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Behavior of Vertical Boundary Elements  
in Steel Plate Shear Walls
BING QU and MICHEL BRUNEAU

Abstract

The AISC Seismic Provisions and CSA S-16 Standard require a minimum moment of inertia for the vertical boundary elements (VBEs) in steel 
plate shear walls (SPSWs) to avoid undesirable VBE behaviors. The equation limiting VBE flexibility has been derived from a flexibility factor,  
ωt, developed in plate girder theory and the limit on VBE flexibility has been empirically specified based on previous test results. This paper 
reviews the derivations of the flexibility factor and how that factor was incorporated into current code design requirements for SPSWs. Then, 
analytical models to prevent VBE shear yielding and to estimate the out-of-plane buckling strength of VBE are developed, followed by a review of 
past experimental data to investigate if the significant inward VBE inelastic deformation and out-of-plane buckling observed in some instances 
were due to excessive VBE flexibilities or other causes such as shear yielding at the ends of the VBEs. It is shown that the existing limit on ωt 
is uncorrelated to satisfactory in-plane and out-of-plane VBE performance. The proposed analytical models predict performance of previously 
tested SPSWs that correlates well with the experimental observations.

Keywords: steel plate shear walls, vertical boundary elements, shear yielding, out-of-plane buckling.

A	typical steel plate shear wall (SPSW) such as the one  
	shown in Figure 1 consists of infill steel panels sur-

rounded by columns, called vertical boundary elements 
(VBEs), on each side, and beams, called horizontal boundary 
elements (HBEs), above and below. These infill panels are 
allowed to buckle in shear and subsequently form diagonal 
tension fields when resisting lateral loads. Energy dissipa-
tion of SPSW during seismic events is principally achieved 
through yielding of the panels along the diagonal tension 
fields (Sabelli and Bruneau, 2007). Consistent with capacity 
design principles, the Canadian Standard S16 on Limit States 
Design of Steel Structures (CSA, 2001) and the AISC Seis-
mic Provisions for Structural Steel Buildings (AISC, 2005c) 
require HBEs and VBEs to be designed to remain elastic 
when the infill panels are fully yielded, with the exception of 
plastic hinges at the ends of HBEs and at the VBE bases that 
are needed to develop the expected plastic mechanism of the 
wall when rigid HBE-to-VBE and VBE-to-ground connec-
tions are used. The procedures to achieve capacity design 
of the boundary frame of SPSWs have been presented by  
Berman and Bruneau (2008), Vian and Bruneau (2005), 

Qu and Bruneau (2008). Using the knowledge on capacity 
design, as well as building on findings from a recent study 
of HBEs that provided new insights on the design demands 
and capacities to consider for their design (Qu and Bruneau, 
2008), a study was undertaken to reassess demands on VBEs, 
and the relevance in that context of existing provisions that 
limit VBE flexibility. 

The early Canadian provisions for SPSWs (i.e., CSA Stan-
dard S16-94 [CSA, 1994]) required VBEs to be designed as 
beam-column using a conventional strength-based approach. 
This approach was challenged by the results of tests on  
quarter-scale SPSW specimens by Lubell et. al (2000), in 
which the VBEs designed using the strength-based approach 
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Fig. 1. Typical steel plate shear wall and analogous vertical 
cantilever plate girder.
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exhibited significant “pull-in” deformation or undesirable 
premature out-of-plane buckling. In a subsequent discus-
sion of the Lubell et al. SPSW specimens, Montgomery 
and Medhekar (2001) attributed this poor performance to 
insufficient VBE stiffness, and that rationale was accepted 
in the development of CSA-S16 provisions. If VBEs deform 
excessively, they may be unable to anchor the infill panel 
yield forces. A non-uniform diagonal tension field may then 
develop and affect the VBEs inconsistently to the design as-
sumptions. 

To ensure adequately stiff VBEs, CSA S16-01 (CSA, 
2001) introduced the flexibility factor, ω t, proposed in pre-
vious analytical work of plate girder theory, as an index of 
VBE flexibility. Please note that this flexibility factor, ω t, is 
different from the other symbol, ω , which is used in the later 
sections of this paper for denoting the distributed infill panel 
forces. Noting that the Lubell et al. specimens had flexibility 
factors of 3.35, and that all other known tested SPSWs that 
behaved in a ductile manner had flexibility factors of 2.5 or 
less, CSA S16-01 empirically specified an upper bound of 
2.5 on ω t. Note that this requirement can be converted into 
the VBE flexibility requirement presented in the current de-
sign codes as demonstrated later.

In design, the intent is that the aforementioned flexibility 
limit prevents excessively slender VBE. However, beyond 
the empirical observations and analogy to plate girder theo-
ry, no work has investigated whether the significant inward 
inelastic deformations of VBEs observed in past tests were 
directly caused by excessive VBE flexibilities or due to other 
causes, such as shear yielding at the ends of VBEs. In addi-
tion, no theoretical research has established a relationship 
between ω t and the out-of-plane buckling strength of VBE 
as part of SPSW behavior. 

To better understand the preceeding issues, in this paper, 
derivation of the flexibility factor in plate girder theory is first 
reviewed, followed by the description of how that factor was 
incorporated into the current design codes. Then, analytical 
models for preventing VBE shear yielding and for estimating 
the out-of-plane buckling strength of VBEs are developed. 
Finally, results from some previously tested SPSWs are revis-
ited and assessed to validate the proposed analytical models.

Review of Flexibility Factor in Plate 
Girder Theory

In the SPSW literature, SPSWs are often described like can-
tilever vertical plate girders. Using this analogy, the story 
height and bay width of a SPSW are analogous to the stiff-
ener spacing and the depth of a plate girder, respectively, as 
shown in Figure 1. Note that this analogy has only qualitative 
merits in providing a conceptual understanding of the VBE 
behavior in a SPSW. Berman and Bruneau (2004) have iden-
tified that many significant differences exist in the strengths 
and behavior of these two systems.

Nonetheless, plate girder studies provided the theoretical 
framework from which Equation 1 that will be introduced 
in detail later was originally derived. The CSA S16-01 and 
the AISC Seismic Provisions reference Wagner’s analytical 
studies (Wagner, 1931) on the elastic behavior of girders 
with thin metal webs subjected to transverse shear, where a 
method for determining the minimum moments of inertia of 
flanges to ensure a sufficiently uniform tension field across 
the web plate has been developed. Since that method is the 
one underlying the current flexibility limit for VBE design, 
a brief review of that study is presented here. The symbols 
used in the original work have been changed to fit the no-
menclatures used for SPSW design.

Wagner’s analysis postulated that the deformation of a 
cantilever plate girder of elastic behavior under transverse 
load can be schematically shown as in Figure 2. The sub-
scripts o and u are assigned to the variables correspond-
ing to the top and bottom flanges, respectively. As shown 
in Figure 2, plate girder flange deformation is obtained by  
superposing two effects, namely, global deflection of the 
plate girder due to transverse load, represented by δ , and lo-
cal deflections of the flanges between neighboring stiffeners 
due to elastic web tension actions, represented by ηu  and ηo. 
In Figure 2, L is the depth of the plate girder; and α is the 
inclination of infill tension actions. 

Uniformity of the tension field across the web plate of the 
girder depends on the flexibility of flanges. To better under-
stand this, consider the effect of a single tension diagonal, 
which is denoted by line “uo” in Figure 2. When the flanges 
are flexible and develop inward deflections (i.e., ηu  and ηo 
shown in Figure 2) due to the web plate forces, the elonga-
tion of uo decreases, compared to the case when rigid flang-
es would be present, as a result of deformation compatibility. 
Note that this effect varies along the flanges (i.e., the elonga-
tions of tension diagonals at different locations are differ-
ent), resulting in uneven tension fields across the web plate. 
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Fig. 2. Deformation of a cantilever plate girder under  
transverse load (adapted from Wagner, 1931).
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For flanges infinitely rigid in bending, there would be no lo-
cal deflections of flanges between neighbouring stiffeners, 
resulting in a uniform tension field across the web plate. 

Modeling each flange of the plate girder as a continuous 
beam on elastic foundations, and accounting for the real load 
distribution along each flange, which can be determined by 
superposing the uniform load obtained assuming that the 
flanges are infinitely rigid and the loss of this uniform load 
due to flange flexibility, Wagner (1931) derived the follow-
ing governing equation for the local flange deflections:
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where
ηu	 =	 deflection of the bottom flange due to web tension 

actions
ηo	 =	 deflection of the top flange due to web tension  

actions
Iu	 =	 moment of inertia of the bottom flange
Io	 =	 moment of inertia of the top flange
α	 =	 inclination angle of the web plate tension action
twi	 =	 web plate thickness
L	 =	 depth of the plate girder which corresponds by anal-

ogy to the width of a SPSW
εg	 =	 strain in the tension diagonals assuming that the 

flanges are rigid

Equation 1 is a fourth-order ordinary differential equation 
and can be solved for (ηu − ηo) using classic procedures. 
The maximum value of (ηu − ηo), which corresponds to the 
maximum loss of the of tension diagonal elastic elongation 
(i.e., an index of the maximum loss of the elastic uniform 
load along the flanges), is:
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where 
ωt	 =	 flexibility factor, defined as:
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where
hsi	 =	 spacing between neighboring stiffeners in a plate 

girder (which corresponds by analogy to story 
height of a SPSW). 

As explicitly expressed in Equation 3, increasing the flange 
stiffness of a plate girder (i.e., increasing Iu and Io) would 
decrease the corresponding flexibility factor for given values 
of the other terms. 

To assess the uniformity of the web tension field, a stress 
uniformity ratio, σmean /σmax, was proposed and calculated as:
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where
σmean	 =	 mean of the web tension force components par-

allel with the stiffener
σmax	 =	 maximum of the web tension force components 

parallel with the stiffener

The relationship between the stress uniformity ratio (i.e., 
σmean /σmax) and the flexibility factor (i.e., ωt) is shown in  
Figure 3. As shown on that curve, for smaller values of  
ωt (e.g., in the range 0 ≤ ωt ≤ 1), for which the plate girder 
has relatively stiff flanges, the stress uniformity ratio approx-
imately equals 1 (which physically means that the maximum 
stress is close to the average stress), indicating development 
of a uniform web tension field. However, with increases in 
the flexibility factor, the stress uniformity ratio decreases, 
indicating formation of a less uniform web tension field in 
plate girders having more flexible flanges.
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Fig. 3. Relationship between flexibility factor  
and stress uniformity ratio.
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For simplicity, Kuhn, Peterson and Levin (1952) sim-
plified Equation 3, by assuming α = 45°, for which 
sin α = 0.7, and by substituting the approximate equivalency

1 1 4
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Kuhn et al. (1952) proposed the stress amplification factor, 
C2, which can be determined from the following equation, to 
characterize the uniformity of elastic web tension field:

	 σmax = (1 + C2)σmean	 (6)

As expressed in Equation 6, the stress amplification factor, 
C2, captures the difference between σmax and σmean. Large 
value of C2 corresponds to a significant difference between 
σmax and σmean, indicating the formation of a less uniform 
web tension field. Solving for C2 with respect to the stress 
uniformity ratio (i.e., σmean /σmax) from Equation 6 and re-
calling Equation 4, the relationship between C2 and ωt can 
be obtained and is illustrated in Figure 4. Consistent with 
Figure 3, the curve shown in Figure 4 indicates that a less 
uniform tension field (which corresponds to greater C2) will 
develop in a plate girder with more flexible flanges (which 
corresponds to greater ωt).

Flexibility Limit for VBE Design

To quantify the minimum flexural stiffness of VBE needed 
to ensure uniformity of elastic infill tension fields in SPSWs 
and avoid the undesirable VBE behaviors described previ-
ously, CSA S16-01 adopted Equation 5. Provided that each 
VBE has the same moment of inertia, Ic, as normally the case 
in SPSWs, Equation 5 becomes:

	 ω t si
wi

c

h
t

I L
= 0 7

2
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For the reasons described earlier, and on the strength of 
the information provided by Montgomery and Medhekar 
(2001), the CSA S16 limited this factor to a maximum value 
of 2.5. This limit of 2.5 was also selected on the assumption 
that tension fields should be sufficiently uniform for ductile 
behavior to develop. In Figure 4, limiting the flexibility fac-
tor to a value of 2.5 is shown to correspond to a maximum 
stress not exceeding by more than 20% the average stress of 
the web tension field. Imposing the upper bound of 2.5 on 
Equation 7 and solving for Ic leads to the following require-
ment, first implemented in the CSA S16-01:

	 I
t h

L
c

wi si≥
0 00307 4.

	 (8)

The requirement was subsequently adopted in the Nation-
al Earthquake Hazards Reduction Program (NEHRP) Provi-
sions for Seismic Regulations for New Buildings and Other 
Structures, also known as FEMA 450 (FEMA, 2003), and 
then the AISC Seismic Provisions (AISC, 2005c).

Note that the analytical work by Wagner (1931) and 
Kuhn et al. (1952) for plate girders, which was used for 
determination of the VBE flexibility limit, assumed elastic 
behavior. Although at the onset of the tension field action, 
the maximum stress in an infill panel may be significantly 
greater than the average due to VBE deflections, this differ-
ence could decrease upon greater story drifts, provided that 
the boundary frame members are able to allow infill panel 
stress redistribution after the first yielding of tension diago-
nals. To better understand this, stress distributions across the 
first-story web plates (i.e., along the direction perpendicu-
lar to the tension diagonals) are shown in Figure 5 for two 
tested specimens, namely, the specimen tested by Driver et 
al. (1998) and the specimen tested by Lee and Tsai (2008). 
Note that these two specimens have different flexibility fac-
tors and will be introduced in more detail in a later section.  
Figure 5 shows that, as drift levels progressively increase, 
both specimens will ultimately develop uniform tension 
fields, although the specimen tested by Lee and Tsai (which 
had more flexible VBEs) develops less uniform tension fields 
at lower drift levels. Since identical uniform stress distribu-
tion ultimately develop in the panels of SPSW, the issue of 
initial stress distribution seems irrelevant to the performance 
of SPSW. By inference, this raises questions about the rel-
evance of considering a flexibility factor altogether, ωt, in 
SPSW design. Therefore, different models are investigated 
in the next sections to rationalize desirable and undesirable 
VBE behaviors.
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Fig. 4. Relationship between flexibility factor  
and stress amplification factor.
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Prevention of VBE In-Plane Shear Yielding

As mentioned earlier, the significant “pull-in” deformation 
of VBE observed during the tests on single-story SPSWs by 
Lubell et al. (2000) as shown in Figure 6 was a milestone 
event that led to the current limit specified for the flexibil-
ity of VBEs in SPSWs (AISC, 2005c; CSA, 2001). This 
undesirable performance was ascribed to the insufficient 
VBE stiffness (Montgomery and Medhekar, 2001). How-
ever, VBE shear yielding is another important factor that 
may result in significant inelastic VBE deflections. At the 

time of this writing, no literature has reported or checked 
whether the previously tested specimens have encountered 
VBE shear yielding.

To have a better understanding of the observed significant 
inward deformations in VBEs, an analytical model for esti-
mating VBE shear demand is proposed in this section fol-
lowed by assessment on the previously tested SPSWs using 
the proposed analytical model. For comparison purpose, re-
sults from pushover analysis on strip models of those con-
sidered SPSWs are also provided. Predictions are compared 
with the observed behavior. 
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Fig. 5. Uniformity of tension fields: (a) pushover curves; (b) schematic of tension fields; (c) uniformity of panel stresses in strip models.
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Shear Demand and Strength of VBE

According to the current design codes, VBEs of a SPSW, 
which are sized as beam-column members (i.e., considering 
the P-M interaction demands), are required to remain elastic 
when the webs are fully yielded, with exception of plastic 
hinges at the VBE bases when VBEs are fixed to ground. 
Although not explicitly stated, those plastic hinges should 
be flexural-plastic hinges (i.e., as opposed to shear-yielding 
hinges) for the infill panels to be effectively anchored and 
consequently allow development of the expected tension 
fields. Note that the shear demands in VBEs can be of sig-
nificant magnitude. One major contribution to the shear 
demands is due to yielding of the infill plate (incidentally 
this contribution produces equal and opposite shears in the 
opposing VBEs and thus do not contribute to the total story 
shear resisted). The free-body diagram of Figure 9 (explained 
later in this paper) for which equilibrium is explained in Ber-
man and Bruneau (2008) is typically used to calculate these 
shear forces. When the resulting VBE shear demands are 
greater than their shear strengths, VBEs exhibit undesirable 
shear yielding behavior resulting in the significant pull-in 
deformation in VBEs as observed in some prior experimen-
tal research.

As shown in Figure 7, the free body diagram of the right-
hand-side VBE at the ith story in a uniformly yielded single-
bay SPSW under rightward lateral forces is used to deter-
mine the maximum VBE shear demand here. Note that the 
same VBE design shear force can be obtained for left-hand-
side VBE based on the procedure presented later. Conser-
vatively, assuming that the moments applied at the top and 
bottom ends of the VBE are equal to their expected nominal 
plastic moments, one can obtain the following estimate of 
VBE shear demand from equilibrium:

	 = +V
R f Z

h

h d
u design

y y c

si

xci si yci ci
− +

2

2 2

ω ω 	 (9)

where 
dci	 =	 VBE depth 
Zc	 =	 plastic section modulus of VBE
ωxci 	 =	 horizontal component of infill panel yield forces 

along VBE
ωyci	 =	 vertical component of infill panel yield forces 

along VBE
fy	 =	 yield stress of boundary frame
Ry	 =	 ratio of expected to nominal yield stress

Note that equations for calculating
 
ωxci, and ωyci  are avail-

able in Berman and Bruneau (2008).

It is recognized that Equation 9 overestimates the VBE shear 
design force for two reasons: (1) the plastic moments at the 
VBE ends may be reduced due to the presence of axial force, 
shear force and vertical stresses in the VBE (i.e., similar to 
the reduction of HBE plastic moments presented in Qu and 
Bruneau 2008); and (2) plastic hinges in properly designed 
SPSWs may develop in the HBEs, not in the VBEs. Note that 
for this case, the plastic moment of HBE may not necessar-
ily distribute equally (2 and 2) between the columns above 
and below the connection due to higher mode effects. For 
expediency, it is conservative to design the columns to resist 
the shear force given by Equation 9, and acting concurrently 
with the corresponding axial force and moment. However, 
the true shear demand on columns may be less than given by 
Equation 9, and predicting the adequacy existing in SPSW 
VBEs using this procedure may incorrectly predict failure 
due to shear yielding (as will be the case for some tested 
SPSWs discussed in the following section). 

In design, the shear demand obtained from Equa-
tion 9 should be compared to the VBE shear strength, 
Vn, which, when the VBE web is compact (i.e., when 
h t E fwci wci y≤ 2 24.  per ANSI/AISC 360-05), is calcu-
lated as: 

Fig. 6. Deformation and yield patterns of SPSW2 after 6δy  
(Lubell et al., 2000).
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Fig. 7. In-plane free body diagram of the VBE at the ith story  
for determination of shear demand.
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	 Vn = 0.6fy dcitwci	 (10)

where
hwci	 =	 VBE web depth
twci	 =	 VBE web thickness
E	 =	 young’s modulus

It should be noted that, for simplicity here, Equation 10 
does not take into account the reduction effects on the VBE 
shear resistance due to the presence of other internal forces 
in VBEs and such a simplification may lead to a VBE de-
sign that is not conservative. However, when necessary, the 
interaction of these effects can be considered using a more 
rigorous procedure provided in Qu and Bruneau (2008).

Observation of VBE Shear Yielding  
in Past Testing

To check whether VBE shear yielding had occurred in previ-
ous tests, a selection of SPSWs for which the experimental 
data are available is assessed in Table 1. Those examples 
include both single-story and multi-story SPSWs. Using the 
analytical model proposed in prior section, the shear demands 
(i.e., Vu−design) and strengths (i.e., Vn), respectively calculated 
using Equations 9 and 10, are presented in Table 1. Using 
published information on SPSW geometries and member 
sizes, strip models for those considered SPSWs were devel-

oped, and the corresponding maximum VBE shears obtained 
from the pushover analysis using SAP2000 (i.e., Vpushover) are 
also provided in Table 1. Note that 20 strips were used for 
the infill plates at each story in all specimens. Steel was mod-
eled as an elasto–perfectly plastic material using the yield 
strength provided in each relevant reference. Plastic hinges 
accounting for the interaction of axial force and flexure were 
defined at the ends of HBEs and the VBE bases. The vertical 
distributions of lateral forces used in the pushover analyses 
were determined according to the loading conditions report-
ed for each actual test. For comparison purposes, specimen 
scale, aspect ratio and tension field inclination angle of those 
considered SPSWs are provided in Table 1.

Comparing Vpushover to Vu−design, Table 1 confirms that Equa-
tion 9 gives conservative VBE design shear forces (as ex-
pected since it assumes plastic hinges at both ends of the 
VBE). The level of conservation varies from 0.7% to 57%, 
and is, on average, 25% for the cases considered. 

On the other hand, comparing Vn to Vpushover reveals that 
the VBEs in cases 1, 3, 6, 7 and 8 should have experienced 
shear yielding during their tests while the VBEs in other 
cases would not. This prediction is consistent with experi-
mental observations. For a better understanding, the follow-
ing will focus on the observed VBE behaviors in cases 1, 3, 
6, 7 and 8. 

Table 1. Evaluation of VBE Shear Demand and Strengtha

Case Researcher
Specimen  

Identification
Number of  

Stories
Scale

Aspect Ratioc  
(L/h)

α  
( º )

ωt
Vn 

(kN)
Vpushover 

(kN)
Vu-design 

(kN)
Shear 

Yielding

(i) single-story specimen

1 Lubell et al. (2000) SPSW2 1 1:4 1.00 37.4 3.35 75 108 113 Yes

2 Berman and Bruneau (2005) F2 1 1:2 2.00 44.8 1.01 932 259 261d No

(ii) multi-story specimena

3 Driver et al. (1998) b 4 1:2 1.58 43.4 1.73 766 1361 1458 Yes

4 Park et al. (2007) SC2T 3 1:3 1.46 44.4 1.24 999 676 1064 No

5 SC4T 3 1:3 1.46 44.1 1.44 999 984 1383 No

6 SC6T 3 1:3 1.46 43.9 1.58 999 1218 1622 Yes

7 WC4T 3 1:3 1.46 45.0 1.62 560 920 1210 Yes

8 WC6T 3 1:3 1.46 45.0 1.77 560 1151 1461 Yes

9 Qu et al. (2008) b 2 1:1 1.00 41.3 1.95 2881 1591 2341 No

10 Lee and Tsai (2007) SPSW N 2 1:1 0.66 38.8 2.53 968 776 955 No

11 SPSW S 2 1:1 0.66 36.5 3.01 752 675 705 No
a For multi-story specimens, VBEs at the first story are evaluated.
b Not applicable.
c Using the first-story height.
d The plastic moments applied at the VBE ends are equal to the strength of web–angle beam-to-column flexible connections.
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For the SPSW of case 1 [i.e., the single-story SPSW 
(SPSW2) tested by Lubell et al. (2000)], significant in-
ward deformations were observed in the VBEs as shown in  
Figure 6. Montgomery and Medhekar (2001) ascribed this 
undesirable VBE behavior to: (1) the small infill panel 
width-to-height aspect ratio compared to other specimens 
for which the VBEs exhibited desirable behavior, (2) rela-
tive small tension field inclination angle calculated per the 
equation provided in the AISC Seismic Provisions and CSA 
S16-01, and (3) excessive VBE flexibility.

The fact that the single-story specimen had a width-to-
height infill panel aspect ratio of approximately 1.0, by it-
self, should not be a concern contrary to the claim by Mont-
gomery and Medhekar (2001). This is because the VBEs of 
the MCEER/NCREE full-scale two-story SPSW specimen, 
which had the same width-to-height aspect ratio of 1.0, ex-
hibited desirable VBE performance (Qu et al., 2008), and 
others have also tested narrow SPSWs that exhibited equally 
satisfactory behavior (e.g., Lee and Tsai, 2008, used an as-
pect ratio of 0.66).

In addition, the tension field inclination angle of the  
single-story specimen calculated per the AISC Seismic Pro-
visions (AISC, 2005c) and CSA S16-01 is 37.4°. That, by 
itself, should not be a reason for the observed undesirable 
VBE behavior. As presented in Table 1, the two-story SPSW 
(specimen SPSW S) recently tested by Lee and Tsai (2008) 
had an even smaller inclination angle of 36.5° and exhibited 
satisfactory VBE performance up to story drifts greater than 
5%.

As to whether the undesirable VBE inward deformation 
observed in the single-story specimen can be attributed to 
excessive VBE flexibility, even though this specimen had a 
flexibility factor of 3.35 (i.e., greater than the code speci-
fied limit of 2.5), the results in Table 1 demonstrate that 
VBE shear yielding occurred in that specimen during the 
tests, resulting in the significant in-plane VBE deflection 
due to inelastic shear deformations. Yielding pattern of the 
VBE webs further confirms this point. As indicated by the 
flaked whitewash shown in Figure 6, the VBE web yielded 
uniformly at the VBE ends as opposed to the yielding pat-
tern usually observed in flexural plastic hinges, indicating 
significant inelastic shear deformations. Note that the axial 
force in the VBEs can also affect the yielding pattern of VBE 
webs. However, the axial force developed in the VBEs is in-
significant in this single-story case. 

For the SPSW of case 3 (i.e., the four-story SPSW tested 
by Driver et al., 1997), deformations at the first story of the 
wall are shown in Figure 8. Note that this specimen had a 
code-compliant flexibility factor of 1.73. Incidentally, plas-
tic strength of the wall predicted using the procedure pro-
posed by Berman and Bruneau (2003), which has been veri-
fied by numerous other experimental results, is substantially 
greater than the strength obtained during the test. Sabouri-
Ghomi (2005) alleged that the reduced plastic strength of 

the wall could be due to overall bending effects. However, 
results shown in Table 1 unequivocally show that VBE 
shear yielding occurred in the first-story of that specimen. 
This may have resulted in incomplete development of the 
expected VBE plastic moments and infill tension field at the 
first story, and thus the lower plastic base shear compared to 
the predictions from plastic analysis. Interestingly, fractures 
were observed to penetrate into the VBE web at the column 
bases during tests, which may also be related to the signifi-
cant shear force acting there. 

Cases 6, 7 and 8 are three-story specimens from a series 
of tests on SPSWs by Park et al. (2007). For comparison 
purpose, case 6 is first compared against cases 4 and 5. 
Specimens of cases 4, 5 and 6 (i.e., SC2T, SC4T and SC6T, 
respectively, in Park et al., 2007) have flexibility factors of 
1.24, 1.44 and 1.58, respectively, which all satisfied the code- 
specified limit of 2.5. These specimens had identical bound-
ary frame members and constant infill panels along the height 
of each wall [with thicknesses of 2 mm, 4 mm and 6 mm in 
SC2T, SC4T and SC6T, respectively (0.08 in., 0.16 in. and 
0.24 in.)]. These specimens had the same VBE members and 
thus the same shear strength per Equation 10. However, the 
shear demands on the first-story VBEs of SC2T, SC4T and 
SC6T increased directly as a function of the infill panel yield 
forces, which are determined from the infill panel thick-
nesses. As shown from the results in Table 1, the first-story 
VBEs of SC6T are expected to yield in shear while those of 
SC2T and SC4T would not. This prediction agrees with the 
observed yielding patterns shown in the photos presented in 
Park et al. (2007). 

For the specimens in cases 7 and 8 [i.e., WC4T and 
WC6T in Park et al. (2007), respectively], the VBEs were 
wide flange members with noncompact flanges. WC4T and 
WC6T have code-compliant flexibility factors of 1.62 and 

Fig. 8. First story of Driver’s SPSW  
(photo courtesy of R.G. Driver).
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infill plate yield force along the VBE; Pbli and Pbri represent 
the axial forces at the left and right ends of HBE; Vli and  
Vri represent the shear forces at the left and right VBE faces; 
Mli and Mri represent the moments at the left and right VBE 
faces; Rxl, Rxr, Ryl, Ryr, Mcl and Mcr represent the reaction 
forces at VBE bases; and Fi represents the applied lateral 
forces to develop the expected plastic mechanism. Note that 
the free body diagrams of Figure 9 are only for illustration 
purpose and the forces shown in the figure may have a differ-
ent direction depending on the equilibrium of the free body.

Free body diagram of the VBE on the right-hand side is 
chosen for derivation of the out-of-plane buckling strength 
of VBE, since the compression effect in that VBE due to the 
HBE end shears is additive to that from the vertical com-
ponent of the infill panel yield forces along that VBE. The 
compression at the top end of the considered VBE, Ptopi, can 
be obtained as:

	 P V htopi rj
j i

n

ycj sj
j i

ns s

= + ⋅
= = +
∑ ∑ ω

1

	 (11)

where ns is the number of stories and all other terms have 
been defined previously. 

To ensure desirable VBE behavior, it is recommended, 
although slightly conservative, to neglect the reduction ef-
fects on HBE plastic moment accounting for the presence of 
axial force, shear force, and vertical stresses in HBE when 
calculating Vrj for determination of the VBE axial forces. In 
addition, it is assumed that plastic hinges form at the column 
face when reduced beam section (RBS) connections (ANSI/
AISC 358-05) are not used in HBEs. Accordingly, the right-
end shears of HBEs are obtained as:

1.77, respectively. However, significant pull-in deformations 
were observed in the VBEs of these two specimens. Lo-
cal buckling due to flange noncompactness is an important  
factor that contributed to the VBE deflections during these 
tests, but the results in Table 1 indicate that shear yielding 
also developed in those VBEs. The observed VBE yielding 
pattern and deformation further confirm this point. As shown 
in the photos published by Park et al. (2007), yield lines 
gradually developed in the VBE web with the increases of 
story drift, indicating the development of VBE shear yield-
ing, which finally resulted in significant inward deflections 
in the VBEs.

As discussed earlier, undesirable inward VBE deflections 
were observed in SPSW specimens with and without code-
compliant flexibility factors. There is no correlation between 
flexibility factor and significant VBE pull-in deformations. 
Based on the analytical work conducted in this section, the 
observed undesirable VBE deflections were mainly caused 
by VBE shear yielding.

VBE Out-of-Plane Buckling

Besides the aforementioned excessive pull-in deformations, 
another undesirable behavior of VBE is out-of-plane buck-
ling, which has been observed during the tests on a quarter-
scale four-story SPSW specimen by Lubell et al. (2000). 
Confusion exists at whether this undesirable performance 
was also ascribed to the insufficient VBE stiffness; the AISC 
341-05 commentary is not clear in this regard. At the time of 
this writing, no theoretical work has been conducted to es-
tablish the correlation between ωt and out-of-plane buckling 
strength of VBEs. 

This section will investigate whether the available data-
base of test results sustain the use of flexibility limit for VBE 
design to successfully prevent the out-of-plane buckling of 
VBE, or whether different methods are necessary for that 
purpose. To be able to do such comparisons, analytical mod-
els to estimate the out-of-plane buckling strength of VBEs 
are provided based on simple free body diagrams and the 
energy method taking into account representative boundary 
conditions of VBEs. Using the proposed analytical models, 
the out-of-plane behaviors of VBEs in a few representative 
tested SPSWs that have various values of flexibility factor 
are reviewed.

Analytical Models for Out-of-Plane 
Buckling Strength of VBEs

Free Body Diagrams of VBEs

Figure 9 shows free body diagrams of the left and right VBEs 
in a typical single-bay multi-story SPSW when the expected 
plastic mechanism of the wall develops under the right-
ward lateral forces. In the free body diagrams, ωxci and ωyci  
represent horizontal and vertical components of the  
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Fig. 9. VBE free body diagrams.
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a conservative design model is of limited value. Second, if 
the simplified idealized elastic model considered here pre-
dicts buckling, then it is reasonably certain that the actual 
VBE would buckle (given that inelastic behavior and initial 
imperfections would reduce buckling strength). As such, a 
prediction of VBE buckling using the simplified approach 
proposed here can be helpful to confirm the case where 
buckling was observed in the experimental studies reviewed 
in this paper (recognizing that a prediction of non-buckling 
is not a guarantee of satisfactory performance). Finally, the 
results obtained using the idealized model, in spite of its 
own shortcomings, help bring attention to some of the im-
portant issues that must be considered in future more com-
plex models such as boundary conditions and loads applied 
by the infill plate along the length of the VBEs. As such, 
the analytical models assuming elastic buckling behaviors 
of VBEs provide some of the building blocks and important 
perspectives necessary to derive the more advanced analyti-
cal models for calculating VBE buckling strength account-
ing for inelastic behavior and more complicated boundary 
conditions in future investigations. 

The energy method considered in this paper is used in 
buckling problems to determine approximate values of the 
critical buckling strength when an exact solution of the dif-
ferential equation of the deflection curve is either unknown 
or too complicated. In such cases, solution proceeds by as-
suming a reasonable shape for the deflection curve. While 
it is not essential for an approximate solution that the as-
sumed curve perfectly match the deflected shape, it should 
satisfy the boundary conditions at the ends of the member. 
Using a reasonable assumed shape for the deflection curve, 
the energy method can give an approximate out-of-plane 
buckling strength of VBE, within the previously enunciated 
constraints (Timoshenko and Gere, 1961). 

Figure 10 illustrates orientations of the VBE weak and 
strong axes in a typical SPSW, for which the smaller and 
greater moments of inertia of the VBE cross-section can be 
obtained. Note that VBE out-of-plane buckling develops in 
the plane perpendicular to the weak axis. The ends of VBEs 

	 V
L d R f Z

ri

ybi ybi xbi xbi y y e
=

−( )
+

+( )
+

+ +ω ω ω ω1 1

2 2

2 f

hL
	 (12)

where
ωxbi	 =	 horizontal component of the infill plate yield 

forces along HBE (Berman and Bruneau, 
2008)

ωybi	 =	 vertical component of the infill plate yield forc-
es along HBE (Berman and Bruneau, 2008)

d	 =	 HBE depth
L	 =	 distance between the column faces 
Lh	 =	 distance between plastic hinge locations
Zef	 =	 effective plastic section modulus of HBEs

Note that Zef is equal to the plastic section modulus of a HBE 
when RBS connections are not used. For a HBE without 
RBS connections Zef should be determined according to the 
equations proposed by Qu and Bruneau (2008) to account 
for the variation of plastic hinge location in the RBS zone.

Energy Method and Boundary Conditions

Although modeling the considered VBE in some FE software 
packages such as ABAQUS is always possible, at the cost of 
computational efforts, it is relatively expedient and efficient 
here to illustrate important trends by using the energy meth-
od to approximately calculate the critical buckling strength 
of VBEs (i.e., the Euler buckling strength assuming elastic 
behavior and no initial imperfection in the member). It is 
recognized that the actual buckling strength of the member 
considering the previously mentioned effects would be lower 
and that the buckling strength calculated by this approach is 
optimistic. It should, therefore, not be used for design. 

A rigorous derivation of the buckling strength of VBEs 
which takes into account inelastic behaviors and all pos-
sible boundary conditions of VBEs is complex and would 
be a major undertaking beyond the scope of this paper. For 
example, one major impediment is how to consider the 
boundary conditions of VBEs due to the infill panels. Note 
that the infill panels provide tension-only supports along 
the VBEs while exerting longitudinal and transverse loads 
along VBEs. While awaiting further research results on the 
buckling strength of VBEs, it is recommended to continue 
designing VBEs as beam-columns according to Chapter H 
of ANSI/AISC 360-05 for conservative combinations of 
maximum acting moment, shear, and axial forces, assuming 
conservative unsupported lengths.

However, the work presented here, even though based on 
elastic analysis and idealized properties, is important and 
included for the following reasons. First, while it is always 
possible to achieve conservative VBE designs (as described 
earlier), the objective here is to review behavior of VBEs 
in prior tests and attempt to see if the observed out-of-
plane buckling failure can be predicted. In that perspective,  

Weak axis

Strong axisStrong axis

Weak axis

Fig. 10. Strong and weak axes of VBEs.
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where Iyi 
is the moment of inertia of the VBE taken from the 

weak axis.

Graphical versions of the criteria presented in Table 2 are 
shown in Figure 11(b). For a given load combination (i.e., 
a pair of m and n) and boundary conditions, if the left-hand 
side of the corresponding criterion presented in Table 2 is 
greater than 1, the VBE is expected to encounter out-of-
plane buckling. Those combinations for which buckling 
failure occurs are represented by the shaded area in Figure 
11(b). Incidentally, using an alternative approach based on 
the differential equations of beam-column theory, Timosh-
enko and Gere (1961) provided the critical buckling strength 
of the column under Case A boundary conditions for a few 
selected individual scenarios. Their results are also presented 
in Figure 11(b). As expected, a good agreement is observed. 
As shown, for each case, the value of m decreases when 
the value of n increases, which physically means that lower 
concentrated force needs to be applied at the top of the col-
umn to avoid column buckling when higher infill panel yield 
forces are applied. Note that parts of Figure 11 are presented 
with different vertical axes to purposely improve legibility. It 
also should be mentioned that the negative range of m in Cri-
terion A is reasonable and it is consistent with the fact that, 
when large infill panel yield forces are applied along the col-
umn (which corresponds to large values of n), the axial force 
required at the top end of the member to avoid out-of-plane 
buckling failure should be upward (i.e., it should be a tensile 
force which corresponds to the negative value of m).

are laterally supported by the floor system, and the first-story 
VBE is either fixed or pinned to ground. Under those condi-
tions, the out-of-plane translations at the VBE ends are re-
strained. However, the out-of-plane rotational restraints due 
to the beams framing into the VBEs can vary from fully free 
to fully fixed and would have to be assessed on a case by 
case basis. The VBE end conditions considered in this paper 
are illustrated in Figure 11(a) and correspond to ideal cases. 

Criteria for the Considered Boundary Conditions 

The out-of-plane buckling strength of VBE under each case 
of boundary conditions can be obtained following the clas-
sic procedure of energy method and the detailed derivations 
are presented in Qu and Bruneau (2008). In such derivation, 
the internal strain energy is obtained by accounting for the 
curvature determined from the assumed VBE deflection 
curve, and the external work is obtained by combining the 
contribution due to the concentrated force applied at the 
top of the VBE and that due to the infill panel yield forces 
along the VBE. Setting the internal strain energy equal to 
the external work, one can obtain the criterion to calculate 
the out-of-plane buckling strength of VBE. Deflection curve, 
internal strain energy, external work, and criterion of each 
considered case are presented in Table 2.

For each case of boundary conditions, the correspond-
ing criterion that defines the buckling limit state can be ex-
pressed as a combination of m and n equal to unity, where 
m and n are the generalized external forces and can be re-
spectively obtained by normalizing the concentrated force 
applied at the top of the VBE (i.e., Ptopi) and the resultant 
infill panel yield force along the VBE (i.e., ωyci hsi ), by the 
Euler buckling load of a simply supported VBE without any 
intermediate loads along its height. Namely, m and n can be 
determined as:

Table 2. Key Parameters and Criteria for Considered Boundary Conditionsa

Factors Case A Case B Case C Case D
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











sin
π

δ
hsi

y
x

h
i

si

= −


















1
2

cos
πδ y x x h x hi si si= + − 2 3 54 2 2 3δ y x x h xhi si si= − + 2 34 3 3δ

External work 
4 2

34 2

i yi

si

EI

h
m

n+






π δ 4 2

3 2

i yi

si

EI

h
m

n+






π δ 6

35
3
8

2 2 5
i yi siEI h

m
n+







π δ 6

35
5
8

2 2 5
i yi siEI h

m
n+







π δ

Strain energy
4 2

34

i yi

si

EI

h

π δ 4 4 2

3

i yi

si

EI

h

π δ 18

5

2 5
i yi siEI hδ 18

5

2 5
i yi siEI hδ

Criterion m
n+ =
2

1
m n
4 8

1+ = m n+ =
2

21 56
1

π 2π
+ =m n

2

21
5
168

1
π 2π

a �An arbitrarily selected nonzero defection factor, δi, is used in the shape function. Note that the magnitude of δi has no 
impact on the buckling strength of VBE.
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The considered SPSW specimens are assessed using the cri-
teria developed for the four boundary conditions considered 
since the out-of-plane restraints at the ends of the VBEs of 
some specimens are not provided in the available references. 
As shown by the results presented in Table 3, no matter what 
boundary conditions were applied, VBE out-of-plane buck-
ling would not be predicted to occur in any of the SPSWs 
except for the Lubell et al. (2000) quarter-scale four-story 
SPSW. This prediction is consistent with the observations 
on those SPSWs obtained during tests, validating to some 
degree the proposed analytical models for calculating VBE 
out-of-plane buckling strength. Note that for this Lubell 
et al. specimen insignificant amounts of hysteretic energy 
were dissipated before instability of VBE precipitated the 
system failure.

A closer look at the Lubell et al. specimen and the buckled 
shape of its VBE reveals that Case C boundary conditions 
were present (i.e., bottom end of the VBE was fixed to the 
ground while the top end was pinned in the out-of-plane di-
rection). To better understand this, the VBE deflection traced 
from the specimen is superposed to those corresponding to 
cases B and C boundary conditions in Figure 12. Comparing 
the deflected shapes confirms that the VBE end conditions 
correspond to those of Case C. Accordingly, applying Crite-
rion C provides a value of 1.066 greater than 1.0 as shown 
in Table 3, indicating the expected occurrence of VBE out-
of-plane buckling. This suggests that out-of-plane buckling 
of the VBEs in the Lubell et al. specimen can be rationally 
predicted using the out-of-plane buckling equations derived 
here rather than excessive VBE flexibility.

Two other interesting cases in Table 3 are the two speci-
mens (i.e., SPSW N and SPSW S) tested by Lee and Tsai 
(2008). SPSW N and SPSW S, respectively, had flexibility 
factors of 2.53 and 3.01 (i.e., above the code-specified upper 

Review of Out-of-Plane Buckling  
of VBEs in Past Tests

To better understand the VBE out-of-plane buckling behav-
ior, performance of the VBEs in previously tested SPSWs 
are revisited in perspective of the criteria derived in the 
previous section to see whether the proposed alternative ap-
proach can shed additional light on the behavior of VBEs. 
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Fig. 11. Out-of-plane buckling of VBE: (a) considered boundary 
conditions; (b) interaction of critical loads.
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Fig. 12. Out-of-plane buckling of bottom VBE  
(photo courtesy of C.E. Ventura).
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equations similar to those used for out-of-plane buckling are 
necessary for use in the interaction equations to calculate the 
beam-column strength of VBEs, and whether other concerns 
may justify retaining the use of ωt factor to achieve satisfac-
tory seismic performance of VBEs in SPSWs.
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