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Random Vectors (Continued)

Independent Random Variables:

Two random variables X and Y are said to be (statistically) independent if:

Discrete case:

Px. Ve yj)
Py(Y;)

then Py v(Xi» yj) = py(Xi) pY(yj) results, and could be shown to be equivalent to condition of independence.

px|Y(xi|yj) = px(x). And since px|Y(xi|yj) =

Continuous case:
fX|Y(x|y)= f (), which is equivalent to fx, v% Y)= f(X) fy(y). Similarly Fy vX Y)= Fy()F () -

Generally, n random variables are independent iff

fxl, X,, ...,xn(xl’ Xoy 1ouy Xp) = fxl(xl)fxz(xz)"' fxn(xn)




EAS 305 Lec 9 and 10 Viewgraph 2 of 8

Example: Gas in thermal equilibrium at temperature T.

Experiment: Pick a molecule at random. define three random variables:

V(s = vy, V() = Vys V,(s) = v,, which map sample point (picked molecule) into its three velocities along
the three axes x,y, and z.

/ —m\,/ 2kT
From statistical thermodynamics, va(Vx) = Eﬁn%_—l_e s , same for y, z. V(s)V(9), V, are
independent R.V’s, then
/2 2 2 2
- |:| m ﬁ _m(vx+vy+vz)/2kT . . .
fVX, v, VZ(Vx’ vy, vz) = om0 , Maxwell-Boltzman distribution.

2

2
y v,).

L m,,2,.,2,.,2 m, 2
Kinetic energy E = E(VX+Vy+VZ), E(9 = e,soe = E(vx+v

/2 2 2 2
m —-m(V, +Vv, +V,)/2kT
Fe(ey = PHE< g}) :IdeIdvy dv, Emgg Y

2 2 2 mm
vX+vy+st 2e0/m

: . 2, .
Transform to spherical coordinates. Element volume 471r “dr is a shell volume, then

/2e,/ M
Fe(ey) = 4nr2drD——rn——[ﬁ/ze_m'rz/2kT Since f(e,) = d F(ey), then we differentiate directl
e = DT - (®0) = gg FEC0): Y
0
2 1/2 —€/KT

without solving integral, to get f(ey) = 37250

JT(KT)
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Functions of Random Variables

Let Z = g(X) be a real-valued function of a real variable. Let X be a random variable defined on S, where
X(9 = x. Then Z=g(X) is a random variable on S, defined by Z(s) = g(X(9) = g(¥ = z.

Statement of Problem: Az

If Z= g(X) and fy(X) is known, find f(2).

| ) 9()
Step 1: <0 ¥

Find Cumulative Distribution Function (C.D.F) of Z,, i.e. F,(2).

Fo(zg) = P{Z= 73} = P{o(Q=2y | | | |

X
Define IZO = {x:(9(¥) < zy)} , which is a collection of intervals on the Z—/
X axis. I

0
Then F,(zp) = P{XO1,} = r[fx(x)dx. Afx (x)
Step 2: Fz(20) .
f (p) 9 F(2) 7
z\%0) = gz " z\%
0 % T
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E
Examples: A

€0
1-E = V?

. ] S S S S S S/ 1
Given f,,(v), find f(e). ley =
Step 1:

= % % f\(v)dv, fore,>0
Fe(e) = P{E< e} = EV el = PV DI} = P=[e<V < [} = EL@’ o
0 0, forey<O0
Step 2:
FING 5 V(B g B = g (= B0 2 >0
e = ~J& fy(vav =0 0

- 0,6,<0

&

[fy( /o) + fu(=/ep]. >0

0,e0<0

Then

m_
(]
=
I
OO0OOOdad
N
5
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2- Y = sin®
41
. — -TI<0OL< .
Given fo(8) = 1 2n MSOST find f(y).
o O else
Step 1:

FY(yO) = P{Y< yo} = P{ sin@syo} = P{O0O |y0}

% 1,yo>l
0
_H(fe@de - 1 iny) = %+ lasi
Flyp) = %r[ o(©) = -1+ 2asinyg) = S+ casinyg, -1<y,<1
g o
Step 2:

d
Ylo) = gy Fylvo) =

N o
[EEN
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Functions of Two Random Variables

Let Z=g(X, Y) be areal-valued function of two real variable. Let X and Y be joint-random variable defined
on S. Then Z is arandom variable on S, defined by Z(9 = g(X(9, Y(9) = g(x y) = z.

Statement of Problem:

Given Z= (X Y) and fx, v(% ), find (2.

Step 1:
Find F(z)) = P{Z< 27} = P{o(X )<z} = IJ fy (X y)dxdy

where RZO = {X y:9(x Y) <7y}

Step 2:

f(z0) = %F (29
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Sum of Two Random Variables
This is a very important example of a function of two random variables.

Z = X+Y

Step 1:

00 Zy—X
FZ(ZO) — P{ZS ZO} - P{X+ Y< ZO} = J'J fX, Y(X, y)dXdy = J.dX J. dyfx’ Y(X’ y)

Step 2:

(%) Zy—X 00
f(zg) = %Fz(zo) . J‘dx% [ rix yan) = [ axhy v (z-x)

Which is the general formula of the pdf of the sum of two R.V.'s
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Example: Two resistors in series with uniform pdf’s. find pdf of series combination. Assume two R. V’s to be
independent.

Let R; andR, be two random variables with identical pdf,s
0 0. <r,< O 0. Kr,<
o (ry) = DOOJ, 950<r, lOSO,and o (r,) = DOOJ, 950<r, 1050.
1 2
O 0, else [l 0, else
and let there sum be Ry = R; +R,. Since independent, le’ RZ(rl, ro,) = le(rl)fRZ(rz)

Stepl:
Step 2:

Another Method:

General formula fRT(rT) = Idrbe R2(r, (rr—r)).

Since independent, then fRT(rT) = J’drle(r)fRz(rT—r),

—00

which is a convolution .

Theorem:

If Zis the sum of two

[e¢]

independent R. V's X and Y, then; (f(2) = J' défy () f\(z—¢) = T«(2* T\ (2
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