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Abstract— In this paper, we examine and evaluate
artificial-potential field approaches for motion planning of robot
collectives with formation-maintenance requirements. To this end,
we demonstrate the practical use of construction of the Navigation
Function (NF) to serve as the “standardized testing-ground.” The NF
allows a designer to merge multiple local limited-range
potential-functions uniformly into a well-behaved “potential space”-
without creating multiple local-minima or irregular scaling at the
obstacles. A MATLAB based Graphical User Interface (GUI) is
created to aid the interactive creation of the “potential-space” for
user-defined workspaces. Within this common test-ground, one is
then able to systematically compare and evaluate the performance of
various formation maintenance algorithms for robot collectives. In
particular, we evaluate the performance of artificial-potential based
formation-maintenance algorithms for wheeled mobile robot
collectives with 3- and 10-members.
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1. INTRODUCTION

Ongoing revolutions in computing effectiveness and
miniaturization of processors/sensors/actuators in the past
decade have facilitated the deployment of networked
distributed collectives of mobile robots in numerous
applications from reconnaissance, foraging, herding to
cooperative payload transport.

In recent years, the study of such groups of multiple
autonomous mobile robots exhibiting cooperative behavior
has emerged as an active and challenging research area.
Groups in nature (from flocking birds, schooling fish to
colonies of ants) appear to make use of a distributed control
architecture in which individuals not only respond to their
sensed environment (with limited ranges), but also respond to
(or are constrained by) the behavior of their neighbors [1, 2].
Recent literature has identified the ability of relatively simple
constraints such as: (1) attraction to neighbors up to a
maximum distance, (2) repulsion from neighbors if too close,
and (3) alignment or velocity matching with neighbors as

playing the principal role in maintaining a group formation [1].

In addition, these constraints may also be employed to explain
a ‘high-level emergent’ group behavior such as finding a food
source, or move to higher temperature area, while avoiding
obstacles (corresponding to a ‘gradient climbing’ problem).

Thus, there is a significant interest within the robotic
community to better understand the biological imperative and
exploit the same by incorporating similar principles in
artificial robot collectives.

However, the diverse application arenas come with varying
requirements for “cooperation”. Consider a case where a
network of robots is to be used in a mapping/reconnaissance
mission vs. one where teaming is desired for moving and
manipulating large payloads. While deploying a group of
robots (over a single robot) has distinct advantages in both
cases, the cooperation and coordination requirements are
significantly different. Considerable research attention has
been focused on the former case where only loose formation
maintenance is required [2, 3]. In this paper, however, we
examine the latter case which has more stringent requirements
on formation design and maintenance.

Artificial Potential Field (APF) approaches provide an
intuitive way to model and analyze the behavior of group of
robot with many desirable characteristics. In lieu of a
deliberative/explicit trajectory or actuator-input computation
(prior to the motion), the motion plan is reactively/implicitly
specified in terms of the “dynamic-interaction behavior” of
the robot system i.e. by how the robot interacts and responds
to the sensed environment [4]. At the group level, the
workspace is modeled as a “potential space” where the global
minimum is at the destination, thus converting group-level
motion-planning into a gradient decent problem. At an
individual level, interactions of individuals with their
neighbors and environment can also be modeled using
potential functions, such that formation of the group can be
maintained while achieving group motion. Despite these many
advantages, APF approaches face the fundamental challenges
in hierarchically combining these multiple levels of control
within a common framework to realize truly decentralized yet
scalable cooperation of such robot collectives.

In this paper, we examine and evaluate adaptation of
potential field approaches for motion planning of robot
collectives with emphasis on formation maintenance. The crux
is to select or create a “potential space” that can be used as a
“standardized test-ground” for studying various formation-
control algorithms. The Navigation Function (NF), in our



opinion, is ideally suited for our implementation in that it
allows us to combine the effects of multiple local potential
approaches (with limited ranges-of-influence) to create a
“well-behaved potential field”. There are numerous facets to
this problem, as summarized pictorially in Fig. 1, that need to
be carefully studied. However, in this paper, we focus our
attention on sphere worlds with multiple point mass robots
and stationary obstacles and target.
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Fig. 1: Challenges entailed in multi-robot motion planning.

The rest of this paper is organized as follows: Section 2
surveys the variety of APF approaches and their key desirable
features prior to introducing the navigation function. Section 3
recapitulates the principal formulation features of the
navigation function within a convenient MATLAB Graphical
User Interface (GUI) interface. Section 4 presents formulation,
simulation results and comparative evaluation of
potential-based formation- maintenance algorithms for groups
of robots operating within such a test-ground. Section 5
concludes the paper with a discussion of the results.

II. LITERATURE REVIEW

In the past decades, Artificial Potential Field (APF) methods
have gained popularity among robotic researchers especially
in the mobile robot arena [5-10] due to its mathematical
simplicity and elegance. Beginning in the early 80’s, Khatib’s
work [7] focused on defining a potential field on the
configuration space with a minimum at the goal configuration
and potential hills at all obstacles. In such a potential field, the
robot is attracted to the target while being repelled by
obstacles in the workspace (The vector-sum determining the
direction and speed of travel). Thus, the gradient of the
combined artificial potential (from the multiple potential
functions) serves as the input force driving the robot to its
desired destination while avoiding collisions with obstacles.

Typically, the attractive potential field and the repulsive
potential fields are formulated separately, and the total
potential field of the workspace is obtained by linear
superposition of the two fields. Examples of potential
functions designed with this idea are Krogh’s GPF function
[11], Khatib’s FIRAS function [7], Superquadric artificial

potential function [12], Ge and Cui’s New potential function
[13], or the Harmonic potential function [8, 14]. These are
called the local potential approaches since only local gradient
information is needed. Such approaches are very attractive
from a computational point of view since no processing is
required prior to motion. Further, it is easy to specify a
dynamic behavior that tends to avoid obstacles.

The main drawback of such a potential field approach is that
when obstacles are present, the potential field may not be
convex and local minima that can ‘trap’ the robot may exist at
points away from the target. This local minimum is the result
of unpredictable shape of total potential field after the
superposition of attractive and repulsive potential fields. The
second disadvantage of this approach is that it is difficult to
predict the actual trajectory. In practice, one has to carefully
pick the constants in the potential function in order to
guarantee obstacle avoidance. Furthermore, the generated
trajectories are usually far from being optimal by any
measure.

Many of later approaches were developed to help overcome
some of these limitations. Volpe and Khosla introduced a
Superquadric Artificial Potential Functions [15], which
model a wide range of shapes range from rectangles to
ellipses. Harmonic Potential Functions [8] seeks to create a
potential field without local minima that most potential field
methods suffered from. Ge and Cui, proposed a new potential
function that take into consideration of moving obstacles and
moving target. The potential field is both a function of
positions and velocities [6] of the robot, obstacles, and target.
Another common problem found in most potential field
methods, the GNRON problem (goals non-reachable with
obstacle nearby) identified by Ge and Cui [13] and Volpe and
Khosla [12], can be handled using their proposed potential
fields respectively. Detailed studies of these local potential
approaches, their limitations, and their characteristics were
presented in [16].

Many of these limitations such as the multiple local minima
of the irregular potential scaling at obstacles can be overcome
by using the Navigation Function (NF), first introduced by
Rimon and Koditschek in their series of papers [10, 17-19].
However, the NF is a ‘global’ strategy — constructing a
configuration-space potential field free of local minima comes
at the cost of losing the simplicity and computational
advantages of the original local potential fields. Hence, while
it may not well-suited for real-time applications, the NF
based composite potential-field nevertheless retains many of
the other desirable features and serves as an ideal testing-
ground for evaluation of motion planning algorithms for
robots collectives.

I11. NAVIGATION FUNCTION (NF)

A. Properties of the Navigation Function

An NF is defined as follows: Let ¥ be a robot free
configuration space, and let q, be a goal point in the



interior of ¥ . A map ¢:¥ — [0, 1]
Function if it is [10]:

(1) Smoothon ¥, ie., atleasta C> function.

(2) Polar at q,, , i.e., has a unique minimum at q,, on the

is a Navigation

path-connected component of ¥ containing q,, .

(3) Admissible on ¥, i.e., uniformly maximal on the
boundary of V.

(4) A Morse Function.

Although a navigation function provide a workspace with a
global minimum, an “essential” global convergence is not
guaranteed. A global convergence means convergence from
almost all initial configurations. In fact, it was shown that
there exist at least as many saddle points as there are internal
obstacles [10]. However, these spurious unstable equilibrium
points need not cause any practical difficulties since only
“few” such initial configurations. Further, for a group of
robots with formation constraints, the chances of getting stuck
on these saddle points is further decreased: if one robot stuck
on the saddle point, other robots in the same formation will
drive that robot out of the saddle point via the formation
constraints.

B. Navigation function for a sphere world

For this paper, we focus on construction of an NF in a
sphere world. The sphere world is a compact connected subset
of E" whose boundary is formed from the disjoint union of
a finite number, M +1, of n—1 spheres. We largely follow
the development in [10, 18] in the rest of the subsection.

Let A(q,p) denote a Euclidean n-dimensional disc with
center at q€ E", and radius p . A Euclidean Sphere World is
formed by removing from a large n-dimensional disc,
Ay (0, p,) (i.e. centered at (0, 0) with radius g, ), M-numbered
of disc-like “Hill”, A;(q;,p;) for j=1.--M , called the

obstacles. The bounded workspace E" —A4, is referred as the

zeroth obstacle. The free configuration space (or simply,
configuration space) ,'¥ that remains after removing all the
internal obstacles from A4, is:

M
¥ = A, —jlgl Obstacle; ey

For Wto be a valid sphere world, the obstacles’ closure

must be disjoint and be contained in the interior of A;. Thus,
for this sphere world, there are M +1 centers, ¢g; and
radii p; , for i=1.--M +1. Also, for this example, the

Bounding Function is:

2
Bo(@==la-ao| + 25 @
and spherical obstacle function given by:
2
Bi@=-|a—a;| +p] . forj=1-m. 3)

These formulas are expressed in terms of the implicit

representation of the constituent shape, which assumed to be
known. We are now ready to construct the NF for the sphere
world which defined as:

(momo%"j(q) for >0

P (@) = (4)
1 for <0
where y, is the distance-to-target function, given by:
2
7@ =[a—ar, | (5)

In which ( denoted the position of the robot, qg,,
denoted the position of the target, and ||q—qu.|| is the

Euclidean norm and x>0is a control parameter. £ in

Eq.(4) denotes the product of obstacle function which is
given by:

M
= lj{)ﬁ (6)
where S, is given in Eq.(2) and Eq.(3). On the other hand,

0,(x)=x/(A+x) and p,((x)le/K are called the analytic

switch function and sharpening function respectively, and
they are both conditioning functions. For example, the
analytic switch function s(g,4) performs the following

operation:

/4 4C0)
’/1 = o — = 7
@ (0’1 ﬂj(q) AB(@)+y(q) @

Equation (7) has the following properties: it vanishes
exactly at the zeros of ¥, achieves its upper bound of unity
exactly at the zeroes of £, and varies smoothly between the
two elsewhere. Now using the sharpening function, combined

with Eq.(7), we obtained the following NF in the sphere
world:

2
"q qTar — for ﬁ >0
2@ =1 la-az, [ + ) | ®)
1 for £<0

The value of @,_(q)varies between [0, 1]for #>0. fis
the product of obstacle functions as defined in Eq.(6), <0

constitute the points “inside” the obstacle, and thus gives a
maximum value of 1.

Here, we see that navigation function provides a solution to
the local minima found in local potential field approaches;
nevertheless it remains a global method. This means that it
losses the advantages of local potential fields approach where
only local information is needed. Further, while the repulsive
potential function in local potential approaches have a limited
range of influence (which is a desired feature), all obstacles in
the navigation function contributes to the final shape of the
potential field, no matter how far they located.
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Fig. 2: The 3D visualization of a navigation function of a sphere world with
four obstacles with (a) x=1.0; (¢) x=2.5; and (e) kx=3.5, and their
corresponding contour plots are given in (b), (d), and (f).
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Fig. 3: Contour plot of a potential field for a workspace with four obstacles
created using navigation function. In (a), local minima exist witha K value
of 2.6; and (b) Local minima disappeared as K value increased to 3.6.

Further, Eq.(8) has the characteristic that it can provide a
potential field with a unique minimum adjustable using a
single tunable parameter k. As an example, 3D potential field
of a workspace with four obstacles and their contour are
plotted in Fig. 2. In these figures, obstacles are located at
2,0), (0,2, (2,0, and (0, -2), with a radius of 0.5, and
target is located at (4, 0). Fig. 2(a)-(f) show that potential field

generated from navigation function has a smooth contour only
with a proper selected x value. For some arrangements of
the obstacles, undesired local minima may exist at low value
of k. For example, Fig. 3(a) shows the contour plot where a
k value of 2.6 results in an undesirable local minima at (-3.5,
2); which disappears as x value is increased to 3.6 as shown
in Fig. 3(b). Therefore, selecting a suitable x value is
critical but can be done offline. Hence, we develop a
MATLAB GUI to aid the designer.

C. Design of a MATLAB GUI for Navigation Function

In the previous section, we have shown that an “adequate”
x value is necessary for finding a potential field without local
minima — however, this value can vary significantly
depending upon the workspace and the number, size and
positioning of the various obstacles. Hence, it was useful to
develop a tool to quickly determine the necessary x value
for a given workspace in order to subsequently evaluate
motion planning algorithms for groups-of-robots. The
interactive MATLAB-based Graphical User Interface (GUI),
shown in Fig. 4, allow the designer to alter the size, number
and location of various obstacles, change the « value,
visualize the contours, and interact with a 3D plot of the
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Fig. 4: The MATLAB GUI that allows a designer: (a) place obstacles of
various sizes in the workspace; (b) visualize the contour of the navigation
function of the workspace; and (c) visualize the potential field in 3D, and
change x value to obtain a smooth potential field with a unique minimum.



IV. FORMULATION AND SIMULATION RESULTS

In this paper, we implemented potential field approaches for
motion planning of robot collectives. A “team” of
differentially-driven nonholonomic wheeled mobile robots
(NH-WMR) are shown in Fig. 5(a). Typically, the
nonholonomic constraints of the individual wheels combine
with the differentially driven architecture to limit the possible
motion of such robots. Thus, any point along the wheel axle
of the differentially driven wheels cannot move in the
direction of the axis. However, all other points are not bound
by this constraint which allows reduction of the NH-WMRs to
an equivalent point mass, as is done in this paper.

A.  Dynamic Equations Formulation

The dynamic equation of this group of n point-mass robot
without formation maintenance is given by:

Mg =u-Kq ©))

where M =diag{M;,M,,....M,,} , a 2nx2n diagonal mass

matrix; u=-KVqU, the input to the system is the negative

gradient  of  the

K =diaglky ky -+ ky ok

potential  field U , and

y,}» also a 2nx2n diagonal control

T
matrix and v U:a_U: a_U’a_U’a_U’a_U’...’a_U’a_U
4 oq dx; dy; Oxy Oyp ox, 9y,

Equation (9) can also be written in the following matrix

B R

withu=-K VqU .

To include the formation maintenance in the dynamics
equations, we note that this group of independent mobile
robots moving together in formation and coupled together by
constraint dynamics can alternatively be viewed as a
constrained mechanical system. Hence, the dynamics of group
of robots can be formulated as Lagrange Equation of the First
Kind as:

q=v (11)
M(q)v =f(g,v.,u)-J(@" & (12)
C(q,1)=0 (13)

where q is the n-dimensional vector of generalized
coordinates; v 1is the n-dimensional vector of generalized
velocities; M(q) is the 2nx2n dimensional inertia matrix;
f(q,v,t,u) is the n-dimensional vector of external forces; u
is the vector of input forces, whichis -k ,V U ; C(q,r) isa
m -dimensional vector of holonomic constraints; and
J(q) =9C(q)/dq is the Jacobian matrix.

As a result, the formulation and computation of motion
plans for such collectives in a potential field may be treated as
being equivalent to simulating the forward dynamics of a
constrained multi-body mechanical system. By doing so, we

can link and leverage the extensive literature on formulation
and implementation of computational simulation of multibody
systems [20-23]. Specifically, the constrained dynamics
system may now be solved by using three methods: (i) direct
Lagrange multiplier elimination approach [22, 24]; (ii)
Penalty formulation approach [25]; or (iii) Constraint
manifold projection approach [26-28]. In particular, the
penalty formulation approach is very closely analogous to the
potential field approach in [2, 3] and will be investigated in
our work. A detailed treatment of the other two approaches
can be found in [29].

In the penalty-formulation approach, the holonomic
constraints are relaxed and replaced by linear/non-linear
spring with dampers. This allows the constraint equations to
be incorporated as an auxiliary dynamical system penalized
by a large factor (as shown in Fig. 5(a)). Here, the Lagrange
multipliers are explicitly approximated as the force of a
virtual spring or damper based on the extent of the constraint
violation and assumed spring stiffness and damping constant.
The restoring force, which is proportional to the extent of the
constraint violation, is expressed as:

L=K;C(q)+K,C(q) (14)
where K is the spring constant term, and is given by
KS:diag{KSl,Ksz,---,Ksn} , an nxn diagonal matrix;
K, is  the

KD=diag{KD1,KD2,-~~,KD"} , also an nxn diagonal

damping  constant  term,  where

matrix; and C(q) is the vector of constraint violation in the

direction of the respective A . Substituting Eq.(14) into
Eq.(12), the dynamic equation using penalty-formulation can
be expressed as:

v

q

M {M_l[f(q,v,t,u)—JT(KSC(q)+KDC(q))}

By doing this, the Lagrange multiplier is eliminated from
the list of n+m unknowns, leaving a system of 2n first
order ODEs. On one hand, we note that this may creates a stiff
dynamic equation with poor numerical conditioning, when a
large penalty factor is selected. On the other hand, this spring
force only approximates the true value of the constraint forces.
Thus it may not be able to maintain tight formation, if a
relative small penalty factor is selected. Note that with this
formulation, we can also allow for shape change by letting:

5)

L=K;C(q.1)+K,C(q.7) (16)
where the constraint matrix C is now C(q,7), a function

of both position and time. Another advantage of
approximating the Lagrange multiplier using the penalty
approach is that fully decentralized formulation can be
obtained without much effort. For example, the dynamics
equation of a group of three point-mass robots, denote as A, B,
and C (n=3), can be formulated using Eq.(16), and further



decentralized as:
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wherew, =V, U, € =(1]lq], and K;, Kk, with i=AB,Care

the compliance matrices for springs and dampers respectively.

The three dynamic sub-systems shown in Eq.(17), can be
simulated in a distributed manner if at every time step: (1)
either the information pertaining to C(q), the extend of the

constraint violation, is made available explicitly or (2)
computed by exchanging information between the robots. The
sole coupling between the three sub-parts is due to the
Lagrange multipliers, which are now explicitly calculated
using the virtual spring.
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Fig. 5: (a) Three nonholonomic wheeled mobile robot in a triangular
formation can be treated as three point mass robots by selecting a point away
from the axle; and (b) The formation constraint is satisfied by approximating
the Lagrange multiplier as springs and dampers.

B. Case studies

We performed three case studies using the formulation
presented above on the common test course, shown in Fig.
6(a). Initially, we positioned three robots at (-2,-3),(-2,-4),

and (-2.866,-3.5) respectively with respect to an obstacle of
radius 1.5 at the origin and the target located at(2.5,2.5).

The potential field of the workspace, created using navigation
function with x=1.6 , is shown in Fig. 6(b).

We performed the simulation using MATLAB’s fixed
time-step solver, in consideration of actual implementation,
where the information from sensors is evaluated in a specific
fixed time-intervals. In particular, ODE5 (a fifth order
Runge-Kutta Method) was chosen for its highest accuracy
among other fixed time-step solvers. A fixed time step of

1x10~2 seconds was used for the total simulation time of 8
seconds.

3 Robots in Formation Navigation Function with x = 1.6

4
3 Target
®
2 Obstacle
1 X
s ° 3
g Robots B
i e i
S é
> 5 £
g
a Robots 5
Formations
-4
5
- > »
%6 4 P 2 P E y position
x Position * position

Fig. 6: (a) The simulation setup for case studies, shown here an obstacle
between a group of three point-mass robots and the target location; and (b) the
potential field of the workspace generated using the navigation function in 3D
view.

As a baseline reference, the first case study is done using the
dynamics equation without incorporating the formation
constraints, as given in Eq.(10). The gradient information at
each simulation step is obtained numerically for each robot.
As the simulation shows, in the absence of the formation
constraint the results depict 3 individual mobile robots
converging to the common minimum. To quantify how well
the formation is maintained, we study the total formation error,
is given by:

(18)

where A denote the total formation error, M denote

Error
number of holonomic constraints in the equation, ¢ is the
Euclidean distance of each holonomic constraint at each
instant, and C is the desired Euclidean distance for each
holonomic constraint. Fig. 8 depicts the results of the second
case study — where the constrained equations in Eq.(15) are
simulated under identical conditions.
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Fig. 7: (a) Simulation result showing the three robots traveling to the target by
following the negative gradient of the potential, without formation
maintenance; and (b) The total formation error throughout the simulation.

We notice that the formation error shows significant
dependence on the value of the spring stiffness K, and is

order of 107 for K, =100.To further examine formation

constraint maintenance, we study the parametric effect of
raising the value of K. Fig. 8(b) shows the reduction in the

total formation error as the value of K, increases. We obtain

a total formation error in the order of 10~ with K, =1000,



with a simulation time-step of 107 . However, for value

of K¢ >1000, the simulation become unstable as the equation
stiffness increases requiring a reduction in the simulation step
size. Several other studies, including formation-expansion and

formation topological changes were also performed and
discussed in [16].
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Fig. 8: (a) The simulation result showing the three robots in a triangular
formation move from their initial position to the target position while
maintaining formation; and (b) The total formation error for different value of

spring constant K of the three robots in triangular formation case study.

For this paper, we also report a third case study, with 10
point-mass robots moving in formation that was performed to
help study the scalability of this formulation. The initial
locations of the robots are given by: (8, 11.46), (7, 9.73), (9,
9.73), (6, 8), (8, 8), (10, 8), (5, 6.26), (7, 6.26), (9, 6.26), (11,
6.26). The target is locate at (-7, -7), the obstacle is located at
(0, 0) with a radius of 1.5, and the potential field is created
using navigation function with x=1.7 . The sample
simulation result, shown in Fig. 9(a) and the study of the
parametric changes in spring constant K, on the total

formation error, shown in Fig. 9(b), are very similar to the
previous case study.

Motion Planning of 10 Point-Mass Robots
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Fig. 9: (a) The simulation result of the 10 robots forming a interconnected
triangular formation in a workspace with one obstacle; and (b) The total

formation error plot for different value of K used in this simulation.

Hence, in practice, the selection of this spring constant
value become critical as one tries to reconcile conflicting
requirements for tight formation maintenance and avoiding
ill-conditioned (stiff) formulations. Other approaches, such as
constraint manifold projection [16, 29] exist but tend to be
less amenable for decentralized implementations and/or more
expensive in terms of computations-per-iteration. However, it
is oftentimes more desirable to use these approaches in terms
of their reduced overall formulation stiffness which makes for
faster and stable overall computations.

IV. DISCUSSION & CONCLUSION

In this paper, we demonstrate the practical use of
construction of a navigation function as the “standardized
potential space” for evaluation of multi-robot cooperative
payload transport algorithms. The navigation function
provides a means to merge various limited-range



local-potential-fields into a “well-behaved” C-space potential
function with a unique global minimum (that can be tuned
using a parameter x ), and other useful characteristics.
However, this comes at the cost of requiring complete
knowledge of the workspace in order to construct the
navigation function.

An interactive GUI interface was developed to alleviate the
mathematical/computational complexity and tedium involved
in merger of arbitrary local-limited-range potential functions
into the navigation function. The tool allows us to quickly
model the workspace and obstacle environment, select an
appropriate x value, and visualize the resulting navigation
functions. Such standardization of testing-grounds allows
algorithms for coordinated control of multi-robot collectives
to be evaluated. This, for example, allowed us to study effects
of potential/behavior-based constraints on performance of
formation-maintenance operations. Other similar studies,
leveraging this framework, are also currently underway.
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