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Random Vectors (Jointly Distributed Random Variabl

Experiment:

Analyze sample of water. . Two random variables

Random Vector: , Sample Vector:

Events: ,

,

.

Joint Random Variables:

S s{ }= T s( ) t temp= = ,( ) D s( ) =

T s( ) D s( ),( ) Z s( )= t d,( ) z=

t1 T t2≤<{ } s S: t1 T s( ) t2≤<∈{ }=

d1 D d2≤<{ } s S: d1 D s( ) d2≤<∈{ }=

t1 T t2≤<{ } d1 D d2≤<{ }∩ s S: t1 T s( ) t2 d1 D s( ) d2≤<,≤<∈{ }=

T s( ) t= , D s( ) d=

P T D,( ) A∈{ } f T D, t d,( )∫
A
∫ dtdd=
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Joint-Probability Density:

Definition: = probability p
plane.

 = volume under surface over A

Marginal pdf of T alone is , D is

Joint-Probability (Cumulative) Distribution Functions:

f T D, t d,( ) P t T t ∆t+( )≤<{ } d D d ∆d+≤<{ }∩[ ]
∆t∆d

-------------------------------------------------------------------------------------------------------
∆t 0→
∆d 0→

lim=

P T D,( ) A∈{ } f T D, t d,( )∫
A
∫ dtdd=

f T t( ) ?,' f D d( ) ?= =

P t1 T t2≤<{ } dt dd fT D, t d,( )

∞–

∞

∫
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∫ dt dd fT D, t d,( )
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∞

∫
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t1

t2

∫= =

f T t( ) dd fT D, t d,( )

∞–

∞

∫= f D d( ) dt fT D, t d,( )

∞–

∞

∫=

FT D, t0 d0,( ) P T t0≤{ } D d0≤{ }∩[ ] dt dd fT D, t d,( )
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d0

∫
∞–
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∫= =

t0∂
∂

FT D, t0 d0,( ) dd fT D, t d,( )
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0} FT D, ∞ d0,( )=

)

---
, similarly

Conditional-Probability Densities:

Let , then as , we get

where

Example: let ,

then

FT t0( ) P T t0≤{ } dt dd fT D, t d,( )

∞–

∞

∫
∞–

t0

∫ FT D, t0 ∞,( )= = = FD d0( ) P D d≤{=

P d1 D d2≤<{ } t1 T t2≤<{ }[ ]
P d1 D d2≤<{ } t1 T t2≤<{ }∩[ ]

P t1 T t2≤<{ }[ ]
------------------------------------------------------------------------------------

dt dd fT D, t d,(

d1

d2

∫
t1

t2

∫

dt fT t( )

t1

t2

∫
---------------------------------------------= =

t2 t1 t∆+= t∆ 0→

P d1 D d2≤<{ } T=t1[ ]

dd fT D, t1 d,( )

d1

d2

∫
f T t1( )

----------------------------------------- dd
f T D, t1 d,( )

f T t1( )
-----------------------------

d1

d2

∫ dd fD T d t1( )

d1

d2

∫= = =

f D T d t1( )
f T D, t1 d,( )

f T t1( )
-----------------------------≡

f D T d t( ) Ae
α d k t⁄–( )2–

= f T t( ), Be
β t t0–( )2–

=

f D T, d t,( ) f D T d t( ) f T t( ) ABe
α d k t⁄–( )2– β t t0–( )2–

= =
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Joint p.m.f.:

Conditional Joint p.m.f.:

Example: Two dice, two random variables.

pX Y, xi yj,( ) P X xi } Y yj={ }∩={[ ]=

pX xi( ) pX Y, xi yj,( )
j

∑= pY yj( ) pX Y, xi yj,( )
i

∑=,

pX Y xi yj( ) P X xi={ } Y yj={ }[ ]
P X xi={ } Y yj={ }∩[ ]

P Y yj={ }( )
------------------------------------------------------------

pX Y, xi yj,( )

pY yj( )
-----------------------------= = =
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