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TITLE: CONTROLLABILITY ANALYSIS OF AN UNDERACTUATED THREE LINKS
MANIPULATOR.

ABSTRACT:

In this project, the controllability of an under-actuated three links manipulator is being
analyzed. First, the dynamic equation of a fully-actuated three links manipulator is
formulated using Lagrangian formulation. Then, we linearized the nonlinear dynamic
equation about its equilibrium positions, and formulated the linearized dynamic equation
in state-space form. By taking away the actuator on one or more joints, we are able to
obtain the dynamic equations of an underactuated system. We studied the controllability
of two cases in this project. We first studied the controllability matrix of the fully-
actuated system and then we look at the controllability matrix of an underactuated
system-where two motors at the joints are being turned off. The controllability of the
system is analyzed by examine the controllability matrix obtained from the linearized

state-space model.

INTRODUCTION:

Figure 1: A schematic diagram of a fully actuated three links manipulator.

Underactuated mechanical systems are mechanical system with fewer actuators than its

degree-of-freedom. There are board range of system that can be classify as underactuated



system, however, in this project we will only consider the underactuated system of a
planar three links manipulator compose of active and passive joints. As shown in Figure
1, a manipulator with all joints actuated is controllable, however, when one or more of
the actuator failed, the system becomes underactuated and thus the controllability of this
system is unknown. On the other hand, an underactuated system is sometime desirable,
such as the case of a snake-like robot. Further, an actuator of a particular joint can be

turned off or locked (to save energy), to create an underactuated system.

LAGRANGIAN FORMULATION:

To formulate the equations of motion for the three link manipulator, we adopted the
Lagrangian Method. In this formulation, the dynamic equations of a mechanical system
are modeled by energy method. Lagrangian of a system is defined as:

L(a.4)=T(a.4)-V(a) M

Where T is the total kinetic energy and V is the total potential energy in the system, qand
g are the generalize coordinates and generalize velocities of the system. The equation of
motion is then given by:

diotj o _oll_oa 2)
dt\og ) aq og &g

Where H(g,g) is the power supplied to the system and A(g,g) is the dissipation
function.

In the subsequent paragraphs, the formulation of the dynamic equation of the three links

manipulator using this method is presented in detail.

Generalized coordinates and generalized velocities.

A three links mechanism has three degree of freedom (DOF), and hence three generalized
coordinates are needed to describe it in an arbitrary configuration. We can define the

generalized coordinates as 6,,n=1,2,3, as shown.



Figure 2: The schematic diagram of a three links manipulator used in the study.

Consider a fully actuated system, where power input to the system is the torqueses exert
by motors located at each joints, another form of power input to the system is the
gravitational force from the weight of the links. Before we proceed to formulate the
dynamic equations, we listed all the naming conventions used in the formulation as

follow:

r.= Length of link i, where i =1,2,3

CG, = Locations of the center of gravity of each links, where i1=1,2,3
a =Distance from joint 1 to CG,.

b = Distance from joint 1 to CG, .

¢ = Distance from joint 1 to CG;.

m, = Mass of each links, where 1=1,2,3

I, =Moment of Inertia of link i about CG,, where i=1,2,3

k, =Friction factor of link i, where i=1,2,3



Assuming that the center of gravity (CG,,i =1,2,3) of each link is at the middle of its link,

the displacements of the CG, with respect to the fixed frame are:

Link 1:
feg, =acosgi+asing,j (3)

Link 2:
fes, =(1.COS6, +bcosd, )i+(r,sing, +bsing,) j (4)

Link 3:
fes, =(1,COS, +1,c086, +CCOSE, ) i+(r,sin 6, +1,8in6, +csing,) j (5)

Differentiate Equation (3), (4), and (5) give the velocities of the CGs:

Link 1:
oo, :—(asin 916?1)1+(ac056?191)j (6)

Link 2:
fes, =(—rzsin 6,6, —bsin 6292)1+(q coselél+bc05626?2)j 7)

Link 3:
fos, = (—r2 sin@,6, —r,sin 6,0, —csin 49393)1+ (r1 c0sB,6, + 1, c0s 6,6, + € oS 636’3)j (8)

Kinetic energy of the system:
The total kinetic energy of the whole system is given by:
N1 : : :
T (g, 9) =E(m1V12 +MVZ + M2+ 1O+ 1,07 + I3932) 9)

where v,,v,,v, are the absolute velocities of CG1 and CG2 respectively, they can be

found by taking the absolute value of Equation (6), (7) and (8). After simplification, we

have the following equations:

v, =/a%¢; (10)

v, =207 +0%6; + 25b6,0, cos (6, - 6)) )




v, = \/rféf + 17607 +¢*67 + 211,00, cos (6, - 6))

— — (12)
+ \/2r1c0193 cos(6, +6, )+ 2r,c6,0, cos (6, + 6; )

Substitute Equation (10), (11), and (12) into Equation (9), we have the following equation

for the total kinetic energy of the system:

T (gg) =%(mla2 +mr2 +m,r? + Il)éf +%(m2b2 +m,r? + IZ)H'Z2 Jr%(mac2 + lg)é’f

+1, (m,b+m,r, )cos (6, - 6,) 6,0, + myr,ccos(6, +6;) 6,6, + myr,ccos (6, +6;) 6,6,
Potential Energy of the system:
The total potential energy of the system is given by:
v (9) = mlghce1 + nghccs2 + m3ghCG3 (14)

Where hy, ,Vi=12,3, is the height of each of the center of gravity of each link, and

their value are:

hee, =asing, (15)
hee, =1 Sin6, +bsin 6, (16)
he, =1 SIN6, +1,sin 6, +Csin G, (17)

Substituting Equations (15), (16), (17) into Equation (14), we have the total potential

energy of the system as:
\% (g)z(mla+ m, 1, +myr, ) g sin 6, +(m,b+myr, ) gsin 6, + m,gcsin 6, (18)

Lagrangian of the system:

Substituting Equations (13) and (18) into Equation (1), the Lagrangian of the system is
thus:

(13)



L(a.4)=T(a.4)-V(a)

1 I L1 :
:E(mla2 + M7 +myr? +1,) 67 +E(m2b2 +myr; +1,)6; +§(m302 +1,)6; (19)
+1, (m,b+m,r, ) cos (6, - 6,) 6,0, + myr,ccos (6, +6,) 6,6, +myr,c cos (6, + 6, ) 6,6,

—(ma+m,r, +myr, ) gsin 6, —(m,b+myr, ) g sin 6, —m,gcsin 6,

To find the dynamic equations of the system, we need the following informations:

s—; =1, (mb+myr,)sin(6, - 6,) 6,6, —m,rcsin (6, +6,) 6,6, 20)
—(ma+m,r, +myr,) g cosé,
86_¢|9_2 = -1, (mb+m,r,)sin(8, - 6,) 6,0, —myr,csin(6, +6,) 6,0, —(m,b+m,r,) g cos 6, (21)
a_ —myr,csin (6, +6,) 6,6, — m,r,csin (6, +6;) 6,6, — m,gc cos b, (22)
;
s—; - (mla2 +m,r? +m,r? + Il)é'?l +1, (b +m,r, cos(6, - 6,)6, + myrccos (6, +6,) 6, (23)
68—;.‘2 = (mzb2 +mr? + Iz)é’2 +1,(m,b+myr, ) cos (6, —6,) 6, + m,r,ccos (6, +6,) 6, (24)
68—|9.‘3:(msc2 + I3)93+m3qccos(6'l+493)é’l+m3r2ccos(92 +6,)0, (25)

d( oL 5
E[a_ej :(mla2 +m,E2 +myr + Il)e1 +1,(m,b+m;r, )cos(6,-6,)6,

—1,(m,b+myr,)sin (6, - 6,)(6, - 6,)6, + myrccos(6, +6,) 6, (26)
—myresin (6, +6,)(6, + 93)6'3



d( oL o

E(a_ezj = (mb® +myr? +1,)6, +r,(m,b+myr, )cos(6,-6,)6,
—1,(m,b+myr, )sin(6,-6,)(6, —91)91 +myr,ccos(6, +6;)6,
—myr,csin (6, +6,)(6, + 6, )6,

d(éL i} iy _ .
a[a—egj =(mye® + 1) 8, + myrccos (6, + 6,) 6, —myresin (6, + 6,) (6, +6,) 6,

+Myr,C c0s (6, +6,) 6, —myr,csin (6, +6,) (6, + 6, )6,

Power supplied to the system:
If we consider the three links mechanism is fully actuated, we have:

H(g) =1,0,+ 1,0, + 1,0,

and:
oll oll oIl
=1, —— =1, —— =1,
26, 26, 20,

Dissipation functions of the system:

Assume the dissipation of the system comes from friction in the joints, we have:

A(0) =] kb +k(6:-6) +a (-] |
and:

£:(k1+k2)91—k292

1

OA . . .
ﬁz(kz +k3)92_k291_k303
2
OA . .
gz k3(03—6’2)
3

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)



Dynamic equation of fully-actuated three links mechanism:

Substitute Equations (20)-(34) into Equation (2), after simplification, the dynamic
equations of this three links mechanism are given by:

(ma? +m,? +myr? + 1, )6, + 1, (m,b+myr, ) cos (6, - 6,) 6,

+myrccos (6, +6,) 6, —r,(mb+myr,)sin(6, - 6,)6; (35)

—myresin(6, +6,) 67 +(ma+m,r, +myr ) gcosd, =z, —(k, +k, )6, +k,0,

(mb® +myr? +1,)6, +1,(m,b+myr, ) cos(6,—6,)6,

+1,(m,b+m,r, )sin (6, - 6,) 62 + myr,ccos(6, +6,) 6, (36)

—myr,csin (6, +6,) 07 +(mb+myr,)gcosd, =z, —(k, + K, )6, + k0, + k6,

(mc? +15) 6, +myrccos(6, +6,) 6, —myrcsin (6, +6,) 6
, : L (37)
+m,r,ccos (6, +6,)6, —myr,csin(6, +6,)6; + mygccosd, =7, — k, (6’3 —92)

LINEARIZATION:

The dynamic equation given in Equations (35) - (37) is highly nonlinear. To linearize the
dynamic equations given in Equations (35), (36), and (37), we need to determine the
equilibrium points of the system. First we assume that all the motors are turned off, such

that 7, =7, =7, =0. Also, 6 =6 =0,Vi=1,2,3. By doing so, we obtained the following
properties from Equations (35), (36), and (37), respectively.

(ma+m,r,+m,r,)gcosé, =0 (38)
(m,b+m,r,)gcosé, =0 (39)
m,gccosé, =0 (40)

3 3

From these equations, we see that the equilibrium points occur at:



cosd, =0,cos8, =0,cosé, =0 (41)

Solving Equation (41), we have:

N w
N
)
1l
Ny
N w
N
D
1l
NN
N | w
3

T
0 ==,
)

T T T T T 3
O =—,0,=—,0, =— O =—0,=—,0,=—
1707 "3 1727 " R
'9|=_?r ﬂ:ijr
e
3
g, == 3
C: C2 & ==
G
6‘3=§f:r
2 T
o a=3
Q
3r K74 3 3 3r T 3 T 3z 3 T T
O=—,0,=—6,=—| O=—,0,=—,0,=— | O=—,0,=—,b=— | O =—,0,=—,0, =—
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Figure 3: Eight equilibrium positions of a three links manipulator.

Assume small perturbation is applied to the equilibrium states of the three links

manipulator; the following properties are thus valid:



6=50; 6=00; 6=050; =07,

sin(66,)~ 66,  cos(56,)~

560,00, ~0, 56,60,~0, 56,00,~0, 567 ~0

sin (66, + 56,

sin (56, )cos (56, )+ cos (56, )sin (56, ) = 56, + 56,

50 ,
56,)cos(56,)—cos (56, )sin (56,
o

Q

sin (56, — 56,

~sin( 56, — 56,

)~ )
) )

cos (86, + 56, ) ~ cos( 56, ) cos (56, ) —sin (56, )sin (86, ) ~1- 66,66, ~1
( )~ (66;)sin(56,)

cos(06; —

S

cos (66, )cos( 56, ) +sin (56, )sin (56,

~1+ 50,66, ~1

Using these properties, the linearized dynamic equations are given by:

(mga? +m,tZ +myr? +1,) 86, + 1, (m,b+myr, ) 56,

) . . (42)
+Mmyredd, +(ma+m,r +myr ) g =7, —(k, +k, ) 66, +k,80,
(myb? +myr} +1,) 86, +1,(m,b+m,r, ) 56, )
+M,n,Co8; +(m,b+myr, ) g =7, — (k, +k; ) 6, +K,56, + k;56,
(maC? + 1) 86, + Myr,C56, + myr,co6, +myge = 73—k, (56, - 56, (44)
Equations (42), (43), and (44) can be written in the following matrix form:
ma®+m,r’ +m.r’ + 1 r(m,b+myr m,r,c ;
( h 2l 3l 1) 1( 2 32) 3l 5(?1
r,(m,b+myr,) (mb?+myrf+1,)  myc |86, |=
m,rC m,r,C (mc?+15) o0,
(45)
—(k, +k,) K, 06| [1 0 0 —(ma+m,+mr) n
o (k) Kk [0 [+[0 1 0 ~(mbrmp) |
0 K, —k, || 66,| |0 0 1 m,C 93
Let
(ma’+m? +meZ+1,)  r(mb+myr,) m,r,C
M = r,(mb+myr,) (mpb?+myr?+1,)  myrc (46)
m,rc m,r,C (mc?+1,)

10



Hence, the dynamic equation of the fully actuated three links manipulator (Equation (45))
can be expressed in the following state-space form as:

T

56, —(ky +ky) k, 0 || 86 1 0 0 —(ma+m,n+m)

56, =M Ky —(kptks) kg || 06, [+M7THO 1 0 —(mpbemgr) ||| (47)

56, 0 ke ks || 56 001 mac Tg3
Expressed in the standard form:

X = Ax+BuU (48)
Where:
—(k, +k,) k, 0 1 0 0 —(ma+m,r,+myr)
A=M" k, —(k, +ks) Kk, B=M7'0 1 0 —(mb+myr,)
0 K, —k, 0 0 m,C

with the states:
. . =1
x=|86, &6, &0, ]
and the inputs are:

E':[Tl T, T3 Q]T

CONTROLLABILITY ANALYSIS:

The controllability of a system is analyzed using the controllability matrix formed
from the state-space model of the system. Suppose the state-space model is given by the

form of Equation (48), the controllability matrix is given by:

Coop=|B AB A’B - A'B] (49)

nx(np)

where A is an nxn matrix and B is an nx p matrix. If the system is controllable, the

matrix C has no linearly dependent columns and has full rank.

In the following sections, we will study two cases of this three links manipulator,
the first case is where all the joints are fully-actuated; and the second case is the

underactuated system where we turned off two of the actuators on the manipulator.

11



Case 1: Fully-actuated three links manipulator.

From Equations (47), we know that:

—(k, +k,) k, 0 1 00 —(ma+mr+myr)
A=M" K, —(k, +ks) Kk, B=M7'0 1 0 —(mb+myr,)
0 K, —k, 0 01 m,C

The controllability matrix for this case is:

C,=[B AB A’B] (50)

3x12

Substitute the corresponding values and after simplification, we have the following

controllability matrix of this system.

Given:
(k +k, ) +k2 —k, (K, +ky )=k, (k, +k,) Kk,
A% =] =k, (k +k,) =k, (k, +k;) k22+(k2+k3)2+k32 —ks (K, + ks ) — k3
Kk, —k, (k, +k, )~ k2 2k?

The resulting C, matrix is a size 3x12 matrix; its first six columns are given by:

1 00 —(ma+mr+myr) —(k +k,) k,
M?0 1 0 —(mb+mr) K, —(k, +k,)

0 01 m,C 0 K,
The following four columns are:
0 (kg +ko ) (mpa+myn +mgh ) =k, (myb +mgry) (kl+k2)2+k22 —ky (kg +ky ) —ky (kg +Kkg)
Ky —ko (Mya+myn +mgn )+ (Ky + kg )(Mpb+mgr, )+ kamae  —Ky (g +Ky ) =Ky (Ky +kg) K2+ (ky +k5)* +K2
—kq —k3 (Mab+mgr, ) —kgmse Ko ks —kg (K, +kg)—kZ

And the last two columns are:
2
k2k3 f((lirkz) +k22)(mla+m2r1+m3r1)—(m2b+mgrz)(—kz(lirkz)—kz(k2+k3))+k2k3m3c
2
,k3(k2+k3)fk§ 7(mla+m2r1+m3r1)(7k2(k1+k2)7k2(k2+k3))7(m2b+m3r2)(k22+(k2+k3) +k32j+m3c(—k3(k2+k3)—k32)

Zk:g —k2k3 (m1a+ mon + m3r1) —(mzb + m3r2)(—k3 (kz + k3)— k§)+ 2k§2m3c

Observing matrix C, , we notice that the columns vectors are linearly independent to each

other. Hence, we conclude that a fully actuated three links manipulators is controllable.

12



Case II: underactuated three links manipulators where 7, =7, =0.

Now we consider a case where the motors at joint 2 and 3 are dead, the dynamic equation

in state-space form is given by:

56, —(ky +ky) K, 0 || 56 1 —(ma+m,n +mgn)
56, =Mt K, —(ky +ks) Ky || 06, [+M7H O —(myb+myr,) F} (51)
56, 0 ks —kg || 565 0 myC g

Similarly, the controllability matrix can be found by using Equation (50). The resulting

controllability matrix is:

C,=|B AB A’B] (52)

%6

After simplification, the resulting C,, matrix is given by the following equation:

1 —(ma+myn+mgr) —(k +ky) (kg +ky ) (Mpa+myn +mgh )=k, (mob +mary)

M0 —(mpb+mgr,) K, —ky (Mya+myn +mgh )+ (ky + kg ) (Myb+mgry )+ kgmge (53)
0 MyC 0 —kg (Mya+myn +mgr ) —kgmse

(kg +kp)? +k3 ~(ma+ m2r1+m3rl)((k1+k2)2+k22j7(m2b+m3r2)(k22+(k2+k3)2+k§j+k2k3m30

—kz(kl+k2)—k2(k2 +k3) —(mla+m2r1+m3r1)(—k2(kl+ k2)—k2(k2 + k3))—(m2b+m3r2)(k22 +(k2 + k3)2 + k§)+m3c(—k3(k2 + k3)—k§)

k2k3 szkg (rr11a+ mon + m3r1) —(mzb + m3r2)(7k3 (kz + k3)f k§)+ 2k§m3c

Observing matrix C, , we see that the column vectors are linearly independent of each

other. Hence, the system is controllable.

13



DISCUSSION:

The power input to the system is the actuator torque and the gravitational force
due to the weight of the links. In the previous section, we have studied the controllability
of a three links manipulator in two situations: (a) fully actuated; and (b) under-actuated
case where motors at joint 2 and 3 are turned off. In both cases, the controllability
analyses are done by using the linearized equations and thus the controllability analysis
results are only valid at the equilibrium points. There are eight equilibrium points for this
three link manipulator and they are shown in Figure 3. In the first case, where the three
links manipulator is fully actuated, we show that the column vectors of the controllability
matrix are linearly independent of each other — hence it is controllable, as we would

expect.

In the second case, we look at an underactuated three link manipulator where only
its base link is actuated and the remaining two joints are turned off. From the
controllability matrix, we see that it is also controllable. The result is somewhat
surprising because we would expect the system is uncontrollable when only one joint is
actuated. There are few reasons to explain this result. In our model, we consider there is
frictions at the joints, and these friction terms show up in the controllability matrix that
ensure the columns of the controllability matrix are linearly independent of each others,
as shown in Equation (53). If we consider there is no frictions in joints 2 and 3 as the
motors are turned off, the controllability matrix will not be full-ranked, as column vector
3 is a scalar multiple of column vector 1. On the other hand, assuming there are frictions
in all the joints even though it is underactuated, we note that the system is controllable at
the equilibrium points provided the perturbation to the system is small enough such that

the linearized dynamic equations are still valid.

Overall, this project gives the author an opportunity to study this interesting
manipulator from the formulation of its dynamic equations using Lagrangian method,
linearization of the nonlinear dynamic equation about its equilibrium positions, and

studied its controllability matrix.
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