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1 Introduction joint rotations reduces one degree-of-freedom and repeated cou-
Rling reduces the overall degrees of freedom of the manipulator to

Typical manipulation tasks require specification of the motio S ; .
of the manipulated object as well as its force interactions with tha € as shown in Fig.{@. The resulting SDCSC mechanisms

environment. Eurther. manv such tasks are inherentl singﬁombine the simplicity of single-degree-of-freedom control and
de ree-of-fréedor’rﬁd ovf) a)r/ameterizable by a sindle vgriabl %idity/strength afforded by closed-loop linkages with the modu-
9 0.1), P y 9 elar'ty, compactness and reduced interference of serial chains.

igﬁg ?J?azli:)en aég'”lgggtiﬂ ?:r%rzetgg_gﬁ:]g:aovr\f ggﬁ)ﬂgge Saerrim CSC mechanisms can be used to realize a range of end-effector
9 9 9 P rajectories using just one degree of freedom. Trajectories of in-

Cham(SDCSQ me(_:hanlsms for executing such single degree-o, reasing complexity and variety may be generated by increasing
freedom_ manipulation tasks. . the number of links of the SDCSC mechanism, as illustrated in
. A variety of .closed-loop mechanisms gnd general-purpose 9. 2. In this paper, our interest is in developing dimensional

rial chain manipulators have been used in the past to accompl thesis tools to aid the design of SDCSC mechanisms for de-
such manipulation tasks. Four-bar linkages, such as the one sh Ry manipulation tasks.

in Fig. 1(a), can generate a wide variety of the desired trajectoriesour work is motivated by the design of customized rehabilita-

using a single actuator but tend to be unsuitable for cluttergd  ids for the disablefiL]. The design requirement is for cre-

environments duei to the |nterfe(ence O.f the Ilnks with each othgfion of passive articulated manipulators, which can be actuated
and with the environment. Serial chain manipulator configurgy

. i y alternate functional body parts of the userg., legs for hand
tions, such as the one shown in Figbjl are therefore preferred 5 tees or head for quadriplegits realize a set of motions and

in cluttered environments but require multiple articulatiéasd  ¢yces. The passivity of mechanical constraint implementation, re-
hence actuatoysand coordinated control. Constraints need t0 bg e interference with the environment, simplicity of control and
created between the joint articulations, in software, to accomplighy,, cost favor the use of the SDCSC configuration for such tasks.
the single degree-of-freedom manipulation tasks. While, the soﬁl‘gure 3a) shows the fabricated prototype of a feeding mecha-
ware reconfigurability of the constraints offers considerable flexism which powered solely by the motions of the quadriplegic
ibility, it comes at the price of increased complexity of actuation,sers head, permits the user to feed independently. This feeder
coordination and control, especially for specialized or repetitivgatyres a SDCSC type manipulator in the sagittal plane and in
tasks. Tendon-driven serial-chain manipulators, such as the Qg paper, we will examine the shaping of the end-effector motion
shown in Fig. 1c), permit the relocation of the actuators to theyng input torque profile in the examples.
base of the manipulator, thereby reducing the inertia of the mov-gome of the above discussed benefits also make such SDCSC
ing parts, but still require at least as many actuators as degreeg@ifigurations attractive for use in assembly tasks in manufactur-
freedom. ) _ ing plants, either as a low cost solution automation solution or to
SDCSC mechanisms are proposed here as an alternative to Rg&k in cooperation with the human operator. Further, the design
closed-loop and serial chain linkages. Such mechanisms may 8y be enhanced easily by permitting all the principal structural
constructed by mechanically coupling the rotations of the links ofarameters for a given SDCSC manipulator, such as link lengths,
ann-link, n-d.o.f. serial chain manipulator using cable and pullefoupling ratios and initial posture, to be adjustable. Figui® 3
drives or by gear-trains. Each coupling between two successigpicts an industrial application of such a reconfigurable manipu-
lation assist device, where the end-effector forms a passive virtual
. ITCurrently with the Department of Mechanical and Aerospace Eng., SUNY Bufuide rail to constrain and redirect the motions and forces of the
0o, . ; . o
Contributed by the Mechanisms Committee for publication in theRNAL OF user to the prescribed task-space curve while retaining the ability

MECHANICAL DESIGN. Manuscript received February 2000. Associate Editor: 6. /0 be reconfigured to realize other constrained _mOt[@fh-S
Chirikjian. Finally, the kinetostatic design and optimization methods pre-
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Single actuator; Three actuators

@ (b) (c) (d)

Fig. 1 Different mechanism configurations: (a) single degree-of-freedom four-bar linkage; (b) multi-degree-of-
freedom conventional, serial-chain linkage; (c) tendon-driven serial chain linkage; and (d) single-degree-of-
freedom coupled serial chain mechanism.

sented in this paper can also be readily applied to the designvadrk for matching desiredinematic specificationsn the end-

shaped motion and force profiles with applications in diverse areffector, typical of rigid body guidancékBG) and path following

nas ranging from the design of exercise and rehabilitation equif2F) tasks. However, in other applications, the force interactions

ment[3] to the design of compliant mechanisifidy. between the manipulator and its environment need to be taken into
The organization of the rest of this paper is as follows: In Seaccount. Hence, in Section 5, the design process is enhanced to

tion 2, we present a short review of literature of mechanisnpermit the design of mechanisms that can guide a rigid body

designed with hardware couplings between joints and briefly suhrough several positions while supporting arbitrarily specified ex-

vey relevant kinematic and force-measure based synthesis meéémnal loads using a judicious combination of motion, structural

ods. Other references are included, as appropriate, in subseqeepilibration and actuation. Spring assists are also considered to

sections. In Section 3, we present the design synthesis framewmglluce the overall actuation requirements. Section 6 concludes the

used to realize optimal mechanisms which satisfy the desigaper.

specifications exactly at the selected precision points and in the

least-squares sense elsewhere. In Section 4, we apply this frame-

2 Related Work

As noted in the previous section, the coupling between joint
. . . rotations of a multi-d.o.f manipulator can be done in software or

in hardware. Such software coupling of the joint rotations to spe-

. cific mode shapes, has been employed in the past for efficient
°¢° inverse kinematic computation and gait generation of hyperredun-
o 0 dant manipulators and vehicl¢5]. In our work, however, we

o 10 s 5 0 5
¢ employ hardware components, such as gear-trains or cable-pulley
@ s ) <> drives, to realize a linear coupling between the articulations.
oL — - ~ < Many instances of the use of mechanical couplings between
¥ articulations exist in the literature. An excellent summary of
(} ¢ é}% 5 ( > geared and belted mechanisms is provided by Héhtp. 235
° R~ " 4L - who states “there is no limit to the possible arrangements when
gears and bands are used especially for non-circular gears or band
Fig. 2 Typical end effector paths for a single-degree-of- wrapping profiles.” Thus, mechanical couplings can provide a
freedom, coupled, serial-chain mechanism flexibility paralleling the algorithmic method of coupling joint ro-

3-1)

Fig. 3 (a) Head controlled feeding telethesis  (featuring the Coupled Serial
Chain configuration ). (b) Use as a passive manipulation assist “guide rail” in
an industrial setting.
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tations, along with the additional benefits of high precision, backxplicitly at precision points as well as in objective functions to be
lash free and low friction operation when taut steel bands aoptimized over a range. In many cases, specifying the force mea-
used. The cycloid crank was developed as an extension of the Rsite was shown to be equivalent to specifying kinematic relation-
crank, by replacing the revolute joints with gear-pairs, for use iships by way of the principle of virtual work. Bagdi7] presented
studying mechanisms like the geared 5-pdr Sandor{8] devel- methods for synthesis of linkages by specifying the mechanical
oped the “Cycloidal Burmester Theory” for use in the synthesiadvantage at each PP, or specifying the mechanical advantage
of cycloid cranks to reach the maximum number of precisioover a range. Matthew and Te4d8] extended the finite position
points. However, further extensions to the cycloidal point theoigynthesis to infinitesimally separated motion synthesis to facilitate
for synthesis were never pursued with the notable exception of tthe specification of the input force histories. Idlani et[aB] de-
Bicycloidal crank[9]. veloped a dimensional synthesis technique to determine the

Tendon-driven serial-chain manipulators have been studied emechanism and spring parameters of mechanisms with specified
tensively but primarily from the viewpoint of full control of an elastic(and total potential energy at precision points.
n-d.o.f. manipulator. See TsEiO] for a good review. The SDCSC  Even more recent, is the development of Kieetostatic syn-
configuration shows an apparent similarity to tendon-driven mé#hiesis approachpermitting the satisfaction of both force-measure
nipulators and in particular, the soft gripper mechanism and tlaed kinematic design criteria simultaneously. Huang and Roth
Coupled-Tendon Arm developed by Hirose. The soft grigdét [20] formulated and solved kinematic and force-measure design
is a snake-like tendon driven mechanism which can adapt @enstraints at precision points simultaneously to synthesize
shape to the perimeter of an arbitrarily shaped object while createsed-loop mechanisms, like the four-bar. Howell and Mifha
ing a uniform grasping force on all the gripper surfaces. In cosolved similar sets of equations, for four-bar and slider-crank link-
trast, the cables and pulleys in the SDCSC configuration creatages with torsional springs at the joints, and identify three cases—
rigid coupling between the joint rotations which predetermines ttiecoupled, weakly-coupled and strongly-coupled—based on the
shape of the manipulator for a given base-joint rotation. Furthexxtent of coupling between the variables of the kinematic and
the Coupled-Tendon Arrfil2] is a multi-d.o.f. tendon driven ma- force-measure equations. These aspects will be discussed in
nipulator where the emphasis is on the use the coupled tendongteater detail in Section 5.
permit an even distribution of the actuation power requirements
among the multiple actuators, as opposed to the single d.o.f. ac-
tuation achieved in the SDCSC configuration.

Fewer examples of the use of tendon-drive actuation to reduge Desian Methodol
the degrees of freedom/actuators exist. In terms of antiquity, L8- esign Methodology
onardo Da Vinci is believed to have created an iron man with an Design specifications are typically presented as a set of desired
elaborate system of cable and pulley drives to move the arms guakitions and orientations on the end-effector and/or prescribed
legs using a single water whe¢l3]. In more recent times, force interactions with the environment, to be matched or approxi-
tendon-drives have been used to reduce the degrees of freedomrmafed as closely as possible. Precision Point Syntlie§i§ and
anthropomorphic finger mechanisms, such as in the three-joint@®gtimization are two methods of mechanism design most com-
two-degree-of-freedom fingefll4] or the three-jointed single- monly employed to determine the parameters of the mechanism
degree-of-freedom fingéd.5]. While past mechanisms may havethat can satisfy these desired specifications.
been designed by trial and errfit3] or analysis[14,15, in the The requirement to match design specifications exactly at Pre-
subsequent sections we will focus on determination of the dimecision Point§ PP3 creates constraints between the various param-
sions of the device to satisfy a set of design specifications lyers of the mechanism. The simultaneous solution of the resulting
synthesis set of algebraic constraints is used to determine the parameters of

A wealth of literature exists for synthesis of mechanisms tihe designed device. While exact matching of design specifica-
meet kinematic design requirements and the reader is referreditms at greatest number of precision points is desirable, a limit on
standard texts such [d$] for more details. In contrast, the syn-the maximum number of constraints is soon reached. Further, a
thesis of mechanisms to match force- or energy-related desigjmultaneous solution of the non-linear set of constraints is also
criteria has received lesser attention. Examples of such criterequired which restricts the usefulness of the PPS approach.
include: prescribed mechanical advantage; prescribed input-outpuSeveral approaches address this limitation of small number of
force characteristics; as prescribed energy levels. Such fordesign specifications: thApproximate Synthesigpproach[21]
measures have been included as design constraints to be satisfiedtes a least-squares/mini-max scheme for solving an overdeter-

HEAD BAND

@ (b)

Fig. 4 (a) Schematic of operation of the head-controlled feeding device. (b) Physical and mathematical models
of a 2-link SDCSC mechanism.
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mined system of design specifications in the “best way”; 8& Zo(p)=Zo+ 216 P+ 2,0+ |+ 7, eRn-n?
lective Precision Synthesipproact 22] permits a region of vari-

ability around each design specification to enable inclusion of =Lge'f+ L e e+ L ellf2eRud) +
more design specifications; and tileomplete specificatiof23] o
or mixed specificatio[24] approaches advocate prioritization +Lye' WFRn-1d (1)

among the design specifications at precision points. The generali-

zation of the least-squares specification matching is the formula-

tion of an optimization problem with a suitable least-squares ob- O(¢p)=LZy+Rp-1) 2)

jective function which is minimized over the complete set of

parameters of the mechanism. The resulting mechanism would

then satisfyall the desired specifications in the least squares sefggere thek!" link may be written aZ,=Z,+iZ,= Lkei b, L,

without_ guaranteeing an exact matchingaul’yspeci_fi(_:ation._ =|Z, 6=~ (Z) and e=cosf)-+isin(y) and (5 is the final
In_thls paper, we c_omblne the bgneflts of precision point syRiiantation of the end effector.

thesis and optimization. A constrained optimization problem is 1 yinematic design constraints are obtained by evaluating

created by introducing a small number of design constraints fg s.(1) and(2) at theM precision points (PPpn the trajectory

exact specification matching. Solving these constraints, we obtailjayed by Ej=<M). These design constraint equations may be

an explicit linear solution for the independent parameters in ter’?@mitten in a compact matrix form as shown below:

of certain dependent parameters. An optimization is performed

over the set of independent parameters to obtain the dimensions of

the optimal mechanism. The benefits include addition of structure

to the problem while permitting adequate flexibility/choices to the Zo=P1= (21t 2t - - 4 Zy)

designer; reduction of dimension of the overall optimization prob-

lem; and the ability to match at least some of the design specifi- . , .

cations exactly. AP, e%2—1 efife—1 . . . efn-rde—g
Examples.The design of a head-controlled feeding device, Fig.| A Py eds—1 eRidz—1 ... eRn-143— 1

4(a), will serve as the primary example. This feeding device has t
be synthesized to take an end effedtf@eding utens)l from the
plate and mouth while carrying an end-effector Idéabd) in a APy, edm—1 eRitm—_1 .. . eRn-1tm—q
smooth single parameter motion. Currently, the weight of the link

and friction at the joints is not modeled. The position of the mouth

and the position of the plate are typically chosen as precision Z;7
points with typical load values attributable to the weight of the Z,
food. In the subsequent two sections, we examine the kinematic
and kinetostatic synthesis of two- and three-link SDCSC mecha-
nisms that can perform the feeding task. We also explore the mini- Zn
mization of the input torque requirements by a combination of ] ®)
structural equilibration and spring assists. This is critical in our

case since the feeding device is to be powered by motions of the
user’s body parts with limited permissible ranges of motions and rAO, &>

forces.
ABg o3
=Rin-1)

L ABy Y

4 Planar Kinematic Design and Optimization

4.1 Precision Point Synthesis. The loop-closure equations whereAPy,=Py—P; andA®y=0,—-0,.
for the end effector of ahl-link SDCSC mechanisrtshown sche-  The orientation constraint equation is not required for Rlagh
matically in Fig. 4b)) can be written as a function @f, theinput Following (PF) problem and is identically satisfied at the first

link rotation angle relative to the first positioas: position (¢, =0) in theRigid Body Guidance (RBQroblem.
Table 1 Determination of the maximum feasible number of precision points for an N-link, SDCSC mechanism for the RBG and PF
problems
RBG Problem PF Problem
Links | Equations  Variables Free Choices Max M Equations  Variables  Free Choices Max M
N 3M -1 SN+M  3N+1-2M M <[ oM IN+ M 3IN-M M <3N
2 3M -1 6+ M 7T—-2M M <3 2M 6+ M 6—M M <6
3 3M -1 9+ M 10 - 2M M<5 oM 9+ M 9—-M M <9
4 3IM -1 124 M 13— 2M M<6 2M 124 M 12-M M <12
5 3IM -1 15+ M 16 —2M M<8 2M 15+ M 15-M M <15
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Fig. 5 Dimensional Synthesis solutions: (a) Sample SDCSC mechanism and 4-bar linkage
solutions for an RBG problem. (b) Sample SDCSC mechanism tracing an elliptical shape for
a PF problem.

Note that the end-effector position constraints are linear in tliee orientation and position errors into an inhomogenous objective
unknownsZ; but not the unknowng®; or ¢, and that the orien- function which depends on the choice of a length scale. While
tation constraints are linear in the unknowfg. In the RBG case, some approaches seek to eliminate the inhomogeneity of units and
we select theN—1 unknowns R; . . . Riy-1)) to form the set of the trigonometric non-linearity25], the objective function still
indeper]dent_ variables. This permits us to solve the orientatiggpendS on “non-vanishing representative length” units. In our
constraints linearly to determine thé —1 input crank angles, annr0ach, we parameterize each curve using the orientation. Ori-
‘755 s 'd’r'\;' e%nd Tubshequpe'?tly the position c_onstrlalntskllnearly Bntation matching correspondence is created by first finding the
?Rta'n tRe i ) gntﬁ ethe Mci\sle, inW;utsﬁﬁclimr;tating gonglnes‘s input link rotation angle ¢) of the generated mechanism to match
(¢i ¢(h’:f 15)15 the independent variables and solve for the réhe desirec_j arientation using E@)I Th_e position of thdorienta-

tion matching correspondence point is then determined using the

maining dependent variableg; using the position constraint . X - S - )
equations. forward kinematics equations for this input link rotation angle.

dependent variables will only be feasible if the number of ind&ncy in the objective function.

pendent variables is less than the number of available free choiceEqual Arc-Length Segment Correspondenceln the path fol-

available at any given timgsee Table 1L This requirement limits lowing problem, the lack of orientation information necessitates a

the maximum number of precision points which will still permit anew scheme to obtain the correspondence points. The parametric

linear solution of the synthesis equations as shown below:  arc-length is obtained by chordal approximation of a finely dis-
cretized set of points for each curve. Each curve can then be
divided into N equal segments based on the arc-length. The end-

RBG PE points of each segmeifion the two curvesform the two sets of
N_1 — 3N+ 1—2M N+EM =2 —_ IN—M points that have a one-to-one correspondence to ea(_:h other based
= = on the arc-length measure. The structural error with equal-arc
M < N+1 M < N+1 length correspondence points accurately assesses the extent of dis-

crepancy and that convergence to the correct solution is rapid and
4) is discussed further if26].
Implementation Details. We implement the optimization
scheme in MATLAB using theonstr()function, provided in the
4.2 Optimization. Typically, the design specifications areOptimization Toolbox, for the constrained non-linear optimiza-
presented as a discrete set of end-effector positions, orientatigag. The routine is based on a sequential quadratic programming
and/or forces. Interpolatory cubic splines are employed to obtaifethod with BFGS Hessian updates of the Lagrangian at each
the corresponding® continuous desired specification “curves.”jteration. Auxiliary constraints are applied to the problem by ap-
The optimization scheme is developed by selecting a suitable gfending them to the objective by way of Lagrange multipliers.
jective function to minimize and employing the free choi¢®s  These include upper and lower bounds on the mechanism param-

dependent variablgss optimization variables. eters and order constraints on the input crank angle to ensure that

b me obtjsgjtlvg fl:jnctlor:c_mtl_st be a measturci of therhlscrepang;j/< é(j+1)- In the examples discussed below, all problems con-
etween esiredspecification angenerateccurves. The gen- verged to the depicted solutions in typically under a minute on a

erated curve is the one realized by the mechanism synthesi . 4 . ;
using the precision point synthesis equations. Jtnectural error MHz PC running MATLAB. Multiple .SOIUt'OnS are pO$S'bI'.3
to the nonlinearity and non-convexity, which is typical in

[16], computed as the sum of the squares of the discrepancy of . N . X
two curves evaluated at pairs obrrespondence pointss em- mechanism optimization-based synthesis problems. The optimum

ployed here. Two approaches for the identification of the corrolution is dependent on the initial guess assigned to the design
spondence points are presented below. variables and the optimal solutions do not necessarily represent a

Orientation Matching Correspondence.In the RBG problem global minimum. However, as demonstrated, the combination of
the objective function is required to reflect the discrepancy bgrecision point synthesis and optimization over the free choice
tween the desired and generated end-effector orientations as walliables gives a solution within the feasible region that closely
as positions. Most schemes consider the explicit combination wiatches the desired specifications.
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Auxiliary link
{Spring restrained
rotary link}

Augxiliary link
{Spring restrained slider)

Final link
~

Transmission
Transmission
(a) (b)

Fig. 6 Auxiliary links are mounted at the tip of the SDCSC
mechanism: (a) Rotational and (b) Translational.

4.3 Planar Kinematic Design Examples. An optimal

four-bar(with E as the coupler poinat the same first position and

the dashed lines depict its other positions during the motion.
Curves with greater changes in curvature can be traced in PF
problems because the orientation matching requirement is absent
as seen in Fig. (®).

4.3.1 Better End-Effector Position and Orientation Matching
for RBG Tasks. SDCSC mechanisms can only realize end-
effector orientations which are a linear function of the input crank
angle. To accommodate other variations, we include a rotating
auxiliary link to compensate for the discrepancies in orientations.
The auxiliary link, depicted in Fig. (@) is pivoted at the curve
tracing point of theN'™" link, and the end-effector is aligned with
the curve tracing point and rigidly attached to the auxiliary link. A
cam, driven by the same cable-pulley arrangement, is used to
provide the required compensatory motions of the auxiliary link,
eliminating the need for an extra actuator. It is desirable to keep
the compensatory rotations of the auxiliary rotating link small to
simplify the cam design. A revised optimization scheme is devel-
oped[26] to simultaneously determine the optimal values for the
parameters of the mechanism and the compensatory rotafions.
bitrarily fine matching of the orientation can be achieved by de-

2-link SDCSC mechanism solution to the Rigid Body Guidanc%igning_ th_e cam of the auxiliary link with a finer resolution after
problem is illustrated in Fig. ®) for a typical feeding task dis- the optimization.

cussed in the previous section. The solid line PQR depicts the

2-link SDCSC mechanism at the first precision point and the thin

lines depict the mechanism through the various stages of the mo4.3.2 Better End-Effector Position Matching for PF Tasks
tion. For comparison, an optimal four-bar solution for the sam@ some situations, such as guiding the end-effector around the
dataset is superposed in the figure to demonstrate the relative siestacles, matching the significant changes in the curvature tends
of the two configurations. ABCD denote the four joints of theo be beyond the geometric capability of the 2-link SDCSC

— Desired Curve
~ - Actal Curve

{©

Fig. 7

Sample SDCSC mechanism solution for tracing a hand-drawn S shaped curve
and (b) 3-link. (c) A 3-link SDCSC mechanism solution for tracing a scalene triangle.

—— Desired Curve
- - Actual Curve

-3C -20 -10 ] 10 20

— Desired Cuive

- - Actual Curve

-20 -10 0 10 20

()

(a) 2-link
(d) Fitting the

hand drawn S shaped curve by a 2-link SDCSC mechanism equipped with a linear translational

auxiliary link.
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0Zpy — 271,84~ Z1yCy—R1Z5Sr 6~ R1Z2yCr o
5ZPy = leC¢_ZlyS¢+ RlzZXCR1¢_ R122ySR1¢ 5¢
60
Ry
(6)

where Cy=cos(¢), Sy=sin(¢), C(s4p=Cc0Y¢+6) and
Sis+9=SIN(¢+ ). Rearranging terms, we obtain a single scalar
equation for the input torque as:

le
Ti(d)=—[A1 Ay Az A4] Zoy —RiM, (7
Fig. 8 Schematic of a 2-link single degree-of-freedom coupled ZZY
serial chain (SDCSC) mechanism supporting an end-effector
load using a single base actuator and its complex number vec-
tor representation. A;=—F,Sy+F,Cy As=Ri(—F,Sg 4+F,Cr o)

A,=—-F,Cy—FS, As=Ry(— FXCRl‘/’i FysRl‘/’)

An equivalent alternate expression f6f may be obtained in

mechanism, as shown in Fig(&J. Two options are explored to terms of the link lengths by rearranging Ed) as:
enhance the capabilities of the SDCSC mechanisms in such situ-
ations.

Increasing the number of links while retaining the single
degree-of-freedom SDCSC configuration enhances the geometric Ti(¢)=—[B1B,]
curve tracing capability of the SDCSC mechanism. The improved
tracing of the same hand-drawn curve with a three-link mecha-
nism, while retaining a linear PPS procedure for 4 precision B1=(—FySg,+ 6T FyCo,+4)
points, is shown in Fig. (b). The increased number of links also
offers greater flexibility in tracing other complex curves such as
the scglene triangle s%own in Fi%(.cy. b B2=Ri(=FSo,r,0) T FyClo,r,0)

As an alternative, we can consider adding a cam-driven axially
extensible final link, shown in Fig.(B), driven by the input crank ~ With the inclusion of torsional springs at the joints, the equation
motion. A revised optimization problem is used to determine tH virtual work needs to be modified to include the work done by
dimensions of the optimal SDCSC mechanism, Figl),7to per- the internal spring forces as shown below:
form the task while keeping the required auxiliary translations
small[26]. The auxiliary translation link can now providsxact — F,6Zp,+F,6Zp,+M, 60 +T,6¢—K, 8,681~ K,B8,8B8,=0
curve matchingsince the cam can be designed appropriately after 9)
the mechanism synthesis.

Ly

L,|—RiM, ®)

where B, and B, are the angular deflections of the torsional
springs at the two joints.

B1=01t i (10)
5 Planar Kinetostatic Design and Optimization By=((6,+Ryp— 1) — (6,4 d—y))

Single degree-of-freedom mechanisms/linkages generate
end-effector forceenly in directions tangential to the end-effector L ) .
motion and structurally equilibrate forces in all other directions/1 and, are the absolute joint angles of the configuration of the
Hence, we will explore the design of a mechanism to guide a rigfiechanism where the undeflected springs are assembled whereas
body while supportingarbitrarily specified external loadsby a ¢1 and ¢, correspond to the joint angles of the mechanism at its
combination of the structural equilibration and actuation— at eadst precision point. Hence, the expression for the input torque,

position along the trajectory. 1» May now be written as:

5.1 Precision Point Synthesis. The force-measure precision b
point constraints are developed from the equations of static force- 1
equilibrium for the 2-link SDCSC mechanism in this section and Zyy

may be easily generalized to higher numbers of links. An inputT,(¢)=—[A; A, Az A4l Zy, | “RiMz+ Ky (614 =)
torqueT, is needed at the base joint to equilibrate an external load
of [FX,Fy,MZ]T applied at the end-effector, as shown in Fig. 8. Zay
By application of the principle of virtual work, we obtain:
+Ko((02=01) +(Ri—1) = (o= ¢1))(Ri—1) (11)

Fx0Zpxt FyoZpyt Mz00+T,0¢4=0 ©®) The PPS constraints are now created by evaluating both the

kinematic loop-closure and static force-equilibrium equations at
Since this is a single degree-of-freedom mechanigdy,,, the precision points and simultaneously solved ikiretostatic

6Zpy, and 60 are dependent ofi¢. synthesisapproach to determine the dimensions of the mecha-
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Table 2 Enumeration of free choices for a two-link SDCSC mechanism for the PF problem with kinetostatic specifications—
without and with spring assists for ~ Q;=0; and ;% 6, for various precision points

Kinetostatic Kinetostatic Kinetostafic
NoSprings Q, =0, Q, #£0,
PP Equations Variables Free Choices Equations Variables Free Choices Equations Variables Free Choices
M 3M 24, 21, 22, Ry, 6 —2M aM Zo, Z1, %2, Ry, &8 —2M aM 2y, %1, Z2, Ry, 10 —2M
92, DML K1, k2,801,820, K1, K2, 807,82,
D2y -3 ¥ b2,y Ppr
2 6 8 2 6 10 4 6 12 6
3 9 9 0 9 11 2 9 13 4
4 12 10 - 12 12 0 12 14 2
5 15 11 - 10 13 - 15 15 0

nism. Huang and Rotf20] note that combining the position andwhere
static-equilibrium constraints drastically limits the number of
reachable precision points for the four-bar mechanism. This is also

true for the 2-link SDCSC mechanism—see Table 2. Spring ele- My;=(Cy —1) My =S,

ments add extra design variables without adding design equations 2 2
permitting the design for a slightly larger number of precision My,=—S, My=(Cy —1)
positions. Methods such as incomplete design specificB2i8jor 2 2
mixed design specificatiof24] are also important here since they M;3=(Cg,g,—1) M3=Sr. 4
reduce the number of the design equations per precision point, 172 172
permitting more precision points. For examplestatic synthesis M14=~Srq, M24:(CR1¢2—1)

approach may be employed in situations where the position is
irrelevant using only constraints on tferce measureat precision = — = _
boints. g only p A1 =(Fx Sy, —Fy,Cs)  Awa=Ri(Fy Sr6)~FyCrys,)

Ar=(FxCy, +FySs)  Au=Ri(Fx Cr g, +FySr g,)
5.2 Planar Kinetostatic Design Examples (12)

5.2.1 Example A: Peak Torque Minimizationin this ex-
ample, a 2-link SDCSC mechanism is designed to match pre-The first two scalar equations represent the kinematic con-
scribed position and force specifications at two precision poinggraints while the remaining two are the force-measure constraints
exactly while minimizing the absolute value of the peak torqueg the two precision points. The selection Rf and ¢, as free
over the rest of the trajectory. In the feeder design case, the teioices yields a strongly coupled systéim the kinematic and
precision points are selected to be at the beginning and end of thce-measure equationsut makes the solution of the system of
motion, the positions of the plate-18.29 cm, 4.41 cinand the  equations linearly for the remaining unknowag , Z,;, Z,, Z
mouth(25.19 cm, 25.19 ci Further, we desire these to be posipossible.
tions of rest to be maintained without exerting any torqlie (  Spring assists alter the desired input torques via the equation of
:lezo)_ Finally, we will require the transition between posivirtual work, adding new variables Q;, the absolute joint con-

tions to be accomplished using the smallest input-torques, whfi@uration when springs are attached; and the spring
supporting a constant end-effector lodg=[0,— 1]"N). We ex- constants—but do not add other new equations. Two further cases

amine the feasibility of achieving this goal without the use dieSult when the springs are added and are discussed next.
4 g g Case II: Springs Assembled at the Initial Configuration

springs (Case ] and later demonstrate the benefits of addin
prings ( ) ?Qi=0i). The first case is one where the undeflected position of

springs to lower the required input torqué3ases Il and IIl. 4 . : .
Case I: Without Springs. The optimization problem may be the springs occurs when the end effector is at the first precision

y2

stated as: point. Such an assumption is useful in a practical setting since the
' mounting of the springs can be guaranteed at the first precision
: point. Thus();= 6; which considerably simplifies the expression
RT,Id?z m;){T(¢)| for the contribution to the input torques:
subject to: Tspring #) = — k1= k2(Ri—1)%¢ a3)
Xp,~ X, Mip Mz Mz M1z,
Yo —Y Tlnput:TEquil_TSpring
P, TPy M, My My Myy|| Zys
THRMz | 71 A A Az Ayl Ze

The new variablek; and «, increase the total number of vari-
T, +RiMz, Asi Ap Ay Ayl|| 4y ables by two. We continue to treat the two-precision point case
employing an increased number of free choiags, R;, «; and
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Fig. 9 Two precision point kinetostatic synthesis combined with minimization of the maximum absolute torque.

Cases (I) Without Spring Assist
Undeflected Springs Assembled at a General Configuration. Figures
moving between the start and end points. Figures
verging to the optimal
ments at the start and finish.

(I1) With Undeflected Springs Assembled at the Initial Configuration; and

(1) With

(a) (c) and (e) depict the optimal mechanism

Ko, leading to a strongly coupled system of linear equatiorsubject to:

which may be solved for the remaining unknovwas , Zy,, Zy,,
Z,,. The optimization problem may be stated as:

min
Ry, o k1,60 ¢

Journal of Mechanical Design

maxT(&)| T~

(b), (d) and (f) show intermediate input-torque profiles con-
(solid line ) profile. All the torque profiles satisfy the prescribed zero input-torque require-

My Mgz Mg M1z,
M, My My Myl Zy
A A A Aul| e
A Az Az Ay Zy2
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where M= C(€1+¢z)7c01

M12=C(g,+r,4, ~ Co,

A11:(Fx1591* Fylcel)

A12=R1(Fx S, —Fy,Cy)

Mi;=(Cy4,—1) My1=S,, M21=S(9,+6,)=Ss,  Aa=Fu,S0+0) = Fy,Coo,+ 4y
My,=—Sy, M2;=(Cy,— 1) M22=S(9,+R,6,) " So, A22=R1Fx Sp,+r,0,)
M15=(Cg_y,— 1) Ma3=Sk, 4, ~RiFy,Clo,+ry8)
M1s=—Sgr,y, M24=(Cr,gp,— 1) D1=(6,—0Qy) D= (61+ ¢pp—€1y)
Aa=(Fy S5 ~FyCy)  Aw=Ru(FySrs,~Fy,Cris) D12=(6,—Q3) D= (02 Rip2—Q5)

—(0:=Qy) —(01+ 2= (y) (15)

Ar2=(FyCy, +FySs)  Awa=Ri(Fy Cr g, +Fy,Sr g,)

Ts,=0 TSZZ_K1¢2_K2(R1_1)2¢2

3 Discussion.In our experience with several examples, we did

not experience any difficulty with the min-max formulation, pos-

(14) sibly because the precision point equations lead the optimization
to the portion of the design space where the non-differentiability
is not a problem. However, we note that it is possible to recast the
above min-max problem easily as a constrained minimization
roblem by introducing an additional slack variable and several
dditional inequality constraints, a technique commonly used in
ructural optimization.

Case lll: Springs Assembled at a General Configuration
(Q;#6). In many cases, we would like all precision points to b
“load-bearing.” Hence, we assemble the springs at positions aw

fron}l the tpreC|S|on rr])oantst tsho as to preloaq the gqec’r\llartnsm ?t Merhe results of the optimization over the free choices in each of
configurations reached at the precision poidts 6;). Note that yo v 06 cases are depicted each of the three rows of Fig. 9. In
the constraints written using Cartesian link coordinates are not &S 1 of the figures on the left hand sida), (c), and (e), the

useful h%re. In their stea(fj,hwe expr_esg all ;hﬁ clpnl(s}rzﬁklrcﬁ- -obtained mechanism solution is depicted moving between the start
matic an staticin terms of the magnitudes of the link lengths. Mand end points, which were selected to be the precision points. In
recasting thg equations, .the system of equations is linear in ter, 3 figures on the rightby), (d), and (), the several intermediate

of the magnitudes of various link lengths which are now selecte uf torque profiles(dashéd Ifne)sare’shown converging to the

to be the dependent parameters. The spring constants are sele&

. tithal (solid line) profile. The final profile(solid curve has the
as_the (_)ther d(_ependent parameters. The Comb'“ed system MaYRfest absolute value of the peak torque among all other curves.
written in matrix form as seen in the constraints of Etp). The

6 available free choices are used to spegsty, R, ,0;, 0,0 No_te that all the position profiles interpqlate the start gnd finish

0, which leads to a weakly coupled 5 sriem c’)flirlu‘aalr,eqzu’atﬁéiﬁs points and that the torque profiles satisfy the prescribed zero
ﬁ. h b ved f t?\/ d d yt atlesL input-torque requirements at these positions. Comparing the fig-

which may be solved for In€ depenaent varallgsly, k1, Ka. \raq on the right(b), (d), and(f), we would like to emphasize the
The weak coupling implies that the kinematic equations m

first be solved independently for a few of the variablas L ,. Fductionin the required torques in Cases Il and Il &y order of

These results are then used to solve the static equations for W]aegnltudedue to the addition of spring assists.

remaining unknownsc;, «,. We will, however, prefer to solve 5.2.2 Example B: Position-Independent Input Torque Profile
the combined system of equations and perform the optimizatidatching. Four-bar linkages have been used in the design of
on the entire set of variables simultaneously. Note that care mestercise machines to give their users a shaped exercise profile
also be taken to ensure non-negative values for the dependesihg a constant load/weigf]. In this example, we will demon-
variables in this case. strate the distinct benefits of using a 2-link SDCSC mechanism
supporting a constant end-effector weight, instead of a four-bar
linkage. The user interacts primarily only with the input handle
attached to the rotation of the base joint and so the mdposi-

tion profile) of the end-effector is not relevant. Hence a wide
variety of desired shaped input torque profiles can be realized by:
(a) eliminating the dependence on the positions from the objec-
tive; and(b) supplanting the constraints on the end-effector posi-
tion with further design specifications on the input torques. This
increase in the number of torque specifications enhances the opti-

min maxT(¢)| (15)
Ry, ¢2.01.62,01.,Q5 @

subject to: mization process by reducing the feasible search space resulting in
a more rapid convergence. Representative results of the design of
mechanisms which use the shaped quadratic and cubic shaped
input torque profile to support the constant load at the end-effector
Xp, = Xp, My, My, O 07L, are presented here in Fig. 10 and discussed furthgzéh
Yo, Y, Mo My 0 0 || Ly

T,HRM, | T A A Az Ayl <1

T|2+ RlMZz Az Axn A Anl| k2 6 Conclusion

In this paper, we introduced a novel configuration of mecha-
nisms called Single Degree-of-freedom Coupled Serial Chain
(SDCSQ mechanisms and presented a general framework and

where methodology for their synthesis for planar tasks. A salient feature
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Fig. 10 Desired input torque profile matching (&) Quadratic Profile T(¢y)=3—0.6¢py—0.16 and (b) Cubic Profile T(¢p)= 3
— $2+0.08¢+0.064 where ¢y=(/60). The final designed mechanism is required to support an applied load of F=[0,—1]"N at
the end effector using the desired input torque profile (solid line ). The intermediate non-optimal torque profiles are shown in
dotted lines converging to the final optimal profile shown in dashed (= -) line.
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