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Abstract  

The overall kinesthetic immersive experience in a haptic interactive virtual 

environment is the synthesis of the human user, the haptic user interface (HUI), and 

virtual environment (VE) ï all of which playing critical roles. Our focus will be on the 

development of advanced HUIs for providing the users with sophisticated tactile or force 

feedback during interaction with virtual environments with innovative features including 

active and passive manipulation assists. Desirable features for high-performance HUIs 

include: human matched force capabilities, sizeable workspace, low inertia, high stiffness, 

low friction, back-drivability, near-zero backlash, and gravitational counterbalancing.  

Parallel-architecture haptic devices offer significant advantages over serial-

architecture counterparts in applications requiring high stiffness and high accuracy. To 

this end, many haptic devices have been created and deployed by modularly piecing 

together multiple serial-chain arms to form an in-parallel system. Furthermore, recent 

haptic device designs such as the Sensableôs Phantom Premium line of haptic devices and 

Quanserôs High Definition Haptic Device (HD)
2
 transfer the distal actuation to the base 

via a parallelogram/fourbar linkage in order to reduce the moving inertia in the system.  

However, such design choices can affect the overall system performance which 

now depends both on the nature of the individual arms as well as the interactions. The 

multiple closed-kinematic chains constrains effective degree-of-freedom and require 

careful selection of type, number, location and actuation of the individual articulations 
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(within the chain) completes the determination of the workspace, mobility, controllability, 

and overall performance of the system.  

In this work, we build on the rich theoretical background of constrained 

articulated mechanical systems to provide a systematic framework for formulation of 

system-level performance from individual module characteristics. Specifically, we 

discuss: (i) development of pertinent symbolic equations; (ii) generalization to arbitrary 

architectures; and (iii) perform combined symbolic/numeric analyses, focusing on salient 

zeroth order (workspace), first order (manipulability), and second order (stiffness) 

kinematics performance measures. We demonstrated our studies using Sensable Phantom 

Premium line of haptic devices and Quanserôs High Definition Haptic Device (HD)
2
. In 

particular, we highlight the effect of the added parallelogram sub-system to the overall 

system-level manipulability and stiffness measure. 

Finally, we note that traditional performance analysis on haptic devices focuses 

solely on the device. However, haptic devices are typically employed in close coupling 

with a human user creating a need to include their characteristics in the design and 

analysis. We therefore examined the use of a musculoskeletal analysis framework to 

study the performance of haptic devices, extracted biomechanically relevant performance 

measures from the human user, and use this to tailor the ergonomics and regimen within a 

rehabilitation program.  
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1 Introduc t ion 

Haptic Immersive Virtual Environments (HIVE) hold considerable promise for 

ability to expand, assist, train and monitor human sensorimotor capabilities, for 

improving physical strength, redirecting undesirable motions and forces, augmenting the 

manual precision, and improving overall dexterity.  

 

Figure 1: Fjjbopfsbă^kaăfkqbo^`qfsbăobkabofkdălcă©qlr`eªăfkăsfoqr^iăbksfolkjbkqpăabmbkapăfkă

equal part on: (i) qebăerj^kărpbo¨păpbkplovă^_fifqfbp8ă%ff&ăqebăpbib`qbaăe^mqf`ărpboăfkqboc^`b8 and (iii) 

fidelity of computed virtual environment responses. 

 

The overall kinesthetic immersive experience in a haptic interactive virtual 

environment is the synthesis of the human user, the haptic user interface (HUI), and 

virtual environment (VE) ï all of which playing critical roles. The virtual environment 

refers to the computer-based model, capable of interactively generating cues for 

immersion of multiple senses of the user. While early VEs were restricted to generation 
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of visual and auditory cues, contemporary VEs have been extended (using ñhaptic 

modelsò) to encompass the generation of kinesthetic cues. The HUI is to denote the 

computer-controlled electro-mechanical system (ñhaptic deviceò), the feedback control 

laws (ñhaptic control lawsò), as well as all the intermediate elements (A/D, D/A, 

conditioning electronics) that help interface the motions and forces between the human 

operator and the virtual environment. The effectiveness of the interface ï in 

communicating human-user intent to the virtual environment and rendering of results 

back to the users - can be judged using performance benchmarks such as the fidelity, 

transparency, stability, accuracy, and real-time interactivity. The differences from the 

traditional paradigm of human-computer interaction arise due to: (i) the far higher 

bandwidth of kinesthetic and tactile perception (over 1000Hz vs. the 30Hz for visual 

perception); and (ii) the bi-directional exchange of information and energy occurring at 

the kinesthetic user interface. These requirements come at significant computational cost 

and often conflict with the requirement for maintaining real-time interactivity and overall 

system stability. Critical tradeoffs, in terms of bandwidth, fidelity and accuracy, are 

required for development of ñsuitable haptic modelsò for generating responses to 

dynamic user interactions with the virtual world as well as ñsuitable haptic interfacesò to 

render the resulting computation without attenuation or interference.  

It is noteworthy that despite the obvious benefits and availability of several 

commercial simulators, this approach has yet to become mainstream. The limited 

capability for sensorimotor ñrealismò offers a serious obstacle for successful 

implementation of simulation-based learning. Significant technical challenges, in terms 
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of limits on quality, immersivity, intuitiveness, and realism of visual and haptic 

simulation need to be overcome before todayós Haptic UIs pass the haptic ñTuring Testò. 

1.1 Fundamental Issues at Core of Haptic Realism  

In order to realize the full set of benefits, further basic research is required in the 

areas of optimal designs and advanced control algorithms for (i) advanced haptic user 

interfaces; (ii) algorithm and architectures for physics based high performance distributed 

computation of the graphic and haptic rendering; and (iii) assessment of simulator 

validity, suitable user interface design and automated user-evaluation methods as shown 

in Figure 4. Among these our focus will be on the development of Advanced Haptic User 

Interfaces.  

Haptic User Interface (HUI) devices offer potential for providing the users with 

sophisticated tactile or force feedback during interaction with virtual environments with 

innovative features including active and passive manipulation assist. However, realizing 

these benefits requires the HUI be able to generate and render a wide range of high 

fidelity dynamic behavior. Hence as electro ï mechanically actuated articulated 

mechanical systems, high-performance HUI should possess: human matched force 

capabilities, sizeable workspace, low inertia, high stiffness, low friction, back-drivability, 

near-zero backlash, and gravitational counterbalancing,. Particular stress is place on the 

transparency of the device so that the HUI does not distort the reflected forces/torques by 

its electro-mechanical characteristics. To this end, we are proposing to design, develop, 

implement and validate HUI, based on parallel mechanism architecture.  
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Figure 2: The fundamental issues at the core of haptic realism are tied closely to complexity of 

Haptic User Interfaces and Haptic Modeling Fidelity . In this thesis, we focus on studying various 

Haptic User Interfaces. 

 

The physical design of the haptic device, in terms of selection of the type, number, 

location and actuation of the individual articulations plays an important role in 

determining the capabilities and overall performance of the system. The system must be 

designed and controlled carefully in order to minimize singular configurations, perform a 

wide range of constrained motion-force manipulation tasks with dexterity and strength, 

while remaining robust to local controller lapses and environmental disturbances. 
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1.2 Problem Statement 

Consider the illustrative case-scenerio of creating a haptic device to be used for 

simulating virtual knee replacement surgery. In any such typical orthopedic surgery, the 

surgeon needs to perform gross motor tasks (such as cutting through tissues, drilling and 

sawing through bones, hammering in pins to attach a jig), as well as finer sensorimotor 

tasks (such as paring, shaving and suturing). Figure 3 is a representative illustration of 

some of these typical tasks. In seeking to create a haptically-enabled virtual simulator to 

train these sensorimotor skills, a designer needs to first translate these various tasks 

specifications into design specifications. For example, the size of the typical working 

region, the ranges of motion needed for the various tasks, the ranges of forces (from 

suturing to drilling and sawing) that need to be rendered are important task-specifications.  

    
(a) (b)  (c) (d)  

Figure 3: Typical tasks involved in a knee replacement surgery (a) drilling through bones; (b) 

hammering pins; (c) sawing through bones; and (d) suturing. 

 

The operation region required to perform the surgery defines the óworkspaceô of a 

haptic device (although proper scaling can be used to reduce the required space).  The 

requirement to move in various directions and orientations defines the degree-of-freedom 

of the haptic devices. The ability to render high force and high stiffness for drilling and 
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sawing simulation probably favors a parallel-architecture haptic device design over a 

serial-architecture one.  

Ideally, these design specifications can be captured and characterized by 

appropriate quantitative performance measures (workspace, manipulability, and stiffness), 

wherein it is desirable to retain a parametric relationship to critical device parameters 

(link lengths, types of joints, etc.). In this setting, the process of design of a haptic device 

to meet desired specifications can be reduced to an optimization problem with 

appropriate performance measures to serve as objective function over the design space of 

the unknown device parameters (which we adopt). 

1.3 Serial vs. Parallel Architecture  Haptic Devices 

Parallel architecture manipulators consist of a moving platform that is attached to 

a fixed base by several articulated kinematic chains, which create one or more closed 

kinematic loops within the system [1-2]. While serial architectures possess a large work 

volume and high dexterity, numerous disadvantages such as low precision, poor force 

exertion capability, low payload-to-weight ratio, and high inertias tend to limit its use in 

such applications. On the other hand, parallel mechanisms based devices are well-known 

for their high stiffness, low inertia, high rigidity and accuracy, and high payload-to-

weight ratios, which enable large bandwidth transmission of forces. Other desired 

properties can be achieved through optimizing the underlying mechanical design and 

selection of suitable control scheme. The Mooreôs law driven improvements in 

computation have now almost overcome the limitations on real-time placed by the 

complicated input-output relationships. Hence, application settings such as the multi-axis 

grinding machining centers [3-6]. Other applications to benefit from the high motion 
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agility and payload capacity of parallel architectures include flight simulators [7-8], agile-

eyes [9], human motion simulators [10], and force reflecting hand controllers [11-13]. 

 

Figure 4: Examples of commercial haptic devices based on serial architecture. 

 

Parallel-architecture haptic devices offer significant advantages over serial-

architecture counterparts in applications requiring high stiffness and high accuracy. To 

this end, many haptic devices have been created and deployed by modularly piecing 

together several serial-chain arms to form an in-parallel system. However, the overall 

system performance depends both on the nature of the individual arms as well as their 

interactions. We build on the rich theoretical background of constrained articulated 

mechanical systems to provide a systematic framework for formulation of system-level 

kinematic performance from individual-arm characteristics. Specifically, we develop the 

system-level kinematic model in a symbolic (yet algorithmic) fashion that facilitates: (i) 
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computational development of pertinent symbolic equations; (ii) generalization to 

arbitrary architectures; and (iii) combined symbolic/numeric analyses of performance 

(workspace, singularities, and design sensitivities). These various aspects are illustrated 

using the example of the Quanser High Definition Haptic Device (HD)
2
 ï an in-parallel 

haptic device formed by coupling two 3-link Phantom 1.5 type serial chain manipulators 

with appropriate passive joints. 

 

Figure 5: Examples of commercial haptic devices design based on parallel architecture.  

 

Recently, there has been considerable interest in creating parallel-architecture 

haptic devices as in-parallel systems by a modular composition approach, wherein 

multiple articulated serial-chain arms cooperate to control a common end-effector. Such a 

composite-system can now potentially allow for increased redundancy, robustness, and 

reliability and even active reconfigurability for different tasks. Further, in promoting 
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reuse of components, such a modular ñbuilding-blockò approach is also a favorable 

engineering practice.  

However, such modularity creates increased design-choices, in terms of methods 

to realize given tasks, and requires a design-selection process to determine the best 

designs. However, the system performance in a modularly composed system depends 

both the nature of the individual modules as well as their interactions, which creates 

challenges. The physical layout of the parallel haptic device, in terms of selection of the 

type and number of the in-parallel articulated chains, and their attachment to the mobile 

platform determines the topology of the system. The subsequent selection of type, 

number, location and actuation of the individual articulations (within the chain) 

completes the determination of the workspace, mobility, controllability, and overall 

performance of the system.   

This is an aspect that we examine in the context of the Quanser High Definition 

Haptic Device (HD)
2
 ï an in-parallel haptic device formed by coupling two 3-link 

Phantom 1.5 type serial chain manipulators to a common end-effector handle. However, 

the two three-link manipulators cannot be arbitrarily coupled to the handle due to the 

potential kinematic incompatibility (of the velocities at the end effector). Hence, further 

passive articulations are necessary in order to accommodate the rigid body constraints. In 

(HD)
2
 system, this role is played by the passive revolute and universal joints. Hence, a 

systematic (and preferably computational) framework for evaluation of the design-

choices on individual module- and system-level characteristics is desirable. 
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Figure 6: In -parallel haptic devices by modularly combining two or more serial architecture haptic 

devices. 

 

Performance measures play a critical role in design, optimization and control of 

robotic systems. See [14-17] for surveys of various local performance measures derived 

from the generalized Jacobian matrix. The singular value decomposition of the 

generalized kinematic Jacobian and the geometric relationship (volume, eccentricity, etc.) 

of the manipulability ellipsoid has been investigated. Other researchers have examined 

the development of dynamics based measures by extending the notion of manipulability 

and isotropy to the dynamics domain [18-19]. Equivalent force performance measures for 

the local velocity based measures may be computed by virtue of the principle of virtual 

work and used for the synthesis and design of multi­DOF mechanisms.  

The resulting performance measures have been employed as a means to evaluate 

the workspace quality [20], measure of kinematic accuracy [21], selection of operating 

regions [22], design of modular kinematic structures [23], and improvement of numerical 

properties for resolved velocity and acceleration control of manipulators [24]. While 



 

 11 

many such measures have tended to be local, several authors have obtained global 

measures by spatial integration of local measures over a region [25] or by integration 

over time. However, as Park [16] and van den Doel and Pai [17] note, the sheer diversity 

of measures to quantify qualitative measures is partially due to the adoption of a local 

coordinate representation and hence advocate the formulation of coordinate independent 

measures using the unifying framework of differential geometry.  

Extensions to manipulability analysis have been studied both in the context of 

multiple cooperating robot arms as well as parallel manipulators [26-28]. Park and 

Bobrow [29] examine the optimal base positioning of two cooperating robot manipulators 

in a geometric framework. Park and Kim [30-31] present an elegant differential-

geometric framework for analysis of manipulability of both redundantly-actuated and 

exactly-actuated parallel manipulator systems in a unified fashion, which we compared 

our results with. 

1.4 Contributions  

To this end, we leverage the rich theoretical analysis background for constrained 

articulated mechanical systems. In particular, we exploit a twist-based analysis of in-

parallel systems [32] to create the underlying performance-characterization framework. 

The novel contributions of this work come from: (i) algorithmic modeling of the 

individual arms, especially exploiting symbolic computational tools; (ii) systematic 

system-level motion analysis, by composing contributions from the individual modules; 

and (iii) validation within a combined simulation and hardware-in-the-loop environment. 
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Figure 7: Modularity creates design choices. The performance of the overall system depends on 

the nature of the individual module as well as their interactions.   

 

1.5 Thesis Organization 

The remainder of this thesis is organized as follows: 

In Chapter 2, we discussed some of the design issues for parallel-architecture 

haptic devices. In Chapter 3, we outlined several existing methods to formulate the 

Jacobian of both serial and parallel manipulator. Using an RRR and a 3-RRR system as 

example, we motivate the use of twist-based Jacobian formulation for serial and parallel 

manipulators, which allows systematic Jacobian formulation that we use in this work. 

In Chapter 4, performance measures we use in this thesis were presented and their 

formulations were given. Several planar in-parallel manipulators were use as examples to 

illustrate the presented ideas.  

In Chapter 5, we study the PHANToM 1.5 system, which is a serial type 

manipulator but with a parallelogram sub-system (some authors called it óhybridô 

manipulator). Specifically, we study the effect of the added parallelogram sub-system to 
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the overall performance of the system. In Chapter 6, we study the Quanserôs High 

Definition Haptic Device ï HD
2
, a 5-DOF in-parallel haptic device created from 

modularly piecing together two PHANToM 1.5 haptic devices. We show the workspace, 

manipulability and stiffness of this device. Similar to the PHANToM 1.5 system, we also 

study the effect of the two added parallelogram sub-systems to the overall performance of 

the device.  

In Chapter 7, we look at the design of haptic device from another perspective. 

Since a haptic device is always coupled with a human user while in use, we proposed a 

musculoskeletal analysis framework in which co-simulate of a human user with a device 

is possible. Using this framework, we can parametrically study various design variables 

and perform optimization to study design parameters that affect human-device 

interactions. Chapter 8 summarizes the contributions in this work, and concludes the 

work by providing directions for future research.  
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2 Background 

Parallel architecture haptic devices feature multiple closed-kinematic loops and 

kinematic/ actuation redundancy which create opportunities for performance 

enhancement as well as challenges in modeling and control of such systems 

2.1 Parallel Architecture Manipulator  

 

Figure 8: Using a 2-DOF RR manipulator as building block, many interesting haptic devices can 

be developed by modularly piecing the individual small system in different ways to create multi 

DOF haptic devices.   
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Immense possibilities exist for realization the design of parallel-architecture 

manipulators based on number of supporting chains, the type and number of joints in 

each chain and the location of their attachment to the fixed and moving platforms - see 

[33] and [34-35] for detailed listing of parallel-architecture robots and related 

bibliography.  

From a design perspective, three overlapping task decomposition stages will be 

considered. First, the designer has to select between competing component designs such 

as selection of type, location and number of articulations within each parallel chain and 

then number of chains ï a process which we will loosely term ñtype synthesisò. Second, 

considerable freedom still exists from the viewpoint of selection of the characteristic 

dimensions of the sub-chains, locations of attachment for the manipulators ï a process 

which we will term ñdimensional synthesisò. Finally, since the system is redundant, it can 

still assume several infinities of postures/configurations permitting the selection of an 

ñoptimalò configuration ï a process we will term ñconfiguration synthesisò.  

 

Figure 9: Kinetostatic d esign optimization to improve both workspace volume and quality 

(stiffness, accuracy, velocity and force performance). 
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Major design variants are possible based on nature of the intermediate chains 

connecting the fixed and moving platform. Pantograph legs, five-bar linkages, serial 

chain linkages, spherical linkages, or even cable tendon transmission are all viable 

candidates and choice of leg design and its parameters significantly influence system-

workspace and performance (See Figure 8). For a parallel mechanism, the workspace of a 

PKM has not a simple geometric shape, and its functional volume is reduced, compared 

to the space occupied by the machine [36]. The velocity and force transmission ratios and 

end-effector stiffness may vary significantly in the workspace (at various locations and 

along different directions) because the displacement of the tool is not linearly related to 

the displacement of the actuators. Further, unlike serial chain manipulators, singularities 

appear inside the workspace due to individual-chain or system-level effects [37]. Hence, 

we will pay special attention to improving both the size and quality of the workspace by 

consideration of kinetostatic criteria at every stage in the design process. The 

development and use of quantitative kinetostatic measures, based on the conditioning of 

the combined-system Jacobian matrix, allow a transformation of the design problem into 

a design optimization problem. The overall optimal design can thus by realized by a 

combined design-synthesis and simulation-based design-refinement approach [38-39]. It 

is noteworthy that the framework of Park and Kim [30-31] permits treatment of these 

issues, including the effects of redundancy and indeterminacy, in a coordinate-free 

differential-geometric setting. 

2.2 Parallel Architecture Manipulator C ontrol  

The system must be subsequently designed and controlled carefully due to the 

presence of closed kinematic chains with configurations chosen in order to: (i) minimize 
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singular configurations of the system [37]; (ii) enhance mutual cooperation (motions and 

forces) to take advantage of redundancy during task performance; and (iii) improved 

robustness to local controller lapses and environmental disturbances.  

A major difficulty that prevents application of the vast control literature 

developed for the serial counterparts to redundantly actuated parallel manipulators is the 

lack of an efficient dynamical model for real-time control. Unlike unconstrained or non-

holonomically constrained mechanical systems,  Yun and Sarkar [40] survey several 

methods for modeling systems with holonomic constraints, and present an elegant unified 

state-space formulation for such systems we will adopt. The configuration kinematic 

model will be determined and extended to the configuration dynamic model by a 

Lagrangian reduction onto the tangent velocity distribution [40-41] permitting us to 

connect this parallel manipulator to the standard control literature.  

Redundant actuation provides an effective means for eliminating singularities of a 

parallel manipulator, thereby improving its performance such as Cartesian stiffness and 

homogeneous output forces. The use of redundant actuation also gives rise to more 

homogeneous output forces and minimized internal loading torques of the actuators of the 

manipulator [42-44]. There have been papers on dynamics of parallel manipulators with 

normal or non-redundant actuation [45-47] but, research on redundantly actuated parallel 

manipulators is scarce [48]. 

The redundant actuation, in the articulations, can be used to actively control both 

the relative configuration and the interaction forces between the modules simultaneously. 

Most of the developed schemes (in other contexts), seek to achieve this by decoupling 

position control from the force control, either in the task/operational space or joint space. 
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While the decoupling of the motions and force control in operational space [49] yields 

algorithms that lack coordinate and frame invariances [50] configuration space 

decoupling approaches [51-52] do not suffer from similar problems. We will develop a 

hybrid velocity/force control method of Z. Li [48] in the configuration space. The 

velocity controller will be designed in the constrained configuration motion space while 

projected interaction forces, in the orthogonal joint force space, may be controlled by 

controlling the integral of the force error by implicit, explicit force control or impedance-

based approaches. 

2.3 Virtual and Physical Prototyping Implementation  

Time domain simulation of ordinary- and partial-differential equations will play a 

major role both in the initial design, test and integration of haptic simulation systems and 

subsequently in the scenario-based training of normal and abnormal procedures.  

 

Figure 10: Rapid virtual and p hysical prototyping application developed for 5 -DOF parallel 

haptic device. 
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However, it is highly desirable to be able to completely simulate a wide variety of 

scenarios digitally initially and to subsequently be able to validate models against actual 

field results. Such an approach is again both simulation intensive and incorporates 

elements of HIL data acquisition. Our approach emphasizes: (a) Development of the 

models and algorithms in a graphical, high-level block diagrammatic language, Simulink 

[53] that preserves design intent but permits hierarchical abstraction and encapsulation; 

(b) Simulation, testing and refinement of the models and algorithms by rapid distributed 

virtual prototyping; and (c) Rapid conversion of the refined algorithms into real-time 

executable, using RT-LAB for operation on the distributed computing environment for 

hardware-in-the-loop testing with the sensors and actuators. We anticipate that these will 

play a significant role in speeding up the process of development and testing of our 

systems of interest. 
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3 Technical Background 

Parallel-architecture haptic devices offer significant advantages over serial-

architecture counterparts in applications requiring high stiffness and high accuracy. To 

this end, many haptic devices have been created and deployed by modularly piecing 

together several serial-chain arms to form an in-parallel system. The concept of 

modularly piecing serial chains or simple parallel chain (i.e. the Five-bar) to form parallel 

haptic systems with multiple degree-of-freedom (DOF) such as the di-tetrahedral 

mechanism, Hayward mechanism, and Compass mechanism, discussed by Hui, et al [54] 

as early as 1995. The 6-DOF Pen-based Force Display [55] and 6-DOF Haptic Master 

[56] developed by Hiroo Iwata of University of Tsukuba in Japan were created by 

modularly piecing together two and three PHANToM 1.5 like manipulator, are examples 

of such systems.  

However, the overall system performance depends both on the nature of the 

individual arms as well as their interactions. In order to study the performance of the 

haptic devices, we need to formulate the Jacobian of the system. We build on the rich 

theoretical background of constrained articulated mechanical systems to provide a 

systematic framework for formulation of system-level kinematic performance from 

individual-arm characteristics. Specifically, we develop the system-level kinematic model 

in a symbolic (yet algorithmic) fashion that facilitates: (i) computational development of 
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pertinent symbolic equations; (ii) generalization to arbitrary architectures; and (iii) 

combined symbolic/numeric analyses of performance (workspace, manipulability, and 

stiffness). 

In this Chapter, we show various exiting formulations for obtaining the Jacobian 

of serial manipulator, including Conventional method (by differentiating position vector), 

the Spatial Vector Formulation shown in [34], and finally the Twist-based Jacobian 

Formulation (including Body-Fixed Twist and Spatial Twist). Followed by using a 3-

RRR manipulator as an example, we show the process of obtaining system-level Jacobian 

for parallel manipulator using various methods and with Twist-based Jacobian 

Formulation method. In particular, we show the process of formulating system-level 

Jacobian for in-parallel system from Jacobian of individual chain, which we use in our 

work to study and analyze various in-parallel haptic devices.  

3.1 Serial Manipulator  Jacobian Formulation 

3.1.1 Conventional Method 

The Jacobian of a serial manipulator shown for a three link RRR manipulator can 

be obtained by first expressing the position of a point on the end-effector of the 

manipulator with respect to the global frame of reference, and subsequently 

differentiating the equation to obtain the velocity-level relationship between end-effector 

velocity and joint rate [24].   
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Figure 11: Reference frames assignment for a RRR manipulator.  

 

The position vector to the end-effector expressed in the fixed frame {0}  can be 

written as: 

 
1 2 3

1 1 2 1 2 3 1 2 3

1 1 2 1 2 3 1 2 3

cos( ) cos( ) cos( )

sin( ) sin( ) sin( )

e

e

e

x L L L

y L L L

 (1) 

The Jacobian can be obtained by simply differentiating the position vectors with respect 

to time: 

 
1

1 1 2 12 3 123 2 12 3 123 3 123 2

1 1 2 12 3 123 2 12 3 123 3 123 3

1 1 1

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

e

e

e

x L L L L L L

y L L L L L L

 (2) 

where
123 1 2 3

sin sin( ) , and 
123 1 2 3

cos cos( ). 
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3.1.2 Spatial Vector Formulation  

While the above formulation works well for planar system, for spatial system, the 

analytic Jacobian does not yield the system Jacobian. Instead we adopt a systematic 

approach, which utilizes the DH frame assignments to determine various columns of the 

Jacobian matrix (the twist contribution from each joint). Using the origin of the end-

effector reference frame as reference point to describe the velocity state of the end-

effector, the end-effector velocity can be expressed as [34]: 

 *

1

n
i

n i i n i i
i

v dz p z  (3) 

 
1

n

n i i
i

z  (4) 

where  and d  are the rate of rotation about thi  joint and rate of translation along thi  

joint, 
i

z  is a unit vector along thi  joint axis, and *i

n
p  is a vector defined from the 

reference frame of thi  link to the origin of the end-effector frame. Note that all vectors in 

Eqn. (3) and (4) are expressed in the fixed reference frame. Note that the expression of 

subscript i  in both 
i

z  and *i

n
p   in Eqn. (3) and (4) is related to the DH convention used 

(Here we show a variant using the modified DH convention outlined in [57], if the 

conventional DH is used, refer to [34], their resulting Jacobian matrix will be the same). 

Writing Eqn. (3) and (4) in matrix form, we obtain 

 
n

n

v
Jx q  (5) 

where  
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1 2

*

,  , ,  ,

     for revolute joint,

     for prismatic joint.
0

n

i

i n
i

i

i

i

J J J J

z p
J

z

z
J

 (6) 

For spatial system, the left-hand side of Eqn. (5) is a 6 1 ( 3 1 for planar 

system) vector with velocity 
n

v  and angular 
n
 component. The right-hand side of Eqn. 

(5) is the product of the Jacobian matrix with the vector of all the actuated joint rates. The 

joint rates are given as 
1 2
,  , ,  

i n
q q q q , and the thi  column of the Jacobian matrix, 

i
J , represent the contribution from thi  joint rate to the velocity of the end-effector.  

Equation (5) allows the systematic symbolic computation of the Jacobian for a 

given system. To compute the Jacobian, Eqn. (5) shows that we need to compute the 

location and direction of each joint axis, and this can be accomplished using the 

following relations: 

 

0

* 0 1 *

1

0

0 ,

1
i i

i i i

n i i n

R

R

z

p r p

 (7) 

where  

 
1

sin

cos

i
i

i i i

i i

a

d

d

r  (8) 

Which is the position vector defined in the DH convention used to create the 

homogeneous transformation matrix. Equation (7) and (8) shows that, once we assigned 

coordinate frames according to DH convention to a robotic system, the homogeneous 
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transformation matrices (
1

i
i

A ) that generated from these frame assignment contain all 

the necessary information we need to compute Eqn. (7) and (8), thereby allow the 

automatic generation of the Jacobian matrix symbolically, since 

 1 1
1 0 1

i i
i i i

i

R
A

r
 (9) 

We demonstrate this process with a planar 3 link manipulator. The DH frame 

assignment and the corresponding DH parameters are given in Figure 11. The 

corresponding homogenous transformation matrices are given as: 

1 1

1 10

1

cos sin 0 0

sin cos 0 0

0 0 1 0

0 0 0 0

A  

2 2 1

2 21

2

cos sin 0

sin cos 0 0

0 0 1 0

0 0 0 0

L

A  

3 3 2

3 32

3

cos sin 0

sin cos 0 0

0 0 1 0

0 0 0 0

L

A  

3

3

4

1 0 0

0 1 0 0

0 0 1 0

0 0 0 0

L

A  

  

The direction of each joint axis (as expressed in the base frame) is given by 

 
0 0 0

1 1 2 2 3 3

0 0 0 0 0 0

0 0 ,   0 0 ,   0 0

1 1 1 1 1 1

R R Rz z z  (10) 

The vector *i

n
p , is given by: 
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3 1 2 3
3 * 0 3 0

4 3 4 3 3 1 2 3

3

2 3 1 2 3 2 1 2 3 1 2 3
2 * 0 2 3 * 0

4 2 3 4 2 3 1 2 3 2

3

0 cos( + + )

0 sin( + + )

0

cos( + + ) cos( ) cos( )

0 sin( + + ) sin(

0

L

R R L

L

L L L L

R R L L

L

p r

p r p
1 2 3 1 2 3

1 1 1 2 1 2 3 1 2 3
1 * 0 1 2 * 0 2 *

4 1 2 4 1 4 1 1 2 1 2 3 1 2 3

) sin( )

0

cos( ) cos( ) cos( )

0 sin( ) sin( ) sin( )

0 0

L

L L L L

R R L L Lp r p p

(11) 

Since all three joints are revolute joints, the columns of the Jacobian can then be 

calculated from Eqn. (6): 

 

1 * 1 1 2 1 2 3 1 2 3
1 4

1 1 1 2 1 2 3 1 2 3
1

2 * 2 1 2 3 1 2 3
2 4

2 2 1 2 3 1 2 3
2

- sin( ) - sin( ) - sin( )

cos( ) cos( ) cos( )

1

- sin( ) - sin( )

cos( ) cos( )

1

L L L
z p

J L L L
z

L L
z p

J L L
z

3 * 3 1 2 3
3 4

3 3 1 2 3
3

- sin( )

cos( )

1

L
z p

J L
z

 (12) 

Note that in Eqn. (12), the resulting 
i

J  are 6 1 vectors but reduced to 3 1 since it is a 

planar system. Finally, the Jacobian is given as: 

 

1 2

1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

,  , ,  

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

1 1 1

n
J J J J

L L L L L L

L L L L L L
 (13) 

Which is identical to the one obtain in Eqn. (2), when we express 
T

n n
vx  instead 

of 
T

n n
vx .  
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3.1.3 Twist based Jacobian Formulation  

Screw theory was introduced by Sir Robert S. Ball in 1876 to generalize two 

important theorems in the study of rigid body mechanics. Chasles Theorem states that a 

rigid body moves from one position to another by means of a rotation about an axis (line), 

followed by translation that is parallel to that axis (line). Analogously, Poinsot Theorem 

states that any rigid body acted under a force system can be replaced by a single force 

along an axis (line) combined with a torque that is about that axis (line). Hence, a rigid 

body motion can be described by the notion of screw motion, and the infinitesimal 

version of such motion is called a twist. Due to the duality relationship, the force system 

can be referred as a wrench that is dual to twist. Hence, the analysis of motion and force 

system can be analyzed in a unified manner using screw theory. An interested reader may 

refer to Hunt [58] for the more traditional line-based screw-theoretic modeling.  

The adopted twist-based modeling approach emphasizes the linkage to matrix-Lie 

group based modeling and analysis of rigid-body mechanics[59]. Specifically, the 3-step 

process discussed below emphasizes: (i) systematically constructing the twist matrix for 

each joint in the local proximal frame, from a homogeneous transformation-matrix 

representation; (ii) transforming the joint twist-matrices into a common reference frame, 

using adjoint transformations; and (iii) extracting twist vectors and composing into a 

Twist-Assembled Jacobian Matrix (TAJM). 
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Figure 12: Homogeneous Transformation between two frames.  

 

The relative configuration of a moving frame { }E  relative to a fixed frame { }F  

is defined by the homogeneous transformation expressed in a 4 4 matrix form as: 

      3
0 1

F F

EF F
TE E

R d
A A SE  (14) 

where 3 3(3) { : ,det 1}F T
E

R SO R RR I R  is a rotation matrix, and 

3Fd  is a displacement vector. A twist matrix (3)T se  can be represented by a 

4 4 matrix of the form: 

 

0

, 0 3
0 0

0

z y

T z x

y x

v
T so  (15) 

where  is a skew-symmetric matrix, 3 , and 3v . The twist vector then takes 

the form of 
6

TT T Tt v  where  is the angular velocity and v  is a linear 
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velocity vector. An unskew operation may also be defined on the set of twist matrices 

that allows the extraction of twist vectors as:  

 ( )
TT T TUnskew T t v  (16) 

3.1.3.1 Spatial Twist  

In general, a spatial twist matrix corresponding to the motion of the moving frame 

{ }E  with respect to its immediately preceding frame { }F  (as expressed in the frame 

{ }F ) can be formed as: 

 1
F

F F F

E E E
T A A  (17) 

Such a twist matrix can then be transformed to any arbitrary frame { }N  by a 

similarity transformation as:  

 1
N F

F N F N

E F E F
T A T A  (18) 

The forward kinematics of an articulated system with N  joints can be formulated 

in terms of homogeneous transforms as: 

 0 0 1 1

1 2

N
N N

A A A A  (19) 

The total twist can be considered as a linear combination of various twist 

contributions of individual articulated degrees of freedom expressed in a common frame: 
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0 0 1 1 2 1
0 0 0 1 2 0 2 0

1 1 2 1 2 3 2

21 3
0

0 1 0
1 1

                                         

N

N
N N N

T T A T A A T A

TT T

A T A
1

N
T

 (20) 

Using Eq.  (18), this can be transformed to inertial frame { }W  as: 

 

0

0 1
0

0 7 0

1 1
7

0 1 0 0 2 0 0 0

1 2

W

N

W W

W W W W W W

N

N

T

A T A

A T A A T A A T A

T T T

 (21) 

Finally, these twist matrices can be rewritten as linear combinations of twist 

vectors parameterized by the corresponding manipulation variable 

rates
1 2

[ ]T
N

. A twist-assembled Jacobian matrix (
T

J ) may now be 

constructed in the form of: 

 

1

2

1 2

T

w

N

J N

t t t t  (22) 

where ( )
i i

t Unskew T  are the twist vectors corresponding to the manipulation variable 

rates of 
1
, 

2
, é, 

N
, respectively. The Jacobian matrix (

T
J ) can be interpreted as the 

linear operator that maps the contribution of the manipulation variable rate at each 

actuated joint in the system to the inertial twist at frame { }W . 
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Again, using a RRR manipulator as our example, with the DH frame assignment 

shown in Figure 1, the overall transformation matrix for this 3 link system can be written 

as: 

 0 0 1 2 3

4 1 2 3 4
A A A A A  (23) 

Taking the derivative of Eqn (23), we obtain: 

 

0 0 1 2 3 0 1 2 3

4 1 2 3 4 1 2 3 4
0 1 2 3 0 1 2 3

1 2 3 4 1 2 3 4
        +

A A A A A A A A A

A A A A A A A A
 (24) 

Post-multiplying Eqn (24) by 0 1

4
A , we obtain: 

 

0 0 1 0 1 2 3 0 1 0 1 2 3 0 1

4 4 1 2 3 4 4 1 2 3 4 4

0 1 2 3 0 1 0 1 2 3 0 1
1 2 3 4 4 1 2 3 4 4

        +

A A A A A A A A A A A A

A A A A A A A A A A
 (25) 

Where 
1

0 1 0 1 2 3 3 1 2 1 1 1 0 1

4 1 2 3 4 4 3 2 1
A A A A A A A A A , recognizing 1AA I , 

we obtained the following expression: 

 

0 0 1 0 0 1 0 1 1 1 0 1

4 4 1 1 1 2 2 1

0 2 2 1 0 1 0 3 3 1 0 1
2 3 3 2 3 4 4 3

        +

A A A A A A A A

A A A A A A A A
 (26) 

The Jacobian obtained by assemble the twists contributed from all joint screws 

(the last term in Eqn (26) is zero since 3
4

0A ), expressed in fixed frame { }F  [60], is 

given as: 

 

1

1 1 1 1 2 1 2 2

1 1 1 1 2 1 2 3

1 1 1

0 sin( ) sin( ) sin( )

0 - cos( ) - cos( ) - cos( )

e

e

e

x L L L

y L L L

 (27) 
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On the other hand, the Jacobian obtained by assembles the twists vectors 

contributed from all joint screws, expressed in frame { }W  ({ }W  is located at the end-

effector while having the same orientation as the fixed frame { }F ), is given as: 

 

1

1 1 2 12 3 123 2 12 3 123 3 123 2

1 1 2 12 3 123 2 12 3 123 3 123 3

1 1 1

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

e

e

e

x L L L L L L

y L L L L L L

(28) 

Comparing Eqn (2) with Eqn (28), we see that the Jacobian matrix formulated 

using the conventional method and the Jacobian matrix formulated using spatial twist 

expressed in end-effector frame { }W  are identical.  

3.1.3.2 Body Fixed Twist  

A body-fixed twist corresponding to the motion of the moving frame { }E , with 

respect to its immediate preceding frame { }F , expressed in the moving frame { }E  is 

given by:  

 1

0 0 0 0

E E
F FE

F F F E E
E E E

v
T A A  (29) 

where 

0

0

0

x y
E

F
E x z

y z

 and 
TE

F
E x y z

v v v v . Using the unskew 

operation, the twist vector can be extracted as: 

 
TE T

F T T
E

t v  (30) 



 

 33 

where one can interpret a body-fixed twist as follow: ( , , )
x y z

v v v v  and 

( , , )
x y z

 are instantaneous linear and angular velocities of frame { }E  with 

respect to frame { }F , as expressed in moving frame { }E .  

The Jacobian of a serial RRR formulated using body-fixed twist (expressed in the 

end-effector frame { }E ) can be obtained by pre-multiplying 0 1

4
A  to the derivative of the 

position transformation matrix (Eqn (24)): 

 

0 1 0 0 1 0 1 2 3 0 1 0 1 2 3

4 4 4 1 2 3 4 4 1 2 3 4

0 1 0 1 2 3 0 1 0 1 2 3
4 1 2 3 4 4 1 2 3 4

        +

A A A A A A A A A A A A

A A A A A A A A A A
 (31) 

where 
1

0 1 0 1 2 3 3 1 2 1 1 1 0 1

4 1 2 3 4 4 3 2 1
A A A A A A A A A , recognizing 1AA I  

and 1m n
n m

A A , we obtained the following expression: 

 

0 1 0 1 1 0 1 0 1 2 1 1 1 1 2
4 4 4 1 1 4 4 2 2 4

3 1 2 1 2 3 3 1 3
4 3 3 4 4 4

4 0 1 0 4 1 4 1 1 1 4 1
1 1 1 1 2 2 2 2

4 2 1 2 4 1 3 1 3
3 3 3 3 4 4

        +

        +

A A A A A A A A A A

A A A A A A

A A A A A A A A

A A A A A A

 (32) 

The resulting Jacobian matrix, formulated using body-fixed twist, is given as: 

 

1

1 23 2 3 2 3 2

1 23 2 3 3 2 3 3 3 3

1 1 1

sin sin sin 0

cos cos cos

e

e

e

x L L L

y L L L L L L

 (33) 

 

 

Summarizing the Jacobian obtained using all methods discussed above in the 

following table: 
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  Summary    

Differentiating Position 

Vector 1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

1 1 1

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

L L L L L L

L L L L L L

 

Spatial Vector 

Formulation 1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

1 1 1

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

L L L L L L

L L L L L L

 

TAJM with Spatial Twist 
1 1 1 1 2 1 2

1 1 1 1 2 1 2

1 1 1

0 sin( ) sin( ) sin( )

0 - cos( ) - cos( ) - cos( )

L L L

L L L

 

TAJM with Spatial Twist 

in { }W  Frame 1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

1 1 1

- sin - sin - sin - sin - sin - sin

cos cos cos cos cos cos

L L L L L L

L L L L L L

 

TAJM with Body-Fixed 

Twist 1 23 2 3 2 3

1 23 2 3 3 2 3 3 3

1 1 1

sin sin sin 0

cos cos cos

L L L

L L L L L L

 

Table 1: Table summarizing the Jacobian matrix formulated using various methods.  

 

The body and spatial velocities are physically interpreted as the instantaneous 

translational and rotational velocity written relative to the body or spatial frame, 

respectively. Body-fixed twist and Spatial twist of a manipulator can be related by 

Adjoint Transformation [61]. While the various twist formulations all represent the end-

effector twist in terms of joint rates, care has to be taken when use the resulting Jacobian 

matrix to compute performance measures such as manipulability ellipsoid, stiffness 

ellipsoid of a manipulator. The linear velocity portion of the Jacobian formulated using 

spatial twist represent the velocity of a point on the end-effector that is located at frame 

{ }F  (imagine the end-effector as a rigid body such that part of this body include a point 

that is located on the origin of frame { }F ). The body-fixed twist, on the other hand, 

represent the linear and angular velocity of the end-effector but expressed in the end-
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effector frame, let say { }E . It can be used to compute performance measures of the 

system such as manipulability indices and stiffness indices (where orientation is not 

considered, see Figure 13). However, to compute the manipulability ellipsoid and 

stiffness ellipsoid, the ellipsoid needs to compensate for the angular difference between 

frame { }F  and frame { }E  to express them properly (see Figure 14). This tends to be a 

tedious process for spatial manipulator. In particular, Jacobian matrix resulting from 

using spatial twist and expressed in { }W  frame is the formulation we used in this thesis 

to obtain the Jacobian of in-parallel manipulator as it represents the velocity of the end-

efffector expressed in a frame that is common to all chains.   

 

Figure 13: Surface plot of isotropy index over the entire  workspace of a two link RR manipulator 

computed using the Jacobian formulated using (top left) analytical method, (top right) spatial -

twist expressed in { }W  frame, (bottow left) spatial twist expressed in { }F  frame, and (bottom 

right) body -fixed twist expressed in { }E  frame.  
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(a) (b)  (c) 

Figure 14: Manipulability ellipsoid computed from Jacobian formulated using (a) spatial twist, 

expressed in {F}  frame; (b) body-fixed twist , express in {E} ; and (c)  spatial twist, expressed in 

{W}  frame.  

 

3.1.4 Reciprocal Screws 

The wrenches combine naturally with twist to define instantaneous work done by 

the mechanical system. Given a twist 6[ ]T T Tt w v , where 3w  and 3v  

are vectors of angular and linear velocities, respectively and a wrench 

6w [ ]T T Tf , where 3f  and 3m  are linear force and angular moment, 

respectively. We can ten define the infinitesimal work as: 

 wTW t f v  (34) 

A wrench w  is said to be reciprocal twist t if the value of W  vanishes. This 

means the action of wrench w  on the twist t  produces no work. Given a twist system T  

spanned the set of twists 
1 2

{ , , , }
n

t t t , we can form the Jacobian matrix J . The 

reciprocal wrench system of T , can be determine using linear algebra approach, where 

1 2 ,6
{w ,w , ,w }

r r r r n
W , 

1 2 ,6
[w ,w , ,w ]

r r r n
W , and W  is the left nullspace of J . 
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As outlined in [61], the twists and the wrenches can be visualized using a RRR 

manipulator as an example. In this example, twist are expressed as : [ ]w T

z x y
t w v v , 

wrenches are expressed as: [ ]w T

z x y
W M F F . The twist vectors, expressed in frame 

{ }W , are: 

1 3 123 2 12 1 1

3 123 2 12 1 1

1

- sin - sin - sin

cos cos cos

wt L L L

L L L

 
2 3 123 2 12

3 123 2 12

1

- sin - sin

cos cos

wt L L

L L

 
3 3 123

3 123

1

- sin

cos

wt L

L

 

 

The wrenches are: 

3 3

1 1 2

1 2

sin( )

cos( )

sin( )

w

L

W

   

 

where: 

 
  

 

 One can verify the resulting wrenches by making sure  

, etc. 


























































































































































































































































































































































