RADIAL BASIS FUNCTION NETWORK (RBFN) APPROXIMATION OF FINITE ELEMENT MODELS
FOR REAL-TIME SIMULATION
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ABSTRACT

Nonlinearities inherent in soft-tissue interactions create
roadblocks to realization of high-fidelity real-time haptics-based
medical simulations. Whilefinite element (FE) for mulations offer
greater accuracy over conventional spring-mass-network models,
computational-complexity limits achievable simulation-update
rates. Direct interaction with sensorized physical surrogates, in
offline or online modes, allows a temporary sidestepping of
computational issues but hinders parametric analysis and true
exploitation of a simulation-based testing paradigm. Hence, in
this paper, we develop Radial-Basis Neural-Network
approximations, to FE-model data within a Modified Resource
Allocating Network (MRAN) framework. Real-time simulation of
the reduced order neural-network approximations at high
temporal resolution provided the haptic-feedback. Validation
studies are being conducted to evaluate the kinesthetic realism of
these models with medical experts.

INTRODUCTION

Virtual reality (VR) simulation based training hslinmense
promise for offline development of skills in aremasging from
flight simulation to medical procedural trainindhd promise lies
in the ability to not only present controlled setstimuli but to
simultaneously train both cognitive and sensorimskils of the
user. One aspect of this work relies on developmiEmaptic user
interfaces (HUIs) capable of rendering the foraeshie user,
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which is discussed elsewhere [1]. The other asfmettses on
development of computational haptic models capafisiendering
the high fidelity haptic interactions and is disseg here. Over the
years VR simulators for medical procedural trainihgve
gradually transitioned from a primarily unidirecta visual
engagement process to a more bidirectional kingsthenersion
[2]. Effective implementation of the force-feedbaalgorithms
thus requires high fidelity models which are capabl being
computed within the timing constraints prescribeg &
deterministic real-time framework necessary fortitap

Enhancing the haptic response (i.e.) to reflect foree-
response behavior of real bio-physical systemsugis, organs
etc.) makes nonlinear models necessary. Curretithapodels of
soft tissues (used in COTS medical simulators) oelyelatively
simple/ simplistic linear models (spring-mass-dangystems or
linear finite element analysis systems) to comghedeedback at
high update rates However, the complexity of conmguthe
higher spatial and temporal fidelity response fsumh nonlinear
models creates challenges. While methods suchiss élement
methods (FEM) offer potential means of computinghsu
responses, they can be pursued only in an offétteng.

Hence, in this work, we seek to develop suitable
approximation methods to effectively and paramatiyacapture
the physics in reduced order models. The resuligimdd using
FE systems were used as case studies for whichl radsis
function based approximation model was developedodified



resource allocating network (MRAN) method was addpto
determine the neural network states and an extdfalethn filter
(EKF) method was implemented for optimizing theaemeters.
The response of the approximation models tend tiaster and
easier to simulate than the original nonlinearesystMoreover,
methods based on radial basis functions can beettaffline to
have an optimal network structure and deployednenin the
predictive phase at very high update rates suittdvlenedical
surgical applications. We examine the applicabilitstudying the
approximation of FEM analysis of a linear elastiad gplastic
cantilever beam. Finally, a virtual-haptic enviremh was
developed using MATLAB Simulink/ VRML to deploy the
resulting force reflection models. Working throuthiis simple
problem provides a greater insight about the ppalcissues
related to numerical computation of RBFN model adl\as
implementation of real time haptic interface.

BACKGROUND

Realistic real-time haptic applications typicallgquire a
feedback or update at greater than 30 Hz for viseradations and
minimum of 500 Hz for haptic sensations [3]. CutheNR-and
haptic (VR-H) simulations are constrained by bathithtions
inherent to Haptic-User-Interfaces (HUIs) as wedl laaptic
computational models. However, this is a coupledbfam —
choices of HUIls determine the sophistication of tlap
computational models and the current technology jpeimits the
simplest of models to be run in real-time [4] (i.&amped
parameter spring/mass systems). While the usenefii FE
models helps overcome some of the computationaalions, the
accuracy and fidelity of haptic models are alwaygjuestion.
More realistic, complex 3D finite element basedt difsue
models, are currently far outside of the realm e&lrtime
simulations.

Linear elasticity is used for modeling the deforfeab
materials principally due to simplicity of ensuingmputations.
However, the physical behavior of soft tissue maybnsidered
as linear elastic only for small deformations [b(tgpically less
than 10% of the mesh size). Thus, linear elastioBHels are not
valid for large displacements and are not invantit respect to
rotations [7]. Finally selection of mesh density asll as
parameters for the linear elastic systems remaiadlenging
exercise. Thus, currently many surgical haptic staus depend
upon the subject studies to tune these parametesgtieve
“realistic performance”.

Some of the simpler deformation techniques useasarf
models, where the masses are concentrated in thle veetices
connected by springs. Such a surface model contieggsmass
points than a volumetric model defining the samepshand is
therefore more efficient [8]. A surface model, heeg is
inherently inaccurate and yields physically invadieformations
(e.g. self penetration). Thus, volumetric modets lzgtter suited
for the simulation of deformable objects, espegiathen cutting
is required. The most commonly used methods fogldging soft

tissue simulations are the Mass-Spring Method (M&kY the
FEM and method obtained by modification and comtiamaof

these two approaches [9]. In all these cases, hb&e of the
appropriate simulation method is influenced by dastsuch as
computing efficiency, required accuracy and theegypof

manipulations that have to be performed. With tbe af higher
fidelity models, the computation time increaseddigpand as a
result the real-time haptic performance for sudgitaulation has
to be compromised upon.

In this work, we focus on the issues surroundingeical
implementation of nonlinear models and an altemeatiovel
approach to develop approximation models for thdinear FE
systems using radial basis function network (RBFBLch an
approach can be made adaptive to different modehpeters with
nonlinear characteristics while remaining compotaily
tractable. In addition, using such methods can pisve to be
valuable for implementing real-time simulation fother non-
linear FE models outside the medical simulator doma

RADIAL BASIS FUNCTION NETWORKS (RBFN)

Over the past few decades, Artificial Neural Netkgor
(ANNs) have emerged as a powerful set of tools attepn
classification, time series analysis, signal preces dynamical
system modeling and control. The popularity of AN&s be
attributed to the fact that these network modeddraquently able
to learn behavior when traditional modeling is vdifficult to
generalize. Typically, a neural network consists sefveral
computational nodes called perceptrons arrangéalyars. The
number of hidden nodes essentially determines dugeds of
freedom of the non-parametric model. A small nundfdridden
units may not be enough to capture a given systeorisplex
input-output mapping and alternately a large nundiéridden
units may overfit the data and may not generatizebehavior.
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FIG. 1 MULTILAYER HIDDEN NODE NEURAL NETWORK
WITH WEIGHTED OUTPUTS [10]

An RBF network is a two-layer feed-forward typéwark in
which the input is transformed by the basis funtdiat the hidden
layer. At the output layer, linear combinationghaf hidden layer
node responses are added to form the output. Time RBF
comes from the fact that the basis functions intidelen layer
nodes are radially symmetric. In [11] authors régiwt the choice
of the basis function is not crucial to the perfanoe of the



network. The most common choice however, is thesGan
function which can be defined by a mean and a ataraeviation.
Figure 1 shows a schematic diagram of an RBF né&twith n, |
andmrespectively of input, hidden and output layeremfbr the
general transformation @il points ofX(Xy, X5, X3, ... , Xhg) in the
input space to poinfg(ys, Yz, ¥, --- , ¥nd) in the output space.

In RBF networks, the connections between the iapdtthe
hidden layers are generally not weighted. The mplérefore
reach the hidden layer nodes unchanged. For an Yqpine ™
hidden node produces a respopsgiven by,

s, =eXp(—(7i—ﬂj)R’1(7i—ﬂj)T) 1)

where, [ —g;|| is the distance between the point representing the

input, X; and the centre of thj& hidden nodey; as measured by
Euclidean normR is a state error noise covariance matrix.
Generally, it is a positive definite matrix and éircular Gaussian
functions, the off diagonal elements®fare zero and diagonal
elements are,” for k= 1...n.

The outputy;, of the network at the output node is given by
the weighted sum of RBFs,

h
Vi = 2.8 =W (X, 14, by o 14y (2
where, w7 _{\NJ,!WZ’“'!Wh}TiS a vector ofh linear weights or

amplitudes,@- vector of RBFs with centers at

In the special case where the number of hiddem ley@es is
equal to the number of data in the training et i(d) and the
RBF centres coincide with the inpytd; = X;, wherei = j = 1,
2...,nd), the hidden layer response according to (1) becomigs
for j = i. If the basis functions are truly localized, thsponse of
the other hidden layer nodes will be near zerodj.torj #i are
such thatp; ~ 0 forj #i). It can also be seen that (2) gives the
exact output when the output layer weight is eqoidhe output
(the contribution to the weighted summation fromijis y;, and
that from allj # i is nearly zero). In the ideal case therefore, RBF
network can be made to map pointdlidimensional input space
exactly on to points iM-dimensional output space. This however,
is not practical whend is large in which case a few input points
are chosen to represent the entire input data set.

The original RBF method requires that there beasRBF
centres as there are distinct data points in thatispace. This
however, is not possible in practice because tiakeases the
complexity of the final RBF model tremendously. Mover, the
inputs usually occur in clusters making overlappfigeceptive
fields inevitable. Choosing all points as RBF cestwill therefore
lead to more number of redundant nodes with a megeork
involving long training and computation times.

Modified Resource Allocating Network. The RBFN
method that was implemented for our problem is Medi
Resource Allocating Network (MRAN). MRAN adopts thasic

idea of adaptively “growing” the number of radialdis functions
where needed to null local errors, and also incdualépruning
strategy” to eliminate little-needed radial basiadtions (those
with weights smaller than some tolerance), withoerall goal of
finding a minimal RBF network. RAN allocates newtsras well
as adjusts the network parameters to reflect tmepexity of
function being approximated. Though the optimalragjmation
is to add an impulse unit at the data point to make output
error, such a method actually lacks smoothnesssamdre error
prone. Hence, in this work, the method explaingd 2} using the
Gaussian functions centered at the input data ptirdchieve the
desired output was used. New nodes are not addaeat point
but are actually restricted by enforcing three nwnditions as
follows:

"xi _Iunearest" > (3)
(4)

A sqmy N, o
lell =]y = £ (X)]|> € (5)

Equation (3) ensures that a new node is addedibitlis
sufficiently far from all the existing nodes anduation (4)
ensures that only if the approximation error ugRrgting nodes
exceeds the error specification. The final condifequation(5))
compensates for the noise present in the obsengatiata by
determining the RMS error of lakk, observations and ensures
that a new node is added only if the noise in dxtzeeds the
specified threshold limit. For all the cases t@basidered in this
work only the standard Gaussian functions are us®tl the
rotational parameters (off diagonal elements of dbeariance
matrix) are not learned along with the other nekmarameters,

O:{V\A:MT:UM“',WMIUI !Jh} (6)

In this case, if the input space dimensionnjsoutput
dimension of the network sand the total number of nodesis
then the size of the parameter vector considetirgrtdividual
dimensions of;, #; ande; for each node, will be:

DIM (®©) =h(n+n+1) =h(2n+1) (7

For each observation input to the network, feasjdlf the
constraints (3), (4) and (5) are determined anevanode will be
added if all the conditions hold true. Irrespectiv¢his result, all
the network parameters will be updated using Exadrigialman
Filter (EKF) as summarized below.

Extended Kalman Filter (EKF). This method is used for
online adaptation of parameter of our nonlinear cfiom
approximation problem. So, the update relationsfigpseach
observation input are given below. First, it is esxary to
determine the sensitivity (Jacobian) matrix of&FN for which
a linearized model is used.



The measurement model for this problem becomesef t
form:

y= h(xk)+Vk
with
E(v,)=0 (®)
E(vvy ) =Ra(1-K)
The resulting EKF update equations are:
K =RH (HRH]+R )" ©
R :;(k +K (y h(xk)) where
(1 —KH, )R b = oh(x)
R .

For determining the sensitivity matrix, the follogirelations
were used:

awk -4,
of _ u 10
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2
o _Whlxa)
= 3 ,|_1...n
6ak. o
i d

|

Since, the inputs in all our problems were one-disienal;
rotation parameters of covariance matrix were resduin the
formulation discussed in this work.

Formulation for Multi Output System. Instead of a
scalar output, we now seek to predict the nodallaiements at
more than one point based on application of loahatpoint, so
it is necessary to formulate this problem for mdithensional
outputs based on above equations. Thus, this wdlult in
additional RBFN parameters for learning and adgptio
simulated data.

For this purpose, let us consider the dimensiche@butput
vector to bem. Hence, this increases the number of weighting
elements from 1 in the previous casertdor each input data.
Thereby, total network parameters can be given as{for
location of RBF centery;), n (spread of the RBF covariance
matrix, o;) andm (for weighting element per output) per RBF
node of the network. So, augmenting these additjgar@meters
for a network oth nodes, the final network parameter vector is
accumulated as:

Thus, the resulting dimension of the network became

DIM (©) =h(n+n+m)=h(2n+m) (11)

o :{W111W121-'-Wmnu[ 1T e W W e Why !:u; »Jh} (12)

The network output in this case, can be derivedaas
summation of weighted Gaussian functions as follows

Y1 h le
: z ; ¢j :WT("(X:MUUZV“ uuh) (13)
ym = Wrrj
.
Vv:l.l W12 W:h
where,WT _ Wy Wy, w,, | is a weighting matrix angis
W, i Wy,

vector of RBFs with centers a

Pruning. As continuous addition of nodes to the RBFN wiill
increase the memory requirements and computateffuat, it is
desirable to remove the nodes whose contributionas
significant compared to the overall response ofethitre RBFN
that have been added to the network. For this pmaspo
contribution of each node is checked for Bsbbservations and
the nodes that contribute less than a thresholt] bnauring the
lastS, observations are pruned from the network with petars
of the network and EKF appropriately updated aftah pruning.
The algorithmic implementation of pruning is givieelow:

Obtain the network parameters after EKF updéatel(.h
nodes)

a)

b) For eachk=1....h, determine the hidden node contribution of

each of the nodes for the I&tobservations

<)

Normalize this vector using maximum value of thdden
node contributions

d) Check if there are any RBFN nodes that contribegs than
threshold limit,6 in the lastS, observations and store the

corresponding nodal indices

e) Remove the corresponding hidden units from the odtand

update the EKF and network parameters appropriately

Modified MRAN (MMRAN). The modified MRAN can be
implemented within the MRAN framework by incorpornat the
additional rotational parameters into the networkfulation and
additional entries in the sensitivity matrix. Thisethod was
studied basically to understand the underlying &aork and
validate if incorporating the rotation parametdrthe covariance
matrix enhances the performance of the existingérsork. As a
result, by including the rotational parameters ld Gaussian
functions for learning into the RBFN state vectocreases the
overall dimension to

h(2n+m+ n(n 1)]:h(m+0 51(” 1))
2 2

where,n — dimension of the input spaa®,— dimension of the

output space anb— number of network nodes. Otherwise, the

(14)



algorithm to implement this is exactly similar tbet earlier

method. Thus, this results in additional networkapeeters that
we can play with in order to obtain the more actra

approximation response. Essentially, such high dgiomal
network parameters are useful if the system uridelyas very
high nonlinearities in a typical case of real tesuhat are
viscoelastic with time time-dependent and has tedmesidered
from case to case. However, the results report#uisrwork are
based only on the first method as the desired devedre
performance was achieved with lesser parameteng MRAN
method.

FINITE ELEMENT MODELING

In this work, the finite element simulation was rézd out
using COMSOL — a multiphysics simulation platfornithwa
convenient MATLAB interface that allow us to exezwustom
scripts for repetitive analysis in an automated meanin our
problem, a parametric analysis was carried to condu
parametric sweep of different values of loads. ther simplest
case, only one dimensional load acting in a negatidirection
was considered and for the most complex case, ditwensional
load vector acting in negative y direction was exgd.

Two simple cantilever beams made of highly-elastioell as
plastic materials were developed using COMSOL (EBi& 3).
Both these systems were subjected to differentsladdng y-
direction (ranging from 0 — 10 N with 0.05 stepR)e resulting
displacements at all the nodes were recorded iteatdile. The
cantilever beams were basically assumed to be thémyand a

constant cross-section (7.85e-5)nThe elements of the beam

were Lagrangian quadratic type oriented along ¢ngth of the
beam and comprised of 5 nodes. The length of elngiaen is 0.1
m and length of each element is 0.02 m. Since p#an was
planar, nonlinear phenomena like warping or outlafie bending
were considered negligible.

il o o
i T

It i - i i i !

FIG. 2: NODE LABELING OF FE MODEL OF BEAMS

PRE-COMPUTATION ISSUES

For simple 1D examples that are not highly nonlin&ze
performance of RBFNs were found to be poor. Howewith
increase in dimensionality and nonlinearity the digton
performance improved as shown for case 1 in thdteesection.
Since, the FE model of the cantilever was assuméeé thin and
long, the deformations were predominantly vertécal horizontal
deflections were negligible. Hence, in all the Fiprximation
models, only the vertical deflection of each nosleansidered.

This also helped in reducing the overall dimengibthe RBFN
problem in hand.
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i Pints | Groups Constraint | Load
Pairt selection Load settings
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5 Quantity value/Expression Unit  Description
" F, ] N Point Inad (Force) x-dr.
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FIG. 3: COMSOL FEA MODELING OVERVIEW

Though, developing a neural network model for satinb
the response of soft tissues was the primary ddhlsowork, due
to time limitations, the FE model was simplified dogreater
extent. Even for this simpler case, setting up ha&f bverall
problem and achieving the optimal set of tuningapaaters to
achieve better performance was challenging. Devegognde for
pruning proved to be a bigger challenge than angrgiart of the
method. To avoid difficulty in the initial stagelidden node
contributions were checked at every instant (coeghén lastS,
observations) and appropriate nodes were instamtahe
identified for pruning. Such a method resultedislof least vital
nodes of the network and reduced the overall acgush the
network output. In addition, with increase in in@nd output
dimensions, updating the network and EKF paramefiezseach
stage of pruning was one of the major issues facedrequired
careful manipulation of variables to accommodate guned
nodes.

RESULTS

A number of reduced input-reduced output test casee
developed to improve the confidence levels inftaimework (but
are not reported here). Here, we present the 10t-m output
(FEA approximation) for the beam in using matepialperties of
both elastic (like copper metal) and plastic (lga@ymer fibers)
materials.

1D Input- nD Output Problem (FEA Approximation)

The relevant material properties are tabulatec@bid1. The
nodal point coordinate and element definition addjior both the
cases are shown in Table 2. In this work, the beamprised of
six nodes, one of them was fixed at one end. Thecaéload



ranging from 0 to 5 N was applied at the free ehith® beam in
the negative Y-direction.

TABLE I: MATERIAL PARAMETERS

M aterial Properties Values
Copper Young's modulus (E)  110e9 [Pa]
Poisson Ratiou 0.35
Density p) 8700 [kg/m]
Nylon Young's modulus (E)  2e9 [Pa]
Poisson Ratiou 0.43
Density p) 1150 [kg/ni]

The displacements of 5 nodes of the beam werededaat
each force value and were used to learn the paeasnet the
neural network. By the symmetry condition, onlydes along the
negative Y direction were considered.

TABLE 2: NODE NUMBERING

Node Coordinates
[0,0

[0.2, 0]

[0.4, O]

[0.6, O]

[0.8, 0]

[1, 0"

Node Number

o O |l W N|

il
IP'M [ . Ll Rl i '

FIG. 4 NODAL NUMBERING OF FE MODEL OF BEAM

Case 1: Simple Elastic M odel

The RBFN prediction of nodal displacements in cabe
copper beam is very accurate to the real solutiagn 6 (a) and
(b)). In fact, as shown in and Fig. 6, the predictrror is nearly
zero. However, the nodal displacements predictechéuyral
network show a tendency to drift from the test otuwith higher
forces especially along the boundaries as in Fih& becomes
more visible and clear when results for case sPuale discussed

(Fig. 9).

0 o1 02 03 04 05 08 07 08 08
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FIG. 5 RESPONSE OF FEA MODEL USING
(A) COMSOL FOR LOADS (FY =0 TO -5 N IN 0.01 N STEPS)
(B) NEURAL NETWORK FOR LOADS (FY =0 TO -5 N IN 0.01 N STEPS)
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FIG. 6 NEURAL NETWORK RESPONSE ERROR AT 6 NODES

VS INPUT FORCE (FY =0 TO -5 N IN 0.01 N STEPS)
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FIG. 7 GROWTH OF RBFN NODES



Case 2: Plastic M odel

Since material library for soft tissues was not iedlnately
available, a polymer fiber material (nylon) was sk for
implementing the RBFN based approximation. The rapidal
properties of this fiber are depicted in the TableHowever,
efforts are underway to develop accurate nonlimederial model
for soft tissues with custom material library tdaib simulation
data for training the RBFN.

10 Response

o
002
004

0%

o

(a) (b)

FIG. 8 RESPONSE OF FEA MODEL USING

(A) COMSOL FOR LOADS (FY =0 TO -5 N IN 0.01 N STEPS)

(B) NEURAL NETWORK FOR LOADS (FY =0 TO -5 N IN 0.01
N STEPS)

The model prediction as shown in Fig. 8 (a) & (blediorates
as one proceeds to the outer node as well asgbehforces. The
error in nodal displacements is shown in Fig. 10ifcreasing
values of force. This prediction error is partlgaese of the lesser
degree of nonlinearity in these simpler models.déethe RBFN

Nodal deflection error at nodes 1, 2, 3

Node 0 Deflection Error

Node 2 Deflection Erfor  Node 1 Deflection Error

Nodal deflection error at nodes 45,6

Node 2 Deflection Error

25
Input Force:

fon Efror  Node 2 Deflection Error

Node 2 Deflecti

FIG. 9 NEURAL NETWORK RESPONSE ERROR AT 6 NODES
VS INPUT FORCE (FY=0TO -5 N IN 0.01 N STEPS)

has to be carefully designed and tuned while g #tia framework
for more complex and realistic soft tissue modélse node
propagation and pruning is shown in Fig. 10.

Node Propagation/ Pruning in Progress.

No. of Nodes
*

FIG. 10 GROWTH OF RBFN NODES

DISCUSSION
A Radial Basis Function Network (RBFN) based
approximation method was studied in detail for ayaftility for
creating real-time haptic computational responske Dasic
problem setup was developed for functional appretiom
purposes. An Extended Kalman Filter (EKF) was imqgated for
estimating and adapting the neural network parasigiémprove
the overall accuracy. Pruning of the network nodes also
implemented to reduce the size of the overall nekwioy
removing the least contributing nodes. We focused
implementing a RBFN approximation method for sirtiniathe
response of material interactions and deformationgal-time.
Our next immediate task is to set-up the real-tite¥action using
appropriate visualization system and a haptic irgerface.
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