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Differential Space–Frequency Modulation via Smooth Logical
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Abstract—In this letter, a differential space–frequency mod-
ulation (DSFM) scheme is proposed for multiple input mul-
tiple-output (MIMO)-orthogonal frequency-division multiplexing
(OFDM) systems in broadband wireless communications. We
assume that the fading channels keep constant only within
each OFDM block, and may change independently from one
OFDM block to another. The differential schemes proposed
for MIMO-OFDM systems in the literature cannot successfully
decode with such a rapidly fading channel, since the successful
decoding of the previously existing schemes relies on the assump-
tion that the fading channel keeps constant within a period of
several OFDM blocks, and it changes slowly from a period of
several OFDM blocks to another. In our proposed DSFM scheme,
the transmitted signals are differentially encoded in the frequency
domain within each OFDM block. Thus, the differential decoding
can be performed over subcarriers within each single OFDM
block. Furthermore, if a statistical channel power-delay profile
(PDP) is known at the transmitter, we propose to create a smooth
logical channel to improve the performance of the DSFM scheme.
We obtain the smooth logical channel by sorting the channel
frequency responses over subcarriers from a statistical point of
view. If the logical channel is not smooth enough, we further
consider a pruning process in which we use only the “good”
part of the channel and get rid of the “bad” part of the channel.
Simulation results show that the proposed DSFM scheme over a
smooth logical channel (with pruning, if necessary) performs well
for various channel PDPs.

Index Terms—Differential space–time (ST) coding, fre-
quency-selective fading channels, full diversity, multiple-input
multiple-output (MIMO)-orthogonal frequency-division multi-
plexing (OFDM) systems, space–frequency coding.

I. INTRODUCTION

MULTIPLE-INPUT multiple-output (MIMO) systems
have shown great potential in the next generation wire-

less communications due to their promising huge capacity
[1]. Among abundant space–time (ST) coding and modulation
schemes developed for MIMO systems, differential space–time
modulation (DSTM) schemes [2]–[4] have been proposed for
the case of flat-fading channels, in which both the transmitter
and the receiver do not need to know the exact channel state
information (CSI). With such schemes, there is only a 3-dB
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performance degradation, compared with the case of coherent
detection in which perfect CSI should be known at the receiver.
The avoiding of channel estimations and the comparable per-
formances make the DSTM schemes attractive, as many DSTM
signals have been designed since then [4]–[8].

In broadband wireless communications, the fading channel
exhibits frequency selectivity due to the multiple delay paths
that may result in severe intersymbol interference. Noncoherent
MIMO systems with orthogonal frequency-division multi-
plexing (OFDM) have been investigated in [9] and [10], but not
specific to a differential encoding/decoding strategy. In [11],
two differential coding schemes were proposed for MIMO
frequency-selective fading channels: one for a single-carrier
scenario and the other for a multicarrier scenario with OFDM.
However, both schemes exploited only the spatial diversity,
regardless of the frequency diversity which is available in the
fading channels. A differential encoding scheme that aims to
exploit the frequency diversity was proposed in [12], but it
works only for OFDM systems with a single transmit antenna.
Later in [13]–[15], differential encoding/decoding schemes
were established for MIMO-OFDM systems to achieve both
the spatial and frequency diversities. The differential decoding
depends on the assumption that the fading channel stays con-
stant over a transmission period of (the number of transmit
antennas considered in the systems) OFDM blocks. The differ-
ential schemes in [12]–[14] followed the DSTM approaches in
[3] and [4] by using recursive differential encoding/decoding
equations. The differential encoding/decoding was performed
in the temporal dimension, i.e., the transmitted/received signals
within a period of OFDM blocks depend on those in the
previous OFDM blocks. These schemes also assumed that
the fading channel keeps constant over OFDM blocks,
and further assumed that the channel changes slowly from one
period of OFDM blocks to another. A differential scheme
in the frequency dimension was also proposed in [13], in which
the differential encoding/decoding process was performed over
adjacent subcarriers. However, this scheme also depends on the
assumption that the fading channel is constant over OFDM
blocks. In the case of a large number of transmit antennas, this
assumption is not valid, even for a typical slow-fading sce-
nario. Note that a comparison of frequency- and time-domain
differential modulation has been studied in [16] for a specific
5.2-GHz wireless asynchronous transfer mode (ATM) system
with a single transmit antenna.

In this letter, we propose a differential space–frequency
modulation (DSFM) scheme for MIMO-OFDM systems with
a “fast” fading scenario, in which the fading channel keeps
constant only within each single OFDM block, and it may
change independently from one OFDM block to another. The
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conventional differential schemes cannot successfully decode
with such a rapidly fading channel. We differentially encode
the transmitted signals in the frequency domain within each
OFDM block. Thus, the differential decoding can be performed
over subcarriers within each single OFDM block. Moreover,
if a statistical channel power-delay profile (PDP) is known at
the transmitter, we propose to create a smooth logical channel
to improve the performance of the DSFM scheme. We obtain
the smooth logical channel by sorting the channel-frequency
responses over subcarriers by use of Dijkstra’s algorithm [19],
[20] from a statistical point of view.

II. CHANNEL MODEL AND DSFM SCHEME

We consider a MIMO-OFDM system with transmit and
receive antennas. The OFDM has subcarriers. Both

the transmitter and receiver do not know the CSI. The MIMO
channel is assumed to be constant within each OFDM block
period, and it may change independently from one OFDM
block to another. Suppose that the fading channels between
different transmit and receive antenna pairs have paths and
the same PDP. In the frequency domain, the received signal at
the th subcarrier at receive antenna can
be written as

(1)

where is the channel symbol transmitted over the
th subcarrier by transmit antenna , is the channel

frequency response at the th subcarrier between transmit
antenna and receive antenna , and denotes the ad-
ditive complex Gaussian noise with zero mean and unit
variance at the th subcarrier at receive antenna . The
channel frequency response can be specified as

, where is the
complex amplitude of the th path, is the delay of the th
path, is the subcarrier separation, is the OFDM
symbol period, and . The ’s are modeled as
zero-mean, complex Gaussian random variables with variances

, where stands for the expectation. The
powers of the paths are normalized such that .
In (1), the transmitted signal is assumed to have the
energy constraint .

In the following, we propose a differential encoding/de-
coding scheme in the frequency domain within each single
OFDM block, based on a space–frequency structure developed
in [17] and [18]. For any fixed integer , a class
of space–frequency signals were designed in [17] and [18] that
are guaranteed to achieve a diversity order of in a co-
herent scenario. Specifically, denote , which
is the largest integer not greater than , and denote

for any . We specify the
transmitted signal in (1) as follows: 1) for any

, in which ,
and ; and 2) for other . It means
that at each subcarrier, there is only one transmit antenna
that sends nonzero symbols. Then, the received signal in (1)
can be written as for any

with ,
and . We further format the received signals in a
compact matrix form as follows:

(2)

where ,
is a diagonal matrix. In (2), the received

signal matrix is of size by , whose th
entry is , the channel

matrix also has size by , whose th
entry is , and the noise matrix
has the same format as .

With the transceiver model in (2), we encode the transmitted
signals differentially in the frequency dimension within each
OFDM block as follows: ,
where , and carries the transmitted infor-
mation and is a unitary diagonal matrix chosen from a cyclic
signal constellation designed in [4]. We consider differential de-
coding over two received matrices and for any

within each OFDM block as follows. Since
, and , we

have

(3)

where is the channel difference between
and , and is a noise matrix where
each entry is a Gaussian random variable with mean zero and
variance , since is unitary. If , or the Frobe-
nius norm of the channel difference is small enough
such that is much less than , then a near-max-
imum-likelihood (ML) decoding1 can be performed as

(4)

In case the delay spread is large with respect to the OFDM pe-
riod, it is hard to assume that the changing of the channel fre-
quency responses is slow over two adjacent subcarriers. How-
ever, if a statistical channel PDP is known at the transmitter, we
are able to permute the transmitted signals over different sub-
carriers to create a smooth logical channel. Denote the permuted
channel as , and accordingly denote the received signal ma-
trix and the noise matrix as and , respectively. Similar
to (3), we have , where

and . The decoding can
be performed accordingly as

.

III. OBTAINING SMOOTH LOGICAL CHANNELS

FOR THE DSFM SCHEME

Assume in this section that a statistical channel PDP (not
exact CSI) is known at the transmitter. We want to obtain a
smooth logical channel by permutations, such that the differen-
tial decoding can perform well even if the channel frequency
responses may vary severely over two adjacent subcarriers.

1Note that the differential decoding in (4) is ML only ifH = H . Here
we term it as a near-ML decoding in the sense that we try to sort the channel
such that H � H .
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From the system performance point of view, one should opti-
mize the permutations by maximizing the bit-error rate (BER).
However, this approach is intractable, if not impossible. We
consider an approach of maximizing the average signal-to-noise
ratio (SNR), which is defined as

SNR (5)

Note that both and are unitary matrices, so
, and

. Therefore, SNR
, in which is an average channel mismatch

(6)

In order to maximize the average SNR, we try to minimize
the average channel mismatch in (6). For simplicity, denote

for any and .
We assume that with permutation, the th subcarrier of the
original channel is permuted to the th subcarrier. Since
the fading channels between different transmit and receive an-
tenna pairs are assumed to have the same PDP, we can determine

for any as follows:

where . Then, the av-
erage channel mismatch in (6) is

(7)

The minimization of the channel mismatch can be reduced
to the shortest-path problem [20]. To illustrate the basic idea,
we first consider a special case where and ,
i.e., . Let us think about a network with nodes, in
which the distance between node and node is

. Then for any permutation, the channel mis-
match is the length of a path that goes over all nodes in
the network. Therefore, the problem of minimizing the channel
mismatch is reduced to the shortest-path problem [20]. The
shortest-path problem can be solved by using Dijkstra’s algo-
rithm [19], [20], shown as follows.

• Let denote the network with all
nodes. Start from node 1 by setting and denoting
the set of the rest nodes as .

• For :
1) Find a node which is nearest to node ,

i.e., to choose a node in such that the distance
is minimized.

2) Denote and let the set of the rest nodes be
.

The above algorithm results in a shortest path that starts at node
1 and goes over all other nodes which shows a desired permu-
tation that minimizes the channel mismatch .

For arbitrary , let us consider a network with
nodes , in which each node stands for a set
that contains elements. The distance between two
nodes or sets and is assumed to be

. Then, the channel
mismatch in (7) can be considered as the length of a “path”
that goes over all sets in the network. In order to find a
shortest “path” going over all sets, we propose a generalized
Dijkstra’s algorithm as follows.

• Let . Randomly choose
elements from to form a set

, and let the set of the rest elements be .
• For :
1) Choose elements from ,

to form a set whose elements are nearest to the set
, i.e., to minimize the distance .

2) Denote the set of the rest elements as .
An interesting question is, how smooth a logical channel can

we achieve? Let us define a minimum channel mismatch
. With any per-

mutation, it is easy to see that the channel mismatch in (7) is
lower bounded by , i.e., . For some channel PDPs,
such as the two-ray fading model, we are able to obtain smooth
logical channels such that the resulting channel mismatch can
reach . However, for others, such as the typical urban (TU)
model [21], we are not able to obtain smooth logical channels
such that can reach the minimum channel mismatch . How-
ever, in this case, we found that with the generalized Dijkstra
algorithm, some of the channel mismatches are larger
than the minimum mismatch , and some of them can reach

.
The above observation motivates us to propose a pruning

process, as follows. We do not use the “bad” part of the channel
whose channel mismatch is larger than , and use
only the “good” part of the channel whose channel mismatch

is equal to . With such a pruning process, the DSFM
scheme may perform successfully over the “good” part of the
logical channel, if the minimum channel mismatch is small.
Since we use only a part of the channel, the spectral efficiency
of the system is reduced. Suppose that we prune subchan-
nels and use only subchannels in the logical channel, then
the spectral efficiency is reduced by a factor of .
As shown in the simulation results in the next section, if we
use all of the channel, there is a high error floor in the perfor-
mance curve, due to the “bad” part of the channel. By use of the
pruning process over the logical channel, the channel mismatch
in the remaining “good” part of the channel reaches the min-
imum channel mismatch. As a consequence, the performance
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Fig. 1. Performances of the DSFM scheme with the two-ray channel model in
the case of � = 5 �s.

of the DSFM scheme over the resulting channel depends only
on the minimum channel mismatch. Note that if the minimum
channel mismatch is too large, then we have no chance to obtain
a smooth logical channel even with the pruning process.

IV. SIMULATION RESULTS

We simulated the proposed DSFM scheme for a system
with transmit and receive antennas. The
OFDM modulation had subcarriers. The used cyclic
signal constellation is

, , in which each signal matrix
represents an information symbol of 4 bits [4].

At first, we considered a two-ray PDP , with a delay
of s between the two rays. Each ray was modeled as a zero-
mean complex Gaussian random variable with variance 0.5. We
simulated two cases: 1) s and 2) s. Assume
that the total bandwidth was 1 MHz. Then, the OFDM block
duration was s without the cyclic prefix. The perfor-
mance of the proposed DSFM scheme is shown in Fig. 1 for the
case of s. Since the 5 s separation of the two paths is
small compared with the 128 s duration of the OFDM block,
the channel frequency responses change smoothly over different
subcarriers. We can see that the DSFM scheme performs suc-
cessfully in this case, and the performance of the scheme with
a smooth logical channel is a little better than that without a
smooth channel. In case of s, there are severe varia-
tions in the spectrum of the channel impulse responses, resulting
in the failure of the DSFM scheme without channel permutation,
as shown in Fig. 2. However, if we permute the channel prop-
erly, we are able to obtain a smooth logical channel that can
guarantee the successful differential decoding, as shown in the
solid curve with circles.

We also simulated the proposed DSFM scheme over the TU
fading model [21] with three different bandwidths: 1)
MHz; 2) MHz; and 3) MHz, as shown in
Fig. 3. In the case of MHz, the OFDM duration was

Fig. 2. Performances of the DSFM scheme with the two-ray channel model in
the case of � = 20 �s.

Fig. 3. Performances of the DSFM scheme with the TU channel model.

s. Since the delay spread of the TU fading model is
small, compared with the s duration of the OFDM block,
the channel frequency responses change smoothly over different
subcarriers. We can see that the DSFM scheme performed suc-
cessfully over this channel. In the case of MHz, the
OFDM duration was s. From the performance curve
(with “ ”), we observe that the DSFM scheme performed well
at low SNR, but had an error floor at high SNR due to a large
minimum channel mismatch. In the case of MHz, the
OFDM duration was s. Since the delay spread of the
TU fading model is not small, compared with the s duration
of the OFDM block, there are severe variations in the spectrum
of the channel impulse responses. From the performance curve
(with “ ”), we can see that the severe variations of the channel
result in the failure of the DSFM scheme, as we applied the
DSFM scheme directly. With such a channel, even though we
used the generalized Dijkstra algorithm to sort the channel, the
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resulting logical channel was still not applicable, and the perfor-
mance curve (with “ ”) has a very bad error floor. We found that
in the logical channel, some of the channel mismatches
are 0.5200, and the others are 0. The minimum channel mis-
match is zero in this case. Therefore, we pruned the part of
channel with mismatches , and used only the
part of channel with mismatches . From the per-
formance curve (with “ ”), we can see that the DSFM scheme
performed very well over the logical channel with pruning.

V. CONCLUSION

In this letter, a differential MIMO-OFDM modulation
scheme was proposed for broadband wireless communications,
in which the transmitted signals were differentially encoded
across multiple antennas in the frequency domain within each
single OFDM block. Thus, the proposed DSFM scheme can
be applied over the scenarios where the fading channel may
change from one OFDM block to another independently. More-
over, if a statistical channel PDP is known at the transmitter, we
further proposed to permute the channel frequency responses
over subcarriers to create a smooth logical channel, by using
the generalized Dijkstra algorithm. For some channel PDPs
where there are severe variations in the spectrum of the channel
impulse responses, and even the generalized Dijkstra algorithm
may not work well, we proposed in this case a pruning process
to get rid of the “bad” part of the channel. Simulation results
showed that in case of the TU channel model with
MHz, the DSFM scheme performed very well over the logical
channel with pruning.
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