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Economic Dispatch Revisited

. % The economic dispatch problem attempts to minimize cost of generation while

meeting the loads
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* Network influence is not considered - only generation and load
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Economic Dispatch Revisited

=  C(Closer look at the optimization problem |
Capacity: P

NP
ANUAOLRS - Cost: ¢; ($/W) 1
" Qo&s‘ ol OL m‘&“& g"i"’" i

Capacity: P»
: P
: sz : L Pload
subject to: o °
Japacity: Py
/0 S P1 S Pl Cost: Cn (8/W) PN@—
0P <Py \ g Godanhs
0 < PN < pN
| Pit Pyt Py o= Pioaa ) Ea. Qs
—_—

Cochots



Outline
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* Equality constraints — Lagrange Multipliers

* Unconstrained optimization /7

* Inequality Constraints — Feasible sets
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General Optimization Problem

= Ingeneral an optimizatlon problem has the following form:

subject to:
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Unconstrained Optimization Problem

An unconstrained optimization problem has the goal of finding the

minimum of a function f(x), that is: h (X‘ >
in f( xe = x= \ . _ (x0 3, - 1)
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First Order Necessary Conditions for Minimum

*  Unconstrained optimization problem: min f(z)
df(z")

dx =0

o  We remember that at z*, we must have that f'(z*) =

. Why’?
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First Order Necessary Conditions for Minimum

»  Unconstrained optimization problem Hlmiﬂ f(x)

df(z”)

dz =0

o We remember that at z*, we must have that f'(z*) =

=  More detailed proof:
f(x)= f(z*) + f(z*)(z — z*) + O(x — =) we must have that f(z) > f(z™)
Let x = z* — ef'(x*) for some € > 0

= flz)=f(@") —ef'(@)°+0() = f(x) - f(z")=—ef'(z7)°+O(e)
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= What is the second order condition?
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First Order Conditions for Minimum with N variables

=  Unconstrained optimization problem  min  f(

L1, L2, «v.y TN

=  What is the necessary condition for N variables?
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Unconstrainted Optimization with Multiple Variables

= Suppose the cost of operating generator 1is: Cj(z1) = 3z7 — 3021 + 200

and the cost of operating generator 2 is: Ca(xs) = 3x5 — 24w,

= [f the two generators are operating in parallel, what is the power of the two

generators for which the total cost of operation is a minimum? What is this cost?
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Unconstrainted Optimization with Multiple Variables

= Suppose the cost of operating generator 1is:  Ci(z1) = 3z7 — 3021 + 200

and the cost of operating generator 2 is: Cao(z2) = 325 — 24

m How do we know it is a minimum?
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Contour Lines and the Gradient

= What are contour lines? o\ \Q\)t\ $'J‘> % 5 o ¥
f(x1, z2) = 27 + x5

Curve/points at which the function has the same value
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Contour Lines and the Gradient

= Relationship to the gradient ml, 2) = af + &3 )
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Gradient Descent Algorithm Basics

What if analytically finding the minimum based on the gradient is complicated?

min  f(x1,x2, ..., TN) V. f(z) = K(x AL Vc@&(ﬁﬂq%(’?—z\‘\ ¥
1, T2, ---3 TN 1 \w -\-a\,ot 3
— D o RO 3
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Gradient or steepest descent is a common numerical algorithm to fi ¥:{”op’amal point

o Which direction does the gradient point?
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o What about the negative of the gradient?
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Gradient Descent Algorithm

The gradient points in the direction where the min f(z1,22, .., TN)
r1, 2, ..., TN

Therefore, we can take a guess (initial point) and .

function increases the most

compute the following;:
Skee ﬁfie' o (S

(w(Oﬂ initial guess
o1) = 2(0) - £V.10)
z(2) =z(1)—aV.f(z(1)) )
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Gradient Descent Algorithm Results

The gradient points in the direction where the min  f(x1, 22, ..., TN)
. . r1,T2, ..., TN
function increases the most

Therefore, we can take a guess (initial point) and
compute the following;:
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Summary for Unconstrained Optimization

=  For an unconstrained optimization problem

min f(l.l?an ) :EN)

L1, L2,y ..., TN

=  First order necessary condition for a Jocal min:

V. f(z) =0l

= 4 Second order condition: (ﬂa_w‘_)

(o1 )

8$1

of
amg

\ 2 /

V2 f(x) = 0

in
(24
8$18$1

a2y
OxnOxzq

(o)
= So\ut &m ot

0%
Ox10x
1 " <0 ?O‘;t‘\‘uq CILY\'V;\L

92 f
OrNOTN

Matrix has only positive eigenvalues

17



Outline

* Equality constraints — Lagrange Multipliers
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Equality Constrained Optimization Problem

= An optimization problem with equality constrains is defined as follows:

- mgn f(x)

subject to:

Chi@) =0 i=1,2, .., N.X Cauwbly Gncbunk

= Example:
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Lagrange Multipliers

@

i Y\("\
Suppose that we have the following problem * \4 g =
mm (x)
subject to: % _}v&\
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Equality Constrained Opt. Problem Example

= Example: min @;% + 73 |
L1, T2

subject to
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Eq. Constrained Optimization Problem

=  Suppose that we have the following problem min f(z1,z2)

T1, T2

=  The first order necessary condition for a subject to

minimum occurs when: Vf + \Vh =0 h(z1, x2) =0

=  Why?
gThe rate of change of f(z1, z2) along the

i constraint curve h(xy, x2) = 0 must be 0 5 I
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Equality Constrained Opt. Problem Example

T
,\59 ~

= Example: 10 s . Dy
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Optimization Problem with Equality Constraints

o For a general optimization problem with N, equality constraints:

minml,xg,...,a:N f(mln L2y weey :CN)
8.t. N Define the Lagrangian function as
h1(3317 ees SCN):O---- \ *{E(x’ )\1, . )\Ne):f+)\1hl+"'+)\NehNe
; ——— —

' V.1
im0 565 26y Y%
AL; ; = y R

Mo 2
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o The first order necessary conditions for a minimum are:
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—
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Inequality Constrained Optimization Problem

o Consider an optimization problem with N; inequality constrains

o Consider an optimization problem with N7 inequality constrains

min z] + 23
1, T2

subject to
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Inequality Constrained Optimization Problem

o Consider an optimization problem with N; inequality constrains

min 27 + 3 10}

L1, T2

subject to * 5 R

1 S 4 o § ‘w/ 3
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Inequality Constrained Optimization Problem

o Consider an optimization problem with N; inequality constrains

N\
IMI11N 10 - o
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Karush Kuhn Tucker (KKT) Conditions for Optimality

o For a general optimization problem with N, equality constraints:

Lagrongioa }tw‘mr_ Zag bisll dag. Mo i

mﬂjil’l f(a:) /(7*_\" N T f
) foh =t 3" o
_‘hz(a:):() 1:17 ooy Ne" N= PINY &i:Al )
*’—bgj(x) <07=1, .., __JLT‘/\F z (}‘ ) qwug QMSL ww:q. Cons‘v'v-lS-
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o The ﬁrst order necessary condltlons for a mlmmum are:
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Inequality Constrained Optimization Problem

o Consider an optimization problem with 4 inequality constrains

. | ah :
min 27 + 3 10 R
L1, T2

subject to
—z1 <8 —*» x-340 gqute , M=O
%z, >2 — 2-x,2 O 9.0 €0 )unobgzoﬁ—f

—122 <10 ™ x-0¢0 VD, fg =
#1222 3 2-%50 Yoy Ju 70 B 42O "’f'ff_’ff '

| ’96

4i<o = 3= 4,2,34 Py - 10 -é

54'
KT 4 O Gads.
}‘533:'8 | })33-)—,-0 ( co
B N
i =0 or g¢gi(x)=0 or both
pigi(x) =0 Vji=1, ..., Ng 2 3<O MJ>a ﬁ
- |
Not ‘bthirJ 0 %""‘A""“j :
Applies independently to each ineq. constraint
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General Optimization Problem Example

o Consider an optimization problem with N inequality constrains o
Woy=o 3““ =
m1n£0253:f —+ :L'§> 5 7 144_{ ! _7__7 ( 44|
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General Optimization Problem Example

o Consider an optimization problem with N inequality constrains

min 0.25z7 + 73
T, T2

subject to
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Feasible Set Definition

o For a general optimization problem with N equality constraints-/ I\ t‘nqukb

Snskeonls
min f(x)
T
s.t.

A SR R N PN P

- ‘RA QOV\&\’U\‘V\\ s

o The feasible set is defined as follows:

/

i(é {z eR“lhi(a:) =0fori=1, ..., N, %(x) <Oforj=1, .., Nr}
) = _ ————
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Feasible Set Example

LY
Plot the feasible set for the following problem: k= (Xu)

min z? + z3
CB—];, :132

subject to
r1 <8
T > 2
o < 10
Ty > 2

—x1+x2 =04
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* Quadratic Programming

* Economic Dispatch
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Quadratic Programming Definition

(aR
A quadratic programming pr(\)blem is a type of optimization problem which

has a quadratic cost function with linear inequality and linear equality

constraints T‘fc % °(’L' Yiddew
G 1 Optimization Probl dratic P ing Probl
eneral Optimization Problem Quadratic 1rogrammmg roblem, pcodehe
ngn f(x) min <§xTH$ + fT:I:T‘
s.t. S.t.
hi(z)=0i=1, ..., N Amgbk \V\eq.w Qolvxew
gi(2) <0 j=1, .., Ny Aegt = beg o W near

Q*M\u'- - Soggo\‘ \lo.J-M Md“u v @ q;g:?mx\c

- Leash sgoer QR
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Quadratic Programming Example

Write the following problem in QP form:

min (ﬂff + 335 + 4dx129 + '10x1 + 12:1:5 Qd‘o\ &\N\O"\‘on [ %GOAQ(ATC

* —x1 <10 X, < -2 - :
2 \
T > X -
! Q»NJP)\! io\u‘\’, N;\ v

o < 20 3)"

SA'. 2 R
NS © .
-\ &) * z ( ' \ \ = (S\
4 o \ \;‘s < 20 %o —
o -\ I hey ey
— "
A ©
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Economic Dispatch Example

=  Economic Dispatch is to find out, for a single period of time, the output power of every
——— ~
generation unit so that demands are satistfied at a minimum costs

Toad Ru

= Example formulation #1:

: L
\X"* w
/ ‘?0;\7, y
Cheap unit Expensive unit K.

- N

Q%\ ;?0\1

N 74 ok

%.w‘ﬂ é ?‘3\ 1 Q \ é b\““‘#

3 Raz-smin f‘? v Y ? A
| o 9 9 wEY
Pr, (known) (QS‘ + (\)oy - ?\;
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Example Economic Dispatch

(Theswed)

o Suppose we have three generator units with the following characteristics
Q_—————’_—_Y_\/J

"
Unit 1: Coal/steam unit Wesk a2 %‘“\‘M o\ DU\’po pever
MBtu l, Qo\‘\' ad %UV\(\"\U'\ 0‘ (o&-“ OJPJ\-
H, ( ) = 510 + 7.2P; + 0.00142P7 t
I~

Fuel cost = 1.1 $/MBtu

)

| Fl(Pl) =1.1x H1 P1 = 561 + 792P1 + 0001562Pi? @
| .

\—fw—\_) ‘l‘

(
G50 )

w Oil/steam unit

oot & 4 hon Of‘vm
, S

MBt ‘
Hy ( : “) = 310 + 7.85P, + 0.00104P2 |
- — T =
z
4

Fo (Py) =1 x Ho(P2) =310+ 7.85P; + 0.001941322 (%)
Fuel cost = 1.0 §/MBtu

{

Unit 3: Oil/st it
ni Oil/steam uni \

cost 15 3 \’*A“O“ °f s

(
MDBt
Hs ( u) = 78 4 7.97P3 + 0.00482P5 A , (8
h —_—— \ Fg (Pg) =1x Hg(Pg) =78+ 797P3 + 000482P3 (E)
Fuel cost = 1.0 $/MBtu ,
(G

39



Example Economic Dispatch

o Suppose we have three generator units with the following characteristics
G3)

Unit 1: Coal/steam unit

5 (8 Max output: 600 mw " Py @—
ZFl(Pl) = 561 + 7.92P; + 0.001562P; b

Min Output: 150 MW 7

7
Unit 2: Oil/steam unit Py . P;=3SOWN
2 $ Max output: 400 MW~

Fy (Py) = 310 + 7.85P; + 0.00194P5 (H) Min Output: 100 MW - yd

Unit 3: Oil/steam unit Ps @
$ Max output: 200 MW °

gFS (P3) = T8+ T7.97P; + 0'00482P32 (h) Min Output: 50 MW -

o The three generators feed a load of P;, = 850 MW, What is the power level of
IC OF 7L = 98t MW

each generator to minimize the cost of operation?

A Wrde ‘*4 09‘( Q‘O\s\m | &g‘ A onowe ‘\ne*s. e net \o'(wliw:‘ (_\ac\m\
tin EE\K?\\ + RQR) T Gjﬂ i TEXRENFRE)=TELR)

R,® s .
:.‘\'- > (")\ *?z‘\'?s = 850\ - (\ﬂb‘\ = O‘)
(\2* %+ % =850 ] T | T OE Ao, W =0 )
\ € Goo \ = \., . '
?\ 2 130 C \veq Qp'\s\‘(m\nl &l ?,‘ =343 bOOS \\L SA"“ W\Qis ‘
P, ¢ Uoo Po ity e s o =534 N
(A /k T =\l

P& 200, 250 e 10



Example Economic Dispatch v2 with Capacity Constraints

o Suppose we have three generator units with the following characteristics

€ Coal: 0.9-3/MBtu

Unit 1: Coal/steam un

b Tax output: 600 MWH* Py @—
—> [ (P) = 459 + 6.48P; +0.00128P2 (2 ool
Min Output: 150 MW
Unit 2: Oil/steam unit Py - P
PP 210 4 785 4 0.00194 P2 $ Max output: 400 MW
2(Py) = 310+ T.85F, +0. 2 (E) Min Output: 100 MW

Unit 3: Oil/steam unit Ps @
$) Max output: 200 MW

Fy (Pg) =784+ T7.97P; + 0.00482P32 (h Min Output: 50 MW &

o The three generators feed a load of P;, = 850 MW. What is the power level of

each generator to minimize the cost of operation?

e s @ A«\\mr’( cost \wel\vw Xan pea. sl

Mot {: ‘\-y\ove \W\*\‘\ v"‘(x\fr,ﬁ,) AW\ =0

Wi KY\ +‘-\'~.*$33 | / W) = D
WLt * \:l ok ek

- R+ %rTe= 850 %‘:—T\)\q *\}‘oo g w\:j“-.
v + QO\'\"U‘
-; :%2- -# 50 So\bxion.
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Example Economic Dispatch v2 with Capacity Constraints

o Suppose we have three generator units with the following characteristics

Unit 1: Coal/steam unit Coal: 0.9 §/MBtu

) s [ Max output
3 Fi(P) (159) 6.48P; +0.00128PF (1 _
h Min Output: 150 MW

Unit 2: Oil/steam unit

Unit 3: Oil/steam unit

= $ Max output: @
CFy(Py) 7.97P; + 0.00482 P2 ()

o The three generators feed a load

each generator to minimize the c

Ue MW, b she L pddewn (08—

h

Min Output: 50 MW

—

N ~

o.oo8 O o

M S (% ke xq 2| © 0.0044 ©

7\\\)‘1, ‘¥3

s4. /\_,@:;—1

X

*

o O d.oo |\ *g
)

x\
+ (Cu8 385 3W) |4,
Q/—v__—’

¥ 2Iso
’ —P| < "‘S-opz

?F P 785P 0.00194 P2 $ Max Output@
 (P2) sop,-oomoers (3) 9 L T

X
Pr, =850 MW.
ost of operation !

d‘\“ .

Jos

v

Jos
®_

e
Vv

L » ;= §sO

hat is the power level of
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Example Economic Dispatch v2 with Capacity Constraints

O
Fi(Py) = 459 + 6.48P; + 0.00128 P2 (5) Max O"tp“
h Min Output: 150 MW
£ (P 210 4 7 85Py 1 0.00194P2 $ Max output: 400 MW
2 () = + 10052 + 0. 2 (H) Min Output: 100 MW
, (8 Max output: 200 MW
F3 (P3) = 78 + 7.97P; + 0.00482P: (E) Min Output: 50 MW
o The three generators feed a load of P;, = 850 MW
each generator to minimize the cost of operation?
o Matlab code:

X

Economic dispatch with quadratic costs
Quadprog needs min O.5*x't§fx + f£'x
diag([2*0.00128, 2*0.00194, 2*0.00482]):

Q‘l
—9/ 600.0000y= '\

Suppose we have three generator units with the following characteristics

. What is the power level of

e
B‘A-lsb donshutals

h 3
TS0 = Y

= [6.48; 7.85; 7.97]; N 62.5698 = P
/7 .
ER R (PEY b o
beq = 8507 /w v >> lambda.upper (agmndn molTiphey
'Y 'S anoc. Ul"‘ erd
1b = [150 100 50]'; o\ “n-n kx 1.\0 ans =
T = 1600 400 20017 e — D Py 600 loindig ®
w - e sqd J70 Fy € NRyeeo
0.0000
[x, fvalx, exitflag , output, lambda] = . 0
(Quadprod\(H,| £, [1, [], Aeg, beg, 1lb, ub)

WV
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Next Topics

Economic Dispatch — Lmear Programmlng

@hmal Power Flow) O—\\?@

Unit Commitment
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