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1. Introduction cal solution of the design equations obtained using the geometric
Single Degree-of-freedom Coupled Serial Ch4®DCSQ zgfjrt?sﬁsr‘};j% not possible in general, and may warrant numerical

mechanisms combine the benefits of serial chain manipulators an
closed-loop linkages. They are constructed by coupling the ro%—i

tions of the distal joints of a conventional serial chain to the ba§jl d more recently by Lee and Yopt2]. As noted by Kaufman in
joint by way of cable and pulley drives or gear trains to reduce tk{ﬁe accompanying discussion of Se{ndor and Bissh@ipthe
_degree O.f freedo_m to one. lee_ closeq-loop linkages, they a&%sign equations in the loop-closure approach are formulated so
INEXPENSIVE, easn_y cpntrolled with a__sm_gle actuator, af?d OPHRat they are linear in the unknown link vector components. It not
mized for an application. The versatility is not compromised if} simplifies the solution but also helps in easily determining
SDCSCs because they can be designed to perform multiple t maximum number of design positions and in appropriately

by changing the speed “’%‘“05 Of. the pulleys ano! varying the e.ﬁecqioosing excess unknowns fige-choice variableshen there
tive link lengths. Like serial chains, they are suitable for manipuy.. fawer equations than unknowns

lation tasks in environments with obstacles. The design of planar-l-he focus of this : :
. . : . . paper is to synthesize an R-R dyad that passes
SDCSC mechanisms was described in Krovi ef#J2]. In this ?rough three finitely separated positions in the 3-D space disre-

he loop-closure approach was used in spatial dyadic synthesis
Sandor 8] and Sandor and Bisshopp] among many others,

papehr, t_he d_imensi(_)(r;al jyrllt_hesislofhtwo-liﬂk spatiall EDRCc? arding orientations, with applications to spatial SDCSCs. It is
mechanisms Is considered. Figure 1 shows the general R- ortant to note at the outset that there exists a trivial planar

. r"ﬁ%
and the coupled R-R dyad. Because the two mechanisms havg,g,tion for this problem because three arbitrary points necessarily
number of common design issues, the extensive literature on ein a plane. Such a solution is not deemed appropriate here
R-R dyad (see Bodduluri et al[3] for a thorough revieWis pecayse the objective is synthesizing an R-R dyad which when
briefly reviewed next. used in a mechanism can approximately follow a specified path in

1.1 Background. The methods for spatial dyadic synthesi¢h€ 3-D space while precisely passing through three points on this
can be broadly classified intgeometricandloop-closuremethods path. In this wo_rk, vectors and rotation matrices are used to for-
[4]. In geometric methods, the orientations and locations of thaulate the design equations using the loop-closure method. In
joints are used as the variables in the design equations and ti¢&iptrast to the planar case, the spatial loop-closure equations writ-
loci are found on a moving body such that they can be easﬂ?“ in terms of linear link vector unknowns are not independent.
mechanized5—7]. On the other hand, the loop-closure methodf) the previous research on the spatial R-R dja@,12,14 suf-

formulates the design equations using vectors, rotation matricgient number of auxiliary equations of appropriate form were

quaternions, or dual quaternions with link dimensions and orieAdded to render the system of design equations independent and

tations as the variabld8—12]. _consistent_ in order to ensure a solution. Different types of auxil-_
Using the geometric approach, Siit8] demonstrated that spa- &Y equations used by ot.her researchers are sqmmarlzed later in
tial R-R dyads which provide three finitely separated papesi- this paper. The goal of this paper is to systema_ltlcally present the
tions and orientationsof a rigid body can exist only in pairs and "€cessary theory and algorithms for the design of R-R dyads
that each pair forms a Bennett mechanism. Tsai and Roth while making three new contributions to this subject. The first

proved that such a pair is unique and presented an analyti gptribution is a clear explanation of the rationale behind the aux-
solution to find it. It should be noted however that an analytllay equations and their analytical and geometric interpretation.
he second contribution is the development of a systematic

memly assistant professor at McGill University closed-form solution of the design equations that uses the addi-
Contributed by the Mechanisms Committee for publication in theRNAL OF tlo_nal InSIth game.d abou.t the R-R dy.ad.' The third contribution is

MECHANICAL DESIGN Manuscript received Oct. 1999, Associate Editor:USiNg the free-choice variables to optimize the coupled R-R dyad

G. S. Chirikjian. mechanism formed with the dyad solution so that specified re-
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Fig. 1 (a) Spatial R-R dyad with two degrees of freedom; (b) the coupled R-R
dyad with only one degree of freedom

quirements are met exactly at the design positions and in a leasterel is the 3<3 identity matrix and (i X) is the skew matrix
squares sense everywhere else on the specified 3-D path. of u. Subtracting the first of Eq1) from the second, we eliminate

three scalar unknowns & leaving six scalar unknowns in three

1.2 Organization of the Paper. The design equations are ; .
gguations in the vector form as:

formulated in Section 2 using vectors and rotation matrices. T
need for auxiliary equations is systematically presented and the
result of an analytical derivation is interpreted using what is called
a nullspace dyadIn Section 3, the rationale for why and how
many auxiliary equations are necessary is explained, and a conve-

nient form of these equations is presented in addition to briefyithough it may appear that three unknowris 4nd «,) can be

reviewing the auxiliary equations used by previous researcheﬁ%ely chosen to solve for the three unknownsBinin the linear

Arbitrarily chosen values for the free-choice variables might rens : o ;
der the linear system of design equations inconsistent. This pr(%e/_stemén Z?é?g Itis not possible because, for general values of
|%2, T2 2>

lem is discussed and solved in Section 4 using a fundamental® N . L -

theorem of linear algebra after analytically deriving the consis- () the rank offR[U,az] 1} is two, i.e, it is rank-deficient by

tency conditions. Section 5 is an ouline of the new closed-forff"e: @nd . )

solution procedure. In Section 6, the solution procedure is applied(!) the rank of the X4 augmented matrixR[u, a;]—1: (P,

to the coupled R-R dyad which is optimized to trace a path in 3-D P1)} 18 three(it should be two as explained lajer

space. Numerical examples are presented in Section 7 and c8imce the matrix in Eq(3) is rank-deficient by one, it has a non

cluding remarks are made in Section 8. trivial homogeneous solution in addition to a particular solution.
The homogeneous component Bf can be determined if we

2. Kinematic Design Equations and the Nullspace know the nullspace ofR[U,a,]—1}. From the properties of the

Dyad

2.1 Single Crank Passing Through Two Points in Space.
In this subsection, the basic ideas will be presented using the
simple example of a single crank passing through two arbitrarily
specified points in space as shown in Fig. 2. There are nine scalar
unknowns in this problem: three in the link vect®y in the first
design position, two in the unit vector representing the axis of
rotation(, three in the vectoA that describes the crank, and the
angle of rotatione, that takes first design position to the second.
The two vector loop-closure equations shown below lead to six
scalar equations giving rise to thr&ee-choice variables

{RIO, @] —1}By=P,— P, 3)

A+B,=P,
A+R[0,a,]B,=P, 1)

where|5l and }52 are position vectors of the specified points, and

R[ 0, ;] is the rotation matrix that rotates vect®y from its first
design position to the second:

R[0,a,]=[cog ay)] +sin(a,) (UX)+(1—cog a,))0l"]
2) Fig. 2 Single crank passing through two points in space
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rotation matrices, we know that the nullspace vector of
{R[u,az]_— I} is the axis of rotationu. Thus, the complete solu-

tion for B4 is given by:

B1= B3 particula™ B1,homogeneois B1,particular™ SU 4)

wheres is one of the three possible free choices.

The result of Eq(4) can be interpreted geometrically by ob-
serving in Fig. 2 thaB, can be decomposed in®;, and B,
which are respectively parallel and perpendicular components to

the unit vectoru. It can seen that the length &, can be arbi-
trarily chosen without affecting the capability of the single crank
to pass through the two points. This means that the fixed pivot of
the crank can be arbitrarily positioned along the axighus,sis

one free choice variable. If it is intended that this free choice be
not exercised freely and instead some other objective is to be
fulfilled, an auxiliary equationcan be added. For exampB; in

Eq. (3) may be required to satisfy the following auxiliary equation
to minimize its length:

B, =0 (5)

Spatial R-R dyad passing through three design posi-

As per the fundamental theorem of linear algebra, a squtiQFﬂg'ﬁ]'s3
exists for a system of linear equations only if the right hand side
vector lies in the column space of the matfds]. This implies
that the rank of the matrix is equal to the rank of the augmented
matrix that is obtained by adding the right hand side vector as @sctor can be obtained as a single rotation about an equivalent
extra column to the matrik16]. Therefore, unless and a, are axis W; by an angley;. The loop-closure equation for thd"
chosen appropriately to make the rank of the augmented matﬂésign position can then be written as:
equal to two, the linear system in E) will be inconsistent
without a solution for specifie@, andP,. A consistency condi-
tion can be posed in a computationally convenient form using the " 3 2 _5 :
indirect forn? of the fundampental theoyrem of linear algebra.gThe A+RUi]B +RIU, ai]R[vi BiC, =Py, 1223
indirect form requires that the left nullspace of the matrix be or- or A+ R[u,ai]I§1+ R[w; lyi]élz |5i (7b)
thogonal to the right hand side vector. In this case, the left ) ) } ) ) ) )
nullspace of the matrix in Eq3) has a dimension of one and is The kinematic design equations are obtained by taking the dif-
spanned by the vectar. Therefore,ii must be perpendicular to ference of the loop-closure equation in fffeposition and the first

the vector P,— P,) leading to the consistency condition: position. Thqs, for three design position_s shown in Fig. 3, the six
scalar equations can be written in matrix form as follows:

u-(P—Py=0 © (RLG,az]~1) (R0, az]R5;,82]-1)][ By

Using one free choice and the consistency condition of(Bq.0 (R[U,@3]—1) (R[U,@3]R[01,B83]—1) él

can be determined before solving the design equation of &qg. . R o
The anglex, is the second free choice that is needed to solve Eq. P,— Py B, P,—P,;

(3). The three scalar equations of Eg) are now guaranteed to be =1 = = (=[Mlsxe c “lp.—p (70)
consistent. Any two independent equations in &j.and the aux- P3=Py Dexa 8 Tlsexa

iliary equation in Eq.(5) can now be solved foB;. And then, There are a total of 14 scalar unknowns in 6 equations in{ .

using first of Eq.(1), A can be obtained. the unknowns arelt (2), v, (2), B; (3), C; (3), and four angles

This simple example, as explained above, served to make #he, a3,8,, andB3. As in the single crank case, it might appear

following observations that are generally true with spatial revolutbat there are eight free-choice variables to assume freely and
jointed serial chaingas will be seen later in the paper solve forB; andC; as a linear system. Once again, this is not
rpeossible as the matriM is rank-deficient by two. Thus, two extra
erendent auxiliary equations or two additional specifications of
ee choices are necessary to find the homogeneous solution. Fur-
ermore, the free-choice variables should be chosen such that the
trix equation is consistent and solvable. The homogeneous so-
lon is analytically derived and geometrically interpreted next in
filyis section and the consistency is discussed in Section 5.

A+B,+C;=P, 72

1 The linear system of design equations resulting only from t
loop-closure equations in the spatial case cannot be solved
arbitrary design specifications since the resulting matrix is ran
deficient.

2 The free choices must be chosen so as to render the lin
system of design equations consistent and solvable. u

3 The nullspace and the homogeneous solution must be in
preted correctly in order to add the auxiliary equations systemati-Analytical Derivation of the Nullspace ¢§M]g.s. The ho-
cally and to choose the free-choice variables sensibly. mogeneous solution of Eq7c) is equivalent to finding the
nullspace of the matri. Since the rank of this matrix is four,
the dimension of its nullspace is two. Thus there exist two16

vectorsX; andX, for the solution of the homogeneous equation:

2.2 Spatial R-R Dyad. The above ideas will now be ex-
tended to the R-R dyad. As shown in Fi@l, first link vectorB, ,
positioned away from the origin b4, rotates about the fixed axis ~
denoted by the unit vectdr by an anglew; to reach the'" design (R[0,a5]—1) (R[U,a,]R[01,82]—1 )” Bl] [5} -

position. The second link vector &; which is rotated along with (R[O,a5]—1)  (R[0,a3]R[D;,85]—1) 61 16

B, in addition to rotating about the moving axs by an angle R R
B; . By Euler's theorem, the composite rotation of the second linket X; and X, be of the following form:
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v [pla+q1{}1) C'=\yD (14)

12— O+ d-p 9)
P2uTtQug
It should be noted that the nullspace dyad holds good for any
wherepy, d;, P, andg, are unknown constants that assume twQajyes ofx, and\,. Therefore, the homogeneous solution of Eq.

different sets of values to giv&; andX,. (7c) and therefore the nullspace of the matvixcan be written as:
Substitution of Eq.(9) into (8) and the block muiltiplication of 5 i .

the top row, after simplificatior(note: R[0,a,]—1)U=0 and [ ‘,]=>\1 Q]H\Z[ v (15)
R[ﬁl,ﬂz]51=51) yie|dSZ C 0 v

(A1+02) (R[8, @] — )01+ Pa(RG,@,]R[01,8,]-1)0=0  whichis same as Eq13). . .
(10) It is also worth noting that the above geometric interpretation
and derivation of the nullspace dyad extends to serial revolute

Pre-multiplication of Eq(10) by 0" makes the first term vanish chains of three or more links. The case of thelspace triadis

yielding shown in Fig. 5 and is given by:
P20 (R[0,,]R[01, 8,1~ =0 (11) 5 y _; 0
from which we can infer thap, must be zero unless is parallel crb = ob 4 o V4 —W 1
to 0, which is the trivial case. By substituting,=0 in Eq.(10), <, M 0 A2 8 A3 W (16)
we can infer that D
q;+0,=0 (12) Alternatively, the nullspace vectors shown in Eg) can be writ-

ten using a different basis, which has the attractive property of

There is no restriction on the value pf. Block multiplication of being orthogonal:

the second row gives the same results. By choosing valugs for
d:, P2 andq, in accordance with the above relationships, two sets Q —0,+(0-0,)0
of values can be obtained as follows: and { ~ J

5 a7)

v

- u
p.=1; p,=0; q;=0; q2=0:>X1:{6 In a similar manner, an alternative representation of the nullspace

] (13) vectors of Eq.(16) for the triad can be written using orthogonal

- (=0, basis vectors as:
p:=0; p2=0; aq;=-1; Q2:1:x2:[ > ] N - P
1 u —vi+t(Uu-vu
These nullspace vectors can be interpreted geometrically as de- 0, v
scribed next. 0 0
The Nullspace Dyad. In the R-R dyad formed with the ho- and

mogeneous solution &, andC; (i.e., the nullspace vectorsthe
tip of the end-effector experiences zero displacement for @any (01 W) (—01+ (0. W)T)
andpB. Such a dyad, called thaullspace dyadis shown geometri- —Wy+(Wy-01)01 (18)
cally in Fig. 4. It can be seen in the figure that the tip of the vector Wy

C’, the end-effector, re[nains fixed for any rotatieof B" about

U and any rotatiorg of C’ about the rotated. By denoting the
distance from the end-effector point to the fixed revolute joiri of
by N1, and the distance from the end-effector point to the moving
revolute joint ofo by \,, from Fig. 4 we obtain,

B'=)\1l]—)\217

Fig. 5 Nullspace triad, a geometric interpretation of the
Fig. 4 The nullspace dyad, a geometric interpretation of M nullspace of M
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In the next section, the insight gained with the nullspace vectorsvsctors can be obtained as shown in the Appendix. The procedure
used in systematically arriving at the auxiliary equations thatescribed in the appendix can easily be extended to the case of
make the linear system of equations in Ed@c) consistent and multiple links connected with revolute joints.

solvable. p1l+qi0,+r W
v Lt 11T W
- _ 6X1_{p20+Q251+r2‘7V3] (23)
3 Auxiliary Equations Thus, if Y, andY, span the left nullspace &, the orthogonality

In the single crank case, instead of using the free-choice vagendition gives two scalar equations that must be satisfied in order
ables in the homogeneous solution in E@), an auxiliary equa- to ensure the consistency of BEJc):
tion (Eq. (5)) was added to minimize the length of the vedBr. b._p
In a similar manner, in the case of the R-R dyad we can either yi.{ 2 J]
choose the free-choice variables andX , in Eq. (15) or add two Ps—P;
auxiliary equations to Ec(7c) to impose additional criteria and |t should be noted that the consistency equations are independent
make the rank of the resulting system of equations equal to spf.the loop-closure equations and the auxiliary equations. An at-
The two conditions to be satisfied in choosing the auxiliary equggctive feature of the form obtained here is that the consistency
tions are:(i) independence with respect to the equations in Egquations involve only a subset of the unknown variables
(7c); and(ii) linearity in the unknown vector variabl&® andC;. ({,04,a,,@3,8,, and 83). This decoupling of the consistency
There are many ways of adding the auxiliary equations. For egguations and design Eq§) makes it easy to solve for any two
ample, Tsai and Rotfil4] and Lee and Yoo12] required that of 0,0,,a;,a3,8,, andB; while assuming six of them freely.
the first link be perpendicular to the fixed and moving revolute

axes to obtain the shortest length #®. That is,

=0 i=12 (24)

5 Solution Procedure

B,-U=0 (19) The first step in the solution procedure is to assign values to six
P of the eight free-choice variables in Efc) and determine the
Bi-v=0 other two in accordance with the two consistency conditions of

Sandor8] and Sandor and Bisshoig] used the following con- EQ. (24). If the variablesl, @,,a3,8,, and B3 are chosen to as-
ditions that enabled the development of the quaternion rotati6ign arbitrary values, and s, is represented in terms &f and¢,
operator, but made it necessary to include three auxiliary equihich denote its elevation and azimuthal angles in the global ref-
tions even though two are enough for the reason stated aboveerence frame, the consistency Eg4) can be written as

3. = A;siné;+B;siné, cosé;+ Cy cosé, cosé+D=0

B,-u=0 20) 1 17 B 2 176 2 1T (25)

61.\;\,: 0 i=23 A, siné;+B,siné, cosé; +C, cosé, coséy+D,=0

It should be noted that the nullspace vectors not only furnish tg'ereé the coefficients are expressed in terms uod;, a3,
rationale for why and how many auxiliary equations are necessafy:P1,P2, andPj.

but also provide guidance in formulating them in an appropriatghe two trigonometric equations in E(@5) can be solved fog;
form. In this paper, the following conditions were used to ensugghd ¢, as

that the solution vectors &, andC; have no components along

— —1
the nullspace vectors and therefore yielding shortest lengths for é1=tan*(arg arg) (26)
each link. &=tan Yarg,y)
B,-U=0 21 where arg and arg are in terms of known quantities angis a
-~ (1) solution of the following quartic equation that essentially has a
(B1—Cy)-v1=0 quadratic form:
4 Consistency Conditions Kagh"+ Ky + K =0 (27)

The fundamental theorem of linear algebra states that forwath K, , K,,, andK, as functions of the coefficients of E@®5).
linear matrix system with non-zero right hand side vector to havéhe solution of Eq(27) leads to only two unique real solutions
a solution, the vector on the right hand side must lie in the coluniar v .
space of the matrik15]. Therefore, for arbitrarily specified posi- _The second step is to select any four linear equations from Eq.
tion vectorsP,, P,, and |53‘ the free-choice variables must be(7¢) which are now consistent, and solve them in conjunction with

chosen such that the condition set forth by the fundamental théwo linear auxiliary equations of E¢21) for the link vectorsB,
rem of linear algebra is satisfied by E7c). One method of andC,. Since for any consistent choice @f«,,a3,3,, andB;,

verifying this condition is to make sure that the rank of the augwo solutions can exist fof;, two R-R dyads that pass through
mented matrixM,,q4 (shown below is same as the rank of thethe three design points are obtained. It was observed that these

matrix M. two dyad solutions do not form a Bennett linkage unlike the rigid-
b._p body guidance case. The solution procedure and the related issues
,— Py ; . .
Maug=|[MIsxs {|53_ ISJ } (22) are discussed in detail by Krof2].
6X1

The above condition is less amenable for symbolic algebraic ma- Coupled Spatial R-R Dyad
nipulation and for the appropriate selection of free choice vari-
ables than an alternative condition discussed next. The indir
form of the fundamental theorem which states that the left:
nullspace vectors dfl should be orthogonal to the right hand sidq.n
vector provides this conditiofl5]. Since the matrixM is rank-
deficient by two, its left nullspace has a dimension of two. Ther
fore, two 6X 1 vectors span the left nullspaceMf By expressing
them in following form with six unknown coefficients, two basis Bi=ga; =23 (28)

The synthesis procedure described above is now applied to the
sign of a coupled spatial R-R dyad mechanism shown in
g.1(b). The kinematic design of R-R dyad and coupled R-R
echanism are identical with a minor difference in the total num-
ber of variables. Since the rotations of the two revolute axes are
oupled linearly with a coupling ratig, i.e.,
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for three design positions there will be only three unknowns Table 3 The numerical data for the path specified in example 2

a3, andg instead of four ¢,,a3,B,, andB3) as in the case of Point # X Y- Z-
the R-R dyad. Therefore, only five variables can be assigned ar- ) ) )
bitrary values. coordinate | coordinate | coordinate
Using the five free-choice variables, the three design position 1 3.5000000 | -4.5000000 | 0.0000000
synthesis procedure was used in optimizing the coupled R-R dyad 2 4.1742945 | -4.1577586 | 0.3135854
to_lnterpolate a specified 3-D path as cIc_Jser as poss_lble by mini- 3 47453369 | 3.6168820 | 0.6237350
mizing the least-square-error. The optimal synthesis procedure
consisted of the following steps. Given a path in the 3-D space, 4 5.1614497 | -2.9101903 | 0.9270510
three points were chosen as the design positions, and five free- 5 53811611 | -2.0831597 | 1.2202099
choice variables were used as the optimization variables. The ob- 6 53761753 | -1.1908529 | 1.5000000
jective function to be minimized is the least squares error between
“correspondence points” on the specified 3-D path and the end- 7 5.1334465 | -0.2541807 | 1.7633558
effector path of the designed mechanisms, which quantifies the 8 4.6562145 | 0.5442498 | 2.0073918
deviation between the two paths. The correspondence points are 9 3.9639299 | 12644187 | 2.2294345
determmed on the_ basis of eq_ual arc—l_ength_ seng—thsTh_e 10 30910716 | 18130146 | 24270510
sequential quadratic programming algorithm implemented in the

Matlab software(The Math Works Ing. was used to solve the

optimization problem. It should be noted that in each function

evaluation, the three design position synthesis of the coupled Rdlnension smoothly. Figures 6 and 7 show the coupled R-R dyad
dyad needs to be performed. Two example studies are descrikeglition for the first and second examples. In the first example, the

in the next section. known mechanism solution was not recovered although the opti-
mized path is very close to the specified path as shown in Fig. 6.
7 Numerical Examples This is attributed to the nonlinearity and non-convexity of the

The path to be traced by the coupled R-R dyad is specified 35 deS|gn space and illustrates the difficulties that are typical in

the form of theX,Y, andZ coordinates of 10 points on the path.
Cubic spline |nterpolat|on is used to obtain the intermediate pomf
data during the iterative optimization procedure. The data for e
amples 1 and 2 is shown in Tables 1 and 3 respectively. The d.
for the first example was created using a known coupled R-R dy
to check if the optimization method returns the known mechanis
as the solution. The data of the second example was created a
trarily by choosing a plane curve and raising it into the thir

Table 1 The numerical data for the path specified in example 1

Point # X- Y- Z-

coordinate | coordinate coordinate
1 -1.9932215 | 7.8333192 | 18.185092
2 -4.4458151 | 7.3039887 | 18.436291
3 -6.5853712 | 8.0486525 | 17.778859
4 -7.7020111 | 9.8229218 16.445882
5 -7.3624875 | 12.051120 | 14.742146
6 -5.5421344 | 14.023706 | 12.957265
7 -2.6094600 | 15.136156 | 11.300676
8 0.8245457 | 15.074413 | 9.8800020
9 4.12527190 | 13.877389 | 8.7244706
10 6.82969900 | 11.861732 | 7.8355153

Table 2 The parameters of the optimized mechanism solution
of example 1

4" = {0.7753 0.0659 0.6281)
= {-0.4492 -0.5257 -0.7224}
o, =29.4244°

@, =65.9517°

g =4.5593

AT = {17.4131 18.2729 23.1507} 0 5 0 5 10 15 20

2T _ i} )
Bi' ={-167044 -0.2804 -1.3043} Fig. 6 (a) Optimized coupled R-R dyad OLMN of example 1

T = {-2.7018 -10.1591 -3.6611} shown in its first position;  (b) snapshots of the optimized dyad
of example 1 during its entire motion
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Fig. 7 (a) Optimized coupled R-R dyad OLMN of example 2

shown in its first position;  (b) snapshots of the optimized dyad

of example 2 during its entire motion

Table 4 The parameters of the optimized mechanism solution

of example 2

mechanism synthesis problems. The optimum solution was found

Al ={0.62730.1061 0.7715}
7 = {-0.5216 -0.6564 -0.5450}
o =21.1360°

oy =47.5419°

g =21177

AT = {-8.4619 7.5123 10.2564}
B\ = {8.5909 -6.6822 -4.7148}
Ci = {3.3710 -5.3301 -5.5416}

path following applications was presented by building upon pre-
vious work on spatial R-R dyads. The rotation matrix and vector
notation was used to write the loop-closure equations so that the
design equations are linear in the link vector components. This
linear system is rank-deficient by two and therefore two extra
auxiliary equations need to be added. In contrast to previous work,
a systematic approach to selecting the auxiliary equations was
described along with a geometric interpretation based on the
nullspace of the matrix in the design equations. A nullspace dyad
that can be generalized to spatial revolute chains of any number of
links, with or without coupling, was presented. The second key
concept presented in this paper is the technique of ensuring the
consistency of the linear system of design equations in choosing
values for the free-choice variables. This was accomplished using
the indirect form of the fundamental theorem of linear algebra. A
systematic synthesis procedure was then outlined. Optimization of
a coupled R-R dyad with the free-choice variables as optimization
design variables was performed to generate a specified path in the
3-D space. Two numerical examples were presented to demon-
strate the effectiveness of the method.
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Appendix

Derivation of the Left Nullspace of[M]. Let the basis vec-
tors that span the left nullspace pM] (i.e., the nullspace of
[M]T) be of the following form with six unknown coefficients:

pll:H‘Qﬂ:fl"‘rl‘ZVz]
pau+tauyt+row,
Noting that ®[U,a])"=(R[0,—«a]), and using{M] defined in

Eq. (7c) and Y defined above, for a homogeneous solution we
have

Yex1= (A1)

[M]T{Y}={0}
(R[U,—az]—1) (R[U,—as]—1) }
(R[ﬁl,—ﬁz]R[ﬂ,—aZ]—l) (R[511_33]R[01_0’3]_|)

{p10+q1{)1+r1\7v2] _{6]

N ~ ~ - A2
Pau+t Qv t+row, 0 (A2)

Noting that fori=2, and 3, R[0,—a;]—1)0=0 and R[0,,
—BiIR[U,—a;]—1)W;=0, the following relationships can be
obtained.

UTR[0¢,BiIW=0"W; i=2,3
01R[U,— B W, =0]W; =23 a3)
WIR[01,—B10=W0 i=2,3
WR[0,B101=W0] =23

The block multiplication of the top and bottom rows in E42)
gives

(RLO, = ap] = 1)(q101+11Wy)

to be dependent on the initial guess assigned to the design vari- +(RIU.— aal—1 DatraWs)=0
ables. The parameters of the optimized solutions of examples a (RLU, = ag] = 1)(Geua + 12Wz) (Ad)

and 2 are given in Tables 2 and 4 respectively.

8 Conclusions

In this paper, the necessary theory and optimal design prod&e-multiplying the first equation diAd) by fJI and simplifying
dure for the kinematic synthesis of spatial coupled R-R dyads fasing Eq.(A3) yields

Journal of Mechanical Design

(R[l;l,_Bz]R[ﬂq_az]_|)(p10+Q1lA11)
+(R[01,— B3]R[U, — az]—1)(pal+0,0,)=0
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9101 (R[0,— 2] — 1)1+ 0201 (R0, — az]—1)0,=0 (A5)

Pre-multiplying the second equation @4) by W) and simplify-
ing using Eqs(A3) yields
pz"AVg(R[lAfl-*,Bs]* Ha
+0W3(R[01,~ B3]R[0,~ag]=1)0;=0  (A6)

Similarly, pre-multiplying the second equation @4) by \7v§ and
simplifying using Eq.(A3) yields

p1‘7Vg(R[131,—,32]_|)0
+ 0 W(R[D1, — Bo]R[U,— arp]—1)0,=0 (A7)

Since the rank ofM] is only four, two variables amongy , q;,

r{, P2, 02, andr, can be chosen arbitrarily to find the basis

vectors of the left nullspace ¢M], and the remaining can be
solved using Eqs(A4) to (A7). For exampler,;=1, andq;=0
gives a basis vector in a very simple form:

- \7\/2

Y1= { sz]
where k=—{aT(R[ U, — a,]— D)W, }/{aT(R[ 0, — a3]— )W5} and
a is any vector that has a non-zero component alo®g,. The
second basis vector can be chosen witk0, andg,=1 which

does not reduce to as simple a form as in &®) but is available
in the symbolic form.

(A8)
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