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Question 1:  

 
 
Solution: Given following differential equation: 
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So the steady state heat conduction problem is given as: 
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To simplify the notation used, Eq(2) can be expressed as the following strong form: 
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Where ,i ij jq Tκ= − . 
 
To get the weak form of Eq(3), let A  denote the trial solution space and ξ  the variation 
space. Wherein A  and ξ  consist of real-valued functions defined on Ω  satisfying certain 
smoothness requirements, such that all members of A satisfy, whereas if w ξ∈ , then 

0 on gw = Γ . Multiply Eq(3) by smooth function w , to get the following weak form: 
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Let , ,( , )  0i ij ja w u w u dκ

Ω

= Ω =∫ , and in two space dimensions and isotropic case, the 

conductivity matrix can be written as: 
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Where we can use the following expression: 
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To construct the Galerkin-form of the problem, construct the finite-dimensional 
approximations of A  and ξ , these collections of functions are denoted by hA  and hξ , 
where hA  and hξ  as being subset of A  and ξ . i.e. h ⊂A A  and hξ ⊂ ξ . 
Assuming the collection hξ is given, to each member h hυ ∈ξ , construct a function 

h hu ∈A by h h hu gυ= + . 
 
Substitute h h hu gυ= +  into equation(6), the Galerkin form becomes: 
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To write the matrix form of Eq(7): 
Let hξ consist of all linear combinations of given functions denoted by 

: ,  1, 2, ,AN A nΩ→ =\ … . 
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Each AN  are basis functions, and required that: 
 ( ) 0,    1, 2, ,AN A nπ = = …  (9) 
And similarly,  
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Eq(7) can then be expressed as: 
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In matrix form: 
 Kd F=  (12) 
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The bilinear quadrilateral shape functions for this problem are given as: 
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To get the stiffness matrix, we have to perform numerical integration over the domain, 
using Gaussian Quadrature, in two dimensions, this can be expressed as: 
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If we use two points rule in each direction, we will evaluate the integral in the following 
points and weights: 
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The stiffness matrix K: 
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Implementation: 
As an example, the domain is discretized in the following way (the convention used in 
the textbook), this example uses 5 nodes in the x-direction and 3 nodes in the y-direction, 
resulting a total of 15 nodes. In this manner, there are total of eight elements.   

 
This mesh generation process is coded so that given a domain and number of nodes to 
discretize in each direction, the mesh is generated, total element number is also calculated 
accordingly. 
 
Note, node 15 overlaps both boundary condition (x=3 & y=1), we decided that it satisfied 
x=3 boundary condition in our implementation. 
 
The next step is to generate the ID, IEN and the LM array as shown in page 73 of the 
textbook. For this particular mesh, the ID, IEN, and LM array is shown below (note that 
all these processes are coded for any given size of mesh and node numbers, not limited to 
the example shown here.): 
 

 



Note that to facilitate the coding, ID of -1 value represent node on the x=3 boundary (the 
‘right wall’), and ID of 0 means that the node is on the y=1 boundary (the ‘top wall’). 
 
The IEN Array is shown as follow-it associate the element number with node number, i.e. 
the four node number corresponding to a particular element. The node numbering is 
CCW (Counter Clock Wise), starting from the lower left corner: 

 
 
Finally, the LM array that combine ID array and IEN array is obtained by replacing the 
node number with their corresponding ID value, for this example, the LM array is shown 
as the following: 

 
 
Thermal conductivity: 
The thermal conductivity is given as: 
 2 20.5( )ij x yκ = +  (17) 
Since we are evaluating the stiffness matrix in the local domain, the corresponding 
thermal conductivity value are obtained by the following relationship (page 147 of the 
textbook): 
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Local Stiffness matrix: 
 
To evaluate the , ,,a x a yN N , the method in page 148 of the textbook is used: 
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Within the same loop,  
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The construction of the local stiffness matrix to the corresponding global stiffness matrix 
is done by following the rules given in page 74 of the textbook (example 2). After solving 
the resulting linear system, the temperature value at each node are putting back to their 
corresponding location in the x, y location. The temperature profile is then plotted.  
 
Results (of different mesh size – given in A x B, where A is the number of node used in 
the x-direction and B is the number of node used in the y-direction) are shown in the 
following figures. 
 
 
Each of the results are shown in three different plots:  
A. a contour plot that interpolate the temperature profile;  
B. a filled contour plot that do not interpolate the temperature profile; and  
C. a surface plot of the temperature profile.



Mesh size: 5 x 3 

 
 
 
Mesh size: 15 x 13 

 
 



Mesh size: 50 x 30 

 
 
Mesh size: 120 x 40 

 



Error calculation: 
 
The error indicator is given by: 
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Where 
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∂ ∂ ∂
, which is to calculate the slope difference of the temperature profile of 

every elements with respect to its surrounding elements.  
 
 
I tried to code this but it required an extra array to keep track of the surrounding element, and creation of 
an algorithm to generate this array for any size of mesh. For example, for the example mesh size of 5x3 
we used in demonstrated the construction of ID, IEN, and LM before, this array (let call it SE 
(Surrounding Element) array): 

 
I didn’t successfully implement this in the code. On the other hand, since we want to study the 
convergence behavior as the mesh size 0h → , alternately, we observe that the temperature profile at 

0x = could be a very good indicator of the convergence behavior for this specific case. Hence, we 



implemented this ‘alternate’ way (a very crude way) of observing the convergence rate, by plotting the 
temperature profile at 0x =  with different number of mesh size. By doing this, we could a 2D plot to 
observe the convergence rate with respect to mesh size. This is shown in the following figures. 
 

 
 
 
Discussion: 
In this problem, we use FEM method to solve the steady state heat equation. It was a challenging code 
as we have to write the algorithm to generate the corresponding ID, IEN, LM array, mesh generation, 
and to evaluate the stiffness matrix in the local element. Once the coding is done, we are able to see the 
result with different mesh size. As we can see, as we increased the elements used, the temperature 
profile become very smooth, and converged ( from the error study) at some point. One interesting thing 
to note is that at the point where x=3 and y=1, it is the point where the boundary conditions were 
conflicting each other, there is a huge discontinuity at that point and the point beside it. However, we 
can see that FEM method was able to handle this situation pretty well and does not cause any instability 
in the solution. Unfortunately, I am not able to perform the error analysis as required but only able to use 
a very crude way to observe the convergence rate as we refine the mesh size. In this way, tt was 
estimated that the temperature profile converged as h = 0.05.  
 



Problem 2: 

 
 
Solution: 
The strong form of the problem is given by: 
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Where , ,;    /i ij j tq T T T tκ= − = ∂ ∂ . 
 
To get the weak form of Eq(22), let A  denote the trial solution space and ξ  the variation space. Wherein 
A  and ξ  consist of real-valued functions defined on Ω  satisfying certain smoothness requirements, 
such that all members of A satisfy, whereas if w ξ∈ , then 0 on gw = Γ . Multiply Eq(22) by smooth 
function w , to get the following weak form: 
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To construct the Galerkin-form of the problem, construct the finite-dimensional approximations of A  
and ξ , these collections of functions are denoted by hA  and hξ , where hA  and hξ  as being subset of A  
and ξ . i.e. h ⊂A A  and hξ ⊂ ξ . 
Assuming the collection hξ is given, to each member ( )h htυ ∈ξ , construct a function ( )h hu t ∈A by 

( , ) ( , ) ( , )h h hu x t x t g x tυ= + . 
 
Substitute h h hu gυ= +  into equation(6), the Galerkin form becomes: 
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To write the matrix form of Eq(24): 
Let hξ consist of all linear combinations of given functions denoted by : ,  1, 2, ,AN A nΩ→ =\ … . 
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Each AN  are basis functions, and required that: 
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We can write into the following matrix form: 
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The construction of , , ( )K M F t  are similar to the rules shown in problem 1. However, to solve this 
semidiscrete heat equation, we adopt the generalized trapezoidal method as follow: 
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Where ,n nd v  are the approximation to ( ), ( )n nd t d t� , and 

0α = −Forward difference; forward Euler, 
0.5α = −Trapezoidal rule; midpoint rule; crank-Nicolson, 
1.0α = −Backward differences; backward Euler. 



We implemented this algorithm using the v-form given in page 460 of textbook: 

 
 
The stability of the generalized trapezoidal methods are given in page 467 of the textbook in which for 

0.5α ≥  the method is unconditionally stable, whereas for 0.5α < , the method is conditional stable, in 
which the time step had to be very small.  
 
To see how the boundary temperature vary with respect to time t , we plot the temperature fluctuation of 
the boundary at different time instance: 

 



So for 0.5, 1.0α α= =  we plot the temperature profile as 0 2t π= → , since after 2t π> , the 
temperature profile will repeat itself. 
 
 
Results: 
Because of stability issue of the trapezoidal rule as stated above, we are able to rum the algorithm for 

0.5α ≥  with pretty large time step while maintaining stability of the algorithm. In particular we use 
0.5, 1.0α α= =  with a time step of 0.01t∆ = , and we can obtain pretty good result while maintain 

stability (However, since the result for 0.5, 1.0α α= =  are the same, we only show those results we 
obtained for 0.5α =  here). For 0.0α = , The time step need to be very small, by trial and error, for a 
50x30 size mesh, it had to be 0.00001t∆ =  to obtain stable solution, in this case, we only plot the 
solution at 0.1sect = (which is the same as the one obtained with 0.5α = ) . 
 
 
 
 



Temperature profile for mesh size 50x30, 0.5α = , at different time t. 
(Note that the lowest value is changing at each time instant, the value can be determine from the colorbar) 
 

 
0.1sect =  0.2sect =  0.5sect =  

 
 

 
0.8sect =  1.2sect =  1.5sect =  

 



 

   
1.8sect =  2.2sect =  2.5sect =  

 
 

  

 

2.8sect =  3.14sect =   
 
 



Temperature profile (3D plot for better viewing in black & white printing) for mesh size 50x30, 0.5α = , at different time t. 
(Note that the lowest value is changing at each time instant, the value can be determine from the colorbar) 
 

   
0.1sect =  0.2sect =  0.5sect =  

 
 

   
0.8sect =  1.2sect =  1.5sect =  

 



 

   
1.8sect =  2.2sect =  2.5sect =  

 
 

  

 

2.8sect =  3.14sect =   



Discussion: 
In this problem, we applied different trapezoidal rule to solve the semi discrete time dependent heat equation. 
However, once problem 1 was done, it is pretty easy to code for this problem. As we mentioned in the formulation, 
the stability of using trapezoidal rule is very important. We experienced this while using different value of α . We 
observe that as 0.5α ≥ , the time step that we can use in this method can be pretty large ( 0.01t∆ = ) and still 
have a stable result. Since we observe that the temperature profile for 0.5α =  and 1.0α =  are the same, we only 
plot the one for 0.5α = .  
 
As we can see, the boundary temperature fluctuated between 100 and -100 degree as t goes from 0 to 3.1425 ( 2π ) 
sec. Hence, we only plot the temperature profile from t = 0 to t = pi/2, since after that, the temperature profile just 
repeating itself. 
 
However one interesting phenomena occurred as 2t π= , at this time, the boundary temperature are all 100 
degree, we obtain the following temperature distribution at 2t π=  (mesh size 50x30): 

I then decided to increase the mesh size to 140x40 but similar result is obtained. These graphs are included here 
for reference. 

 


