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Topic Outline

= LTI State Space System Solution
o Laplace vs Time domain

o Matrix Exponential

*  Jordan Canonical Form
o Change of Basis
o Matrix Diagonalization

o Degenerate case (repeated poles)
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LTT State Space Model

e Let’s consider an L'TT state space system of the form:

& = Ax + Bu, x(0)=xg
y=Cux

where A € R"*" B e R"*™ (C € RP*"
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LTI State Space Model — Unforced System

e Let’s consider an L'TT state space system of the form:

& = Ax + Bu, x(0)=xg
y=Cux

where A € R"*" B e R"*™ (C € RP*"

e Let’s first analyze the solution to the unforced system (u = 0)

= Az, x(0)=xg
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State Space Unforced System Solution

e Let’s first analyze the solution to the unforced system (u = 0)
= Az, x(0)=xg

where A € R"*" 2 € R™ (n*! order system)

e What if n =17
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SS Unforced System Solution - Laplace

e Let’s first analyze the solution to the unforced system (u = 0)

= Ax, x(0)= xo, reR" AeR""

e What if n > 17

Solution by Laplace transform:
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SS Unforced System Solution — Time Domain

e Let’s first analyze the solution to the unforced system (u = 0)

= Ax, x(0)= xo, reR" AeR""

e What if n > 17
_ 1
Solution in time domain: £~} {(SI — A) 1} =1+ At + EA%Q 4=t
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SS Unforced System Solution - Summary

e Let’s first analyze the solution to the unforced system (u = 0)

= Az, x(0)= xg, recR" AeR"™"

e Definition: The matrix exponential is given by:

o0

1 1
A E : k — —
k=0

e The solution to an unforced LTI SS model, & = Az with z(0) = xy, is of the form:

z(t) = et

where x € R™.
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Example 1

e Find a solution to the following second order system:

()= )6 o=()
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SS System Solution — Laplace Domain

e Now let’s analyze a more general state space system:
i = Az + Bu, reR" uweR™, 2(0)=umx

e The solution we obtained from Laplace transform is:
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SS System Solution — Time Domain

e Now let’s analyze a more general state space system:

i = Ax + Bu, reR" ueR™, 2(0)=umxg

e The general solution to this system is of the form:

t
z(t) = ety —I—/ e A7) Bu(7)dr
0
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Topic Outline

= LTI State Space System Solution
o Laplace vs Time domain

o Matrix Exponential

*  Jordan Canonical Form
o Change of Basis
o Matrix Diagonalization

o Degenerate case (repeated poles)
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Motivation for Change of Basis

e Let’s first begin with an unforced state space model:
T = Ax, r e R" x(0) =z
e As discussed previously, A : R” — R"™, w.r.t. the standard basis

e What happens to our system if we were to change basis?
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Motivation for Change of Basis

e Let’s first begin with an unforced state space model:
T = Ax, reR" 2(0) =z
e As discussed previously, A : R” — R"”, w.r.t. the standard basis

e What happens to the solution if we were to change basis?
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What basis should we use?

e Let’s first begin with an unforced state space model:
T = Ax, r e R" x(0) =z

e As discussed previously, A : R” — R"™, w.r.t. the standard basis
e Define a new basis ¥ = {vy, -+, v, }
e Then Vx € R™ can be written as x = Vx+, where V = [ful cee fun] e R™*"

e The state space system is then changed to:

iy =V 1AV, z4(0) =V g

= Ty szi:l’:'y

e But, what is a good basis to try?
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Eigenvalues and Eigenvectors

e Consider an unforced state space model: & = Ax, reR" 2(0) =z

e An eigenvalue and eigenvector pair \; € C, v; € R™ where v; # 0, of the A matrix
satisfy:

AUl == )\1’U1

e How can we find the eigenvalues/eigenvectors?
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Characteristic Polynomial of a Matrix

e Consider an unforced state space model: & = Ax, reR" 2(0) =z

e Definition: The spectrum of A € R™*"™ is the set of all A € C that are eigenvalues
of A. The spectrum is denoted by o (A)

e Definition: The characteristic polynomial of A € R"*", denoted as pa(t) is
defined as follows:

pa(t) = det (tI — A)
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Algebraic Multiplicity

e Consider an unforced state space model: & = Ax, reR" 2(0) =z
e What if an eigenvalue is repeated multiple times?

e Definition: Let A € R"*", the algebraic multiplicity of an eigenvalue A € o(A) is
its multiplicity as a zero of the characteristic polynomial pa(t)
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Eigenspace and Geometric Multiplicity

e Consider an unforced state space model: & = Ax, reR" 2(0) =z
e Definition: Let A € R"*", for a given A € o(A), the set of all eigenvectors = €

C", x # 0, i.e. satisfying Az = Az, is known as the eigenspace of A associated
with A
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Eigenspace and Geometric Multiplicity

e Consider an unforced state space model: & = Ax, reR" 2(0) =z

e Definition: Let A € R"*™ and A € g(A). The dimension of the eigenspace of A
associated with A is known as the geometric multiplicity of A
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Matrix Diagonalization (1) — Distinct Eigenvalues

e Consider an unforced state space model: & = Ax, r e R" z(0) = xg

e Assume that all A € o(A) are distinct
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Matrix Diagonalization (2) — Change of Basis

e Consider an unforced state space model: & = Ax, r e R" z(0) = xg

e Assume that all A € o(A) are distinct
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Matrix Diagonalization (3) - Summary

e Consider an unforced state space model: & = Ax, x e R" z(0) = xg

e Assume that all \; € 0(A) are distinct

e Define a new basis ¥ = {vy, -+, v, }, where each (\;, v;) is an eigenvalue/eigenvector

pair

e Analyzing the state space model in a new basis defined by V, the system becomes:

2=V 1AVz, 2(0) =V "'z ()\1 .

0 A

o ¢

= Z2=Az, where A=

0
"

e We can conclude then that matrix is diagonalizable if all A\; € o(A) are distinct

e Actually, a matrix is diagonalizable if the geometric multiplicty of each

eigenvalue is equal to its algebraic multiplicity
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Example

[ —2
e Consider an unforced state space model: x_l = 3) (1
To 0 4 T

e Obtained a new basis such that the system is transformed to Z = Az, where A is a
diagonal matrix
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Example (cont’d)

[ —2
e Consider an unforced state space model: x_l = 3) (1
To 0 4 T

e Obtained a new basis such that the system is transformed to Z = Az, where A is a
diagonal matrix
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Eigenvalues/Eigenvectors in Matlab

e Consider an unforced state space model: & = Az, x e R", x(0) = zg

e For a given A € R"*", we can obtain its eigenvalues and eigenvectors in Matlab using
the following command:

e = eig(A); % Returns a column vector containing the eigenvalues of A

[V, D] eig(A);

N S

% D is a diagonal matrix with eigenvealues in diagonal term
% V is a matrix containing the corresponding eigenvectors
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Complex Eigenvalues

e Consider an unforced state space model: & = Az, x e R", x(0) = zg

e The previous procedure for matrix diagonalization can be implemented even if an
eigenvalue is complex
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Complex Eigenvalues (cont’d)

e Consider an unforced state space model: & = Az, x e R", x(0) = zg

e The previous procedure for matrix diagonalization can be implemented even if an
eigenvalue is complex
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Topic Outline

*  Jordan Canonical Form

o Degenerate case (repeated poles)
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What if a Matrix is not Diagonalizable?

: ' ) 3.31 1 1 0 I
e Let’s look at the following system/matrix: il =10 1 2 Zo
$'3 0O 0 3 s

e The matrix A has the following eigenvalues/eigenvector pairs:

T
e \; =1 (alg. mult. 2), v; = (1 1 0) (geom. mult. 1)

T
e \o =3 (alg. mult. 1), vo = (1 2 2) (geom. mult. 1)
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Jordan Canonical Form

e Let’s look at the following system/matrix: & = Az, r e R" z(0) = xg

o Let A € R™ ", there exists a change of coordinates defined by the columns of V €
R™*™ such that

(Jny(A1) 0 0 )
J = ? J""‘:(h) 0 —v-lAv
\ 0 0 o Juy(A))
where ny +ng + - +ny =n and o(A) = {A\1, A2, -+, Ag}. The matrix J is known

as the Jordan matrix and each Jordan block is as follows:
(o \
A

Je(A) = , e.g. Jl()\):()\), Jo(A) = (3 )1\)
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Jordan Canonical Form — Distinct Eigenvalues

e Let’s look at the following system/matrix: & = Az, r e R" z(0) = xg

e What is the Jordan matrix when A € R™*” has distinct eigenvalues?

32
Luis Herrera, University at Buffalo, 2021



Jordan Canonical Form — Degenerate Eigenvalues (1)

e What should we do when A € R™"*™ has some degenerate eigenvalues?

o E.g. say Ac R33 and 0(A) = {1, X2} where X\, is degenerate
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Jordan Canonical Form — Degenerate Eigenvalues (2)

e What should we do when A € R™"*™ has some degenerate eigenvalues?

o E.g. say Ac R33 and 0(A) = {1, X2} where X\, is degenerate
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Jordan Canonical Form — Generalized Eigenvectors

e Assume that A € R™*™ has an eigenvalue A which is degenerate with algebraic multi-
plicity of k > 1 and geometric multiplicty of 1

e Then for this eigenvalue A\, we can form a chain of linearly independent generalized
eigenvectors {vy, vo, -+, v} satisfying:

(A — )\I)’Ul =0
(A — )\I)’Uz =M

(A — /\I)’Uk = V-1

e This gives an algorithm for computing the generalized eigenvectors of a degenerate
eigenvalue

e We can then use these generalized eigenvectors to obtain the Jordan canonical form
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Example Jordan Canonical Form (1)

e Find a change of basis V' such that the system shown on the T 1 1 0 T
right is transformed to z = Jz, where J is a Jordan matrix i =10 1 2 To
$'3 0O 0 3 I3
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Example Jordan Canonical Form (2)

e Find a change of basis V' such that the system shown on the €1 1 1 0 1
right is transformed to z = Jz, where J is a Jordan matrix |l =10 1 2 To
$'3 0O 0 3 I3
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Final Thoughts

e We are interested in simplifying our analysis of the state space system = Ax, x € R"

e In a new basis defined by the columns of V' &€ R™*" the system is transformed to

; =V 1AV 2

When V' is formed using the generalized eigenvectors of A, the system becomes z = Jz
where J is a Jordan matrix

e What is the solution to 2 = J27, how is it related to z(t)?
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