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Economic Dispatch with Network Constraints - DC OPF

= In the previous lectures, we have not taken into account the network constraints
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= However, it is important to take know the “power flows” throughout the

system in order to:
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o Keep voltages within bounds ¥




Review of Per Unit System
- N__—')

=  The per unit system is helpful to analyze power systems with multlple areas!
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Review of Per Unit System

: . ) : actual
=  Actual vs Base vs Per unit relationshi per unit =
base value

*=  Per unit equations:
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Review of Per Unit System

=  Convert the following circuit to per unit SSY \ \'\“ \00% C\)OW‘
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Nodal Analysis — Admittance (el @ r)
C erery os

=  When we study “ac” systems, we need to consider the resistance and reactance

of the line
VS
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o Compute the nodal equations and define the admittance
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Nodal Analysis — 3 Bus System,
KelL @ every node flous

=  Compute the nodal equations at each bus in the following network:
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Nodal Analysis - Admittance Matrix

Compute the nodal equations at each Vi
bus in the following network: L @

- :1
b
[\

L/ = —
I =y12 (Vi = Vo) + 913 (Vi — V3) Y13 = Y31 =
Iy = ya1 (Va = V1) + y20 V2
I3 = yz1 (Vs — V1)
. Qinese . . . T=YV
Rewrite the equations in matrix form: L=YV
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Nodal Analysis — Example 2

=  Write the admittance matrix
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Topics that Will be Covered

Nodal Analysis
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DC Power Flow - simplification

DC Optimal Power Flow

LP Formulation

Locational Marginal Price
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Power Balance at Every Node — Nodal Analysis
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o Use nodal analysis to compute the bus currents:

o Write the admittance matrix:
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Power Balance at Every Node

-

e

= Atevery busin a power system, power
has to be balanced Vi = V446

o  What are the currents in the network: __¢ Sa1 @—
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Power Flow Equations
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Power Flow Equations General Formula
° 'i)

{

) I\ YViiZdr, Yieloia Yisdons Vi
n . X e X
Fora general power network %CL »f ¢ ([2) = (Y.zllc)z] Yoo oo stl()z;;) (VQ)
Dy

the power flow equations are: I Va1Zos1 Yaolosa YazZas) \Va
Qi Ve — > : A
- e Vo= e L83
®de\ oA bose s /\‘o“ ama\z s ¢
s » Pi=Pgi —Pri=V; Z Yiki@ cos(d; — Ok — Pik)
> k=1 & -

W

\b\‘“"&l \(i\s'l\?'\ul—(ﬁ'm.
b\ O
( at ooy ¢ -

o

DOL

N
e Qi =Qqgi — Qui = Vi Z Y Vi sin(0; — 0k — oix)
Kk—1

N \OUYOA — ) 2‘\\ o_qw‘nus _—*—_—_:_5 2‘\\ UNLENQOCOny
W 2dhue poar aq\ns.
M Qbuhq W "

15



Power Flow Equations — Caution!

=  Be careful with the notation '
®

= Keep track of the right angles and admittances to use
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Power Flow Comments .

— Vo 6
2 (Pz //
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o At every bus, the variables are: P;, Q;, V;, 9; JSD_

— —_— S % , o

Vi = V3203

. ‘_

o Generally, two variables are know and two are unknown! 5., —@S_cl

— heecwls on H"

CCt of-
o The goal of the power flow is to solve for those unknown e\

QWM"S QOV\MG.C1¢J ‘l°

‘K“ Lus

TABLE 6.1 (Bus Typeslfor Power Flow Formulation

\ e ‘o‘” Bus Type Code Knowr” Unknowns"”
\(2 ‘S Sc“
’r&“\w\ﬁ L — Slack generator (’QQ,S{MQ Loos) VS V.o
s
Slack demand or tie Qd @ P,V
——Demand Claa.;\ @ P.O. V, o
__sGenerator PV (P, V) 0. 6,
____~ Controlled voltage magnitude CV P,V 5,@
) ——
—
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Power Flow Example

N\

o The variables are given in PU, V},,se = 138 kV 7, (Sbasegqs = 100 MVA )

o Impedance of every line is 0.01 + 0.1
o Bus 1 is a Slack bus, i.e. V =120 =

=>
(‘/’
0
4
o5
]
S

o Bus 2is a PV bus, i.e. Pgo =0.8, Vo = 1.05:Vown . Onanoon: Qwsz

T T

o Bus 3is a PQ bus, i.e. Wﬁ: | I .3

Slack bus/
&

z12 = 0.01 4+ 0.1

=
I

Ty
N

Yo

213 — 0.01 + JOl 293 — 0.01 + JOl

= 0.8

[” 18
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Power Flow Example

Slack bus

Pgo = 0.8
Vy = 1.05

o Compute the admittance matzii/

¥ V’
l Vy = 1.0

19.90/-1.47  9.95/1.67 9.95/1.67

212 = 0.01 + 50.1

Y = 9.95/1.67  19.90£—-1.47  9.95/1.67 0L 3 .
— 213 = 0.01 + j0.1 293 = 0.01 + j0.1
9.95/1.67 9.95/1.67  19.90£-1.47
\/ (Y'. Y“b )(g A Pr3 =0.8
: « ‘ Qrs = 0.6
o Compute the powerflow equations \ ‘L
4
N Bus Known Unknown
—>P; = Pqg; — P1; = V; YV 3(0; — Ok — O -
G L Zl ik Vi cos( k — Pik) ) Vi=1 6, =0 P Qs

2 P, =0.8, V=105 Q2. &

N
Qi = Qai — Qui = Vi Y i Vi sin(0; — 0y — dix) X
k; 3 Py=-08 Qs=-06 Vi

%US A .
@3\ —:e/" (\\Z\(MV COS(“\ Su ¢\v.\

- Ae— 2\
’ ??32 i ‘\(\"l 2) (1) Q’B(O"o-\\ uw) . (\\ (a.05)(1.09) ess (o - b2- \u) . (\\(qu) (\Js\cas(o e

X sin (e ) 4 Ve sw ( ) » w S‘V‘(‘\ )

=1 K=3

>
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Power Flow Example

Slack bus —-

o Compute the admittance matrix

19.90£-1.47  9.95/£1.67 9.95/1.67
Y = 9.95/1.67  19.90£-1.47  9.95£1.67

9.95/1.67  9.95/1.67  19.90£—1.47 21 = 0.01 4 0.1

o Compute the powerflow equations ( Ac‘\'\vc (\)M ‘F—(o_a\ Qrs = 0.6

\s P =19.09cos(1.471) + 9.95(1.05) cos(—dy — 1.67) 4 9.95(V3) cos(—d3 — 1.67)

1% 0.8 = 9.95(1.05) cos(dz — 1.67) + 19.90(1.05)% cos(1.47) + 9.95(1.05)(V3) cos(da — 05 — 1.67)

—_—
——

12—-0.8 = 9.95(V3) cos(d3 — 1.67) + 9.95(V5)(1.05) cos(d3 — do — 1.67) + 19.90(V3)? cos(1.47)

N T
Bus Known Unknown P, = Pg; — Pr; = V; Z Vi Vi cos(8i — bk — dirc)
Vi=1, 6, =0 Py, k=1

P, =08, Vo =1.05 Q2, 02 N
Py= 08, Qs= 06 V3 & Qi = Qai ~ Qui = Vi) YacVisin(si — 6 — nc) 20
le—1

(O8] [N it




Power Flow Example

Slack bus

o Compute the admittance matrix

19.90£-1.47  9.95/£1.67 9.95£1.67
Y = 9.95/1.67  19.90£-1.47  9.95/1.67
9.95/1.67 9.95/1.67  19.90£-1.47

Pr; =0.8

o Compute the powerflow equations (\ch,\m /Qounk ?_quao\'ws QLs =06
3: Q= 19.09sin(1.471) + 9.95(1.05) sin(—ds — 1.67) + 9.95(V53) sin(—d3 — 1.67)
15 Q2 =9.95(1.05)sin(dz — 1.67) + 19.90(1.05)% sin(1.47) + 9.95(1.05)(V3) sin(da — 03 — 1.67)

4= —0.6 = 9.95(V3) sin(d3 — 1.67) + 9.95(V3)(1.05) sin(dz — da — 1.67) + 19.90(V3)? sin(1.47)

N
Bus Known Unknown P; — Pg; — P = V; Z Y Vi cos(0; — 0k — dix)
1 Vi=16=0 Py, @ !
9 Py =0.8, Vo =1.05 Q2, 02 N
3 Py=-08Qs=-06 Vi, Js Qi = Qai — Qui = Vi > YucViesin(di — ok — di) 21
le—1




Power Flow Example

Bouse

=
o Write the power flow equations C—> eq,oa‘n’w\s =) wan;

43 P =19.09cos(1.471) 4+ 9.95(1.05) cos(—da — 1.67) + 9.95(V3) cos(—d3 — 1.67)

i 0.8 =9.95(1.05) cos(dy — 1.67) 4+ 19.90(1.05)? cos(1.47) + 9.95(1.05)(V3) cos(da — 03 — 1.67)

3¢ 08— 9.95(V3) cos(d3 — 1.67) 4+ 9.95(V3)(1.05) cos(d3 — 0y — 1.67) 4 19.90(V3)? cos(1.47)
Le Q= 19.09sin(1.471) + 9.95(1.05) sin(—dy — 1.67) + 9.95(V3) sin(—d5 — 1.67)

L Qy=9.95(1.05)sin(ds — 1.67) + 19.90(1.05)? sin(1.47) + 9.95(1.05)(V3) sin(ds — d5 — 1.67)
1% —0.6 = 9.95(V3) sin(d3 — 1.67) + 9.95(V3)(1.05) sin(d3 — 62 — 1.67) 4+ 19.90(V3)? sin(1.47)

O

How to solve these equations for the unknowns?

Slack bus

z A Z Zr N7 I
g, 04, Opsde ) N8 —0
C

—

———
6 a0y 215 = 0.01 + 0.1

Pr3 =038
Qr3 = 0.6

22



Solving Systems of Equations

o Remember, solving system of linear equations

1021 + 2 1080\“&“&: Nimeivne b )—\ \Q ( \\o E
? 1021 + 29 = cosiew QWwine From 3 _ K
? 1!131—3113224 \ﬁ 7 (\f B ) x=

3\ e por (%)

k” 2%y = ( ) L
o Nonlinear equations do not generally have a similar procedure

o Therefore, we look for numerical methods that iteratively help us find x

o Problem Statement: Given a set of equations F(z Mowﬁoa‘ ivdhds

= find z to satisfy F(z) =0

(ofl(xl, ey TN \ /0\ ’ Q)v»s\— geide)
-"fg(l’l, coey CCN) 0

\”fN(le, s QZN) ) \O)

i 7 o NewAo Bagan”
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Power Flow Example Numerical Solution

Write the power flow equations with everything on one side ¥ (»)\= ©

@)
’Sus
32 0= =P +19.09cos(1.471) + 9.95(1.05) cos(—dy — 1.67) + 9.95(V3) cos(—d5 — 1.67)
2 0= —0.84 9.95(1.05) cos(dy — 1.67) + 19.90(1.05)? cos(1.47) 4 9.95(1.05) (V) cos(dy — 03 — 1.67)
3 0= 0.8+ 9.95(V3) cos(d3 — 1.67) + 9.95(V3)(1.05) cos(d5 — d — 1.67) + 19.90(V3)? cos(1.47)
1 0=—Q, + 19.09sin(1.471) + 9.95(1.05) sin(—dy — 1.67) + 9.95(V3) sin(—3d5 — 1.67)
2 0=—Qy +9.95(1.05) sin(dy — 1.67) + 19.90(1.05)? sin(1.47) 4 9.95(1.05)(V3) sin(ds — 5 — 1.67)
3 0=0.6+9.95(V3)sin(d3 — 1.67) + 9.95(V3)(1.05) sin(d3 — 0 — 1.67) + 19.90(V3)? sin(1.47)
o Identify the unknowns and create a vector x
A < Bus Known Unknown
X = [\’J 81. 3'},0‘3\ GS:S 1 Vi=1,6 =0 Py, Q
%, Ay e 2 P,=08 V=105 Q2 5o
3 Py=-08, Q3=-0.6 Vs, 03
o Re-write equations based on x1, 22, ..., TN

24



Power Flow Example Numerical Solution — Matlab Code

o Create a function which outputs the powerflow equations evaluated at different x

function F = pflowfun(gé
= -9 =

F(l1) = (19.900744)* (1.000000)*(1.000000) *cos ((0.000000)-(0.000000)-(-1.471128))
— +(9.950372)*(1.000000)* (1.050000) *cos ((0.000000)-x(2)-(1.670465))

+(9.950372)*(1.000000) cos ((0.000000) (1.670465)):

Va S
F(2) = -(0.800000) +(9.950372)*(1.050000)*(1.000000)*cos(x(2)-(0.000000)-(1.670465))...
- +(19.900744)* (1.050000)*(1.050000) *cos(x(2)-x(2)-(-1.471128))
+(9.950372)*(1.050000) *x (1) *cos (x(2)-x(3)-(1.670465));

F(3) = —-(-0.800000) +(9.950372)*x(1)*(1.000000)*cos(x(3)-(0.000000)-(1.670465)) ...
o~ +(9.950372) *x (1) *(1.050000) *cos (x(3)-x(2)-(1.670465))

+(19.900744) *x (1) *x (1) *cos (x(3)—x(3)-(-1.471128));

F(4) = -x(5) +(19.900744)*(1.000000)*(1.000000)*sin((0.000000)-(0.000000)-(-1.471128)})...
— +(9.950372)*(1.000000)*(1.050000)*sin((0.000000)-x(2)-(1.670465))
+(9.950372)*(1.000000) *x (1) *sin ((0.000000)-x(3)-(1.670465));

F(5) = -x(6) +(9.950372)*(1.050000)*(1.000000)*sin(x(2)-(0.000000)-(1.670465))
+(19.900744)* (1.050000)*(1.050000) *sin(x(2)-x(2)-(-1.471128))
+(9.950372) * (1.050000) *x (1) *sin(x(2)-x(3)=-(1.670465)) ;

F(6) = -(-0.600000) +(9.950372)*x(1)*(1.000000)*sin(x(3)-(0.000000)-(1.670465))...

+(9.950372) *x (1) * (1.050000) *sin(x(3)-x(2)-(1.670465))
+(19.900744) *x (1) *x (1) *sin(x (3)-x(3)—-(-1.471128)) ;



Power Flow Example Numerical Solution — Matlab Code

o Then, make a realistic guess for the initial point xg

(o) (%)
o 52%

I3 53

T4 fﬂ

x5 1
\z6) \@
o Use the commano obtain solution

%% Solve the power flow equationﬁ
= [1 00 0.50.50.5]"; incho) cord how

w - - —_—
options = optimoptions('fsolve', 'Display','iter');
x = fsolve (@pflowfun,x0,options)

=

Create a function which outputs the powerflow equations evaluated at different x

F)=O

A
0.9899 = V;
0.0200 = Sz

.0262= S3
.0094= P,
.3946 = G\
.0891 = G

o ?The initial point xg is important, as sometimes the algorithm converges

to a solution that does not make sense!

26
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Power Flow Example - Results

View of the solution

(1)

oy,

L3

(02

[ 0.9899 \
0.02
—0.0262
0.0094
~0.3946

\ 1.0801

. 395
O4*
Slack bus ’ﬁo,@qq 03L - 1.OA
® Poo =087
215 = 0.01 + 0.1 ’ )
— Vo = 1.05
- %‘L" Ol

2

z13 = 0.01 4 50.1 293 = 0.01 4 50.1

A

Py =08] %=.aa
Qs =063 $3:0.01C

_ -

Bus Knov‘;n Unk;own
1 Vi=1,6,=0 P, =0.004, Q, = —0.395/
2 P,=08, V,=1.05 O, = 1.093‘
3 Py=-08, Q3=-0.6 V3=.995 = —0.026 D*

A £

'S
\: ¢ ||
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Power Flow Example - Results

Slack bus

Vi =1Z£0

Compute the current through the lines
,/
Bus Known Unknown
1 Vi=1,6 =0 Py = 0.0094, Q, = —0.395
2 Py =0.8, Vo = 1.05 Q> = 1.09, 65 = 0.02

3 Py=-080Q3=-06 V3=.99, 63 =—0.026

o tij=Vi—Vj)yij, Vi#]

(’t.‘\%é-ma )

n
. '(,.,,2 (\), ,qu&n_ = (\LD - LS Z_O‘ov,) tz

’\rz = 053% LZ~°:,\uJ
|

R 2 in - (wo\(ossLzen= 05

i

P o~ 81*—’““) %\oﬂ- bs 4 b 2

213 — 0.01 +/01

39 4£-203) e

—_—

?'L = ’O'qu Pu

@\‘b = 04Ul

ed

G
Pea =
.4 0.01 + j0.1 ’
Vs =
] a —
]
G

PL;; — 08
(QL;; == O()
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Power Flow Example - Results

o Compute the power losses at the lines
Slack bus

z12 = 0.01 + 50.1 7
Bus Known Unknown Vi =120 3 Vo = 1.0!

1 Vi=1,6 =0 Py = 0.0094, Q, = —0.395
2 Py =0.8, V5 =1.05 Q2 = 1.09, 65 = 0.02
3 Py=-08Q3=-06 V3=.99, d5 =—0.026

pL;; — 08

Qs =06

S("““‘e‘ (\)' "\)t\ '\:. = (\Lo - \08 L.oz\(s’s%bz\oan

215 = 0.01 + j0.1 203 = 0.01 + 50.1

= BQ‘,,,W = 0.0021 + 3(.018‘3 (g

Veon 1 Qousi-t

%\mmpf . \oowq—-Q‘ow;-.QD
'y
R s (A2 (P = (MW = 20
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Power Flow Example - PowerWorld

o Using powerworld we can obtain the same results, Spase = 100 MVA

\ /X 80.00 MW
094MW A\ 10000pu/ = ) E—
= " 3 var |
-30.46 Mvef 2=\ 0.0000 Deg ~~ 1.1487 Deg~ Slack bus
1 0. 2893[]7 MW :
25.7701 MW 26.0594 MW +
; : = 3.9406 MW
-47.2120 Mvar MVA 50.1050 Mvar T
225.0295 AMP | [58.8010 Mvar
Vs
g A / .
116.3701 AMP 317.9387 AMP
- A MR
A/ T~ s 0.577519 MW
0.077368 MW ~ Py
sy "
e 53.3631 MW  -53.0258 Mvar

MW
60.00 Mvar

Bus Known Unknown
1 Vi=1,6 =0 Py =0.0094, Q; = —0.395
2 Py=08, Vo =1.05 Qs = 1.09, 55 = 0.02

3 P3=-08, Q3=-06 V3=.99, 55=—0.026

xReference: A. Conejo, Ohio State University 30
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Topics that Will be Covered

o Nodal Analysis /

o Power Flow Equations \/
o

o *DC Power Flow - simplification

/./Q_

o Economic Dispatch with Network Constraints — DC OPF

o LP Formulation

¥+ . . .
o Locational Marginal Price (LM?)
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Power Flow Equations

Rus ¢
’91; y/ \.
Recall the general power flow equations: Q—-»ﬁ/ 3
) Y
é——.
(L G P; = Pai VXN:?V (6; — 01 — \
i v it Ve cos(0i — Ok — i) J e
k———w k=1 A
N iz Vil
Qaz:)u Qovd S 6 = Qg — Qui = V: Z Yiu Vi sin(0; — Ok — Gik) f\)
k—1 %“: ' 150 1

The nonlinearity of these equations make them difficult to solve

For the economic dispatch problem, we are mainly interested in active power flow

(;Q_eﬁ" Oosl of each o@etdlﬂv S a ‘uv\J’OV\ o‘
= i .

¥ § ac,liw gom Oh‘j%

&) £, &)
Yo

33



Power Flow Equations — Assumptions

N
o Recall the general power flow equations: (= p. — po, — Py, = V; Z Vi Vie cos(8; — dic — bix)
k=1

Qi = Qai — Qui =

o To simplify these equations, we can make the following assumptions:

Assumption 1: Voltage magnitudes are close to 1 in per unit
B ,—»SJ O\- (OQK; \}J». ?_\ ' 'l.gg

A
u o 3«(—&@3‘(

Assumption 2: Resistances are much smaller than reactances

XJ(&\DQE (‘.s << ’\(;‘5 = 2;6: Sx.;) (iqnote U m\g\.me)
J
d o ey
Assusmption 3: 'Phase differences across lines are small
Vol

3%(8‘_&\: z%;-g-&( (%vm“ ﬁm\/)]( A(em\
Uo\-\w} 37605 .



Power Flow Equations — Assumption 1

O

N
Recall the general power flow equations: p. — p,. — P, = V; Z %2 ka cos(d; — bk — i)

Assumption 1: Voltage magnitudes are close to 1 in per unit

'-% \]t=\ \é:e}(

Q = ?3' - Q\.'\ = (\\‘Z‘ \(\w (‘\ COS( %d‘Su—div)
\\l |'A

Ned pox .
Q e (O i‘)\/:\,.cos(ﬁg - due —ql-.u)
s =
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Power Flow Equations — Assumption 2

N
P; =Pgi — PLi ~ Z Yik cos(d; — Ok — Pik)
k=1

o After applying assumption 1:

Assumption 2: Resistances are much smaller than reactances

( Yok s v ~ ‘Io— — -~
e Tr P
AN }a{* SYM
~0
S S S S P 20

Vmé eAwl"\u\a ok 1“" W > /\5\“ i:,_' ‘&N. 3{_1/0
e Yoo = Y=o LY e gy gk Duseghone

- e

cor (& -Th) = sin(e)

Q\ewu\\‘ 0‘ V (a&m- Wﬁ\ﬁé

L\
Ny PPy & oo (5-5F) - g;\owsvw
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Power Flow Equations — Assumptions 3

N bie
o After applying assumption 2: ¢ P,=Pg;— P~ zm sin(8; — 0
k=1
N
Q=9 Im{ Y} cos(d —oy)
- k=1

Assumption 3: Phase differences across lines are small

__—_% %i\l\(%i-%\c\ = %i"%u

D g;\new (\Q.\ QouQM 3*00.)
Fardeea TR

\)16’-’“9\ /‘\Dt ) %i

%\7 o — > SYERCY:
. X2
\ v~
\ou.-a- L
b 2
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DC Power Flow Equations

Qj.la A 2 S -—
- - OA—== e
Finally, the DC power flow equations are as follows:
i
}\J‘/ N N A K
%?b ,PNZIm{YIk}(S—(skéZ W (-6 Vi=1,2 .. N
—_— k=1 k=1 =
2 ?5\1505

Let’s look at an example for N = 3

= 27
"
e o 5 \0 (% %3 W%‘w " \o.‘w‘ ‘iu.
1>
4= QS\ = W 0_~_‘_‘§_\) -~ \1 (% S\ \0\‘5 (S- S‘&)
i & —

2 aqns Zgnms

22 =05 < bou S s\\ L)s/ﬂ \w(s? Ss) P

R

3 ?3‘ -1 = ba (83 S\ \0’52(31 Sﬂ\ \OM) >3
P
ol s w28 )
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DC Power Flow Equations — Final Form

o Or, written in different form:

N
Pi ~ ZBik(Sk Vi= 1, 2, voey N)
k=1

o  Where by, can be considered an admittance matrix corresponding to the imaginary part

P =Bo¢

(P‘QGOUS 30160 “53 /'Duwnowﬂs

Lt 'lOn. o3 b
. . P-0%
(\D—; K?"\ - . '0\1 ‘oq_ 4bys —loq,g Sz )}
% by -\023 borators §} > - 21 v
j k g\r——\) aw oo woekide ¢
o %\me e “zlﬂr (Qea\ “o\“\‘\‘x)
N

Sw\\\u l‘D 9_5_:\._ . WO‘L‘V’\

(o
Y (Qo~€\¢y W‘\\\K\
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DC Power Flow Ex%mple

c\eriece d

o Find the dc power flow for the following system:

o Compute the B matrix: (P-® 3)

=
Y,
N (\o\z s l‘i\ O Y23
” " 0.1
D 20 -0 -0 > o
P '
J w
g\ | P |\ | © 10 -1© %‘ g
/P-e ’?7, -\0 -to ¢0 %3

X Y—'_) Yn:\/z‘s‘zy":"o“

' \O\1='°l$'—' ‘Dz‘s:L-: \O
V-8d = &€ P N () =0 X

‘@os\ Unown | Vaenoom

o \J\a\-ﬁy CQ [} no\ ‘\I\UQ\\‘iUQ" %’gl JO@&V‘\ Q'STS ) 4 $‘=O Q\
we 2o =
2 (\).sz -03 83

= Je‘ (%\‘: O = '\.”)‘i')\g = A‘\ \eas‘ o e\zlu?;a);& /9 g
= M0 > Bx=Aodbx-o for sore o O ! 40



DC Power Flow Example

Slack bus ?

@ | ‘.‘ =0.01 ’

o Find the dc power flow for the following system:

Vi =120

o Place in Matrix form: T~ =0

‘?3‘ \"\b =10 \‘ Q- 213 = 0.01 + 25()01
T )
) %2
02 ol oo T & e
Qr3 = 0.6
’Se:‘ms /%uwm‘ms

'\’ R 53

Lonile Lo oo apuabions

B (E D) e

/\7,)‘ = <08 -8z S o ?ﬁ‘
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DC Power Flow Example

Slack l)usp z0
Find the dc power flow for the following system: £ 31 _ o) o 'P(:z - 0.85

Place in Matrix form: Ay ok B
ace 1n alrix 1rorm s()‘oh oF o\ \ &= 0.027
08| |20 —10| |6 21s = O + 0.1 ,:23—())</+j0.1
~0.8] |—10 20 | |d3 (= -0.0%
.= -0.
L/_\/\)
3 = 0.6
The solution is: 1 v
S| (] 20 —10 1.53° Sa| | 1.53°
o5 \|=10 20 —1.53° o3|  |—1.53°
"4
Compute Pg\: s

(\23\ = =I0% -1 §; = A0 (o.oz(ﬁ) -\0 (-oo‘Zc.‘*) = O

o
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DC Power Flow Example

Slack bqs ) |o 2c 10
o Find the dc power flow for the following system: @ -
Vi =120

o The solution 1s: 5 0

z13 = 001 + 50.1 293 = 0¥1 + 50.1

o Can we calculate the power ‘flowing’ through a line

Pij = Re{ViI;; } = Re{Vi(Vi" = Vi')y;; | (Uo«-lfmv Zgrutﬂlcw) Qs = 0.6
(3)
Using DC power flow assumptions, we can obtain:
- .. 1
> Pij:_b_i_j((zi_éj)a for i # j, bij:X—ij

Qe
(\D\z = b\\(g\ ‘S—;\l = 10 (0 - 0_0‘1(.2) = =263 pv > (P‘L\’ 0.267 ¢u

Ca= 10 (8-8)= 023

Von = 10(5:-59)

1\

10 (0027 - (-002@\3 =D.533% v
43



DC Power Flow Example - Comparison

o Find the dc power flow for the following system:

o The solution is: T 0 @
5| = | 1.53° | = | 0.0267
53 —1.53° ~0.0267

o Comparison of solution with regular power flow:

hogcor Ached
fm y —
DC Power Flow | Regular Power Flow\
Py @ — D.00AuU s §
P 0.3 0.3
P -0.% -0.%
01 @) )
09 0 023 . ey A
03 | -0.006% - 0.0%6

ct

z13 = 0.01 + 50.1

Qowu g),'pu\ma kLrouaH
Uive \

/ QOOE! of)p(u(“w» "'e—»_j
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DC Power Flow Summary

For the simplified/DC power flow computation, we make the following assumptions:
Assumption 1: Voltage magnitudes are close to 1 in per unitv”
Assumption 2: Resistances are much smaller than reactances v~
esistances,

Assumption 3: Phase differences across lines are small ~~

Based on this, we can calculate the active power flows as follows:

N Sum( G2
Pi~) Bud Vi=1,2, ., N or P= 55

k=1

The power flow through lines is given by:

v Pj; = by (05 — 0;5), fori#j, by =—

Procedure:

e

1. Calculate b;; = — for every line
—_— Tij

2. Compute the susceptance matrix B and place equations P = Bé

3. Set 67 = 0 (reference bus) and eliminate from equations ( e,lm,.mal-f f.ad oJonr o / B )

4. Solve for the angles” —» ¥



DC Power Flow Example 2

o Find the dc power flow for the following system: ( 1@ b L G Py = 114 MW
2= 008

o Assume Spase = 100 MVA = ; lt-pu = LAy

\—_——

bag: loo

L()t\‘\i \1~ N\ (\?M« Tow Q"‘”‘L"M :;:.01
P- 0%

\Q.-Ll»\o\\r‘\o\; Py = —300 MW Py = —200 MW
[ ? Pa -100 —lo\
Y, LYy
% |
-1
\ Qb\
&/N—)
%
(Ps\s "ZO& - ‘OOS)-IOSq
Py~ 3ncev




Topics that Will be Covered

Nodal Analysis
Power Flow Equations

DC Power Flow - simplification (\-l Wq )‘?nu‘w ;—B

DC Optimal Power Flow

LP Formulation

Locational Marginal Price (LN\?)
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DC Power Flow — Line Power Flows

Transmission lines are physically constrained in the power that they can deliver —
proportional to its size and related to material

Therefore, when dispatching generation sources, it is important to make sure the
transmission lines are not overloaded!

\mua-ostﬁ

p———

250

¢able cross-section N SOQ- OOOmMa’
18 16 14 12 10 8
@ L3 @ [« ] o] e ]

1 48




DC Power Flow — Line Power Flows

o The general equation to compute the flowing in the lines:
Pz’j = Rfe{vz‘];j} = R'e{‘_/i(‘_/z'* - Yj*)g;} (\.\om\fmvv qo:*"om\

o |\ The dc power How simplified equation:

—_—

‘L:\' 1 . »
Py = by (G -0y, forizj by= 8D oobage ancle 3k on
ij
(Q,inew\ L
o Power flows for the previous example: Shase = 100 MVA
Pro = bia (51 — 82) = —0.267 Slack bus 7 o /

P23 — b23 ((52 — (53) = 0.534

P13 = blg ((51 — (53) = 0.267

—
01 0 0
do| = | 1.53° | = | 0.0267
03 —1.53° —0.0267

- US pu

o What if |Pp3| is limited to 45 MW? 5 |?,,)¢
® 49




Economic Dispatch Revisited
(%egm\

Economic Dispatch:

=  For asingle hour, what is the best active power output of generators to meet the load
while minimizing the total cost

=  In this problem, the network is ignored
_—

Slack bus

min J1(Pgr) + -+ fng(Pyn,) P
_(]]JP(]Q? cey LgNg —_—
s.t.
Pqi—min < P(]L < Pqi—max )J'\ z13 = 0.01 + 50.1
Ng
* Z Pgi — Roads
i=1 = T
—
‘0\'0‘1 %WQQ*O“
Qa&\
O—=|  Pou
—>
oO—~
Va2

50



Economic Dispatch + Network Constraints = DC OPF
s ASU Qoo S‘OU

= If we take into account the simplified DC power flow equations, we can impose limits on
the transmission lines!

Slack bus

=  Economic Dispatch + DC Power flow =
* DC Optimal Power Flow™

Prs = 0.8

min g, fi(Pg1)+ -+ fng (PgNg) <J/:; 06
Py1, Pyo, ..., PgNg 02, ..oy ON
s.t. v Do Seawe
@ Pgi—minSP Ssz max %“ e"& QN 15
VPl e us

dC Qouar 2@ qu — P = Z BiOgk Vi = 1& - ug ,‘\Oza(Sz-SQ < ,us
"Jow — — _— >
ea,.;e\"ovﬁ _
Bij < bij(di, - 5.7') < lej QCN. (!ol\‘}w'm\s‘ 4=

51 — 0 )
fcguu\u \°~’S

51



Example DC Optimal Power Flow

=  For the network as shown, assume the generator parameters are as follows

Generator Pin  Poax  Cost 110 —10  —100 Slack bus ‘o = 1o _
—» 1 2 57 B® B=1| -10 15 -5 Pe: 2
— 2 A 8- T —100 =5 105
————— C —s" — \
* on=100
= ¥Assume lin@is limited to 0.6 pu power flow ¥ , = 0-01 23 =02
Q’V—“ z
=  Compute the DC OPF b2z = S
Qr3 =006
¥ min (SQS‘ + :I(p«sz) \? \ Loc
BN TR 310,
f% l\“’“} 1}

3. gt

¢,
0 z é v%\ > QQV\Q«;\"D\ @Ql‘&xh\ﬂh\\'s
0.)£Vpt 0

06 fb\‘s (&"%33‘; 0.6

e

. v’

Yain ¥
Ahtb
Aerx =bey

= [?oal ?‘1 30 & &T

- - . -

Je N [ue e mes S o
k) ~ j S W
— 2 /\71\= k\’o S S 2 R
2 »(30«% -0e -S IS5 V2
. -0c2 00(8-5) c0¢ i o aint
%\-‘:O (YQ‘.I‘M; ‘g;;)
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Example DC Optimal Power Flow — Matlab Code

=  For the network as shown, assume the generator parameters are as follows

Generator Poin  Puax  Cost

<1) 2 .5 (:) %% Write the susceptance matrix
2 N 8 7 EBE12 = 1/0.%1;
bE13 = 1/0.01;

= Assume line 13 is limited tq4 0.6 pu power flow  »23 = 1/0.2;

. Compute the DC OPF B = [bl2+bl3 -bl2 -b13;
-bl2 blz+b23 -b23;
-bl13 -b23 bl34+b231;
Slack bus

Po
G2 %% Use CVX to obtain a sclution

cvx begin

L2

wvariables P1 P2

variables dl d2 d3
minimize S5*P1l + 7*p2

subject to

]_” bl3* (d1-d3) <= 0.6;t* \oiwz‘:.,:'
Compa< p3bl3*(d3-dl) <= D.e;g

Prs = 0.8

Qr3 =06 o Sbbl‘ D.2 <= Pl <= 0.5;
® (5.5 P 0.1 <= D2 <= 0.8;
3 = oo (& - x) [P1; P2; —0.8] == B*[dl; d2; d3]; P8
VU = o¥ linit dl = U; % - g
%1': RS * 0. ( ’\w \ cvx end

53



Example 2 DC Optimal Power Flow ,

. . ase — 100 1\/{[W
Consider a three bus system with local
loads a1 @o Pgo

The generator costs are as follows

. ‘ e J
LF = 792P, +15.62P (% ingo) (L2000 @ Q: ® 4
- P = ’ c.‘)/ . EEC / /
* [y = T85P,5 +19.4P% Ruw=2 (‘(.}” e
x13 = 0.125 kg
K Py = T97Py3 + 48.2P% by — 8 Pezg= s
(3)
With limits as (pu):
Generator  Puin  Phax Pes @
1 150 6.0 Pagu=)
2 1.00 4.0
3 05 20 )
Y O
—90 e —
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Example 2 DC Optimal Power Flow

=  Find the optimal operation of the generators * T
to minimize the cost of operation 712 = 0.1

=  Take into account dc power flow

v/ Pu=200MW
\Pal € 1.Seu 13 = 0.125
P ¢

biz3 =8

e

W 6°F

e

A A CARRACRATR TN
OS .?? ,?33 . %\ ,S’; ’%3

Pr3 =100 MW

o

Fy =T92P; + 15.62P%,
Iy = T85P +19.4P2,

F3 =T797FP;3 + 48.2P;3
A

Generator Pmin Pma,x

1 1.50 6.0
2 1.00 4.0
P=%S ‘
3 0.5 2.0
18 —-10 =8
1S & be(S-3:)£1S T B B8
-8 =5 13
%\ =D g —e———

. . . . . . M @ el
What kind of optimization problem is this? (LP % AT b, Megx=bey
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LES

Example 2 DC Optimal Power Flow

Find the optimal operation of the generators
to minimize the cost of operation

Take into account dc power flow
Assume line 1-2 is limited t

P 3.8272
ra\

92 3.4545
. Pys3 1.2182
- 51 — | 0 Pry =200 MW
0o —0.15
\ 03 / K—0.0409 bis = 8

P]»Q — [)]_2 (51 — (52) =1.5
_Pi]ﬁ = b13 ((51 - (53) = 0.3272
P23 - b23 (52 — 53) = —.5455

———

l Pr; =100 MW

[
w
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Economic Dispatch with Network Constraints = DC OPF
C——

If we take into account the simplified DC power flow equations, we can impose limits on
the transmission lines!

Economic Dispatch + DC Power flow =
( DC Optimal Power Flow\

. \ P, P
Pg1, Py2, r%igg N TSR FilBor) + -+ fg(Pyn,)

k___\/\)
S.t. Tokd O‘AL 0\ MOV\

sz'—min < Pg’é < Pgi—max

N
gp.,; = Pyi — Py = > B § Vi=1, ., N = D Ciald
k=1

Bij < 1)11<(51 — (51) < p,’,j S Q‘V( (‘.O"Ermiﬂh

———
51 = Ogiqs, \ouS
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Topics that Will be Covered

Nodal Analysis

Power Flow Equations

DC Power Flow - simplification

Economic Dispatch with Network Constraints — DC OPF
LP Formulation

Locational Marginal Price
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Concept of Locational Marginal Price

Locational Marginal Pricing;
A method to reflect the value of electric energy at different locations (buses) accounting

for:

¥o ’ﬁeneration (Qo&" .(‘ag‘\m\:) (T

o Losses

Vv .. . ..
40 Transmission line limits

PR3l e By
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Concept of Locational Marginal Price

Locational Marginal Pricing;
A method to reflect the value of electric energy at different locations (buses) accounting

for generation, losses, and transmission line limits

NYISO LMPs, Weather and Binding Constraints - 5/11/2015 HE15
——

ke Adire 2R
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Locational Marginal Pricing — Two Bus System T o)

%z Generator Piin  Paax  Cost
— YUY - I
,f' 2 10) 500 ) 8-

- | s00MW 400MW \
AW e
“Uoi MW

( P+ Py2= 100
o \k kbu Qbs“ - 3?3\ + &’Q 2 ? oot \

é-/ =) \
V., = 860 Q heapov hew
* o hie canchamy. g| d . "6#
( s J %—_‘z = 40 |\°e e V.2 900
2w
= \S We o 1ww o‘ loed ot bus 1, whida TawAW wil soee\—)? QQMi% LM®, = ?d/“w
o W W oo 0w u blS 2 \ . " " ? QQJ\ 4_% m?z_;?#/ﬂw
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Locational Marginal Pricing — Two Bus System

=  Suppose that we have a simple two bus system

=  Assume line 1-2 is limited to/260 %Y
SN——"

:}# / 1 2
L\'Y)
- \R-‘\szoo MW l@ Generator Piin  Paax  Cost
O W’
@ e > )oY 5 TR
oot =
W) (J o) 2 40 500 8

| 500MW + 1 mw 400MW

e e—

f\?,sf': 400 MW
"\)&1 - 200 W\W
2§

. \(S e QAA \\-\\0 0y \oai a\ Lus l| towichy %ev\erlm us\ W\‘]/‘]QM&% \,.\\\’\)&" W
N [ TR

e 1\ " 1MW v oy Q_‘

=  Whatis the LMP at bus 2? At bus 1? 6



Locational Marginal Pricing — Derivation DC OPF

The main idea with Locational Marginal Pricing (LMP) is to answer:
« What is the cost of increasing the power demand at any bus?

) (Load) ] L
Qg 1 ¢ (. bus norlowt
o - ACY Lo
¢ APr; ww 0Py,
CL'D"‘aﬂ 9 (ood

What is this total cost and how can we find it?

We need to consider: generation, losses, and transmission line limits
‘\_’—Y—~) W — )
Y : o~

-
B'Q-_-____-—-——o-—’ ’ /—_>T“V\ Qob‘ 0 Aoean'l ‘\v\c\otlc
\VALY (1-‘ (9 WA L. *o((%\p\) - Qo&u
o4 '-T(mg Qw Qw“‘"
Q-si'w'(a Z (0%\ ¢ (\)3;‘“”‘*

? AR S E(A)\AA dooold e He e ong Cv. B

&
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Locational Marginal Pricing — Derivation DC OPF

=  The main idea with Locational Marginal Pricing (LMP) is to answer:

What is the cost of increasing the power demand at any bus? @

0P,
=  Remember the DC OPF: =

Write the problem in general form (L“ ‘0

1] P . J2 ) o C0x) A
P‘]]a P(l'.zv "'7I]fl).1]:{g752v *5/\('][1( Q]_) + +Qng( qu) i S‘\' %

;\'\"(x\ = O is1‘,_,l“¢‘g / Aﬂc

S.T. é ™) %3(“\ < 0 3'— \.""“" — }A:
Pgi—min < Pgi < Pgi—max i »“1
— i
N i ode Y ®F e R uzg\
Pi=Py—Pr=)» Bydy Vi=1 ., N |
. /—E\/
Pij < bL] (57 53‘) < pm
01 =0

64



Locational Marginal Pricing — Derivation DC OPF

.
* The main idea with Locational Marginal Pricing (LMP) is to answer: . ::&
ok
What is the cost of increasing the power demand at any bus?  JC Sl
oPy;
=  Write the Lagrangian for the problem: g
Q«a\ Yow, \,“ \‘\ £d(§( 0“(3\0“ ymv}‘ov\ )
/pminsél(Pgl) + 4 Sy (P‘(]Ng)\ | Z %;“S‘“'
B wz
1s.t. \M@ )ﬁ% ':i‘\‘e\\‘u) " i (?( Si)/Vt VL ,’l-"}n‘) )r“\ ’L,\ : 1
. Pqi - P(]i—ma.x S 0 . H ll _
gi — P, 71_ ~ $ (¢.¢ ’\’\r-e*u(?y_»_«,. » Z'& KQ&\M \‘J\ ?uj
- Pgi + pg'i—n.lin <0 - 776 \—’_’_«_/
A /Qque\\'n Qms g
*ZBIk(Slk _Pqi +.P]Lj =0 VZ = 1, . N Qﬂ‘s 'S \ (@s\' \ “,5 1\)( ?\‘\' (a wn
o = k.
\Ol\(\t‘&\_ ——— = == - 4' PO )
Py — 1_'_2 <0 : ,u,;; g ‘\'2 P‘S (?‘3 ”P'Q - ?\‘, }x“ ("’_3 J\
P, —Pj; <0 : ,Ufi_j 4 k/\f-_)
\~— + IXO (S‘\ $

(
—_ {
5 =01\% .,‘uq‘, 0“‘3 Mu“'. {

¢

. T\
= The Lagrangian can be seen as the total cost that we axe looking for!
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Locational Marginal Pricing — Derivation DC OPF

The main idea with Locational Marginal Pricing (LMP) is to answer:

What is the cost of increasing the power demand at any bus? 9¢ | 0L
OPr;  OPp;
Write the Lagrangian for the problem: W Rooen %a:;,d\w) L L
Ng

Z 77;— (sz - sz’—max)

o('( \ous nw\oa.r

LMQ: = ’)l\, _ /S\. (&\ i«&- mo“\'Q\?e ¢ aswd‘,\'ea wﬂL W poust ‘*ow
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Locational Marginal Pricing — Derivation DC OPF

=  The main idea with Locational Marginal Pricing (LMP) is to answer:

What is the cost of increasing the power demand at any bus? 9¢ | 0L
OPr;  OPp;
=  Write the Lagrangian for the problem: g g
N,
(Hﬁz (fi 4+ fng) +Z)\ P, + Pr; + pflow,) +an 9i — Pgi—max)
7=1

+ ZUJ_ (—quj + quj—min) + :u;b (PLJ o pU) + lu&_} (_Pij + EU)

= Therefore, the Locational Marginal Price at bus i is:
— e

'\
oL
LMY; _ o @ Lagrange Multiplier associated with active| power flow at bus i
Li
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LMP Example - DC OPF **2% q
(P:‘i-’\,c\’ > e, w

=  Example: Solve using DC OPF and find LMP at every bus —’

(Dde 22 ORF prddlen
G C‘ oy + 7%,

2 M

015 4’\7@ £0.¢
o ‘?«SL L
35-' '(\)3\ 4 ;» %m.gw = O
g_,\}_‘_,
&
Mt\-‘r‘\g\ius (\)T' ! 7:‘;2""“’3“' =<

\')« “ 0%%* i‘,’%-;v.&. - O

PP R

.03 ¢25(8-90¢03

~0-9 ¢33(8-3:)£0S
-04 ¢ 3 (%2-93) 20
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LMP Example - DC OPF

Example: Solve using DC OPF and find LMP at every bus

[P\ [ 05655 \
Py 0.2845

t=16 | = 0
—0.0262

\2) \—0.1429

Pio = bys (81 — 82) = 0.0655
P13 = b3 (51 — 53) = 0.5
Ps3 = bog (52 — 53) = 0.35

A =6
Ao =7
A3 = 7.83

0.15 < Py <0.6 0.1 < Pyp <04

‘—,O.SQSS
o =17
\Pu\ @ =
’PT, = 0.284S

blg = 2.5

2 loyes

3 QRK Q&“‘k = 'p\)“(‘)'s
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Summary of Topics Covered

Nodal Analysis /

fower Flow Equations /( V\W\Q\'mw.) — {xbacred? -

>

DC Power Flow - simplification ‘/

. . . . \ \/
= Economic Dispatch with Network Constraints

Formulation (LP or QP)

\
.@l Marginal Price
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