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Histogram Reweighting

O Method to combine results taken at different state conditions
O Microcanonical ensemble

QEV,N)= )1

micro
states

O Canonical ensemble
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O The big idea:

* Combine simulation data at different temperatures to improve
quality of all data via their mutual relation to (2(E)

Probability of an energy




In-class Problem 1.

O Consider three energy levels
Q, =100 E =23=Inl0

Q, =1000 E,=6.9=1n1000
O What are Q, distribution of states and <E> at 3 = 1?




In-class Problem 1A. 4

O Consider three energy levels Q=1 E,=0=Inl

Q=100 E; =23=In10
Q,=1000 E,=6.9=In1000
O What are Q, distribution of states and <E>at 3 = 1?
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In-class Problem 1A. 5

O Consider three energy levels Q=1 Ey=0=In

Q=100 E =23=In10
Q, =1000 E,=6.9=1In1000

O What are Q, distribution of states and <E>at 3 = 1?

_ﬁE
7 _ S0 77 =$:0.083 (E)=) mE,

Q = Qoe_ﬁEO + Qle_ﬂEl + Qze_ﬂEz Q — O 083X O
=1~ 4100710 4+ 100011000 Qe PB 10 0.833 +0.833%2.3
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O And at 3 =37 1
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Histogram Reweighting Approach

O Knowledge of €2(E) can be used to obtain averages at any
temperature

Q(E)

E
O Simulations at different temperatures probe different parts of 2 (E)

O But simulations at each temperature provides information over a
range of values of Q(E)

O Combine simulation data taken at different temperatures to obtain
better information for each temperature




In-class Problem 2.

O Consider simulation data from a system having three energy

levels
* M = 100 samples taken at 3= 0.5

° m, times observed in level i

O What 1s Q(E)?

my =4 EO =0=Inl
m =46 E =23=In100
my =50 E,=9.2=1In10000




In-class Problem 2.

O Consider simulation data from a system having three energy

levels my = 4 Ey=0=Inl
* M = 100 samples taken at B = 0.5 m =46 E; =23=In100
* m, times observed in level i my =50 E; =9.2=1n10000
O What 1s Q(E)? o PE

Reminder 7(E)=CQ(FE)

o(B)




In-class Problem 2.

O Consider simulation data from a system having three energy

levels my = 4 Ey=0=Inl
* M = 100 samples taken at B = 0.5 m =46 E; =23=In100
* m, times observed in level i my =50 E; =9.2=1n10000
O What 1s Q(E)?

Hint 7(E) = [ Q(E )] pe  Can getonly

o(p) relative values!




In-class Problem 2A.

O Consider simulation data from a system having three energy

levels my = 4 Ey=0=Inl
* M = 100 samples taken at B = 0.5 m =46 E; =23=In100
* m, times observed in level i my =50 E; =9.2=1n10000
O What is Q(E)?
Q=" ¢, =0.04x1"°0 =.040, 0,=0(8=0.5)
Q ="ePN0, =0.46x100"°0 =4.60,

Q, =220, =0.50x10000%° 0 =500,
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In-class Problem 3.

O Consider simulation data from a system having three energy

levels my = 4 Ey=0=Inl
* M = 100 samples taken at B = 0.5 m =46 E; =23=In100
* m, times observed in level i my =50 E; =9.2=1n10000
O What is Q(E)?
Q=" e, =0.04x1°0, =.040, 0,=0(8=0.5)
Q, ="ePQ, =0.46x100°0, = 4.60,

Q, =220, =0.50x10000%° 0, =500,

O Here's some more data, taken at p =1 my=50 m =48 m,=2
* what is Q(E)?
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In-class Problem 3. )

O Consider simulation data from a system having three energy
levels

my =4 EO =0=1Inl
* M = 100 samples taken at B = 0.5 m =46 E; =23=In100

* m, times observed in level i my =50 E; =9.2=1n10000
O What is Q(E)?
Q=" e, =0.04x1°0, =.040,

0,=0(6=0.5)
Q, ="ePQ, =0.46x100°0, = 4.60,
Q, =220, =0.50x10000%° 0, =500,
O Here' s some more data, taken at [5 =1 mg=50 m =48 my=2
* whatis Q2(E)?

Q, =0.50x105 =.5005 Op=0(f=1.0)
Q, =0.48x1000, = 4805
Q, =0.02x1000005 = 2000




Reconciling the Data

O We have two data sets

QO = O4QA QO = SOQB
Ql = 46QA Ql = 48QB
Qz = SOQA Qz = 2OOQB

O Questions of interest

* what is the ratio Q ,/Qz? (wWhich then gives us AA)
° what is the best value of £2,/€2,, £2,/£2,?

* what is the average energy at 3= 2?
O In-class Problem 4

* make an attempt to answer these questions
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In-class Problem 4A. ”

O We have two data sets

QO = O4QA QO = SOQB
Ql = 46QA Ql = 48QB
Qz = SOQA Qz = 2OOQB

O What is the ratio Q,/Qgz? (which then gives us AA)

* Consider values from each energy level

Q) _0.040, Q _ 460, Q, _ 500,
Q, 05005 Q 480z Q, 2000

O4 _ 0.50 _ O4 _ 48 _ O4 _ 200 _
Q—B—m—lz.S Q—H—IOA @‘W“‘

O What is the best value of €,/€Q,,, €2,/€,?

* Consider values from each temperature

_ Q _ 460, _ Q, 5004 _
ﬂ_os Q o 0.040/4 =115 Q - 0.040/4 =1250

1| _ 480 Q, _ 20005 _
B=1|q, = 0050, =20 ||a, = 030, = 400

O What to do?
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Accounting for Data Quality

O Remember the number of samples that went into each value

QO = O4QA mo =4 QO = SOQB mO =50
Ql = 46QA ny = 46 Ql = 48QB ny = 48
Q, =500, m,=50 Q, =20005 m =2

* We expect the A-state data to be good for levels 1 and 2
* ...while the B-state data are good for levels 0 and 1

O Write each Q as an average of all values, weighted by

quality of result e

o(B)

QG = w, Q6 +wpQEs 7(E)=Q(E)*

—WA( Pabog o )+WB( P00, mOB)
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Histogram Variance

O Estimate confidence in each simulation result

QO = O4QA mo =4 QO = SOQB mO =50
Ql = 46QA ny = 46 Ql = 48QB m = 48
Qz = SOQA nmy = 50 Qz = 2OOQB nmy = 2

O Assume each histogram follows a Poisson distribution

 probability P to observe any given instance of distribution

Pl{m}1=M]]

m;
n'l
I

m; !

@ pi
B Instance

m myp 13
T, "TT~-TT
Pl{my,my,my} =M1 "2 73

my !m2 !m3 !
* the variance for each bin is

2 _ o
0, =m; =Mmr,

! ul u2 u3
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Variance in Estimate of (2

O Formula for estimate of Q

E m
+ WBe'BB OQB 0.8

est ﬁAEO
Qp =wye Q M,

M 4
O Variance
Qp mO

0_2 ot = WAezﬁAEOQ 2 + W ezﬂBEO Q2 1 2
A

=wie? 1" 0] (M ATo.4) WBezﬂBEOQB (M 570.5)

—,BE

E)=Q(E
n(E) =CQ(E )Q(ﬂ)
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Optimizing Weights

O Variance

2 _ 2 B4Ey 1 2 BEy 1
O-Qgst = WAQOe QA M_A + WBQOe QB M_B

O Minimize with respect to weight, subject to normalization

* In-class Problem 5
Do it!
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Optimizing Weights

O Variance
2 2 E, 2 E
Ogpest = wiQeeP 00, ot WiQee P00y s
O Minimize with respect to weight, subject to normalization

* Lagrange multiplier

_ﬂE
Ml'l’l|:0'2m —/’L(ZWa—l)} 7Z'(E)=Q(E)e ~ m;
Q" 0(B) M
O Equation for each weight is 2w, Qge«% A%—‘; =
O Rearrange ~BaFo g
w, = A= a

a4 2Qy O,

O Normalize

B E
W = e ,Ba OMa/Qa
a  —B4ko,, Aj—ﬂBEo Mp
04 " Op
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Optimal Estimate

O Collect results

est BLE BrE my, B
Qp =wye™ OQA +wBe B OQB M,

~BLE
W = e Ba OMa/Qa
a  ~Bako Aj—ﬁBEo Mp
04 OB

O Combine

- B —_1 — _ _
Qest _ e :BAEOMA 4 e ’BBEOMB e ﬁAEOMA eﬁAEOQ my,_ 4 4 e ﬂBEOMB eﬁBEOQ m
0 Oy Op 0y 4 M, Op B My

[ ePaFoyy N e PBEO )y, | e :I
Oy Op |70,4 0,3




Calculating €2

O Formula for Q

-1
~B4Eo -BBEoy
est _| e My e Mp
QO = [ QA + QB i| I:mO’A + mO,B:I

O In-class Problem 6

* explain why this formula cannot yet be used
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Calculating €2

O Formula for Q

-1
~B4Eo -PBEo
est _| e My e Mp
QO = |: 0, + Os i| [mO’A + mO,B:I

O We do not know the Q partition functions

0, = Qoe—ﬂan n Qle—ﬁaEl n Qze—ﬁaEz

_ B -1

est e Pakoyy, e PBEO ),

Q) = "B 4E “B4E “B4E + ey T I m0A+mOB
Qoo P4E0 1.0 e PPl 1 Qe PAP2 Qe PBE0 10 e PBEI £ Qe PBE2 ’ ’

O One equation for each
O Each equation depends on all €2
O Requires iterative solution
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In-class Problem 7

O Write the equations for each 2 using the example values

e—ﬂAEO M 4

e—ﬂBEO MB

-1
QF' = + [m +m ]
Qe PAF0 10 e PABL 10, PaF2r T Qe PBE0 1) o PBEL 4,0 FBEL 0,4 70,8

B=0.5
my =4
my =46
my =50

p=1
m0=50
m1=48

m2=2

E,=0=Inl M =Mpg=100
E; =2.3=1In100
E, =9.2 =In10000
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In-class Problem 7

O Write the equations for each 2 using the example values

-1
~Pako ~BBEo
est __ e M4 o My
QO B [Qoe_ﬁAEO +Qle_ﬂAE1 +Qze—ﬁAE2 + Qoe_'BBEO +Q18_ﬁBE1 +Q28_ﬂBE2 :l [mO,A + mO,B:l
mg =4 my =50 Ey=0=Inl M, =Mz =100
m =46  m =48 E; =2.3=1In100
my =50 ny =2 E2 =9.2=1n10000
i 1-1
est _ 1x100 1x100 i
Q a _IQO +0.1Q1 +001Q2 + IQO +OOIQI+0000192 i _4 + 50]
I 1-1
est _ 0.1x100 0.01x100 —
77 =] 10,7019, +0019, T 10,+0.010,+0.00010, | L40F 48]
I 1-1
est _ 0.01x100 0.0001x100 —
" = 10, +0.19,+0.018, T 102,+0.01€,+0.00012; | 50+ 2]
O Solution
Q Q
2l -947 22229432

Q Q,




In-class Problem 7A.
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O Solution
1 _g47 29437 =05 fB=I
mg = nmg = 50
O Compare =46 m =48
_ Q _ 460, _ Q, _ 309, _ m, =50 m, =2
B=05 Gl=gas =115 5= =1250 2 >
_q1 Sy _ 480p _ Q) _ 2000p _
p=1 Q, _ 0.050, =96 Q, 0505 400
O “Exact” solution
4 _100 22 =1000
QO QO
O Free energy difference
Q4 _ 199+0.10,+001Q, o, “Design value” = 10

Op 19Q,+0.01Q, +0.0001Q,




Extensions of Technique

O Method is usually used in multidimensional form
O Useful to apply to grand-canonical ensemble

== Zeﬁ”N mjdrNdee_ﬂE
& |
=Y Y QU,v, NN e PE
N U

O Can then be used to relate simulation data at different
temperature and chemical potential

O Many other variations are possible
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