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The dimensional synthesis of a spatial two revolute jointed dyad for path following t
with applications to coupled serial chain mechanisms is presented. The precision
synthesis equations obtained using the rotation matrix approach form a rank-defi
linear system in the link-vector components. The nullspace of this rank-deficient l
system is derived analytically and interpreted geometrically. The nullspace vectors le
the specification of additional constraints via the so-called auxiliary equations and to
solution of the linear system of equations. The geometry also allows the derivation
closed form solution for the three design position problem. Finally, optimal path foll
ing by coupled R-R dyads is achieved by optimization over the free choice varia
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1. Introduction
Single Degree-of-freedom Coupled Serial Chain~SDCSC!

mechanisms combine the benefits of serial chain manipulators
closed-loop linkages. They are constructed by coupling the r
tions of the distal joints of a conventional serial chain to the b
joint by way of cable and pulley drives or gear trains to reduce
degree of freedom to one. Like closed-loop linkages, they
inexpensive, easily controlled with a single actuator, and o
mized for an application. The versatility is not compromised
SDCSCs because they can be designed to perform multiple t
by changing the speed ratios of the pulleys and varying the ef
tive link lengths. Like serial chains, they are suitable for manip
lation tasks in environments with obstacles. The design of pla
SDCSC mechanisms was described in Krovi et al.@1,2#. In this
paper, the dimensional synthesis of two-link spatial SDC
mechanisms is considered. Figure 1 shows the general R-R
and the coupled R-R dyad. Because the two mechanisms ha
number of common design issues, the extensive literature on
R-R dyad ~see Bodduluri et al.@3# for a thorough review! is
briefly reviewed next.

1.1 Background. The methods for spatial dyadic synthes
can be broadly classified intogeometricandloop-closuremethods
@4#. In geometric methods, the orientations and locations of
joints are used as the variables in the design equations and
loci are found on a moving body such that they can be ea
mechanized@5–7#. On the other hand, the loop-closure meth
formulates the design equations using vectors, rotation matr
quaternions, or dual quaternions with link dimensions and ori
tations as the variables@8–12#.

Using the geometric approach, Suh@13# demonstrated that spa
tial R-R dyads which provide three finitely separated poses~posi-
tions and orientations! of a rigid body can exist only in pairs an
that each pair forms a Bennett mechanism. Tsai and Roth@14#
proved that such a pair is unique and presented an analy
solution to find it. It should be noted however that an analy
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cal solution of the design equations obtained using the geom
approach is not possible in general, and may warrant nume
solutions@7#.

The loop-closure approach was used in spatial dyadic synth
by Sandor@8# and Sandor and Bisshopp@9# among many others
and more recently by Lee and Yoon@12#. As noted by Kaufman in
the accompanying discussion of Sandor and Bisshopp@9#, the
design equations in the loop-closure approach are formulate
that they are linear in the unknown link vector components. It
only simplifies the solution but also helps in easily determini
the maximum number of design positions and in appropriat
choosing excess unknowns asfree-choice variableswhen there
are fewer equations than unknowns.

The focus of this paper is to synthesize an R-R dyad that pa
through three finitely separated positions in the 3-D space di
garding orientations, with applications to spatial SDCSCs. It
important to note at the outset that there exists a trivial pla
solution for this problem because three arbitrary points necess
lie in a plane. Such a solution is not deemed appropriate h
because the objective is synthesizing an R-R dyad which w
used in a mechanism can approximately follow a specified pat
the 3-D space while precisely passing through three points on
path. In this work, vectors and rotation matrices are used to
mulate the design equations using the loop-closure method
contrast to the planar case, the spatial loop-closure equations
ten in terms of linear link vector unknowns are not independe
In the previous research on the spatial R-R dyad@7,9,12,14# suf-
ficient number of auxiliary equations of appropriate form we
added to render the system of design equations independen
consistent in order to ensure a solution. Different types of au
iary equations used by other researchers are summarized lat
this paper. The goal of this paper is to systematically present
necessary theory and algorithms for the design of R-R dy
while making three new contributions to this subject. The fi
contribution is a clear explanation of the rationale behind the a
iliary equations and their analytical and geometric interpretati
The second contribution is the development of a system
closed-form solution of the design equations that uses the a
tional insight gained about the R-R dyad. The third contribution
using the free-choice variables to optimize the coupled R-R d
mechanism formed with the dyad solution so that specified
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Fig. 1 „a… Spatial R-R dyad with two degrees of freedom; „b… the coupled R-R
dyad with only one degree of freedom
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quirements are met exactly at the design positions and in a
squares sense everywhere else on the specified 3-D path.

1.2 Organization of the Paper. The design equations ar
formulated in Section 2 using vectors and rotation matrices.
need for auxiliary equations is systematically presented and
result of an analytical derivation is interpreted using what is ca
a nullspace dyad. In Section 3, the rationale for why and ho
many auxiliary equations are necessary is explained, and a co
nient form of these equations is presented in addition to bri
reviewing the auxiliary equations used by previous research
Arbitrarily chosen values for the free-choice variables might r
der the linear system of design equations inconsistent. This p
lem is discussed and solved in Section 4 using a fundame
theorem of linear algebra after analytically deriving the cons
tency conditions. Section 5 is an outline of the new closed-fo
solution procedure. In Section 6, the solution procedure is app
to the coupled R-R dyad which is optimized to trace a path in 3
space. Numerical examples are presented in Section 7 and
cluding remarks are made in Section 8.

2. Kinematic Design Equations and the Nullspace
Dyad

2.1 Single Crank Passing Through Two Points in Space
In this subsection, the basic ideas will be presented using
simple example of a single crank passing through two arbitra
specified points in space as shown in Fig. 2. There are nine s
unknowns in this problem: three in the link vectorBY 1 in the first
design position, two in the unit vector representing the axis
rotation û, three in the vectorAY that describes the crank, and th
angle of rotationa2 that takes first design position to the secon
The two vector loop-closure equations shown below lead to
scalar equations giving rise to threefree-choice variables.

AY 1BY 15PY 1

AY 1R@ û,a2#BY 15PY 2 (1)

wherePY 1 andPY 2 are position vectors of the specified points, a
R@ û,a2# is the rotation matrix that rotates vectorBY 1 from its first
design position to the second:

R@ û,a2#5@cos~a2!I 1sin~a2!~ û3 !1~12cos~a2!!ûûT#
(2)
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whereI is the 333 identity matrix and (û3) is the skew matrix
of û. Subtracting the first of Eq.~1! from the second, we eliminate
three scalar unknowns ofAY leaving six scalar unknowns in thre
equations in the vector form as:

$R@ û,a2#2I %BY 15PY 22PY 1 (3)

Although it may appear that three unknowns (û and a2) can be
freely chosen to solve for the three unknowns inBY 1 in the linear
system in Eq.~3!, it is not possible because, for general values
û, a2 , PY 1 andPY 2 ,

~i! the rank of$R@ û,a2#2I % is two, i.e., it is rank-deficient by
one, and

~ii ! the rank of the 334 augmented matrix$R@ û,a2#2I A(P2
2P1)% is three~it should be two as explained later!.

Since the matrix in Eq.~3! is rank-deficient by one, it has a no
trivial homogeneous solution in addition to a particular solutio
The homogeneous component ofBY 1 can be determined if we
know the nullspace of$R@ û,a2#2I %. From the properties of the

Fig. 2 Single crank passing through two points in space
Transactions of the ASME
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rotation matrices, we know that the nullspace vector
$R@ û,a2#2I % is the axis of rotation,û. Thus, the complete solu
tion for BY 1 is given by:

BY 15BY 1,particular1BY 1,homogeneous5BY 1,particular1sû (4)

wheres is one of the three possible free choices.
The result of Eq.~4! can be interpreted geometrically by ob

serving in Fig. 2 thatBY 1 can be decomposed intoBY 1a and BY 1p
which are respectively parallel and perpendicular component
the unit vectorû. It can seen that the length ofBY 1a can be arbi-
trarily chosen without affecting the capability of the single cra
to pass through the two points. This means that the fixed pivo
the crank can be arbitrarily positioned along the axisû. Thus,s is
one free choice variable. If it is intended that this free choice
not exercised freely and instead some other objective is to
fulfilled, an auxiliary equationcan be added. For example,BY 1 in
Eq. ~3! may be required to satisfy the following auxiliary equatio
to minimize its length:

BY 1•û50 (5)

As per the fundamental theorem of linear algebra, a solu
exists for a system of linear equations only if the right hand s
vector lies in the column space of the matrix@15#. This implies
that the rank of the matrix is equal to the rank of the augmen
matrix that is obtained by adding the right hand side vector as
extra column to the matrix@16#. Therefore, unlessû and a2 are
chosen appropriately to make the rank of the augmented m
equal to two, the linear system in Eq.~3! will be inconsistent
without a solution for specifiedPY 1 andPY 2 . A consistency condi-
tion can be posed in a computationally convenient form using
indirect form of the fundamental theorem of linear algebra. T
indirect form requires that the left nullspace of the matrix be
thogonal to the right hand side vector. In this case, the
nullspace of the matrix in Eq.~3! has a dimension of one and
spanned by the vectorû. Therefore,û must be perpendicular to
the vector (PY 22PY 1) leading to the consistency condition:

û•~PY 22PY 1!50 (6)

Using one free choice and the consistency condition of Eq.~6!, û
can be determined before solving the design equation of Eq.~3!.
The anglea2 is the second free choice that is needed to solve
~3!. The three scalar equations of Eq.~3! are now guaranteed to b
consistent. Any two independent equations in Eq.~3! and the aux-
iliary equation in Eq.~5! can now be solved forBY 1 . And then,
using first of Eq.~1!, AY can be obtained.

This simple example, as explained above, served to make
following observations that are generally true with spatial revol
jointed serial chains~as will be seen later in the paper!:

1 The linear system of design equations resulting only from
loop-closure equations in the spatial case cannot be solved
arbitrary design specifications since the resulting matrix is ra
deficient.

2 The free choices must be chosen so as to render the li
system of design equations consistent and solvable.

3 The nullspace and the homogeneous solution must be in
preted correctly in order to add the auxiliary equations system
cally and to choose the free-choice variables sensibly.

2.2 Spatial R-R Dyad. The above ideas will now be ex
tended to the R-R dyad. As shown in Fig.1~a!, first link vectorBY 1 ,
positioned away from the origin byAY , rotates about the fixed axi
denoted by the unit vectorû by an anglea i to reach thei th design
position. The second link vector isCY 1 which is rotated along with
BY 1 in addition to rotating about the moving axisv̂ i by an angle
b i . By Euler’s theorem, the composite rotation of the second l
Journal of Mechanical Design
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vector can be obtained as a single rotation about an equiva
axis ŵi by an angleg i . The loop-closure equation for thei th

design position can then be written as:

AY 1BY 11CY 15PY 1 (7a)
AY 1R@u,a i #BY 11R@u,a i #R@v i ,b i #CY 15PY i , i 52,3

or AY 1R@u,a i #BY 11R@wi ,g i #CY 15PY i (7b)

The kinematic design equations are obtained by taking the
ference of the loop-closure equation in thei th position and the first
position. Thus, for three design positions shown in Fig. 3, the
scalar equations can be written in matrix form as follows:

F ~R@ û,a2#2I ! ~R@ û,a2#R@ v̂1 ,b2#2I !

~R@ û,a3#2I ! ~R@ û,a3#R@ v̂1 ,b3#2I !
G H BY 1

CY 1
J

5H PY 22PY 1

PY 32PY 1
J ⇒@M #636H BY 1

CY 1
J

631

5H PY 22PY 1

PY 32PY 1
J

631

(7c)

There are a total of 14 scalar unknowns in 6 equations in Eq.~7c!.
the unknowns are:û ~2!, v̂1 ~2!, BY 1 ~3!, CY 1 ~3!, and four angles
a2 ,a3 ,b2 , andb3 . As in the single crank case, it might appe
that there are eight free-choice variables to assume freely
solve for BY 1 and CY 1 as a linear system. Once again, this is n
possible as the matrixM is rank-deficient by two. Thus, two extr
independent auxiliary equations or two additional specifications
free choices are necessary to find the homogeneous solution.
thermore, the free-choice variables should be chosen such tha
matrix equation is consistent and solvable. The homogeneous
lution is analytically derived and geometrically interpreted next
this section and the consistency is discussed in Section 5.

Analytical Derivation of the Nullspace of@M #636. The ho-
mogeneous solution of Eq.~7c! is equivalent to finding the
nullspace of the matrixM. Since the rank of this matrix is four
the dimension of its nullspace is two. Thus there exist two 631
vectorsXY 1 andXY 2 for the solution of the homogeneous equatio

F ~R@ û,a2#2I ! ~R@ û,a2#R@ v̂1 ,b2#2I !

~R@ û,a3#2I ! ~R@ û,a3#R@ v̂1 ,b3#2I !
G H BY 1

CY 1
J 5H 0Y

0Y
J (8)

Let XY 1 andXY 2 be of the following form:

Fig. 3 Spatial R-R dyad passing through three design posi-
tions
SEPTEMBER 2001, Vol. 123 Õ 361
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XY 1,25 H p1û1q1v̂1

p2û1q2v̂1
J (9)

wherep1 , q1 , p2 , andq2 are unknown constants that assume t
different sets of values to giveXY 1 andXY 2 .

Substitution of Eq.~9! into ~8! and the block multiplication of
the top row, after simplification~note: (R@ û,a2#2I )û50Y and
R@ v̂1 ,b2#v̂15 v̂1) yields:

~q11q2!~R@ û,a2#2I !v̂11p2~R@ û,a2#R@ v̂1 ,b2#2I !û50Y
(10)

Pre-multiplication of Eq.~10! by ûT makes the first term vanish
yielding

p2ûT~R@ û,a2#R@ v̂1 ,b2#2I !û50Y (11)

from which we can infer thatp2 must be zero unlessû is parallel
to v̂1 which is the trivial case. By substitutingp250 in Eq. ~10!,
we can infer that

q11q250 (12)

There is no restriction on the value ofp1 . Block multiplication of
the second row gives the same results. By choosing values forp1 ,
q1 , p2 andq2 in accordance with the above relationships, two s
of values can be obtained as follows:

p151; p250; q150; q250⇒XY 15H û

0Y J
(13)

p150; p250; q1521; q251⇒XY 25 H 2 v̂1

v̂1
J

These nullspace vectors can be interpreted geometrically as
scribed next.

The Nullspace Dyad. In the R-R dyad formed with the ho
mogeneous solution ofBY 1 andCY 1 ~i.e., the nullspace vectors!, the
tip of the end-effector experiences zero displacement for ana
andb. Such a dyad, called thenullspace dyad, is shown geometri-
cally in Fig. 4. It can be seen in the figure that the tip of the vec
CY 8, the end-effector, remains fixed for any rotationa of BY 8 about
û and any rotationb of CY 8 about the rotatedv̂. By denoting the
distance from the end-effector point to the fixed revolute joint oû
by l1 , and the distance from the end-effector point to the mov
revolute joint ofv̂ by l2 , from Fig. 4 we obtain,

BY 85l1û2l2v̂

Fig. 4 The nullspace dyad, a geometric interpretation of M
362 Õ Vol. 123, SEPTEMBER 2001
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CY 85l2v̂ (14)

It should be noted that the nullspace dyad holds good for
values ofl1 andl2 . Therefore, the homogeneous solution of E
~7c! and therefore the nullspace of the matrixM can be written as:

H BY 8

CY 8
J 5l1H û

0Y J 1l2H 2 v̂
v̂ J (15)

which is same as Eq.~13!.
It is also worth noting that the above geometric interpretat

and derivation of the nullspace dyad extends to serial revo
chains of three or more links. The case of thenullspace triadis
shown in Fig. 5 and is given by:

H BY 8

CY 8

DY 8
J 5l1H û

0
0
J 1l2H 2 v̂

v̂
0
J 1l3H 0

2ŵ
ŵ

J (16)

Alternatively, the nullspace vectors shown in Eq.~13! can be writ-
ten using a different basis, which has the attractive property
being orthogonal:

H û

0Y J and H 2 v̂11~ û• v̂1!û
v̂ J (17)

In a similar manner, an alternative representation of the nullsp
vectors of Eq.~16! for the triad can be written using orthogon
basis vectors as:

H û
0
0
J , H 2 v̂11~ û• v̂1!û

v̂
0

J
and

H ~ v̂1•ŵ1!~2 v̂11~ v̂1/û!û!

2ŵ11~ŵ1• v̂1!v̂1

ŵ1

J (18)

Fig. 5 Nullspace triad, a geometric interpretation of the
nullspace of M
Transactions of the ASME
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In the next section, the insight gained with the nullspace vecto
used in systematically arriving at the auxiliary equations t
make the linear system of equations in Eq.~7c! consistent and
solvable.

3 Auxiliary Equations
In the single crank case, instead of using the free-choice v

ables in the homogeneous solution in Eq.~3!, an auxiliary equa-
tion ~Eq. ~5!! was added to minimize the length of the vectorBY 1 .
In a similar manner, in the case of the R-R dyad we can eit
choose the free-choice variablesl1 andl2 in Eq. ~15! or add two
auxiliary equations to Eq.~7c! to impose additional criteria and
make the rank of the resulting system of equations equal to
The two conditions to be satisfied in choosing the auxiliary eq
tions are:~i! independence with respect to the equations in
~7c!; and~ii ! linearity in the unknown vector variablesBY 1 andCY 1 .
There are many ways of adding the auxiliary equations. For
ample, Tsai and Roth@14# and Lee and Yoon@12# required that
the first link be perpendicular to the fixed and moving revolu
axes to obtain the shortest length forBY 1 . That is,

BY 1•û50
(19)

BY 1• v̂50

Sandor@8# and Sandor and Bisshopp@9# used the following con-
ditions that enabled the development of the quaternion rota
operator, but made it necessary to include three auxiliary eq
tions even though two are enough for the reason stated abov

BY 1•û50
(20)

CY 1•ŵ50 i 52,3

It should be noted that the nullspace vectors not only furnish
rationale for why and how many auxiliary equations are neces
but also provide guidance in formulating them in an appropri
form. In this paper, the following conditions were used to ens
that the solution vectors ofBY 1 andCY 1 have no components alon
the nullspace vectors and therefore yielding shortest lengths
each link.

BY 1•û50
(21)

~BY 12CY 1!• v̂150

4 Consistency Conditions
The fundamental theorem of linear algebra states that fo

linear matrix system with non-zero right hand side vector to h
a solution, the vector on the right hand side must lie in the colu
space of the matrix@15#. Therefore, for arbitrarily specified pos
tion vectorsPY 1 , PY 2 , and PY 3 , the free-choice variables must b
chosen such that the condition set forth by the fundamental th
rem of linear algebra is satisfied by Eq.~7c!. One method of
verifying this condition is to make sure that the rank of the au
mented matrixMaug ~shown below! is same as the rank of th
matrix M.

Maug5F @M #636 H PY 22PY 1

PY 32PY 1
J

631
G (22)

The above condition is less amenable for symbolic algebraic
nipulation and for the appropriate selection of free choice v
ables than an alternative condition discussed next. The ind
form of the fundamental theorem which states that the
nullspace vectors ofM should be orthogonal to the right hand sid
vector provides this condition@15#. Since the matrixM is rank-
deficient by two, its left nullspace has a dimension of two. The
fore, two 631 vectors span the left nullspace ofM. By expressing
them in following form with six unknown coefficients, two bas
Journal of Mechanical Design
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vectors can be obtained as shown in the Appendix. The proce
described in the appendix can easily be extended to the cas
multiple links connected with revolute joints.

YY 6315 H p1û1q1v̂11r 1ŵ2

p2û1q2v̂11r 2ŵ3
J (23)

Thus, if Y1 andY2 span the left nullspace ofM, the orthogonality
condition gives two scalar equations that must be satisfied in o
to ensure the consistency of Eq.~7c!:

Yi•H PY 22PY 1

PY 32PY 1
J 50 i 51,2 (24)

It should be noted that the consistency equations are indepen
of the loop-closure equations and the auxiliary equations. An
tractive feature of the form obtained here is that the consiste
equations involve only a subset of the unknown variab
(û,v̂1 ,a2 ,a3 ,b2 , and b3). This decoupling of the consistenc
equations and design Eqs.~7! makes it easy to solve for any tw
of û,v̂1 ,a2 ,a3 ,b2 , andb3 while assuming six of them freely.

5 Solution Procedure
The first step in the solution procedure is to assign values to

of the eight free-choice variables in Eq.~7c! and determine the
other two in accordance with the two consistency conditions
Eq. ~24!. If the variablesû,a2 ,a3 ,b2 , andb3 are chosen to as
sign arbitrary values, and ifv̂1 is represented in terms ofj1 andj2
which denote its elevation and azimuthal angles in the global
erence frame, the consistency Eq.~24! can be written as

A1 sinj11B1 sinj2 cosj11C1 cosj2 cosj11D150
(25)

A2 sinj11B2 sinj2 cosj11C2 cosj2 cosj11D250

where the coefficients are expressed in terms ofû,a2 ,a3 ,
b2 ,PY 1 ,PY 2 , andPY 3 .

The two trigonometric equations in Eq.~25! can be solved forj1
andj2 as

j15tan21~arg1,arg2! (26)
j25tan21~arg1,c!

where arg1 and arg2 are in terms of known quantities andc is a
solution of the following quartic equation that essentially has
quadratic form:

Kac41Kbc21Kc50 (27)

with Ka , Kb , andKc as functions of the coefficients of Eq.~25!.
The solution of Eq.~27! leads to only two unique real solution
for v̂1 .

The second step is to select any four linear equations from
~7c! which are now consistent, and solve them in conjunction w
two linear auxiliary equations of Eq.~21! for the link vectorsBY 1

andCY 1 . Since for any consistent choice ofû,a2 ,a3 ,b2 , andb3 ,
two solutions can exist forv̂1 , two R-R dyads that pass throug
the three design points are obtained. It was observed that t
two dyad solutions do not form a Bennett linkage unlike the rig
body guidance case. The solution procedure and the related is
are discussed in detail by Krovi@2#.

6 Coupled Spatial R-R Dyad
The synthesis procedure described above is now applied to

design of a coupled spatial R-R dyad mechanism shown
Fig.1~b!. The kinematic design of R-R dyad and coupled R
mechanism are identical with a minor difference in the total nu
ber of variables. Since the rotations of the two revolute axes
coupled linearly with a coupling ratiog, i.e.,

b i5ga i i 52,3 (28)
SEPTEMBER 2001, Vol. 123 Õ 363
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for three design positions there will be only three unknownsa2 ,
a3 , andg instead of four (a2 ,a3 ,b2 , andb3) as in the case of
the R-R dyad. Therefore, only five variables can be assigned
bitrary values.

Using the five free-choice variables, the three design posi
synthesis procedure was used in optimizing the coupled R-R d
to interpolate a specified 3-D path as closely as possible by m
mizing the least-square-error. The optimal synthesis proced
consisted of the following steps. Given a path in the 3-D spa
three points were chosen as the design positions, and five
choice variables were used as the optimization variables. The
jective function to be minimized is the least squares error betw
‘‘correspondence points’’ on the specified 3-D path and the e
effector path of the designed mechanisms, which quantifies
deviation between the two paths. The correspondence points
determined on the basis of equal arc-length segments@2#. The
sequential quadratic programming algorithm implemented in
Matlab software~The Math Works Inc.! was used to solve the
optimization problem. It should be noted that in each funct
evaluation, the three design position synthesis of the coupled
dyad needs to be performed. Two example studies are desc
in the next section.

7 Numerical Examples
The path to be traced by the coupled R-R dyad is specifie

the form of theX,Y, andZ coordinates of 10 points on the pat
Cubic spline interpolation is used to obtain the intermediate p
data during the iterative optimization procedure. The data for
amples 1 and 2 is shown in Tables 1 and 3 respectively. The
for the first example was created using a known coupled R-R d
to check if the optimization method returns the known mechan
as the solution. The data of the second example was created
trarily by choosing a plane curve and raising it into the th

Table 1 The numerical data for the path specified in example 1

Table 2 The parameters of the optimized mechanism solution
of example 1
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dimension smoothly. Figures 6 and 7 show the coupled R-R d
solution for the first and second examples. In the first example,
known mechanism solution was not recovered although the o
mized path is very close to the specified path as shown in Fig
This is attributed to the nonlinearity and non-convexity of th
design space and illustrates the difficulties that are typical

Fig. 6 „a… Optimized coupled R-R dyad OLMN of example 1
shown in its first position; „b… snapshots of the optimized dyad
of example 1 during its entire motion

Table 3 The numerical data for the path specified in example 2
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mechanism synthesis problems. The optimum solution was fo
to be dependent on the initial guess assigned to the design
ables. The parameters of the optimized solutions of exampl
and 2 are given in Tables 2 and 4 respectively.

8 Conclusions
In this paper, the necessary theory and optimal design pr

dure for the kinematic synthesis of spatial coupled R-R dyads

Fig. 7 „a… Optimized coupled R-R dyad OLMN of example 2
shown in its first position; „b… snapshots of the optimized dyad
of example 2 during its entire motion

Table 4 The parameters of the optimized mechanism solution
of example 2
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und
ari-
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ce-
for

path following applications was presented by building upon p
vious work on spatial R-R dyads. The rotation matrix and vec
notation was used to write the loop-closure equations so that
design equations are linear in the link vector components. T
linear system is rank-deficient by two and therefore two ex
auxiliary equations need to be added. In contrast to previous w
a systematic approach to selecting the auxiliary equations
described along with a geometric interpretation based on
nullspace of the matrix in the design equations. A nullspace d
that can be generalized to spatial revolute chains of any numbe
links, with or without coupling, was presented. The second k
concept presented in this paper is the technique of ensuring
consistency of the linear system of design equations in choo
values for the free-choice variables. This was accomplished u
the indirect form of the fundamental theorem of linear algebra
systematic synthesis procedure was then outlined. Optimizatio
a coupled R-R dyad with the free-choice variables as optimiza
design variables was performed to generate a specified path i
3-D space. Two numerical examples were presented to dem
strate the effectiveness of the method.
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Appendix

Derivation of the Left Nullspace of †M ‡. Let the basis vec-
tors that span the left nullspace of@M # ~i.e., the nullspace of
@M #T! be of the following form with six unknown coefficients:

YY 6315 H p1û1q1v̂11r 1ŵ2

p2û1q2v̂11r 2ŵ2
J (A1)

Noting that (R@ û,a#)T5(R@ û,2a#), and using@M # defined in
Eq. ~7c! and YY defined above, for a homogeneous solution
have

@M #T$Y%5$0%

F ~R@ û,2a2#2I ! ~R@ û,2a3#2I !

~R@ v̂1 ,2b2#R@ û,2a2#2I ! ~R@ v̂1 ,2b3#R@ û,2a3#2I !
G

3H p1û1q1v̂11r 1ŵ2

p2û1q2v̂11r 2ŵ2
J 5H 0Y

0Y J (A2)

Noting that for i 52, and 3, (R@ û,2a i #2I )û50 and (R@ v̂1 ,
2b i #R@ û,2a i #2I )ŵi50, the following relationships can be
obtained.

ûTR@ v̂1 ,b i #ŵi5ûTŵi i 52,3

v̂1
TR@u,2b i #ŵi5 v̂1

Tŵi i 52,3
(A3)

ŵi
TR@ v̂1 ,2b i #û5ŵi

Tû i 52,3

ŵi
TR@ û,b i #v̂1

T5ŵi
Tv̂1

T i 52,3

The block multiplication of the top and bottom rows in Eq.~A2!
gives

~R@ û,2a2#2I !~q1v̂11r 1ŵ2!

1~R@ û,2a3#2I !~q2v̂11r 2ŵ2!50Y
(A4)

~R@ v̂1 ,2b2#R@ û,2a2#2I !~p1û1q1v̂1!

1~R@ v̂1 ,2b3#R@ û,2a3#2I !~p2û1q2v̂1!50Y

Pre-multiplying the first equation of~A4! by v̂1
T and simplifying

using Eq.~A3! yields
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T~R@ û,2a2#2I !v̂11q2v̂1

T~R@ û,2a3#2I !v̂150Y (A5)

Pre-multiplying the second equation of~A4! by ŵ2
T and simplify-

ing using Eqs.~A3! yields

p2ŵ2
T~R@ v̂1 ,2b3#2I !û

1q2ŵ2
T~R@ v̂1 ,2b3#R@ û,2a3#2I !v̂150Y (A6)

Similarly, pre-multiplying the second equation of~A4! by ŵ3
T and

simplifying using Eq.~A3! yields

p1ŵ3
T~R@ v̂1 ,2b2#2I !û

1q1ŵ3
T~R@ v̂1 ,2b2#R@ û,2a2#2I !v̂150Y (A7)

Since the rank of@M #T is only four, two variables amongp1 , q1 ,
r 1 , p2 , q2 , and r 2 can be chosen arbitrarily to find the bas
vectors of the left nullspace of@M #, and the remaining can b
solved using Eqs.~A4! to ~A7!. For example,r 151, andq150
gives a basis vector in a very simple form:

YY 15 H ŵ2

kŵ2
J (A8)

where k52$âT(R@ û,2a2#2I )ŵ2%/$â
T(R@ û,2a3#2I )ŵ3% and

â is any vector that has a non-zero component alongû3 v̂1 . The
second basis vector can be chosen withr 150, andq151 which
does not reduce to as simple a form as in Eq.~A8! but is available
in the symbolic form.

References
@1# Krovi, V., Ananthasuresh, G. K., and Kumar, V., 1997, ‘‘Synthesis of Coup

Multi-Link Serial Chain Mechanisms,’’ Proceedings of the 5th National A
plied Mechanisms & Robotics Conference, Cincinnati, Ohio, October 12–
1997.
366 Õ Vol. 123, SEPTEMBER 2001
is

ed
-

15,

@2# Krovi, V., 1998, ‘‘Design and Virtual Prototyping of User-Customized Assi
tive Devices,’’ Ph.D. Dissertation, Department of Mechanical Engineering
Applied Mechanics, University of Pennsylvania, Philadelphia, US
~URL:http://www.cim.mcgill.ca/;Venkat/publications.htm!.

@3# Bodduluri, R. M. C., Ge, Q. J., McCarthy, J. M., and Roth, B., 1994, ‘‘Th
Synthesis of Spatial Linkages,’’ Section 5.4 inModern Kinematics: Develop-
ments in the Last Forty Years,Ed. A. G. Erdman, John Wiley & Sons, Inc.
New York, pp. 159–164.

@4# Roth, B., 1967, ‘‘The Kinematics of Motion Through Finitely Separated P
sitions,’’ ASME J. Appl. Mech.,34 ~E!, pp. 591–598.

@5# Roth, B., 1967, ‘‘On the Screw Axes and Other Special Lines Associated w
Spatial Displacements of a Rigid Body,’’ ASME J. Appl. Mech.,89 ~B!, pp.
102–110.

@6# Tsai, L.-W., and Roth, B., 1972, ‘‘Design of Dyads With Helical, Cylindrica
Spherical, Revolute, and Prismatic Joints,’’ Mech. Mach. Theory,7, pp. 591–
598.

@7# Suh, C. H., and Radcliffe, C. W., 1978,Kinematics and Mechanism Design,
John Wiley and Sons, New York.

@8# Sandor, G. N., 1968, ‘‘Principles of a General Quaternion Operator Metho
Spatial Kinematic Synthesis,’’ ASME J. Appl. Mech.,90 ~E!, pp 40–46.

@9# Sandor, G. N., and Bisshopp, K. E., 1969, ‘‘On a General Method of Spa
Kinematic Synthesis by Means of a Stretch Rotation Tensor,’’ ASME J. E
Ind., 91, Feb., pp. 115–122.

@10# Sandor, G. N., Xu, Y., and Weng, T.-C., 1986, ‘‘Synthesis of 7R Spa
Motion Generators With Prescribed Crank Rotations and Elimination
Branching,’’ Int. J. Robot Res.,5, No. 2, pp. 143–156.

@11# Sandor, G. N., Weng, T.-C., and Xu, Y., 1988, ‘‘The Synthesis of Spa
Motion Generators With Prismatic Revolute and Cylindric Pairs Witho
Branching Defects,’’ Mech. Mach. Theory,23, No. 4, pp. 269-274.

@12# Lee, K.-W., and Yoon, Y.-S., 1993, ‘‘Kinematic Synthesis of RRSS Spa
Motion Generators Using Euler Parameters and Quaternion Algebra,’
Mech. Eng. Sci.,207, pp. 355–359.

@13# Suh, C. H., 1969, ‘‘On the Duality in the Existence of R-R Links for Thre
Positions,’’ ASME J. Eng. Ind.,9, ~1! pp. 129–134.

@14# Tsai, L.-W., and Roth, B., 1973, ‘‘A Note on the Design of Revolute-Revolu
Cranks,’’ Mech. Mach. Theory,8, pp. 23–31.

@15# Strang, G., 1984,Linear Algebra and its Applications,Harcourt Brace Jo-
vanovich Publishers, San Diego.

@16# Gere, J., and Weaver, W., Jr., 1984,Matrix Algebra for Engineers,Brooks/
Cole Publishing Company, Monterrey, CA.
Transactions of the ASME


