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Relationship Between Joint R.V's

Scatter Diagrams:

fy (X y) tells us everything about relation between X and Y. But to have a useful parameter to describe
relationship concisely, we define:

Covariance: |cov()<, Y) = E[(X=X)(Y=-V)] = XY — XY

coM X Y) = E[(X=X)(Y=Y)] = E[XY]=YE X]-XE[Y] + XY = XY= XY
Def: X and Y are said to be uncorrelated if cou X Y) = 0 or equivalently XY= XY .

Observe:
1- Independent R.V’s are always uncorrelate #nd Y are independent, thein, (X, y) = fy(X) f\(Y)

E[XY] = fdxfdyfy O y)xy = jdxr[dyfx(x)fY(y)xy = ([Ax T 00([dy fyMy) = XY

2- Uncorrelated R.V’s are not necessarily independent: independéent uncorrelated, but uncorrelated mig
might not be independent.

3- An exception of 2- above is fof and Y jointly Gaussian. Then independent uncorrelated.

Theorem: If X and Y are uncorrelated, and Z = X+ Y, then 0; = O'i + 0\2(.

Proof: Since E[XY] = E[X]E[Y], and o5 = E[(X-X)’] = E[X]]-X° = X*~X° ... then...

ht or
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Central Moments: L

0 _k
K %Jiodx(x— X)" f (%)

X = E[ X], kth central moment =E[(X-X) ] = ) . 1st central moment = 0, 2nd
|:| —
Zi (X, —X) Py (%)

I

2
central moment = Oy

0% = E[(X-X)] = E[X*]—2XE[X] + X° = E[X]-X° = x2_ x°

Examples:

|. Binomial R.V.
N! I: 2 2
px(n) = mpn(l—p)’\l_n K = Np, K™ = N(N—l)p + Np,

2

|oi = KZ—K" = N(N=1)p®+ Np— N°p? = Np= N = Np(1-Dp)

Il. Poisson R.V.

py() = Z%(AT)”e‘”JN = AT) N2 = (AT)2+AT,|oﬁ| = N2_N% = AT

[ll. Exponential R.V.

fy(X) = )\e_)\XU(X) X = % X% = 2/)\2, oi = %_12 = 12
AT A

V. Uniform

V. Gaussian

— 2 2 A2 7
X=m,|X_=0 +mlloy =0
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N-2
Np+ N(N-1)p° Z (N(N2 2n))lnlp (1-p)N-2-n = Np+ N(N-1)p® (binomial theorem again)

E[Ki] = N(N—l)pi+ Np

Il. Poisson R.V.

pn(N) = Z%(?\T)ne_)\T E[N] = AT E[Ni] = ()\T)§+)\T Excercise (optional)

Continuous Examples:

[. Uniform R.V. 0
1
[ k 1 0 _—_ a<x<
fxy =gt Osx=t E[X] = =5 For f4(¥) = Db—a 25*=P
[] 0, else +1 0
g O else
00 b b
k+1 k+1 k+1
k, _ k _cl ok, -1 X _b —a
BIXT =[x fx(gdx = Boar X T AT . (b-ak+1)
—00 a
Il. Exponential R.V. E[X]] = 2/)\°

[1l. Gaussian R.V.

E[XZ] = 02+ m2

2,42 2 2,02
f () = —=—e TMV2 ey = m. E[X] = [ ox X Ze‘(x‘m) /20" et ¢ = x—m0O df = dx

21O

e—z2/202 2

2 2 2
Then E[X?] = IdZm +21m+z et /20 - m2+O+IdZZ— = m?+g?

2TI0
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Moments:
th _ k, _ ok _ Kk
The k™ moment of R.V. X=E[X] = X" = XU
. ok k . ok k
For discrete R.V. X~ = Zixi_px(xi) , and for continuous R.V. X = J’f L X Xy (X)
X = first moment or mean, X2 = second moment. Sometimes such a quantity is called “a statistic.”

Discrete Examples:

|. Binomial R.V.

p(K) = N _N|!<)|k| pk(1-p)N-k = probability of k successes in N independent trials, where p = probability of
success in one trial.

E[K] =

E[K?] = ZOkZpK(k) Z (N k)lkl KN ok(1—p)N-K. Let k* = k(k—1) +k, then

5 K(K—1)N _
SL Z (|(\| k))lk' pH(L - p)N =+ Z(N k)lklpk(l_p)N ‘= > >
k=2 k=1
N

N
E[K?] = Z - o 2).pk(1—p)N-k+kZ ey EACEOL 3 e
Letn = k 2 then 4 )

N-2
2 NI Cne
E[KT] = Np+ (N—n—z)!n!pn+2(1_p)N "me=
n=0
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Continuous Examples:

For continuous R.V. E[X] = J‘fmdx X e (X)

I. Exponential R.V.

O
O o ; Xx<0 S .
=0 E[X] = [, 00 xfy(9 = g ox e ™M = )-1\ e X = %,Whlch occurs at
Oae ' X=0
O
_ A
X ==,
e o) 0
In obtaining above result, we used integration by parts: J’udv = uv|0 J’vdu Let u=Ax, andv = _)l\e—)\x
0 0

Il. Gaussian R.V.

1 —(x—m)?/20°
fo(x) = g =M

2
210

2 2
CE[X] = [7,dxxfy() = [ ox X Ze‘(x‘m) /20" | et = x—m0O dZ = dx

Then E[X] = IdZ m+Z 1/20 _ J.dz 1 Z/20 IdZ ¢ 2 Z/Zo - m
210
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E[X] = 5 onex® = S 1
N!

N
Zn‘l(N n)'(n—l)!p

n—O(N

n(N!)
n)!'n!

-p"(1-

pN-n = $ 1

N(1—p)N-N_ substitute k = n—1, then

n(N!)
n=1(N-n)n

-p"(1-

p)N-n=

k+1(7 _\N—k=1 — N-1_ (N-1)! k(1 _ ) (N=1)—k
Zk O(N— k 1)'k'p (1-p) NP = 0N — Dk P L= P) X
= Np(p+1- p) -1 Np Recall: Binomial Theorem: (a+ b)N = > Eh\'%anbN—n
n=0
IV. Poisson R.V.
Experiment: observe the times of emissions of photoelectrons from a
photocathode.S = {(t, 1,15, ...): Ot <t,<t;<...}.
Define R.V. N = number of electrons emitted in time interval (0, T).
. . 1 n AT
Poisson pmf: (physical model)  py(n) = H(AT) e
In this case, A is a parameter dependent on light intensity. Suppose AT = 5, then:
n 0 1 2 3 4 5 6 7 8 9 10
pN(n) 0.0067 | 0.0337 | 0.084 0.14 0.175 0.175 0.146 0.10 0.0652 0.036 0.018
_ooﬂ n—)\T_—)\Tooﬂ n —)\Too —)\Tool k
E[N] = Z n!()\T) e =e Z n!()\T) ATe Z 0 1)I()\T) = ATe k!()\T)
n=20 n=1 n=1 k=0
Then, E[N] = ATe AT )‘T = AT Recall: € = Z xk/k! , hear x = 0. (Taylor series)

k=0
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Statistical Averages: Examples

Discrete Examples:
For discrete R.V. with pmf py(x,) = P{X= %}, E[X] = Zi X Py (%)) a weighted average of sample

values.

|. Bernoulli R.V.

Experiment: “Bernoulli Trial” S = {Success, Failuje = {s, f} . P{s}) = p, P{ f}) = 1-p.
Bernoulli R.V. X({Succes}) = 1, X({Failure}) = 0. py(1) = p, py(0) = 1-p.
EIX] = % Px(x) =1px(1) +0 py(0) = p

Il. Dice

Toss two dice: S = {(n m:1<n, m<6}, define X((n, M) = n+m,

_ _ _ 5010, 5020 0lpo_
EIXT = 5 %px(x) = 2Px(2) +3py(3) + ... +12Py(12) = 2+ Byt - + 120567 = 7

[1l. Binomial R.V.

Experiment: N independent Bernoulli trials. S = {(s s...,9),(s, S ....s, f), .., (f, f, ..., f)}. 2N sample points.
Define the Binomial R. V. by mapping each sample point into an integer (subset of reals) equal to the

number of successes. How many points are there with n successes and N-n failures? N!/n!(N-n)! Therefore

_ N N=n = INOongq — gyN=n NO- _ N
py(n) = (N_n)!n!p (L—p)N-n = HEP"( p)N-n, where o= C(N. 1) = N
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Statistical Averages (Mathematical Expectation)

First moment,E[X] = Jfoodx X f.(x), kth moment E[X"] = ﬁmdx X (x); E[g(X] = J‘joodx o9 ().

Given Z= ¢(X Y) and fx, V(% y), find E[Z]:

Method 1: E[Z] = J“_"oo J‘fw a(x Y fy (X, y)dxdy Method 2: Find f(2), and then E[Z] = ﬁm dz z1,(2)

Linearity Property of Statistical Average:
E[G,() + 55001 = [, (9309 + 600) (9 = ELg;()] + ELg,(X)] ,
E[g,(X, ) + 5% V] = E[g(X, V)] + E[g,(X, V)].

To specify deviation from mean, consider X — X, where X = E[ X]:

E[X—=X] = 0, not very useful.
E[|X—-X], works but awkward.

) : L
oi = E[(X=X) ], Variance of X. Generally used to measure deviation from mean.
) i
oy = JE[(X=X)], Standard Deviation. l

Central Moments: X = E[ X], kth central moment =E[(X-X)] = )
D —
Zi (% = X) Py (%)

1st central moment = 0, 2nd central moment = oi E

02 = E[(X= X7 = E[X]] —2XE[X] + X2 = E[X] - X% = X°—X°

0 _k
K Eﬁmdx(x— X)" f (%) |




