(z

(1)
1 , z

(1)
2 )

|J(z(1)1 , z
(1)
2 )|

+
fZ1,Z2(z

(2)
1 , z

(2)
2 )

|J(z(2)1 , z
(2)
2 )|

(37)

where z
(1)
1 = (1+w

2 )a, z(1)2 = (1−w
2 )a, z(2)1 = (1−w

2 )a, z(2)2 =
(1+w

2 )a are the real roots of the transformations and J(·, ·) is
the Jacobian matrix. Simplifying (37), we obtain the elegant
pdf expression

fa,w(a, w) =
1

4
(1−w2)a3e−a, a ∈ (0,∞), w ∈ (0, 1). (38)

APPENDIX C: PROOF OF (31)

We denote the symbol error-rate at the first stage at SINR
γL1 and γ̃L1 by PL1(γL1) and PL1(γ̃L1), respectively. It
can be shown utilizing (12) that γ̃L1 ≤ γL1, which implies
PL1(γL1) ≤ PL1(γ̃L1). From (11), we have

P(s1,s2) = PL1 + PL2(1− PL1)

≤ 2PL1 + Pe|L1(1− PL1)
2 − P2

L1 (39)

The right hand side of (39) is an increasing function of
PL1. Combining (39) and PL1(γL1) ≤ PL1(γ̃L1), we obtan
Ps1,s2 ≤ PUB

s1,s2 .
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