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ABSTRACT: In this paper, the governing equations and boundary conditions of laminated beam-
like components of smart structures are reviewed. Sensor and actuator layers are included in the beam
so as to facilitate vibration suppression. Two mathematical models, namely the shear-deformable
(Timoshenko) model and the shear-indeformable (Euler-Bernoulli) model, are presented. The differ-
ential equations of the continuous system are approximated by utilizing finite element techniques for
both models. A cantilever laminated beam with and without a tip mass is investigated to assess the va-
lidity and the accuracy of the two models when used for vibration suppression. Comparison between
the two models is presented to show the advantages and the limitations of each of the models. Since
the Timoshenko beam theory is higher order than the Euler- Bernoulli theory, it is known to be supe-
rior in predicting the transient response of the beam. The superiority of the Timoshenko model is
more pronounced for beams with a low aspect ratio. It is shown that use of an Euler-Bernoulli based
controller to suppress beam vibration can lead to instability caused by the inadvertent excitation of
unmodelled modes.

INTRODUCTION model by simulating the vibration control of a cantilever
laminated beam over various aspect ratios and with and with-
ODELING and control of light flexible structures have out a tip mass.

become a subject of interest in recent years. One attrac-
tive and compact way for vibration control of many space
and earth flexible structures is by incorporating into the EQUATIONS OF MOTION
structure a smart material actuator such as a piezoceramic.
Surface mounted or embedded piezoceramic actuators have Displacement Assumptions
been reported to successfully suppress undesired structural
vibrations [1-3]. Although numerous researchers [4,5] have
well established a mathematical shear-indeformable model,
modeling of the adaptive structures by shear deformable the-
ory is limited [6].

Shear effects in the distributed control of a laminated
beam become important when a high degree of accuracy is
crucial, for beams whose length to thickness (aspect) ratio is
less than 15 for isotropic materials and less than 30 for com-
posite materials, and where a tip mass is present. Since many

Consider a symmetric laminated beam as shown in Figure
1. The laminate is made up of smart laminae, each of which
can serve as a sensor/actuator (i.e., PZT, PVF;), and a host
structure. The length, width, and thickness of the beam are
denoted by L, b and h, respectively. It is assumed that the
beam centroidal and elastic axes coincide with the x axis. Us-
ing the usual Timoshenko assumptions, the beam is assumed
to undergo deflections with a displacement field of the form

smart structures contain composite layer(s) and since an as- u(x,y,z,t) = zg(x,t) (la)
pect ratio of 30 or less is quite possible, shear effects cannot
be ignored. Consequently, a shear-deformable model can be v(x,yz,t)= 0 (1b)
useful for providing more accurate control of vibration.

In this work, detailed shear-deformable (Timoshenko) w(x,y,z,0) = W(x,z) (Ic)

and shear-indeformable (Euler-Bernoulli) models are estab-
lished for a laminated beam, and their application to distrib-
uted dynamic measurement and active vibration control is
investigated. A finite element formulation is presented for
both models. Finally, the validity and accuracy of the Euler-
Bernoulli model are compared with those of the Timoshenko

where ¢ is the rotation of the beam cross-section about the
positive y axis and W is the transverse displacement of a point
on the centroidal axis (y =z =0). Note that the axial vibration
of the beam centerline is assumed negligible, as is the expan-
sional strain in the axial direction. This can be accomplished,
— o for example, by having actuator layers act in symmetric pairs

.g::;gt(]:y—zgicy‘:imcsz?f 2?5;'&2"4“2} E:fé?f:i?;.xj“g P i PO at equal distance from the beam centerline and with opposite
** Author to whom correspondence should be addressed. piezoe]ectric strain.
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Figure 1. Laminated beam coordinate system.

The strain displacement relations can be applied to Equa-
tion (1) to give

S = 2Ky, Kx =

%
= (2a)

aw

p+— (2b)

S
ox

The constitutive equations can be written in the presence of
only piezoelectric expansional strains as

T. = Y(S. - S¢) (3a)
T 2GSy (3b)

with actuation strain
¢ = di\E; 4)

where (Y,G.:) are the appropriate beam (tensile, shear)
moduli, ds, is the piezoelectric coupling constant, and E; is
the electric field applied on the actuator lamina in the z direc-
tion.

In Euler-Bernoulli theory, the transverse shear deforma-
tion is set to zero, and the displacement field [Equations
1(a)-1(c)] is simplified to

oW
u(x,y,z,t) = —z— (5a)
dx
w(x,p,z,t) = W(x,t) (5b)

and the strain displacement relations give

02w
dgx?

S = 2Ky, Ki=-—

(6a)
S:=0 (6b)

Hamilton’s Principle

The equations of motion along with the boundary condi-
tions of a laminated beam are derived via Hamilton’s princi-

ple

f T - V)dt + f ;W..cdr =0 )

where d is the first variation operator, T'is the total kinetic en-
ergy of the system (beam, attached masses, etc.) V is the po-
tential (strain) energy, and é W, is the virtual work done by
the nonconservative forces and/or moments (e.g., transverse
load or boundary load). If the only expansion-induced mo-
ments are piezoelectric and if the structure has no bending-
twisting coupling, the 6 W, term in Equation (7) is easily for-
mulated as M“dk., and the usual strain-energy definition can
be used. If bending-twisting structural coupling is present
through D¢ or an eccentric tip mass, the definition of W,
may not be obvious. In this case, the strain energy may be re-
defined to include expansional strain terms including ther-
mal and piezoelectric effects; this eliminates the need for an
ad hoc 0 W, term.
The equations of motion of a Timoshenko beam are

9w o[02W  dg
I, —— (G4 +—|[=0
L (G4) (sz 6x) ®
a2 » 0% b(aw ) aMe
Iy — —(EI)" — 4+ (GA)’|—+ ¢ |=—
Yo (EI) dx? (G4) ax ¢ dx

©)

where

(h,1;) = bfmp(l,zz)dz

h2

(GA)® = kb f Gedz, k= 5/6
—hz
A2

(EDN' = bf Yz3dz
—h2
W2

Me = bf Yd:hEgZdZ

—hi2

with admissible boundary conditions:

either W prescribed or

d 2 a2
W)'FMr[aW ¢

— = ) prescribed
ox

—_— b —_—
g=(c) (‘“ EREE

(10a)

and either ¢ prescribed or
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M= M- (&) 2

[
ar? art

2 2 2
+M'(aw acp}_ d

e—d; ?? prescribed

(10b)

where

hi2
M= bf T.zd:z

—h2

A2
0=b f Tudz

=hi2

The underlined terms exist only when there is a spherical tip
mass M, of radius ¢ at the free end of the beam; the effect of
the rotatory inertia /, of the tip mass about the y-axis is in-
cluded. The equation of motion of a laminated Euler-
Bernoulli beam is

53 W azM“'

(11)
dx?
with the admissible boundary conditions:
either dW/dx prescribed or
w
-M = (EJ)* OW | ma
2 3 W
+ M, -c(a W+c g W] b L prescribed
ar? dxat? dxot?
(12a)

and either W prescribed or

baw oM@
ox

W a*w
it M,-( +c
ar? dxot?

-0 = (ED

) orescribed  (12b)

where Q is the shear force; O = dM/dx.
The underlined terms exist only when there is a tip mass;
the rotatory inertia of the tip mass is included.

SENSOR EQUATION

In this section, we will develop the sensor equation of a
spatially distributed piezoelectric lamina for both Euler-

Bernoulli and Timoshenko beam models. Either a series of
distributed sensor patches or a continuous patch which cov-
ers the entire beam can detect all modes of vibration [7]. Fur-
thermore, the sensor layer can be a separate layer, as in our il-
lustration case, or it can be the actuator layer itself [8]. The
sensor equation relates the in-plane beam displacements and
curvatures to the output charge signal which may be used for
feedback to the piezoactuator layers. When the laminated
beam is deformed, an electric displacement is generated on
the sensor lamina.

D; = Y.dyS, (13)

where Y, is the sensor Young's modulus, d3, is the sensor
piezoelectric constant, and S; is the beam normal strain given
in Equation (6a) for the Euler-Bernoulli beam and given in
Equation (2a) for the Timoshenko beam.

Employing Gauss’ law [3] and Equations 2(a), 6(a) and (13),
and assuming that the effective surface electrode of the sensor is
uniform and equal to the in-plane area of the beam, the charge
enclosed by the sensor electrodes is approximated by

L
W
q* (1) = ~bf dél}’sii( - ]dx (14a)
= dx
Euler-Bernoulli charge sensor
L a¢
g (t) = bf dél}’,zi(—]dx (14b)
0 dx

Timoshenko charge sensor

where z; is the signed distance from the beam centroid to the
centroid of sensor layer &. It may be possible to differentially
pole the sensor over its surface area so that the coupling coef-
ficient d5; = d3i(x) = d$, f(x)in order to sense certain vi-
bration modes [7], where 4%, is a nominal or average value.
For this paper, it is assumed that d3, is constant and equal to
d3,. Owing to the fact that the electric charge is difficult to
measure directly, the voltage form of the sensor equation is
necessary for modeling a measurable quantity. This is
achieved by multiplying Equations 14(a) and 14(b) by the re-
ciprocal of the sensor capacitance C.:

—=bY.zZ; a*w
Kty = ——= d; dx
0=, f S e
Euler-Bernoulli voltage sensor ~ (15a)
-bY.% [, 0p
Vi) = ——= | di —ax
& . ox
Timoshenko voltage sensor (15b)
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The very useful (current) form of the sensor equation for the
design of active control systems is achieved by taking the
time derivative of the charge equation (14).

L
a*w
l‘i(f) = _bY;E,lf d3| dx
o

drdx?
Euler-Bernoulli current sensor (16a)
&
r az
i*(t) = bYSEkf ds —¢ dx
o dtdx
Timoshenko current sensor (16b)

If the sensor properties are constant in the spatial variable x,
then the integrals found in Equations (14) through (16) can
be evaluated in terms of values at the endpoints (x = 0,L).

A close examination of all the forms of the sensor equa-
tions shows that the voltage form [Equation (15)] is appropri-
ate for displacement measurement while the current form
[Equation (16)] is suitable for velocity measurement at any
point on the flexible beam. Furthermore, the conventional
piezoelectric sensor can only detect bending deformation
(normal strain). If we are trying to control the deflection at
the end of the beam W(L), this can create difficulty for a
“short” beam where shear deformation is comparable to
bending deformation. The sensor signal is sensitive to only
part of the deformation, and we can expect a longer settling
time after a disturbance.

LYAPUNOYV BASED CONTROL LAW

Flexible beam-like structures are distributed-parameter
systems having an infinite number of modes. It is a common
procedure to model the system with a finite number of modes
and design a control system using lumped parameter control
theory. Truncating the model may lead to performance deg-
radation when designing a control system for the distributed
parameter system. Consequently, we shall derive a controller
for vibration suppression of a laminated beam without dis-
cretization. Piezoceramic layers symmetrically and perfectly
bonded to the flexible beam are used to perform the actua-
tion. The control law is established based on the Lyapunov
second or direct method. In this method, one proposes a posi-
tive definite Lyapunov functional of the system and chooses
the control law to guarantee that the time derivative of the
functional is negative semi-definite or negative definite. A
basic candidate functional is the energy (kinetic and poten-
tial) in the system.

+

oW 32W
AM( ve

|

2" ar |, T araxl,
1 (o] Y

+ =I,|— , Euler-Bernoulli (17a)
2 \arox|,.,

2

+ 13 f)z + (51)”(%)

2

+(GA)*

e
o

2
+1M’(aw _, ]
2 ot |, ot
a¢ 2
I, [— ),Timoshenko (17b)
2 \or| .,

The underlined terms are present only when there is a tip
mass. Differentiating the Lyapunov functional [Equation
(17)] with respect to time, employing the differential Equa-
tions (8), (9) and (11), and using boundary conditions for a
cantilever beam fixed at x = 0 and free at x = L yields

L
dF _dMme 2
dt . & \ar atax ) _,

ame (oW
= (?)FL, Euler-Bemoulli (18a)
L
dF = f dame. (iaf)dx + Ma (B_g’)) , Timoshenko
dt . dx \at a /) _,

(18b)

For any other boundary conditions, the time derivative of the
proposed Lyapunov functional can be derived by following
the same procedure.

In practice, the actuators are likely to cover part of the
beam surface. For simplicity of illustration, we assume
that the piezoelectric actuators are uniform and com-
pletely cover the transverse faces of the host beam. Thus,
the actuation moment A is only a function of time with all
of its spatial derivatives being identically zero. Equation
(18) thus becomes

dr W _
= "( ) , Euler-Bernoulli ~ (19a)
datax ), _,
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dF 0
_ = Mu ( ¢
at

——] , Timoshenko (19b)
d" x=[

Consider a pair of actuator layers with a common ground and
identical poling directions. Through differentially poling
over the actuator surface, it is possible to produce an actuator
whose d3, varies spatially and which controls certain modes
[7]. For this paper, it is assumed that d3, is constant. The ac-
tuation moment in Equation (19) can be written in terms of
actuator input voltage as follows

M = J\Va(t) (20)
with
Jy = 2bY.diz,
where Y, and z, are the actuator Young’s modulus and ( posi-
tive) distance from the centerline, respectively. The time de-

rivative of the Lyapunov functional is negative semidefinite
if and only if the actuator voltage is selected as

W _
V() = +G:J1(—'—] , Euler-Bernoulli  (21a)
atax ),
P ;
V() = -G, J, ) Timoshenko (21b)
x=[

where G and G; are positive gain constants.

[t should be noted that the time derivative of the Lyapunov
functional [Equation (19)] for both models is negative semi-
definite, implying stability only. Nevertheless, asymptotic
stability has been proven in a recent paper [9] using the theo-
rem given by Mukherjee and Chen [10].

FINITE ELEMENT FORMULATION

Consider a beam element of length A, which has two de-
grees of freedom at each node: one translational degree of
freedom and one rotational degree of freedom (Figure 2).
The beam element’s transverse deflection and the beam ele-
ment rotation angle are approximated by [11]

Z. W
w1 w2
¥ | 1y
CC’T ) ST
h "
E I

Figure 2. Beam element.

Wei)= 3 N! (A1) (22a)

4

p(x)= Y NP (A1) (22b)

=1
where A, are the nodal displacements and rotations given as

W

_l#
A= ", (23)

¢:

and (N, N7 ) are the shear-locking-free shape functions
which are assumed to have the following form (Equation
[11], with some sign corrections)

1
I+v

1+v 2/ 2f
N = (24a)
1

ﬁ_—v(ﬂj: - 382 - ¥f)

—he [vi _[i_¥ Bl
(- 3k -3

=6

(1+v)A,

(83 =32 =y +1+v)

-0

e
m’(x“ (4 + ‘V)t + 14 ‘P‘) (24]3)
6

TP &2-0

i,
m(x- - (2-v))

with the rigidity ratio [v = 12El)*/h2(GA)" for Timo-
shenko model; » = 0 for Euler-Bernoulli model] and the di-
mensionless quantity £ = 5/h., where 7 is the element local
coordinate [Figure (2)].

For n finite elements the discrete differential equations of
the laminated beam are obtained by using Equation (22) to
evaluate the kinetic energy and strain energy of the beam. In-
tegrating over the spatial domains and using Hamilton’s
principle (7) leads to
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ST host beam - -

Tip mass of
radius=c¢

Figure 3. Laminated beam configuration.

d‘A} {dA}
M) opant——st Kt
[ ]{zn 2'){ dtz (2mx1} [ ](2' ) df {2nx1)

= {D}(zuxu“(f)uxu @)

where u(?) is the input to the system and [M], [K] and {D} are
the global mass, stiffness, and control influence matrices, re-
spectively, which are given as

= [ v v,

wll
y [{][ !0] [{N } ] dx, Timoshenko  (26a)
3
(2%2) (4x2)

{ve}

L
[M]= f {NW}(!E){N‘”}r dx, Euler-Bemoulli (26b)

d ; f
I _{Nﬁ}
_ = (En 0
[K]'” fo r d r [ 0 (GA)P’]
{ne} +";;{h’*}

2 ey
X dx, Timoshenko (27a)
d T
{ne} +—{n+}
dx

L d d T
[kK]= f {Ex« N? }(E])” {; NG} dx, Euler-Bernoulli
0

(27b)

L
d
{D} = f {z N*]dx, for both models ~ (28)
o

Equation (25) can easily be generalized to allow for p multi-
ple, independent control voltages; { D} will become (2n X p)
and u(f) will become (p X 1).

It should be noted that the rotational degree of freedom for
the Euler-Bernoulli model is the negative of the beam slope:
¢ = —3dW/ax. We could reformulate the finite element repre-
sentation of the Euler-Bernoulli model to take advantage of
the fewer degrees of freedom. Instead, we choose to simplify
the representation internally. The second and fourth ele-
ments of the shape functions of Equations (24a) and (24b)
should be multiplied by negative one to enforce the condition
¢ = —dw/dx. This in turn causes the second and fourth col-
umn and row of the element mass and stiffness matrices of
the Euler-Bernoulli model to change sign. This will permit
the interchange of information between the two models when
investigating their relative efficiency.

NUMERICAL SIMULATION

In this section, we consider a five layer cantilever laminate
with stacking sequence: PVF,, PZT, Al, PZT, PVF;. A sketch
of this laminated beam configuration is shown in Figure 3.
The piezopolymer layers function as distributed sensors,
whereas the piezoceramic layers perform the actuation. The
top and bottom piezoelectric (sensor/actuator) layers are po-
sitioned with identical poling directions for effective sensing
and strong actuation. The effectiveness of these types of ac-
tive beam elements in suppressing the vibration of a lami-
nated beam is investigated below for both Timoshenko and
Euler-Bernoulli models and an efficiency comparison is
demonstrated.

Table 1. Material properties.

Y Gu dy, 107 p
(GPa) (GPa) (m/V) (kg/m?)
PVF; [12] 2.0 0.77 23 1780
PZT [13] 813 25.65 -123 7500
Al [14] 73 29.2 — 2840
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Numerical simulations have been performed for two
groups of laminated beams. In the first group, the beams have
a tip mass; in the second group, the beams are without tip
mass. The behavior of both groups with respect to aspect ratio
is illustrated. The beam material properties are listed in Table
1. A finite element code which calculates the matrices estab-
lished in the preceding section has been developed for calcu-
lating the beam transient response. In all simulation cases, the
total beam thickness was fixed and the beam length was var-
ied to change the aspect ratio. The sensor and actuator layers
were assumed to have thicknesses of 0.11 (mm) and 0.5
(mm), respectively. The host aluminum beam has a thickness
five times that of the actuator layer and the width of all layers
is twice the total beam thickness. Furthermore, the beam is
subdivided into 10 equal-length elements along its length and
subjected to displacement initial conditions equivalent to
those which would be generated by a tip transverse load that
produces a tip deflection equal to 5% of the beam length. The
initial beam velocity is zero. The controller gains (G,, G) of
both models are selected such that the maximum voltage ap-
plied to the actuator layers does not exceed 500 V. This is
physically realistic, and is representative of typical power
supplies. For the cases in which a tip mass exists, a spherical
aluminum tip mass with radius ¢ = 4/4 was assumed.

Allsimulation cases for all aspect ratios with and without a
tip mass illustrate the asymptotic stability of both beam mod-
els. This is expected because the controller designs were
based on the Lyapunov second method, and were indepen-
dent of the beam aspect ratio or presence of a tip mass. As a
first basis of comparison of the two beam models, the two

155

percent settling time of the Euler-Bernoulli beam is com-
pared to that of the Timoshenko beam. Figure 4 shows an in-
teresting result of the Euler-Bernoulli model settling time
normalized by the Timoshenko model settling time for vari-
ous values of aspect ratio (L/4). The trends in Figure 4 can be
explained clearly with the aid of the beam energies. Because
the shear strain energy is neglected in the Euler-Bernoulli
model, its strain energy is always calculated to be less than
that of the Timoshenko beam. The energies of the two mod-
els approach the same value for long beams. Although the ro-
tatory inertia contributes to the kinetic energy of the Timo-
shenko beam, for short beams the kinetic energy of the Euler-
Bernoulli beam is higher. This is because the Euler-Bernoulli
beam vibrates at a higher natural frequency than that of the
Timoshenko beam, and we set the initial displacement of
both models to be the same. For small aspect ratio, the differ-
ence in the kinetic energy between the two beam models is
greater than the difference in the strain energy; hence, more
time is needed to dissipate the total energy of the Euler- Ber-
noulli beam. Furthermore, the difference in the kinetic en-
ergy between the two beam models reduces more rapidly
than the difference in the strain energy with the increase of
L/h, causing underestimation of the settling time. The Euler-
Bernoulli settling time reaches that of the Timoshenko with
further increase in L/h (for long beams). The existence of the
tip mass accentuates the difference in the kinetic energy be-
tween the two beam models, which makes the settling time
curve shift up and to the right from that of the no tip mass case
(Figure 4).

To obtain another comparison, we investigate the stability

—
.N. -

e
(5N
S . N E—
—
- —

2% settling time (E-B/T)

T T T

* With tip mass 4

© No tip mass

0.8 ' : -

0 10 20 30

40

50 60 70 80

Aspect ratio (L/h)

Figure 4. Two-percent settling time of the Euler-Bernoulli beam normalized by the settling

time of the Timoshenko beam.
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Figure 5. Timoshenko beam (L/h = 10) controiled by Euler-Bernoulli controller.

behavior of a Timoshenko beam of aspect ratio = 10 con-
trolled by an Euler-Bernoulli controller. For this case, the
feedback quantity is considered as the negative of the rate of
the Timoshenko beam slope instead of the rotation angle rate
[set ¢ = —dw/ax in Equation (21b)]. Figure 5 shows that an
Euler-Bernoulli model controller can stabilize the cantilever
Timoshenko beam when there is no tip mass and will destabi-
lize the beam when there is a tip mass. A careful inspection of
the boundary condition [Equation (10a)] when there is no
boundary shear force indicates that the Euler-Bernoulli
based controller is identical to the Timoshenko controller
when there is no tip mass, and is different with the presence
ofatip mass. The instability we saw is due to the incorrect as-
sumptions of the Euler-Bernoulli model controller under cer-
tain conditions (e.g., short beam and tip mass). It is not that
higher order Euler-Bernoulli modes are missing, but rather
that certain types of vibration are not being modelled. The
significant contribution of shear strain energy to the system
dynamics have been ignored in the Euler-Bernoulli model-
ling and our Euler-Bernoulli controller inadvertently excites
these modes. An analogy for this incorrect modelling is the
following: we wish to control the axial motion of a bar with a
mass on its end by using an axial actuator. Unbeknownst to
us, the mass is not on the bar centerline, and torsional and
bending vibration of the bar are also present. These addi-
tional motions of the bar are not modelled. To the extent that
the axial actuator can unwittingly excite torsion and bending
motion through the (unmodelled) mass coupling, then insta-
bility can result.

CONCLUSIONS

The equations of motion (including actuation) and the sen-
sor equations are established for a Timoshenko beam and for
an Euler-Bernoulli beam. These two beam models are inves-
tigated and compared by using them to actively control the
simulated vibration of beams with and without tip mass and
having different aspect ratio. It is shown that the piezoelec-
tric actuator is capable of vibration suppression in beams
which have both normal strain as well as shear deformation.
The Timoshenko model is clearly superior for beams with
low aspect ratio with or without a tip mass. As the aspectratio
of the beam increases, the results of the two models cover-
age. It has been shown that modeling a beam of low aspect ra-
tio with a tip mass as an Euler-Bernoulli beam can lead to in-
stability of control.
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