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ABSTRACT

We examine here the modular and recursive formulation of
the inverse dynamics of parallel architecture manipulators. The
concept of the decoupled natural orthogonal complement (De-
NOC) is combined with the spatial parallelism of the robots of
interest to develop an inverse dynamics algorithm which is both
recursive and modular.

INTRODUCTION

The modular and recursiveinverse dynamics formulation
for parallel architecture manipulators is the subject of this paper.
The modular formulation of mathematical models is attractive
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often required. Hence, the development of efficient recursive dy-
namics algorithms also necessitates the careful investigation of
recursive kinematics algorithmdHowever, the development of
modularandrecursivekinematics and dynamics algorithms for
parallel manipulator architectures remains a challenging research
problem.

The literature on mathematical modelling of manipulators
has a rich history spanning several decades. We will summa-
rize some critical aspects presently while referring the interested
reader to any number of books on the subject [1-5], for details.
Methods for formulation of equations of motion (EOM) fall into
two main categories: a) Euler-Lagrange and b) Newton-Euler

because existing sub-models may be assembled to create differformulations. Euler-Lagrangemethods, some times referred to

ent topologies, e.g. cooperative robotic systefRecursiveal-

gorithms are desirable from the viewpoint of simplicity and uni-
formity of computation, despite the ever-increasing complexity
of mechanisms. Additionally we note that, prior to the dynam-

as analyticc are commonly used in the robotics community to
obtain the equations of motion (EOM) of robotic manipulators.
Typically, such approaches use the joint-based relative coordi-
nates as the configuration space. For serial chain manipulators,

ics computation stage, a forward or inverse kinematics stage is these form a minimal coordinate description and permit a direct

*Address all correspondence to this author.

mapping to actuator coordinatelslewton-EulerfNE) methods,
also referred to asyntheti¢c on the other hand, typically favor

Copyright © 2003 by ASME



the use of Cartesian variables as configuration-space variables
and develop recursive formulations from the free-body diagram
(FBD) of each single body. Thencoupledyoverning equations
are then assembled to obtain the model of the entire system.
While efficient formulations exist for serial-chain and tree-
structured multi-body systems, the adaptation of these methods
to the simulation of closed-chain linkages and parallel manip-
ulators is relatively more difficult. Such systems possess one
or more kinematic loops, requiring the introduction of algebraic
constraints, typically nonlinear, into the formulation. Consider-
able work has been reported in the literature on the specializa-
tion of the above methods to formulate the EOM of constrained
mechanical systems, while including both holonomic and non-
holonomic constraints. Parallel mechanisms and manipulators
form a special class of constrained mechanical systems where
the multiple kinematic loops give rise to systems of nonlinear
holonomic constraints; in the ensuing discussion we will focus
on the development of EOM of such systems.

Non-Recursive Newton-Lagrange Formulations

The dynamics of constrained mechanical systems with
closed loops using the Newton-Lagrange approach is tradition-
ally obtained by cutting the closed loops to obtain various open
loops and tree-structured systems, and then writing a system
of ordinary differential equations (ODES) for the corresponding
chains in their corresponding generalized coordinates [6]. The
solution to these equations are required to satisfy additional al-
gebraic equations guaranteing the closure of the cut-open loops.
A Lagrange multiplier term is introduced to represent the forces
in the direction of the constraint violation. The resulting formu-
lation, often referred to asdescriptor formyields a usually sim-
pler, albeit larger, system of index-3 differential algebraic equa-
tions (DAES).

Typical methods used to solve the forward and inverse dy-
namics problems for such constrained systems cover a broad
spectrum, namely,

- Direct elimination where the surplus variables are elimi-
nated directly, using the position-level algebraic constraints
to explicitly reduce index-3 DAE to an ODE in a minimal
set of generalized coordinates (conversion into Lagrange’s
equations of the second kind) [7];

Explicit Lagrange-multiplier computation together with
the unknown accelerations computed from the augmented
index-1 differential algebraic equation (DAE) formed by ap-
pending the differentiated acceleration level constraints to
the system equations [1, 8];

Lagrange-multiplier approximation/Penalty formulation,
where the Lagrange multipliers are estimated using a
compliance-based force-law, based on the extent of con-
straint violation and assumed penalty factors [2, 9];

- Projection of dynamics onto the tangent space of the con-
straint manifold, where the constraint-reaction dynamics
equations are taken into the orthogonal and tangent sub-
spaces of the vector space of the system generalized veloci-
ties. A family of choices exist for the projection, as surveyed
by Garda de Jabn and Bayo [2] and Shabana [5].

Recursive Newton-Euler Formulations

Many variants of fast and readily-implementable recursive
algorithms have been formulated within the last two decades,
principally within the robotics community to overcome the limi-
tations posed by the complexity of the dynamics equations based
on classic Lagrange approaches [6].

The first researchers to develop O(N) algorithms for inverse
dynamics for robotics used a Newton-Euler formulation of the
problem. Stepanenko and Vukobratovic [10] developed a re-
cursive NE method for human limb dynamics, while Orin et al.
[11] improved the efficiency of the recursive method by referring
forces and moments to local link-coordinates for the real-time
control of a leg of a walking machine. Luh et al. [12] developed
a very efficient Recursive Newton-Euler algorithm (RNEA) by
referencing most quantities to link-coordinates; this is the most
often cited. Further gains have been made in the efficiency over
the years, as reported, for example, by Balafoutis et al. [13] and
Goldenberg and He [14].

In multi-loop mechanisms, the generalized coordinates
(joint variables) are no longer independent, since they are subject
to the typically non-linear loop-closure constraints. The most
common method for dealing with kinematics is to cut the loop,
introduce Lagrange multipliers to substitute for the cut joints and
use a recursive scheme for the open-chain system to obtain a re-
cursive algorithm.

Decoupled Natural Orthogonal Complement

Thenatural orthogonal compleme(OC), first introduced
in Angeles and Lee [15], belongs to the class of projection meth-
ods for dynamics evaluation. Saha [16] showed a method for
splitting the NOC of a serial chain into two matrices, one di-
agonal and one lower block-diagonal, thus introducingdbe
coupled natural orthogonal complemditeNOC). By doing so,
Saha was able to exploit the recursive nature of the DeNOC and
apply the concept to model simple serial manipulators. Further,
although recursive kinematics algorithms for serial chains have
had a long history [10-12], a recursive algorithm for the forward
kinematics ofclosed-chain systenfgst appeared in Saha and
Schiehlen [17]. In this work, Saha and Schiehlen [17] showed
that the NOC of a parallel manipulator may be split into three
parts—one full, one block-diagonal and one lower-triangular, and
proposed a recursive minimal-order forward dynamics algorithm
for parallel manipulators. Examples of up to two degree-of-
freedom planar manipulators were included and various physical
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wherel; is the3 x 3 inertia tensor abouf’; andm; is the mass
of link 4. The above set, in matrix form, may be written as

wi= o mal 9]+ 00| [oma| o] @
0] []+[60] [6ma] [+]

—— ——
M; W;
or
w; = M;t; + W, Mt; (3

For a multi-body system with rigid links coupled by kinematic

Figure 1. TWO BODIES CONNECTED BY A KINEMATIC PAIR pairs, we may write
. . t w1
interpretations were reported.
t=1]iw=]" 4
t, W
BACKGROUND
Twists, Wrenches and Equations of Motion The resulting set of Newton-Euler equations for the entire un-

In this section, some definitions and concepts associated constrained system is then cast in the form
with the formulation of the kinematics and dynamics of artic-
ulated rigid body systems coupled by lower kinematic pairs will .
be briefly reviewed. See [18] and [19] for further details. w = Mt + WMt (®)
Figure 1 shows two rigid links connected by a kinematic
pair. The mass center éth link is at C; while that of link: — where
1is atC;_;. The axis of theith pair is represented by a unit
vectore;. We attach a framer; with origin O; and axesx;,

y; andz;, to link i — 1, such thatz; is alonge;. The global M, 0 O W10 O
inertial reference framé, with axesx, y andz is attached to M=o -~ 0|:W=|l0 .0 (6)
the base of the manipulator, and unless otherwise specified, all O OM, O OWwW,

quantities will be represented in this global frame in the balance
of the paper. Further, we define, the three-dimensional position
vectorsd; from theO; to the mass center of linkandr;_; from
the mass center of link— 1 to O;.

The six dimensional twist and wrench vector associated with
link ¢, at its mass cente&?;, are now defined as

Kinematic Relations Between Two Bodies Coupled by
Lower Kinematic Pair

The twist of link: at O; can be written recursively in terms
of the twist of linki — 1 atC;_; as

w; n; t; =B;_1t;_1 + Pt (7)
Sl [ I
where
wherew, v, n, andf are three dimensional angular velocity, lin-

ear velocity, moment and force vectors, respectively, associated B, . — 1 O} ®)

with link ¢ and represented abodit. -1 —Ri1 1

The Newton-Euler equations for linkare B e; o

pi = 0} for revolute joint (9)
r;z ; ::;:J‘;I—F Lw, =Lw;, +w; x Liw; B, — Sj for prismatic joint (10)
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whereR,;_; is the cross product matrix af,_;. Further, the
twist of link 7 about mass centé&r; is

(11)

WhpreDi is the cross product matrix df;,. Substituting the value
of t; from EQq.(7) in the above equation we obtain

ti = B,B;_1t;_1 + Bipib; (12)
We introduce the notation
ti=B;;—1ti1 + pib; (13)
where
1 O
B = | 4 5 14)
[ e; i
pPi = _Diei] for revolute joint (15)
0 . o
pi = e} for prismatic joint (16)

where A; is the cross product matrix di;_; + d;). Matrix

B, ;_1 may be called théwist propagation matrixvhile p;, the
twist generator The twistt; is thus the sum of twist;_; and

the twist generated at the joifitboth evaluated af’;. Equation
(13) isrecursive in nature and is in fact the forward recursion part
of therecursive Newton-Euler algorithqproposed by Luh et al.
[12].

MODELING OF THE 3R-PLANAR PLATFORM MANIPU-
LATOR

Figure 2 shows the 3R planar platform manipulators with
three degrees of freedom [20]. For the sake of simplicity we
restrict ourselves to system that hakonly revolute joints;i)
identical legs andii) a moving platform in the shape of an equi-
lateral triangle. The three-degree-of-freedom (three-dof) planar
manipulator consists of three identical dyads, numbdrefl!
and /11 coupling the platfornt? with the base, such that their
fixed pivots lie on the vertices of an equilateral triangle, as well.
The proximal and the distal links of each dyad are numbéred
and?2 respectively. Joint of each dyad is actuated. The cen-
troidal moment of inertia of each link about the axis normal to
thexy-plane isl;, fori = 1, 2. The mass of the platform is given

4

Figure 2. 3-DOF PLANAR PARALLEL MANIPULATOR

by mp, its mass center located Bt the centroid of the equilat-
eral triangle, and the centroidal moment of inertia about an axis
similarly oriented islp.

We divide the manipulator into three serial chaihs]/ and
111, by dividing the rigid platformP into three partssuch that
the operation point (OP) of the end effectoreafch open chain
lies at pointP, the mass-center of the platforim Cutting the
platform in this manner is advantageous due to the following rea-
sons:

- Torques may be applied to the joints that otherwise need to
be cut to open the chains.

- Joint friction may be accommodated directly for such joints.

- Cutting the links (platform) produces a more streamlined re-
cursive kinematic and dynamic modelling for parallel ma-
nipulators.

The first two advantages are discussed in greater detalil in Yiu
et al. [21]; we will discuss these issues in detail in the ensuing
analysis.

Recursive Forward Kinematics

The forward kinematics problem for a parallel manipulator
is defined as: Given the actuated-joint angles, velocities and ac-
celerations, find the position, twists and twist-rates of the plat-
form and all the other links.

Position Analysis  The displacement analysis is a crit-
ical first step and we adopt the approach proposed by Ma and
Angeles [22] to this end.
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Velocity Analysis  Since the manipulator is planar, we

We employ this process to eliminate the unactuated joint ve-

use two-dimensional position vectors, three-dimensional twist locities from the recursive kinematic equations. Substituting

vectort = [w, v]”, and three-dimensional wrench vectors=
[n, f]T, wherew is the angular velocity is the two-dimensional
velocity vector, n is the angular moment anfl is the two-
dimensional force vector. Feach chainwe define position vec-
torsd; from theith joint axis to the mass center of likr; from
mass center of link to the(: + 1)st joint axis anch; = d; + r;
as shown in Fig. 2.

The twist of the end effector ainy chainis given by Saha
and Schiehlen [17] as

tp = Bpsts a7)
where

1 of 0-1
BP?"[Er3 1}’ E_[l 0}

t3, the twist of the third link with respect to its mass center, is
computed recursively foeach serial chairfrom its preceding
link as

t3 = Baato + p3bs
1 oT
E(I‘Q + d3) 1

(18)

1
B32 = ; b3 = |:Ed.3:|

where the %3 matrix B3, is thetwist-propagation matrixand
p3 is thetwist generator t, is the twist of link-2 with respect
to its mass centefs is the relative rate of the third joint, while
0 is the two-dimensional zero vector aids the 2<2 identity
matrix.

A useful relation is first introduced which will be exploited
in the ensuing analysis. Laet= bx + ¢, wherea, b andc are
three-dimensional vectors, whileis a scalar; we may determine
the value of the scalar as

bT

Substituting this value far back ina = bx + ¢ and rearranging
terms we may eliminate from the equation to obtain a relation-
ship betweem, b andc alone as

bb” bb”

(1- m)a =(1- W)C (20)

wherel is the 3x 3 identity matrix, which is the relation sought.

5

into Eq.(17), we obtain

tp = Bp3(Baats + pabs) (21)
The above equation is solved féy:
py
03 = (Tz(tp — Bpats) (22)

where the three-dimensional vectpg is defined asp; =
Bpsps andd; = ﬁgﬁg. Therefore, when we finally substitute
63 into Eq.(21) we obtain:

P3tp = P3Bpats (23)

where®; = 1 — p3p2 /d3 and the propertyBp3Bs2 = Bpa
has been used. Again, the twist of link-2 is then computed recur-
sively from the twist of link-1 as

ty = Boit; + p292

Bor — 1 o] . |1
AT Er +dy) 1|7 P27 |Ed,

wheret; is the twist of link-1 with respect to its mass centdy,
is the relative angular joint velocity of the second joidtis the
two-dimensional zero vector aridis the 2<2 identity matrix.
Substitutingt, into Eq.(23), we obtain

P3tp = 3B po(Barty + p2bs) (24)
Solving ford, we obtain
Ps
b2 = B2 (6~ Bnt) (25)

wherep, = ®3Bpopy andd, = pl ps. Substitutingds into
Eq.(24) leads to

Prtp = ®Bpity (26)

where the %3 matrix ®, is defined asb, = ®3 — papi /52
and the propertieBpaBo1 = Bp; and<I>3T<I>3 = &5 have been
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used. Noting the similarity between Eq.(23) and Eq.(26), the and substituting », t2, t; andés into Eq.(22),
kinematics relationships may be written in generic form as

03 = =2 [tp — Bpa(Barty + pob
Bitp — ®Bpi 1t 27) 3775, [tp p2(Baity 20)]
~T . .
— % (tp ~ Bpipify — Bropaf) (32)
where®; is evaluated recursively as f; o
= B5 ((tp — Bpity) — Bpopa 22 (t, — Bpgty)]
(53 (52
o, =®,.1 —piD; /6 (28) Pl 1 .
’ = 1;73(1 - 5*Bp2p2p2T)(tP —Bpity)
3 2

Finally, since jointl is actuated, substituting = p; 6, into

Eq.(26), we can express the twist of the platfafnin terms of which can be written as

0, as

. pr . .

0 = 5—3x112T(K*1¢>BP0aC — Bpip161) (33)

. 3
®rtp = ®2:Bpip16) (29)
where the %3 matrix ¥, is defined as¥, = (1 —

This equation illustrates the well known feature for parallel Bp2p2p3 /02)" and1 is the 3<3 identity matrix. .
chains. Note tha®, is a projection matrix and is thus singu- We note that Egs.(31) and (33) are general and applicable to
lar. each open chaimand that the bracketed term on the right hand

side of each equation is the same. This term can be written

Next, we write Eq.(29) foeach open chaito obtain o _
specifically foreach open chaias

Ktp = @]?PBMH . [K—1®, — 1)1 [K—'®,]/7 [K~1®,)17] BP6,,
where K = [®; +®;, +®5 ] : 3x3
® = [®) ®lf &7 : 3x9 [K—'®,) K@, — 1)1 [K~'®,)/!'] BPE,,

B = diag(Bp;, Bp;, BE/) : 99
P = diag(p{,pi’,pi’") : 9x3

6o = [0F 647 0111]"

[K~1®,)! K@)/ [K~'®, — 1)///] BP4,.

Thus the final relationship between the joint rates and actu-
ated joint rates is expressed in matrix form as

where all dimensions have been stated for clarity. Finally when

K is nonsingulak, we may solve for the end effector velocity in PO O L!
terms of the actuated velocities as 6=|0 P! O L’ | BPO,, (34)
OO0 PIII LIII
tp = K '®BP4,. (30) ) B
where the %9 matrix P; is defined as P; =
[diag(pT /61, DL /02, DE WL /63))', while pi as explicitly
The unactuated joint velocities ahy chainmay be now be com-  pi — (Bp,p,)’ fori = I, 1T andII1, and the %9 matrices.
puted by substituting » from Eq.(30) into Eq.(25) to yield are defined foeach open chaias
. pl o . . [ 1 o o ]
92 = TQ(K ‘I>BP0aC — Bp1p101) (31) LI — [K71@2 _ 1]] [Kili’g]ll [Kfl(I,Q]III
_[K71@2 _ 1}] [Kflq)ﬂll [Kfl(I)Q]III_
[ O 1 o T
LII — [KfltI)Q]I [Kfl(I)Q _ 1][1 [K71¢2]111
1See [23] for a more detailed discussion of the type of singularities. _[K_1<I>2]I K- 1d, — 1) [K_1<I>2]IH_
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O O 1
LIII — [K71¢2]I [Kfl(I)Q}II [K71¢2 _ l]III
[K71¢2]I [Kfl(ﬁﬂll [I<71,:I)2 _ l]III

Equation (34) can be written in compact form as
6 = PLBP,. (35)
where the 27 matrix P is defined as P =

diag(P!, P!/, P/T) and the 2%9 matrix L is defined as
L = [(LO)T (LT (L”I)T]T. Note that, except fok, which

is full but still retains a special form, all other matrices are

block-diagonal.

Acceleration Analysis The acceleration terms, fany
chain by differentiating Eq.(21) as

tp = Bpsts + Bps(Baato + Baato + psfs) + Bpspsbs (36)

Adopting a process similar to the one discussed for the velocity
analysis, we may solve for the unactuated joint acceleration for

03 as
. p¥
03 = 52 [tp — Bpsts — Bps(Bsata + Baota + psbs)] (37)

Substitutingd; back into Eq.(36),
Pytp = ‘I’s[BPSt:s + BPS(BSQtQ + Baato + Pdea)] (38)

Now we obtain the expression fd;. Substitutingt; and 6

into Eq.(38) and rearranging leads to,

B3tp = ®3Bpota + P3Bpots

e

— [®3(Bpsps + Bpsps) = |Bpats

+ [®3(Bpsps + Bpsps) }tP (39)

T T
%‘WH 0?"‘

where the relatioriB p3sBs; + BpsBss)
Time-differentiating Eq.(23) we obtain:

®3tp = ®3Bpats + P3Bpots + $3Bpoty — P3tp  (40)
Comparing Eq.(39) with Eq.(40), we obtain:
: . pT
$3 = —P3(Bpsps + BP3P3)§ (41)

= Bp, has been used.

or

. 5 ~T
By = @y P (42)
3

Now ty = Bgltl + p202, and hencetg = Bgltl + B21t1 -+
p292 + p292 Substitutingt, andt, in Eq.(40) we obtain:

(®3tp + P3tp) = B3Bpapabo
+ [®3Bpa(Baity + Bojty + pabo)
+ ®3Bpots + ¢3Bp2t2] (43)

Solving the above equation fés

. NT . . .
0y = 5 [((1)3tP + ®3tp) — [@3Bpa(Barty + Boty + pabo)
2
+ ®3Bpots + 3B poto]] (44)

substitutingd, back into Eq.(43),

@, [®3Bpo(Baity + Boity 4 pabh)
+ ®3Bpatas + P3Bpots) (45)

ég(i’gtp + ‘1’3{31,) =

where®, = 1 — popJ /5. However, we note that

P2py )

D85 = (B3 — 5

:@2

where the relati0|~I>3T<I>3 = &, was used. Substituting, ®; =
&, and rearranging eqgs.(44 & 45) leads to

. py .
92 = Tz[i’g(tp — al) — ag] (46)
Botp = Pra; + Pran (47)

vyherea1 = Bpg(Bmtl + B21f1 + pzég) + BP2t2 anda2 =
‘I’3(Bp2t2 — tp).

~ Finally, adding Eq.(47) foeach open chaiand solving for
tp,

{ZP = K_l([¢I)231 + 5232]1 + [@231 + <i>2a2]H
+ [‘I’gal + @232]111) (48)
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Summary of Forward Kinematics The overall pro-
cess of computing the forward kinematics can be summarized
as:

1. With the data, CalCUlathl, B32, B31, Bp3 ,BPQ, Bpl,
pP1. p2 andps. Foreach chainwe calculate:

p3 = Bpaps
53 = P2 D3
Psp3
By =1 - PP
3
p2 = Bpap2
82 = Ps P2
p2D3
B, = P; — 2
P

. Form matricesK, ®, B andP with values received from
each chairand calculate the platform twisp from:

Kt, = ®BP,,

. Obtain the twists and joint rates recursively &ach chain

usingt p.

t, = pi16y

-

92 = T(tp - Bpltl)
2

ty = Baity + pa2ba

. py

03 = Tg(tp — Bpats)
3

t3 = Baatopsfs

Now calculate twist rates and joint accelerations dach
chain First, calculate i.eBy1, B3s, B3, Bps ,Bp2, Bp1,
P1, P2 andps using joint velocities calculated above:

t = plél + 15191
a; = Bpa(Bait1 + Bait1 + p262) + Bpato

P

&3 = —B3(Bpsps + Bpsps) 3
as = ®3(Bpaty — tp)
_ p2p”

02

P, =1

4. Using®,, ®,, a; anda, from each chain calculatg from:
K{',p = [<I>2a1+<i>2a2]I+[<I’2a1+<i>2a2}”+[<1>2a1+‘i’2ag]1”

8

5. Calculate joint accelerations and twist ratesdach chain

.. pr .
92 = %[Qg(tp — al) — a2]
2
ty = Boty + Botipabfs + pabs
.. ~T . . . . .
03 = pi[tp — Bpsts — Bps(Bsata + Baato + psbs)]

03
t3 = Baato + Baato + psfapabs

Inverse Dynamics

The inverse-dynamics problem is defined as: Given the
time-histories of all the system degrees-of-freedom, compute the
time-histories of the controlling actuated joint torques and forces.
As in the case of the kinematics calculations, we again divide the
platform into three parts and assign cut sections of platférm
to each open chain. Each cut section thus becomes the “end-
effector” of the corresponding serial chain. Further, we divide
the mass of the platform (including any tool carried by the plat-
form) and assign its corresponding moment of inertia, with re-
spect to the mass center of the platform, to the "end-effector” of
each chain. Any working wrench applied to the platform has to
be appropriately divided in a similar fashion. The Newton-Euler
equations foeach open chairs, thus,

Mi + Mt = w? + W + w9 +w® (49)

w@G

whereM is the9 x 9 mass matrixt is the 9-dimensional twist
vector of the whole chainy is the wrench applied by the actua-
tors,w" = [07, 07, (w")T]T, wherew" is the corresponding
working wrench applied at the “end-effector” of the correspond-
ing chain,w? is the gravity wrench ane&v are the constraint
wrenches all these being 9-dimensional vectors. The friction
forces have been left out for the sake of simplicity but they can
be readily taken into account by means of dissipation function
[18].

In particular, the twist vector may now be written as [16]

t = N;,N,0 (50)

whereNN; Ny is the decoupled orthogonal complement and
the joint-rate vector of the chain. For our manipulator, dach
open chairEq.(50) is

ty 1 0 O] [pL0 0] b
t=|ta| = Bgl 1 0 0 P2 0 92 (51)
t3 B3 B3y 1] |0 0 p3] |6,
N; Ny
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where all terms have been previously defined. Now, the con-
straint wrenchesv® do not develop any power, and hence,
t"wC is 0; by virtue of Eq.(50),w¢ lies in the nullspace of
NZNT. To eliminate joint constraint wrenches, we pre-multiply
both sides of Eq.(49) bNT N7, and noting that, for planar ma-
nipulatorsM = O,

NIN/Mt = 7 + NINfw¢ (52)

Time differentiating Eq.(50) and substituting the expression for
t in Eq.(52),

NINT [MN;N 6+ (MN;N;,+MN,;N,)0] = #+NINFw¢
(53)
where7 = NTNTw4 is the joint torque vector for the chain
. . _ -~ ~1T .
and is given byr = [7 7, 73] for each open chainWe can
write the above equation in compact form as

10+CO=7+71° (54)

whereI = N7NTMN;N,; and C = NTN7(MN;N, +
MN;N,), I being thegeneralized inertia matrix of the chain
andC the matrix of coriolis and centrifugal forces.

Notice that the distribution of the working wrench between

chains is not important, as the torques evaluated at this stage are

projected onto the minimum actuated joint space in the step that
follows. We will discuss the case where the working wrench is

assumed to have been distributed evenly among the subsystems.

Projecting Joint Torques onto Minimal-Coordinate
Space As a second step, we write the dynamics equation for
each chainand couple them with Lagrange multipliers, thereby
obtaining the dynamics equation of the whole manipulator as

16 + Cé)’ ! o
6+cCo’ | = |7+ || -ATX (55
16 + C6)' 1! el B

whereA is theloop-closure constraint Jacobiawhich appears
in the constraints in the form

Ad=0

Now, by definingd = J6.c, it is clear thatJ lies in the
nullspace ofA and may be called thiwop-closure orthogonal
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complement Pre-multiplying both sides of Eq.(55) bl we
obtain:

[16 + CO — 1¢)"
[Ié + CO — Tg]H
[16 + CO — 1) 7

Jr = TaC (56)

where T 4¢ is the vector of actuator torques. Notice that the
bracketed terms are nothing else thah which can be found
for each open chairfor j = I, 11 andI11, recursively [16]. We
may therefore write Eq.(56) as

(57)

which is the relation sought, whede given by Eq.(35), may be
written in a slightly different form

J =PLP (58)
[ 1 o) (O
(SI 1) SII SIII
(SI _ 1) SII SIII
(0] 1 (0]
where L = st S -1 st ,
SI (SII _ 1) SIII
(0] O 1
SI SII (SIII _ 1)
SI SII (SIII 1)
~ [pi 0 0
P=|(o0opif o
|0 0 p{f

andS’/ = K~'®), for j = I,IT andI1I. SubstitutingJ into
Eq.(57) and rearranging we obtain the actuated torques as

~ 11 ~I1T1

P3 + P2 p3'!

)T'(ph +pi + P+ + P}

N
P3]
[(S")T(ph + bl + pi! +pil +
~IT
2 — P3
HTISTHT (ps + pl + Pl + pa +
pi’f —py' — pi]

)

o4 + oy

)

i o

)

wherep), = [7 @ _1px/dx)’ for k =1, 2and3 andj = I, 1T
and 71, where¥, and ¥, are the three-dimensional identity

Copyright © 2003 by ASME



matrices. Butpp?p; = 7, and hence the above equation set is
written finally as

7+ (ﬁ{)T[(
)T[(SI

)T +pII+—III)
( 1
SUBNTOR

p’]
)T(f) +p”+pm) f)I]
I) ( +pII+pIII) 15[[]]

wherep = ps + p3 for corresponding chains.

Summary of Inverse Dynamics To summarize the
process of computation of the inverse dynamics of PSGP

1. From Eq.(52) it is clear that
7 = NTNT (Mt + w®)

which can be calculated recursively for each chain as fol-
lows:

Y3 = (Mgf:g +w§)
¥y = (Mats + w§) + By,
Y= (Mltl +wi) + B3,

Ty = P53
~ _ T

T2 = P22
7~'1ZP1T’71

Now we calculatep:

_ . P2, . ¥ops
p="1 5 + 73 3
2. Add all p from each chain

3. Calculate actuated joint torques:

ChainI:

=4 +®)'IE) (B +p" +p") - p]
ChainliI:

ol = A+ B[S (e + " + ") — p"]
ChainlII:
TIIII:7~_IIII+(I~){II)T[(SIII) ( +p +pIII) I—)III]
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Figure 3. THE THREE-DOF PLANAR PARALLEL MANIPULATOR
USED IN THE EXAMPLE

EXAMPLE
Parameters and Initial Conditions

We use the same parameters for the 3R planar Stewart-
Gough platform shown in Fig. 3 as in Ma and Angeles [22]. The
end effector, labelled 7, has the shape of an equilateral triangle,
with sides of lengthi;, links 1,2 and 3 have a length, links 4,
5 and 6 have length,, and the three fixed revolute joints form
an equilateral triangle with sides of length The prescribed
motion drivers given by Ma and Angeles [22] were:

1 1 27t 2rt
bo=3mtglp —sing)

4 1 27t 2rt
b =37+ 57 )

11 1 2xt 27t
b=+l —sinp)

whereT = 3-sec. However, since these initial conditions are not
sufficient to define a unique initial posture of the manipulator, we
use the initial configuration given by Geike and McPhee [24]:

6= irrad  6,=-0865rad x7= 0.728m
0y = 3w rad 05 = —2.102 rad yr = 0.233m
03 = L7 rad g = —0.976 rad 0; = 3.916 rad

6

The parameters of the manipulator are given in Table 1, gravity
acts in the-Y direction.

Results

We first perform the inverse dynamics in order to compute a
time history of actuation forces that would realize the prescribed
motions. Using the above parameters, the resulting torques for
the actuated joints 1, 2 and 3 were evaluated using the inverse
dynamics model discussed in this paper. The resulting set of

Copyright (©) 2003 by ASME



Link i | L;(m) | m;(kg) | 1;(Kgm2)
123 | 04 3.0 0.04
456 | 0.6 4.0 0.12
7 0.4 8.0 0.0817
Table 1. DIMENSION AND INERTIA PROPERTIES

5 T 1(t)
0,1

torque (N-m)

angle (rad)

0 05 1 15 2 25 3 0 05 1 15 2 25 3

time (s)

7,0
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[<n)
N
Z
torque (N-m)

0 0.5 1 15 2 25 3 0 05 1 15 2 25
time (s)

©

48

7,0

angle (rad)
\
w
=
N—
torque (N-m)
3

o
>
s
S

0.5 1 15 2 25 3

time (s)

o

0.5 1 15 2 25 3
time (s)

Figure 4. DESIRED TRAJECTORY AND REQUIRED DRIVING
TORQUES

torques which realize the prescribed motions is shown in Fig. 4,

which tally with those given by Ma and Angeles [22].

CONCLUSION

[3]
[4]
[5]
[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

A modular and recursive inverse dynamics algorithm based [14]
on decoupled natural orthogonal complements is presented. The

modularity is achieved by projecting the set of sub-model dy-
namics onto the space of feasible motions. The decoupled natural

orthogonal complement is used for this projection. The recursive [15]

computation of DeNOC thus leads to the recursive nature of the

suggested algorithm.
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