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Motivating Example . \%\ ] \"'\e@}
Two generator power system:

Cost of generator 1 per MW is:

+ Cor =3P} + 1P (§) 10.< Py <90
Cost of generator 2 per MW is:
Cy2 = 2P, + 3Py

Load is 200 MW
Pr, =200
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Motivating Example

In general, an optimization problem has the following form:
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The functions f(z), hi(z), gj(x) can be functions of several variables!
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Real Vector Spaces

Consider some examples of vector spaces and their notations:

1. The real numbers E «— ﬁasy g
| \
xel = x=%  *xSell
2. The 2 dimensional space, R? t=Y

How to identify an element in R2?
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3. The 3 dimensional space, R®

How to identify an element in R3?
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Addition, Subtraction, and Scalar Multiplication

o Assume that we are in I@f, consider the following operations:

E)
) Y X’BER
=z, y=|w
3 us
o Addition: 4 2,
1+ pye 2 ;j
z, y € R? T+y= f_z—l—y_z = (21 —:Q@_W_
T3 + Y3 R
o Scalar Mult.:
Ty axry
acR, reR? ar= a |z | = | azs
T3 o3
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o Subtraction:
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Inner Product in R»

* 4
o Consider two vectors z, y € R", the inner product is:
S
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2-Norm in R®

o The inner product in R" can be used to define “length” (\L‘M\
(2- roem) —
o The length of a vector is defined as: r T2

\la:“i:: Viz,z) = ’Xe?- - x= t;\ <
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o For example, in R?, consider z =
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Geometry/Angle Between Vectors

o We can also compute the “angle” between two vectors z,y € R"

ifx’anF x,y) = EE|MBCOS(5) = @‘ﬁ [yl 7=
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Geometry/Angle Between Vectors

We can also compute the “angle” between two vectors z,y € R" |

[z =yl
(cs®Y>0 e <as |9 ""‘3"" ™
= (x,y) = ||XH||YHCOb % — eoy@) <0 e>ac = x'})zo Y
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Now, we can define when two vectors are “perpendicular” or 6 = 5" oo’
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Two vectors z,y € R"™ are orthogonal if (z,y) =0 cox(Z)= o
It will be denoted as = L y if (z,y) = 2T 0
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Matrices

Definition: A matrix is an m by n array of scalars from a field F (e.g. R)

Qo\i""“"s
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A can also be written as A = [a,;]

—
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o The element a;; is located in the " row and 7 column

P

If m=n the matrix is said to be square
That is, the number of rows and columns are equal

Example, a 3x3 matrix
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Matrix Transpose

=  Transpose: The transpose of a matrix is obtained by interchanging the rows and

columns of it. Cdomwns oo
Yo / r \
o If matrix A € R®*", the transpose A~ € R"*™

eolommy

@11 a2 a1 Am1

-l as1 a22 22 Am?2
A= . .

am1 am?2 aon e Amn

u Examples:
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Matrix Algebra: Addition and Subtraction

= Matrix addition and subtraction: let A = [a;;], B = |bi;] be matrices of the

C=A+B = c@-j:aijj:bij

o Properties

1. A+B=B+A

2. (A+B)+C=A+(B+C)
3. A-B=-B+ A

4. (A—-B)—-C=A—-(B+C)

1 2 3 8 9 10
o Example: A—<4 5 6)’ B_<11 12 13)

(4 « 9 0 13
o Cle—{—B: I+ 2+ 9q 3+@ _
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Matrix Algebra: Multiplication
Go\g.m) {(ows

=  Matrix multiplication: let A < R”@’S, B € Rk

o Then C' = AB is a n X k matrix defined as

A B
¥ * Sm———
= C= Onxk — AnXmBka
nx@ @Xk
c‘?\”v\ m Kb‘ ('AW" \
° Cij = Z Gr‘_lbl3/ (multiplying the i*" row of A by the j*® column of B)
Yows [=1 _
'\\'x tow
o In general ABz£ BA ( Nod com.ou'ue>
- \ O o
o Properties ~ (o \ o
1. Distributed: A(B+ C) = AB + AC ~ Neo -0
2. Associative: A(BC) = (AB)C + 2
\ O
3.A=AI = IA, 1 is the identity matrix Tell 5 3= 1) \)
MEN _ AT AT __ AT AT
| 4 AR =ATAT = ATAY
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Matrix Algebra: Multiplication

o Example l l
____.;(1 9 1) —1 4
A= B=1|9 1
@‘?3."' R 3 1 -1
2x2
¢ - _AB=

@‘LQK%@ Cu= -t = \@‘\ « \C
Q = P\%-.: (t\ Qsz\ Cia = Usrls\= 14

C‘u = =-24Q+\0= 7

Crp = 41 -10 =~
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Matrix Determinant

It is useful to characterize matrices by a single number such as the determinant

Denote A;; the submatrix defined by eliminating the 7 row and j column

T " CiY Yow K [fn Qix Colunn 1
det(A) = (—1)i+j6:‘:;j det(A;i;) = (_1)i+jaj? det(Aj;) Vi (pick any row or column!)
j=1 j=1 =
L= ) =
\ , y
“ v
o detla; Z -0 ‘o‘,s = (—\] Qw = 9___;__
B g . s =
T (eice | ‘I;"‘"’\ ¢ 2 Ve
det = GQun =494 = ) N = (-1) onda* )0 Q
e = |a21 a2 - ?!(") SON')J\"*“\‘)\‘(‘\Q‘ wt (0,

= Q\\ q‘lﬂo - (\\1 Q'l\

aip  arz  a13 (3‘ "
= N ay 3k ()

o det az1 a22 A2
azr as2 as3 %

k\‘l - [Q‘L\ Qz}
— Az a3

w
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Nonsingular Matrices

= A matrix is said to be nonsingular if it produces the output 0, only for the

input 0 wen w
= \ =0
o if A is nonsingular Az = 0iff x =0 FG.W- vell Av=o \“ ’
= If a matrix is nonsingular then it is invertible ( '&"M‘O perkeix )
o For A € R™™ ™ the inverse is defined as A™! = A 1A AATY =
=  Equivalent conditions for non-singularity: Sts.scwv\ o L“""" Q"("el‘”")
o A is nonsingular — _ {)\ \0 “)
o Ar=0iff x =0 3% -

_ . . UNkhewr)d
o A7l exists

Y-O det(A) £ 0 X'F S b\ S Y\eﬁﬁch)\w = O
x=-Khx= Kb
B

—

-\
> o Let A e F"" (square matrix). If det(A) = 0 then A is singular 3 5 Abo&*i‘f Q“ﬁﬂ.
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Matrix Inversion

Let A be an n X n matrix. The inverse of A denoted as A~ ! also n x n satisfies:

ATA=AA"" =1

beir
If A~! exists, then A is nonsingular and det(A) # 0 ocg',;\v.\'w

5 ) 6
A~ can be computed as follows: A1 — adj (4) Nflolo: “"“’U\)
(det(A))
T
Cu Ciz - Cuin T edon oy oy dim.
Coi Cop o Cay L ke V.
adj (A) = where C@'j = (—1) J det(Aij) Crow 24y
: e — adormn
Onl CnQ U On'n
Note that (adj (4))A = A(adj (A)) = det(A)] K. adi®)
— T damy
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Matrix Inversion

QA. Cu 0\1
\S(R\% G O‘l—'l-
o If Aisa 2 x 2 matrix then A= 1 x

a1 (@22 o\% ( A\ Q-\&,(‘\\ et (\;g

) 2
-1 adj (A) 1 ‘—ng‘, —a12 C.= (\\\ "‘J'U;“‘)
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Eigenvalues and Eigenvectors

= Figenvalues are very important in many applications
o Optimization (positive definite, semi-definite matrices)
o Linear differential equations

(p Q?u\\oea méw thw_ x40

o Let Ae R™". If a scalar A € C and a nonzero vector z € R”? satisfy the equation:

Av=)a o

then A is called an eigenvalue and r an eigenvector associated with A

O\ Qn\(Y.\‘ ky;\
o How can we find the eigenvalue/eigenvector pair? o am)\xe ]2\ %
° %x AN \xwn «v\o&nx\ \soo \MOL alr W\os-\' f,\ &Ts‘\‘w“ a‘suwv‘oe; /Mamxc’orc,

x40

P hx;)‘x - - =0 = (A—\l\x=o
%\'3;\‘, - &d’ (k-'k:.) = O

.—E, Yv\s m':y\ua\ms o X\uA Q(J"N'J“s N

deb ((\—7\1\ =0 (}\-m\ o  Sdue fov
QJ\\NGC\’QJ&(&\\'Q —Pa\gcmo‘ Q)' ﬁ %\m\ Yoots
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Eigenvalues and Eigenvectors

e

= Find the eigenvalues and eigenvectors for %a\w\ Wy - Al b\%w-‘c\\"-\ e

A 2 o
3.5 0.5
o A= (0 _— 5) (%3%2}'&—\ . @\Sw.m\-w.\ WUe OV ab
it \’xv ¥_\‘¥‘b= o
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Functions of Several Variables

One of the reasons for defining this concept of vector spaces, is that now it

makes sense to write: &MM targe

L
r€R? f(x): R® =R ’KGQ? ) %(x\EW—

- ¥

Think of some examples: S g”_—ﬁ(ﬁ—/\"

¥\ ~— bl
N =bo
%Cy\: x4 Tx1 + \Ox%, Ve peeive ) Zonge
|

SS(X\?— \QC)(W“%\ p" >
il

How about linear functions? Can we write them in vector form?

I¥QY‘3 X = K‘;l:‘s V%\'&g —% = %(XN= \9_7‘\“’ E):z* ?lz 4".5_

xR rswkm (sb-\ = Xt QX ¥ see * QuXy A
. 1
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Functions of Several Variables — Quadratic Functions

=  Many of the cost functions we will use are quadratic, i.e. they are polynomial
functions of degree at most 2:

el %(\(\:. ax+ ox x e

f(z):R" =R
o Example: f(x): R3 = R &T.,,—.’L
L R 1 ! 1 ! 1\ J— ?

P 3
b * %XK; (&d e = 3

o Quadratic functions can be written in the form:@ =T Hx + cTa:' +d )

"

He ™ el

1
ﬁ . 2 -——"bl
A s

%Me (%, ¥2) \\In“‘:\?—) \& (D &H\ ¢ d
$3:3:'c

—_— SC\(\: Wi x& 4+ 2Ha¥Xa + W2axZ + QG CoXe ¥ é
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Positivity of Quadratic Functions

e Consider quadratic functions with only second degree terms:

wy N\
R, flz)=a'Hzx Ke® , \ %%mt\\c
< SV "
(s
e We can know what values f(z) will take by simply analyzing H:
gogi\iuu Sm'\cle\m e ALZO
1. f(z) > 0 if and only if H > 0 (nonnegative eigenvalues) 'E(K\ e o, oo)
QDS- &cym\‘t N> O .(—o
2. f(z) > 0if and only if H > 0 (positive eigenvalues) S()‘\ 70 ﬁ“ x
Neo

3. f(x) <0if and only if H < 0 (nonpositive eigenvalues) 5,(\:\ 3 ("" )© )

4. f(x) < 0if and only if H < 0 (negative eigenvalues)

e

5. What if H contains both positive and negative eigenvalues? SS(V\ e (-, °°)
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Positivity of Quadratic Functions — Example 1

e Consider the following quadratic function:

2
* f(x) = 2] + 21170 + 123 g(*\‘Y- —X

e What values does this function take?

o= e dew xe 3‘8.)

e W
%(K\ - (x. ‘n\ ( o “‘ux (\;\1

—%——\J; 1600 —
? 1400
>

(@1 &" ‘\ M’;\

1200

1000 —
@ 800
600 —

400 —

200

2 10 -10 -20-20

@
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Positivity of Quadratic Functions — Example 2

e Consider the following quadratic function:

e What values does this function take? (Q-““‘b‘\

(i(x\c s (; 7\’\ " oz (Z‘v)

25



Gradient Definition

e For a function of one variable, the derivative signifies the rate of change at a certain
point

df (x)

jcﬂe 3x° é.f.: Gx

J:E) : ﬂl_%'% R ely

rate of change of f w.r.t x

e For a function of several variables, this is analogous to the gradient CUzc('oY)

f(:l?) : R™ —>ﬂl§¢_ ')(e.“_ - ¥= (: v\\ S'(K\-J %(*. ,...,"‘u) g\(‘)"(x)

R

3f\ S 2 9 \ %:@
\/ La—ml r.o.c. x X w.c.r % S;:/‘l,
...a_f \ W u Xe 'Q,%
Vis(a)= | 072 | _ . — \ K1
« af ] W " “ 'Yn
\ oz, / ‘

e Notice that the gradient is a vector!

Qow\‘& polee S— wncwzes Yhe vest
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Gradient Example

e Consider again a quadratic function:

%(X\" ’6)4(7'&' \DX(X'I_ ‘\'SX\"‘ \O

0 G +\Ox, 4+ S
V- 3\
%&: \Ox,

K= :'1) %(x\'-w_z'—"'l
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Next

Introduction to optimization with power systems applications
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