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Random Vectors (Jointly Distributed Random Variables)

Experiment:

Analyze sample of water. S = { § . Two random variables (T(g) =t =temp ) D(s) = d = O, conc.

Random Vector: (T(9, D(s)) = Z(9, Sample Vector: (t,d) = z

Events: {t;<T<t)} ={sOSt;<T(9=t,},
{dy<D=sd,} ={s0S d;<D(g=d,} ,
{t;<T<t,} n{d;<D<d,} ={sOSt;<T(9=<t,d;<D(5)=d,} .

Joint Random Variables:

{t;<T=t} n{d;<D=dy}

T(9 =t D( =d

P(T, D) DA} = [[fr, pit, d)dtdd
A
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Joint-Probability Density:
P[{t<T<(t+At)} n {d<D<d+Ad}]

Definition: fT pt,d) = lim AAd = probability per unit area in t-d
plane. At - 0
Ad - 0

P{(T,D)OA} = J’J’fT, p(t, d)dtdd = volume under surface over A

fr(t) = 2, fy(d) = 2

o g 0 ’ %
Pt <Tst} = [dt[dd fr ptd) = Idt%]’ dd f; ot d)5 %
t, —oo t, Lo N t; // )
00 o0 A el
Marginal pdf of T alone is f(t) = J’dd fr p(t.d), Dis fp(d) = J’dt fr p(t d) t
Joint-Probability (Cumulative) Distribution Functions:
d A

t, dg
Fr,oltp dg) = PUT< 1t} n {D=dg}] = [dt[dd fy pt )
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9 92

O_tOFT’ oty do) = Idd fr pft d),mFT, plte: dg) = f1 plte: dy)
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to 00
Frlty) = P{T<ty) = J'dtj' dd fr p(t,d) = Fy p(tg ), similarly Fp(dg) = P{D<dg} = F1 p(eo, dg)

Conditional-Probability Densities:
t2 d 2

J’dtIdd fr pt d)
P[{d,<D<d,} n{t,<T<t)}]
Pl{d;<D<d}|{t;<T<ty}] = : P[{t12<Tst21}] == dtlz
J’dt f(t)
ty

Lett, = t; +At, then as At - 0, we get

d,
Idd frolled g, f q &
PI{d; <D< dy}|T=t)] = = A . G U T
1= =0 fr(ty) I fo(ty) f p|T\AI
1 d,
f+ p(tq, d)
_ _'T,D\1
where fordt) == %)
2 Y PRY:
Example: let fD|T(d|t) = Ae_“(d—k/t), f(t) = Be B(t—to) |

2 2
then fD,T(d' t) = fD|T(d|t)fT(t) _ ABe—a(d—k/t) —B(t-tp)
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Joint p.m.f..
Px v ¥j) = PL{X= %} n{Y= y}]

Py(X;) = Z Px Ve yj')1 py(Yj) = Z Px (%5 yj')
J [

Conditional Joint p.m.f.:

PI{X= %} n{Y= vy}l Py v(¥ V)
Py vy} = PIEX= x}[{Y= y}] = PAY= v} = = Xio\;(ylj) J

Example: Two dice, two random variables.
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