
IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 7, JULY 2008 2941

Differential Modulations for Multinode
Cooperative Communications

Thanongsak Himsoon, Member, IEEE, W. Pam Siriwongpairat, Member, IEEE, Weifeng Su, Member, IEEE, and
K. J. Ray Liu, Fellow, IEEE

Abstract—This paper proposes and analyzes differential mod-
ulation schemes for two cooperation protocols in multinode
cooperative wireless networks; namely, multinode differential
amplify-and-forward scheme (DiffAF) and multinode differential
decode-and-forward scheme (DiffDF). In the DiffAF scheme,
with knowledge of long-term average of received signals from all
communication links, the destination efficiently combines signals
from direct and all multiple-relay links to improve communication
reliability. In the DiffDF scheme, by utilizing a decision threshold
at each relay-destination link, the destination efficiently combines
signals from the direct link and each relay link whose signal
amplitude is larger than the threshold. For the DiffAF scheme,
an exact bit error rate (BER) formulation based on optimum
combining is provided for differential -ary phase shift keying
(DMPSK) modulation, and it serves as a performance benchmark
of the proposed DiffAF scheme. In addition, BER upper bounds,
BER lower bounds, and simple BER approximations are derived.
Then, optimum power allocation is provided to further improve
performance of the DiffAF scheme. Based on the tight BER
approximation, the optimum power allocation can be simply ob-
tained through a single dimensional search. In case of the DiffDF
scheme, the performance of DMPSK modulation is analyzed.
First, a BER formulation for DMPSK modulation is derived.
Next, an approximate BER formulation of the DiffDF scheme is
obtained, and a tractable BER lower bound is derived to provide
further insights. Then, the performance of the DiffDF scheme
is enhanced by jointly optimizing power allocation and decision
thresholds with an aim to minimize the BER. Finally, simulation
results under the two proposed cooperation protocols are given to
validate their merit and support the theoretical analysis.

Index Terms—Bit error rate (BER), cooperative communi-
cations, differential modulation, multinode wireless networks,
virtual multiple-input–multiple-output (MIMO).

I. INTRODUCTION

RECENTLY, cooperative communications have gained
much attention due to the ability to explore inherent spa-

tial diversity available in relay channels by forming a virtual
antenna array among cooperating nodes. In this strategy, when a
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node has information to transmit, it cooperates with other nodes
which helps forward the information to an intended destination.
To explore such inherent spatial diversity, various cooperation
protocols have been proposed based on relay processing, e.g.,
decode-and-forward (DF) and amplify-and-forward (AF) [1].
Under the DF protocol, each relay decodes the received signal
from the source, and then forwards the decoded information
to the destination. Under the AF protocol, on the other hand,
each relay amplifies the received signal and then forwards the
amplified signal to the destination. In [2] and [3], a concept of
user cooperation has been introduced for a two-user code di-
vision multiple access (CDMA) cooperation system by which
orthogonal codes are used among active users to avoid mul-
tiple access interference. The work in [4] focuses on rigorous
analysis of exact symbol error rate (SER) and optimum power
allocation for the DF protocol for two-user cooperation systems.
The work in [5] proposed a class of coherent multinode DF
cooperation protocols with arbitrary -relay nodes in which
each relays combines signal from the source and the previous

relays. In [6]–[8], an idea of distributed
space-time coding has been considered by which all cooperation
nodes form virtual antenna array and synchronously encode
information using existing space-time codes.

However, most of the works in [1]–[8] assume that the desti-
nation has perfect knowledge of channel state information (CSI)
of all transmission links. While in some scenarios, e.g., slow
fading environment, the CSI is likely to be acquired by the use
of pilot symbols, it may not be possible in fast fading environ-
ment. In addition, it is questionable on how the destination can
obtain source-relay channel perfectly through pilot signal for-
warding without noise amplification. Moreover, the computa-
tional overhead for channel estimation increases in proportion
to the product of number of transmit antennas at the source node
and number of relaying nodes.

Differential modulation has been well accepted as a modula-
tion technique that provides a good tradeoff between receiver
complexity and performance. In differential phase-shift keying
(DPSK) [9], efficient decoding relies on constant phase
responses of the channel from one time sample to the next.
Therefore, perfect CSI is not required at the differential decoder.
The merit of bypassing channel estimation makes differential
modulation a viable candidate to be deployed in cooperative
communication so as to reduce receiver complexity and signal
overheads. In [10], error performance of coherent/differential
modulations for a specific two-hop relay system have been
investigated. In [11], a framework of noncoherent communi-
cation employing frequency shift keying modulation has been
proposed for DF cooperation systems. However, the framework

1053-587X/$25.00 © 2008 IEEE

Authorized licensed use limited to: SUNY Buffalo. Downloaded on February 11, 2009 at 11:00 from IEEE Xplore.  Restrictions apply.



2942 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 7, JULY 2008

does not fit to a general -ary differential phase-shift keying
(MDPSK) and the AF cooperation system.

The related works on differential cooperative schemes have
been considered in [12]–[15]. In [12], a differential scheme for
the DF protocol has been investigated for a two-user coopera-
tion system in which the two users transmit signal in an Alam-
outi-like fashion. In [13] and [14], a differential scheme for the
AF protocol and its error rate performance has been investigated
for two-user cooperation systems. In addition, [14] provided a
simple bit error rate (BER) performance formulation of the pro-
posed scheme, which is derived based on the moment gener-
ating function method, and this formulation is used for optimally
allocating power among nodes to further improve the system
performance. However, the simple BER formulation is compli-
cated and optimum power allocation scheme is obtained only
through exhaustive numerical search. In [15], a threshold-based
differential cooperative scheme employing the DF protocol has
been proposed for a two-user wireless network. A tight BER
approximation is provided, and optimum power allocation and
threshold are numerically determined to further enhance per-
formance. In [16], a two-node differential DF scheme is pro-
posed where power allocation at the relay is proportioned to the
channel variances at the source-relay link and the relay-desti-
nation link. The power allocation scheme in [16] relies on as-
sumptions that channels are quasi-static over a frame period,
and the relay receives reliable feedback of channel variance of
the relay-destination link. The work in [15], on the other hand,
is applicable to more relaxed channel, which can vary symbol
by symbol, and requires no channel feedback. Nevertheless,
most of the existing differential cooperative schemes focus on
two-node wireless networks.

This paper proposes differential modulation schemes for AF
and DF cooperative communications in multinode cooperative
networks. Due to their low-complexity implementations, the
proposed schemes can be deployed in sensor and ad hoc net-
works in which multinode signal transmissions are necessary
for reliable communications among nodes. In this work, the
destination in the DiffAF scheme requires only long-term
average of the received signals to efficiently combine sig-
nals from all communications links. In the DiffDF scheme,
each relay decodes the received signal and it forwards only
correctly decoded symbols to the destination. A number of
decision thresholds that correspond to the number of relays
are used at the destination to efficiently combine received
signals from each relay-destination link with that from the
direct link. BER performance of both DiffAF and DiffDF
schemes is analyzed and optimum power allocation is provided
to further improve the system performance. In case of the
DiffAF scheme, we provide an exact BER formulation based
on optimum combining weights for MDPSK modulation. The
obtained BER formulation serves as a performance benchmark
of the DiffAF scheme. In addition, BER upper bounds and
simple BER approximations are provided. One of the tight
BER approximations allows us to optimize the power alloca-
tion through a simple single-dimensional search. In case of the
DiffDF scheme, a BER formulation with DMPSK modulation
is derived. In addition, BER approximation and a tractable
BER lower bound are provided. Then, power allocation and

Fig. 1. Multinode differential AF scheme.

Fig. 2. System descriptions of the multinode differential DF scheme.

thresholds are jointly optimized. Simulation results are shown
to validate the merit of the proposed DiffAF/DiffDF schemes
and support the theoretical analysis.

The rest of this paper is organized as follows. Section II out-
lines the DiffAF and the DiffDF schemes for multinode coop-
erative communications. Section III considers BER analysis for
the DiffAF and the DiffDF schemes including BER bounds and
their BER approximations. In Section IV, optimum power al-
location is determined for the DiffAF scheme where optimum
power allocation and optimum threshold are jointly determined
for the DiffDF scheme. Simulation results and discussions are
given in Section V. Finally, Section VI concludes this paper.

II. SIGNAL MODELS FOR MULTINODE DIFFERENTIAL SCHEMES

We consider a multinode cooperative wireless network with
a source and relays as shown in Fig. 1. Each node can be
a source that sends information to its intended destination,
or it can be a relay that helps forward information from the
source. We consider two differential cooperation strategies,
namely, differential amplify-and-forward (DiffAF) and dif-
ferential decode-and-forward (DiffDF) cooperation schemes.
For the DiffAF scheme, each relay amplifies each received
signal from the source and then forwards the amplified signal
to the destination. In case of the DiffDF scheme (also known
as selective forwarding protocol [1]), as in Fig. 2, each relay
decodes each received signal and then forwards only correctly
decoded symbol to the destination. In order to take advantage
of the DiffDF protocol by which only correctly decoded symbol
at each relay is forwarded with a certain amount of power to the
destination, a decision threshold is used at the destination
to allow only high potential information bearing signal from
each of the th relay link to be combined with that from the
direct link before being differentially decoded.
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With cooperative relays in the network, signal transmis-
sions for both DiffAF and DiffDF schemes comprise
phases. The first phase belongs to direct transmission, and the
rest of phases is for signal transmission for each of the
relays. The signal models for each of the transmission
phases are as follows.

In phase 1, suppose differential -ary phase shift keying
(DMPSK) modulation is used, the modulated information at
the source is , where for

, and is the constellation size. The source
differentially encodes by , where is the
time index and is the differentially encoded symbol to be
transmitted at time . After that, the source transmits with
transmitted power to the destination. Due to the broadcasting
nature of the wireless network, the information can also be re-
ceived by each of the relays. The corresponding received sig-
nals at the destination and the th relay, for , can
be expressed as

(1)

(2)

where and represent channel coefficients from the
source to the destination and from the source to the th relay,
respectively. In this paper, and are modeled as com-
plex Gaussian random variables with zero means and variances

and , respectively. The terms and are addi-
tive white Gaussian noise at the destination and the th relay, re-
spectively. Both of these noise terms are modeled as zero-mean
complex Gaussian random variables with variance .

In phases 2 to , depending on the cooperation protocol
under consideration, each of the relays forwards either the
amplified signal or the decoded signal to the destination. Signal
models for the DiffAF and the DiffDF schemes in phases 2 to

are presented in Section II-A and II-B, respectively.

A. Signal Model for the DiffAF Scheme

For the DiffAF scheme, the received signal in phases 2 to
is given by

(3)

where represents the transmitted power at the th relay
and denotes the channel coefficient at time at the th
relay-destination link. We model as a zero-mean complex
Gaussian random variable with variance . In (3), is
normalized by , and hence the th relay requires
only the channel variance between the source and the th relay

rather than its instantaneous value. In practice,
can be obtained through long-term averaging of the received
signals at the th relay.

Finally, the received signals from the source and those from
all of the relays are combined at the destination, and we have

(4)

where

and

are used as combining weights for the proposed DiffAF scheme.
Here, the channels and are assumed available at the
destination. Note that and can be obtained through
long-term averaging of the received signals at the th relay and
the destination, respectively. In practice, can be forwarded
from each of the th relay to the destination over a reliable
channel link. Accordingly, without acquiring perfect CSI, the
combined signal (4) is differentially decoded by using the de-
tection rule [9]

(5)

B. Signal Model for the DiffDF Scheme
In this cooperation system, each relay forwards only correctly

decoded symbol to the destination, i.e., when the th
relay decodes correctly, and , otherwise. As shown in
Fig. 2, decision thresholds are used at the destination to allow
only high potential information bearing signal from each of the
th relay to be combined with that from the direct link before

being differentially decoded.
Specifically, in phases 2 to , each of the th relay dif-

ferentially decodes the received signal from the source by using
the decision rule [9]

(6)

Here, we assume an ideal relay that can make judgement on the
decoded information whether it is correct or not.1 If each of the
th relay incorrectly decodes, such incorrectly decoded symbol

is discarded. Otherwise, the th relay differentially re-encodes
the information symbol as , where represents
the time index that the th relay correctly decodes before time .
Then, is forwarded to the destination with transmitted power

. After that, is stored in a memory, represented by
in Fig. 2, for subsequent differential encoding. Note that

the time index in can be any time before time
depending on the decoding result in the previous time. The

received signal at the destination in phases 2 to can be
expressed as

if relay correctly decodes
otherwise

(7)

where , denotes the channel coefficient
between the th relay and the destination, and represents
an additive noise.

1Practically, this can be done at the relay by applying a simple signal-to-noise
ratio (SNR) threshold test on the received data [17], [18].
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Since the perfect knowledge of CSI is not available at each
time instant, the destination does not know when the received
signal from the th relay contains the information. For each th
relay-destination link, a decision threshold is used at the des-
tination to make the decision whether to combine with the
received signal from the direct link. Specifically, if
for all where denotes the absolute value of , the destina-
tion estimates the transmitted symbol based only on the received
signal from the direct link. However, if for any , the
received signals from the source and that from the th relay are
combined for joint decoding. In this way, the combined signal
at the destination can be written as

(8)
where and are combining weights. In (8),

is the most recent received signal from the th relay with
. It is stored in a memory, represented by in

Fig. 2, at the destination. The function in (8) repre-
sents an indicator function in which if

; otherwise, . After signal combining, the desti-
nation jointly differentially decodes the transmitted information
by . Note that using
different combining weights ( and ) results in different
system performances. In this paper, we use

, which maximizes the SNR at the combiner output.

III. PERFORMANCE ANALYSIS FOR THE MULTINODE
DIFFERENTIAL SCHEMES

In this section, BER analysis for the proposed multinode dif-
ferential cooperation schemes is provided. First, a BER perfor-
mance for the DiffAF scheme is analyzed. Then, tight BER
bounds and simple BER approximations are determined. Fi-
nally, a BER analysis for the DiffDF scheme is provided, and
its BER lower bound is given.

A. BER Analysis for the DiffAF Scheme

As specified in [14], the BER formulation based on ar-
bitrary combining weights, i.e., and in (4), is
currently not available in the literature. For mathemat-
ical tractability, we provide an alternative BER analysis
based on optimum combining weights: and

. The
detailed BER derivation can be found in [14] for single relay
case, and it is omitted here. Differently from [14], however,
in what follows, we provide an alternative closed-form BER
formulation, which allows us to analytically calculate optimum
power allocation rather than rely on numerical evaluations as
presented in [14].

With the optimum combining weights and , an in-
stantaneous SNR at the combiner output can be written as

(9)

where

and

. Accordingly, the conditional BER expression for the DiffAF
scheme can be approximated by the differential modulation with

-channel diversity receptions [9] as

(10)

where

(11)

and

(12)

in which

Here, , and in which and
for differential binary phase-shift keying (DBPSK) modulation,
and and for differential quadra-
ture phase-shift keying (DQPSK) modulation [9]. The value of

for higher constellation sizes can be found in [19]. Following
the analysis in [14] by using the moment generating function
(MGF) method to average the conditional BER (10) over the
Rayleigh distributed random variables, we have

(13)

where , in which
. The MGF is obtained through

double integration of each over two exponential random
variables and . After some manipulations, we
have

(14)
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where

(15)

in which and
. Note that the last expression in (15) is

obtained by applying results from [22, p. 358, eq. (3.352.4); p.
934, eq. (8.212.1)], and represents the
Euler’s constant. Hence, the average BER is

(16)

Using the same technique as in [14], the BER upper bound is
obtained by substituting in (11) such that is upper
bounded by . Hence, the BER upper
bound can be obtained by replacing in (16) by ,
and we have

(17)

where

(18)
and in which

.
Accordingly, a simple BER upper bound can be obtained by

focusing at high SNR region such that all 1’s in the denominator
of (17) can be discarded. After some manipulations, the simple
BER upper bound can be expressed as

(19)

where

(20)

is a constant that depends on the modulation size and the number
of relays, and and are specified in (11)
and (12), respectively. The BER upper bound (19) reveals that

when relays are available in the network, the DiffAF scheme
achieves diversity order of as specified in the exponent
of the noise variance.

In case of BER lower bound, we first note that
. By replacing in (16) by

, we obtain a BER approximation

(21)

where

(22)
and

in which

. Furthermore, by ignoring all 1’s in the denominator of (21),
we obtain a simple BER approximation

(23)

where and are specified in (20) and (22),
respectively. We can see from the exponent of the noise variance
in (23) that the achievable diversity order is . As will be
shown in the simulation results, these two BER approximations
are tight at high SNR region.

B. BER Analysis for the DiffDF Scheme

BER analysis of the DiffDF scheme, as described in
Section II-B, is considered in this section. First, different SNR
scenarios are characterized according to the received signal

, threshold , and memories and . Then, probability
of occurrence is provided for each of these SNR scenarios.
After that, average BER is derived based on the probability of
occurrence and the combined SNR for each scenario. Finally,
a tractable BER lower bound is provided at the end of this
section.

1) Characterization of Different SNR Scenarios: At the des-
tination, different combined SNRs may occur according to a
comparison the received signal and the threshold
as well as the signals stored in memory and . In this
way, the destination encounters six possible SNR scenarios at
each relay-destination link, and we characterize each of them as
follows. For a given network state , we denote as an integer
number that represents an SNR scenario at the th relay-destina-
tion link, i.e., . A set of joint event for
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will be related to each of the scenario . Specif-
ically, when , represents a joint
event that received signals from the th relay link is not greater
than the thresholds. We characterize

as a joint event including ,
where the relay correctly decodes at time and and the
information symbols at time and in memories and

are the same. The rest scenarios are
,

, ,
and . They are inter-
preted in a similar way as that of .

2) Probability of Occurrence for Each SNR Scenario: To
determine probability of occurrence for each scenario, we first
find that the probability that the th relay forwards information
with transmitted power due to incorrect decoding is
related to the symbol error rate of DMPSK modulation as [21]

(24)

where represents an in-
stantaneous SNR at the th relay, and

. Accordingly, the
probability of correct decoding at the th relay (or probability
of forwarding with transmitted power ) is .
Therefore, the chance that occurs is determined by the
weighted sum of conditional probabilities given that
or 0, and we have

(25)

where the second equality is obtained by substituting
,

which is related to cumulative distribution function (CDF)
of a Rayleigh-distributed random variable. The term

is related to the CDF of
Rician-distributed random variable such that

where

(26)

in which is the Marcum -function [9].
According to the definition of each SNR scenario in

Section III-B1, a chance that each of the scenarios to
happens is conditioned on an event that . Since

the events at time and time are independent, then the
probability that occurs is given by

(27)

The approximation in (27) is obtained by using the result in
(24) and the fact that

. In this way, the first term in (27) can be cal-
culated as

. In addition, the second term in (27) can be approx-
imated by using the concept of conditional probability and ap-
plying Bayes’ rule such that

Next, the chance that the scenario happens can be written
as

(28)

where

(29)

Substituting (27) and (29) into (28), after some manipulations,
we have

(30)

in which is defined as an expression
that results from applying the concept of total probability [23]
to

(31)

With the assumption of almost constant channels at time and
, we have , i.e., scenarios and
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occur with the same probability. Following the calculation
steps as used in (29), we have

(32)

Finally, the chance that scenario occurs can be determined
as

(33)

3) Approximate BER Expression for the DiffDF Scheme: We
know from Section III-B1 that each relay contributes six pos-
sible SNR scenarios at the destination. For a network with
relays, there are totally numbers of network states. We de-
note as an matrix of a network state
, where . Accordingly, the average BER can

be expressed as

(34)
where for each is specified in (25)–(33),

represents a conditional BER for a given , and
denotes the expectation operator.

Because it is difficult to find a closed-form solution for the
BER in (34), we further simplify (34) by separating a set of all
possible network states, denoted by , into two disjoint subsets
as , where denotes all possible network
states that every element in the network state is either one or
two, and denotes the remaining possible network states.
Note that the cardinality of and is and

, respectively. In this way, we can express
the average BER (34) as

(35)

The first term in the right-hand side of (35), , results from
the cases where every element in the network state is either
one or two; the second term results from the remaining
cases. These two terms can be determined as follows.

First, for notational convenience, let us denote as the
number of combining branches. By definition, we can express

as

(36)

where when , and , otherwise. Note
that the addition of 1 in (36) corresponds to the contribution of
signal from the direct link.

Next, consider the case that every element in the network state
is either one or two, then the conditional BER

can be obtained from the multibranch differential detection of
DMPSK signals as [9]

(37)

in which and are specified in (11) and (12),
respectively. The term is the SNR at the combined
output, which is given by

(38)
Then, the conditional BER for the re-

maining cases can be found as follows. Since up to now
the conditional BER formulation for DMPSK with arbi-
trary-weighted combining has not been available in the
literature, cannot be exactly determined. For
analytical tractability of the analysis, we resort to an approxi-
mate BER, in which the signal from the relay is considered
as noise when any scenario from to occurs. As we will
show in the succeeding section, the analytical BER obtained
from this approximation is close to the simulation results.
The conditional BER for these cases can be approximated as

, where

(39)

in which

and depends on as follows:
when , when

, and when . In (39), is
defined as an indicator function based on the occurrence of

such that when , and when
.
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From the previous results, in (35) can be approximated
as

(40)

where

(41)

in which is given in (39), and is
calculated by using (25)–(33). We can see from (40) that the
evaluation of involves at most -fold integration.
Although can be numerically determined, the calculation
time is prohibitively long even for a cooperation system with
small number of relays.

Now, we determine in (35) as follows. The term
is a product of probabilities of occurrence of

scenarios 1 and 2, and it can be expressed as

(42)
Substitute (37), (38), and (42) into the expression of in
(35), and then average over all CSIs, resulting in

(43)

where we denote , which can be deter-
mined as

(44)

in which , and
, which can

be approximated as

(45)

Substituting (40) and (43) into (35), we finally obtain the av-
erage BER of the multinode DiffDF scheme.

To get more insightful understanding, we further determine
a BER lower bound of the multinode DiffDF scheme as fol-
lows. Since the exact BER formulations under the scenarios ,

, and are currently unavailable, and the chances that these
three scenarios happen are small at high SNR, we lower bound
the BER from these scenarios by zero. Also, we lower bound
the BER under the scenario by that under ; this allows us
to express the lower bound in terms of (instead of

or ), which can be obtain without any approx-
imation. In this way, the BER of multinode DiffDF scheme can
be lower bounded by

(46)

where is given in (44) and

(47)

in which

(48)

We will show through numerical evaluation that the BER lower
bound (46) is very close to the simulated performance.

IV. PERFORMANCE ENHANCEMENT BY OPTIMIZING
THRESHOLD AND POWER ALLOCATION

In this section, we provide optimum power allocation for the
proposed DiffAF/DiffDF cooperation schemes. First, optimum
power allocation for the DiffAF scheme is presented. With some
approximations on the obtained BER expression, we are able to
obtain a closed-form optimum power allocation for the DiffAF
scheme. Then, we jointly determine the optimum threshold and
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optimum power allocation for the DiffDF scheme. Numerical
results and discussions are provided.

A. Optimum Power Allocation for the DiffAF Scheme

We formulate an optimization problem to minimize the BER
under a fixed total transmitted power .
Based on the simple BER approximation (23), the optimization
problem can be formulated as (49), shown at the bottom of the
page. Although (49) can be solved numerically, it is difficult
to get some insights. To further simplify the problem, we con-
sider a high-SNR scenario where can be approximated as

. Then, we can rewrite
in (22) as

(50)

where and in which
. Since the integration term

in the last expression of (50) is small compared to ,
it can be neglected without significant effect on the power
allocation. Hence, can be further approximated by

(51)
As will be shown later, the obtained optimum power allocation
based on the approximated in (51) yields almost the same
performance as that with exact as specified in (22).

Substituting (51) into (49), the optimization problem can be
simplified to (52), shown at the bottom of the page. Optimizing
(52) by using the Lagrangian method as given in the Appendix,
the optimum solution of (52) can be obtained by finding that
satisfies

(53)

in which

Given a specific for , we can find the
corresponding , denoted by , that satisfies (53). The op-
timum power allocation can then be obtained by finding
that satisfies

(54)

The resulting optimum power allocation for the source is
. Since , then the optimum power

allocation for each of the th relay is for
.

1) Optimum Power Allocation for Single-Relay Systems: For
single relay systems, the optimization problems (A-5) and (54)
are reduced to finding such that

and

(55)

which can be simply solved by any single-dimensional search
techniques. In this way, the complexity of the optimization
problem can be greatly reduced, while the resulting optimum
power allocation is close to that from exhaustive search in
[14]. For example, Table I compares optimum power allocation
from the exhaustive search in [14] and that from solving the
low-complexity optimization problem in (55). The results in
Table I are obtained at reasonable high SNR region, e.g., 20
or 30 dB. The DBPSK or DQPSK modulations are used, and

represents a vector containing channel vari-
ances of the source-destination link, the source-relay link, and
the relay-destination link, respectively. We can see from the
table that the optimum power allocation based on (55) is very
close to that from the numerical search, for any relay location.
There is only about 1%–2% difference in the obtained results
between these two methods.

2) Optimum Power Allocation for Multirelay Systems: For
multirelay systems, (A-5) and (54) can be used to find the op-
timum power allocation. Nevertheless, the optimization based
on (A-5) and (54) involves -dimensional search because

subject to

(49)

subject to (52)
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TABLE I
DiffAF: OPTIMUM POWER ALLOCATION FOR COOPERATION SYSTEM WITH ONE RELAY

BASED ON EXHAUSTIVE SEARCH AND APPROXIMATE CLOSED-FORM FORMULATION (55)

TABLE II
DiffAF: OPTIMUM POWER ALLOCATION FOR COOPERATION SYSTEM WITH TWO RELAYS BASED ON EXHAUSTIVE SEARCH AND APPROXIMATE FORMULATION (56)

in (A-5) contains power allocation of each relay inside
the summation. To reduce complexity of the search space, we
remove the summation inside such that the approxi-
mate depends only on the of interest. Therefore, an
optimum power allocation can be approximately obtained by
finding such that

and

(56)

From (56), the optimum power allocation that involves
-dimensional search is reduced to single-dimensional

search over the parameter , . Table II summarizes
the numerical search results from the multidimensional search
based on (49) in comparison with those from approximate
one-dimensional search using (56). Based on the optimization
problem (56), the searching time for optimum power allocation
can be greatly reduced, while the obtained power allocation is
very close to that from solving (49) using multidimensional
search.

From the results in Tables I and II, we can also observe that,
for any channel link qualities, more power should be allocated
at the source so as to maintain link reliability. This observation
holds true for both DBPSK and DQPSK modulations. When the
channel link qualities between the source and the relays are good
(e.g., ), the system replicates
the multiple transmit antenna system. Therefore, almost equal
powers should be allocated at the source and all the relays.

B. Optimizing Power Allocation and Thresholds for the
DiffDF Scheme

In this section, we determine the performance improvement
of the DiffDf scheme through the joint optimization of power
allocation and thresholds based on the BER lower bound (46).
Specifically, for a fixed total power , we
jointly optimize the threshold , the power allocation at the
source , and the power allocation at each of the th
relay with an objective to minimize the BER lower
bound (46)

(57)

where results from substituting
and into (46). However, joint optimiza-

tion in (57) involves -dimensional searching, which in-
cludes power allocation ratios and decision thresholds.
To make the optimization problem tractable and to get some in-
sights on the optimum power allocation and the optimum thresh-
olds, each relay is assumed to be allocated with the same trans-
mitted power, and the decision thresholds are assumed the same
at the destination for each relay-destination link. Accordingly,
the source is allocated with power and every relay
is allocated with power . Hence, the search
space for this optimization problem reduces to two-dimensional
searching over and

(58)

where results from substituting ,
, and into (46).

Table III summarizes the obtained power allocation and
thresholds based on the optimization problem (58). The
DBPSK and DQPSK cooperation systems with two relays are
considered, and different channel variances are used to investi-
gate power allocation and thresholds for different cooperation
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TABLE III
DiffDF: OPTIMUM POWER ALLOCATION AND THRESHOLDS FOR A

COOPERATION SYSTEM WITH TWO RELAYS

network setups. From the results in Table III, even though the
obtained power allocation is suboptimum, it provides some
insightful information on how much power should be allocated
to improve the system performance. In particular, as the channel
quality of the relay-destination links increases, the threshold
should be increased and more power should be allocated at
the source to maintain link reliability. For example, if all the
channel links are of the same quality, about half of the trans-
mitted power should be allocated at the source and the optimum
threshold should be 0.4. On the other hand, if the channel link
between each relay and the destination is very good, then the
optimum power allocation at the source increases to about
70% of the transmitted power, and the optimum threshold
increases to 1.6 and 1.8 for DBPSK and DQPSK modulations,
respectively.

V. SIMULATION RESULTS

We simulate the DiffAF and the DiffDF schemes with
DBPSK and DQPSK modulations. We consider the scenarios
where two or three relays ( or ) are in the networks. The
channel coefficients follow the Jakes’ model [24] with Doppler
frequency 75 Hz and normalized fading parameter

, where is the sampling period. The noise
variance is assumed to be one . The average BER
curves are plotted as functions of .

A. Simulation Results for the DiffAF Scheme
Fig. 3(a) shows the performance of the DiffAF scheme with

DBPSK modulation for a network with two relays. The simu-
lation is performed under equal channel variances, i.e.,

, and equal power allocation strategy
. We can see that the exact theoretical BER

benchmark well matches the simulated BER curve. In addition,
the BER upper bound, the simple BER upper bound, and the two
simple BER approximations are tight to the simulated curve at
high SNR. The BER curve for coherent detection is also shown
in the figure; we observe a performance gap of about 4 dB be-
tween the DiffAF scheme and its coherent counterpart at a BER
of .

In Fig. 3(b), we illustrate BER performance of the DiffAF
scheme with DQPSK modulation when using different number
of relays . The simulation scenario is the same as that of
Fig. 3(a), and we consider two possible numbers of relays,
namely, and . It is apparent that the proposed
DiffAF scheme achieves higher diversity orders as increases.
Specifically, as increases from 2 to 3, we observe about
1.7–2-dB gain at a BER of . This observation confirms
our theoretical analysis in Section III-A. Also in this figure,

Fig. 3. DiffAF scheme with equal power allocation strategy and � �

� � � � �. (a) DBPSK: two relays. (b) DQPSK: two and three relays.

the exact theoretical BER curves for and are
tight to the corresponding simulated curves. In addition, the
performance curves of the DiffAF scheme are about 4 dB away
from their coherent counterparts.

Fig. 4(a) shows the BER performance of the DiffAF scheme
with optimum power allocation in contrast to that with equal
power allocation. We consider the DiffAF scheme with DQPSK
modulation for a network with two relays. The channel vari-
ances are and , and the optimum
power allocation is (from Table II). The sim-
ulated curves show that when all relays are close to the source,
i.e., , the DiffAF scheme with optimum power alloca-
tion yields about 0.6-dB gain over the scheme with equal power
allocation at a BER of . We observe a small performance
gain in this scenario because the signal at the relays is as good
as the signal at the source. Therefore, the scheme with equal
power allocation yields almost as good performance as perfor-
mance under optimal power allocation such that there is a small
room for improvement. Also in this figure, the exact theoretical
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Fig. 4. DiffAF scheme with DQPSK: two relays, optimum power allocation
strategy. (a) � � �, � � ��, and � � �. (b) � � � � � and
� � ��.

BER curves are provided for both power allocation schemes,
and they closely match their corresponding simulated curves.

In Fig. 4(b), we consider the BER performance of optimum
power allocation scheme for a DQPSK cooperation system with
two relays. The channel variances are and

, which corresponds to a scenario that all relays are
close to the destination. The optimum power allocation for this
scenario is (from Table II). We observe that
the performance with optimum power allocation is about 2 dB
superior to that with equal power allocation at a BER of .
In this scenario, we observe a larger performance gain than the
case of and in Fig. 4(a). The
reason is that using equal power allocation in this case leads
to low quality of the received signals at the relays, and thus
causes higher chance of decoding error at the destination based
on the combined signal from the cooperative links. With op-
timum power allocation, more power is allocated at the source,

Fig. 5. DiffDF scheme with DQPSK: � � � � � � �, and � � �.
(a) Equal power allocation. (b) Optimum power allocation.

and consequently, the quality of the received signals at the re-
lays is improved. This results in more reliable combined signal
at the destination, hence yielding better system performance.

B. Simulation Results for the DiffDF Scheme
Fig. 5(a) compares the BER lower bound with the simulated

performance. We consider a DQPSK cooperation system with
two relays. All nodes are allocated with equal power. The de-
cision threshold is set at and the channel variances are

for all . We can see from this figure
that the BER lower bound yields the same diversity order as that
from the simulated performance even though there is a 2-dB
performance gap between these two curves. Also in this figure,
the performance of the DiffDF scheme is 5 dB away from the
performance with coherent detection at a BER of . An in-
teresting observation is that when the transmitted powers are
optimally allocated ( and ) at a fixed
threshold of , as shown in Fig. 5(b), the performance gap
between the simulated performance and the BER lower bound
is reduced to about 1 dB at a BER of . It is worth noting
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Fig. 6. DiffDF with DQPSK. (a) Optimum power allocation (58) and exhaus-
tive optimum power allocation � � � � � � � and � � �.
(b) Different number of relays � � � � � � �.

that the obtained power allocation in this scenario is the same
as optimum power allocation (obtained through exhaustive nu-
merical search). This is because the channel variances of the two
relays are the same.

To receive more insight and show the merit of the optimum
power allocation (58), we set up an alternative simulation sce-
nario, which is similar to those in Fig. 5(a) and (b), but where
relay 2 is located closer to the source than relay 1. We repre-
sent this scenario by setting variance of the link between the
source and the relay 2 as . We set the variances of
all other links to one and set the threshold to one. In this case,
the optimum power allocation obtained from exhaustive search
is while the optimum power allocation obtained
from (58) is . Fig. 6(a) compares the BER perfor-
mance of the two power allocation schemes. We can see from
the figure that the performance with optimum power allocation
(58) is almost the same as that with exhaustive optimum power
allocation.

Fig. 6(b) shows the performance of the DiffDF scheme with
DQPSK modulation for different number of relays. The channel

Fig. 7. DiffDF scheme with � � � � �� � � ��. (a) DBPSK:
three relays, fixed power allocation, but different thresholds. (b) DQPSK: two
relays, different power allocation and thresholds.

variances are for all . All nodes
are allocated with equal power, and the threshold at the desti-
nation is fixed at . We can see that the diversity order
increases when higher numbers of relays are used. We observe
about 3.5-dB performance improvement at a BER of when
the number of relays increases from one to two relays. An addi-
tional 2-dB gain at the same BER is obtained when the system
increases from two to three relays. We also observe a perfor-
mance gap of about 5.5 dB at a BER of between the DiffDF
scheme and its coherent counterpart for a cooperation system
with three relays.

Fig. 7(a) shows the effect of using different thresholds on the
performance of the proposed scheme. We consider a DBPSK
cooperation system with three relays and all nodes allocated
with equal power. The channel variances are ,
and for all . Clearly, different thresholds result in
different performance. Specifically, the proposed scheme with

provides the best performance under this simulation sce-
nario. When , not only BER deteriorates but also the di-
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