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Preface 
 
MCEER was originally established by the National Science Foundation in 1986 at the 
University at Buffalo, The State University of New York, as the first National Center for 
Earthquake Engineering Research (NCEER). In 1998, it became known as the 
Multidisciplinary Center for Earthquake Engineering Research (MCEER), from which the 
current name, MCEER, evolved.  
 
Comprising a consortium of researchers and industry partners from numerous disciplines 
and institutions throughout the United States, MCEER’s mission expanded in the early 
2000s from its original focus on earthquake engineering to one which addresses the 
technical and socioeconomic impacts of a variety of hazards, both natural and man-made, 
on critical infrastructure, facilities, and society. 
 
This report describes physical and numerical experiments conducted to study seismic 
fluid-structure interaction, with a focus on liquid-cooled advanced reactors and the use 
of seismic isolation. The seismic design of advanced reactors will rely on the use of 
verified and validated numerical models capable of accurately capturing the 
interactions of the liquid coolant with the enclosing and submerged structural / 
mechanical components, and the isolation-system responses. Experiments to support 
validation of such numerical models of advanced reactors, base-isolated and 
conventionally supported, with a focus on fluid-structure interaction, are described in 
this report. Specifically, earthquake-simulator experiments generating datasets for: 1) 
hydrodynamic responses in a conventionally supported, fluid-filled vessel, 2) dynamic 
responses of components submerged in a conventionally supported vessel, and 3) 
hydrodynamic and isolation-system responses in a base-isolated, fluid-filled vessel are 
described. The commercial finite element package LS-DYNA is used for validation 
studies. The data from the experiments and the results of the validation studies are 
broadly applicable to the seismic response of liquid-filled vessels and submerged 
components, regardless of industry sector.   
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ABSTRACT 

The seismic design of liquid-cooled advanced reactors, particularly those that operate at near atmospheric 

pressure, will need to consider the interaction of the liquid coolant with enclosing or submerged 

components. The vessels in these reactors are thin-walled, with limited seismic capacity, and seismic 

isolation has been proposed to enable their construction. Design and risk calculations for seismically 

isolated advanced reactors will rely on the use of verified and validated numerical models that can 

accurately capture the interactions of the liquid coolant, the vessel, and the submerged structural/mechanical 

components (fluid-structure interaction: FSI), and the isolation-system responses. Validation of such 

numerical models of advanced reactors, base-isolated and conventionally founded, with a focus on fluid-

structure interaction, is addressed in this report. 

This report describes physical experiments conducted to generate datasets for: 1) hydrodynamic responses 

in a conventionally supported fluid-filled vessel, 2) dynamic responses of components submerged in a 

conventionally supported vessel, and 3) hydrodynamic and isolation-system responses in a base-isolated, 

fluid-filled vessel. The experiments, executed on a six-degree-of-freedom earthquake simulator, used multi-

directional seismic inputs with different intensities and frequency contents.  

The data generated in the physical experiments are used to validate numerical models for seismic FSI 

analysis of base-isolated or conventionally supported vessels and submerged components. The Arbitrary 

Lagrangian Eulerian (ALE) solver in LS-DYNA is used for the validation studies. Recommendations for 

validating numerical models for fluid-filled advanced reactors, using the data provided in this report, are 

provided.  
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SECTION 1  

INTRODUCTION 

1.1 Introduction 

The quest for a clean energy source to meet both growing global energy demand and climate goals has 

driven recent interest in advanced nuclear power plants. Nuclear power plants have clear advantages over 

conventional fossil fuel plants in terms of greenhouse gas emissions. According to the U.S. Energy 

Information Administration (EIA), in 2019, power plants that run on coal, natural gas, and petroleum 

generated about 62% of the total electricity in the U.S. but accounted for 99% of CO2 emissions related to 

electricity generation (EIA 2020). A 2011 report by the World Nuclear Association (WNA) compared 

lifecycle greenhouse gas emissions of different electricity generation sources (WNA 2011). The study 

included the construction and decommissioning phases of different electricity generating facilities. The 

study concluded that on a lifecycle basis, emissions of nuclear power plants are 30 and 15 times smaller 

than coal and natural gas plants, respectively. Emissions of nuclear power plants were found to be 

comparable to those from wind and hydroelectric plants. The perceived drawbacks attached to nuclear 

power plants include high risk associated with exposure to natural hazards or malevolent acts, overnight 

capital cost, and long lead time to construct.  

The design of next generation nuclear reactors, referred to as advanced reactors or Generation IV (Gen IV) 

reactors1, is focused on the development of prototype reactors that are safe and economically competitive. 

The Generation IV International Forum2  focuses on advanced reactors that have clear advantages, in terms 

of deployment cost, time to construct, operating temperature and pressure, fuel efficiency, and safety, 

compared to the reactors in use today (GIF 2002). The Gen IV reactor types are: gas-cooled fast reactor 

(GFR), lead-cooled fast reactor (LFRs), molten salt reactor (MSR), supercritical-water-cooled reactor 

(SCWR), sodium-cooled fast reactor (SFR), and very high temperature reactor (VHTR). Some of these 

advanced reactor types (LFR, MSR, and SFR) operate at near atmospheric pressure. Table 1.1 list the 

operating temperatures and pressures for the different types of reactors. For reference, the operating 

                                                      

1Several generations (Gen) of nuclear reactors are identified. Gen I reactors are not in operation at the time of this 

writing. Most operating reactors were built in the 1970s and are referred as Gen II reactors. Reactors built after the 

late 1990s are referred as Gen III and III+ reactors. The classification is loose and reflects advancements in efficiency 

and safety.  

2 Generation IV international forum is an international co-operation framework, established in the U.S. in 2000, 

seeking to develop and coordinate necessary research for the deployment of Generation IV nuclear reactors in 

2030s.   
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temperature and pressure of a conventional pressurized water reactor (PWR) is also included. (PWRs 

constitute about two-thirds of existing nuclear power plants in the U.S.) 

 

Table 1.1. Operating conditions (typical) for Gen IV reactor types 

Reactor type Temperature (oC) Pressure (atm) Source 

PWR 315 150 (WNA 2020) 

GFR 850 90 Park (2017) 

LFR 550 1 Pioro and Duffey (2019) 

MSR 750 1 Pioro and Duffey (2019) 

SCWR 500 – 625 250 Naidin et al. (2009) 

SFR 500 -550 1 GIF (2020) 

VHTR 700 – 950 70 Zhang (2016) 

 

Figure 1.1 presents a cutaway view of a typical lead-cooled fast reactor supported at its head (top) on a 

reinforced concrete structure. The reactor comprises a vessel filled with molten lead coolant and a steam 

generator, and houses internal components such as fuel assemblies, pumps, and decay heat removal (DHR) 

equipment. A safety (guard) vessel is provided around the reactor vessel to contain the coolant in the event 

of an accident. Advanced reactors that operate at a low pressure (e.g., LFR, MSR, and SFR) provide an 

opportunity to use thin-walled reactor vessels and internal equipment and thus are advantageous from a cost 

standpoint.  
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Figure 1.1. European lead cooled fast reactor, ELFR, adapted from Fig. 1 in Alemberti et al. (2014) 

 

Thin-walled vessels also provide the advantage of not having to deal with extreme through-thickness 

thermal gradients (Benson et al. 2012). However, the downside to using a thin-walled vessel is that its 

seismic capacity is substantially smaller than a thick-walled counterpart. This reduction in capacity can be 

offset by using seismic isolation (described in Section 1.3). Explicit, accurate numerical modelling of the 

interaction between the contained fluid, the thin-walled vessel, and the internal components (referred to as 

fluid-structure interaction: FSI) will be key to seismic design and risk assessment calculations.  

1.2 Design methods for seismic FSI analysis of reactors 

Seismic FSI analysis of reactors in the operating fleet utilized analytical solutions and simplifying 

assumptions. Review of the literature suggested that designs of fluid-filled reactor vessels disregarded the 

presence of internal components and that of the submerged internal components ignored any interactions 

with the vessel. A simple mechanical analog for seismic analysis of a  fluid-filled vessel, credited to 

Housner (1963), was referenced in consensus standards used in early nuclear engineering design practice 

(Thomas et al. 1963). The mechanical analog (described later in Section 2.2) represents the fluid response 

using two oscillators and disregards vessel flexibility. Later analytical solutions accounted for the flexibility 

of the vessel (Veletsos 1974; Veletsos 1984; Veletsos and Yang 1977) and were referenced in subsequent 

design standards.  

Early design methods for submerged internal components relied on the use of added mass coefficients 

derived for simple geometries. An added mass coefficient represents a part of fluid mass that is assumed to 
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be attached to a submerged component for calculation of its frequency in the submerged state. Damping 

effects for a submerged component were estimated based on prescriptive guidelines or simple equations. 

Dong (1978) presents details of legacy design methods used in the nuclear industry for designing submerged 

components. 

The simplified analytical solutions, introduced above, were derived for vessels and internal components 

having simple geometries and idealized boundary conditions, and unidirectional seismic inputs of small 

amplitude. In most cases, the fluid was considered ideal; that is, the effects of fluid compressibility and 

viscosity were ignored. The geometries and boundary conditions proposed for advanced reactor vessels and 

their internals are complex and generally not amenable to analytical solutions. Seismic design and 

qualification of advanced reactors must consider the interaction of the vessel, its internal components, and 

the contained fluid, for multi-directional design and beyond design basis earthquake shaking. Physical 

testing of advanced reactor vessels and their internal components for informing seismic design is not 

feasible because of their large size and cost of testing, leaving numerical modeling as the only plausible 

path for their seismic analysis, design, qualification, and risk assessment.  

Numerical models used for seismic FSI analyses will have to be verified and validated. A model can be 

verified by comparing numerical results with those calculated using analytical solutions for similar 

(simplifying) assumptions. A verified model can be validated by comparing results of numerical solutions 

with physical test results. Yu and Whittaker (2021a) provides guidance on verification of numerical models. 

The focus of this report is validation of numerical tools for performing seismic FSI analysis of advanced 

reactors. Physical test data that could be used for validating numerical seismic FSI models for a wide range 

of shaking do not exist. Experiments carried out to generate such data and subsequent validation studies are 

described in this report.  

1.3 Seismic isolation of liquid-filled vessels and nuclear reactors 

Seismic isolation is a proven strategy for reducing seismic demands by shifting the fundamental period of 

the supported structure away from the dominant period range of earthquake ground motions. This is 

typically achieved in 2D by introducing horizontally flexible isolators in a horizontal plane, which is 

generally located at the base of the structure. Figure 1.2 presents a cross section of a sample 2D base-

isolated reactor building. The reduction in seismic demands in the superstructure is accompanied by an 

increase in displacements (see Figure 1.3), nearly all of which is accommodated over the height of the 

isolators. The most popular 2D seismic isolation systems in the United States are composed of either Lead-

Rubber (LR) (elastomeric) or friction pendulum (sliding) bearings. Three-dimensional isolation systems, 

based on coil-spring assemblies, are also viable and have been implemented in the U.S. and abroad. 
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Seismic isolation is a mature technology. Isolators have been implemented in more than 10,000 structures 

worldwide, including buildings, bridges, liquefied natural gas (LNG) tanks, off shore oil and gas platforms, 

and electric power equipment. The application of seismic isolation to nuclear structures has been limited to 

a few facilities in France and South Africa.  

Recent studies (Lal et al. 2022) have demonstrated that the use of seismic isolation in advanced nuclear 

reactors can enable significant reductions in overnight capital cost (OCC) and levelized cost of electricity 

(LCOE) and enable standardization of equipment across sites of varying seismicity. A move towards 

standardization of equipment will require the use of numerical tools capable of performing integrated non-

linear seismic analysis for multi-component earthquake shaking. 

  

 

Figure 1.2. Cross section of a seismically isolated nuclear structure, adapted from Figure 3.1 in 

Kammerer et al. (2019) 
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Figure 1.3. Effect of seismic isolation on spectral demands, adapted from Figure 3.2 in Kammerer et al. 

(2019) 

 

Nearly all studies of FSI in seismically isolated, liquid-filled containers are numerical and utilize 

mechanical analogs to represent fluid behavior. The only experimental studies on seismically isolated, fluid-

filled vessels were executed by Chalhoub and Kelly (1988) and Calugaru and Mahin (2009). These are 

discussed in detail in Section 2.3. Neither study involves collection and curation of all key fluid responses 

(e.g., wave height, hydrodynamic pressure, base shear, and base moment) for a seismically isolated, fluid-

filled vessel subjected to multi-component earthquake shaking. The need for physical test data for fluid 

responses in an isolated vessel that could be used to validate integrated non-linear analysis tools motivated 

some of the experiments described in this report. 

1.4 Objectives of the report 

The goals of this report are: 1) to validate numerical tools for enabling reliable numerical seismic FSI 

analysis of fluid-filled vessels and submerged components in advanced nuclear reactors; and 2) to 

demonstrate the efficacy of seismic isolation in mitigating seismic demands in advanced reactor vessels. 

These goals are achieved by meeting three objectives:  

1. Generating experimental data for hydrodynamic responses (in a fluid-filled vessel) and submerged-

component responses for multiple components of earthquake shaking, considering conventional base-

support conditions and multiple choices of isolation systems. 

2. Generating experimental data for hydrodynamic responses in a base-isolated, fluid-filled vessel 

subjected to multiple components of earthquake shaking. 

3. Validating numerical models for seismic FSI analysis of reactor vessels, seismically isolated and 

conventionally supported, and submerged internals, using data generated from experiments and to 

provide recommendations for validating numerical models for fluid-filled advanced reactors. 
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1.5 Organization of this report 

This report is organized into eight sections, a list of references, and five appendices.  

Section 2 reviews analytical and experimental studies on fluid-filled vessels, submerged components, and 

seismic isolation of fluid-filled vessels.  

Section 3 presents details of experiments conducted on a fluid-filled vessel. Test results are compared with 

analytical predictions. The impact of seismic isolation on hydrodynamic responses is studied using 

earthquake-simulator inputs generated using a virtual isolation system.  

Section 4 develops and validates numerical models for the fluid-filled vessel described in Section 3. The 

utility of the Lagrangian and the Arbitrary Lagrangian-Eulerian (ALE) solvers in LS-DYNA (LSTC 2017) 

are investigated and their limitations and possible applications are identified. 

Section 5 describes experiments conducted on multiple submerged components. Inputs simulating multiple 

isolation systems are used to study the impact of seismic isolation on component responses. 

Section 6 presents validation studies for seismic FSI responses of submerged components using the ALE 

solver in LS-DYNA.  

Section 7 describes experiments conducted on a fluid-filled vessel seismically isolated using friction 

pendulum bearings. Numerical models, integrating FSI analysis and isolation system analysis are 

introduced (based on the models introduced in Section 4) and validated.  

Section 8 summarizes the work, presents conclusions drawn from the experiments and validation studies 

and provides recommendations for developing validated numerical models for fluid-filled advanced 

reactors. 

A list of references is provided after Section 8 and is followed by five appendices. Appendix A describes 

the calibration of the four five-channel load cells used in the experiments. Appendix B summarizes 

strategies explored for measuring wave height in experiments. Appendix C presents lists of input motions 

used in different test configurations described in this report. Appendix D describes tests for characterizing 

the friction pendulum bearings used in the experiments of Section 7 and Appendix E describes 

modifications to an existing analytical solution for hydrodynamic responses of a cylindrical vessel under 

rocking inputs. 
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SECTION 2  

LITERATURE REVIEW 

2.1 General 

This section surveys the literature pertaining to the objectives of Section 1.4. Summaries of analytical and 

experimental studies dealing with analysis of fluid-filled containers are presented in Sections 2.2 and 2.3, 

respectively. Analytical and experimental studies dealing with submerged components are presented in 

Sections 2.4 and 2.5, respectively. Section 1.3 summarizes studies dealing with seismic isolation of fluid-

filled containers. 

Many of the studies that are described here parse the hydrodynamic responses in a dynamically excited 

container into impulsive and convective components. These two terms are defined here for later use. The 

impulsive component represents the effects of the part of the fluid that is assumed to move with the container 

or surfaces of submerged components as a rigidly attached mass. The convective component represents the 

effects of the part of the fluid that sloshes. The sloshing response may be further parsed into contributions 

from different modes. 

2.2 Review of analytical studies for seismic analysis of fluid-filled vessels 

The behavior of structures subjected to earthquake-induced fluid pressures was first studied in the early 

1930s. Westergaard (1933) provided one of the first solutions for such a problem, wherein the dynamic 

pressure on a rectangular, vertical concrete dam subjected to horizontal acceleration (normal to the dam-

water interface) was established (see Figure 2.1). The acceleration of the dam was assumed to be constant 

over its height and its response was approximated by a harmonic corresponding to the period of the dam 

(evaluated independently) and the peak ground acceleration. The resulting displacement was used as a 

boundary condition for simplified equations for the semi-infinite fluid domain (water, in this case) on the 

upstream side. The fluid was considered compressible and small deformations were assumed, allowing the 

application of equations used to model sound propagation in fluids (Lamb 1932). Westergaard 

approximated the hydrodynamic pressure distribution over the height of the dam by a parabola and provided 

coefficients for calculating hydrodynamic shear and moment at the base of the dam. A parabolic body of 

the fluid (water) was added to the dam (added mass) with no adjustment to strength, as shown in Figure 

2.1. 



 

10 

 

 

Figure 2.1. Body of water which may be considered to move with dam, dotted curve shows equivalent 

body of concrete, adapted from Fig. 3 in Westergaard (1933) 

 

Hoskins and Jacobsen (1934) used an approach similar to that of Westergaard (1933) to evaluate dynamic 

impulsive pressure in a prismatic rectangular tank subjected to small amplitude, horizontal motions. Unlike 

Westergaard, who considered a channel of infinite length (as on the upstream in case of a dam) with a single 

barrier, a channel of finite length with synchronously moving barriers at both ends was considered. The 

fluid was assumed to be incompressible and the derived analytical solution was validated by results from 

an accompanying experimental investigation that used impulsive ground motions. Hoskins extended the 

work on rectangular tanks to evaluate the dynamic impulsive pressure for a cylindrical tank subjected to an 

impulsive earthquake loading. The work, although not published, is among the earliest attempts to evaluate 

the hydrodynamics of a cylindrical tank subjected to earthquake motions. Some results from this 

unpublished work, pertaining to the participation of water in the accelerated motion of a cylindrical tank, 

are presented in Appendix A of Morris (1938). Morris (1938) is summarized in Section 2.3. 

Jacobsen (1949) presented a solution for hydrodynamic impulsive pressure in a rigid cylindrical vessel 

subjected to a small, horizontal, and unidirectional acceleration. The velocity of the rigid cylindrical vessel 

was used as a boundary condition for solving Laplace’s equation for velocity potential ( ) in the enclosed 
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cylindrical fluid domain3. A zero fluid velocity in the vertical direction was assumed at the base of the 

vessel and a zero pressure was assumed at the initial free surface, essentially neglecting the effect of gravity 

waves (convective component). Jacobsen and Ayre (1951) subsequently conducted earthquake-simulator 

tests, subjecting tanks of different dimensions to small amplitude ‘simple’ inputs: step motion and 

oscillatory motion. The authors concluded that the comparison of experimental results and theory (Jacobsen 

1949) was good. 

Research on fluid-filled tanks subjected to dynamic loads developed in parallel across a number of fields 

of engineering, including aeronautical, ocean, and civil. Graham and Rodriquez (1951) analyzed the 

response of fuel in a rectangular aircraft fuel tank for small amplitude translation, pitching and yawing 

motions. The obtained expressions for the resulting hydrodynamic force and moment were used to construct 

simple mechanical analogs (see Figure 2.2) for the modeling the fuel. The masses shown in Figure 2.2 

represent fluid behavior in impulsive and multiple convective modes. Similar models were developed for 

civil engineering applications soon after, as discussed next. . 

 

 

Figure 2.2. Mechanical analog representing response of fuel to horizontal and pitching motions of fuel 

tank, adapted from Figure 2 in Graham and Rodriquez (1951) 

                                                      

3 Laplace’s equation for velocity potential is: 2 0 = . The velocity potential  is a function of space coordinates 

and time and is related to the components of liquid velocity and the resulting hydrodynamic pressure. The fluid 

velocity, nV , in the direction of a generalized coordinate, n , is related to the velocity potential as: nV n= −  . 

The hydrodynamic pressure, p , at a point is related to   as:  lp t =   , where l  denotes the mass density of 

the fluid and t  denotes time.  
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Housner (1954, 1957, 1963) evaluated the hydrodynamic responses of rigid tanks of different geometries 

subjected to small-amplitude, unidirectional, horizontal inputs using an approximate method, avoiding 

solution of the Laplace’s equation. The work resulted in a simple mechanical analog for the analysis of 

rectangular and cylindrical tanks, which is still widely used with certain modifications. Figure 2.3b shows 

the mechanical analog for a base-supported cylindrical tank (Figure 2.3a) wherein two masses are 

considered. The impulsive mass, iM , and the convective mass, cM , are connected to the tank wall with 

rigid and flexible elements, respectively, at specified heights ih  and ch  above the base, such that they 

generate reactions at the base of the tank as would be exerted by the fluid pressure in the corresponding 

tank of Figure 2.3a. 

 

  

(a) base-supported, rigid cylindrical tank of 

radius R , with fluid up to a height h , 

subjected to base excitation ( )gu t  

(b) equivalent mechanical analog 

Figure 2.3. Housner’s mechanical analog for a rigid cylindrical tank, reproduced from Fig. 1 in 

Housner (1963) 

 

The equivalent system is specified by the following quantities (Housner 1963), where M  is the total mass 

of fluid in the tank and g  is the acceleration due to gravity: 
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where   and   are constants equal to 1.33 and 2.0 respectively, if base moments generated due to pressure 

acting on both the wall and the floor of the tank are to be determined. If base moments generated by pressure 

acting only on the wall are to be determined, the constants take the values of 0 and 1 respectively. The 

amplitude of the sloshing waves ( d  in Figure 2.3a) is related to the displacement amplitude ( 1A ) of the 

convective mass cM  by the following relationship: 
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Subsequent studies extended the analysis tools to account for the flexibility of the tank wall, since there 

was evidence from reconnaissance after the 1964 Alaska earthquake that hydrodynamic response quantities 

could be underestimated if wall flexibility was ignored. One of the earliest attempts to consider tank 

flexibility in the calculation of hydrodynamic forces on a base supported cylindrical tank was made by 

Edwards (1969). Edwards employed the finite element method for the dynamic analysis of a fluid-filled 

storage tank. The hydrodynamic effects were considered as an added mass matrix in the equation of motion 

for the coupled fluid-structure system.  

Veletsos (1974) presented a simpler approach for evaluating the impulsive responses (pressure, shear force 

and moment at the base) in a flexible fluid-filled cylindrical tank. The method was based on the assumption 

that the fluid-filled tank vibrates as a single degree of freedom, such that the cross section remains circular 

at all times, with an assumed deflected shape along the height of the tank that could be prescribed. The 

system analyzed by Veletsos considered three deflected shapes, denoted ( )y , as shown in Figure 2.4. 

Veletsos and Yang (1977) improved the method presented in Veletsos (1974) and decoupled the impulsive 

response into multiple modes. Veletsos (1984) presented a comprehensive discussion on the analysis of 
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flexible and rigid base supported tanks and extended the analysis to include effects of vertical shaking and 

tank-foundation interaction.  

 

  

(a) tank and fluid system considered  (b) deflected shapes (vibration modes) 

considered 

Figure 2.4. Analysis of a flexible fluid-containing cylindrical tank, adapted from Fig. 1 and Fig. 2 in 

Veletsos (1974); sH  and H  are the tank and fluid heights, respectively; R  is the tank radius;   and 

y  (and R ) denote a cylindrical coordinate system; ( )w t  denotes the displacement relative to ground of 

a section of the tank at the liquid level; and t  denotes time 

 

Haroun and Housner (Haroun and Housner 1981a; Haroun 1983; Haroun and Housner 1981b) conducted 

experimental and theoretical investigations into the dynamic behavior of ground-supported, flexible, 

cylindrical tanks. Their study involved a detailed theoretical treatment of the coupled fluid-shell system, an 

experimental investigation of the dynamic characteristics of full-scale tanks, and the development of a 

design procedure based on simplified analysis. The theoretical treatment involved a combination of the 

finite element method and an analytical solution of fluid pressure to calculate seismic responses of a 

cylindrical tank. The method enabled the calculation of the lateral and circumferential modes of a 

cylindrical, fluid-filled tank. Results from experiments, to be described in Section 2.3, were used to validate 

the analysis method. Haroun and Housner developed a three-mass mechanical analog that accounted for 

tank wall flexibility. 

Veletsos and Tang (1987) presented exact solutions for the impulsive and convective responses of a fluid-

containing, flexible, cylindrical tank subjected to a small amplitude rocking motion at the base. The 

response to a rocking acceleration, " ( )g t , was evaluated by factoring the response to a lateral acceleration, 
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" ( )gu t , if " "( ) ( )g gu t C t= , where C  is a constant length and t  denotes time. A mechanical model for a 

laterally excited tank was extended to consider base rocking. 

Malhotra et al. (2000) presented a two-mode mechanical analog, based on the work of Veletsos and Yang 

(1977) that could be used for the seismic analysis of flexible, base supported tanks subjected to a 

unidirectional, horizontal motion. Similar in format to the mechanical analog of Housner (1963), Malhotra’s 

analog accounted for higher convective modes and flexibility of the tank wall. Figure 2.5 presents the 

mechanical analog: masses cm  and im  representing the convective and impulsive modes, respectively, are 

located at heights ch  and ih  above the base, respectively. Expressions for the periods (or frequencies) of 

the two modes are provided in the study. Malhotra proposed damping ratios of 0.5% of critical for the 

convective mode, and 2% and 5% for the impulsive mode of steel and concrete tanks, respectively. Malhotra 

verified his analog by comparing results with those calculated using the solution presented in Veletsos and 

Yang (1977). The Malhotra analog is used in Eurocode 8 (CEN 2008) for seismic analysis of base supported 

tanks.  

 

 

Figure 2.5. Two-mode mechanical analog, adapted from Fig.3 in Malhotra et al. (2000)   

 

Yu and Whittaker (2020) extended the work of Veletsos (1984) on base-supported cylindrical tanks to 

derive solutions for head-supported flexible tanks. The hydrodynamic responses of a head-supported 

tank subjected to a small amplitude unidirectional, horizontal input were decoupled into modal 

contributions, and analytical solutions were provided for each mode. Analytical solutions for impulsive 

frequencies of the tank, hydrodynamic pressures, convective frequencies, wave heights, and reactions 

at the head support in each mode were provided. The responses were calculated for tanks with a wide 
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range of dimensions. The analytical solutions were used for verification of a numerical model of a 

fluid-filled head supported vessel (Yu et al. 2019). 

Aslam et al. (1978) presented an experimental and analytical study of sloshing in annular, rigid tanks (see 

Figure 2.6). Laplace’s equation was solved to derive closed-form expressions for convective frequencies, 

surface displacements, and hydrodynamic pressures in a base-excited annular tank. Results were compared 

with experimental data. Fujita et al. (1986) presented a similar analytical study and conducted experiments 

to validate solutions. Tang et al. (2010) extended the theory of Aslam et al. (1978) to develop closed form 

solutions for hydrodynamic base shear and base moment in base-excited, flexible annular tanks.  

 

 

Figure 2.6.Annular tank, adapted from Fig.1 in Aslam et al. (1978) 
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2.3 Review of experimental studies for seismic analysis of fluid-filled vessels 

Morris (1938) conducted an experimental investigation to study sloshing dynamics in cylindrical tanks; see 

Figure 2.7. The study used the classical hydrodynamics solutions (Lamb 1932) to interpret the experimental 

results. These experiments were among the first to investigate the behavior of fluid in cylindrical tanks 

subjected to earthquake shaking. Morris concluded that resonance between a ground motion input and wave 

motion (convective modes) was possible and that it could result in significant wave heights. 

 

 

Figure 2.7. Cylindrical tanks on shaking table, adapted from Plate XXIV in Morris (1938) 

 

Haroun (1983) investigated the dynamic behavior of base-supported, deformable, cylindrical, fluid-filled 

storage tanks. Ambient and forced vibration measurements were made of the natural frequencies and mode 

shapes for three water storage tanks with height-to-radius ratios between 2 and 3 and with different types 

of foundations. The first tank was anchored to a reinforced concrete slab on deep alluvium. The second 

tank was supported on a deep concrete ring but not anchored. The third tank was anchored to a thick slab 

supported on reinforced concrete caissons. The tanks were closed at their top by a head, termed here as 

roof. The focus of the experimental program was characterizing the dynamics of the fluid-shell system. 

Hydrodynamic responses such as sloshing were not investigated. A vibration generator was used to excite 

the tanks. Results from the experiments were used to validate theory presented by the author in the same 

study (described in Section 2.2 above). Haroun’s comparison of experimental and theoretical predictions 

for lateral and circumferential modal frequencies confirmed the importance of considering foundation 

flexibility, hydrostatic pressure, and tank roof stiffness in a dynamic analysis.  
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Chalhoub and Kelly (1988) conducted an earthquake-simulator study on two fluid-filled tanks. One tank 

was attached directly to an earthquake simulator. The second tank was mounted immediately above the 

base of an isolated nine-story steel frame building model on the same simulator. The frame represented a 

prototype building at 1/4 length scale. Eight elastomeric bearings isolated the steel frame. Unidirectional 

inputs, including sinusoids and earthquake time series, were used for testing. Hydrodynamic pressure at 

tank walls, displacements and accelerations in the tank wall, and water surface displacements (wave height) 

were measured. The experimental results were used to validate theory developed by the authors that 

assumed linear fluid response. The experimental data showed reductions in hydrodynamic pressure, 

acceleration, and displacement of the tank walls due to seismic isolation. Wave heights were increased. The 

percentage change in response due to seismic isolation was dependent on the frequency content of the input 

motion.  

Pal et al. (2001) conducted experiments on a water-filled, plexiglass cylindrical tank using a mechanically 

manipulated lathe machine as a shaking platform. See Figure 2.8 for details. The focus of the experiments 

was sloshing response. Bespoke capacitance probes recorded wave height (free surface displacements). The 

authors generated a three-dimensional finite element model assuming the fluid to be ideal and solving for 

velocity potential that satisfies the Laplace’s equation at each point in the fluid domain. The velocity 

potential was considered as the unknown field variable and expressed in terms of finite element shape 

functions and time dependent nodal values of the variable. The authors claimed good agreement between 

experimental and numerical predictions of wave actions.  

 

 

Figure 2.8. Test setup, adapted from Fig. 2 in Pal et al. (2001) 
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Calugaru and Mahin (2009) conducted earthquake-simulator tests on a cylindrical tank having a diameter 

and a height of 1.8 m. Triple FrictionTM pendulum bearings were used to seismically isolate the tank. 

Experiments were performed using multi-directional inputs and different fill heights. Wave height and base 

reactions were recorded using parallel wire gages and load cells, respectively. Hydrodynamic pressures 

were not measured. The experimental data was used to validate a numerical model comprising Housner’s 

analog (considering one convective mode) mounted atop a single Triple FrictionTM pendulum bearing. 

Inclusion of higher convective modes (as additional spring-mass systems) in the analog improved the 

accuracy of the prediction for wave height but not for base shear. The authors reported first-mode type 

sloshing for the isolated experiments but violent sloshing for the fixed base tests.  

Goudarzi and Sabbagh-Yazdi (2012) investigated non-linear sloshing in rectangular tanks subjected to 

unidirectional inputs. Experiments were performed on an acrylic rectangular tank, 0.96 m × 0.4 m in plan 

and 1.0 m in height. Wave height data were collected using ultrasonic wave gauges. Four fill heights (0.19 

m, 0.33 m, 0.48 m and 0.62 m) were considered. Three harmonic excitations with frequencies less than, 

close to, and greater than the fundamental sloshing frequency of the contained fluid were imposed. The 

authors used the experimental wave-height data to validate a non-linear Volume of Fluid (NL-VOF) model 

in ANSYS (ANSYS 2017) and used an analytical solution for wave height derived in the study to verify a 

linear finite element model (utilizing FLUID79 elements). The applicability of the linear and non-linear 

solvers for prototype scale tanks was investigated in a parametric study considering six tanks with aspect 

ratios (ratio of height to length) ranging from 0.6 to 6. Non-linear effects (in wave height) were found to be 

significant for wide tanks, for which an increase of about 70% in maximum wave height due to non 

linearities was reported.  

Sangsari and Hosseinzadeh (2014) conducted earthquake-simulator tests on a model of a cylindrical steel 

tank, with a diameter of 1.2 m, height of 1.25 m, and a wall thickness of 2 mm. The tank roof was conical. 

Different fill heights (0.6 m, 0.8 m, 1 m and 1.2 m) were used for testing. Unidirectional earthquake motions 

with a peak acceleration of 0.4g and a time scale corresponding to a 1/16 length scale were used for testing. 

The focus of the experiments was damping in the impulsive and convective modes. Instrumentation 

included accelerometers at the base and top of the tank and a camera for recording wave height. The results 

for different fluid heights and earthquake inputs indicated damping ratios in the range of 0.3% to 0.5% (of 

critical) for the convective mode and 1.1% (of critical) for the impulsive mode.  

Park et al. (2016) conducted earthquake-simulator tests on a thin walled steel tank, with a radius, height, 

and wall thickness of 0.6 m, 1.75 m and 0.6 mm, respectively. Tests with unidirectional earthquake inputs 

were conducted with three fill heights: 97%, 89%, and 66%. Six pressure transducers and fifteen 
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accelerometers recorded responses. Figure 2.9 presents a photograph of the model and the instrumentation 

layout. The focus of the tests was to investigate beam-type and oval-type4 vibrations of the tank wall for 

different fill heights. The authors reported a dominant second mode type (second mode in beam bending) 

vibration and noted that oval-type vibration modes in the circumferential direction were not significant. At 

locations of dominant impulsive response, the temporal variation (phase) of the hydrodynamic pressure and 

tank wall acceleration were similar. The hydrodynamic pressure at locations of dominant convective 

response was not influenced by tank wall acceleration. 

 

          

(a) tank model (b) instrumentation used 

Figure 2.9. Test setup, adapted from Figures 2 and 4 in Park et al. (2016) 

 

Radnić et al. (2018) conducted earthquake-simulator experiments on three rectangular tanks, each with plan 

dimensions of 2.4 m × 0.8 m and a height of 1 m. The tanks differed in the thickness of a wall in the 

direction of excitation, referred to as the front wall, as identified in Figure 2.10. Front wall thicknesses of 

1 mm and 2 mm (deformable), and 100 mm (rigid) were investigated. The remaining three walls in each 

tank were 100 mm thick. Instrumentation included ten pressure gauges arranged vertically on the front wall, 

two strain gauges installed on the front wall, two transducers to measure the displacements of the front wall 

and cameras to record the motion of the free surface. Harmonic excitation, a synthetically generated 

                                                      

4 Beam-type vibrations are associated with the lateral deformation of the tank (similar to those in a cantilever beam) 

and oval-type vibrations are associated with circumferential deformations.      
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acceleration and a recorded earthquake acceleration, each with a peak of 0.1g, were used for testing. 

Although the authors drew a number of broad conclusions, context was missing. For example, the authors 

concluded that increasing the stiffness of the front wall leads to an increase in the hydrodynamic force on 

the wall. This outcome is a function of frequency content of the seismic input and is not correct in a general 

sense. In a subsequent study by the authors (Kusić et al. 2019), a numerical model, constructed using SPH 

(smoothed particle hydrodynamics) particles for the fluid and Lagrangian elements for the tank was used 

to predict hydrodynamic pressure on the front wall. 

 

 

Figure 2.10. Test setup, adapted from Fig. 2 in Radnić et al. (2018) 

 

Compagnoni and Curadelli (2018) conducted experimental and numerical investigations into the seismic 

response of base-supported, cylindrical, fluid-filled storage tanks. Instrumentation included an assembly of 

buoys and laser displacement sensor to measure wave height and an accelerometer for measuring the base 

acceleration. Figure 2.11 shows the test setup. Hydrodynamic pressures and base reactions were not 

recorded. The authors used correlation coefficient, difference in peak values, and difference in root mean 

square values to compare time series (of responses) obtained from the experiments and numerical analysis. 

A comparison of the experimentally recorded wave heights with those predicted by the simplified 

mechanical models proposed by Malhotra et al. (2000) and with finite element (FE) models developed in 

ANSYS indicated that the mechanical model underestimated wave height whereas the FE models yielded 

similar results. Analysis using the mechanical analog predicted greater base reactions than the FE model.   
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Figure 2.11. Test setup, adapted from Fig. 3 in Compagnoni and Curadelli (2018) 

 

2.4 Review of analytical studies for seismic response of submerged internals 

The dynamics of submerged structures and components has been the focus of studies, dating back to the 

18th century (see Clough (1960)). It is well known that when a submerged component vibrates in a fluid, 

the displacements of the surrounding fluid result in fluid pressures that produce a hydrodynamic force acting 

on the structure. The dynamic characteristics (natural frequency and damping) of the vibrating structure are 

thus affected by the pressure. The component experiences effects that are equivalent to an increase in the 

apparent mass of the system (the added mass effect) and damping. The three-dimensional Navier-Stokes 

equations5 could be used to derive solutions but simplifications are made for practical applications: the 

effects of viscosity and compressibility are neglected. In such cases, the incompressible potential flow 

theory6 can be used to evaluate the added mass effects. (Added damping effects due to fluid cannot be 

evaluated using such an approach because fluid viscosity is ignored). Such an approach has been used in 

different fields of engineering (e.g., naval, mechanical, and civil) albeit for simple structural shapes.  

                                                      

5 The governing equations for fluid dynamics include sets of momentum balance equations, mass balance equations 

and energy balance equations along with boundary conditions. These are referred to as the Navier-Stokes equations. 

6 Potential flow theory assumes incompressible and inviscid flow and the fluid behavior is governed by Laplace’s 

equation, as described earlier. See footnote 3 in Section 2.2. 
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Keane (1963) performed an experimental and a theoretical investigation of a circular cantilevered rod 

vibrating in a cylindrical pipe. Several annular sizes were studied. The increase in the virtual mass (added 

mass, HM ) of the inner cylinder was shown as: 
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where 1R  and 2R  are the radii of the cantilevered rod and the cylindrical pipe, respectively, and 1M  is the 

mass of fluid displaced by the cantilevered rod.  

Fritz (1972) analyzed the dynamics of a fluid-solid system comprising two rigid coaxial cylinders separated 

by a fluid annulus as shown in Figure 2.12. Assuming an incompressible and inviscid fluid and small 

displacements of the cylinders, Fritz used the potential flow theory to generate closed form expressions for 

added masses for the inner and outer cylinders. The added masses were expressed in terms of dimensions 

of the annulus and the density of the fluid.  

 

 

Figure 2.12. Two body system analyzed by Fritz (1972), adapted from Fig. 1 in Fritz (1972) 

 

A body of work dealing with vibrations of multiple cylindrical components including parallel cylinders, 

concentric cylinders separated by fluid, a row of cylinders in an infinite fluid, and a group of cylinders in a 

fluid was produced by Chen and his co-workers at the Argonne National Laboratory in the 1970s. Chen 

(1975c) analytically studied the lateral vibration of two parallel circular cylinders vibrating in a fluid as 

shown in Figure 2.13. The equations of motion including fluid coupling were derived using the added mass 

approach, wherein the hydrodynamic forces were evaluated considering an ideal fluid. The author presented 

a closed form solution and an approximate solution for response in free vibration and considered a special 
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case of an elastic rod vibrating next to a rigid rod in a fluid. Expressions for the steady-state responses of 

the two cylinders subjected to harmonic excitations were presented. In-phase and out-of-phase modes of 

vibration, in which the rods vibrate in the same and opposite directions, respectively, were identified.  

 

 

Figure 2.13. Two parallel circular cylindrical rods vibrating in a fluid, adapted from Fig.1 in Chen 

(1975c) 

 

Chen et al. (1976) analyzed a long cylindrical rod undergoing small amplitude vibrations in a fluid confined 

by a cylindrical pipe, as shown in Figure 2.14. This system is similar to that analyzed by Fritz (1972) except 

that fluid is considered to be viscous. (A similar system, consisting of a finite length rod vibrating in a 

confined viscous fluid was analyzed by (Mulcahy 1980).) Chen et al. (1976)  derived closed form solutions 

for added mass and damping for the vibrating rod. A series of experiments was also conducted for a rod 

vibrating in viscous fluids (water, mineral oil, silicone oil) and results were compared with analytical 

solutions. The authors note that the derived solutions should only be used if the flow around the vibrating 

cylinder is two-dimensional and axial flow can be neglected.  
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Figure 2.14. Cylinder vibrating in a fluid annulus, adapted from Fig. 1 in Chen et al. (1976) 

 

Chen (1975a) analyzed the effects of surrounding fluid on the dynamic behavior of a row of circular 

cylindrical cylinders as shown in Figure 2.15. The hydrodynamic forces associated with cylinder motions 

were evaluated using the potential flow theory. The fluid velocity potential associated with the motion of a 

cylinder (say the jth cylinder in Figure 2.15) in one of the two directions (x or y, as identified in Figure 2.15) 

was evaluated considering all other cylinders to be stationary. The author refers to this potential field (due 

to one cylinder) as a partial field.  Using the assumption of linearity, the total velocity potential field at a 

point in the fluid was thus evaluated as a summation of the partial fields generated by all cylinders. A closed 

form expression for total velocity potential field ( ) was obtained by using suitable velocity boundary 

conditions at the interfaces of the cylinders and the fluid. The fluid forces acting on cylinders were then 

evaluated using fluid pressure p calculated per lp t = −   where l and t  denote fluid density and 

time, respectively. The author presented a methodology for free and forced vibration analysis of the cylinder 

system, specifically identifying coupling modes in the vibration response of the cylinders. Chen (1975b) 

extended the work in Chen (1975a) to analyze arbitrarily located, parallel circular cylinders vibrating in an 

unconfined (infinite) fluid as shown in Figure 2.16. The analytical solutions were further extended to 

accommodate a group of cylinders vibrating in a confined fluid (Chung and Chen 1977), as shown in 

Figure 2.17. Added mass coefficients for different cylinders in the group were derived as a function of 

group geometry: gap between the inner and outer cylinders, and radii of the cylinders. Subsequently, 

experiments were performed to validate the proposed analytical solutions and these are described in Section 

2.5. 
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Figure 2.15. A row of circular cylinders vibrating in a fluid, adapted from  Fig. 1 in Chen (1975a) 

 

 

Figure 2.16. A group of circular cylinders vibrating in an infinite fluid, adapted from  Fig. 1 in Chen 

(1975b) 

 

 

Figure 2.17. A group of circular cylinders vibrating in a fluid containing confining cylinder, adapted 

from Fig.1 in Chung and Chen (1977) 
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Chen and Rosenberg (1975) analyzed the dynamic behavior of two circular cylindrical shells separated by 

a narrow fluid gap as shown in Figure 2.18. The interaction of the shell system with the annular fluid 

couples the responses and leads to a fundamental natural frequency that is lower than that of the individual 

shells (filled with fluid). The authors considered the lateral, circumferential, and axial modes of the shells 

and derived an exact frequency equation for a general case (in terms of fluid properties) and an approximate 

closed form solution of the equation disregarding fluid compressibility.  

 

 

Figure 2.18. A coupled fluid-shell system, adapted from  Fig. 1 in Chen and Rosenberg (1975) 

 

Au-Yang (1976) analyzed the case of three fluid-filled, finite-length coaxial cylinders. The outer cylinder 

was assumed to be rigid and the inner cylinders were assumed to be flexible. The fluid was treated as 

compressible and inviscid. Results of analysis of one case, considering only one inner cylinder, were 

compared with experimental data. The author concluded that the agreement between theory and the 

experiment was good.  

Dong (1978) presented a summary of methods used in the nuclear industry for the seismic design of 

individual and multiple submerged components. The report by Dong (1978) is referenced in ASCE/SEI 4 

(ASCE 2017) that provides provisions and commentary for the seismic analysis of safety-related nuclear 

structures.  

Williams (1986) presented an analytical solution for the dynamic response of a surface-piercing, vertical, 

circular cylinder of uniform flexural rigidity, fixed at the base and immersed in a compressible and infinite 

fluid domain undergoing small amplitude motion, as shown in Figure 2.19. The author neglected convective 

response in the analysis and modeled the partially-submerged cylinder as a one-dimensional beam.  
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Chilukuri (1987) conducted a finite element study using the computer program “USHA” for evaluation of 

added mass and fluid damping coefficients for the vibrations of a cylinder enclosed by a fluid-filled outer 

cylinder as shown in Figure 2.20. The author used nine-node, quadrilateral elements to model the fluid 

domain and solved the weak form of the governing Navier-Stokes equations for incompressible flow. The 

study reports that fluid damping coefficients increase with increasing vibration amplitude and that added 

mass coefficients may first decrease and then increase with an increasing vibration amplitude. 

 

 

Figure 2.19. Fluid surface-piercing, vertical, circular undergoing small amplitude irrotational motion, 

adapted from Fig. 1 in Williams (1986). 

 

  

(a) cylinder within an annulus  (b) typical deformed mesh due to lateral motion 

of the cylinder 

Figure 2.20. Vibrations of a cylinder within a fluid annulus using finite elements, adapted from Fig. 1 

and Fig. 8 in Chilukuri (1987) 
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Jhung (1996) analyzed a lumped mass model (stick model) representative of reactor vessel internals and a 

core structure, with and without consideration of hydrodynamic effects. The author used the approach of 

Fritz (1972) to develop the hydrodynamic mass matrix for the submerged components and noted that 

seismic responses are greater when hydrodynamic effects are considered.  

Mitra and Sinhamahapatra (2007) presented a finite element study addressing the seismic response of base-

mounted, rectangular components submerged in a rectangular vessel, as shown in Figure 2.21. The vessel 

and the submerged component were considered to be rigid. The authors described a pressure-based, finite 

element formulation that was used to solve for the hydrodynamic responses to seismic excitations and 

presented parametric studies to investigate the effect of the height, width, and location of the submerged 

component. The authors reported a reduction in the fundamental sloshing frequency with an increase in the 

ratio of the height of the submerged rectangular block to the water depth. The peak amplitude of wave 

motion near the vessel wall decreased with increasing height of the submerged component. Increasing the 

height of the submerged component, led to a decrease (increase) in hydrodynamic pressure on the tank wall 

(component). The maximum amplitude of the waves was not significantly affected by the location of the 

submerged component (centered and off-center) for the cases considered.  

 

 

Figure 2.21. Submerged component in a rectangular tank and the mesh used for analysis, adapted 

from Fig. 1 in Mitra and Sinhamahapatra (2007) 

 

Frano and Forasassi (2009) performed a finite element analysis of an experimental reactor (eXperimental 

Accelerator Driven System, XADS) considering internal components and their interactions with the liquid 

lead coolant. The authors performed eigen value analyses (with and without the coolant), sloshing analyses, 

and buckling analyses. Frano and Forasassi concluded that the frequencies of the internal components 
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reduced significantly in the presence of the coolant and that the sloshing response is influenced by the 

presence of internal components.    

 

 

Figure 2.22. Finite element model, adapted from Fig. 3 in Frano and Forasassi (2009) 

 

Yamada et al. (2018) validated two numerical models for evaluation of the dynamic response of fuel 

assemblies in a boiling water reactor. The first was a three dimenional model with acoustic elements for 

simulation of fluid behavior (Model A). The second utilized beam elements with added mass representing 

the fluid (Model B). Numerical predictions of deflection time series of fuel assemblies were compared with 

data from a test performed in 1986, as shown in Figure 2.23. The input excitation in the test (and the 

numerical models) was an artificially generated motion with frequency content in the range of 3 to 12 Hz. 

The full scale set-up, as shown in Figure 2.24, included 368 fuel assemblies, control rods and their drive 

mechanisms (Watabe et al. 1989). The specimen was tested for a combination of horizontal and vertical 

accelerations.  Two earthquake inputs were used for testing and the structural integrity of the internals and 

control rod scrammability were verified for different intensities of both motions (Sato et al. 1989).  

 

  

(a) numerical results (b) test results 

Figure 2.23. Deflection of fuel assembly in under seismic excitation, numerical and experimental 

results, adapted from Figure 8 in Yamada et al. (2018) 
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Figure 2.24. Test specimen, adapted from Fig. 1 in Watabe et al. (1989) 

 

2.5 Review of experimental studies for seismic response of submerged internals 

Clough (1960) conducted an experimental study to evaluate added mass for simple, prismatic structures 

subjected to earthquake ground motion. He tested two series of models on a one-dimensional earthquake 

simulator. The first series consisted of rigid prismatic aluminum members having different cross-sections 

mounted horizontally on flexible legs, as shown in Figure 2.25. The second series consisted of tests of 

flexible vertical cantilever columns of different cross sections. The test specimens were attached to the 

earthquake simulator and surrounded by a fluid (water) that was contained using ply wood walls at the 

perimeter of the earthquake simulator. The fundamental frequencies of the submerged components were 

identified. Tests were also conducted in air with additional masses attached to the component to achieve 

the same natural frequency as in the submerged state. Clough reported added mass coefficients (defined as 

the ratio of the added mass to the mass of water displaced by a right circular cylinder with a diameter equal 

to the maximum transverse dimension of the model) for the tested specimen.  
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Figure 2.25. Horizontal aluminum tubes used for testing, adapted from Fig. 2 in Clough (1960) 

 

Lindholm et al. (1965) performed an experimental study on cantilever plates in air and water, and compared 

results with theoretical predictions obtained from beam theory and thin plate theory, both modified to 

include added masses calculated using a hydrodynamic theory. The authors studied the vibration of plates 

with ratios of width to length of between 0.5 and 5, and thickness-to-width of between 0.009 and 0.124. An 

empirical factor, correcting for the influence on added mass of plate aspect ratio and thickness, was 

introduced. The authors concluded that the dynamic characteristics of the horizontally vibrating plate are 

only affected if the depth of immersion was less than about one-half of the plate span. The dynamic 

characteristics of a partially immersed vertical plate were dependent on the immersion depth and the mode 

of vibration.  

Chen et al. (1977) conducted experiments on different submerged tube arrays with different patterns and 

gaps between adjacent tubes to validate solutions for frequencies and mode shapes developed by Chen and 

his co-workers, as discussed in section 2.4. Four series of tube arrays were tested. The arrangements of the 

tubes were: (1) five tubes in a row with the gap to tube radius ratio equal to 2.0, 1.0, and 0.25; (2) three-

tube arrays in staggered arrangements with gap to tube radius ratio equal to 2.0, 1.0, and 0.5; (3) seven-tube 

arrays in staggered arrangements with gap to tube radius ratio equal to 1.5, 1.0, and 0.4; and. (4) a four-

tube array in a square pattern with a gap to tube radius ratio of 0.5. The fourth series was tested under five 

different conditions: (a) fully submerged in a large water domain, (b) partially submerged in water; (c) near 

a rigid flat wall; (d) contained in a rigid circular cylinder; and (e) fully submerged in a fluid of high viscosity 

(mineral oil). The arrangements used in the four series are shown in Figure 2.26 and some tested elements 

are shown in Figure 2.27. An electromagnetic shaker was used to excite the tubes in the submerged state. 

Tube acceleration time series were measured to obtain frequencies of the tubes and the mode shapes of the 

arrays. The authors concluded that the experimental data and analytical predictions were in good agreement. 
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(a) five tube row (b) three tube array 

  

(c) seven tube array (d) four tube array 

Figure 2.26. Tested tube arrays, adapted from Fig.2 in Chen et al. (1977) 

 

 

Figure 2.27. Tested seven-tube arrays, adapted from Fig.3 in Chen et al. (1977) 

 

Moretti and Lowery (1976) evaluated added mass for a submerged, transversely vibrating tube. The 

vibrating tube was surrounded by rigid tubes in hexagonal and square arrays with pitch-to-diameter ratios 

ranging from 1.25 to 1.5, as shown in Figure 2.28. The vibrating tube was supported by reproducible 

boundary conditions whereas the surrounding tubes were rigidly attached at multiple locations along their 
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length (see Figure 2.29). Moretti and Lowery presented experimental data and derived added mass 

coefficients for the vibrating cylinder and different pitch-to-diameter ratios. The added mass coefficients 

for the vibrating tube decrease with increasing pitch-to-diameter ratio in both arrays. The coefficients for 

the hexagonal array were greater than for the square array in most cases.   

 

  

Figure 2.28. Experimental geometries, adapted from  Fig. 1 in Moretti and Lowery (1976) 

 

 

Figure 2.29. Experimental apparatus, adapted from  Fig. 3 in Moretti and Lowery (1976) 

 

Maheri and Severn (1992) performed experiments to evaluate added masses for three, base-supported, 

cylindrical steel models, as shown in Figure 2.30. Experiments were conducted with the models containing 

water or surrounded by water. The natural frequencies of the cylinders were evaluated numerically using 

FE software based on a Eulerian formulation in which the fluid motion is expressed by a pressure variable. 

The authors concluded that for multi-degree-of-freedom systems, the added mass is a function of the 

geometry of the body, the density of the fluid, and the modal properties. (Namely, the added mass calculated 

for the first mode should not be used for analysis of higher modes.) 
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Figure 2.30. Geometry of the tested cylindrical models, adapted from  Figure 1 in Maheri and Severn 

(1992), dimensions in mm 

 

Sinha and Moorthy (1999) conducted tests on perforated tubes representative of submerged structural 

components in Indian nuclear power plants to evaluate added mass coefficients. The specimens included: 

1) a Zircaloy tube of 91 mm outer diameter and 6.57 m length with 1392 perforations of 6 mm diameter at 

different pitches; 2) a Zircaloy tube of 120 mm outer diameter and 4.98 m length with 1350 perforations of 

12 mm diameter, 750 perforations of 10 mm diameter and 720 perforations of 8 mm at different pitches; 

and 3) an aluminum tube of 12.23 mm diameter and 273 mm length with 14 perforations of 6.11 mm 

diameter distributed along the length of the tube at an axial and circumferential pitch of 18 mm and 9.6 

mm, respectively. The tested specimens are shown in Figure 2.31. The added mass was smaller for the 

perforated tube than that predicted by theory for a hollow tube. The authors claimed that flow through the 

perforations reduces the added mass. An empirical formula was proposed to calculate added mass 

coefficients for perforated tubes. The added mass for a perforated tube, fM , was expressed as: 

 ( )f in out h fM V V V = + −  (2.8) 

where inV  is the volume of the fluid inside the tube, outV  is the volume of fluid equivalent to outer volume 

of tube, hV  is the volume of fluid that does not move (due to perforations), and f  is the fluid density. hV  

is expressed as:  

 
1

n

h i i

i

V A L
=

=  (2.9) 

where iA  is the projected cross-sectional area of the ith perforation on a plane transverse to the vibration 

direction, iL  is the chord length of the tube at the ith location, and n  is the total number of perforations. 
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Deng et al. (2017) presents an experimental and numerical study of fluid-structure interaction of a slender 

bridge pier, of rectangular cross-section, in water. A drawing of the experimental setup is presented in 

Figure 2.32. The authors created a numerical model of the pier in ADINA (ADINA 2013) and used modal 

frequencies and mode shapes as parameters for validation. Experiments and numerical studies for different 

levels of water and additional mass attached at the tip of the pier are described. An analytical treatment of 

a similar system is presented in Uściłowska and Kołodziej (1998), where the focus was off-shore structures.   

    

   

Figure 2.31. Tested perforated tubes, adapted from Fig. 1, 5, and 9 in Sinha and Moorthy (1999) 
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Figure 2.32. Experimental setup, adapted from Figure 2 in Deng et al. (2017) 

 

Park et al. (2014) describes an experimental and numerical study of the dynamics characteristics of the 

Korean APR1400 nuclear reactor. A scale model of the reactor vessel including internals was tested and 

water was used to represent the coolant. Dynamic characteristics were identified for individual components 

and the integrated model, with and without water. A finite element model of the test specimen was prepared 

in ANSYS and calibrated using the test results for modal frequencies and mode shapes. Figure 2.33 presents 

the test specimen and the finite element model. In subsequent studies, Choi et al. (2016) and Lee et al. 

(2017) applied model reduction techniques to the ANSYS model to reduce the computational expense for 

response-history analyses and carried out stress analyses. Je et al. (2017) compared results of analysis using 

the finite element model and explicit modeling of fluid with a simplified model utilizing added masses for 

the fluid. The authors concluded that the added mass model overestimated material stresses.   
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(a) test specimen (b) finite element model in ANSYS 

Figure 2.33. Experimental and numerical study of a scaled model of APR1400 reactor, adapted from 

Fig.4 and Fig.7 in Park et al. (2014) 

 

2.6 Review of studies on seismic isolation of fluid-filled vessels  

The only experimental studies on isolated fluid-filled vessels in the literature are by Chalhoub and Kelly 

(1988) and Calugaru and Mahin (2009). These were discussed in Section 2.3. Most of the available studies 

on analysis of seismically isolated fluid-filled containers involve numerical estimation of responses, often 

utilizing mechanical analogs to represent fluid behavior.  

An isolation scheme wherein a fluid containing tank is supported on a large concrete mat which in turn is 

supported on multiple isolators was proposed by Kelly and Mayes (1989) and numerically analyzed by 

Tajirian (1993) and Zayas and Low (1995) using rubber bearing and friction pendulum bearings, 

respectively. Malhotra (1997) proposed an isolation scheme in which the tank wall is disconnected from 

the base plate of the tank and supported on a ring of horizontally flexible isolators. A flexible membrane 

between the wall and the base plate is used to prevent leakage of the fluid (see Figure 2.34a). Malhotra 

performed seismic FSI analysis for this system using a mechanical analog comprising one impulsive and 

one convective oscillator (to represent fluid behavior per Veletsos (1984)) mounted on a base resting on 

elastomeric isolators, as shown in Figure 2.34b. Two tanks, one broad and one slender, with a ratio of fluid 

height-to-radius of 0.6 and 1.85, respectively, were considered and the analogs were analyzed using the 

code 3D-BASIS-M (Tsopelas et al. 2005). Seismic isolation significantly reduced the global tank reactions 

of base shear and overturning moment. However, because the gravity weight of the fluid was not supported 

by the bearings, the bearings beneath the slender tank experienced net tension.      
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(a) fluid storage tank with a ring of isolators (b) mechanical analog 

Figure 2.34. Isolation scheme proposed by Malhotra (1997), adapted from Figure 1 and Figure 2 in 

Malhotra (1997).   

 

Wang et al. (2001) analyzed a fluid-filled, rigid tank seismically isolated using friction pendulum bearings. 

The model comprised multiple oscillators representing the fluid whose properties were derived using an 

approach similar to that of Veletsos (1984). Figure 2.35 presents the model. The authors described a 

numerical scheme for evaluating responses of fluid-filled tanks under seismic inputs and present results of 

a parametric study on a rigid tank with a ratio of fluid height to radius of 2 considering different values of

/PGA g , where PGA,  , and g  are the peak ground acceleration, the coefficient of sliding friction (of 

the bearings), and the acceleration due to gravity, respectively. Seismic isolation was found to be effective 

in reducing the impulsive responses with possible reductions up to 80%. The efficacy of isolation, measured 

in terms of reductions in responses, increased with increasing /PGA g . 
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Figure 2.35. Fluid-filled vessel isolated using friction pendulum bearings, adapted from Figure 2 in 

Wang et al. (2001) 

 

Shrimali and Jangid (2002) analyzed the response of fluid-filled tanks with ratio of height-to-radius of 0.6 

and 1.85, isolated using sliding bearings. The fluid was represented by a mechanical analog (Housner 1963). 

Bi-directional (horizontal) inputs were used and the effects of interaction of frictional forces in the two 

horizontal directions and the velocity dependence of the frictional forces in the two directions were studied. 

The authors concluded that isolating tanks led to reductions in base reactions. Interaction between frictional 

forces in the two horizontal directions resulted in greater isolator (sliding) displacements. The dependence 

of the friction coefficient on sliding velocity had no significant effect on peak system responses.    

Gregoriou et al. (2006) analyzed the seismic response of base-isolated, liquefied natural gas (LNG) tanks 

in ANSYS.  High damping rubber and lead-rubber bearings were considered for the isolation system, which 

had a period of 2 seconds. The contained fluid was modeled explicitly. The vertical stiffness of the isolation 

system was modeled using linear spring elements. The horizontal stiffness of the isolators was modeled 

using a combination of a non-linear spring and a damper. Figure 2.36 describes the model. The authors 

reported a 70% (60%) reduction in base shear force (maximum stress in in tank shell) in the base-isolated 

condition with respect to the fixed base condition. Increased wave heights were predicted for both isolation 

systems.  
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Figure 2.36. Model of the isolation system in an LNG tank, adapted from Figure 2 in Gregoriou et al. 

(2006) 

 

Christovasilis and Whittaker (2008) evaluated the accuracy of the Malhotra mechanical analog for analysis 

of conventionally founded and seismically isolated LNG tanks by comparing analysis results with a three-

dimensional finite element model built in ANSYS. The average percentage differences between results 

from ANSYS and the mechanical analog for wave height, base shear, and overturning moment were found 

to be less than 6%. They noted the mechanical analog could be used for the preliminary design of tanks, 

conventionally founded or seismically isolated. Two isolation systems, with periods of 2 sec and 3 sec, 

were analyzed. The mean percentage reductions in base shear and overturning moment were 80% and 82%, 

respectively, for the 2-second isolation system and 85% and 86%, respectively, for the 3-second isolation 

system. The first convective period of the LNG tank (9+ sec) was remote from the isolated periods and so 

sloshing responses were not impacted by the introduction of the isolation systems.  

Saha et al. (2013)  analyzed conventionally founded and seismically isolated tanks with ratios of fluid 

height-to-radius of 0.6 and 1.85. Two mechanical analogs were used to represent the fluid: a two-mode 

mechanical analog that considered the tank to be rigid (Housner 1963) and a three-mode mechanical analog 

considering tank wall flexibility (Haroun and Housner 1981b). Two isolation systems, comprising 

elastomeric and spherical sliding (friction pendulum) bearings, both with an isolated period of 2 sec, were 

analyzed for bi-directional motions. The authors concluded that the two-mode model underestimated base 

reactions.  

Butenweg et al. (2013) present a finite-element model of a base-isolated, fluid-filled tank developed in the 

finite element package LS-DYNA (LSTC 2017). The lead-rubber base isolation system was idealized using 

springs and dampers at the base of the tank. The fluid was modeled using the Arbitrary Lagrangian Eulerian 
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(ALE) formulation. An artificially generated seismic excitation, consistent with a Eurocode 8 spectrum, 

was applied in one horizontal direction at the base of the model. The isolation system was assumed to be 

rigid in the vertical direction. Results from the finite element analysis, in terms of stresses in the tank wall, 

were compared with those from a simplified analysis utilizing a two-mass representation, (impulsive 

component mass and foundation mass), disregarding sloshing, as shown in Figure 2.37, for calculation of 

seismic demands. (The stress calculations using the simplified model were undertaken per Eurocode 8.) 

The authors concluded that the results from the two analyses were in good agreement.    

 

 

Figure 2.37. Simplified model of the isolated fluid-filled storage tank, adapted from Figure 6 in 

Butenweg et al. (2013) 

 

Castellano and Marcolin (2017) evaluated the effectiveness of an isolation system comprising 121 double 

concave spherical sliding (friction pendulum) bearings to seismically protect an ammonia tank with a 

diameter of 29.9 m and a design fluid height of 31 m. Unidirectional, horizontal seismic inputs were used 

for analysis. The global behavior of the isolation system was represented by a non-linear element and the 

fluid was represented a two-mode mechanical analog. The horizontal acceleration of the impulsive mass 

was reduced to less than one half of the peak ground acceleration by the isolation system.  
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SECTION 3  

SEISMIC RESPONSE OF A BASE-SUPPORTED VESSEL: 

EXPERIMENTAL STUDIES 

3.1 Introduction 

Seismic responses of liquid-filled advanced reactors are affected by the interaction between the vessel, 

contained liquid, and internal components, namely fluid-structure interaction (FSI). Seismic FSI analysis 

of reactors will rely on numerical models, considering complex geometries (see Figure 1.1), multiple 

components of earthquake shaking, and possible nonlinear fluid responses. Numerical models must be 

verified and validated. A numerical model can be verified by comparing predictions with analytical 

solutions and validated using experimental data. This section describes earthquake-simulator experiments 

on a base-supported vessel that both support validation of FSI numerical models and investigate the efficacy 

of seismic isolation in reducing hydrodynamic responses. 

A base-supported cylindrical vessel was tested using a six-degree-of-freedom earthquake simulator at the 

University at Buffalo. The vessel was fabricated from carbon steel and filled with water. The dimensions 

of the vessel were selected based on the capacity of the earthquake simulator and a ratio of height-to-radius 

that is common to some prototype advanced reactors. A two-phase program of experiments was performed: 

I) test vessel, and II) test vessel sealed with a head that supported central and off-center internal components 

immersed in the contained fluid. One-, two-, and three-directional motions with a range of intensities and 

frequency contents, which generated different hydrodynamic responses, were used as seismic inputs in the 

Phase I and II tests. This section presents the test setup and results for Phase I, which are used to validate 

numerical models in Section 4. (Details of the Phase II tests and validation exercises are presented in Section 

5 and Section 6.)  

Section 3.2 describes the test specimen and the instrumentation. Section 3.3 presents the input motions used 

for the experiments. Section 3.4 presents experimental results in terms of sloshing frequency, damping 

ratios in sloshing modes, and hydrodynamic responses (wave height, hydrodynamic pressure, base shear, 

and base moment), and compares them with available analytical solutions. Section 3.5 studies the impact 

of seismic isolation on hydrodynamic responses by comparing experimental results for ground-motion 

inputs and isolated inputs that were generated assuming a virtual isolation system. Section 3.6 summarizes 

the Phase I test program and presents conclusions. 
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3.2 Test specimen and instrumentation 

The test specimen was a base-supported cylindrical vessel with a height of 2 m, a radius of 0.76 m, and a 

wall thickness of 7.9 mm, as shown in Figure 3.1a. The vessel was supported on a 45 mm thick square base 

plate with plan dimensions of 2 m × 2 m. A 76.2-mm wide, 25.4-mm thick flange was welded to the top of 

the vessel. The weight of the specimen (without contained water) was 2.1 tons. Experiments were conducted 

with the vessel filled to 80% and 100% of its capacity, which added weights of 2.9 tons and 3.6 tons, 

respectively, to the specimen. The full vessel (100% filled) was enclosed at the top by a 25.4 mm thick 

square plate with plan dimensions of 1.7 m × 1.7 m and a weight of 0.6 ton. The weight of the 80%-filled 

specimen was 5 tons (i.e., 2.1+2.9), and that of the 100%-filled specimen, including the top plate, was 6.3 

tons (i.e., 2.1+3.6+0.6). The coordinate systems used for the test vessel are presented in Figure 3.1b: a 

cylindrical coordinate system (r,  , z) and a Cartesian coordinate system (x, y, z). 

 

 

 

(a) specimen on the earthquake simulator 

(contained water dyed green) 

(b) cylindrical (r,  , z) and Cartesian (x, y, z) 

coordinate systems used for the test vessel 

Figure 3.1. Base-supported cylindrical vessel ( sH = 2 m, R = 0.76 m, h = 7.92 mm), 80% fill 

level ( H = 1.6 m)  

 

Results from the experiments conducted for the 80% fill level are discussed and analyzed in the following 

sections (3.4 and 3.5). This choice of fill level was governed by two factors: (1) providing sufficient 

freeboard to prevent overtopping, and (2) ensuring measurable hydrodynamic responses. The numerical 

models presented in Sections 4.2 and 4.3 are validated using the measured hydrodynamic responses, 

N
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considering both impulsive and convective components 7 . The predicted periods of the first (lateral) 

impulsive and convective modes, ,1impT  and ,1conT , are 0.01 sec and 1.29 sec, respectively ( ,1 ,11 /imp impf T= =

140 Hz and ,1 ,11/con conf T= = 0.77 Hz), and are calculated using the following equations (Malhotra et al. 

2000): 

 
,1imp i

H
T C

h E
R


=



 
(3.1) 

 
,1con cT C R=  (3.2) 

where H  is the water height; R  is the vessel radius; h  is the thickness of the vessel wall;   is the water 

density; E  is the modulus of elasticity of the vessel material; and iC  and cC  are impulsive and convective 

coefficients, respectively, and vary as functions of /H R . The primary goal of the experiments conducted 

with a full tank was to generate hydrodynamic responses that precluded the convective component. 

Experimental results are used in Section 4.4 to investigate the capability of numerical models to accurately 

predict impulsive responses.  

Two test setups (TSs) with different supporting conditions for the vessel were used: 1) TS-1, the base plate 

of the vessel was directly attached to the extension platform on the earthquake simulator; and 2) TS-2, load 

cells used to measure base reactions were installed between the base plate and the extension platform. (The 

extension platform was used to increase the effective working area of the earthquake simulator; see Figure 

C.1. The trade-off was a higher center-of-gravity of the test specimen with respect to the top of the 

earthquake simulator and greater rocking motions.) Hydrodynamic pressures on the vessel wall, reactions 

at the base, and wave actions (heights, frequencies, and damping) generated using TS-2 data are presented 

in this report. The TS-2 dataset is more comprehensive than the TS-1 dataset and so TS-1 results are not 

presented.  

The instrumentation used for TS-2 is presented in Figure 3.2, including pressure gages, load cells, 

Temposonic gages, and accelerometers. (The instrumentation for TS-1 was by-and-large identical to that 

for TS-2 with the exception of the load cells and accelerometers on the base plate.) Twelve pressure gages 

(make: Omega, model: PXM309-3.5A10V) with silicon-based sensing diaphragms were used to measure 

hydrodynamic pressures on the vessel wall. The gages were arranged in arrays of four at three different 

                                                      

7 The impulsive response is generated by the part of the fluid accelerating with the vessel, and the convective response 

is generated by the other part of the fluid assumed not to move with the vessel but to oscillate vertically and induce 

waves. 



 

46 

 

heights on the vessel wall with the sensors named as shown in Figure 3.2a. The pressure gages on the 

northern, southern, eastern, and western faces are denoted PN, PS, PE, and PW, respectively, and a number 

(1, 2, or 3) is appended to the name to identify height. Thus, PE1, PE2, and PE3 denote the lower, middle, 

and uppermost gages on the eastern face of the vessel. 

Base reactions were measured at four anchor points using four 5-degrees-of-freedom load cells, built in-

house. Each load cell is capable of measuring axial force, shear forces in two orthogonal directions, and 

moments about two axes. A NIST (National Institute of Standards and Technology) traceable reference 

load cell was used to calibrate the load cells in a tension-compression machine (Tinius Olsen Testing 

Machine Co.) prior to the experiments. Details of the calibration procedures and the associated data are 

presented in Appendix A. The load cells were tagged LNE, LNW, LSE, and LSW, denoting the locations 

at the north-eastern, north-western, south-eastern, and south-western corners of the base plate, respectively, 

as shown in Figure 3.2b.  

Wave heights and sloshing periods were measured at four points on the water surface (for the 80% fill), 

near the vessel wall. Four float-and-Temposonic-based sensors, built in-house at the University at Buffalo 

were used for this purpose (Mir et al. 2019). The design of the wave measurement consisted of a float 

attached to a lightweight tube that is mounted onto the waveguide of a Temposonic gage. A magnet was 

attached to the top of the tube. The Temposonic gage recorded the vertical motion of the magnet, which 

was driven by the motion of the float. These sensors were installed on a Unistrut frame secured to the flange 

of the vessel, as shown in Figure 3.1a. Appendix B presents different options explored for wave-height 

measurement, including another in-house design, a commercial capacitive level sensor (make: Loadstar 

Sensors, model: ilevel-900-A), a wire gage sensor, and cameras supporting image processing for wave 

actions. The Temposonic-based gage was the most accurate of those considered and was adopted for use in 

the experiments. Figure 3.2c presents the locations of the sensors adjacent to the northern, southern, eastern, 

and western faces of the vessel wall, denoted as TN, TS, TE, and TW, respectively. Sensors TN and TS 

were located at ( , , ) (0.67,0.5 ,1.6)r z =  and ( , , ) (0.67, 0.5 ,1.6)r z = − , respectively, and TE and TW 

were located at ( , , ) (0.67,0.1 ,1.6)r z =  and ( , , ) (0.67,0.9 ,1.6)r z = , respectively, where r and z are in 

units of m. 

Three-directional acceleration responses were measured at four locations at the top and near the mid-height 

of the vessel wall using accelerometers (make: Honeywell; model: JTF; range: ±10g). Each accelerometer 

measures motion in one direction and so three orthogonal accelerometers were installed at a given location. 

On the base plate, one accelerometer was installed at its center to measure vertical (z-directional) motion, 
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and three accelerometers were installed above each load cell to measure tri-directional response. The 

naming convention and the locations of the accelerometers are shown in Figure 3.2d. 

Strain data were collected for the experiments but were not used for the analysis presented in this report. 

Eight strain rosettes (make: Micro-Measurements; model: CEA-06 250UR-120/P2) were attached on the 

outer face of the vessel wall, arranged in arrays of four at 50 mm and 1067 mm above the base. Eight 

waterproof uniaxial gages (make: Texas Measurements Inc.; model: WFLA-3-11-1LDBB) were installed 

on the inner face of the vessel wall at the same heights as the rosettes on the outer face to capture strain 

gradients through the wall thickness. 

 

 

 

 
 

(a) pressure gages (b) load cells (c) wave-height sensors 

   

(d) accelerometers 

Figure 3.2. Instrumentation for the vessel used in TS-2 and Phase I, unit: mm 

 

 

305

Section A-A

PN3

PE3

PS3

PW3

PE1

PE2

PE3

PW1

PW2

PW3

PS1

PS2

PS3

A A

914

1524

12 pressure transducers

x

y

z

z

x
y

LSW LSE

LNELNW

x

y

z

510

406
TETW

100

Frame for supporting 

temposonic gauges

100
Temposonic

gauge

Waveguide

Magnet

Float

Free surface

230

100

TW TE

TS

TN

x

y

z

z

x
y

Section A-A

A A

ASW1X(Y,Z)

AW3X(Y,Z)

A A

1067

AS3X(Y,Z)
AE3X(Y,Z)

AW2X(Y,Z) AS2X(Y,Z) AE2X(Y,Z)

ASE1X(Y,Z)
B B

z

x
y

12 triplets: 36 accelerometers

AW2X(Y,Z)

AS2X(Y,Z) 

AE2X(Y,Z)

AN2X(Y,Z) 

x

y

z

1 accelerometer

Section A-A
ANW1X(Y,Z)

ASW1X(Y,Z)

ANE1X(Y,Z)

ASE1X(Y,Z)

AC1Z

x

y

z

1280

1220

Section B-B



 

48 

 

3.3 Earthquake-simulator inputs 

Phase I of the earthquake-simulator experiments involved 182 sets of input motions, including 68 sets for 

TS-1 and 114 sets for TS-2. The input motions included white noise, sine waves, earthquake time series 

extracted from ground motion records, and isolated motions (see Section 3.5.1 for details). The input 

motions for TS-1 and TS-2 are presented in Appendix C. The hydrodynamic responses of the test vessel to 

motions listed in Table C.3 for TS-2 are presented in this report: (1) results for motions #2, 9 to 11, and 74, 

76, 77, 78, 80, 81, 83, 85, and 86 are compared with analytical predictions in Section 3.4; and (2) results 

for motions #74, 76, 77, 80 to 82, and 85 to 114 are presented in Section 3.5 to study the effect of seismic 

isolation on the hydrodynamic responses. 

Of the inputs utilized in Section 3.4, motions #2, 9, 10, and 11 are unidirectional white noise or sinusoidal 

used to drive wave actions in the test vessel and identify the frequencies and damping ratios in the 

convective modes. Motions #74, 76, 77, 78, 80, 81, 83, 85, and 86 are earthquake time series extracted from 

records of the unidirectional (x), bi-directional (x and y), and tri-directional (x, y, and z) components of the 

Chi-Chi earthquake (CCE), the El Centro earthquake (ECE), and the Kern County earthquake (KCE). Table 

3.1 presents information on these earthquake motions. The time scale of each earthquake motion was 

compressed per the assumed length scale of the test vessel (see the eighth column of Table 3.1). The peak 

ground accelerations (PGAs) of the x  components of the CCE, ECE, and KCE were initially scaled to 0.1 

g, 0.5 g, and 0.4 g, respectively (see the seventh column of Table 3.1). The y  and z  components of each 

earthquake set were scaled using the scale factors for the x  component. The scaling amplified the ECE and 

KCE motions, but de-amplified the CCE to prevent sloshing of the contained water and overtopping of the 

vessel. Figures 3.3 and 3.4 presents their time series and 5%-damped response spectra, respectively, after 

the time and amplitude (PGA) scaling. Per Figure 3.4, the chosen motions have different frequency 

contents: the horizontal components of the CCE have a dominant low frequency content (< 10 Hz) whereas 

those of the ECE and KCE have dominant frequency content around and above 10 Hz. 
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Table 3.1. Time series1 used for earthquake-simulator experiments, motions #74, 76, 77, 78, 80, 81, 

83, 85, and 86 

 Event Year Station Direction 
Original 

PGA (g) 

Scaled 

PGA (g) 

Time 

scale2 

CCE Chi-Chi earthquake 1999 TCU052 

EW ( x ) 0.36 0.1 

1/ 10  NS ( y ) 0.45 0.12 

Up ( z ) 0.19 0.05 

ECE 
El Centro earthquake 

(Imperial Valley-02) 
1940 

El Centro 

Array #9 

180 ( x ) 0.28 0.5 

1/ 10  270 ( y ) 0.21 0.38 

Up ( z ) 0.18 0.31 

KCE 
Kern County 

earthquake 
1952 

Taft 

Lincoln 

School 

21 (x) 0.16 0.4 

1/ 10  111 (y) 0.18 0.44 

Up (z) 0.11 0.28 

1. Ground motion records extracted from the PEER Ground Motion Database (http://ngawest2.berkeley.edu/, 

accessed on March 18, 2019) 

2. Time scale consistent with the assumed length scale of the test vessel of 1/10 
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(a) CCE (b) ECE (c) KCE 

Figure 3.3. Acceleration time series for earthquake-simulator inputs presented in Table 3.1, after time and 

amplitude scaling 

 

   

(a) CCE (b) ECE (c) KCE 

Figure 3.4. Acceleration response spectra of input motions presented in Figure 3.3, damping ratio of 5%  

 

Inputs #74, 76, 77, 80 to 82, and 85 to 87 in Table C.3 are PGA- and time-scaled, unidirectional (x), bi-

directional (x and y), and tri-directional (x, y, and z) motions of the CCE, ECE, and KCE. Responses to 

most of these motions are also presented in Section 3.4 (see Table 3.1), except for those to motions #82 and 

87, which are the unidirectional (x) components of the ECE and KCE, respectively, with a PGA of 0.8 g. 

Motions # 88 to 114 are isolated motions that simulate CCE, ECE, and KCE (i.e., motions #74, 76, 77, 80 

to 82, and 85 to 87) shaking filtered by a seismic isolation system. The isolated motions were generated 
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using numerical models of a virtual isolation system. Information on the generation of these isolated 

motions is presented in Section 3.5.1. 

3.4 Comparison between experimental results and analytical predictions 

Experimental results for the 80%-filled vessel of Figure 3.1a are compared with those calculated using 

analytical solutions (Case and Parkinson 1957; Mir et al. 2021; Veletsos 1984; Veletsos and Tang 1986; 

Veletsos and Tang 1987)8 in this section. The analytical solutions used here were developed for rigid, base-

supported, cylindrical tanks, filled with ideal fluid (i.e., incompressible and inviscid), and subjected to 

unidirectional translational or rocking motions. The hydrodynamic response was assumed to be linear and 

so the analytical solutions are strictly applicable to small amplitude inputs. The hydrodynamic response 

was parsed into an impulsive and a convective component. The convective component was decoupled into 

modes.  

The first convective frequency and damping ratios in convective modes were identified from measured 

wave heights generated by white noise and sinusoidal motions. These input motions were small amplitude, 

unidirectional, and horizontal. The experimental results were compared with analytical predictions per 

Veletsos (1984) and Case and Parkinson (1957). 

Hydrodynamic responses (pressures, base reactions, and wave heights) measured in the experiments for 

multi-directional motions were compared with analytical results. The amplitudes of the earthquake-

simulator input motions were not necessarily small, and so the analytical predictions were not expected to 

be accurate in these cases. The differences between the measured and analytical results are identified and 

discussed. 

3.4.1 Frequencies of convective mode 

Wave height data in the 80%-filled vessel for the white noise input in the x direction (motion #2 in Table 

C.3) were used to identify convective frequencies. Veletsos’s solution (1984) for the frequency, ,con if , of 

the i th convective mode is given as: 

 
( ),

1 tanh
2

i i
con i

g H
f

R R

 


=  (3.3) 

where H  and R  denote the liquid height (= 1.62 m) and vessel radius (=0.76 m), respectively; g denotes 

acceleration due to gravity; and 
i

  is a constant depending on the considered mode (=1.841, 5.331, and 

                                                      

8 The solution presented in Mir et al. (2021) is discussed in Appendix E. 
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8.536 for i = 1, 2, and 3, respectively). Per equation (3.3), the first three frequencies are: ,1conf = 0.77 Hz, 

,2conf = 1.32 Hz , and ,3conf = 1.67 Hz. Note that ,1conf  calculated per equation (3.3) is identical to the 

reciprocal of the period obtained from equation (3.2). 

The time series recorded by the wave-height sensor TE is transformed to the frequency domain. Figure 3.5 

presents the normalized power spectral density (PSD) plot of the wave-height time series. A prominent 

peak is observed at the first mode with ,1conf = 0.77 Hz. The second mode at ,2conf = 1.32 Hz can be identified 

in the PSD plot, but the peak is relatively smaller. The PSD plot does not show a significant peak at ,3conf =

1.67 Hz, namely, the third mode was not excited by the white noise. 

 

 

Figure 3.5. Normalized PSD plot for wave height measured by sensor TE, white noise 

excitation in the x direction 

 

3.4.2 Damping ratios in convective modes 

Damping ratios in convective modes were identified using the attenuation of wave heights with the passage 

of time. As noted in Section 3.4.1, the third and higher convective modes could not be excited significantly 

by white noise inputs. Consequently, x-directional sinusoidal motions at the first three convective 

frequencies, 0.77, 1.32, and 1.67 Hz per equation (3.3), were used to excite the test specimen: motions #9, 

10, and 11 in Table C.3. Wave-height time series were recorded using the sensor TW. The sensor was 

moved to a location where the greatest wave amplitude was expected. Per Veletsos (1984) and the modal 

wave profile of Figure 20 in Yu and Whittaker (2021b), locations for the greatest wave amplitude in the 

first three convective modes are at ( , , )r z = (0, 180°, H ), (0.3 R , 180°, H ), and  (0.2 R , 180°, H ). 

Wave-height time series beyond the excitation time were used for analysis, namely, free oscillation of the 

liquid surface. The wave height in a particular convective mode was extracted from the measured time 

series by applying a band-pass filter centered at the corresponding modal frequency. Modal wave-height 
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time series are presented in each panel of Figure 3.6. An exponential function (blue line) was fit to the 

envelope curve of each response time series to evaluate the damping ratio in the mode. The form of the 

exponential function, ( )wd t , was (Chopra 2012): 

 ( ) t
wd t A e=   (3.4) 

where t  is time;   is the angular frequency (= ,2 con if ) and   is the damping ratio of a convective mode; 

and A  is associated with the amplitude of waves. The damping ratios in the first three convective modes 

identified using the exponential function and those calculated using the analytical solution of Case and 

Parkinson (1957) are presented in Table 3.2. A mismatch is evident, more so for the second and third modes. 

The difference between the experimental and analytical results is likely due to the assumption of the 

analytical solution of contamination-free fluid and mirror-polished tank surfaces, neither of which were 

realized in the experiments (or in civil engineering applications, in general): tap water was used for the fluid 

and the inside of the vessel was painted and not polished to a mirror-finish. Similar discrepancies reported 

elsewhere suggest that damping ratios are extremely sensitive to liquid contamination and vessel surface 

roughness: small deviations from the idealized conditions result in a large mismatch between theory and 

experiment (Henderson and Miles 1994). 

 

  

(a) mode 1 ( ,1conf = 0.77 Hz) (b) mode 2 ( ,2conf =  1.32 Hz) 

 

(c) mode 3 ( ,3conf =  1.67 Hz) 

Figure 3.6. Modal wave-height time series and exponential envelope curves tA e   

 

 

 

 

8.85e
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2.30e
-0.01946t

 



 

54 

 

Table 3.2. Damping ratios in the first three convective modes  

 Experiment (herein) Theory (Case and Parkinson 1957) 

Mode 1 0.05% 0.04 % 

Mode 2 0.10% 0.02% 

Mode 3 0.20% 0.02% 

 

Although the damping ratios from theory and the experiment were similar for the first mode, both values 

were an order of magnitude smaller than 0.5%, which is routinely assumed for design (Jaiswal et al. 2007). 

Habenberger (2015) notes that there are no experimental or theoretical justifications for the used damping 

value and that it is “more or less, best guess”. It is worth noting that for the practical range of frequency for 

the first convective mode, which is 0.2 to 1 Hz, the response-spectrum ordinates do not change significantly 

for damping ratios in the range considered here. To support this observation, response spectra were 

generated for both horizontal components of the 49 near-field and far-field ground motions9 in FEMA P695 

(ATC 2009). The response-spectrum ordinates of each motion corresponding to damping ratios of 0.5%, 

0.2%, and 0.1% were normalized with respect to the ordinate for a damping ratio of 0.05%, in the frequency 

range of 0.2 to 1 Hz. The normalized values, averaged over the frequency range and for 49 motions are 

presented in Table 3.3, where rSA  denotes the spectral acceleration for a damping ratio of %r . 

 

Table 3.3. Influence of damping ratios on spectral ordinates for 0.2-1 Hz 

Damping ratio, %r  Average 0.05/rSA SA  

0.5 0.91 

0.2 0.96 

0.1 0.98 

 

Based on the data presented in Table 3.3, the spectral ordinates for damping ratios of 0.5%, 0.2%, and 0.1% 

are within 10% of those for 0.05%, in an average sense, for the frequency range of 0.2 to 1 Hz. Although a 

change in damping ratio from 0.5% to 0.05% may not significantly affect convective responses, the lower 

                                                      

9FEMA P695 lists 50 motions. However, the far-field motion with record sequence number (RSN) 829 could not be 

found on the PEER database. 
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value is closer to theory, is supported by data from experiments, and should likely replace the widely used 

value of 0.5%. 

3.4.3 Hydrodynamic responses 

Hydrodynamic responses, including pressures, base reactions, and wave heights, were measured for the 

80%-filled vessel in the experiments. This section reports the hydrodynamic responses for nine sets of 

earthquake-simulator inputs (#74, 76, 77, 78, 80, 81, 83, 85, and 86 in Table C.3): unidirectional (x; 1D), 

bi-directional (x and y; 2D) or tri-directional (x, y, and z; 3D) motions of the CCE, ECE, and KCE per Table 

3.1. The hydrodynamic responses obtained from the experiments are compared with those calculated using 

analytical solutions (Mir et al. 2021; Veletsos 1984; Veletsos and Tang 1986; Veletsos and Tang 1987). 

The analytical solutions were developed for a tank supported by a rigid base. To enable a comparison of 

experimental and analytical results, responses around 37 Hz were removed from all recorded data10, which 

was associated with out-of-plane deformation of the base plate and vertical flexibility of the vessel support 

(i.e., possible gaps between the load cells and their fixtures). A band-stop filter designed for 32 to 42 Hz 

was used to process experimental data. Accelerations recorded on the base plate in the experiments for 

earthquake-simulator motions listed in Table 3.1 were used as inputs for the analytical calculations.  

The recorded accelerations on the base plate, including translational (x, y, and z) and rocking components, 

were used for the analytical calculations. The translational motions on the base plate were generated by 

earthquake-simulator motions in the same directions: x, y, or z. Rocking motions were observed for 

horizontal excitations due to compliance in the actuators of the earthquake simulator: x (y)-directional 

earthquake-simulator inputs induced rocking motions on the base plate about the y (x) axis, termed the ry- 

(rx-) component. Details on generating the input motions using the recorded data from accelerometers, 

ANE1X(Y, Z), ANW1X(Y, Z), ASE1X(Y, Z), and ASW1X(Y, Z), on the base plate (see Figure 3.2d) can 

be found in Yu and Whittaker (2021a) and Yu et al. (2021). Figure 3.7 presents acceleration response 

spectra of each of the translational and rocking components of the recorded accelerations generated by the 

nine sets of earthquake-simulator motions (i.e., 1D, 2D, or 3D motions and CCE, ECE, and KCE). 

 

                                                      

10 The empty tank was tested using white noise in the vertical direction, and the vertical motion at the center of the 

base plate was measured using 1AC Z  shown in Figure 3.2d. The Fourier amplitude spectrum of the motion shows 

a peak at zf = 58 Hz, which is associated with out-of-plane deformation of the base plate and vertical flexibility of 

the tank support. Considering that zf  is proportional to 1/ m  ( m = 2 tons, if empty, and 5 tons, if H = 1.6 m), the 

value of zf  for the tank with a water depth of 1.6 m was calculated to be 37 Hz. 



 

56 

 

 

 

 

 

 

 

(a) 1D CCE (b) 2D CCE (c) 3D CCE 

 

 

 

 

 

 

(d) 1D ECE (e) 2D ECE (f) 3D ECE 

 

 

 

 

 

 

(g) 1D KCE (h) 2D KCE (i) 3D KCE 

Figure 3.7. Acceleration response spectra of the input motions used for the analytical solutions and the numerical 

models in Section 4, x , y , z , rx , and ry  components, damping ratio of 5%, generated using measured 

accelerations on the base plate of the specimen 
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The analytical solutions of Veletsos (1984) were used for the evaluation of hydrodynamic responses to 

horizontal excitations. The solutions were applied independently in each horizontal direction (x or y). 

Hydrodynamic responses due to rocking motions (about the x and/or y axes) were evaluated using the 

analytical solutions proposed by Veletsos and Tang (1987), as modified by Mir et al. (2021) (described in 

Appendix E). Mir et al. (2021) considered the change of fluid depth due to rocking motion, which improved 

the solutions of Veletsos and Tang (1987). The hydrodynamic responses under vertical excitation were 

evaluated using the approach suggested by Veletsos and Tang (1986), assuming the tank wall and base to 

be rigid. The inertial force of the vessel was taken into account per Veletsos (1984) and Veletsos and Tang 

(1987) for lateral and rocking excitations, respectively. The analytical solutions used herein assumed fluid 

responses to be linear and parsed responses into impulsive and convective components. The analytical 

solutions of the two components were algebraically summed for comparisons with experimental results. 

Ten convective modes were considered in the analytical calculations. Responses calculated for excitations 

along (or about) different directions were superimposed for comparisons with experimental results for 

multi-directional inputs. For unidirectional inputs along the x direction, the accompanying rocking 

accelerations about the y axis were also considered. Similarly, for bi-directional and tri-directional inputs, 

the corresponding rocking accelerations about the x and y axes were considered.  

Figure 3.8 presents experimental and analytical time series for the hydrodynamic pressure at the location 

of PE1, base shear in the x direction, base moment about the y axis, and wave height at the location of TE 

for the 1D CCE and 3D ECE motions. The earthquake-simulator input for the 1D CCE (3D ECE) was 

motion #74 (#81) listed in Table C.3, and Figure 3.7a (f) presents the spectra of the input motions used for 

the analytical calculations. Table 3.4 presents the maximum absolute values of the analytical and 

experimental results, their percentage differences, and cross-correlation coefficients (R) for the 1D, 2D, and 

3D motions of the CCE, ECE, and KCE. The coefficients R between the analytical and experimental results 

were calculated using ‘corr’ function in MATLAB (MathWorks 2017). The average differences between 

the analytical predictions and measured responses are 6%, 4%, 10%, and 12% in the maxima of pressure, 

base shear, base moment, and wave height, respectively. The average cross-correlation coefficients between 

the predicted and measured response histories for pressure, base shear, base moment, and wave height are 

0.98, 0.99, 0.99, and 0.88, respectively. For the pressures, shear forces, and moments presented in Table 

3.4, the differences between the analytical and experimental results for 1D, 2D, and 3D input motions are 

all less than 15%. For wave heights, the analytical and experimental results are generally not in good 

agreement (e.g., -18% for the 1D KCE, 49% for the 2D ECE, and 31% for the 3D CCE). These significant 

differences are in part due to wave breaking, as shown in the snapshot of the free surface for the 3D ECE 
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motion in Figure 3.9. This nonlinear and chaotic wave action can neither be calculated by theory nor 

accurately measured in experiments. 

On the basis of the data presented here, and for the purpose of preliminary design, hydrodynamic responses 

due to excitation along (or about) multiple axes can be evaluated independently and superimposed, provided 

the fluid responses remain linear and chaotic waves do not form. 

 

1D input: CCE 3D input: ECE 

  

(a) pressure at the location of PE1 

  

(b) base shear in the x direction 

  

(c) base moment about the y axis 

  

(d) wave height at the location of TE 

Figure 3.8. Comparison of analytical and experimental response histories  
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      Table 3.4. Maximum absolute hydrodynamic responses of the test vessel, extracted from time series of the 

experiments and analytical predictions, percentage differences, and cross-correlation coefficients (R) 

(a) 1D (x) motions1 

Response 

(or location) 

CCE ECE KCE 

Theory Exp. 
Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.1 1.2 -5 (0.98) 5.0 5.4 -8 (0.99) 4.2 4.3 -3 (0.99) 

Shear-x, kN 6.5 7.0 -6 (0.99) 35.7 35.2 1 (1.00) 26.8 28.8 -7 (1.00) 

Moment-y, kN-m 4.2 4.5 -6 (0.97) 26.0 23.8 9 (1.00) 17.4 19.1 -9 (1.00) 

TE, cm 8.8 8.2 7 (0.93) 4.7 4.0 19 (0.86) 3.7 4.6 -18 (0.91) 

TW, cm 8.5 8.2 3 (0.93) 4.7 4.5 4 (0.85) 3.4 4.2 -18 (0.88) 

(b) 2D (x and y) motions2 

Response 

(or location) 

CCE ECE KCE 

Theory Exp. 
Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.1 1.1 0 (0.97) 4.8 5.3 -10 (0.99) 4.3 4.4 -3 (0.99) 

PN1, kN/m2 1.3 1.5 -8 (0.98) 5.0 5.3 -6 (0.99) 4.7 5.0 -6 (0.99) 

Shear-x, kN 6.5 6.9 -6 (0.99) 35.1 34.0 3 (1.00) 27.4 28.4 -4 (1.00) 

Shear-y, kN 8.2 8.5 -4 (0.99) 29.1 28.4 3 (1.00) 28.7 29.2 -2 (1.00) 

Moment-x, kN-m 5.3 6.1 -14 (0.97) 20.1 23.1 -13 (0.99) 18.8 21.1 -11 (0.99) 

Moment-y, kN-m 4.1 4.3 -5 (0.97) 25.6 29.1 -12 (1.00) 17.9 19.0 -6 (1.00) 

TE, cm 7.5 7.3 3 (0.91) 5.5 3.7 49 (0.79) 3.1 3.0 3 (0.78) 

TW, cm 10.1 10.1 0 (0.93) 5.3 5.4 -2 (0.84) 5.1 5.5 -6 (0.90) 

TN, cm 5.4 6.0 -10 (0.88) 7.0 6.9 2 (0.83) 5.5 5.1 8 (0.89) 

TS, cm 5.4 4.3 26 (0.94) 7.0 6.4 10 (0.85) 5.5 4.7 17 (0.93) 
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Table 3.4. Maximum absolute hydrodynamic responses of the test vessel, extracted from time series of the 

experiments and analytical predictions, percentage differences, and cross-correlation coefficients (R) 

(continued) 

(c) 3D (x, y, and z) motions2 

Response 

(or location) 

CCE ECE KCE 

Theory Exp. 
Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 
Theory Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.3 1.4 -5 (0.98) 8.7 10.0 -13 (0.98) 5.6 5.9 -6 (0.99) 

PN1, kN/m2 1.5 1.5 -2 (0.98) 6.8 7.6 -11 (0.97) 5.1 5.5 -7 (0.99) 

Shear-x, kN 6.2 6.6 -6 (0.99) 32.8 31.8 3 (1.00) 27.6 28.4 -3 (1.00) 

Shear-y, kN 7.7 8.0 -3 (0.99) 28.4 27.5 4 (1.00) 29.0 29.3 -1 (1.00) 

Moment-x, kN-m 4.9 5.8 -14 (0.97) 19.7 22.6 -13 (1.00) 19.2 22.1 -13 (1.00) 

Moment-y, kN-m 3.9 4.1 -5 (0.97) 23.6 27.0 -12 (1.00) 18.0 19.2 -6 (1.00) 

TE, cm 7.5 7.4 2 (0.92) 5.7 3.9 47 (0.77) 3.4 3.1 11 (0.82) 

TW, cm 10.3 10.2 1 (0.93) 5.4 5.2 2 (0.81) 5.1 5.5 -7 (0.90) 

TN, cm 5.8 6.1 -4 (0.89) 7.2 7.2 0 (0.81) 5.7 5.0 14 (0.89) 

TS, cm 5.8 4.5 31 (0.95) 7.2 6.5 10 (0.84) 5.7 4.7 20 (0.93) 
1Rocking acceleration about the y axis considered 
2Rocking accelerations about the x and y axes considered 

 

 

Figure 3.9. Wave breaking for the 3D ECE motion (water dyed green) 
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3.5 Efficacy of seismic isolation in reducing hydrodynamic responses 

This section studies the effects of seismic isolation on hydrodynamic responses of the 80%-filled test vessel. 

Three friction pendulum (FP) isolation systems were considered. Isolated motions that accounted for the 

three isolation systems were generated using a lumped-mass numerical model. The isolated motions were 

input to the test vessel, and measured hydrodynamic responses were used to identify the benefits of seismic 

isolation. Rocking motions were not considered. 

3.5.1 Isolated motions 

A lumped-mass model was created in SAP2000 (CSI 2019) to generate isolated motions. Figure 3.10 

presents the model, including four lumped masses shown using blue solid circles: vm , bm , im , and cm , for 

simulating the vessel, the base plate, the contained water involved in the impulsive mode, and the 

convective mode, respectively. The model simulated the test vessel supported by a single isolator, which 

was a two-node link element, shown in red, in Figure 3.10. The black node at the lower end of the link 

element was fixed to the ground, and the lumped mass of the base plate, bm , was assigned to the upper 

node. The lumped mass for the vessel (including the wall and flange), vm , was supported by a rigid link at 

the center of the mass: a height vh  above the base plate. For the impulsive and convective modes, the values 

of the lumped masses, im  and cm , their heights above the base plate, ih  and ch , and the lateral stiffnesses 

of their supporting springs, ik  and ck , were calculated per Malhotra et al. (2000). The values for the 

parameters used in the lumped-mass model are noted in Figure 3.10. 

The isolator was considered to be a single concave FP bearing, and the link element was assigned ‘friction 

isolator’ material available in SAP2000. Typical sliding periods for a prototype reactor are in the range of 

2 to 4 seconds. Consistent with the length scale of the test vessel, the sliding period was compressed: 0.6 to 

1.3 seconds. Accordingly, isolation systems with sliding periods of 0.7, 1, and 1.3 seconds were considered 

in the model of Figure 3.10. The properties used for the three isolation systems (IS#1, IS#2, and IS#3) are 

listed in Table 3.5. The fast and slow coefficients of friction for the link element were assumed to be 0.06 

and 0.03, respectively. The yield displacement and velocity rate parameters were set to 1 mm and 100 

sec/m, respectively. 
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Convective mode: 

mass, mc = 664 kg 

stiffness, kc = 15735 N/m 

height, hc = 1.255 m 

 

Vessel: 

mass, mv = 669 kg 

stiffness, kv
 = ∞ 

height, hv = 1.132 m 

 

Impulsive mode: 

mass, mi = 2300 kg 

stiffness, ki = 1.8 ×109 N/m ≈ ∞ 

height, hi = 0.803 m 

 

Base plate mass, mb = 1424 kg 

 

Figure 3.10. Model of the test vessel and seismic isolation system used for the generation of isolated 

motions, SAP2000 

 

Table 3.5: Isolator properties used for the model of Figure 3.10, SAP2000 

System name IS#1 IS#2 IS#3 

Period 0.7 sec 1.0 sec 1.3 sec 

Total weight, W  49609 N 49609 N 49609 N 

Pendulum radius, R  0.122 m 0.248 m 0.419 m 

Friction coefficient (fast), f  0.06 0.06 0.06 

Friction coefficient (slow), s  0.03 0.03 0.03 

Yield displacement, yu  1 mm 1 mm 1 mm 

Post-elastic stiffness, pe
WK
R

=  406631 N/m 200036 N/m 118398 N/m 

Elastic stiffness, 
f

e

y

W
K

u


=  2976540 N/m 2976540 N/m 2976540 N/m 
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Unidirectional (1D), bi-directional (2D), and tri-directional (3D) motions for CCE, ECE, and KCE shaking 

(#74, 76, 77, 80 to 82, and 85 to 87 in Table C.3) were input to the SAP2000 model at the solid black 

circular node in Figure 3.10. The acceleration histories at the node immediately above the isolator (i.e., base 

plate; bm  in Figure 3.10) were extracted, and defined as the isolated motions. Figure 3.11 presents the 

acceleration response spectra of the ground inputs and their isolated counterparts. As seen in Figure 3.11, 

horizontal spectral accelerations ( x  and y  components) in the low-frequency region (0.7 to 2.5 Hz) are 

amplified by the base isolation, which can lead to increased convective responses, as noted in prior studies 

(Calugaru and Mahin 2009; Chalhoub and Kelly 1988). The reduction in horizontal spectral accelerations 

enabled by isolation at frequencies greater than 2.5 Hz is clearly visible in the plots for the ECE and KCE 

motions: Figures 3.11b, c, e, f, h, and i. For the low amplitude CCE motion (PGAs 0.12 g per Table C.3), 

the reduction in horizontal spectral acceleration is insignificant because the isolator displacement is tiny. 

The base isolation did not affect the vertical components of the 3D motions, shown in Figures 3.11g, h, and 

i. 

The isolated motions were then used as earthquake-simulator inputs to the test vessel to simulate the use of 

different isolation systems. Table C.3 presents the PGA of each component of the isolated motions: #88 to 

114.  
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(a) 1D CCE (b) 1D ECE (c) 1D KCE 

   

(d) 2D CCE (e) 2D ECE (f) 2D KCE 

   
(g) 3D CCE (h) 3D ECE (i) 3D KCE 

Figure 3.11. Acceleration response spectra of input and isolated motions, damping ratio of 5%, 1D, 2D, and 3D 

motions of the CCE, ECE, and KCE 
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3.5.2 Effects of base isolation on hydrodynamic responses 

Figure 3.12 enables a comparison of maximum absolute values of responses obtained from experiments for 

the 1D, 2D, and 3D CCE, ECE, and KCE motions (#74, 76, 77, 80 to 82, and 85 to 87) and their isolated 

counterparts (#88 to 114). The CCE, ECE, and KCE motions are termed hereafter in this section as non-

isolated motions (3.5.2). The presented responses include hydrodynamic pressures at the location of PE1, 

base shear in the x direction, base moment about the y axis, and wave height at the location of TE. The peak 

response to each isolated input is normalized by the corresponding response to the non-isolated input. As 

seen in Figure 3.12, the effect of base isolation for the 1D, 2D, and 3D CCE motions (PGAs 0.12 g per 

Table C.3) was not significant: differences in the peak responses between the isolated and non-isolated 

cases are less than 25%. For the 1D, 2D, and 3D ECE and KCE motions, for which the amplitudes are 

relatively large (i.e., 0.3 g PGA 0.8 g per Table C.3), a reduction of 65% to 85 % is observed in base 

reactions. The reduction in pressure for these ECE and KCE motions is also significant for the 1D and 2D 

cases: 60% to 80%. For the 3D ECE and KCE, the reduction in pressure was not as significant because the 

vertical component of the input motion, which amplifies pressure, was not affected by the horizontal 

isolation systems considered here, as shown in the vertical spectra of Figures 3.11h and i. The peak wave 

height, namely, convective response, was generally increased by the three isolation systems for all input 

motions due to the amplification in the low-frequency region shown in Figure 3.11. The increments in the 

peak wave height for the 2D and 3D ECE and KCE motions were the most significant, ranging between 

45% and 95%. 
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CCE ECE KCE 

 

(a) unidirectional inputs (x) 

 

(b) bi-directional inputs (x and y) 

 

(c) tri-directional inputs (x, y, and z) 

Figure 3.12. Peak responses to the isolated motions normalized by those to the non-isolated counterparts, 

three isolation systems (IS#1, IS#2, and IS#3), experimental data for the 80%-filled vessel 
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3.6 Summary and conclusions 

A base-supported cylindrical vessel was tested using a six-degree-of-freedom earthquake simulator at the 

University at Buffalo. The test vessel was fabricated from carbon steel and filled with water. Data generated 

from the experiments are compared with analytical predictions, and used to identify the benefits of seismic 

isolation. (Experimental data are also used for validation of numerical models, as presented in Section 4.) 

The measured fundamental convective frequency of the vessel filled to 80% of this capacity is identical to 

that calculated using the analytical expression of Veletsos (1984). Experimentally measured damping ratios 

in the first three convective modes are significantly smaller than the value of 0.5% that is routinely used for 

design of a liquid-filled tank. A value of 0.05% is supported by the experiments and theory.  

The hydrodynamic responses, including pressure, base shear, base moment, and wave height, recorded in 

the experiments and calculated using analytical solutions were compared for lateral, vertical, and rocking 

accelerations. Responses for multi-directional input were assumed to be algebraic sums of those analytically 

calculated for one-component motions in different directions. The experimental and analytical results for 

pressures on the vessel wall, base shears, and base moments were in reasonable agreement. However, errors 

in predicted maximum values of wave heights were significant. Accordingly, available analytical solutions 

(e.g., Mir et al. (2021); Veletsos (1984); Veletsos and Tang (1986); Veletsos and Tang (1987); Yu and 

Whittaker (2020)) can be used for preliminary design and sizing of liquid-filled vessels/tanks if the 

convective responses do not dominate the response.  

The implementation of (horizontal) base isolation led to a 65% to 85% reduction in base shear and moment 

for the high-intensity motions: ECE and KCE. Wave height, associated with the convective modes, 

increased with the use of the base isolation, for this tank geometry. The reduction in pressure was significant 

for the unidirectional and bi-directional inputs but smaller for the tri-directional input motions. 
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SECTION 4  

NUMERICAL MODELLING AND VALIDATION FOR A BASE-

SUPPORTED VESSEL 

4.1 Introduction 

This section focuses on numerical modeling of the base supported vessel tested in the experiments described 

in Section 3. Numerical results calculated using response-history analyses were compared with 

experimental data. Two numerical approaches were investigated: 1) Arbitrary Lagrangian and Eulerian 

(ALE), and 2) Lagrangian elastic-fluid. The first approach used the ALE solver, and modeled the fluid 

using Eulerian elements that do not deform with fluid motion. The Eulerian elements define a fluid domain, 

and the fluid can flow through each Eulerian element. These elements are not distorted by large deformation 

of the fluid (e.g., sloshing), and enable the ALE solver to accommodate nonlinear fluid analysis. The second 

approach, Lagrangian elastic-fluid, is computationally more efficient than the ALE analysis. The fluid was 

modeled using an elastic material. Numerical models for the ALE solver and the Lagrangian approach were 

constructed for the test vessel shown in Figure 3.1a: sH = 2 m, R = 0.76 m, and h = 7.92 mm. The model 

included the vessel wall, flange at the top, contained water, and base plate. The four load cells, which 

supported the vessel on the earthquake simulator, were not modeled.  

Sections 4.2 and 4.3 describe the models for the ALE solver and the Lagrangian elastic-fluid solver, 

respectively, and present a comparison between numerical results with data generated from experiments. 

Section 4.4 discusses the capability of the numerical approaches for computing impulsive responses. 

Section 4.5 presents a summary and conclusions. 

4.2 Arbitrary Lagrangian and Eulerian (ALE) approach  

An ALE model was built for the 80%-filled test vessel. Figure 4.1 presents an isometric and a cutaway view 

of the ALE model, together with the global coordinate (x, y, z) system, consistent with Figure 3.1b. The 

wall and flange are shown in blue, and the base plate is shown in black, all of which were modeled using 

three/four-node shell elements. The elements of the wall and flange were assigned an elastic material, and 

those for the base plate were assigned a rigid material. Material properties consistent with carbon steel were 

defined for both the elastic and rigid11 materials: density s  of 7850 kg/m3, elastic modulus sE  of 2 1011 

                                                      

11 The values of the mechanical properties do not affect the responses of the rigid base but must be defined in the LS-

DYNA deck (LSTC 2017). 
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N/m2, and Poisson’s ratio s  of 0.27. A damping ratio of 2% was assigned to the elastic shell elements. 

The fluid domain in the vessel was built using Eulerian, eight-node, solid elements. The fluid domain 

included the contained water and a void space above the free surface, shown in Figure 4.1b in yellow and 

light gray, respectively. The effects of atmospheric pressure were not considered. The elements for the fluid 

domain were assigned properties of water: a density w  of 1000 kg/m3, a dynamic viscosity w  of 10-3 N-

s/m2, and a bulk modulus wK  of 2.2 GPa. These water properties were defined in the *MAT (material) and 

*EOS (equation of state) keywords of the LS-DYNA input file. The Eulerian elements (light grey) above 

the free surface were assigned void properties using the *INITIAL_VOID keyword. Table 4.1 lists the 

mechanical properties used for the elements of the ALE model. The sizes of the elements as shown in Figure 

4.1b were optimized, resulting in smaller elements for the fluid domain adjacent to the vessel wall, and 

above and below the free surface. Nodes at the interface of the water, void space, and vessel were merged. 

The gravitational acceleration g  of 9.81 m/s2 was assigned in the negative z  direction. 

 

  

(a) isometric view, void space not shown (b) cutaway view 

Figure 4.1. ALE model of the test specimen  
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Table 4.1. Mechanical properties assigned to the elements of the vessel, water, and void 

space in the models for the ALE and Lagrangian elastic-fluid approaches  

 ALE Lagrangian 

Vessel wall, 

flange, and 

base 

Density, s   7850 kg/m3 

Elastic modulus, sE  2 1011 N/m2 

Poisson’s ratio, s  0.27 

Water 

Density, w  1000 kg/m3 

Dynamic viscosity, w  10-3 N/m2-s --1 

Bulk modulus, wK  2.2 GPa 2.2 GPa 

Void space  *INITIAL_VOID  --2 

1. VC in *MAT_ELASTIC_FLUID was set as 0.1 as suggested (LSTC 2017)  

2. Void space not included 

 

Response-history analyses of the ALE model were performed for nine sets of time series: 1D, 2D, and 3D, 

CCE, ECE, and KCE motions, for which the spectra are shown in Figure 3.7. These motions are 

accelerations on the base plate measured in the experiments, including translational and rocking 

components. Details of the input motions are presented in Section 3.4.3. These motions were input at the 

center of the base plate in the model using *BOUNDARY_PRESCRIBED_MOTION_RIGID keyword. 

Only the part of an input motion that included 90+% of the Arias intensity (Arias 1970) was used for the 

response-history analyses to reduce the computational expense. Hydrodynamic pressures on the vessel wall, 

reactions at the vessel base, and wave heights were extracted from the ALE model. To generate wave-height 

histories, massless nodes, referred to as tracers, were defined on the free surface of the water using the 

*DATABASE_TRACER keyword. A number of tracers were assigned around each monitoring location of 

the four sensors (see TE, TW, TN, and TS in Figure 3.2c) used in the experiments. The tracers are not 

stationary in plan and move with the fluid velocity. At high fluid velocity, the tracers do not necessarily 

remain on the free surface (see Section 5 in Yu and Whittaker (2021a) and Yu et al. (2021)). The wave 

height history considered the vertical displacement of the tracer that was both closest to a monitoring 

location and located on the free surface at each time step.  

Figure 4.2 presents time series for hydrodynamic pressures at the location of PE1, base shear in the x 

direction, base moment about the y axis, and wave height at the location of TE for the 1D CCE (see Figure 

3.7a) and 3D ECE (see Figure 3.7f). Table 4.2 presents the maximum absolute values of the ALE and 

experimental results, their percentage differences, and cross-correlation coefficients (R) for the 1D, 2D, and 
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3D, CCE, ECE, and KCE motions. The average differences between the numerical predictions and 

measured responses are 7%, 5%, 5%, and 8% for the maxima of pressure, base shear, base moment, and 

wave height, respectively. The average coefficients R between the predicted and measured response 

histories for pressure, base shear, base moment, and wave height are 0.99, 0.99, 0.98, and 0.93, respectively. 

The percentage differences are within 10% on average, which might be a threshold for commercial grade 

dedication of software (Doulgerakis et al. 2021). 

 

1D CCE 3D ECE 

  

(a) pressure at the location of PE1 

  

(b) base shear in the x direction 

  

(c) base moment about the y axis 

  

(d) wave height at the location of TE 

Figure 4.2. Comparison of ALE and experimental response histories of the 80%-filled test vessel for 

the 1D CCE and 3D ECE motions 
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Table 4.2. Maximum absolute responses of the 80%-filled test vessel for the 1D, 2D, and 3D CCE, ECE, and 

KCE motions, extracted from time series of the experiments and ALE model, percentage differences, and 

cross-correlation coefficients (R) 

(a) 1D (x) motions1 

Response 

(or location) 

CCE ECE KCE 

Model Exp. 
Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.1 1.2 -11 (0.98) 5.7 5.4 4 (0.99) 4.2 4.3 -3 (0.99) 

Shear-x, kN 6.4 7.0 -8 (0.99) 33.6 35.2 -5 (0.99) 26.5 28.8 -8 (0.99) 

Moment-y, kN-m 4.3 4.5 -3 (0.99) 26.5 23.8 11 (0.98) 18.4 19.1 -4 (0.98) 

TE, cm 8.0 8.2 -3 (0.96) 3.9 4.0 -2 (0.93) 4.5 4.6 -2 (0.98) 

TW, cm 6.9 8.2 -16 (0.97) 4.2 4.5 -6 (0.92) 4.4 4.2 6 (0.97) 

(b) 2D (x and y) motions2 

Response 

(or location) 

CCE ECE KCE 

Model Exp. 
Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.0 1.1 -7 (0.99) 5.6 5.3 5 (0.98) 4.4 4.4 3 (0.98) 

PN1, kN/m2 1.4 1.5 -6 (0.98) 4.5 5.3 -16 (0.98) 4.7 5.0 -9 (0.98) 

Shear-x, kN 6.4 6.9 -6 (0.99) 32.9 34.0 -3 (0.99) 27.2 28.4 -5 (0.99) 

Shear-y, kN 8.0 8.5 -6 (0.99) 27.8 28.4 -2 (0.99) 28.1 29.2 -3 (0.99) 

Moment-x, kN-m 5.5 6.1 -10 (0.98) 22.0 23.1 -5 (0.98) 20.3 21.1 -6 (0.98) 

Moment-y, kN-m 4.2 4.3 -3 (0.99) 28.9 29.1 -1 (0.98) 18.3 19.0 -2 (0.99) 

TE, cm 8.0 7.3 9 (0.97) 3.8 3.7 2 (0.90) 3.4 3.0 16 (0.94) 

TW, cm 8.4 10.1 -17 (0.96) 4.9 5.4 -9 (0.92) 5.4 5.5 -1 (0.96)  

TN, cm 6.2 6.0 4 (0.91) 7.2 6.9 4 (0.86) 4.1 5.1 -20 (0.91) 

TS, cm 3.6 4.3 -16 (0.92) 6.1 6.4 -5 (0.96) 4.5 4.7 -4 (0.92) 
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Table 4.2. Maximum absolute responses of the 80%-filled test vessel for the 1D, 2D, and 3D CCE, ECE, and 

KCE motions, extracted from time series of the experiments and ALE model, percentage differences, and 

cross-correlation coefficients (R) (continued) 

(c) 3D (x, y, and z) motions2 

Response 

(or location) 

CCE ECE KCE 

Model Exp. 
Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 
Model Exp. 

Diff., % 

(R) 

PE1, kN/m2 1.4 1.4 -2 (0.99) 8.8 10.0 -13 (0.99) 5.9 5.9 -1 (1.00) 

PN1, kN/m2 1.5 1.5 -4 (0.99) 6.9 7.6 -10 (0.99) 5.3 5.5 -4 (1.00) 

Shear-x, kN 6.2 6.6 -6 (0.99) 30.7 31.8 -4 (0.99) 26.9 28.4 -5 (0.99) 

Shear-y, kN 7.5 8.0 -5 (0.99) 27.1 27.5 -1 (0.99) 28.3 29.3 -3 (0.99) 

Moment-x, kN-m 5.2 5.8 -10 (0.98) 21.5 22.6 -5 (0.98) 20.8 22.1 -6 (0.98) 

Moment-y, kN-m 3.9 4.1 -5 (0.99) 26.4 27.0 -2 (0.98) 18.1 19.2 -6 (0.98) 

TE, cm 7.6 7.4 3 (0.91) 3.9 3.9 1 (0.90) 3.3 3.1 7 (0.91) 

TW, cm 8.6 10.2 -15 (0.95) 5.3 5.2 1 (0.91) 5.3 5.5 -4 (0.96) 

TN, cm 6.8 6.1 13 (0.87) 7.5 7.2 5 (0.87) 4.5 5.0 -11 (0.94) 

TS, cm 4.5 4.5 1 (0.82) 6.0 6.5 -8 (0.95) 5.0 4.7 5 (0.92) 
1Rocking acceleration about the y axis considered 
2Rocking accelerations about the x and y axes considered 

 

4.3 Lagrangian elastic-fluid approach  

Figure 4.3 presents an isometric and a cutaway view of the Lagrangian model of the 80%-filled test vessel, 

together with the global coordinate (x, y, z) system, consistent with Figure 3.1b. The contained water was 

modeled using eight/six-node solid elements, shown in yellow. (No void space, such as that used in the 

ALE model and shown as light grey in Figure 4.1b, was included in the Lagrangian model.) Different from 

the ALE solver presented in Section 4.2, the Lagrangian model12 simulated fluid using an elastic material, 

namely, MAT_ELASTIC_FLUID. The elastic fluid was incompressible. The vessel wall and flange, shown 

                                                      

12 Lagrangian approaches using acoustic elements have been implemented in some finite element packages, for 

example, Abaqus. The acoustic element formulation in LS-DYNA (LSTC 2017), however, is not suitable for 

modeling hydrodynamic effects (Huang 2020). 
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in blue in Figure 4.3, were built using four-node shell elements, similar to those used in the ALE model 

presented in Section 4.2. The base plate was modeled using eight/six-node solid elements and four/three-

node shell elements, shown as dark grey and green, respectively, in Figure 4.3. These shell elements were 

merged with the bottom nodes of the solid elements of the base plate. The shell elements of the base were 

assigned to be a massless rigid material. The shell elements of the vessel wall and flange, and the solid 

elements of the base plate, were assigned to be elastic materials. The mechanical properties used for the 

vessel and fluid are presented in Table 4.1. A damping ratio of 2% was assigned to the elastic shell and 

solid elements. The gravitational acceleration g  of 9.81 m/s2 was assigned in the negative z  direction. The 

input motions were applied to the rigid shell elements of the base plate using 

*BOUNDARY_PRESCRIBED_MOTION_RIGID, as noted in Section 4.2.  

 

 
 

(a) isometric view, top (b) isometric view, bottom 

Figure 4.3. Lagrangian-approach model of the test specimen  

 

Two methods for simulating the interaction between the fluid and vessel (the wall and base plate) were 

evaluated in separate analyses: 1) *CONSTRAINED_NODE_SET, termed tie constraint, and 2) 

*CONTACT_AUTOMATIC_SURFACE_TO_SURFACE, termed contact. The tie constraint cannot be 

assigned to rigid elements. The base plate, including a layer of elastic solid elements that were not needed 

for the ALE model, enabled the tie constraint to define the interaction between the base and its adjacent 

fluid. The coincident nodes of the fluid and base were tied in the vertical direction, and the coincident nodes 
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of the fluid and wall were tied in the horizontal directions. The input file containing the 

*CONSTRAINED_NODE_SET keyword was generated using a MATLAB script (MathWorks 2017).  

To model fluid-structure interaction (FSI) using the contact method, the keyword 

*CONTACT_AUTOMATIC_SURFACE_TO_SURFACE was assigned at the interfaces between the fluid 

and the vessel. The static and dynamic friction coefficients were specified to be zero. A contact damping 

of 20% of critical was specified using the VDC option of the keyword to preclude instabilities due to contact 

oscillations. Segment-based contact, activated by setting SOFT=2 in the optional input A of the contact 

keyword, was used.  

Response-history analyses of the Lagrangian model with FSI addressed using the two methods (i.e., tie 

constraint and contact) were performed for the 1D CCE motion (see spectra in Figure 3.7a). Hydrodynamic 

pressures on the vessel wall, reactions at the vessel base, and wave heights were extracted. Figure 4.4 

enables comparisons of results of the Lagrangian analysis and experimental data for hydrodynamic 

pressures at the location of PE1, base shear in the x direction, base moment about the y axis, and wave 

height at the location of TE. The numerical results for the tie constraint and contact presented in Figure 4.4 

are similar. Table 4.3 presents the maximum absolute values of the numerical and experimental results, 

their percentage differences, and cross-correlation coefficients (R). The numerical predictions and 

experimental results are in reasonable agreement for the pressure, base shear, and base moment: the 

differences presented in Table 4.3 are all less than or equal to 15%. However, results for the wave height 

are very different: simulations of the tie constraint and contact underestimated the response by 84% and 

82%, respectively, compared with the measured data. Accordingly, the Lagrangian model used herein is 

not suitable for the analysis of vessels whose response is significantly influenced by convective modes. The 

utility of Lagrangian models to accurately capture impulsive responses in vessels is investigated in Section 

4.4. 
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(a) pressure at the location of PE1 (b) base shear in the x direction 

  

(c) base moment about the y axis (d) wave height at the location of TE 

 

Figure 4.4. Lagrangian and experimental response histories, 80%-filled test vessel, 1D CCE motion 

 

Table 4.3. Maximum absolute responses of the 80%-filled test vessel for the 1D CCE, extracted from 

the time series of Figure 4.4, Lagrangian model and experiment, percentage differences, and cross-

correlation coefficients (R) 

 Lagrangian model 

Experiment 

Difference, % (R) 

Response 

(or location) 
Tie Contact Tie Contact 

PE1, kN/m2 1.0 1.0 1.2 -11 (0.96) -11 (0.97) 

Shear-x, kN 6.8 6.7 6.9 -2 (0.95) -3 (0.95) 

Moment-y, kN-m 5.1 4.9 4.4 15 (0.81) 11 (0.85) 

TE, cm 1.3 1.5 8.3 -84 (0.48) -82 (0.27) 

 

 

 

 

Experiment LS-DYNA, contact LS-DYNA, tie 
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4.4 Numerical simulation of impulsive responses 

As concluded in Section 4.3, the Lagrangian elastic-fluid model cannot simulate wave action (convective 

mode) correctly. To investigate modeling approaches for the calculation of impulsive responses, results 

generated using the Lagrangian and ALE solvers were compared with experimental data for a full, enclosed 

vessel, in which waves cannot form. Because the responses of the Lagrangian models with the tie constraint 

and contact are essentially identical (see Figure 4.4 and Table 4.3), only results for the tie constraint are 

presented below. 

The ALE and Lagrangian models of the full vessel presented here were modified from those in Sections 

4.2 and 4.3, respectively: 1) adding a plate enclosing the vessel at the top, and 2) adding elements for water 

over the full depth of the vessel. The top plate was modeled using three/four-node shell elements assigned 

an elastic material with the mechanical properties of carbon steel listed in Table 4.1. The ALE model is 

presented in Figure 4.5, and the Lagrangian model is presented in Figure 4.6. The top plate for both models 

is shown in orange. The water is shown in yellow. For the ALE model, a layer of solid elements, shown in 

light grey in Figure 4.5b, was built for a layer of void space at the top of the tank. The void space had zero 

pressure and generated a free surface at the top surface of the fluid (yellow elements). 

 

  

(a) isometric view (b) cutaway view 

Figure 4.5. ALE model of the test vessel, 100%-filled with water 
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(a) isometric view (b) cutaway view 

Figure 4.6. Lagrangian model of the test vessel, 100%-filled with water 

 

Figure 4.7 enables a comparison of response histories to the 1D CCE motion obtained from the ALE model, 

Lagrangian model, and experiment: pressures at two heights (PE1 and PE3), base shear in the x direction, 

and base moment about the y axis. Table 4.4 presents the maximum absolute values of the numerical and 

experimental results, their percentage differences, and cross-correlation coefficients (R). Results from 

analysis of the ALE and Lagrangian models and the experimental data are in reasonable agreement: 

differences are all less than or equal to 17%. The Lagrangian model, however, is computationally efficient 

with a run time that was shorter than that of the ALE model by a factor of four. 
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(a) pressure at the location of PE1 (b) pressure at the location of PE3 

  

(c) base shear in the x direction (d) base moment about the y axis 

   

Figure 4.7. ALE, Lagrangian, and experimental response histories of the 100%-filled, enclosed test 

vessel, 1D CCE motion 

 

Table 4.4. Maximum absolute responses of the fully filled test vessel for the 1D CCE, extracted from 

the time series of Figure 4.7, ALE, Lagrangian models, and experiments, percentage differences, and 

cross-correlation coefficients (R) 

 Model 

Experiment 

Difference, % (R) 

Response 

(or location) 

Lagrangian-

approach (tie) 
ALE 

Lagrangian-

approach (tie) 
ALE 

PE1, kN/m2 1.1 1.1 1.2 -9 (0.95) -9 (0.96) 

PE3, kN/m2 1.1 1.1 6.9 -16 (0.90) -14 (0.90) 

Shear-x, kN 10.5 8.9 9.8 7 (0.99) -9 (0.98) 

Moment-y, kN-m 10.8 10.6 9.2 17 (0.98) 15 (0.98) 

 

 

 

 

LS-DYNA, tie ALE Experiment 
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4.5 Summary and conclusions 

Numerical models were built for the base-supported cylindrical vessel used in the experiments presented in 

Section 3. Two approaches for seismic FSI analysis in LS-DYNA were considered: ALE and Lagrangian 

elastic-fluid. 

The ALE model of the test vessel, filled with water to 80% of its capacity, was validated using 9 sets of 

multi-directional seismic inputs. For the motions considered in this study, the hydrodynamic responses 

measured in the experiments and predicted by the ALE model were in good agreement. The average 

differences in peak responses were less than 10%. The Lagrangian model of the 80%-filled vessel was 

analyzed for a unidirectional horizontal input motion. Interaction between the fluid and the vessel was 

defined using two methods, and the analyses were performed separately: tie constraint or contact. The two 

methods of defining the interaction yielded similar results, but neither calculated wave heights correctly: 

convective responses cannot be recovered.     

The capability of the ALE solver and the Lagrangian approach of analyzing impulsive responses was 

investigated using the test vessel filled with water fully. Convective responses were suppressed in the full 

vessel. Analysis results of the 100%-filled vessel calculated using the ALE model and the Lagrangian model 

with the tie constraint were compared with experimental data. Numerical predations from both models and 

experimental data were in reasonable agreement. The Lagrangian model was computationally more 

efficient.   

Based on the investigations of the ALE and Lagrangian models, the Lagrangian approach should only be 

used for analyzing fluid-structure systems for which convective responses are not significant (e.g., full 

vessels or vessels with a large ratio of fluid height-to-diameter). The ALE approach should be used analysis 

if convective contributions to the hydrodynamic responses are significant and/or of interest. 
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SECTION 5  

EXPERIMENTAL STUDIES ON SUBMERGED COMPONENTS 

5.1 Introduction 

This section describes the Phase II tests of a fluid-filled base-supported vessel. (Phase I tests were described 

in Section 3.) Simplified representations of components submerged in a reactor vessel (described hereafter 

as internals) were included in the Phase II tests. Unidirectional, bidirectional and three directional seismic 

motions were input to the specimen and submerged component responses were recorded. The effects of 

base isolation were studied using ground motions that account for virtual base isolation systems, similar to 

those described in 3.5.1. The tests are grouped into three series: test series 1 through 3.  

Section 5.2 describes the test specimens and the objectives of the three test series. 5.3presents the input 

motions used for the experiments. Sections 5.4 and 5.5 present results of in-air and in-water identification 

tests, respectively. Section 5.6 presents a study on the impact of seismic isolation on hydrodynamic 

responses by comparing test results for ground-motion inputs and isolated inputs that were generated 

assuming virtual isolation systems. Section 5.7 summarizes the test program and presents conclusions.  

5.2 Test series 

Submerged internal components were tested in three test series, referred as test series 1, 2, and 3 hereafter. 

A 25.4 mm thick square steel plate with plan dimensions of 1.67 m × 1.67 m, referred to as the head herein, 

was attached as a cover to the water-filled (fill level: 80%) base-supported vessel described in Section 3. 

Internals with different geometries were attached to the head for testing. A description of the specimen and 

the objectives for each test series are presented in this section. The instrumentation used for each test series 

is also described. 

The layout of accelerometers, load cells, and pressure gages on the vessel was similar to that described in 

Section 3.2 with a few modifications: pressure gages PN1, PN2, and PN3 were disengaged; uniaxial and 

biaxial accelerometers (instead of tri-axial accelerometers) were used near the mid-height and top of the 

vessel, respectively, and a tri-axial accelerometer was placed at the center of the head (AHCX, AHCY, and 

AHCZ), as shown in Figure 5.1. Four float-and Temposonic based sensors, as shown in Figure 3.2c, were 

used to record wave heights in all test series. Slots were provided in the head to accommodate these sensors. 

Stain data on the vessel wall were collected using four rosettes (Make: Micro-Measurements; Model: CEA-

06 250UR-120/P2) on the outer face of vessel wall, 50 mm above the base.     
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Figure 5.1. Layout of accelerometers used on the vessel wall and base in Phase II tests  

 

5.2.1 Test series 1 

Test series 1 involved a steel tube (0.32 m outer diameter, 1.52 m long, and 6.4 mm thick) attached to the 

head and placed centrally in the water-filled vessel; see Figure 5.2. (The tube is referred to as the central 

internal hereafter.) The primary objective of this test series was to generate acceleration and pressure 

histories on the wall of the internal for different seismic inputs. The base of the central internal was sealed 

using a 12.5 mm thick circular disk to prevent the ingress of water. Three pressure gages were installed on 

the wall of the internal as shown in Figure 5.3.  Three directional acceleration response was measured at 

the end of the internal using a tri-directional Micro-Electro-Mechanical Systems (MEMS) accelerometer 

(Make: Analog Devices Inc.) waterproofed using an epoxy compound. One such accelerometer is shown 

in Figure 5.4. 
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Figure 5.2. Test series 1 specimen, central internal  
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Figure 5.3. Instrumentation for the central internal, dimensions in mm   

 

  

(a) MEMS accelerometer (circuit board) (b) epoxy encapsulated tri-axial accelerometer 

Figure 5.4. Waterproofed accelerometer  
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5.2.2 Test series 2 

Test series 2 involved a 1.83 m long steel plate, 12 mm × 150 mm in cross section (Figure 5.5a), tested at 

two different distances from the vessel wall, in two test configurations, as shown in Figure 5.5b and Figure 

5.5c. (This internal is referred to as the steel plate internal hereafter.) The objective of the test series was 

to study added mass and damping effects for the plate in the two configurations and generate acceleration 

and strain response histories for the plate with the vessel subjected to different seismic inputs.   

 

 

(a) steel plate internal attached to vessel head   

  

(b) configuration A, plan view (c) configuration B, plan view 

Figure 5.5. Test series 2 specimen, dimensions in mm 

 

Two tri-axial accelerometers were installed at the bottom and mid-height of the plate and two strain gages 

were installed near the point of attachment to the vessel head, as shown in Figure 5.6. 
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Figure 5.6. Instrumentation for steel plate internal in test series 2, dimensions in mm 

 

5.2.3 Test series 3 

Test series 3 involved two 1.83 m long aluminum internals, with diameters of 76 mm and 152 mm, tested 

in three configurations (A through C). (These internals are referred as the 76 mm diameter internal and the 

152 mm diameter internal hereafter.)  Three specimens were fabricated; see Figure 5.7a. The wall 

thicknesses for the 76 mm and the 152 mm diameter internals were 1.7 mm and 3.2 mm, respectively. Steel 

discs weighing 4.82 kg and 9.88 kg, respectively, were attached at their ends (Figure 5.7b) to adjust (reduce) 

their natural frequencies. (Water could enter the interior of these internals.) The three test configurations 

are shown in Figure 5.7c. The objective of test series 3 was to study added mass, added damping and 

coupling effects for the internals and, similar to test series 2, generate acceleration and strain response 

histories for the internals with the vessel subjected to different seismic inputs.  
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(a) internals for test series 3 (b) weight attached at the end of an internal 

   

(c) configuration A  (d) configuration B  (e) configuration C  

Figure 5.7. Specimens and layout for test series 3, plan views, dimensions in mm 

 

Two tri-axial accelerometers and two strain gages were installed on each internal. The instrumentation of 

the internals in test series 3 is shown in Figure 5.8.  
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Figure 5.8. Instrumentation for internals in test series 3, dimensions in mm 

 

5.3 Earthquake-simulator inputs and virtual isolation 

The earthquake-simulator inputs introduced in Table 3.1 were used for testing, together with white noise 

and sinusoidal excitations. For test series 1 and test series 3, unidirectional, bidirectional, and tri-directional 

inputs were used. For test series 2 (steel plate internal), only unidirectional inputs were used. Motions 

simulating three virtual friction pendulum (FP) isolation systems, as described in Section 3.5, were used 

for testing. Lists of the input motions used for the tests are presented in Table C.4 through Table C.6 of 

Appendix C.  

The virtually isolated inputs were generated using two lumped-mass models in SAP2000 (CSI 2019): 1) a 

model representing the test series 1 specimen that included the vessel, contained water, head, and the central 

internal and 2) a model representing the test series 2 and test series 3 specimens that included the vessel, 

contained water, and the head. (The mass of the steel plate internal in test series 2 and the aluminum 

internals in test series 3 was neglected. The two SAP models were similar except for a slight difference in 

total mass.) The impulsive and the convective modes were characterized identically in the two models (as 

described in Section 3.5). Figure 3.10 shows the two SAP models, each including four lumped masses 

shown as blue solid circles: vm , bm , im , and cm , for simulating the vessel (including the mass of the head, 

the flange, and the central internal in SAP model 1), the base plate, and the contained water participating 

in the impulsive mode and the convective mode, respectively. Friction pendulum isolators were modeled 

using two-node link elements, shown in red in Figure 3.10. The isolators were assumed to be rigid in the 
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vertical direction. The mass bm  was placed just above the isolator. The mass vm  was placed at the center 

of mass of the components it represents and the masses im  and cm  were placed at locations per Malhotra 

et al. (2000). The values of lateral stiffness of the supporting springs, ik  and ck , were calculated per 

Malhotra et al. (2000). The Malhotra solution is derived for a fluid-filled cylindrical tank without internals. 

The effect of internals is thus ignored in the calculation of SAP model parameters here. 

 

 

mc = 664 kg 

 

mc = 664 kg 

kc = 15735 N/m kc = 15735 N/m 

hc = 1.255 m hc = 1.255 m 

mv = 1316 kg mv = 1207 kg 

kv
 = ∞ kv

 = ∞ 

hv = 1.53 m hv = 1.53 m 

mi = 2300 kg mi = 2300 kg 

ki = 1.8 ×109 N/m ≈ ∞ ki = 1.8 ×109 N/m ≈ ∞ 

hi = 0.803 m hi = 0.803 m 

mb = 1424 kg mb = 1424 kg 

(a) SAP Model 1 for test series 1 specimen (b) SAP Model 2 for test series 2 and 3 

specimens 

Figure 5.9. SAP models used for generation of isolated motions 

 

The properties used for modeling the isolation systems (IS#1, IS#2 and IS#3) with sliding periods of 0.7 

sec, 1 sec and 1.3 sec are listed in Table 5.1 and Table 5.2. 
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Table 5.1 : Isolator properties used for SAP Model 1 (test series 1) 

System name IS#1 IS#2 IS#3 

Period 0.7 sec 1.0 sec 1.3 sec 

Total weight, W  55956 N 55956 N 55956 N 

Pendulum radius, R  0.122 m 0.248 m 0.419 m 

Friction coefficient (fast), f  0.06 0.06 0.06 

Friction coefficient (slow), s   0.03 0.03 0.03 

Yield displacement, yu  1 mm 1 mm 1 mm 

Post-elastic stiffness, pe
WK
R

=     458655 N/m   225629 N/m  133546 N/m 

Elastic stiffness, 
f

e

y

W
K

u


=  3357360 N/m  3357360 N/m  3357360 N/m 

Table 5.2 : Isolator properties used for SAP Model 2 (test series 2 and 3) 

System name IS#1 IS#2 IS#3 

Period 0.7 sec 1.0 sec 1.3 sec 

Total weight, W  54887 N 54887 N 54887 N 

Pendulum radius, R  0.122 m 0.248 m 0.419 m 

Friction coefficient (fast), f  0.06 0.06 0.06 

Friction coefficient (slow), s   0.03 0.03 0.03 

Yield displacement, yu  1 mm 1 mm 1 mm 

Post-elastic stiffness, pe
WK
R

=     449893 N/m 221318 N/m  130995 N/m 

Elastic stiffness, 
f

e

y

W
K

u


=  3293220 N/m  3293220 N/m  3293220 N/m 

 

Figure 3.11 and Figure 5.11 present the response spectra of the input motions (#4, #12, #17, #6, #10, #15, 

#7, #11, and #16 in Table C.4 and #4, #12, #17, #6, #10, #15, #7, #11, and #16 in ) and their isolated 

counterparts, obtained using SAP models 1 and 2, respectively. The reduction in horizontal spectral 

accelerations at frequencies greater than 2.5 Hz (approximately) due to base isolation is significant for the 

ECE and KCE motions: see Figure 3.11b, c, e, f, h, and i and Figure 5.11b, c, e, f, h, and i. The vertical 

components of the 3D inputs are unaffected by the used isolation systems (rigid vertically) and so their z-
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direction spectra are identical. For the low amplitude CCE motion (PGA < 0.12g), the effects of isolation 

are insignificant because the isolator displacements are negligible. (A slight amplification in the isolated 

spectra at low frequencies is observed for the low amplitude CCE motion and is discussed in Section 5.7.) 

   

(a) 1D CCE (b) 1D ECE (c) 1D KCE 

   

(d) 2D CCE (e) 2D ECE (f) 2D KCE 

   

(g) 3D CCE (h) 3D ECE (i) 3D KCE 

Figure 5.10. Response spectra of input and isolated motions, damping ratio of 5%, 1D, 2D, and 3D motions of 

CCE, ECE, and KCE, SAP model 1 
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(a) 1D CCE (b) 1D ECE (c) 1D KCE 

   

(d) 2D CCE (e) 2D ECE (f) 2D KCE 

   

(g) 3D CCE (h) 3D ECE (i) 3D KCE 

Figure 5.11. Response spectra of input and isolated motions, damping ratio of 5%, 1D, 2D, and 3D motions of 

CCE, ECE, and KCE, SAP model 2 
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5.4 In-air identification tests  

A set of hammer impact tests was carried out to estimate the in-air dynamic characteristics (frequency and 

damping) of the internals. For this purpose, each internal was inverted and attached to the top of head, as 

shown in Figure 5.12, and hit with an impact hammer. The ensuing acceleration responses were recorded 

and analyzed. The vessel was empty for these system identification (hammer) tests.  

 

 

Figure 5.12. Internals attached to the vessel head for hammer impact tests 

 

The responses to hammer impact test were recorded by accelerometers installed at the free ends of the 

internals. For the central internal of test series 1 and the 76 mm diameter internal of test series 3, the 

recorded acceleration histories were found to have noticeable beats, as shown in Figure 5.13a and b, 

indicating excitation of closely spaced vibrational modes (in the two orthogonal directions) due to hammer 

impact. To evaluate the vibrational characteristics in these two cases, the acceleration response was 

assumed to be a summation of two modal responses, ( )iR t , ( 1,2i = ), with each assumed as:  

 2( ) cos( 1 )i it
i i i i iR t Ae t    −= − −  (5.1) 

where iA , i , i , and i  are the unknown amplitude, damping, angular frequency, and phase angle for 

each mode and t  denotes time. A non-linear least squares solver in MATLAB (MathWorks 2017) was used 

to obtain the unknown parameters for the two modes in each case such that the difference between the 

recorded acceleration and that obtained by superposition of the evaluated modes was minimized in a least 

squares sense. Figure 5.13c and d show a comparison of the recorded time series and that generated using 

the obtained parameters for the two internals. The modal frequencies were estimated to be 32.2 Hz and 33.5 

Hz for the central internal (average = 32.8 Hz) and 7 Hz and 6.9 Hz for the 76 mm diameter internal (average 

= 6.95 Hz in the two horizontal directions). The corresponding damping ratios, averaged for the two modes, 
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were estimated to be 0.45% and 0.03% (of critical)13 for the central internal and the 76 mm diameter 

internal, respectively. 

 

  

(a) beats in acceleration response of the 

central internal, hammer impact  

(b) beats in acceleration response of the 76 

mm diameter internal, hammer impact 

  

(c) recorded and fit acceleration series, 

central internal 

(d) recorded and fit acceleration series, 76 

mm diameter internal 

Figure 5.13. Impact hammer test results for the central internal (test series 1) and the 76 mm diameter 

internal (test series 3) 

 

Figure 5.14a and b present the normalized power spectral density (PSD) plots of the acceleration responses 

of the steel plate internal of test series 2 and the 152 mm dimeter internal of test series 3, respectively. The 

first mode frequencies of these two internals were identified as 3.1 Hz and 15.5 Hz, respectively, as 

indicated in the plots. The damping in the first mode in each case was evaluated by fitting an exponential 

function (see equation (3.4)) to the modal acceleration history extracted from the measured acceleration 

time series by applying a band-pass filter centered at the corresponding modal frequency. Figure 5.14c and 

d present the extracted first mode acceleration time series and the best fit exponential functions for the two 

internals. The damping was estimated to be 0.04% and 0.06% for the steel plate internal and the 152 mm 

diameter internal, respectively. 

                                                      

13 The reason for the large damping in the central internal is that unlike other internals, its vibration involves 

bending of the head. This implies that more connections (8 bolts between head and vessel flange) are ‘involved’ in 

the mode - resulting in more damping. This is corroborated by FE analysis presented in the next section. 
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(a) PSD, acceleration response of steel plate 

internal 

(b) PSD, acceleration response of 152 mm 

dimeter internal 

  

(c) best fit exponential for first mode response of 

steel plate internal, t denotes time 

(d) best fit exponential for first mode response of 

152 mm diameter internal, t denotes time 

Figure 5.14. Impact hammer test results for the steel plate internal (test series 2) and the 152 mm 

diameter internal (test series 3) 

 

5.5 In-water identification tests  

Identification tests were also carried out in the submerged state for the internals. For that purpose, and with 

the exception of the central internal, a string was attached to the lower end of an internal, pulled as indicated 

in the schematic in Figure 5.15, and then released instantly (i.e., a snap-back test). The ensuing responses 

were recorded and analyzed.  

 

0.45e
-0.058t

 
0.063e

-0.008t

 

3.1 Hz 

20 Hz 

15.5 Hz 
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Figure 5.15. Test schematic for in-water snap-back tests 

 

Snap-back test results for the submerged steel plate internal in two configurations (test series 2; see Figure 

5.5b and c) are presented in Figure 5.16a and b. The first (second) mode frequencies in configurations A 

and B were 2.07 Hz (13.2 Hz) and 2.25 Hz (13.6 Hz), respectively, indicating a greater added mass in 

configuration A wherein the plate is located close to the wall of the vessel. The damping ratio in the first 

mode was estimated by fitting an exponential function to the acceleration response in the first mode as 

described previously (see Figure 5.16c and d): 1.2% (of critical) for both configurations.   

 

  

(a) normalized PSD of acceleration response, 

configuration A 

(b) normalized PSD of acceleration response, 

configuration B 

  

(c) best-fit-exponential for acceleration in first 

mode, configuration A, t denotes time 

(d) best-fit-exponential for acceleration in first 

mode, configuration B, t denotes time 

Figure 5.16. Snap-back test results for the submerged steel plate internal in two configurations 

0.027e
-0.163t

 0.448e
-0.168t

 

2.07 Hz 

2.25 Hz 

13.6 Hz 

13.2 Hz 
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Snap-back test results for the submerged aluminum tubes in three configurations (test series 3; see Figure 

5.7c, d, and c) are presented in Figure 5.17 (normalized PSD plots) and Figure 5.18 (best-fit exponentials 

for evaluation of first mode damping). The in-water frequencies of the 152 mm diameter internal and the 

76 mm diameter internal tested separately in configurations A and B of test series 3 were 10.5 Hz and 5.3 

Hz, respectively (see Figure 5.17a and b). In the snap-back test results for configuration C (of test series 3), 

a coupling of responses can be seen in the plot shown in Figure 5.17d, where two peaks are observed in the 

PSD of the acceleration response of the 76 mm diameter internal, indicating that its response is affected by 

the vibration of the adjacent 152 mm diameter internal. (For this test, the 152 mm diameter internal was 

pulled and released.) Damping ratios for first mode were evaluated as described previously (see Figure 

5.18) and calculated to be 0.3% for both internals in all (submerged) configurations.   

 

   

(a) 152 mm diameter internal (test series 

3A) 

(b) 76 mm diameter internal (test series 3A) 

  

(c) 152 mm diameter internal (test series 

3C) 

(d) 76 mm diameter internal (test series 3C) 

Figure 5.17. Normalized PSD of acceleration responses from snap-back test results of submerged 

aluminum tubes in test series 3 

 

 

 

10.5 Hz 10.5 Hz  

5.3 Hz 10.5 Hz  

5.2 Hz 
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(a) test series 3A (152 mm dia internal) (b) test series 3B (76 mm dia internal) 

  

(c) test series 3C (152 mm dia internal) (d) test series 3C (76 mm dia internal) 

Figure 5.18. Best-fit exponentials for first mode acceleration extracted from snap-back test results of 

submerged aluminum tubes in test series 3 

 

For the central internal, a snap-back test was not conducted. Instead, its in-water frequency was estimated 

by exciting the vessel with white noise in the horizontal direction and analyzing the acceleration recorded 

at the free end of the internal. Figure 5.19 presents a normalized PSD plot of the acceleration time series 

recorded by accelerometer ACIX (see Figure 5.3) when the vessel was subjected to a white noise excitation 

in a horizontal direction. The in-water frequency of the central internal was 21.3 Hz. The in-water damping 

for the central internal could not be estimated from this test.   

 

 

Figure 5.19. Normalized PSD plot of the acceleration recorded by accelerometer ACIX 
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-0.112t

 

0.0985e
-0.180t

 0.163e
-0.120t
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Table 5.3 presents a summary of the described in-air and in-water identification tests.  

 

Table 5.3. Summary of identification tests 

Internal description 
Frequency (Hz) Damping ratio (%) 

In-air In-water In-air In-water 

Central internal (test series 1) 32.8 21.3 0.45 - 

Steel plate internal  

(test series 2) 

Configuration A 3.1 2.07 0.04 1.2 

Configuration B - 2.25 - 1.2 

Aluminum tubes 

(test series 3) 

Configuration A  15.5 10.5 0.06 0.3 

Configuration B 6.95 5.3 0.03 0.3 

Configuration C - 10.5, 5.2* - 0.3 

*10.5 Hz and 5.2 Hz are the frequencies of the 152 mm diameter internal and the 76 mm diameter internal, respectively.  

 

5.6 Study on seismic isolation using virtually isolated inputs 

This section describes the effects of seismic isolation on the responses of the submerged components and 

identifies numerical issues in modeling (friction) isolation systems in SAP2000 for low amplitudes of 

inputs.  

5.6.1 Effect of isolation on responses of internal components 

Isolated motions that accounted for the three friction pendulum (FP) isolation systems were generated using 

numerical models in SAP2000, as described in Section 5.3. The dynamic responses of the submerged 

internals to the isolated motions are used here to identify the benefits of seismic isolation. Rocking motions 

are not addressed. 

Figure 5.20 enables a comparison of peak responses recorded on the central internal for 1D, 2D, and 3D 

CCE, ECE, and KCE motions (#4, #6, #7, #12, #10, #11, #17, #15 and #16 in Table C.4) and their isolated 

counterparts (#18 through #44 in Table C.4). Results are presented for pressure recorded by gage PCIW1, 

denoted as ‘Pressure’ in Figure 5.20, and accelerations recorded by ACIX, denoted as ‘Accel-1’ in Figure 

5.20 (see Figure 5.3 for the instrumentation layout). The peak response for an input motion is normalized 

by the maximum peak response recorded for the entire set of inputs considered here. As an example, the 

peak pressure recorded for input motion #4 per Table C.4 is normalized by the maximum peak pressure 

recorded for input motions #4, #6, #7, #12, #10, #11, #17, #15 and #16 in Table C.4 and #18 through #44 

in Table C.4. The peak pressure at PC1W1 is virtually unaffected by isolation across all motions considered 
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here. This is because the pressure at the location of this gage is dominated by the convective component, 

which is not impacted significantly by the isolation systems considered here. (The convective component 

of hydrodynamic pressure is driven by the low frequency content of an input motion, which is not 

significantly impacted by isolation; see Figure 3.11 and Figure 5.11. The impulsive component of 

hydrodynamic pressure, which is affected by isolation, has a maximum magnitude near the walls of the 

vessel and a minimum magnitude near the center of the vessel and thus does not dominate the pressure 

response recorded on the internal.) A reduction of more than 60% due to isolation is observed in the peak 

acceleration recorded by ACIX for the ECE and KCE motions. The reductions for the comparatively low 

amplitude CCE motion (PGAs  0.12 per Table C.4) are not significant because the isolator displacements 

are tiny.  
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CCE ECE KCE 

   

(a) unidirectional inputs (x) 

   

(b) bi-directional inputs (x and y) 

   

(c) tri-directional inputs (x, y, and z) 

Figure 5.20. Normalized peak responses of the central internal to the non-isolated and isolated (IS#1, 

IS#2, and IS#3) motions  
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Figure 5.21 enables a comparison of peak responses recorded on the plate internal in configuration B for 

1D CCE, ECE, and KCE motions (#4, #6, and #8 in Table C.5) and their isolated counterparts (#9, #11, 

#13, #14, #16, #18, #19, #21, and #23 in Table C.5). Results are presented for strain recorded by gage 

WSP1, denoted as ‘Strain’ in Figure 5.21, and accelerations recorded by AP1X and AP2X, denoted as 

‘Accel-1’ and ‘Accel-2’, respectively, in Figure 5.20 (see Figure 5.6 for instrumentation layout). The peak 

response for an input motion is normalized by the maximum peak response recorded for the entire set of 

inputs considered for comparison here (as explained previously for the case of the central internal). A 

reduction of at least 40% and 80% is observed in the strain and acceleration responses for the ECE and 

KCE motions, respectively. The reductions for the low amplitude CCE motion are not significant for the 

reason given previously. (Slight amplification in responses to the CCE motion is observed due to isolation. 

This is a numerical artifact and is discussed in Section 5.7.)   

 

               CCE           ECE               KCE 

   

Figure 5.21. Normalized peak responses of the plate internal to the non-isolated and isolated (IS#1, 

IS#2, and IS#3) motions  

 

Figure 5.22 and Figure 5.23 enable a comparison of peak responses recorded on the 152 mm diameter 

internal and the 76 mm diameter internal in configurations A and B of test series 3, respectively. The 1D, 

2D, and 3D CCE, ECE, and KCE motions (#4, #6, #7, #10, #11, #12, #15, #16, and #17 in Table C.6) and 

their isolated counterparts (#18, #19, #20, #22, #23, #24, #26, #27, #28, #29, #30, #31, #33, #34, #35, #37, 

#38, #39, #40, #41, #42, #44, #45, #46, #48, #49, and #50 in Table C.6) were used as inputs. Results are 

presented for strain recorded by gage WSIALX (WSIBSX), denoted as ‘Strain’ in Figure 5.22 (Figure 5.23), 

and accelerations recorded by AIAL1X (AIBS1X) and AIAL2X (AIBS2X), denoted as ‘Accel-1’ and 

‘Accel-2’, respectively, in Figure 5.22 (Figure 5.23); see Figure 5.8 for the instrumentation layout. The 
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peak response for an input motion is normalized by the maximum peak response recorded for the entire set 

of inputs considered. A reduction of at least 60% (40%) and 70% (40%) is observed in peak strain and 

acceleration responses for the ECE and KCE motions in the 152 mm dimeter internal (76 mm dimeter 

internal). The impacts of seismic isolation for the low amplitude CCE motion are not significant for the 

reasons presented previously. In some cases (see Figure 5.23) isolation is associated with an increase in 

response in the CCE motion, which is a numerical artifact, as discussed in Section 5.7.    
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            CCE         ECE            KCE 

   

(a) unidirectional inputs (x) 

   

(b) bi-directional inputs (x and y) 

   

(c) tri-directional inputs (x, y, and z) 

Figure 5.22. Normalized peak responses of the 152 mm diameter internal to the non-isolated and 

isolated (IS#1, IS#2, and IS#3) motions  
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             CCE              ECE             KCE 

   

(a) unidirectional inputs (x) 

   

(b) bi-directional inputs (x and y) 

   

(c) tri-directional inputs (x, y, and z) 

Figure 5.23. Normalized peak responses of the 76 mm diameter internal to the non-isolated and 

isolated (IS#1, IS#2, and IS#3) motions  

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o

rm
a

liz
e

d
 r

e
s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o

rm
a

liz
e

d
 r

e
s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d
 r

e
s
p
o
n
s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3

0

0.5

1

1.5

Strain Accel-1 Accel-2

N
o
rm

a
liz

e
d

 r
e

s
p

o
n

s
e

Non-isolated

IS#1

IS#2

IS#3



 

108 

 

5.7 Numerical amplification in isolated responses for low amplitude inputs 

In some cases, the amplification of responses for the CCE input (e.g., Figure 5.23) is a numerical artifact. 

Figure 5.24a shows the input and isolated (using IS#I) spectra for the CCE motion for SAP model 1 (see 

Table 5.1 for isolator properties). The corresponding acceleration time series are shown in Figure 5.24b. 

Amplification in the isolated response is clearly visible from the spectra (at frequencies less than 4.5 Hz) 

and the time series. For low amplitude inputs, the isolator displacement is dominated by movement in the 

elastic region of the force-displacement loop (see Figure 5.25 and Figure 5.26). For the system under 

consideration here, this corresponds to an oscillation frequency of 3.9 Hz (i.e., weight of structure = 55956 

N, elastic stiffness of isolator = 3357360 N/m). (A similar amplification is observed for the ECE motion if 

a small input amplitude (= 0.1g) is used, as presented in Figure 5.27.) There is no provision to dampen such 

oscillations in the elastic region in SAP2000 at this time and as a consequence, the response around the 

oscillation frequency for low amplitude inputs is amplified.  

 

 

(a) spectra, damping ratio of 5% 

 

(b) time series 

Figure 5.24. Comparison of input and output (isolated) accelerations for CCE input (PGA = 0.1g), IS#1 

in SAP model 1 
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Figure 5.25. Idealized force-displacement loop for a FP isolator  

 

Figure 5.26. Force displacement loop for CCE input, IS#1 in SAP model 1 
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(a) spectra, damping ratio of 5% 

 

(b) time series 

Figure 5.27. Comparison of input and output (isolated) accelerations for low amplitude ECE input 

(PGA = 0.1g) , IS#1 in SAP model 1 

 

5.8 Conclusions 

Multiple internal components submerged in a water filled, base-supported cylindrical vessel were tested 

using a six-degree-of-freedom earthquake simulator at the University at Buffalo. A centrally placed steel 

internal, a steel plate internal, and three configurations of aluminum tubes were tested in different test series 

using a suite of input motions. The data generated from the experiments was used to estimate in-air and in-

water dynamic characteristics (frequency and damping) of the components. The benefits of seismic 

isolation, in terms of reduction in dynamic responses (pressure, acceleration, and strain) were identified. 

The implementation of base isolation led to reductions of at least 60%, 80%, 70% and 40% in peak 

accelerations of the central internal, the plate internal, the 152 mm diameter internal, and the 76 mm 

diameter internal, respectively, for the relatively large amplitude ECE and KCE motions. For the same 

motions, reductions in peak strain of at least 40%, 60% and 40% were observed for the plate internal, the 

152 mm diameter internal, and the 76 mm diameter internal, respectively. The effect of base isolation on 

peak pressure recorded on the central internal was insignificant since the hydrodynamic pressure near the 

center of the vessel is dominated by the convective component. The reductions in dynamic responses for 

CCE motion were insignificant because of the low amplitude of the motion. The reason for numerical 

amplification in the isolated response spectra at low frequencies for low amplitude inputs was identified.         

Data from the tests described in this section are used to validate numerical models, as presented in Section 

6. 
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SECTION 6  

VALIDATION STUDIES FOR SUBMERGED COMPONENTS 

6.1 Introduction 

This section focuses on numerical models of internal components (internals) submerged in a base supported 

vessel, as described in Section 5. Numerical results for dynamic responses of the internals are compared 

with test data to validate models. The Arbitrary Lagrangian and Eulerian (ALE) approach, as implemented 

in LS-DYNA, is used for modeling. Numerical models are constructed for the test specimens of the three 

test-series (1: central internal, 2: steel plate internal, and 3: 76 mm and 156 mm diameter internals) 

described in Section 5. Challenges in validating the ALE models are identified.   

Sections 6.2, 6.3, and 6.4 present the validation studies for the models of the central tubular, steel plate, and 

off-center aluminum tubular (76 mm and 156 mm diameter internals) internals, respectively. Section 6.5 

discusses the use of hourglass control algorithms. Section 6.6 summarizes the numerical studies and 

provides recommendations for modeling of internals at a prototype scale.  

6.2 Validation study of a model of a central tubular internal  

This section presents a validation study for pressure response and acceleration response of a numerical 

model of the central tubular steel internal. A numerical model of the fluid-filled vessel with the central 

internal attached to the head was developed. The vessel wall, flange, base plate, central internal, and head 

were modeled using fully-integrated shell elements. The connections between the head and the flange and 

between the head and the central internal were modeled using fully integrated solid elements. (Under-

integrated solid elements have hourglass modes that can be kept in check by using a suitable hourglass 

control algorithm, but that introduces unwanted damping in the system.) Material properties consistent with 

carbon steel were assigned to the structural components except the base plate, which was modeled using a 

rigid material with a mass density consistent with carbon steel. The fluid domain was modeled using 

Eulerian, eight-node, solid elements as described in Section 4. Nodes at the interface of the fluid and solid 

domains were merged. Water was assigned a density of 1000 kg/m3, a dynamic viscosity of 10−3 Ns/m2, 

and a bulk modulus of 2.2 GPa (Yu et al. 2021). The effects of atmospheric pressure were not modeled and 

accordingly, the space above the free surface was assigned void properties using the *INITIAL_VOID 

keyword in LS-DYNA. Figure 6.1 presents views of the model used for the study together with the 

coordinate system. (The model is referred as FE model 1 hereafter.) In the figure, the base plate, vessel, and 

the flange are shown in black, the central internal and the head are shown in orange, water is shown in blue; 

the elements of the void space above the water domain are not shown. A finer mesh was used in the water 
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domain near the vessel wall and near the internal. Twenty-eight finite elements were used along the 

circumference of the internal. Instruments on the central internal in the test included three pressure gages 

(PCIW1, PCIW2, and PCIN1) and a tri-axial accelerometer (x: ACIX, y: ACIY, and z: ACIZ) installed at 

the locations shown in Figure 5.3. Similar output locations were defined in the numerical model to enable 

comparison of results. For reference, the pressure history on the wall of the vessel at the location of pressure 

gage PE1 was also output and compared with experimental results. These output locations in the numerical 

model are indicated by yellow and red solid circles in Figure 6.1.   

 

  

Figure 6.1. FE model 1 in LS-DYNA, output locations indicated by yellow and red solid circles 

 

First, a numerical model without water or the void space was analyzed for eigen values and results were 

compared with those from system identification tests conducted to obtain the in-air frequency of vibration 

of the internal (see Section 5.4). The *CONTROL_IMPLICIT_EIGENVALUE keyword in LS-DYNA was 

used for this purpose. The frequency of vibration of the internal in the numerical model was 32 Hz in both 

horizontal directions, which was essentially identical to the measured 32.8 Hz (see Table 5.3). Figure 6.2 

presents the numerically estimated mode shape. The mode shape involves bending of the top plate. In the 

ALE model for response history analyses, an average damping ratio of 0.45% (of critical) was assigned to 

the internal in the numerical model per Table 5.3.  
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Figure 6.2. Numerically estimated mode shape (without fluid), original position of the central internal 

shown in dashed yellow line, frequency = 32 Hz 

 

Response-history analyses of the ALE model were performed for nine sets of time series: the 1D, 2D, and 

3D CCE, ECE, and KCE motions (#4, #6, #7, #8, #10, #11, #13, #15, and #16 in Table C.4). Details of 

these input motions were presented in Sections 3.3 and 5.3. Accelerations recorded on the base plate in 

experiments, including translational and rocking components, were input at the center of the base plate in 

the ALE model using *BOUNDARY_PRESCRIBED_MOTION_RIGID keyword. Only the part of an 

input motion that included 90+% of the Arias intensity (Arias 1970) was used for the response-history 

analyses to reduce the computational expense. For the cases of 1D (x) inputs to the earthquake simulator, 

vertical (z) accelerations and rocking accelerations (about y) were also recorded at the base plate and input 

to the numerical model. For 2D (x and y) inputs to the earthquake simulator, vertical (z) accelerations and 

rocking accelerations about both horizontal axes (x and y) were recorded at the base plate and input to the 

model together with the recorded x and y translational motions. Similarly, for 3D inputs (x, y, and z), 

translational accelerations in the three directions and rotational accelerations about the two horizontal 

directions (x and y) were recorded at the base and input to the numerical model. Additional accelerations 

along/about axes with no specified command accelerations are observed due to compliance14 between the 

horizontal and vertical actuators of the earthquake simulator. For example, for the 3D CCE input, command 

accelerations were specified along the three translational directions only but additional rotational 

accelerations about the two horizontal axes were also recorded on the earthquake-simulator platform (and 

base plate). These additional accelerations have small peak amplitudes but can affect certain responses as 

                                                      

14Actuators in a direction with no commanded acceleration are active and experience small motions so as to 

accommodate the displacements of the actuators along directions with commanded accelerations.     
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discussed below. Table 6.1 presents the peak acceleration amplitudes of these additional accelerations for 

all tests considered in this section.  

 

Table 6.1 : Peak additional accelerations recorded on the base plate 

Direction 
1D inputs 2D inputs 3D inputs 

CCE ECE KCE CCE ECE KCE CCE ECE KCE 

z-translation (g) 0.007 0.05 0.03 0.01 0.05 0.08 - - - 

x-rotation (rad/sec2) - - - 0.6 3.5 4.3 0.5 3.1 3.7 

y-rotation (rad/sec2) 0.4 5.3 4.0 0.4 5.0 3.8 0.3 4.4 3.1 

 

Figure 6.3 through Figure 6.5 enable a comparison of numerically estimated and experimentally obtained 

time series for hydrodynamic pressures at locations PCIW1 (internal) and PE1 (vessel wall) for 1D, 2D, 

and 3D inputs, respectively. Figure 6.6 presents acceleration spectra at the location of ACIX for all the 

inputs considered. Table 6.2 presents the maximum absolute values of the ALE and experimental results 

and their percentage differences for the 1D, 2D, and 3D motions of CCE, ECE, and KCE. A wave-like 

profile is present in the pressure history at PCIW1 for the 1D and 2D CCE inputs (see Figure 6.3a and 

Figure 6.4a) because the hydrodynamic pressure near PCIW1 is dominated by sloshing in the presence of 

a weak vertical input, as is the case for 1D and 2D CCE (peak vertical acceleration ≤ 0.01g per Table 6.1). 

For 3D inputs or 1D and 2D inputs with significant additional vertical acceleration, the pressure history has 

a significant contribution from the vertical component of the motion and the wave-like profile is not evident. 

At the wall (PE1), the pressure is dominated by the impulsive response and the pressure response to vertical 

accelerations. Simulating sloshing response accurately is challenging as discussed in Section 4. Thus, the 

errors in peak pressure on the internal are expected to be high. The entries in Table 6.2 show a similar trend: 

an average absolute error of 13% for pressure responses on the internal as opposed to 7% on the wall.  

A good match was observed between the response spectra of the accelerations from the model and the 

experiment (see Figure 6.6). An average absolute error of 11% is observed in peak acceleration responses 

of the internal in the three directions (for all inputs considered here). A consistent peak at 22 Hz was 

observed in the spectra of lateral accelerations (from both model and experiment). This peak corresponds 

to the 32 Hz (approximately) frequency of vibration in air considering an added mass (Dong 1978) of 88 

kg for the internal for the used immersed depth of 1.1 m. (mass of internal = 76 kg). 
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PCIW1 PE1 

  

(a) 1D CCE 

  

(b) 1D ECE 

  

(c) 1D KCE 

Figure 6.3. Numerical and experimental results, hydrodynamic pressure at PCIW1 and PE1, 1D inputs 
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PCIW1 PE1 

  

(a) 2D CCE 

  

(b) 2D ECE 

  

(c) 2D KCE 

Figure 6.4. Numerical and experimental results, hydrodynamic pressure at PCIW1 and PE1, 2D inputs 
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PCIW1 PE1 

  

(a) 3D CCE 

  

(b) 3D ECE 

  

(c) 3D KCE 

Figure 6.5. Numerical and experimental results, hydrodynamic pressure at PCIW1 and PE1, 3D inputs 
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(a) 1D CCE (b) 1D ECE (c) 1D KCE 

   

(d) 2D CCE (e) 2D ECE  (f) 2D KCE 

   

(g) 3D CCE (h) 3D ECE (i) 3D KCE 

Figure 6.6. Numerical and experimental results, acceleration response spectra at ACIX 
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Table 6.2 : Maximum absolute FSI responses of test specimen 1 (central internal) for 1D, 2D, and 3D 

CCE, ECE, and KCE motions, extracted from time series of the tests and ALE model, percentage 

differences 

(a) 1D (x) motions 

Response 

(or location) 

CCE ECE KCE 

Model Exp. Diff. % Model Exp. Diff. % Model Exp. Diff. % 

PCIW1, KN/m2 0.21 0.23 -12 1.11 1.53 -28 0.70 1.03 -32 

PCIW2, KN/m2 0.31 0.26 18 1.45 1.90 -24 1.14 1.20 -5 

PE1, KN/m2 1.01 1.05 -4 4.55 4.68 -3 4.39 4.53 -3 

ACIX, g 0.21 0.24 -12 1.39 1.75 -21 0.90 1.16 -22 

(b) 2D (x and y) motions 

Response 

(or location) 

CCE ECE KCE 

Model Exp. Diff. % Model Exp. Diff. % Model Exp. Diff. % 

PCIW1, KN/m2 0.28 0.22 28 1.11 1.43 -22 1.06 0.99 7 

PCIW2, KN/m2 0.27 0.21 26 1.45 1.71 -15 1.37 1.43 -4 

PCIN1, KN/m2 0.27 0.29 -5 1.56 1.54 1 1.32 1.41 -7 

PE1, KN/m2 0.96 1.13 -15 4.43 4.82 -8 4.37 4.25 3 

ACIX, g 0.21 0.21 2 1.35 1.37 -2 1.02 1.09 -6 

ACIY, g 0.19 0.27 -27 1.38 1.38 0 1.04 1.12 -8 

(c) 3D (x, y, and z) motions 

Response 

(or location) 

CCE ECE KCE 

Model Exp. Diff. % Model Exp. Diff. % Model Exp. Diff. % 

PCIW1, KN/m2 0.47 0.54 -14 2.92 3.33 -12 2.05 2.05 0 

PCIW2, KN/m2 0.75 0.81 -8 4.57 5.06 -10 3.07 2.93 5 

PCIN1, KN/m2 0.65 0.77 -16 4.16 4.16 0 2.94 2.90 1 

PE1, KN/m2 1.23 1.28 -4 5.82 6.66 -13 6.55 6.03 9 

ACIX, g 0.18 0.18 4 1.43 1.47 -3 1.01 0.93 8 

ACIY, g 0.18 0.26 -31 1.41 1.47 -4 0.99 1.18 -17 

ACIZ, g 0.26 0.21 26 0.73 0.73 0 0.72 0.69 5 
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6.3 Validation study of a model of a steel plate internal  

This section presents a numerical model for estimating the dynamic responses (acceleration and strain) of 

the steel plate internal (test specimen 2) described in Section 5. A finite element model of the steel plate 

internal in configuration B15 was constructed in LS-DYNA using a modelling approach similar to that 

described in Section 4 and Section 6.2. (The numerical model is referred as FE model 2B hereafter.) The 

steel plate internal was modelled using fully-integrated shell elements with material properties of carbon 

steel. Figure 6.7 presents a cutaway view of the numerical model and a plan view of the fluid domain mesh. 

Six fluid elements, nearly square in plan, were used along the width of the internal as indicated in Figure 

6.7b. Monitoring locations for acceleration and strain, defined corresponding to the instrumentation layout 

described in Section 5.2.2, are indicated in Figure 6.7a.  

 

  

(a) cutaway view, monitoring locations (b) fluid mesh, plan view 

Figure 6.7. Numerical model of steel plate internal in LS-DYNA 

 

An eigen value analysis of the numerical model without the fluid domain was carried out first to evaluate 

the numerical in-air frequency of the internal. The in-air, first-mode frequency of the internal was estimated 

to be 3.1 Hz, which is equal to the test value per Table 5.3. Per Table 5.3, the internal was assigned a 

damping of 0.04% for response-history analyses.   

Response-history analyses of the model were carried out for two motions: 1D ECE motion and 1D KCE 

motion (#5 and #7 in Table C.5). Accelerations recorded at the base of the vessel in tests were input to the 

                                                      

15The experimental in-water frequencies of the steel plate internal in configurations A and B are 2.07 Hz and 2.25 

Hz, respectively (implying more added mass in configuration A where the plate is close to the wall). However, this 

difference in frequencies is small and is unlikely to be resolved in the ALE approach using a reasonable mesh size. 

A coarse mesh, reasonable in terms of analysis time, results in a greater added mass when using the ALE method, 

as explained later. Hence, only configuration B was modeled for numerical analyses.     
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base of the model as explained in the previous section. Figure 6.8 presents experimental and numerical 

responses of the internal. Table 6.3 presents the maximum absolute values of the numerical and 

experimental results and their percentage differences.  

From the acceleration spectra in Figure 6.8, it is clear that: a) the second mode of vibration of the internal 

is dominant for both input motions, and b) the numerically predicted first mode or second mode frequencies 

are less than corresponding experimental values. The numerical, in-water, first mode frequency was 1.7 

Hz, and lower than the experimentally measured value of 2.2 Hz (see the inset plot in Figure 6.8b). 

Similarly, the numerical, in-water, second mode frequency was 11.1 Hz, and lower than the experimentally 

measured value of 13.7 Hz. The reason for the smaller numerical values of in-water, frequencies is a greater 

added mass due to the use of a coarsely meshed fluid domain around the internal. Using a very fine 

(computationally expensive) mesh around the internal will reduce the differences between the numerical 

and experimental predictions of in-water frequency. This is demonstrated for the internals of test series 3, 

discussed in Section 6.4.  

The peak values of strain and acceleration differ significantly with average absolute errors in peak values 

of strain and acceleration greater than 40% (see Table 6.3). Possible reasons for these large differences are:  

a) frequency mismatch due to more added mass in the numerical model, as explained above. 

b) there is additional non-physical damping in the numerical model due to the use of an hourglass control 

algorithm (see Section 6.5 for details).  

The numerical model of the steel plate internal can be considered validated for estimating in-water 

frequency (differences < 23%) but not for estimating acceleration and strain responses of the internal. To 

improve the strain and acceleration response estimates, a mesh refinement that precludes the need of using 

an hourglass control algorithm is needed, but such analyses are impractical, in terms of computational time, 

at the time of this writing. (The simulations described here were executed on a computer with AMD EPYC 

7763 (2.45 GHz) processor and 128 GB RAM.)      
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(a) strain at WSP1, 1D ECE  (b) acceleration spectra at AP1X, 1D ECE  

 

 

(c) strain at WSP1, 1D KCE  (d) acceleration spectra at AP1X, 1D KCE 

Figure 6.8. Numerical and experimental responses for the steel plate internal, acceleration spectra 

for damping ratio of 5% 

 

Table 6.3 : Maximum absolute FSI responses of test specimen 2 (steel plate internal), extracted 

from time series of the tests and ALE model, percentage differences 

Response 

(or location) 

1D ECE 1D KCE 

Model Exp. Diff. % Model Exp. Diff. % 

AP1X, g 2.9 4.1 -30 2.0 4.8 -57 

WSP1, microstrain 203 294 -31 130 293 -56 
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6.4 Validation study of a model of off-center aluminum tube internals 

This section deals with numerical modelling of the aluminum internals of test series 3 described in Section 

5.2.3. Finite element models of the submerged aluminum tubes in the three configurations (A through C) 

were constructed using an approach similar to that described in Section 6.2. (The three models are referred 

as FE model 3A, FE model 3B, and FE model 3C hereafter.) The internals were modeled using fully-

integrated shell elements with material properties consistent with 6061 aluminum alloy, namely, Young’s 

modulus of 68 GPa, mass density of 2700 kg/m3, and Poisson’s ratio of 0.33 (BSI (2007) and Summers et 

al. (2015)). Figure 6.9 presents cutaway views of the numerical models and a plan view of the fluid domain 

mesh used for modeling the specimens of test series 3. Response-output locations, defined corresponding 

to the instrumentation layout described in Section 5.2.3, are indicated in Figure 6.9a through Figure 6.9c. 

These include accelerometers and strain gages on the internals. In each numerical model, a fine mesh was 

used in the fluid domain around the internals. The circumference of the 152 mm and 76 mm diameter 

internals was meshed using 48 elements and 24 elements, respectively, as shown in Figure 6.9d. The masses 

of the steel discs attached at the ends of the internals were lumped as nodal masses using the 

*ELEMENT_MASS_NODE_SET keyword and are indicated in light blue in the figure. The bolts 

connecting the head to the flange and the end-plate of the internals to the head were represented by fully-

integrated solid elements.  
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(a) cutaway view, FE model 3A (152 mm 

diameter internal seperately) 

(b) cutaway view, FE model 3A (76 mm 

diameter internal seperately) 

 

 

(c) cutaway view, FE model 3C (152 mm 

and 76 mm diameter internals 

together) 

(d) fluid-domain mesh, plan view 

Figure 6.9. Finite element models of test series 3 specimens and response output locations, void 

space not shown 

 

Numerical estimates of the in-air natural frequencies of the two internals were first estimated by eigen value 

analysis of the models without the fluid domains. The first-mode frequency of the 152 mm diameter internal 

was 15.7 Hz and essentially identical to the test result of 15.5 Hz, and that of the 76 mm diameter internal 

was 7.0 Hz, which was equal to the test result of 7 Hz (see Table 5.3). Figure 6.10 presents the numerically 

estimated mode shapes (without fluid) of the two internals. The two internals in the numerical models were 

assigned damping ratios per Table 5.3, namely, 0.06% for the 152 mm diameter internal and 0.03% for the 

76 mm diameter internal. 
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(a) FE model 3A (without fluid), frequency = 

15.7 Hz 

(b) FE model 3B (without fluid), frequency 

= 7.0 Hz 

Figure 6.10. Numerically evaluated mode shapes (without fluid) of internals of test series 3, original 

positions of internals shown in dashed yellow lines 

 

Each of the three ALE models (of the three test specimens) was analyzed for the 1D CCE motion and the 

3D ECE motion. (#4 and #11 per Table C.6). The seismic inputs recorded in experiments were input at the 

base of the model using the *BOUNDARY_PRESCRIBED_MOTION_RIGID keyword as explained in 

Section 4 and Section 6.2.  

To enable a comparison of numerically-estimated, in-water frequencies of the internals with corresponding 

test results, response spectra of accelerations at the ends of the internals, obtained from response-history 

analysis of FE models 3A and 3B, are compared with corresponding test results for the 1D CCE input in 

Figure 6.11.    

 

  

  

(a) FE model 3A, response location of 

accelerometer AIAL1X 

(b) FE model 3B, response location of 

accelerometer AIBS1X 

Figure 6.11. Acceleration spectra, x-direction, 1D CCE input, damping ratio of 5% 

ALE 

= 9.7 Hz

Exp. 

= 10.5 Hz

ALE 

= 4.7 Hz

Exp. 

= 5.3 Hz
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The ALE model (FE model 3A) predicted an in-water frequency of 9.7 Hz for the 152 mm diameter internal 

that was 8% lower than the experimentally measured value of 10.5 Hz. For the 72 mm diameter internal, 

the numerical model (FE model 3B) predicted an in-water frequency of 4.7 Hz, which was 11% lower than 

the experimental value of 5.3 Hz. The reason for the smaller obtained values of numerical predictions is 

that the mesh used here for analyses is coarse and leads to an artificially greater added mass.  

A finer mesh was also considered for analyses. The circumference of the 152 mm diameter and the 76 mm 

diameter internals was meshed using 36 and 72 finite elements, respectively, in this model, as shown in 

Figure 6.12. (Models of the three specimens utilizing the finer mesh are referred as FE model 3Afiner, FE 

model 3Bfiner, and FE model 3Cfiner hereafter.) Response-history analyses for the 1D CCE input were 

repeated using FE model 3Afiner and FE model 3Bfiner and acceleration spectra at the ends of the internals 

for the 1D CCE input are presented in Figure 6.13. The models with finer mesh captured the in-water 

frequencies exactly but were computationally expensive. (Response-history analysis of FE model 3Afiner for 

an eight-second earthquake input took 96 hours on a computer with AMD EPYC 7763 (2.45 GHz) processor 

and 128 GB RAM, and much longer than the 19.5 hours for a similar analysis of FE model 3A.) Analyses 

described below were therefore run with FE models 3A, 3B, and 3C.   

 

 

Figure 6.12. Finer mesh in fluid domain 
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(a) FE model 3Afiner, response location of 

accelerometer AIAL1X 

(b) FE model 3Bfiner, response location of 

accelerometer AIBS1X 

Figure 6.13. Acceleration spectra, x-direction, finer mesh in fluid domain, 1D CCE input, damping 

ratio of 5% 

 

Figure 6.14 through Figure 6.19 enable comparisons of results from experiments and numerical simulations 

of FE model 3A, FE model 3B, and FE model 3C, for the 1D CCE and 3D ECE inputs. Strain histories near 

the points of attachment of the internals and acceleration histories near the ends of internals are presented. 

Monitoring locations are identified in the figure captions. Table 6.4 presents the maximum absolute values 

of the ALE and experimental results and the percentage differences for the three models.  

The frequencies of the submerged components were captured well by the ALE model. Strain responses 

were generally not captured well (average absolute error in peak strain amplitudes = 43% per Table 6.4). 

The experimentally measured values of strain were generally greater than corresponding numerical 

predictions. Possible reasons for mismatch in strain histories are: 

a) Strains measured in the tests were small making accurate recording challenging. 

b) The internals have low damping and the in-water damping of the internals was not captured reasonably 

well by the ALE model (as explained below).  

The shape of the response spectra of accelerations of the internals was captured reasonably well by the 

numerical models although there were differences in peak accelerations (average absolute error in peak 

acceleration amplitudes = 20% per Table 6.4). These differences are attributed to mismatches in numerical 

and experimental in-water damping. The major sources of damping in the physical system are fluid 

viscosity and damping of the structural components (internals, connections). The former was simulated in 

the numerical model by specifying dynamic viscosity of water using the *MAT_NULL keyword in LS-

DYNA and the latter, estimated by hammer impact tests described in Section 5.4, was simulated using the 

ALE = Exp. 

= 10.5 Hz

ALE = Exp. 

= 5.3 Hz
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*DAMPING_FREQUENCY_RANGE_DEFORM keyword. However, additional non-physical damping 

was introduced in the numerical model by the use of an hourglass control algorithm, as discussed in Section 

6.5.  

 

  

 
 

(a) strain at WSIALX (b) acceleration spectra at AIAL1X 

 Figure 6.14. Numerical and experimental responses of the 152 mm diameter internal, FE model 3A, 

1D CCE input, acceleration spectra are for 5% damping 

 

  

  

(a) strain at WSIALX (b) strain at WSIALY 

   

(c) acceleration spectra at 

AIAL1X 

(d) acceleration spectra at 

AIAL1Y 

(e) acceleration spectra at 

AIAL1Z 

Figure 6.15. Numerical and experimental responses of the 152 mm diameter internal, FE model 3A, 3D 

ECE input, acceleration spectra are for 5% damping 
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(a) strain at WSIBSX 
(b) acceleration spectra at AIBS1X, 5% 

damping 

 Figure 6.16. Numerical and experimental responses of the 76 mm diameter internal, FE model 3B, 1D 

CCE input 

 

  

  

(a) strain at WSIBSX (b) strain at WSIBSY 

   

(c) acceleration spectra at 

AIBS1X 

(d) acceleration spectra at 

AIBS1Y 

(e) acceleration spectra at 

AIBS1Z 

Figure 6.17. Numerical and experimental responses of the 76 mm diameter internal, FE model 3B, 3D 

ECE input, acceleration spectra are for 5% damping 

 

 

. 
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(a) strain at WSICLX 
(b) acceleration spectra at AICL1X, 5% 

damping 

 
 

(c) strain at WSICSX 
(d) acceleration spectra at AICS1X, 5% 

damping 

 Figure 6.18. Numerical and experimental responses of the 152 mm and 72 mm diameter internals, FE 

model 3C, 1D CCE input 
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(a) strain at WSICLX (b) strain at WSICLY 

  

(c) strain at WSICSX (d) strain at WSICSY 

   

(e) acceleration spectra at 

AICL1X 

(f) acceleration spectra 

at AICL1Y 

(g) acceleration spectra at 

AICL1Z 

   

(h) acceleration spectra at 

AICS1X 

(i) acceleration spectra 

at AICS1Y 

(j) acceleration spectra at 

AISL1Z 

Figure 6.19. Numerical and experimental responses of the 152 mm and 72 mm diameter internals, FE 

model 3C, 3D ECE input, acceleration spectra are for 5% damping 
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Table 6.4 : Maximum absolute FSI responses of test series 3 internals for 1D CCE and 3D ECE motions, 

extracted from time series of the ALE model and tests, percentage differences 

(a)   FE model 3A 

Response 

(or location) 

1D CCE 3D ECE 

Model Exp. Diff. % Model Exp. Diff. % 

AIAL1X, g 0.2 0.2 1 1.1 1.5 -25 

AIAL1Y, g - - - 0.9 0.8 16 

AIAL1Z, g - - - 0.5 0.4 4 

WSIALX, microstrain 37 39 -7 127 303 -58 

WSIALY, microstrain - - - 101 166 -39 

(b)   FE model 3B 

Response 

(or location) 

1D CCE 3D ECE 

Model Exp. Diff. % Model Exp. Diff. % 

AIBS1X, g 0.3 0.2 35 0.7 0.9 -23 

AIBS1Y, g - - - 0.6 0.9 -36 

AIBS1Z, g - - - 0.5 0.5 -1 

WSIBSX, microstrain 62 80 -22 240 388 -38 

WSIBSY, microstrain - - - 199 378 -47 

(c)   FE model 3B 

Response 

(or location) 

1D CCE 3D ECE 

Model Exp. Diff. % Model Exp. Diff. % 

AICL1X, g 0.2 0.2 -5 1.0 0.8 27 

AICL1Y, g - - - 0.8 0.6 31 

AICL1Z, g - - - 0.5 0.4 8 

AICS1X, g 0.2 0.2 -22 0.7 0.9 -25 

AICS1Y, g - - - 0.6 1.3 -53 

AICS1Z, g - - - 0.5 0.5 -2 

WSICLX, microstrain 18 35 -50 116 317 -63 

WSICLY, microstrain - - - 85 256 -67 

WSICSX, microstrain 47 72 -34 231 316 -27 

WSICSY, microstrain - - - 211 527 -60 
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6.5 Effect of using hourglass control 

The fluid domain elements used in the described ALE simulations use single-point integration (ELFORM 

= 12 in *SECTION_SOLID keyword). Such elements are susceptible to non-physical modes of 

deformation, referred to as hourglass modes.  These spurious modes can be mitigated by using a suitable 

hourglass control algorithm that creates internal nodal forces to resist such modes. For fluid elements, the 

recommended control algorithm is the standard LS-DYNA viscous form (IHQ=1 in *HOURGLASS 

keyword) with an hourglass coefficient equal to 10-3 or less (that is, QM ≤ 10-3 in *HOURGLASS keyword). 

This algorithm generates hourglass controlling forces that are proportional to the components of nodal 

velocity contributing to the hourglass modes. In essence, the control algorithm adds a non-physical viscous 

damping to the system. Using refined meshes helps avoid hourglass modes, but they are computationally 

expensive. Also, in many cases, the geometry of the model inevitably requires irregular-shaped elements 

in certain regions of the finite element mesh (for example, around the 76 mm internal in numerical models 

described in the previous section). The use of an hourglass control algorithm is unavoidable in such cases. 

Care should be taken when choosing parameters of a particular hourglass algorithm because they can affect 

the obtained response quantities. As an example, acceleration spectra at the ends of the two aluminum 

internals in FE model 3Cfiner obtained from analysis considering three values of QM are presented in Figure 

6.20. The analyses are for the 1D CCE input. The experimental results are also plotted for reference.  

 

  

(a) spectra at AICL1X (152 mm diameter 

internal) 

(b) spectra at AICS1X (76 mm diameter 

internal) 

Figure 6.20. Effect of using different hourglass coefficients on accelerations, 1D CCE input, FE model 

3Cfiner, acceleration spectra are for 5% damping 
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The differences in spectral shapes and peak accelerations for different hourglass coefficients are evident in 

the presented plots. This presents a challenge in finite element analysis of a fluid-structure system for which 

no experimental data is available and the modelling of which requires the use of an hourglass control 

algorithm. If mesh refinement is not an option, a solution is to begin with a low value of hourglass 

coefficient (say 10-5) and increase it, if needed for a stable simulation. However, this will not address the 

lack of confidence associated with response estimates generated using a particular stabilizing hourglass 

coefficient. A parametric analysis using a range of hourglass coefficients (say between 0.00001 and 0.001) 

may be useful in such a case.  

Table 6.5 presents the values of hourglass coefficients used in the analyses of different models presented in 

this section. A very small value of this coefficient (10-5) was used for the analysis of FE model 1 and FE 

model 3A. Higher values (≥ 10-4) were required for analysis of other models.   

 

Table 6.5: Hourglass coefficients used in analysis 

of numerical models 

FE model 1 10-5 

FE model 2B 10-4 

FE model 3A 10-5 

FE model 3B 3×10-4 

FE model 3C 3×10-4 

 

6.6 Summary and conclusions 

Numerical models of internal components submerged in water in a base supported cylindrical vessel, 

described in Section 5, were built in LS-DYNA. The internal components included a central steel internal, 

a steel plate internal, a 76 mm diameter aluminum internal, and a 152 mm diameter aluminum internal with 

in-air frequencies of 32.8 Hz, 3.1 Hz, 15.5 Hz, and 7 Hz, respectively. The ALE solver of LS-DYNA was 

used for the response-history analyses.  

Table 6.6 presents a summary of differences between numerical predictions and experimental results for 

different response parameters of the internals. The average of absolute percentage differences between peak 

numerical and experimental responses is used in cases where time series are compared, as done previously.  

The specification of an error threshold for validating models is problem- and analyst-specific and could 

change depending on the complexity of the problem at hand. A fluid-filled vessel with submerged 
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components is more complex than a fluid-filled vessel without submerged components (such as that 

presented in Sections 3 and 4). Consequently, a higher threshold error percentage, say 25%, could be used. 

Based on this threshold and the values presented in Table 6.6, the numerical models presented in this section 

can be considered to be validated for estimating in-water frequencies of the components. The numerical 

model of the central internal can be considered validated for estimation of pressure response on the central 

internal. All models, except the one for the steel plate internal, can be considered validated for estimating 

acceleration responses. Numerical estimates of strain responses, in general, were not in good agreement 

with experimental results and thus, none of the models here is considered validated for estimating strains.  

 

Table 6.6: Summary of differences between ALE and experimental results 

Internal component Response quantity 
Difference between ALE and experimental 

results 

Central internal 

In-water frequency 0% 

Pressure on internal 13% 

Acceleration response of 

internal 
11% 

Steel plate internal 

In-water frequency 23% (first mode), 19% (second mode)  

Strain response near 

point of attachment 
44% 

Acceleration response of 

internal 
44% 

152 mm diameter 

aluminum internal 

In-water frequency 8%* 

Strain response near 

point of attachment 
47% 

Acceleration response of 

internal 
15% 

76 mm diameter 

aluminum internal 

In-water frequency 11%* 

Strain response near 

point of attachment 
38% 

Acceleration response of 

internal 
25% 

*This difference was reduced to 0% when a finer mesh was used 
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Better estimates of in-water frequency can be obtained if fine meshes are used around the submerged 

components. In the absence of experimental data on frequency in the submerged state, (for example, for the 

internal components of a prototype reactor) a mesh convergence study should be performed before selecting 

a mesh size for response-history analyses. In such cases, and depending on available computational 

resources, an analyst may compromise on the achieved accuracy of the frequency estimates and choose to 

not select the finest (most accurate) mesh for response-history analyses.    

The damping effect of using an hourglass control algorithm was investigated. In the absence of 

experimental data or in cases where mesh refinement is not possible for reasons related to computational 

resources, a small value of hourglass coefficient should be used, if needed.     
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SECTION 7  

EXPERIMENTAL AND NUMERICAL STUDIES ON A SEISMICALLY 

ISOLATED VESSEL 

7.1 Introduction 

This section focuses on earthquake-simulator experiments and numerical modelling of a fluid-filled, base-

supported vessel seismically isolated using four single concave friction pendulum bearings (SFP bearings 

or isolators). Numerical studies wherein the vessel is modelled using the Arbitrary Lagrangian and Eulerian 

(ALE) approach (as described in Section 4) and the bearings are modeled using the 

MAT_SEISMIC_ISOLATOR property in LS-DYNA (LSTC 2017) are presented. Isolator behavior and 

fluid responses from the numerical model are compared with experimental results for validation.  

The fluid-filled vessel described in Section 3 was used for the experiments described in this section. The 

base of the vessel and the instrumentation were modified as described in Section 7.2. Section 7.3 presents 

the mechanical properties of the SFP bearings, Section 7.4 describes the seismic inputs used for testing and 

the observed behavior of the isolation system in the earthquake-simulator tests. The numerical modeling 

approaches used for the seismically isolated vessel and results of the validation study are discussed in 

Section 7.5. Section 7.6 summarizes the study.      

7.2 Test specimen and instrumentation  

The cylindrical vessel described in Section 3 (height of 2 m, radius of 0.76 m, and wall thickness of 7.9 

mm) was used for the tests presented in this section. The thickness of the 2 m × 2 m base of the vessel was 

increased from 45 mm to 95 mm and the points of attachment of the base plate to load cells were also 

modified to increase the distance between them from 0.61 m to 1.12 m. (This distance is marked as dlc in 

Figure 7.1b.) These changes were made to increase the frequencies of the vertical and rocking modes of the 

base-isolated specimen. The cartesian and cylindrical coordinate systems adopted for the study are shown 

in the figure. A fill level of 80% was used for testing.   
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(a) elevation (b) section A-A 

Figure 7.1. Test specimen 

 

The vessel was instrumented with twelve pressure gages for recording hydrodynamic pressure on its wall. 

These gages were located at locations shown in Figure 3.2a except the bottom array of four gages (PE1, 

PW1, PN1, and PS1) was located 150 mm above the base of the vessel. Three-directional acceleration 

responses were measured at four locations near the top of the vessel, above the four SFP bearings (on the 

base plate of the vessel), and above the four load cells. Three-directional accelerations were also recorded 

at the center of the earthquake-simulator platform. The locations of the tri-axial accelerometers are indicated 

by green solid triangles in Figure 7.2. Four vertically-oriented accelerometers were installed on the 

earthquake-simulator platform as shown in Figure 7.2e for the purpose of recording rocking accelerations 

of the simulator about the two horizontal axes. A similar arrangement of four accelerometers was also 

installed on the base of the vessel (in addition to the accelerometers above the SFP bearings; see Figure 

7.2c). The locations of these vertically-oriented accelerometers are marked by solid blue triangles in Figure 

7.2. Horizontal displacements of the isolators were measured using eight string potentiometers: four 

installed above the load cells and four above the bearings. The locations of the string potentiometers are 

indicated by solid yellow circles in the figure. 
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(a) elevation (b) section B-B, top of the vessel 

  

(c) section C-C, base plate (d) section D-D, load cells 

 

(e) section E-E, earthquake simulator, dimensions in mm 

Figure 7.2. Location of accelerometers and string potentiometers, accelerometer names begin with ‘A’ 

and string potentiometers names begin with ‘SP’ 

 

Wave heights were measured at two points on the water surface near the eastern and western ends of the 

vessel wall using float-and-Temposonic-based sensors (described in Section 3). These are identified as TE 

and TW, and were located at ( , , ) (0.67,0,1.6)r z =  and ( , , ) (0.67, ,1.6)r z = , respectively.  
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7.3 SFP isolators  

Four single concave friction pendulum bearings were used for testing. These are identified as SFP1, SFP2, 

SFP3, and SFP4. Each bearing consists of a sliding surface (concave plate), a housing plate, and a slider 

that is coated with a PTFE-type composite, as shown in Figure 7.3. Figure 7.4 shows the fabrication 

drawings of the bearings, as provided by the manufacturer, Earthquake Protection Systems. 

 

 
Figure 7.3. Components of an SFP isolator (Lal et al. 2021) 

 

 
Figure 7.4. Fabrication drawings of SFP isolators (provided by Earthquake Protection Systems) 
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The idealized force-displacement behavior of an SFP isolator in the horizontal directions is characterized 

by the radius of curvature of the sliding surface ( R ) and the coefficient of friction ( ) at the sliding surface. 

The coefficient of friction is a function of axial load on the bearing, sliding velocity, and temperature of the 

sliding surface. An increase in axial load leads to a reduction in the coefficient of friction. The coefficient 

of friction at near zero sliding velocity is referred to as the breakaway friction. As the sliding velocity 

increases, the coefficient of friction drops to a minimum value ( min ) before attaining a maximum value (

max ) at high velocity. In general, for a fixed value of axial load, the relationship between the coefficient of 

friction and the sliding velocity (V ) can be described by (Constantinou et al. 2007): 

 max max min( ) aVe    −= − −  (7.1)   

where a  is a rate parameter. The coefficient of friction reduces with an increase in temperature of the 

sliding surface.  

The behavior of the SFP bearing in the vertical direction is characterized by stiffness under a specified 

(compressive) axial load (the stiffness in tension is zero). Figure 7.5 shows a representative axial force-

axial displacement behavior of an SFP bearing. The axial stiffness is small at low axial load and increases 

with axial load.  

 

 
Figure 7.5. Representative behavior of an SFP isolator in compression 

 

The radius of curvature of the sliding surface is a known geometric property (equal to 47.3 cm here).  (This 

corresponds to a sliding period of 1.38 seconds or a frequency of 0.72 Hz). The friction coefficient and 

stiffness in compression were determined from characterization tests described in detail in Appendix D. 
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The characterization tests described in Appendix D were carried out for an axial load of 20 kN (4.5 kips), 

which is slightly greater than the axial load per bearing in the earthquake-simulator tests described in this 

section (=17.2 kN or 3.9 kips). Table 7.1 summarizes the results of the characterization tests.      

 

Table 7.1. Summary of characterization tests, axial load = 20 kN 

Bearing 

Friction 

coefficient, slow 

(%) 

Friction 

coefficient, fast 

(%) 

Rate parameter 

(sec/cm) 

Axial stiffness 

(×105 kN/m) 

SFP1 3.7 12.5 0.39 1.08 

SFP2 2.3 7.5 0.67 0.96 

SFP3 2.6 10.5 0.35 1.07 

SFP4 2.4 10.1 0.35 1.20 

Average 2.8 10.2 0.44 1.07 

 

7.4 Seismic inputs and isolation-system behavior 

The earthquake-simulator inputs CCE, ECE, and KCE, introduced in Table 3.1, were used for testing. Table 

7.2 lists the motions and the corresponding peak accelerations in the three orthogonal directions. Motion 

#1 is a large amplitude (peak amplitude = 0.8g), uni-directional input; motion #2 is a small amplitude (peak 

amplitude < 0.12g), three-directional input; and motions 3 and 4 are large amplitude, three-directional 

inputs. 

 

Table 7.2. Earthquake-simulator inputs used for testing 

Number  Motion 
x-direction  

PGA (g) 

y-direction  

PGA (g) 

z-direction  

PGA (g) 

1 ECE 0.8 - - 

2 CCE 0.1 0.12 0.05 

3 ECE 0.8 0.6 0.5 

4 KCE 0.8 0.88 0.56 

 

Response spectra for the acceleration time series recorded above and below the bearings in the tests are 

presented in Figure 7.6 through Figure 7.9 (All of the time-series data presented in this section are filtered 
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using a 0.05 Hz – 50 Hz bandpass filter). Rocking accelerations of the earthquake-simulator platform (about 

the two horizontal axes) are observed in addition to translational accelerations due to compliance in the 

horizontal and vertical actuators of the earthquake simulator. A reduction in spectral acceleration above the 

isolation interface is observed in the case of horizontal components of the high amplitude motions (#1, #3, 

and #4 in Table 7.2) for frequencies less than 30 Hz: see Figure 7.6a, Figure 7.8a, b, and Figure 7.9a, b. For 

motion #3, the horizontal spectra are amplified near 30 Hz (see Figure 7.8a, b) due to the vertical flexibility 

of the bearings and the vertical component of the motion. Spectral accelerations in the vertical direction 

above the isolation interface are amplified around 30 Hz. Rocking accelerations above the isolation 

interface are also amplified around this frequency.  

 

  

   

(a) x-direction (b) y-direction (c) z-direction 

  

(d) rocking about x direction (Rx) (e) rocking about y direction (Ry) 

Figure 7.6. Acceleration spectra below and above the isolation interface, motion #1 in Table 7.2 
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(a) x-direction (b) y-direction (c) z-direction 

  

(d) rocking about x direction (Rx) (e) rocking about y direction (Ry) 

Figure 7.7. Acceleration spectra below and above the isolation interface, motion #2 in Table 7.2 

 

  

   

(a) x-direction (b) y-direction (c) z-direction 

  

(d) rocking about x direction (Rx) (e) rocking about y direction (Ry) 

Figure 7.8. Acceleration spectra below and above the isolation interface, motion #3 in Table 7.2 
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(a) x-direction (b) y-direction (c) z-direction 

  

(d) rocking about x direction (Rx) (e) rocking about y direction (Ry) 

Figure 7.9. Acceleration spectra below and above the isolation interface, motion #4 in Table 7.2 

 

The average axial stiffness of the SFP bearings at an axial load of 20 kN (4.5 kips) is 1.07 × 105 kN/m (see 

Table 7.1). As noted previously, the axial load per bearing in the tests described here is less than 20 kN: 

17.2 kN. Since axial stiffness is dependent on axial load, a vertical stiffness of 0.9 × 105 kN/m was used 

instead of the test value of 1.07 × 105 N/m at 20 kN (16% reduction) for the numerical analyses presented 

later in this section.16  

A normalized force-displacement loop from the test with a unidirectional earthquake-simulator input 

(motion #1 in Table 7.2) is presented in Figure 7.10. The normalized force is computed as the total shear 

force along the x-direction normalized by the total instantaneous axial load. An idealized force-

displacement loop considering a maximum displacement equal to that observed in the test is also plotted to 

enable a comparison. A high velocity friction value of 12% is used for constructing the idealized loop and 

in the numerical analyses presented later in this section. This value is greater than the average value of 

10.2% reported in Table 7.1 above. One of the reasons for the greater obtained value of friction is that these 

                                                      

16 A numerical model of the isolated vessel was constructed in SAP2000 (CSI 2019) with the mass of the fluid 

lumped on the wall and base of the vessel. An axial stiffness of 0.9 × 105 kN/m in the bearings resulted in a vertical 

mode at 32.5 Hz and rocking modes (about x and y axes) at 31.5 Hz. These frequencies are similar to those observed 

in the earthquake-simulator experiments. 
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tests were conducted after another set of experiments involving more than 30 earthquake motions (using 

the same bearings), which led to wear in the slider surface and more uniform bearing (i.e., greater contact 

area) of the slider on the concave plate. A larger contact area implies a reduction in contact pressure. The 

axial load in the tests described here is 13% lower than the load at which the friction values were 

characterized, again implying a reduction in contact pressure. An increase in the coefficient of friction with 

a reduction in contact pressure is well-documented (Constantinou et al. 2007).  

 

 

Figure 7.10. Normalized force-displacement loop, motion #1 in Table 7.2 

 

The force-displacement loop in Figure 7.10 shows spikes in normalized force (or friction coefficient), which 

is a departure from the idealized behavior. A possible reason for this behavior is that the base of the tank 

(which has concave plates attached to it) rotates with respect to the horizontal plane in which the housing 

plates lie. Fenz and Constantinou (2008) presents a detailed discussion on the effect such rotations have on 

the force-displacement behavior of an SFP bearing (see section 2.5.5 in Fenz and Constantinou (2008)).  A 

rotational displacement of    radians leads to an upward or downward shift (depending on the sign of  ) 

of   in the normalized force-displacement loop.  Accordingly, a rotational displacement of 1° can lead to 

a vertical shift of 0.02 in the normalized force-displacement loop.  

7.5 Numerical modelling 

This section focuses on numerical modeling of the isolated, fluid-filled vessel. Key inputs used to model 

the base-isolated vessel are described. Numerical results for responses of the isolation system and fluid in 

the vessel are calculated using response-history analyses and compared with experimental data.  
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7.5.1 ALE model with SFP bearings 

The Arbitrary Lagrangian and Eulerian (ALE) solver in LS-DYNA is used for numerical analyses. A 

description of the ALE model for a fluid-filled vessel was provided in Section 4.2.  A similar approach was 

used here to model the vessel and the contained fluid. The base of the vessel was modeled using shell 

elements and an elastic material having properties consistent with carbon steel (unlike in Section 4.2 where 

the base of the vessel was modeled using a rigid material). The four SFP bearings were modeled using two-

noded beam elements oriented vertically. The lower ends of the four isolators were connected to a rigid 

plate representing the plane in which the upper ends of the load cells (see Figure 7.1a) lie. The rigid plate 

was assigned a negligible mass (0.2 kg). Accelerations recorded at the tops of the load cells (below the 

bearings) in the experiment were input to this rigid plate using the 

*BOUNDARY_PRESCRIBED_MOTION_RIGID keyword. Translational accelerations along the three 

orthogonal axes and rocking accelerations about the two horizontal axes recorded in experiments were used 

as inputs to the model. Figure 7.11 presents the numerical model in LS-DYNA. The rigid plate used to 

input accelerations is shown in light brown; the isolators are shown in red; the vessel wall, flange, and base 

are shown in grey; and the water is shown in blue. The void space modeled above the water domain, to 

accommodate sloshing motion, is not shown in the figure. In the experiments, the concave plates of the SFP 

isolators were connected to the 95 mm thick base of the vessel via 0.41 m × 0.41 m × 0.025 m adapter plates 

made of carbon steel. The locations of these adaptor plates are indicated in green in Figure 7.11b. The area 

of the vessel base in contact with the adapter plates was assigned a rigid material property and the mass 

density of carbon steel.   

 

  

(a) elevation (b) isometric view 

Figure 7.11. Numerical model in LS-DYNA 
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The bearings were modelled using two-noded beam elements with *MAT_SEISMIC_ISOLATOR property 

assigned to them. Beam element formulation 6 (ELFORM = 6 in *SECTION_BEAM) suitable for modeling 

discrete beams was used. The volume of the discrete beam was defined in *SECTION_BEAM keyword. 

The volume specified here is used for calculation of mass of the discrete beam per the density defined in 

*MAT_SEISMIC_ISOLATOR keyword (discussed below). The total mass of the beam is distributed 

equally to the two nodes of the beam. A definition of a reasonable value of mass for the discrete beam is 

important to avoid unnecessarily small calculation time steps (large run times) in explicit analysis. A total 

beam mass of 80 kg was defined for analysis here such that 40 kg is lumped on the top node of each beam 

element representing a bearing. (This mass approximately represents one adapter plate and one concave 

plate.)  The *SECTION_BEAM keyword also has an input field for definition of the mass moment of inertia 

of the discrete beam (INER in *SECTION_BEAM keyword). Since the isolator element has no rotational 

stiffness, this input has no effect on the solution. However, some LS-DYNA solvers (for example R 12.0, 

which was used for this study) require definition of a non-zero INER value to maintain reasonably large 

analysis time steps. A value of 0.4 kg-m2 was used here. (Higher values can also be used. In the LS-DYNA 

model being described here, the analysis time step was not governed by the isolator element for INER=0.4 

kg-m2). Key inputs required for definition of *MAT_SEISMIC_ISOLATOR property are listed in Table 

7.3. 

An acceleration of 9.81 m/sec2 (gravity) was applied in the negative z-direction in the model. This 

acceleration was applied as a ramp from 0 to 9.81 m/sec2 in the initial 0.05 sec of analysis (followed by a 

constant gravitational acceleration of 9.81 m/sec2 thereafter). Acceleration inputs to the model were applied 

after the initial 0.1 sec of analysis. This ensured proper initialization of hydrostatic pressure and isolator 

axial load in the model before the application of acceleration inputs.     
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Table 7.3. Key inputs for definition of *MAT_SEISMIC_ISOLATOR for SFP bearings in LS-DYNA  

Input field Description 

RO 

Mass density used with the volume input in *SECTION_BEAM to calculate the mass of 

the discrete beam. A volume of 80 m3 was specified in *SECTION_BEAM and RO here 

was assigned a value of 1 kg/m3 resulting in a net mass of 80 kg. 

DISPY 

Yield displacement of the seismic isolator. A value of 0.3 mm was used here based on 

the slope of the elastic region of the (experimental) force-displacement loop for motion 

#1. For simulations involving large isolator displacements, a higher value of 1 mm is 

reasonable.   

STIFFV 

Vertical stiffness of the isolator. For the sliding bearings, the behavior in compression is 

linear elastic17 and no tensile force can be resisted. A value of 0.9 × 105 kN/m was used 

here per the discussion in Section 7.4. 

ITYPE Equal to 0 for sliding bearings (=1 for elastomeric bearings).  

PRELOAD 
Vertical pre-load on the bearings. A zero pre-load was assigned to the bearings. Gravity 

was applied before application of seismic inputs as discussed in Section 7.5.1.   

FMAX Maximum coefficient of friction; set to 0.12 per Section 7.4. 

DELF 

Difference between the maximum and static coefficients of friction. A value of 0.087 

was used consistent with FMAX above and the ratio of fast and slow friction coefficients 

per Table 7.1. 

AFRIC 
Rate parameter used to characterize the velocity dependence of the friction coefficient. A 

value of 44 sec/m was used per Table 7.1.  

DAMP 

Fraction of critical damping for free vertical vibration of the isolator, based on the mass 

of the isolator (including any attached masses) and its vertical stiffness. A parametric 

study of this input parameter revealed that leaving this value as default (= 0) leads to a 

stable response in the vertical direction. (DAMP = 0 does not mean that that there is no 

damping in the vertical direction. Instead, it activates the default algorithm that may 

occasionally increase DAMP if vertical oscillations become significant and affect 

numerical stability. Specification of a value, for example DAMP = 0.05, was found to 

cause instabilities.)  

RADX, 

RADY 

Radii of the sliding surface in the two directions. A value of 47.3 cm was used for both 

directions, per the fabrication drawings of Figure 7.4.    

RADB, 

STIFFL, 

DFAIL 

Radius of the bearings’ retaining ring, stiffness (for lateral contact) against the retaining 

ring, and the lateral displacement at which the isolator fails. Large values were assigned 

to these input fields since these values are of no significance for the analyses described 

here.  

                                                      

17 The use of a linear spring in the axial direction (active only in compression) for numerical analyses is an 

approximation because at low axial loads (as is the case here), the axial stiffness changes appreciably with a change 

in axial load due to vertical acceleration inputs. 
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Experimental and numerical isolator responses (acceleration spectra above the isolation plane, isolator 

displacements, and shear forces) for the four motions are presented in Figure 7.12 to Figure 7.15. For motion 

#2 (CCE 3D), the isolator displacements are negligible (< 3 mm). In motions #3 and #4, peak vertical 

accelerations greater than 1g above the isolation system are observed, which leads to zero axial force at 

multiple instants (see Figure 7.16). A normalized force-displacement loop is thus only shown for motion 

#1 (ECE 1D). Experimental and numerical fluid responses (hydrodynamic pressure at PE1 and PN1 and 

wave heights at TE and TW) for the four motions are compared in Figure 7.17 to Figure 7.20. There is an 

excellent agreement between numerical predictions and experimental results. Table 7.4 presents the 

maximum absolute values of key numerical and experimental results and their percentage differences for 

the four motions. An average absolute error of 7%, 6%, and 7% is observed in maximum absolute isolator 

displacements, shear forces in the two horizontal directions, and normal forces, respectively. Average 

absolute errors in pressure and wave height responses are 11% and 12%, respectively. The relatively high 

errors in wave height responses are expected, as explained in Section 4.  High errors in pressure responses 

in some motions are primarily due to slight mismatches in the simulated and experimental vertical 

accelerations (above the isolation system). 
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(a) acceleration spectra, x-

direction 

(b) acceleration spectra, rocking 

about y-axis 

(c) acceleration spectra, z-

direction 

  

(d) isolator displacement, x-direction (e) shear force, x-direction 

 

(f) normalized force-displacement loop, x-direction 

Figure 7.12. Comparison of numerical and experimental results, isolation system response, motion #1 in 

Table 7.2, acceleration spectra for 5% damping 
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(a) acceleration spectra, x-

direction 

(b) acceleration spectra, y-

direction 

(c) acceleration spectra, z-

direction 

  

(d) acceleration spectra, rocking about x-axis (e) acceleration spectra, rocking about y-axis 

  

(f) isolator displacement, x-direction (g) isolator displacement, y-direction 

  

(h) shear force, x-direction (i) shear force, y-direction 

Figure 7.13. Comparison of numerical and experimental results, isolation system response, motion #2 in 

Table 7.2, acceleration spectra for 5% damping 

 

 

 



 

153 

 

 

 

 

   

   

(a) acceleration spectra, x-

direction 

(b) acceleration spectra, y-

direction 

(c) acceleration spectra, z-

direction 

  

(d) acceleration spectra, rocking about x-axis (e) acceleration spectra, rocking about y-axis 

  

(f) isolator displacement, x-direction (g) isolator displacement, y-direction 

  

(h) shear force, x-direction (i) shear force, y-direction 

Figure 7.14. Comparison of numerical and experimental results, isolation system response, motion #3 in 

Table 7.2, acceleration spectra for 5% damping 
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(a) acceleration spectra, x-

direction 

(b) acceleration spectra, y-

direction 

(c) acceleration spectra, z-

direction 

  

(d) acceleration spectra, rocking about x-axis (e) acceleration spectra, rocking about y-axis 

  

(f) isolator displacement, x-direction (g) isolator displacement, y-direction 

  

(h) shear force, x-direction (i) shear force, y-direction 

Figure 7.15. Comparison of numerical and experimental results, isolation system response, motion #4 in 

Table 7.2, acceleration spectra for 5% damping 
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(a) motion #3 (ECE 3D) (b) motion #4 (KCE 3D) 

Figure 7.16. Numerical and experimental axial (normal) force histories, compression is positive 

 

  

 

(a) hydrodynamic pressure at location of PE1 

  

(b) wave height at location of TE (c) wave height at location of TW 

Figure 7.17. Comparison of numerical and experimental fluid responses, motion #1 in Table 7.2 
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(a) hydrodynamic pressure at location of PE1 (b) hydrodynamic pressure at location of PN1 

  

(c) wave height at location of TE (d) wave height at location of TW 

Figure 7.18. Comparison of numerical and experimental fluid responses, motion #2 in Table 7.2 

  

  

(a) hydrodynamic pressure at location of PE1 (b) hydrodynamic pressure at location of PN1 

  

(c) wave height at location of TE (d) wave height at location of TW 

Figure 7.19. Comparison of numerical and experimental fluid responses, motion #3 in Table 7.2 

 

 



 

157 

 

 

 

 

  

  

(a) hydrodynamic pressure at location of PE1 (b) hydrodynamic pressure at location of PN1 

  

(c) wave height at location of TE (d) wave height at location of TW 

Figure 7.20. Comparison of numerical and experimental fluid responses, motion #4 in Table 7.2 
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Table 7.4. Maximum absolute isolation system responses and fluid responses (rounded to one decimal digit) and percentage differences 

Response 

(or location) 

Motion #1 (ECE 1D)  Motion #2 (CCE 3D) Motion #3 (ECE 3D) Motion #4 (KCE 3D) 

Model  Exp. 
Diff., 

% 
Model  Exp. 

Diff., 

% 
Model  Exp. 

Diff., 

% 
Model  Exp. 

Diff., 

% 

Isolator displ. – x, cm 2.2 2.1 5 0 0 - 2.0 2.1 -3 1.8 1.9 -3 

Isolator displ. – y, cm - - - 0 0 - 2.6 2.9 -10 1.9 1.8 10 

Shear force– x, kN 12.9 15.2 -15 7.8 7.8 -1 17.9 19.4 -8 17.2 18.2 -5 

Shear force– y, kN - - - 8.3 8.5 -3 25.3 27.6 -8 22.4 23.8 -6 

Normal force, kN 82.9 80.0 4 80.3 76.9 4 171.0 166.6 3 154.0 181.9 -15 

PE1, kN/m2 4.8 4.0 21 2.8 2.9 -2 22.3 25.5 -12 20.2 23.8 -15 

PN1, kN/m2 - - - 2.8 2.9 -1 24.4 28.0 -13 21.8 25.7 -15 

TE, cm 7.5 9.0 -17 8.2 7.6 7 6.1 6.4 -5 7.6 7.2 5 

TW, cm 6.6 8.3 -20 7.4 8.8 -16 6.4 7.5 -14 9.1 10.4 -12 
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7.5.2 Scaling issue in pressure output 

The simulations described in this section were run using Massively Parallel Processing (MPP) type of 

computing available for LS-DYNA that uses multiple CPUs (central processing units) running in parallel 

to execute a single analysis. The run time for the ALE models (for an analysis time of 10 sec) is about 6 

hours using 28 cores on a computer with AMD EPYC 7763 (2.45 GHz) processor and 128 GB RAM.  

In LS-DYNA, two sets of model outputs are generally generated. One is based on the generated D3PLOT 

files and contains plotting information that allows visualization of results over the three-dimensional 

geometry of the model and the other set (which is based on ASCII or BINOUT output files) is used to plot 

specific pre-requested results (for example, nodal acceleration histories of specified nodes). In general, a 

large output time interval is used for the former to keep the size of the output files small. Results (time 

series) at small output time intervals are requested using the latter.     

The MPP-DYNA runs do not write ASCII output files directly but instead write the requested data to 

BINOUT files. The pressure output using the BINOUT files (in R 12.0 solver) must be processed. Figure 

7.21 shows the total pressure (hydrostatic plus hydrodynamic) histories for a fluid domain element (near 

the location of pressure gage PE1) for motion #1 generated using outputs from the D3PLOT and BINOUT 

files at respective time steps of 0.1 sec and 0.002 sec. The element is located at a depth of 1.48 m from the 

free surface and thus the calculated hydrostatic pressure is 14.52 kN/m2, which is what is observed in the 

output from the D3PLOT file (see Figure 7.21a). However, the pressure output using the BINOUT file is 

consistently scaled up by a factor or 22000 as can be evaluated by considering a ratio of the hydrostatic 

pressure (total pressure around 1 sec, when the input acceleration magnitude is negligible) read from the 

two plots. The hydrodynamic pressure histories presented earlier in Figure 7.17 to Figure 7.20 were 

obtained from the BINOUT files after scaling down the total pressure history by a factor of 22000.18 

                                                      

18 This issue of scaling is not encountered with ASCII output files that are written if Symmetric Multi-Processing 

(SMP) solvers in LS-DYNA are used. 
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(a) using D3PLOT file, output time step = 0.1 

sec 

(b) using BINOUT file, output time step = 

0.002 sec 

Figure 7.21. Total pressure output for a fluid element located at a depth of 1.48 m near pressure gage 

PE1, motion #1 in Table 7.2 

 

7.6 Summary 

Earthquake-simulator experiments on a fluid-filled, base-supported vessel seismically isolated using four 

single concave friction pendulum bearings (SFP isolators) were described in this section. The base-

supported vessel represents a prototype vessel at approximately 1/10th length scale. The SFP isolators have 

a sliding radius of 0.473 m, which corresponds to a sliding period of 1.38 sec, and a fast friction coefficient 

of 12%. The use of seismic isolation significantly reduced horizontal accelerations above the isolation 

interface except around a frequency of 30 Hz, which is the frequency of the vertical mode of the isolation 

system. Vertical and rocking accelerations were also amplified around 30 Hz.   

A numerical study was presented wherein the fluid-filled vessel is modelled using the Arbitrary Lagrangian 

and Eulerian (ALE) approach and the SFP isolators are modeled using two-noded beam elements with 

MAT_SEISMIC_ISOLATOR property in LS-DYNA. Numerical predictions of isolation-system responses 

and fluid responses were found to be in excellent agreement with experimental results. The average 

differences in peak values of isolation-system responses (isolator displacements and shear forces) were less 

than 7%. Average differences in peak values of fluid responses (pressure and wave height) were less than 

12%. Based on outcomes presented in this section, it can be concluded that the discussed numerical 

modeling approach can be used to obtain robust seismic response estimates for systems involving fluids 

and isolators.   
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SECTION 8  

SUMMARY 

8.1 Introduction 

The construction of safe and economically-competitive next generation nuclear reactors, referred to as 

advanced or Generation IV (Gen IV) reactors, is critical for limiting greenhouse gas emissions and 

achieving long-term climate goals. An international cooperation framework, the Generation IV 

International Forum (https://www.gen-4.org/gif/), has identified six promising reactor technologies that 

could be deployed in the near term (GIF 2002). Some of these advanced reactor technologies (i.e., lead-

cooled fast reactor, molten slat reactor, and sodium-cooled fast reactor) use liquid coolants that operate at 

near atmospheric pressure. Such reactors provide an opportunity to use thin-walled reactor vessels and 

internal equipment, and simpler core designs. However, the seismic capacity of a thin-walled vessel is 

substantially smaller than its thick-walled counterpart and so fluid-structure interaction (FSI) effects will 

be more pronounced in terms of impact on design. Verified and validated numerical models for analyzing 

the interaction of a liquid coolant with submerged or enclosing structural components are required because 

other approaches of analysis have limited application; namely, available analytical solutions for seismic 

FSI cannot be used for complex geometries and multi-directional, high-amplitude seismic inputs; and 

physical testing of advanced reactor components is impractical and cost-prohibitive. Detailed discussions 

on verification of numerical models for seismic FSI analyses of advanced reactors are presented in Yu and 

Whittaker (2021a).  

The smaller seismic capacity of thin-walled vessels and components, with all other details including 

geometry remaining the same, can be offset by the use of seismic isolation. For all advanced reactors, 

seismic isolation can help significantly reduce the associated overnight capital cost by reducing seismic 

demands on components, and enable deployment of standardized designs at sites of varying seismicity (Lal 

et al. 2022; Parsi et al. 2022). The design of base-isolated advanced reactors will also require robust 

numerical models capable of predicting isolation-system and fluid-structure responses for high intensity, 

multi-directional seismic inputs. Validation of numerical models of advanced reactors, base-isolated and 

conventionally founded, with a focus on fluid-structure interaction, was addressed in this report. 

To support validation of numerical models for seismic FSI analysis of advanced reactors, this report: 1) 

described earthquake-simulator experiments conducted on a fluid-filled vessel with and without submerged 

components, and with and without physical isolators installed, and 2) used the data generated from these 

experiments to validate numerical models using the Arbitrary Lagrangian-Eulerian (ALE) solver in LS-
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DYNA. The benefits of seismic isolation in terms of reduced demands on components were characterized 

by using virtual seismic inputs simulating a range of isolation-system properties. 

Section 1.4 identified the three broad objectives of this report. Objective 1, the generation of experimental 

datasets for seismic responses of a fluid-filled vessel and submerged components, is addressed in Section 

3 and Section 5. The generation of an experimental dataset for hydrodynamic responses and isolation-

system responses in a base-isolated, fluid-filled vessel, objective 2, is described in Section 7. Objective 3, 

the validation of numerical models, is met in Section 4, Section 6, and Section 7. 

Section 8.2 summarizes the work presented in Section 2 to Section 7. Section 8.3 discusses how the work 

products presented in this report can be used to model and analyze prototype reactors. Although the 

motivation behind the work described in this report is to support the deployment of advanced nuclear 

reactors, the products are broadly applicable to other construction sectors that utilize fluid-filled vessels 

such as oil, gas, and water storage. 

8.2 Summary 

Section 2 presented a review of the literature on analytical and experimental studies addressing fluid-filled 

containers, submerged components, and seismically isolated fluid-filled containers. Analytical and 

experimental studies on the dynamic (seismic) responses of fluid-filled containers began in the 1930s and 

were later included in design guidelines for fluid-filled tanks and reactor vessels. Dynamic responses of 

submerged components were studied first in the late 19th century and a significant body of work on such 

responses in nuclear reactors was completed at the Argonne National Lab in the 1970s. Most of the studies 

on base-isolated, fluid-filled vessels involve numerical estimation of responses. The experimental studies 

on base-isolated vessels by Chalhoub and Kelly (1988) and Calugaru and Mahin (2009) were described.    

Section 3 presented details of experiments on a base-supported cylindrical vessel tested using a six-degree-

of-freedom earthquake simulator. Details of the test setup, instrumentation, and seismic inputs were 

described and discussed. Experimental results in terms of sloshing frequency, damping ratios in sloshing 

modes, and hydrodynamic responses (wave height, hydrodynamic pressure, base shear, and base moment) 

were presented and compared with predictions from available analytical solutions. The impact of seismic 

isolation on hydrodynamic responses of the fluid-filled container was studied by using isolated inputs 

generated assuming a virtual isolation system. The analytical prediction of convective mode frequency was 

in excellent agreement with the experimental results. Hydrodynamic responses for multi-directional inputs, 

calculated by superposition of responses due to the different components of the input, were found to be in 

reasonable agreement with experimental results for hydrodynamic pressure, base shear, and base moment. 

However, the errors in maximum values of wave height, predicted using this approach, were significant. 
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The implementation of (horizontal) base isolation led to significant reductions in base shear and moment 

for high-intensity motions but wave height, associated with the convective modes, increased with the use 

of base isolation for the selected tank geometry and isolation-system properties. 

Section 4 focused on validating numerical models of the base-supported vessel tested in the experiments 

described in Section 3. Two numerical approaches, the Arbitrary Lagrangian and Eulerian (ALE) and 

Lagrangian elastic-fluid, were investigated. Numerical predictions were compared with experimental 

results to support validation. The ALE approach models the fluid using Eulerian elements that do not 

deform with fluid motion. Such elements can accommodate large deformations and nonlinear fluid 

responses (e.g., large amplitude sloshing). The Lagrangian elastic-fluid approach models the fluid using 

elastic properties and is limited in terms of its ability to accommodate large deformations. The ALE model 

of the fluid-filled vessel was validated using experimental results from nine sets of multi-directional seismic 

inputs. The Lagrangian model, analyzed for a unidirectional horizontal input motion with interactions 

between the fluid and the vessel defined using tie constraints or contact, did not simulate convective 

responses accurately, but was computationally more efficient. 

Section 5 described experiments on components submerged in the fluid-filled, base-supported vessel 

described in Section 3. A centrally placed tubular steel internal, a steel plate internal, and three 

configurations of aluminum tubes were tested in three different test series. Details of the tested specimen, 

instrumentation used, in-air and in-water identification tests, and the earthquake-simulator inputs were 

presented. The effects of base isolation on submerged-component responses were studied using inputs 

generated using a virtual isolation system. The benefits of seismic isolation, in terms of reduction in 

dynamic responses (pressure, acceleration, and strain), were identified.  

Section 6 focused on numerical modelling of the submerged internal components described in Section 5. 

Numerically estimated dynamic responses of the submerged internals, generated using the Arbitrary 

Lagrangian and Eulerian (ALE) algorithm in LS-DYNA, were compared with experimental results to 

support validation of the models. All numerical models (of the different specimens) were validated for 

estimation of in-water frequencies of the internal components. The numerical model of the central tubular 

steel internal was validated for estimation of pressure response on the wall of the internal, and all models, 

except for that of the steel plate internal, were validated for estimation of acceleration responses. Strain 

responses, in general, were not validated. The effect of using fine meshes, in terms of improved accuracy 

of in-water frequency estimates, and the effect of using hourglass control algorithms, in terms of added 

non-physical damping, were discussed.  
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Section 7 presented details of earthquake-simulator experiments and subsequent numerical modelling of a 

fluid-filled, base-supported vessel seismically isolated using four single concave friction pendulum 

bearings. The test specimen and instrumentation, friction pendulum bearings, and seismic inputs were 

introduced, followed by a discussion on numerical modelling of the base-isolated vessel. The ALE 

algorithm was used to model the fluid-filled vessel (as in Section 4) and the isolators were modelled using 

the MAT_SEISMIC_ISOLATOR property in LS-DYNA. Numerical predictions of isolation-system 

responses and fluid responses were compared with experimental results and the agreement was excellent.  

8.3 Recommendations for validation of prototype reactor models 

The experiments described in this report were conducted on specimen geometries that are simpler than 

prototype reactor vessels and internal geometries. However, these experiments provide a first-of-a-kind 

curated dataset that could be used to characterize a solver’s capabilities and limitations when constructing 

numerical models of a prototype reactor in a finite element package. An analyst may choose to construct 

numerical models similar to those described in Sections 4, 6, and 7 of this report (for a fluid-filled vessel, 

submerged components, and a base-isolated vessel, respectively) and validate the models in a particular 

solver before modifying the geometry, boundary conditions, and mechanical properties to represent a 

prototype reactor. This would help understand the effect of various input parameters (e.g., the effects of 

specifying damping, hourglass control algorithms, using fully integrated elements versus reduced 

integration elements) in the solver.       

The error thresholds for judging whether a numerical model is validated are specific to the problem and 

analyst. Thresholds of 10%, 25%, and 12% were used in Section 4, Section 6, and Section 7, respectively. 

These values reflect the complexity of the models studied and the thresholds may be relaxed or made more 

stringent depending on how the numerical results from the prototype model will be used for decision 

making.         
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APPENDIX A  

CALIBRATION OF FIVE-CHANNEL LOAD CELLS 

A.1 Introduction 

This appendix documents the process used to calibrate the four five-channel load cells (LCs) that were used 

to measure reaction forces in the earthquake-simulator experiments described in this report. The load cells 

were originally designed and fabricated for the Structural Engineering and Earthquake Simulation 

Laboratory (SEESL) in the Department of Civil, Structural and Environmental Engineering at the 

University at Buffalo. A copy of the original design sheet is presented in Figure A.1. The LCs were last 

calibrated systematically in 2006 (Warn and Whittaker 2006). For the calibration exercise described here, 

LC 1 was re-machined and re-gaged, and the other three LCs were re-gaged. The next section presents a 

discussion on the construction and wiring of the LCs. The following section presents the calibration 

procedure, results, and compares calibration data with that reported by Warn and Whittaker.  
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Figure A.1. Original design sheet, adapted from Warn and Whittaker (2006) 
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A.2 Description 

Each of the four LCs comprises a cylindrical tube and two square end plates, as shown in Figure A.2. A 

protective cover, not shown in the figure, is placed around the cylindrical tube.  

 

 
Figure A.2. Plan and elevation of a five-channel load cell, dimensions in inches 

 

The instrumentation on each load cell comprises four strain rosettes and twelve uniaxial strain gages placed 

around the circumference of the cylindrical steel tube. The gages are clustered in four groups, A, B, C, and 

D around the circumference as shown in Figure A.3a with each group consisting of a strain rosette and three 

uniaxial gages. The orientation of the gages in a particular group is shown in Figure A.3b wherein gage 

numbers 1, 2, and 3 correspond to the strain rosette and 4, 5 and 6 correspond to uniaxial gages.  
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(a) location in plan (b) location in elevation and numbers 

Figure A.3. Strain gages, adapted from Bracci et al. (1992)  

 

The gages are oriented and connected in a manner that enables measurement of applied normal force (N) 

along the axis of the cylindrical tube (z-axis in Figure A.3), applied shear forces (Sx and Sy) and applied 

moments (Mx and My) along the other two orthogonal directions. Specific gages around the circumference 

are connected to form Wheatstone bridge circuits, with each circuit measuring a particular action. The five 

circuits employed for measuring N, Sx, Sy, Mx, and My are shown in Figure A.4 wherein the involved 

strain gages are denoted by an alpha numeric sequence denoting the gage group and number. As an example, 

the shear force along x direction (Sx) is measured utilizing the actions of strain gages B1, B3, D1 and D3. 

Similarly, the normal-force-measuring circuit comprises normal strain measuring gages A2, B2, C2, D2 

and gages A6, B6, C6, and D6 oriented perpendicular to the normal strain for thermal compensation. The 

shear and moment circuits are so designed that the need for thermal compensation gages is eliminated.  
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Figure A.4. Wheatstone bridge circuitry, adapted from Bracci et al. (1992) 

 

A.3 Calibration procedure 

A NIST (National Institute of Standards and Technology) traceable reference load cell was used for 

calibrating the load cells in a tension-compression machine (Tinius Olsen Testing Machine Co.). A Pacific 

Instruments 6000 Acquisition and Control system was used for data acquisition. Two configurations were 

used to calibrate all five channels of each load cell. The normal force channels of the all the load cells were 

calibrated simultaneously by stacking the load cells along with the reference load cell as shown in Figure 

A.5 and compressing them using the Tinius Olsen machine. 
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Figure A.5. Calibration setup for normal force channels 

 

The shear and moment channels were calibrated using the two-point loading arrangement shown in Figure 

A.6. A “two-point” loading beam with tack-welded steel rods was used to simulate point loading. The end 

plates of the load cells have grooves along the periphery at their mid-depth. The loading beam was placed 

in a manner such that the tack-welded steel rods were placed in the grooves of the inner end plate of the 

outer two load cells (LC 1 and LC 4, as shown in Figure A.6). The steel rods supporting the LCs were 

placed in the grooves of the outer end plates of the outer load cells (LC 1 and LC 4, as shown in Figure 

A.6). Using this scheme, a shear channel of the two outer load cells (LC 1 and LC 4 as shown in Figure 

A.6) and a moment channel of the two inner load cells (LC 2 and LC 3 in Figure A.6) were calibrated. The 

other channels were calibrated after rotating or rearranging the assembly.  
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Figure A.6. Calibration setup for shear force (LC 1 and LC 4) and moment (LC 2 and LC 3) channels 

 

The following step-by-step procedure was used to calibrate each channel (Warn and Whittaker 2006):  

1. Balance all circuits (bridge balance) 

2. Ensure that the reference load cell and the active channels read zero (tare removal) 

3. Apply load using the Tinius Olsen machine  

4. Initiate a two-point engineering unit (EU) calibration 

5. Enter first EU calibration point at full-scale using the reading from the reference load cell 

6. Unload 

7. Enter second EU calibration point at zero load 

8. Note the obtained EU slope for the channel being calibrated 

9. Balance all circuits (bridge balance) 

10. Ensure that the reference load cell reads zero 

11. Initiate calibration dataset 

12. Load till full scale EU value 

13. Terminate calibration dataset 

Table A.1 summarizes the calibration information. A gain of 1000 and a full-scale unamplified output of 

10 mV was used for all channels during the calibration process. The EU slope (engineering units per volt) 
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obtained from the two-point calibration is noted for each channel. The ‘full-scale EU’ is obtained by 

multiplying the ‘EU slope’ by the ‘amplified full-scale output’ and the ‘amplified output per EU’ is obtained 

by dividing the ‘amplified full-scale output’ by the ‘full-scale EU’. 

For information, Table A.2 presents the average EU slopes obtained for the shear, moment and axial 

channels and the values reported in Warn and Whittaker (2006). The range (difference between maximum 

and minimum values) of the obtained slopes is also noted in parentheses.     

 

Table A.1. Calibration data 

LC 

No. 
Channel 

Eng. 

unit 

(EU) 

Gain 

Unamplified 

full-scale 

output (mV) 

Amplified 

full-scale 

output (V) 

EU slope 

(EU/V) 

Full-

scale 

EU 

Amplified 

output per 

EU (V/EU) 

1 Sx kN 1000 10 10 28.6 286.0 0.0350 

1 Sy kN 1000 10 10 27.0 270.0 0.0370 

1 Mx kN-m 1000 10 10 2.4 23.7 0.4221 

1 My kN-m 1000 10 10 2.4 24.0 0.4159 

1 N kN 1000 10 10 93.8 938.1 0.0107 

2 Sx kN 1000 10 10 30.2 302.0 0.0331 

2 Sy kN 1000 10 10 29.5 294.9 0.0339 

2 Mx kN-m 1000 10 10 2.4 24.4 0.4101 

2 My kN-m 1000 10 10 2.4 23.6 0.4235 

2 N kN 1000 10 10 90.6 906.1 0.0110 

3 Sx kN 1000 10 10 30.6 305.6 0.0327 

3 Sy kN 1000 10 10 30.2 302.0 0.0331 

3 Mx kN-m 1000 10 10 2.4 23.6 0.4237 

3 My kN-m 1000 10 10 2.4 23.6 0.4237 

3 N kN 1000 10 10 92.6 925.7 0.0108 

4 Sx kN 1000 10 10 27.9 279.3 0.0358 

4 Sy kN 1000 10 10 27.7 277.1 0.0361 

4 Mx kN-m 1000 10 10 2.4 23.7 0.4221 

4 My kN-m 1000 10 10 2.5 25.3 0.3946 

4 N kN 1000 10 10 90.7 907.0 0.0110 
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Table A.2. Averaged obtained EU slopes 

 Warn and Whittaker (2006) Obtained results % change 

Shear force channels 26.7 (4.3)* 28.9 (3.6)* 8 

Moment channels 2.1 (0.3)* 2.4 (0.1)* 14 

Axial force channels 93.8 (1.8)* 91.9 (3.2)* -2 

*Values in parentheses identify the range 

 

Figure A.7 through Figure A.10 present calibration curves for the four load cells. The plots are for data sets 

that were recorded after calibration of all the LC channels. Each plot presents the output from all five 

channels of a LC as a function of the reference signal. The sub-caption identifies the force channel under 

consideration. For example, the sub-caption My indicates that the plots are from a configuration in which 

the load cell is placed like LC 3 or LC 2 in Figure A.6. The moment values in all of the plots are normalized 

by the moment arm, which is 0.28 m (11 inches).  

As seen in the last panel of Figure A.7 through Figure A.10, there is negligible cross talk under axial load 

(N). However, under shear or moment loading, the axial channels read non-zero values. For example, in 

Figure A.7a, LC 1 is loaded in shear along the x-direction. At the peak reference load of 180 kN, the normal 

(N) channel reads approximately 9 kN. Similarly, under moment loading (see plots for Mx or My in Figure 

A.7 through Figure A.10), the shear channels read non-zero values at full scale. For example, in Figure 

A.9c, LC 3 is subjected to a moment along the x-direction. At full scale, the Sx channel reads approximately 

6.5 kN. This is negligible.  

In some plots, the signal is seen to cut-off near the full-scale value (see, for example Figure A.7c). This is 

due to the fact that post calibration, the unamplified circuit output exceeded the unamplified full-scale range 

set in the data acquisition system for such channels. This outcome does not affect the calibration results.  
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(a) channel: Sx (b) channel: Sy 

  

(c) channel: Mx, moment arm = 0.28m (d) channel: My, moment arm = 0.28m 

 

(e) channel: N 

Figure A.7. Calibration results for LC1 



 

183 

 

  

(a) channel: Sx (b) channel: Sy 

  

(c) channel: Mx, moment arm = 0.28m (d) channel: My, moment arm = 0.28m 

 

(e) channel: N 

Figure A.8. Calibration results for LC2 



 

184 

 

  

(a) channel: Sx (b) channel: Sy 

  

(c) channel: Mx, moment arm = 0.28m (d) channel: My, moment arm = 0.28m 

 

(e) channel: N 

Figure A.9. Calibration results for LC3 
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(a) channel: Sx (b) channel: Sy 

  

(c) channel: Mx, moment arm = 0.28m (d) channel: My, moment arm = 0.28m 

 

(e) channel: N 

Figure A.10. Calibration results for LC4 
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A.4 Summary 

Four five channel load cells were calibrated per the procedure outlined in Warn and Whittaker (2006). A 

description of the load cells and the calibration procedure was presented in this appendix along with results 

from the calibration exercise. The load cells were used under the base of the vessel, as described in Section 

3 and Section 5, for recording reactions in earthquake-simulator experiments. 
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APPENDIX B  

WAVE HEIGHT MEASUREMENT 

B.1 Introduction 

This appendix describes five strategies for measuring wave height that were explored as part of 

instrumentation design for the earthquake-simulator experiments described in Section 3 of this report. These 

five strategies are discussed in Section B.2 through Section B.6 below. Results from preliminary tests 

utilizing the different strategies are presented and challenges with practical implementation, if any, are 

identified. The preliminary tests were conducted using the cylindrical, fluid-filled vessel described in 

Section 3 or a smaller test tank having a diameter of 0.57 m. The viability of a particular strategy was 

assessed based on comparison of recorded wave height histories with those predicted analytically per 

Veletsos (1984).   

B.2 Camera-based approach 

The first strategy that was explored involved a camera that was used to track the movement of the free 

surface of water near the wall of the vessel. For this purpose, the vessel wall was painted black on the inside 

and water was dyed green to provide a contrast. The camera was oriented in a manner that it could capture 

the movement of green-dyed water against the black background (see Figure B.1a). The relative proportions 

of black and green in the field of view of the camera, captured as areas defined by lengths 1tanL   and 

2tanL   (see Figure B.1a) on a frame of specified width, is related to the height of water at the vessel wall. 

Sixteen pictures at sixteen known water heights over a range of ±0.2 m around the initial water level were 

taken and used to calibrate a model relating the proportion of green in a captured frame with the height. 

This was done by writing an image-processing algorithm in MATLAB (MathWorks 2017). Figure B.1b 

shows a typical frame used for calibration and the defined ‘region of interest’ (ROI) considered for analysis. 

Pixel values corresponding to the green channel19 were averaged over the width of the ROI and the variation 

of the average values was analyzed. The demarcation between the green region, representing water, and the 

black region, representing the tank wall, is marked by a steep increase in the green-channel pixel value 

(intensity) as shown in Figure B.1c. The created model relating the proportion of green in the frame to 

height was used to analyze frames extracted from a video taken during a test to give the wave height history. 

This method of tracking wave height at the tank wall works for well-behaved sloshing as seen in the 

                                                      

19 Each pixel in an image is composed of a specific intensity of the three primary colors: red, green, and blue. The 

terminology of three channels for each pixel is used here to refer to these three colors.      
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fundamental mode (see Figure B.2a) because the wave profile in such a case permits equal proportions of 

color in a frame taken with a horizontal water surface at height 𝐻 (as shown in Figure B.1a) and in a frame 

taken at an instant when the wave height at the wall is 𝐻. This is not true for the wave profiles seen in the 

higher convective modes, as illustrated in Figure B.2b. The calibration method discussed earlier would not 

be applicable for such a case. Similarly, the method will perform poorly in those cases where waves break 

in the tank as shown in Figure B.2c wherein the response of the water surface to a sinusoidal excitation of 

frequency 10 Hz is shown (the vessel described in Section 3 was used here). It is pertinent to add here that 

the convective response under low amplitude recorded earthquake motions is well-behaved in general, with 

a dominant first-mode response, and thus the method performs well, as indicated in Figure B.3 wherein 

wave histories evaluated using the method described here are compared with analytical predictions for two 

seismic inputs. The major challenges in implementing this method are: 1) the need to eliminate reflections 

from the water surface due to nearby lights or reflecting objects, and 2) the need to repeat the calibration 

exercise each time the orientation of the camera is changed. Another (minor) challenge with this method is 

syncing the camera recording with other data recorded using a conventional data acquisition system.   

     

           

(a) camera placement and water surface 

profile during calibration 

(b) selecting the ROI in a frame 

 

(c) analyzing green-channel pixel values for ROI 

Figure B.1. Implementation of camera-based method for wave height tracking near the tank wall 
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(a) first convective mode (b) higher convective mode 

 

(c) wave breaking for sinusoidal base acceleration input with a frequency of 10 Hz 

Figure B.2. Applicability of the camera-based method for first and higher convective modes 

 

 

  
(a) CCE motion, peak acceleration = 0.1g (b) ECE motion, peak acceleration = 0.4g 

Figure B.3. Wave height histories from the camera-based method and from analytical solution, 

unidirectional motions (see Table 3.1), test vessel and fluid height per Section 320 

                                                      

20The time series obtained from the camera-based method were manually shifted in time such that the first major 

peak in the time series coincided with the first major peak in the analytically evaluated time series.  
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B.3 Capacitive level sensor 

A capacitive level sensor comprises two concentric tubes, seperated by a small annulus, that function as a 

capacitor. A change in water level in the annulus causes a change in capacitance of the assembly that can 

be calibrated to measure water height. The feasibility of using a capacitive level sensor (Make: Loadstar 

Sensors, Model: ilevel-900-A) for wave height measurements in earthquake-simulator tests was evaluated 

using a cylindrical test tank of 0.57 m diameter and a fluid height of 0.48 m. The tank was secured to the 

earthquake-simulator platform and the capacitive level sensor was installed 38 mm from the wall of tank 

along the direction of shaking. The setup is shown in Figure B.4. Two sinusoidal inputs with different 

acceleration amplitudes and a frequency of 0.5 Hz were used for testing. Test results and analytical 

predictions are shown in Figure B.5. The sensor was not able to capture the peak wave amplitudes predicted 

by the analytical solution, although the profile of the recorded response matched that of the analytical 

prediction. The design of the sensor, wherein four holes are provided at the lower end of the sensor for the 

fluid to move in and out of the tubing, is not suitable for applications where large-amplitude dynamic 

motions of fluids are involved.     

 

  

(a) tank on earthquake simulator (b) sensor arrangement 

Figure B.4. Test setup for capacitive level sensor 
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(a) input amplitude = 0.1g (b) input amplitude = 0.15g 

Figure B.5. Wave height histories from the capacitive level sensor and the analytical solution, 

unidirectional sinusoidal input motions, frequency =0.5 Hz, test vessel of 0.57 m diameter, water height of 

0.48 m 

 

B.4 Resistance wire gage sensor 

The resistance wire gage sensor works similarly to a full-bridge strain gage. Figure B.6 shows a schematic 

of the sensor, comprising a Wheatstone bridge, one resistor of which is immersed in water. The immersed 

resistor is composed of two parallel wires. Fluctuations in water level alter the resistance of the immersed 

wires and the magnitude of the change can be calibrated to record the fluctuations in water level. This setup 

was used by Calugaru and Mahin (2009) to record wave height in their earthquake-simulator experiments21. 

A resistance wire gage set up comprising two parallel brass wires was tested in the vessel described in 

Section 3. Figure B.7 shows a comparison of the wave height recorded by the resistance wire gage with the 

analytically predicted time series for a unidirectional earthquake input22.  

                                                      

21Calugaru and Mahin (2009) used this wave gage in earthquake simulator experiments. However, details on the 

working of the gage, materials used for fabricating the gage, and signal conditioning systems used are not provided 

in the study. 

22The earthquake input used here was derived from the TCU084 station recording of the 1999 Chi-Chi earthquake, 

available in the PEER Ground Motion Database (http://ngawest2.berkeley.edu). The east component was amplitude 

scaled to 0.1g and time-scaled by compressing the time scale by 1.58, consistent with the length scale (2.5) of another 

set of experiments executed on the earthquake simulator at SEESL, University at Buffalo.   
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Figure B.6. Schematic representation of a resistance wire gage for measuring wave height 

 

 

Figure B.7. Wave height histories from the resistance wire gage and from analytical solution, 

unidirectional sinusoidal input motions, test vessel and fluid height per Section 3  

 

The wave gage recording has a similar profile as the analytical prediction but does not recover the peaks in 

the time series. The major challenges faced in the implementation of this system were: 1) non-linearities in 

the calibration curve of the gage, 2) corrosion of the brass rods when used for a prolonged period of time 

(few hours), and 3) erratic gage behavior due to dissolved impurities in water.   

B.5 Float-and-stringpot-based sensor 

A float-based sensor combining a string potentiometer (stringpot) and a float was tested using the 0.57 m 

diameter tank described in Section B.3. The sensor comprised a hinged float and a string potentiometer that 

was calibrated to measure the vertical displacements of the float. A schematic of the sensor is presented in 

Figure B.8a and the actual set up is shown in Figure B.8b. The performance of the sensor was found to be 

unsatisfactory as can be seen in Figure B.9 where the wave height recording from the sensor is plotted 

against the analytical predictions for a sinusoidal base input motion of 0.7 Hz frequency and 0.3 g 

amplitude. The (small) restoring force in the cable of the string potentiometer complicates the behavior of 

the sensor.   
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(a) schematic (b) setup for preliminary testing 

Figure B.8. Float-and-stringpot based sensor for measuring wave height 

 

 

Figure B.9. Wave height histories from the float-and-stringpot sensor and from analytical solution, 

unidirectional sinusoidal input motions, frequency =0.7 Hz, peak amplitude =0.3g, test vessel of 0.57 m 

diameter, water height of 0.48 m 

 

B.6 Float-and-Temposonic-based sensor 

Another float-based design, consisting of a float attached to a lightweight tube mounted on to the waveguide 

of a Temposonic, was tested. The waveguide and the inner surface of the tube were lubricated with a silicone 

spray. A magnet was attached to the top of the tube as shown in Figure B.10a. The Temposonic recorded 

the vertical motion of the magnet, which was driven by the motion of the float. This design was found to 

perform satisfactorily and was used in the tests. A comparison of the recording of this sensor with the 

analytically predicted results is presented in Figure B.10b and c for two earthquake inputs. 
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(b) comparison for unidirectional CCE motion (see Table 3.1), 

peak acceleration = 0.1g 

 

(a) sensor arrangement 
(c) comparison for unidirectional ECE motion (see Table 3.1), 

peak acceleration = 0.5g 

Figure B.10. Float-and-Temposonic-based sensor, arrangement and performance, test vessel and fluid 

height per Section 3 

 

B.7 Summary 

Five strategies for recording wave heights in earthquake-simulator experiments were explored: a camera-

based method, a capacitance level sensor, a resistance wire gage, and two float-based approaches utilizing 

a string potentiometer or a Temposonic. The camera-based method and the float-and-Temposonic-based 

method were found to perform best. However, implementation of the camera-based method involved the 

challenges listed in Section B.2. Accordingly, the float-and-Temposonic-based method was used in the 

earthquake-simulator experiments.  
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APPENDIX C  

SEISMIC MOTIONS FOR EARTHQUAKE-SIMULATOR EXPERIMENTS 

C.1 Introduction 

A base-supported cylindrical vessel was tested using a six-degree-of-freedom earthquake simulator at the 

University at Buffalo. The simulator, with an extension platform (blue framing with grey infill grating) to 

expand the working area, is shown in Figure C.1. (The extension framing obscures the earthquake simulator 

below.) A two-phase program of experiments was performed to support validation of numerical models and 

demonstrate the merits of seismic isolation. Phase I involved the vessel only. Phase II involved the vessel 

sealed with a head, supporting central and off-center internal components immersed in the contained fluid. 

Two test setups (TSs) with different supporting conditions were used: 1) TS-1: the base plate of the vessel 

was bolted to the extension platform; and 2) TS-2: load cells used to measure base reactions were installed 

between the base plate and the extension platform. Phase II involved three test series described in Section 

5. The Phase I tests involved 182 sets of motions, 68 sets for TS-1 and 114 sets for TS-2. Information on 

the input motions used in the two phases of testing is provided in the next section. Details on the specimen 

design, test setups, instrumentation, and use of experimental data can be found in Section 3 and Section 5 

of this report and Mir et al. (2019; 2020; 2021). 

 

 

Figure C.1. Extension platform on earthquake simulator and coordinate system ( x , y , z ) 

 

C.1 Seismic inputs and experiment sequence 

White noise, sine waves, earthquake records, and isolated motions (see Section 3.5.1) were used as inputs 

to the earthquake simulator in the tests. Information on the earthquake records is presented in Table C.1, 

including the earthquake events, the components used for the experiments, and the peak ground acceleration 
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(PGAs). The time scale of each earthquake motion was compressed to be consistent with the length scale 

of the test vessel. Figure C.2 presents 5%-damped acceleration response spectra of the earthquake motions, 

with time compression. In these spectra, the peak acceleration of the x -component of each earthquake is 

amplitude scaled to 1 g. The y - and z -components of the earthquake are amplitude scaled using the factor 

for the x -component. The five-second input motions were extracted from the earthquake records, after 

compressing the time scale, and each includes the strong motion. 

 

Table C.1. Input motion time series1 used for earthquake-simulator experiments 

Event Year Station Direction2 
Original 

PGA (g) 

Scaled PGA3 

(g) 

Time 

scale3 

El Centro earthquake 

(Imperial Valley-02) 
1940 

El Centro 

Array #9 

180 ( x ) 0.28 1 

1/ 10  270 ( y ) 0.21 0.56 

Up ( z ) 0.18 0.42 

Hualien earthquake 2018 HWA019 

EW ( x ) 0.39 1 

1/ 10  NS ( y ) 0.37 0.88 

Up ( z ) 0.23 0.81 

Chi-Chi earthquake 1999 TCU052 

EW ( x ) 0.36 1 

1/ 10  NS ( y ) 0.45 1.25 

Up ( z ) 0.19 0.55 

Tohoku earthquake (a) 2011 AKT014 EW ( x ) 0.07 1 1/ 10  

Tohoku earthquake (b) 2011 MYG014 NS ( x ) 0.5 1 1/ 10  

Kern County earthquake 1952 

Taft 

Lincoln 

School 

21 (x) 0.16 1 

1/ 10  111 (y) 0.18 1.12 

Up (z) 0.11 0.71 

1. Ground motion records of the El Centro, Chi-Chi, and Kern County Earthquakes are extracted from the PEER 
Ground Motion Database (http://ngawest2.berkeley.edu/, accessed on Jan. 12, 2019); records of the Hualien 
earthquake are provided by the National Center for Research on Earthquake Engineering, Taiwan; records of 
the Tohoku earthquake are extracted from Strong-motion Seismograph Networks (K-NET, KiK-net) 
(https://www.kyoshin.bosai.go.jp/, accessed on Mar. 18, 2019). 

2. Directions based on the coordinates described in the dataset of the ground motion records; x , y , and z  shown 
in the parentheses representing the input directions of the earthquake simulator (see Figure C.1) 

3. Used in Figure C.2 
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Tables C.2 and C.3 list the inputs used for TS-1 and TS-2, respectively, including white noise, sine waves, 

full and five-second earthquake motions (identified by “5s”), and isolated motions (denoted by “IS#1”, 

“IS#2”, or “IS#3”, referring to the three virtual isolation systems presented in Section 3.5.1). Table C.4 

through Table C.6 present the input motions for the three test series of Phase II. The PGAs of the earthquake 

records were scaled to different intensities. The PGAs and the input orientations are identified, based on 

the coordinate system of Figure C.1. 

 

  

(a) El Centro earthquake (b) Hualien earthquake 

  

(c) Chi-Chi earthquake (d) Tohoku earthquake (AKT014_NS) 

  

(e) Tohoku earthquake (MYG014_NS) (f) Kern County earthquake 

Figure C.2. Acceleration response spectra of input motions used for earthquake-simulator 

experiments, time and PGA scaled per Table C.1, damping ratio of 5% 
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Table C.2. Input motions for TS-1 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction PGA 

(g) 

1 White noise 1 0.1 - - 

2 White noise 2 0.1 - - 

3 Sine ( f = 0.5 Hz) 0.01 - - 

4 Sine ( f = 1 Hz) 0.04 - - 

5 Sine ( f = 10 Hz) 0.1 - - 

6 Sine ( f = 10 Hz) 0.2 - - 

7 Sine ( f = 10 Hz) 0.4 - - 

8 Sine ( f = 10 Hz) 1 - - 

9 Sine ( f = 1 Hz) 0.4 - - 

10 Sine ( f = 10 Hz) 1 - - 

11 Sine ( f = 20 Hz)  0.1 - - 

12 Sine ( f = 20 Hz)  0.2 - - 

13 Hualien earthquake  0.1 - - 

14 Chi-Chi earthquake  0.1 - - 

15 Chi-Chi earthquake  0.15 - - 

16 El Centro earthquake  0.1 - - 

17 El Centro earthquake  0.2 - - 

18 El Centro earthquake  0.4 - - 

19 Tohoku earthquake (a)  0.05 - - 

20 Tohoku earthquake (a)  0.075 - - 

21 Tohoku earthquake (b)  0.1 - - 

22 Tohoku earthquake (b)  0.2 - - 

23 Tohoku earthquake (b)  0.4 - - 

24 Tohoku earthquake (b)  0.6 - - 

25 Hualien earthquake 5s  0.1 - - 

26 Chi-Chi earthquake 5s  0.15 - - 

27 El Centro earthquake 5s  0.2 - - 
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Table C.2. Input motions for TS-1 (continued) 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction PGA 

(g) 

28 El Centro earthquake 5s  0.4 - - 

29 Tohoku earthquake (b) 5s  0.2 - - 

30 Tohoku earthquake (b) 5s  0.6 - - 

31 Tohoku earthquake (b) 5s  0.2 - - 

32 Tohoku earthquake (b) 5s  0.6 - - 

33 El Centro earthquake 5s  1 - - 

34 El Centro earthquake  1 - - 

35 Sine ( f = 20 Hz)  1 - - 

36 Sine ( f = 20 Hz)  1 - - 

37 Hualien earthquake  0.1  0.094 - 

38 Chi-Chi earthquake  0.1  0.125 - 

39 Hualien earthquake   0.1  0.047 - 

40 Chi-Chi earthquake  0.1  0.063 - 

41 Hualien earthquake  0.1  0.023 - 

42 Chi-Chi earthquake  0.1  0.031 - 

43 Hualien earthquake 5s  0.1  0.094 - 

44 Chi-Chi earthquake 5s  0.1  0.125 - 

45 Hualien earthquake 5s   0.1  0.047 - 

46 Chi-Chi earthquake 5s  0.1  0.063 - 

47 Hualien earthquake 5s  0.1  0.023 - 

48 Chi-Chi earthquake 5s  0.1  0.031 - 

49 Hualien earthquake  0.1  0.094  0.058 

50 Chi-Chi earthquake 0.1  0.125  0.055 

51 Hualien earthquake 5s  0.1  0.094  0.058 

52 Chi-Chi earthquake 5s 0.1  0.125  0.055 

53 El Centro earthquake  0.13  0.097 - 

54 El Centro earthquake  0.25  0.187 - 
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Table C.2. Input motions for TS-1 (continued) 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction PGA 

(g) 

55 El Centro earthquake  0.5  0.375 - 

56 El Centro earthquake  1   0.751 - 

57 El Centro earthquake  1  0.375 - 

58 El Centro earthquake  1  0.187 - 

59 El Centro earthquake 5s  1   0.751 - 

60 El Centro earthquake 5s  1  0.375 - 

61 El Centro earthquake 5s  1  0.187 - 

62 El Centro earthquake  1  0.751  0.637 

63 El Centro earthquake 5s  1  0.751  0.637 

64 Sine ( f =  0.77 Hz) 0.03 - - 

65 Sine ( f = 1.95 Hz) 0.04 - - 

66 Sine ( f = 1.67 Hz) 0.03 - - 

67 Sine ( f = 1.32 Hz) 0.03 - - 

68 Sine ( f = 0.77 Hz) 0.03 - - 
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Table C.3. Input motions for TS-21 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction PGA 

(g) 

1 White noise 1 0.1 - - 

2 White noise 2 0.1 - - 

3 Sine ( f = 0.5 Hz) 0.01 - - 

4 Sine ( f = 1 Hz) 0.04 - - 

5 Sine ( f = 10 Hz) 0.2 - - 

6 Sine ( f = 10 Hz) 1 - - 

7 Sine ( f = 20 Hz) 0.1 - - 

8 Sine ( f = 20 Hz) 0.4 - - 

9 Sine ( f =  0.77 Hz) 0.01 - - 

10 Sine ( f = 1.32 Hz) 0.04 - - 

11 Sine ( f = 1.67 Hz)  0.05 - - 

12 Sine ( f = 1.95 Hz)  0.06 - - 

13 Hualien earthquake  0.1 - - 

14 Chi-Chi earthquake  0.1 - - 

15 Chi-Chi earthquake  0.15 - - 

16 El Centro earthquake  0.1 - - 

17 El Centro earthquake  0.2 - - 

18 El Centro earthquake  0.4 - - 

19 Tohoku earthquake (a)  0.05 - - 

20 Tohoku earthquake (a)  0.075 - - 

21 Tohoku earthquake (b)  0.1 - - 

22 Tohoku earthquake (b)  0.2 - - 

23 Tohoku earthquake (b)  0.4 - - 

24 Tohoku earthquake (b)  0.6 - - 

25 Hualien earthquake 5s  0.1 - - 

26 Chi-Chi earthquake 5s  0.1 - - 

27 Hualien earthquake 5s -  0.1 - 

1. The setup of wave-height sensors TE, TW, TN, and TS shown in Figure 3.2c was applied to runs #71 to 

#114. For runs #1 to #70, TE and TW were 51 mm from the vessel wall and TN and TS were excluded (Yu 

and Whittaker, 2020a; Yu et al., 2021) 
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Table C.3 Input motions for TS-21 (continued) 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction 

PGA (g) 

28 Chi-Chi earthquake 5s  -  0.1 - 

29 El Centro earthquake  1 - - 

30 El Centro earthquake 5s 1 - - 

31 Hualien earthquake  0.1  0.094 - 

32 Chi-Chi earthquake  0.1  0.125 - 

33 Hualien earthquake   0.1  0.047 - 

34 Chi-Chi earthquake  0.1  0.063 - 

35 Hualien earthquake 5s  0.1  0.094 - 

36 Chi-Chi earthquake 5s  0.1  0.125 - 

37 Hualien earthquake 5s   0.1  0.047 - 

38 Chi-Chi earthquake 5s  0.1  0.063 - 

39 Hualien earthquake  0.1  0.094  0.058 

40 Chi-Chi earthquake 0.1  0.125  0.055 

41 Hualien earthquake 5s  0.1  0.094  0.058 

42 Chi-Chi earthquake 5s 0.1  0.125  0.055 

43 El Centro earthquake  1   0.751 - 

44 El Centro earthquake  1  0.375 - 

45 El Centro earthquake 5s  1   0.751 - 

46 El Centro earthquake 5s  1  0.375 - 

47 El Centro earthquake  1  0.751  0.637 

48 El Centro earthquake 5s  1  0.751  0.637 

49 Hualien earthquake 0.1 - - 

50 Hualien earthquake 5s 0.1 - - 

51 Hualien earthquake 0.1  0.094 - 

52 Hualien earthquake 0.1  0.047 - 

53 Hualien earthquake 5s 0.1  0.094 - 

54 Hualien earthquake 5s 0.1  0.047 - 
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Table C.3 Input motions for TS-21 (continued) 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction 

PGA (g) 

55 Hualien earthquake  0.1  0.094  0.058 

56 Hualien earthquake 5s  0.1  0.094  0.058 

57 Hualien earthquake - - 0.058 

58 Hualien earthquake 5s - - 0.058 

59 Chi-Chi earthquake 0.1  0.125  0.055 

60 Chi-Chi earthquake 5s 0.1  0.125  0.055 

61 Chi-Chi earthquake - - 0.055 

62 Chi-Chi earthquake 5s - - 0.055 

63 El Centro earthquake  1  0.751  0.637 

64 El Centro earthquake 5s  1  0.751  0.637 

65 El Centro earthquake - - 0.637 

66 El Centro earthquake 5s - - 0.637 

67 El Centro earthquake 5s  1  0.751 0.637 

68 El Centro earthquake 5s  1  0.751 - 

69 El Centro earthquake 5s  1  0.385 - 

70 El Centro earthquake 5s - - 0.637 

71 White noise 0.1 - - 

72 Sine ( f = 0.5 Hz) 0.01 - - 

73 Sine ( f = 1 Hz) 0.04 - - 

74 Chi-Chi earthquake 0.1 - - 

75 Chi-Chi earthquake - 0.12 - 

76 Chi-Chi earthquake 0.1 0.12 - 

77 Chi-Chi earthquake 0.1 0.12 0.05 

78 El Centro earthquake 0.5 - - 

79 El Centro earthquake - 0.375 - 

80 El Centro earthquake 0.5 0.375 - 

81 El Centro earthquake 0.5 0.375 0.31 
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Table C.3 Input motions for TS-21 (continued) 

Number Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction 

PGA (g) 

82 El Centro earthquake 0.8 - - 

83 Kern County earthquake 0.4 - - 

84 Kern County earthquake - 0.44 - 

85 Kern County earthquake 0.4 0.44 - 

86 Kern County earthquake 0.4 0.44 0.28 

87 Kern County earthquake 0.8 - - 

88 IS#1 for motion 74 (CCE) 0.093 - - 

89 IS#1 for motion 76 (CCE) 0.084 0.145 - 

90 IS#1 for motion 77 (CCE) 0.083 0.141 0.056 

91 IS#1 for motion 82 (ECE) 0.356 - - 

92 IS#1 for motion 80 (ECE) 0.227 0.165 - 

93 IS#1 for motion 81 (ECE) 0.226 0.173 0.187 

94 IS#1 for motion 87 (KCE) 0.188 - - 

95 IS#1 for motion 85 (KCE) 0.123 0.136 - 

96 IS#1 for motion 86 (KCE) 0.128 0.151 0.221 

97 IS#2 for motion 74 (CCE) 0.084 - - 

98 IS#2 for motion 76 (CCE) 0.071 0.093 - 

99 IS#2 for motion 77 (CCE) 0.070 0.091 0.056 

100 IS#2 for motion 82 (ECE) 0.237 - - 

101 IS#2 for motion 80 (ECE) 0.168 0.112 - 

102 IS#2 for motion 81 (ECE) 0.171 0.112 0.187 

103 IS#2 for motion 87 (KCE) 0.140 - - 

104 IS#2 for motion 85 (KCE) 0.098 0.113 - 

105 IS#2 for motion 86 (KCE) 0.112 0.123 0.221 

106 IS#3 for motion 74 (CCE) 0.079 - - 

107 IS#3 for motion 76 (CCE) 0.070 0.073 - 

108 IS#3 for motion 77 (CCE) 0.069 0.071 0.056 
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Table C.3 Input motions for TS-21 (continued) 

Run # Motion 
x -direction 

PGA (g) 

y -direction 

PGA (g) 

z -direction PGA 

(g) 

109 IS#3 for motion 82 (ECE) 0.161 - - 

110 IS#3 for motion 80 (ECE) 0.121 0.090 - 

111 IS#3 for motion 81 (ECE) 0.123 0.095 0.187 

112 IS#3 for motion 87 (KCE) 0.126 - - 

113 IS#3 for motion 85 (KCE) 0.090 0.096 - 

114 IS#3 for motion 86 (KCE) 0.103 0.104 0.221 
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Table C.4. Input motions for test series 1, Phase II  

Number  Motion 
x-direction 

PGA (g) 

y-direction PGA 

(g) 

z-direction PGA 

(g) 

1 White noise 0.1 - - 

2 Sine (f=0.5 Hz) 0.01 - - 

3 Sine (f=1 Hz) 0.04 - - 

4 Chi-Chi Earthquake 0.1 - - 

5 Chi-Chi Earthquake - 0.12 - 

6 Chi-Chi Earthquake 0.1 0.12 - 

7 Chi-Chi Earthquake 0.1 0.12 0.05 

8 El Centro Earthquake 0.5 - - 

9 El Centro Earthquake - 0.375 - 

10 El Centro Earthquake 0.5 0.375 - 

11 El Centro Earthquake 0.5 0.375 0.31 

12 El Centro Earthquake 0.8 - - 

13 Kern County Earthquake 0.4 - - 

14 Kern County Earthquake - 0.44 - 

15 Kern County Earthquake 0.4 0.44 - 

16 Kern County Earthquake 0.4 0.44 0.28 

17 Kern County Earthquake 0.8 - - 

18 IS#1 for motion 4 (CCE) 0.102 - - 

19 IS#1 for motion 6 (CCE) 0.148 0.147 - 

20 IS#1 for motion 7 (CCE) 0.147 0.143 0.057 

21 IS#1 for motion 12 (ECE) 0.365 - - 

22 IS#1 for motion 10 (ECE) 0.237 0.190 - 

23 IS#1 for motion 11 (ECE) 0.234 0.217 0.315 

24 IS#1 for motion 17 (KCE) 0.318 - - 

25 IS#1 for motion 15 (KCE) 0.166 0.139 - 

26 IS#1 for motion 16 (KCE) 0.173 0.153 0.280 

27 IS#2 for motion 4 (CCE) 0.086 - - 

28 IS#2 for motion 6 (CCE) 0.112 0.093 - 

29 IS#2 for motion 7 (CCE) 0.111 0.091 0.057 

30 IS#2 for motion 12 (ECE) 0.237 - - 
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Table C.4. Input motions for test series 1, Phase II (continued) 

Number  Motion 
x-direction 

PGA (g) 

y-direction PGA 

(g) 

z-direction PGA 

(g) 

31 IS#2 for motion 10 (ECE) 0.169 0.152 - 

32 IS#2 for motion 11 (ECE) 0.171 0.162 0.315 

33 IS#2 for motion 17 (KCE) 0.181 - - 

34 IS#2 for motion 15 (KCE) 0.110 0.114 - 

35 IS#2 for motion 16 (KCE) 0.116 0.122 0.280 

36 IS#3 for motion 4 (CCE) 0.080 - - 

37 IS#3 for motion 6 (CCE) 0.093 0.077 - 

38 IS#3 for motion 7 (CCE) 0.093 0.076 0.057 

39 IS#3 for motion 12 (ECE) 0.159 - - 

40 IS#3 for motion 10 (ECE) 0.120 0.122 - 

41 IS#3 for motion 11 (ECE) 0.120 0.130 0.315 

42 IS#3 for motion 17 (KCE) 0.127 - - 

43 IS#3 for motion 15 (KCE) 0.090 0.097 - 

44 IS#3 for motion 16 (KCE) 0.103 0.104 0.280 
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Table C.5. Input motions for test series 2, Phase II 

Number  Motion 
x-direction 

PGA (g) 

y-direction PGA 

(g) 

z-direction 

PGA (g) 

1 White noise 0.1 - - 

2 Sine (f=0.5 Hz) 0.01 - - 

3 Sine (f=1 Hz) 0.04 - - 

4 Chi-Chi Earthquake 0.1 - - 

5 El Centro Earthquake 0.4 - - 

6* El Centro Earthquake 0.8 - - 

7 Kern County Earthquake 0.4 - - 

8* Kern County Earthquake 0.8 - - 

9 IS#1 for motion 4 (CCE) 0.102 - - 

10 IS#1 for motion 5 (ECE) 0.174 - - 

11* IS#1 for motion 6 (ECE) 0.365 - - 

12 IS#1 for motion 7 (KCE) 0.154 - - 

13* IS#1 for motion 8 (KCE) 0.318 - - 

14 IS#2 for motion 4 (CCE) 0.086 - - 

15 IS#2 for motion 5 (ECE) 0.126 - - 

16* IS#2 for motion 6 (ECE) 0.238 - - 

17 IS#2 for motion 7 (KCE) 0.113 - - 

18* IS#2 for motion 8 (KCE) 0.182 - - 

19 IS#3 for motion 4 (CCE) 0.081 - - 

20 IS#3 for motion 5 (ECE) 0.101 - - 

21* IS#3 for motion 6 (ECE) 0.160 - - 

22 IS#3 for motion 7 (KCE) 0.097 - - 

23* IS#3 for motion 8 (KCE) 0.127 - - 

*Not run for configuration A. 
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Table C.6. Input motions for test series 3, Phase II 

Number  Motion 
x-direction 

PGA (g) 

y-direction 

PGA (g) 

z-direction 

PGA (g) 

1 White noise 0.1 - - 

2 Sine (f=0.5 Hz) 0.01 - - 

3 Sine (f=1 Hz) 0.04 - - 

4 Chi-Chi Earthquake 0.1 - - 

5 Chi-Chi Earthquake - 0.12 - 

6 Chi-Chi Earthquake 0.1 0.12 - 

7 Chi-Chi Earthquake 0.1 0.12 0.05 

8 El Centro Earthquake 0.4 - - 

9 El Centro Earthquake - 0.3 - 

10 El Centro Earthquake 0.4 0.3 - 

11 El Centro Earthquake 0.4 0.3 0.25 

12* El Centro Earthquake 0.8 - - 

13 Kern County Earthquake 0.4 - - 

14 Kern County Earthquake - 0.44 - 

15 Kern County Earthquake 0.4 0.44 - 

16 Kern County Earthquake 0.4 0.44 0.28 

17* Kern County Earthquake 0.8 - - 

18 IS#1 for motion 4 (CCE) 0.102 - - 

19 IS#1 for motion 6 (CCE) 0.148 0.148 - 

20 IS#1 for motion 7 (CCE) 0.147 0.143 0.057 

21 IS#1 for motion 8 (ECE) 0.174 - - 

22* IS#1 for motion 12 (ECE) 0.365 - - 

23 IS#1 for motion 10 (ECE) 0.177 0.154 - 

24 IS#1 for motion 11 (ECE) 0.175 0.168 0.250 

25 IS#1 for motion 13 (KCE) 0.154 - - 

26* IS#1 for motion 17 (KCE) 0.318 - - 

27 IS#1 for motion 15 (KCE) 0.167 0.139 - 

28 IS#1 for motion 16 (KCE) 0.173 0.153 0.280 

29 IS#2 for motion 4 (CCE) 0.086 - - 

30 IS#2 for motion 6 (CCE) 0.112 0.094 - 
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Table C.6. Input motions for test series 3, Phase II (continued) 

Number  Motion 
x-direction 

PGA (g) 

y-direction 

PGA (g) 

z-direction 

PGA (g) 

31 IS#2 for motion 7 (CCE) 0.111 0.091 0.057 

32 IS#2 for motion 8 (ECE) 0.126 - - 

33* IS#2 for motion 12 (ECE) 0.238 - - 

34 IS#2 for motion 10 (ECE) 0.138 0.114 - 

35 IS#2 for motion 11 (ECE) 0.141 0.125 0.250 

36 IS#2 for motion 13 (KCE) 0.113 - - 

37* IS#2 for motion 17 (KCE) 0.182 - - 

38 IS#2 for motion 15 (KCE) 0.111 0.114 - 

39 IS#2 for motion 16 (KCE) 0.116 0.122 0.280 

40 IS#3 for motion 4 (CCE) 0.081 - - 

41 IS#3 for motion 6 (CCE) 0.093 0.077 - 

42 IS#3 for motion 7 (CCE) 0.093 0.077 0.057 

43 IS#3 for motion 8 (ECE) 0.101 - - 

44* IS#3 for motion 12 (ECE) 0.160 - - 

45 IS#3 for motion 10 (ECE) 0.107 0.103 - 

46 IS#3 for motion 11 (ECE) 0.109 0.108 0.250 

47 IS#3 for motion 13 (KCE) 0.097 - - 

48* IS#3 for motion 17 (KCE) 0.127 - - 

49 IS#3 for motion 15 (KCE) 0.090 0.097 - 

50 IS#3 for motion 16 (KCE) 0.104 0.104 0.280 

*Not run for configuration C. 
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APPENDIX D  

CHARACTERIZATION TESTS OF SINGLE FRICTION PENDULUM 

BEARINGS 

D.1 Introduction 

This appendix describes characterization tests for the four single concave friction pendulum (SFP) bearings 

used to seismically isolate the test specimen described in Section 7. The bearings are denoted SFP1, SFP2, 

SFP3, and SFP4 in this section. Each bearing consists of a sliding surface (concave plate), a housing plate, 

and a slider that is coated with a PTFE-type composite as shown in Figure D.1. Figure D.2 shows the 

fabrication drawings provided by the manufacturer (Earthquake Protection Systems).  

This appendix comprises of four sections including this introduction. Section D.2 presents tests to determine 

the slow and fast coefficients of friction for the bearings, and the velocity dependence of the friction 

coefficient. Section D.3 describes the tests to determine the axial stiffness of the bearings. Section D.4 

summarizes the test results.  

 

 

Figure D.1. Components of an SFP bearing 
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Figure D.2. Fabrication drawings provided by Earthquake Protection Systems 

 

D.2 Characterization of behavior in the horizontal direction 

The idealized force-displacement behavior of an SFP bearing, shown in Figure D.3, is characterized by the 

radius of curvature of the sliding surface ( R ) and the coefficient of friction at the sliding surface ( ). The 

characteristic strength ( Q ) and the post elastic stiffness ( peK ) are related to these parameters and the 

imposed instantaneous axial load (W ) on the bearing as indicated in Figure D.3.  The radius of curvature (

R ) is a known geometric property of the SFP bearing. The primary goal of the characterization tests is to 

determine the coefficient of friction ( ).   

 

                                      

Figure D.3. Idealized force-displacement behavior of an SFP bearing 
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The coefficient of friction is a function of the axial load on the bearing, the sliding velocity, and the 

temperature of the sliding surface (Constantinou et al. 2007). The dependence on axial load and sliding 

velocity is illustrated in Figure D.4. An increase in the axial load leads to a reduction in the coefficient of 

friction. The coefficient of friction at near zero sliding velocity is defined as the breakaway coefficient of 

friction ( B ). As the sliding velocity increases, the coefficient of friction drops to a minimum value ( min ) 

before attaining a maximum value ( max ) at high velocities. In general, for a fixed value of axial load, the 

relation of the coefficient of friction and the sliding velocity (V ) can be described by (Constantinou et al. 

2007): 

 
max max min( ) aVe    −= − −  (D-1) 

where a  is a rate parameter. The coefficient of friction reduces with an increase in the temperature of the 

sliding surface. (The temperature dependence of the coefficient of friction is not characterized here.)  

 

 

Figure D.4.  Variation of the coefficient of friction with sliding velocity and axial load, adapted 

from Constantinou et al. (2007) 

 

 Test set-up and instrumentation 

The single bearing testing machine (SBTM) at the University at Buffalo was used to test the bearings. The 

machine comprises a loading beam, a horizontal actuator, two vertical actuators, a load cell, and supporting 

frame structures, as shown in Figure D.5 and Figure D.6. The horizontal and vertical actuators transmit 

horizontal and axial forces or displacements, respectively, to the bearing via the loading beam. For the tests 

described herein, the vertical actuators were run under force control to accommodate changes in the 

bearing height while maintaining a predefined axial load on the bearings. The axial load recorded by 
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the load cell beneath the bearing was used to control the vertical actuators. The horizontal actuator was 

run in displacement control to impose a predefined displacement history.  

 

 
Figure D.5. Schematic of the SBTM at the University at Buffalo 

 

 
Figure D.6. SBTM at the University at Buffalo 

 

Ten channels were used to record data in the tests. Each of the three actuators has an inline uniaxial load 

cell and an internal or an external displacement transducer to measure axial force and displacement, 

respectively. The shear force and axial force imposed on the bearing were recorded using the load cell. The 

acceleration of the loading beam and the command horizontal displacement (used as command for the 

horizontal actuator) were also recorded.   

 Test program 

The goal of the characterization tests was to determine the coefficient of friction ( max  and min ) and its 

velocity dependence for each bearing. A constant value of axial load (20 kN or 4.5 kips) was used 
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throughout the bearing characterization test program. This value is slightly higher than the axial load per 

bearing (17.2 kN or 3.9 kips) in the earthquake simulator tests described in Section 7.  

Table D.1 describes the displacement histories used for testing the bearings. Tests S1 and S4 utilized low 

velocity triangular displacement histories (see Figure D.7) with different maximum displacements. These 

tests provide hysteresis loops with clearly defined transition points. Tests S2, S3, S5, and S6 utilized a 

displacement history first proposed by Constantinou et al. 2007. The profile of the displacement history is 

presented in Figure D.8. The displacement history (termed cosine in this section) begins with an idle time 

in which data is acquired to establish the breakaway friction force. A build-up time of 60 to 180 seconds 

follows, in which the displacement amplitude, ou , is reached at a very low sliding velocity (less than 0.13 

cm/sec). During this part of the imposed motion, min  can be measured under truly quasi-static conditions. 

An idle time of 10 sec is then imposed to allow the temperature at the sliding interface to stabilize. The idle 

time is followed by 3.25 cycles of harmonic displacement, as shown in Figure D.8, which enables 

calculation of the maximum coefficient of friction ( max ). The maximum coefficient of friction ( max ) is 

attained in the first cycle of displacement, after which the coefficient of friction reduces due to heating. The 

reduced value of friction in the third cycle can be used to characterize heating effects in the bearings. Tests 

S2 and S5 have nearly equal peak velocities (4.8 cm/sec and 5.3 cm/sec) and tests S3 and S6 have the same 

peak velocity (31.9 cm/sec).  

Figure D.9 presents the normalized force-displacement loop for test S2 of SFP2 and the different friction 

values computed per Constantinou et al. (2007) to illustrate the procedure used to determine the coefficients 

of friction. The minimum coefficient of friction ( min ) occurs immediately after the initiation of sliding 

(when the sliding velocity is close to zero) as identified in Figure D.9. The maximum value of the coefficient 

of friction ( max 1 _st cycle = ) occurs in the first cycle of loading, at the time instant when the highest velocity 

is first attained. In the subsequent cycles, the coefficient of friction reduces due to heating of the sliding 

surface, characterized herein as the value of friction in the third cycle ( 3 _rd cycle ). 
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Table D.1. Test program for the bearings, axial load = 20 kN (nominal axial pressure = 17.6 MPa) 

Test Signal Frequency (Hz) 
Build-up 

time (sec) 

Max. displacement 

(cm) 

Max. velocity 

(cm/sec) 

S1 Triangular - - 2.54 0.13 

S2 Cosine 0.3 60 2.54 4.8 

S3 Cosine 2.0 60 2.54 31.9 

S4 Triangular - - 8.4 0.13 

S5 Cosine 0.1 180 8.4 5.3 

S6 Cosine 0.6 180 8.4 31.9 

 

 

Figure D.7. Triangular displacement history, test S4 

 

 

Figure D.8. Displacement history for test S2, u is displacement and f is frequency 

 

 

Idle time, at    
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cos[2 ( )]o a b cu u f t t t t= − − −   

ou   



 

219 

 

 

Figure D.9. Determining friction properties for SFP2 bearing, test S2 

 

The velocity dependence of the friction coefficient is entirely characterized by max , min , and the rate 

parameter a  in equation (D-1). The coefficients of friction, max  and min , are determined from tests S2, 

S3, S5, and S6 using the procedure described above. To evaluate the parameter a  for a bearing, a dataset 

comprising four pairs of velocity and friction is used. A curve per equation (D-1) is fit to the dataset to 

obtain a . The four pairs are:  

1) velocity is zero, friction coefficient is equal to the average of min from tests S2, S3, S5, and S6 

2) velocity is 0.13 cm/sec (tests S1and S4), friction coefficient is equal to the average of   determined 

from tests S1 and S4 

3) velocity is 5 cm/sec (average of velocities in tests S2 and S5), friction coefficient is equal to the average 

of _Ist cycle  from tests S2 and S5 

4) velocity is 31.9 cm/sec (tests S3 and S6), friction coefficient is equal to the average of _Ist cycle  from 

tests S3 and S6 

 

 

 

 

1 _ 0.071st cycle =

3 _ 0.066rd cycle =

min 0.019 =
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 Results 

Table D.2 presents the minimum (slow), first cycle, and third cycle values of the coefficient of friction, 

determined from the test data, for the four SFP bearings. The coefficients of friction increase with sliding 

velocity and reduce with heating of the sliding surface, which is consistent with the behavior of a PTFE-

type composite and polished stainless-steel interface Constantinou et al. (2007). The variability in the 

estimated parameters for the four bearings here is typical for friction pendulum bearings at both model and 

prototype scales (e.g., see Sarlis et al. (2013) and McVitty and Constantinou (2015)). 

Normalized force-displacement loops for all tests of the four bearings are presented in Figure D.10 through 

Figure D.13. The force-displacement behavior of the bearings for the high displacement, high velocity test 

S6 is erratic at high displacements because the axial load used in the tests is low (= 20 kN), which makes 

the control of the vertical actuators at high horizontal velocities and displacements challenging: the axial 

load reduces to near zero at multiple instants during the test. Similar outcomes are observed for the high 

horizontal velocity Test S3. Test S6 was repeated for SFP4 at a higher axial load of 62.3 kN (nominal axial 

pressure = 55 MPa). The resulting force-displacement loop is shown in Figure D.14. From the figure, it is 

evident that the behavior of the bearing is stable at the higher axial load. 

 

Table D.2. Coefficients of friction (%) determined from tests, axial load = 20 kN (pressure = 17.6 MPa) 

 

Test S1 S2 S3 S4 S5 S6 

Displacement (cm) 2.54 2.54 2.54 8.4 8.4 8.4 

Velocity (cm/sec) 0.13 4.8 31.9 0.13 5.3 31.9 

SF1 

Slow - 3.7 3.4 - 3.1 4.5 

1st cycle 4.9 10.5 12 5.2 10.5 13 

3rd cycle - 9.8 10.5 - 10.5 10 

SF2 

Slow - 1.9 2.5 - 2.5 2.3 

1st cycle 2.7 7.1 7.1 3.9 7.2 7.9 

3rd cycle - 6.6 6 - 7.2 6.9 

SF3 

Slow - 2.4 2.7 - 2.8 2.6 

1st cycle 3.3 8.2 9.2 4.7 8.9 11.8 

3rd cycle - 8.2 7.8 - 8.9 8.7 

SF4 

Slow - 1.8 2.5 - 2.8 2.5 

1st cycle 2.3 7.9 8.7 4.1 8.8 11.5 

3rd cycle - 7.9 7.5 - 8.8 8.2 
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(a) test S1 (b) test S2 

  

(c) test S3 (d) test S4 

  

(e) test S5 (f) test S6 

Figure D.10. Normalized force-displacement loops for SFP1, axial load = 20 kN, nominal axial 

pressure = 17.6 MPa 
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(a) test S1 (b) test S2 

  

(c) test S3 (d) test S4 

  

(e) test S5 (f) test S6 

Figure D.11. Normalized force-displacement loops for SFP2, axial load = 20 kN, nominal axial 

pressure = 17.6 MPa 
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(a) test S1 (b) test S2 

  

(c) test S3 (d) test S4 

  

(e) test S5 (f) test S6 

Figure D.12. Normalized force-displacement loops for SFP3, axial load = 20 kN, nominal axial 

pressure = 17.6 MPa 
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(a) test S1 (b) test S2 

  

(c) test S3 (d) test S4 

  

(e) test S5 (f) test S6 

Figure D.13. Normalized force-displacement loops for SFP4, axial load = 20 kN, nominal axial 

pressure = 17.6 MPa 
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Figure D.14. Normalized force-displacement loop for SFP4, test S6, axial load = 62.3 kN, nominal 

axial pressure = 55 MPa 

 

Table D.3 presents friction coefficients for the four bearings at four velocities (evaluated as described 

above). Figure D.15 presents best-fit curves per equation (D-1) plotted to determine the rate parameter. An 

average rate parameter of 0.44 s/cm was obtained for the four bearings. 

 

Table D.3. Average coefficients of friction (%) at different velocities, 

axial load = 20 kN (nominal axial pressure = 17.6 MPa) 

 Velocity (cm/sec) 

  0 0.13 5.0 31.9 

SFP1 3.7 5.1 10.5 12.5 

SFP2 2.3 3.3 7.2 7.5 

SFP3 2.6 4.0 8.6 10.5 

SFP4 2.4 3.2 8.4 10.1 
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(a) SFP1, a = 0.39 s/cm (b) SFP2, a = 0.67 s/cm 

  

(c) SFP3, a = 0.35 s/cm (d) SFP4, a = 0.35 s/cm 

Figure D.15. Rate parameter a for the four bearings, average a = 0.44 s/cm 

 

D.3 Characterization of behavior in the vertical direction 

The representative force displacement behavior of an SFP bearing under axial compressive (vertical) load 

is shown in Figure D.16. The axial stiffness is low at low axial loads. The behavior at a particular axial load 

is characterized by the slope of the load-displacement curve at that load.  The goal of the characterization 

tests described here was to estimate the axial stiffness of the four bearings at an axial load of 20 kN.  

 

 

Figure D.16. Representative behavior of an SFP isolator in compression 
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The vertical stiffness characterization tests were carried out using the MTS tension-compression machine, 

manufactured by MTS Systems Corporation. Figure D.17 shows the setup used for testing. Linear 

potentiometers at the four corners of a bearing were used to record the relative movement of the concave 

and the housing plates. The tension-compression machine has an inbuilt load and displacement sensor. Six 

channels of data were recorded. The average of the displacements recorded by the four linear potentiometers 

and the actuator’s displacement transducer was used as the measure of the axial displacement in the bearing.  

 

 

Figure D.17. Test setup used for vertical characterization tests 

The loading history of Figure D.18 was used for testing. A pre-load of 5 kN was applied before the start of 

data acquisition, followed by a ramp up to a load of 20 kN (4.5 kips) in 10 sec and 2.75 cycles of ±8.9 kN 

(2 kips) at 0.1 Hz.   

 

 

Figure D.18. Loading history used for characterizing vertical stiffness 

Figure D.19 presents axial load – axial displacement plots for the four bearings. The estimated stiffness for 

each bearing is indicated on each plot. The average stiffness of the bearings is 1.07 × 105 kN/m at an axial 

load of 20 kN. 
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(a) SFP1 (b) SFP2 

  

(c) SFP3 (d) SFP4 

Figure D.19. Axial load vs displacement plots for SFP bearings, vK is axial stiffness 

 

The average stiffness of the bearings is approximately 3% of the axial stiffness of a cylindrical steel column 

with diameter equal to the slider diameter (= 3.8 cm) and height equal to that of the bearing (= 6.4 cm) at 

zero displacement. The size of the slider and the housing plate cavity in the bearings used here is small 

compared to bearings used in practice. Machining small-sized sliders and housing plate cavities to tight 

tolerances, required for achieving a high axial stiffness at low axial loads, is challenging. (A reasonable 

stiffness for larger diameter slider sizes is 10% to 20% of the column stiffness.)    

D.4 Conclusions 

The behavior of four SFP bearings under horizontal and vertical loads was characterized. An axial load of 

20 kN (4.5 kips) was considered for the characterization tests. Behavior under horizontal loads was 

51.08 10vK =  kN/m 

50.96 10vK =  kN/m 

51.07 10vK =  kN/m 51.20 10vK =  kN/m 
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characterized by estimating slow and fast coefficients of friction. The velocity dependence of the coefficient 

of friction for each bearing was characterized by a rate parameter. The behavior under vertical load was 

established by estimating the vertical stiffness of each bearing at an axial load of 20 kN. Table D.4 

summarizes results.     

 

Table D.4. Summary of characterization tests 

Bearing 

Friction 

coefficient, slow 

(%) 

Friction 

coefficient, fast 

(%) 

Rate parameter 

(s/cm) 

Axial stiffness 

(×105 kN/m) 

SFP1 3.7 12.5 0.39 1.08 

SFP2 2.3 7.5 0.67 0.96 

SFP3 2.6 10.5 0.35 1.07 

SFP4 2.4 10.1 0.35 1.20 

Average 2.8 10.2 0.44 1.07 
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APPENDIX E  

ROCKING RESPONSE OF LIQUID FILLED CYLINDRICAL VESSLES 

E.1 Introduction 

This appendix examines an existing analytical solution for predicting hydrodynamic responses in rigid 

cylindrical vessels due to rotational seismic inputs. Analytical solutions for pressure in the fluid and on the 

vessel wall, and base moment, are modified to account for the effects of angular displacements at the base. 

A finite element model of a water-filled cylindrical vessel, using the Arbitrary Lagrangian and Eulerian 

(ALE) solver in LS-DYNA, is used to demonstrate the efficacy of the proposed expressions for three base 

rocking motions.  

Section E.2 introduces the existing analytical solution. Section E.3 and Section E.4 describe modifications 

to the analytical solution to account for the effect of angular displacements in the calculated moment and 

hydrodynamic pressure, respectively. Section E.5 describes a finite element study to demonstrate the 

efficacy of the proposed modifications to the solution. A summary of the study is presented in Section E.6. 

E.2 Existing analytical solution for hydrodynamic responses due to rocking inputs 

The hydrodynamic responses of liquid-filled cylindrical vessels to horizontal base excitation have been the 

subject of a number of studies, beginning in the 1930s, as discussed in Section 2. Approximate and exact 

analytical solutions for evaluating the hydrodynamic responses in such vessels are available and have been 

implemented in design guidelines for decades. These solutions assume that the base of the vessel moves 

horizontally without rotation. In service, vessels may also experience rotational inputs due to 1) flexibility 

of the foundation or support, and 2) rotational components of ground motion, regardless of whether the 

vessel has a flexible or rigid support. 

Basu et al. (2012) report peak rocking accelerations of about 0.2 rad/sec2 in ground motions. Trifunac 

(2009) describes earthquake rocking acceleration records with peak amplitudes between 0.0001 and 0.1 

rad/sec2, and rotational displacements ranging from 10-6 rad to 10-3 rad (0.00006° to 0.05°). Graizer (2006) 

presents examples of earthquake-induced rotational displacements as high as 0.054 rad (3.1°). (The peak 

rotational displacements used as inputs later in this appendix are on the higher side of the range reported in 

the literature for earthquake ground motions but may be smaller than those for a vessel supported on a 

flexible foundation or inside a structure on flexible supports.)  

Veletsos and Tang (1987) propose an analytical solution for estimating hydrodynamic responses in a rigid 

cylindrical vessel subjected to rocking motion at the base. The derivation presented therein closely follows 
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their approach to develop similar expressions for cylindrical vessels subjected to lateral base excitation 

(Veletsos 1984) wherein the hydrodynamic responses are parsed into impulsive and convective 

components. The impulsive component represents the effects of the part of the fluid that is assumed to move 

with the vessel as a rigidly attached mass. The convective component represents the effects of the part of 

the fluid that sloshes. The sloshing response is further parsed into contributions from different sloshing 

modes. Such an approach of parsing the hydrodynamic responses into impulsive and convective 

components makes it straightforward to combine solutions for rocking and lateral base excitations under 

the assumption of linearity and small displacements.  

The system considered in Veletsos and Tang (1987) is shown in Figure B.1: an upright cylindrical vessel 

of radius R  filled with fluid to a height H  subjected to a time ( t ) dependent rocking motion '' ( )b t  at its 

base. The associated angular velocity and displacement of the base are denoted as ' ( )b t  and ( )b t , 

respectively. A cylindrical coordinate system ( , ,r z ) is used to specify points in the fluid domain. The 

angle   is measured in the circumferential direction while as b  is measured about a horizontal axis normal 

to the plane defined by 0 = . A counter-clockwise direction is considered positive for both   and b . 

 

 

Figure E.1. Upright cylindrical vessel subjected to base rocking (Veletsos and Tang 1987)   

 

The hydrodynamic responses are calculated by solving Laplace’s equation for velocity potential, 

( , , , )r z t  , assuming an incompressible and inviscid fluid: 
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 2 ( , , , ) 0r z t  =  (E-1) 

Three boundary conditions are used to solve the above equation: 1) the vertical velocity of the fluid at the 

base must equal the corresponding velocity of the base, 2) the radial velocities of the fluid and the vessel 

wall near the wall must be the same, and 3) a linearized pressure boundary condition at the free surface. 

These are listed below ( g  denotes the acceleration due to gravity): 

 
'

0

( , , , )
( ) cosb
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r z t
t r
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− = 
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− = − 
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=

  
+ = 

  
 (E-4) 

The corresponding solutions for hydrodynamic pressure, base shear, base moment, and wave height are 

then obtained as functions of the input rocking motion. As an example, the expression for hydrodynamic 

pressure, p , is as follows: 

 
''

1

( , , , ) [ ( , ) ( ) ( , ) ( )] cosr r r
o b j j l

j

p r z t c r z H t c r z A t R   


=

= +  (E-5) 

where r
oc  and r

jc  are dimensionless coefficients, ( )r
jA t  is the acceleration of a single-degree-of-freedom 

oscillator with frequency equal to the jth sloshing mode of vibration subjected to an acceleration equal to 

'' ( )bH t , and l  is the density of the fluid. Expressions for other response quantities can be found in 

Veletsos and Tang (1987). Although the instantaneous angular displacement ( )b t  does not appear in the 

proposed expressions, it does affect the hydrodynamic pressure and the base moment as discussed next. 

Approximate approaches to account for such effects are described in the following sections.  

E.3 Pressure due to rotational displacement at base 

A sectional view of an open cylindrical vessel of radius R  with fluid filled to height H , rotated at its base 

by angle b , is shown in Figure E.2. A horizontal free surface is assumed herein, making the expressions 

valid for small values of /z H . It is clear from the shown displaced shape that the fluid height above any 

point, and thus the gravity head (or hydrostatic pressure), changes with ( )b t . For an arbitrary point with 

coordinates r ,  , and z  in the original configuration, the following expression for pressure head in the 

displaced configuration can be derived by the use of geometry: 
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1

( , , , ) [( 1) {| cos | ( 1) ( ) tan ( )}sin ( ) ( )sec ( )]head l b b bp r z t g r H z t t H z t
 

     
+

= − + − − + −  (E-6) 

where 1 =  for ( / 2) ( / 2)  −    and 2 =  for ( / 2) (3 / 2)    . The displacement field used to 

derive this expression is shown in Figure E.2 for the point marked in yellow. For small values of ( )b t , 

sin ( ) tan ( ) ( )b b bt t t    , sec ( ) 1b t  , and 2 0b  . Using these approximations, equation (E-6) is 

simplified to:  

 ( , , , ) [( 1) | cos | ( ) ( )]head l bp r z t g r t H z


    − + −  (E-7) 

The time dependence of the pressure head at a point, as evident in equations (E-6) and (E-7), needs to be 

accounted for in the analytical solution when comparing results with those recorded in an experiment or 

predicted by analysis of a numerical model.   

 

 

 

(a) plan view (b) section A-A 

Figure E.2. Pressure head at an arbitrary point in a base-rotated vessel 

 

E.4 Moment due to rotational displacement at base 

In addition to the hydrodynamic base moment associated with the impulsive and convective modes, as 

derived in Veletsos and Tang (1987), there is an additional base moment due to the weight of the fluid (and 
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also the vessel, if the vessel weight is significant) in the base-rotated configuration. See Figure E.3a. The 

incremental moment, ( )
b

M t , can be expressed as: 

  ( ) ( )( ) sin ( ) cos ( )
b f b c f bM t W t h W t x  = +  (E-8) 

where fW  is the total weight of the contained fluid, and x  and ch  locate the center of gravity of the fluid 

mass in the displaced configuration. Expressions for x  and ch  can be obtained using Figure E.3b wherein 

the fluid is divided into two regions, I and II, and the distances to the respective centers of mass (marked in 

red) are indicated. Region I is cylindrical in shape and Region II is a truncated cylinder. The masses ,1fm  

and ,2fm  of the two regions are: 

,1

( | sin ( ) |)f b

f

W H R t
m

gH

−
=  and ,2

| sin ( ) |f b

f

W R t
m

gH


=  

 

  

(a) shifted center of gravity (CG) in the base-

rotated configuration 

(b) center of gravity for Regions I and II 

Figure E.3. Calculation of moment due to rotation at the base 

 

The distances  x  and ch  are: 

2 sin ( )

4
bR t

x
H


=  and 

2 20.12 sin ( )

2
b

c

R tHh
H


= +  
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For small ( )b t , the expressions for x  and ch  simplify to:  

2 ( )

4
bR t

x
H


  and 

2
c

Hh   

Equation (E-8) then simplifies to: 

 2 ( )
( ) ( )

2 4b

b

f b f

R tHM t W t W
H




 +  (E-9) 

E.5 Finite element study 

The ALE model in LS-DYNA (LSTC 2017), validated in Section 4, was used to check the efficacy of the 

proposed modifications to the existing Veletsos and Tang solution. A finite element (FE) model closely 

following the geometry of a vessel described in Section 3 was prepared. The model consists of a carbon 

steel vessel with a radius of 0.76 m, height of 2 m, and wall thickness of 7.9 mm, filled with water to a 

height of 1.62 m above the base. The first mode frequency of the vessel wall fixed at the bottom rim (no 

fluid mass is added) is 207 Hz and the frequency of the impulsive mode for the fluid-filled vessel is 140 

Hz, as evaluated using the procedure outlined in Malhotra et al. (2000). For such high natural frequencies, 

the vessel wall can be treated as rigid. The base of the vessel was modeled using a rigid material with 

negligible mass density. The mass of the vessel wall is 615 kg and that of the contained fluid is 2932 kg. In 

the finite element (FE) model, the structural domain (i.e., the vessel wall and base) was Lagrangian and the 

fluid domain was Eulerian. Nodes at the interface of the Lagrangian and Eulerian domains were merged. 

The elements in the space above the water level were modeled as a void using the *INITIAL_VOID_PART 

card in the LS-DYNA card deck. The properties of water were assigned via *MAT (material) and *EOS 

(equation-of-state) cards. Figure E.4 shows an isometric view of the model. The vessel is shown in grey 

and the water is shown in blue. Elements of the void space are not shown. The sizes of the elements as 

shown in Figure E.4 were optimized, resulting in smaller elements for the fluid domain adjacent to the 

vessel wall, above and below the free surface, and along the x-direction diameter of the vessel.  
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Figure E.4. ALE model in LS-DYNA. 

 

Results of response-history analyses for two rocking inputs (about the y-axis, see Figure E.4), identified 

here as R-1 and R-2, are described first. The inputs are shown in Figure E.5. The analytical solution of 

Veletsos and Tang, and the additional terms for pressure and moment response proposed above, are valid 

for small amplitude rotational inputs. The amplitudes of motions R-1 and R-2 were therefore chosen to be 

small. Motion R-1 is a sinusoid with an amplitude of 0.1 rad/s2 and a frequency of 1 Hz. Motion R-2 is a 

rocking motion of amplitude 0.16 rad/s2 recorded during an earthquake-simulator test at the base of the 

vessel. The normalized power spectral density plot for R-2, shown in Figure E.5e, shows that the input 

comprises a wide range of frequencies (0 - 30 Hz). The two inputs correspond to peak horizontal 

accelerations of 0.02g and 0.03g at the top of the vessel (the height of the vessel is 2 m) and peak base 

rotations of 0.016 rad (0.92°) and 0.011 rad (0.63°) (see Figure E.5b and Figure E.5d).  

The results of analysis of the ALE model are compared with the analytical solution of Veletsos and Tang 

for base reactions (shear along the x-direction and base moment about the y-axis), wave height, and pressure 

at two points (one point each in regions defined by ( / 2) ( / 2)  −    and ( / 2) (3 / 2)    ). For 

pressure and base moment, a comparison with the analytical solution considering additional responses per 

equations (E-7) and (E-9), respectively, is also made. The hydrostatic pressure at 0t =  is ignored in all of 

the pressure histories. The contribution of the rigid vessel wall to base reactions is included in the analytical 

solutions. A base shear equal to ''
t0.5 ( )gm L t  and a base moment equal to 2 ''

t0.33 ( )gm L t , where tm  and L  

are the mass and height of the vessel wall, respectively, is added to the corresponding hydrodynamic time 

series, as suggested in Veletsos and Tang (1987). The moment contributed by the weight of the vessel wall 

due to shifting of the center of gravity ( t0.5 ( )gm gL t ) in the displaced configuration is also included in the 

modification to base moment. Figure E.6 presents results for the two inputs considered and Table E.1 
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presents a summary of the differences in the maximum values of the considered responses. Responses 

obtained using the analytical solution of Veletsos and Tang are referred to as ‘Analytical (V+T)’ and those 

obtained using the analytical solution with the proposed modifications as ‘Analytical (herein)’.   

 

  

(a) R-1, angular acceleration, peak amplitude = 

0.10 rad/s2 

(b) R-1, angular displacement, peak amplitude = 

0.016 rad 

  

(c) R-2, angular acceleration, peak amplitude = 

0.16 rad/s2 

(d) R-2, angular displacement, peak amplitude = 

0.011 rad 

 

(e) R-2, normalized PSD plot 

Figure E.5. Rocking inputs for response-history analyses 
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Input R-1 Input R-2 

  
(a) base shear 

  

(b) wave height at ( , , ) (0.62, ,1.62)r z = ; r  and z  in meters. 

  

(c) pressure at ( , , ) (0.62, / 6,0.21)r z = ; r  and z  in meters. 

  

(d) pressure at ( , , ) (0.62,5 / 6,0.21)r z = ; r  and z  in meters. 

  

(e) base moment 

Figure E.6. Comparison of original and modified analytical solution with ALE model  



 

240 

 

Table E.1. Differences in peak responses with respect to the ALE model 

Response quantity 

( r  and z  in meters) 

R-1 R-2 

Analytical 

(V+T) 

Analytical 

(herein) 

Analytical 

(V+T) 

Analytica

l (herein) 

Base shear 1% NAϮ -3% NA 

Wave height at ( , , ) (0.62, ,1.62)r z =  10% NA 14% NA 

Pressure at ( , , ) (0.62, / 6,0.21)r z =  -68% -2% -65% 3% 

Pressure at ( , , ) (0.62,5 / 6,0.21)r z =  -66% -6% -30% -1% 

Base moment -62% -3% -28% -9% 

ϮNot applicable 

 

The large percentage differences between the ALE predictions and the V+T analytical solutions show 

clearly that neglecting the contribution of rotational displacement at the base can lead to significant errors 

in pressure and base moment in certain cases. For the peak values of rotational acceleration and 

displacement considered here, the maximum contribution (to pressure or base moment) from rotational 

displacement (per equations (E-7) and (E-9) for pressure and base moment, respectively) is of the same 

order of magnitude as that of the corresponding maximum value predicted by Veletsos and Tang (1987), 

considering rotational acceleration only.  

The two inputs, R-1 and R-2, are such that the corresponding rotational displacements increase 

monotonically with time, and they end with residual rotational displacements (see Figure E.5b and Figure 

E.5d). As a consequence (see equations (E-7) and (E-9)), the pressure and base moment histories from the 

ALE analysis and the modified analytical solution have non-zero end values (see Figure E.6). The effects 

of rotational displacement on pressure and base moment are easily visualized for such inputs.23  

Consider now a 10-second, synthetic rocking acceleration input, R-3, with a zero residual rotational 

displacement. The acceleration and displacement time series are shown in Figure E.7a and Figure E.7b, 

respectively. The peak rotational acceleration is 0.07 rad/sec2 and the peak rotational displacement is 0.0017 

rad (0.1°); the peaks occur at 3.9 sec and 4.8 sec, respectively. Response histories (for input R-3) obtained 

from the ALE model, and the V+T and modified analytical solutions, for pressure and base moment are 

presented in Figure E.7c and Figure E.7d, respectively. Plots are shown only for the duration of significant 

                                                      

23 The error introduced in the peak value of pressure (or base moment) by neglecting rotational displacements 

depends on the amplitude and temporal phasing of significant rotational displacements in the time series thereof.  
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rotational displacement (identified here as 3 sec to 7 sec, as highlighted in Figure E.7b). The difference 

between the peak values of pressure (base moment) predicted by the existing analytical solution and the 

ALE model is -20% (-26%). The modified analytical solutions presented herein reduce the differences to 

less than 1% for both pressure and base moment. 

 

  

(a) angular acceleration, peak amplitude = 0.07 

rad/s2 

(b) angular displacement, peak amplitude = 

0.0017 rad 

  

(c) comparison of pressure histories for 

( , , ) (0.62, / 6,0.21)r z = ;  r  and z  in meters 
(d) comparison of base moment 

Figure E.7. Analysis for rocking input R-3 

 

E.6 Closing remarks 

Rotational inputs at the base of a fluid-filled cylindrical vessel affect the hydrodynamic responses (e.g., 

base reactions, wave height, and pressure). Rocking inputs can result from rotational components of ground 

motion and/or foundation or support flexibility. The analytical solution of Veletsos and Tang (1987) for 

evaluating such responses in a fluid-filled rigid cylindrical vessel was examined. Base shear and wave 

height histories predicted by the Veletsos and Tang solution for two small-amplitude rocking inputs were 

in close agreement with predictions from analysis of a FE model, as seen in Figure E.6, Figure E.7, and 

Table E.1. The pressure and base moment histories predicted by the analytical solution do not agree well 

with the FE predictions because the effects of rotational displacements at the base are not addressed. 

Modifications are made to the analytical solution to account for these effects per equations ((E-7): pressure) 
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and ((E-9): base moment), respectively. The revised analytical solutions for hydrodynamic pressure and 

base moment are in very close agreement with results of finite element analysis. 
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