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PREFACE

The National Center for Earthquake Engineering Research (NCEER) is devoted to the expansion
and dissemination of knowledge about earthquakes, the improvement of earthquake-resistant
design, and the implementation of seismic hazard mitigation procedures to minimize loss of lives
and property. The emphasis is on structures and lifelines that are found in zones of moderate to
high seismicity throughout the United States.

NCEER’s research is being carried out in an integrated and coordinated manner following a
structured program. The current research program comprises four main areas:

« Existing and New Structures

» Secondary and Protective Systems
» [ifeline Systems

+ Disaster Research and Planning

This technical report pertains to the second program area and, more specifically, to secondary
systems,

In earthquake engineering research, an area of increasing concern is the performance of secon-
dary systems which are anchored or attached to primary structural systems, Many secondary
systems perform vital functions whose failure during an earthquake could be just as catastrophic
as that of the primary structure itself. The research goals in this area are to:

1. Develop greater understanding of the dynamic behavior of secondary systems in a
seismic environment while realistically accounting for inherent dynamic complexities
that exist in the underlying primary-secondary structural systems. These complexities
include the problem of tuning, complex attachment configuration, nonproportional
damping, parametric uncertainties, large number of degrees of freedom, and non-
linearities in the primary structure.

2. Develop practical criteria and procedures for the analysis and design of secondary
systems.

3. Investigate methods of mitigation of potential seismic damage to secondary systems
through optimization or protection. The most direct route is to consider enhancing
their performance through optimization in their dynamic characteristics, in their
placement within a primary structure or in innovative design of their supports. From
the point of view of protection, base isolation of the primary structure or the applica-
tion of other passive or active protection devices can also be fruitful.
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Current research in secondary systems involves activities in all three of these areas.

Their

interaction and interrelationships with other NCEER programs are illustrated in the accompany-

ing figure.
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- Structural

Response
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Systems

This repori is the second of a series of two reports dealing with dynamics of secondary systems
under earthquake excitations. In the first (NCEER-87-0013), two approaches, a component
mode synthesis technique and a modified cascade approach, were developed for determining the

response of secondary systems to ground motion excitations.

In this report, these two ap-

proaches are extended to the siudy of effects of soil compliancy and linear viscoelastic cushion-
ing devices on the secondary system behavior. An important conclusion to be drawn is that the
cushioning effect can be significant. It can reduce the secondary system response by an order of
magnitude, even when a detuned condition is shifted to a tuned condition.
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ABSTRACT

Protective cushion is shown to be effective for reducing
seismically induced response of a piece of equipment, such as a
computer, installed in a building. The cushioning device is
assumed to be linearly viscoelastic in the analysis and the
compliancy of the soil under the building is taken into

consideration.

The input earthquake excitation is modelled as a nonstationary

random process.

Since the building is generally a dynamic system of many
degrees of freedom, approximate procedures are used in which
only a limited number of important modes 1is included in
calculating the eguipment response. Guidelines for cheoosing
such important modes are given, and the approximate results
are compared with mathematically exact results in numerical

examples.

RKEY WORDS: Secondary system; primary-secondary system;

earthquakes; seismic analysis; nonstationary random process.
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SECTION 1
INTRODUCTION

A secondary system is a lighter appendage to a more massive
primary system. It may be life-sustaining equipment in a
hospital, process equipment, or computers in a nuclear facility.
In such cases, performance is critical even under severe
loadings such as earthquake induced loads. The response of the
secondary system must be determined in order to assess its
reliability.

The response of secondary systems has been studied by many
researchers (e.g., 1, 4, 10, 11, 12, 21, 22, 23, 24], and continues
to be an important area for study because of its importance.

Several complicating factors revealed from earlier works make
direct analysis of the combined p-s system unattractive when
one attempts to do conventicnal analysis of practical size
problems. Several approaches have evolved to account for a
number of these factors, while avoiding conventional analysis
procedures. The secondary system isg usually considered to be
light compared to its supporting primary structure, so that
perturbation techniques can be employed. However, Suarez and
Singh's approach [23], permits exact treatment of heavy

secondary systems as well.

These approaches are suited when the primary system is known,
and while the properties of the secondary system are fixed or
can be varied in parametric studies. For example, this appreach
may be used for nuclear facilities or other important primary
structures where a model and data from prior analysesg may be
available. In studies requiring both the primary and the secon-
dary system parameters to vary, these approaches are less
attractive. A manufacturer of floor-mounted equipment, for
example, would find the present approaches cumbersome. The
primary system may be any building; the variety of secondary
equipment may be large. A procedure which would easlily permit
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parametric studies where both the primary and secondary

system parameters can be varled 1s needed.

With this in mind, two accurate methods were developed for
computing the frequency response of a single degree-of-
freedom secondary equipment supported on an arbitrary floor in
a multi-gstory building which is subjected teo input horizontal
ground acceleration [7]. Parametric studies carried out in that
study show that the methods give accurate results for light as

well as relatively heavy secondary egquipment.

The first method, based on well-known component mode syn-
thesis techniques, is accurate and efficient when the natural
frequency of the secondary equipment 1is low. This study
showed that when the equipment 1is tuned to a low primary
mode of an example buildlng (an idealized N-story building with
identically constructed story units), sufficlently accurate
results were obtalined by including the tuned primarv mode, one
immediately higher than the tuned primary mode, and all the
lower primary modes. The method is not limited %to the
idealized periodic building, which was only chosen for
convenlience: exact closed-form solutions were derived, and used
to evaluate the accuracy of the approximate results. The
method is applicable to a less idealized primary building, which
need not be classically damped.

When the secondary system is tuned to a high primary mode,
the second approach, referred to as a modified cascade
approach, 1s more efficient. In this approach, the response near
the natural frequencies of the tuned primary mode and a few
of the lowest primary modes are calculated on the basis of only
these primary modes, whereas the response for the remaining
frequency region 1s calculated using a traditional cascade
procedure.

The two methods are extended to study the effects of soil
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compliancy and linear viscoelastic cushioning devices that are
sometimes employed between the equipment and the supporting
floor of the building. The nonstationary nature of the input
earthguake excitation is also included 1in the numerical
computations.






SECTION 2
ARATYSIS

In order to be concise, both soil compliancy and protective
cushion will be included in our derivation. Their individual
effects will be evaluated separately in our numerical

calculations.

As shown in figure 2-1, a protective cushion is inserted
between a secondary equipment and the supporting primary
structure. This, in turn, is supported by a flexible soil mass.

The interaction among the three subsystems {soil-structure-
equipment) will be represented in the freguency domain. The
soll~structure interaction is assumed to be describable in terms
of frequency-dependent impedance functions. The protective
cushion is assumed to be linear viscoelastic and the well known
complex modulus representation [5, 19] will be used to describe

its behavior.

The combined system is linear. The deformation of +the
combined system is characterized not only by horizontal
translations of individual floors, but also the translation and
rotation of the footing, due to soil compliancy. For simplicity,
the footing is assumed to be rigid, although its flexibility can
be accounted for with much more involved computations {9]. It
is further assumed that: {1} the mass of each story unit is con-
centrated at the floor level, (2) linear elasticity is provided by
massless columns or shear walls between neighboring floors, (3)
linear viscous damping is generated by the relative motion
between neighboring floors, and for the secondary system, {(4)
the equipment is a simple linear oscillator with mass Mo,

stiffness Ky, and viscous damping coefficient Cea-
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FIGURE 2-1. STRUCTURAL MODEL: (a) N+3 DEGREE-OF-FREEDOM COM-
BINED P-S SYSTEM, {b) FORCES ON THE S~TH FLOOR.



Denoting the reactionary force and couple from the soil by Ug~
and Cp~, respectively, and the interaction force between the
primary and secondary system by Us, as shown in figure 2-1,
the following system of equations for the combined system can
be obtained by inspection:

- i ) )

M3 F5 T Gy Fyan P OG0y ) Xy - Oy Ky - Ky X

+ .+ . X, = . X, - U 8, =0 2.1

Ky + Kypp) Xy = Ky Xy g = U, 6 (2.1)
i=l,...,N

M vy S +u =0 (2.2)

e e e

N .. ..

EM X.U+ M. YT +u~ =g (2.3)

AP B a "e 0

3=0

N - N .. )

jioMj xj hj + M@ Ye he +(j§OIj+Ie) o + Co = 0 (2.4)

In the above equations, Xj= translation of the j~th floor
relative to the footing (which may be referred to as the O-th
floor), Yg= translation of the equipment relative to the footing,
Ij: rotational inertia of the j-th floor about its own centroidal
axis, Io= rotational inertia of the equipment about its
centroidal axis, hj: height of the j-th floor above the footing,
©= rotation of the footing which is assumed to be rigid, 5js is
a Kronecker delta, and a superscript t denotes total translation.
For small motion this can be approximated as

X; =G + Xa + Xj + h. o {2.5)



where G is the free-field horizontal ground translation during
an earthquake, and X, is an additional translation of the

footing due to soil compliancy.

Taking the Fourier transform of the above equations, and
denoting the transform of a variable by an overbar, the follow-
ing frequency domain eguations are obtained:

- ML X 4+ iwd-C

. o+ AHC. X, -C.X.
j 3 3+l X3+l (Cj 3+l) ] CJXJ~1
{—Kj+l Xy 1+ (Kj+Kj+l) Xy - Ky xj_l} - Uy 8570 (2.6)
1 =1,2,...,N
2 _t o
- M WS Y T+ U, =0 (2.7)
N 2 Tt 27 ¢ T o-
- E Mjw A AR 0 (2.8)
3=0
N - - N - -
c e Mme? 2t h, oM vt - w? (DI o+ c,” =0 (2.9)
5=0 b e e “e 5=0
¥ 5= % + X+ G+ h.o (2.10)
j 3 a y

When applying the preceding eguations, note that hp=

Kn+1=Cn+1=0, in addition to the boundary condition Xg=0. The
interaction force ﬁ@ between the bullding and the secondary
equipment, appearing in egquations (2.6} and (2.7), can be

expressed as

U =K {w}) { Y@— KS) (2.11)



where Keq(g;) denotes an equivalent frequency dependent
stiffness. Referring to figure 2-1, Keq(m) depends on the
equipment parameters K, and Ce as well as Kn(w), the equiv-
alent stiffness of the viscoelastic cushioning device. The
following relationship follows from elementary considerations:

1 1 1
= + ; (2.12)
Keq(w) Kc(w) Kt 16»Ce

Ko(w), in turn, depends on the modulus of the viscoelastic
material as well as the physical design of the cushioning device
(e.g., size, shape, construction, etc.). Since our interest is not
on any one device, the following approach has been adopted.
First, a material was selected. The choice is Butyl B252, a
rubber whose viscoelastic properties are defined in terms of its
complex modulus Go{w), already described over a wide range of

frequencies ( 0 ¢ £ < 104 Hz) as follows [2]:

Go(w) = Gyt 6, vm et 4 (2.13)

0

where Gg = 7.6 x 10° N/m?, the static modulus, and G| = 2.95
x 102 N/m2. By factoring Gg out of this expression, the
stiffness of the cushioning device fashioned from this material
is represented as

L /m el m/4 (2.14)

where the parameter "a' can be adjusted to incorporate the
physical design features mentioned above. In the numerical
computations, the wvalue for "a' will be varied to simulate
different designs. Therefore, different cushions in the numerical
computations can be simulated quite easily. The real and
imaginary parts of the second term within the brackets
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represent the recoverable and dissipated portion of the eneragy,
respectively, of the cushion material Butyl B252. These can be
changed for another viscoelastic material once its complex
modulus is known. Thus, the present formulation is gquite
convenient for optimization studies in which the cushion

construction or material or both are varied.

The interaction force Uz~ and the interaction couple Cp~
between the footing and the soil are related to the additional
translation X, and rotation ¢ of the footing due to soil

compliancy as follows:

0 _ HH HM a (2.15)

The K matrix in equation {2.15) is an impedance matrix with
frequency dependent elements. Earlier published results for the
elements of this matrix {or the elements of its inverse i.e., the
compliance matrix) were obtained under the assumptions that
the soil was a linearly elastic half-space and the footing was
circular and rigid [3, 6, 17, 27]. More recent results included
viscoelastic soil [26], noncircular footing shapes [28], and
footing flexibility [9]. The elements of the impedance matrix in
equation (2.15) will be obtained by inverting a compliance
matrix given in graphical form by Luco and Westmann, and will

be defined more completely later.

Substituting equations (2.10}), (2.11), and (2.15), intoequations
(2.6) through (2.9) results in N+3 equations for the N+3
unknowns Xj (i=1,...,N}, Yo, X5, and ¢, for a given earthquake
excitation G. The ideal case of a rigid soil is obtained if we
set X4 ané ¢ equal to zero. Then equations (2.6) and (2.7),
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after substituting eqguations (2.10) and (2.11), would result in
N+1 egquations for N+1 unknowns Xj (j=1,...,N}), and Y,. If, in
addition, K. is taken to be infinitely large, the simpler equa-
tions for the case without cushion are recovered [7]. The
differences 1in equipment response for these cases are
illustrated in numerical computations.

For convenience, assume that each story of the primary
building structure is again identically constructed. This simpl-
ifying assumption, while not required for application of the two
approximate methods previously developed, nevertheless permit
the exact frequency response of the equipment (as well as the
fregquency response of the building itself at various floors) to
be cbtained in closed form. The details of the exact solution
are summarized in the Appendices. Therefore, the response
cbtained from the two approximate methods can be compared
with the exact results.

When applying the two approximate methods, the following
expression for the normal modes of the primary building with
identically constructed story units is used [7]:

PR | L S 2i-1
ui(3) =({-1) cos(N+3~j)n sgr Sin M oSeeT {2.16)

i,j=i,...,N

where u;(j) is the j-th element of mode i. These expressions
are not restricted however, to the idealized N-story building;
they apply equally well to more general N-story buildings. For

completeness, the following expressions for the natural frequen-



cies and damping ratios of the idealized N-story building are

reproduced:
: 2i-1
- K . i- ‘.
o 2(H) e F HRt s s (2.27)
_ C LTt 2i-1 . _
Ii® gy St 3 Fwr ¢ ATLeeeodN (2.18)



SECTION 3
EARTHQUAKE EXCITATION MODEL

In the following numerical computations, the input ground
acceleration due to an earthguake will be modelled as an
evolutionary process [20]. This is a nonstationary random
process having a Stieltijes integral representation of

G(t) = f rit, wle dpr{w) (3.1}

where ﬁ(aa) is another random process with uncorrelated
increments. Eguation (3.1} is a generalization of the Fourier-
Stieltjes representation of a stationary random process 130] for
which the function T(t, w } reduces to a constant. The

uncorrelated-increment random process P(w ) has the property

E[ dP{ w

* 0, W, #

)
1) dP(w,)] =
dlw) dw, Wy = e = L

where E[:] denotes an ensemble average, an asterisk represents
the complex conjugate, and ®(w) is the spectral density of some
stationary random process. Given the impulse response function
he(t) of a general response variable X(t) of a linear system,

the autcocorrelation function of X(t)} can be computed as

oo

* iu:(tl~t2)
E[X(£)X(t,)] = | M(t;,@)M(t,,0) e dlw)dw (3.3)
in which
t
M(t,w) = [ r(t-u, w)h, (u) e WY gy (3.4)
0



By setting ti=t, in equation (3.3), the integrand vields the
evolutionary spectral density of X{t), and the mean-square

response can be computed upon integration.

In the subseguent numerical computations, T will be taken to
be a function of t alone. For this special case, the evolutionary
process of equation (3.1) 1is called a uniformly modulated
process and I'(t) is called the modulating or envelope function.
The evolutionary spectrum of a uniformly modulated process
does not change its frequency content with time. The envelope

function in the present study will be taken as

0, £<0
(t/tl)z, 0 t < &y

r(t)= 1, <t <t (3.3)
exp[-c(t-tz)} t > t2

and the spectrum ®(w) to be used in equation (3.3) will be
taken to be the well known Kanai-Tajimi spectrum which has

the form

@) = d S (3.6)

in which &)g is a characteristic frequency, jg is a charac-
teristic damping, and S 1s a spectral level. These parameters
can be adjusted to represent ground resonance, attenuation, and
intensity of seismic waves.



It is of interest to note that Lin and Yong [15] have proposed
a general random pulse train model for earthquakes, which
inciudes as a special case the evolutionary Kanai-Tajimi model,
and admits a nonstationary spectral representation as given in
equation {(3.1).






SECTION 4
NUMERICAI. RESULTS

Numerical calculations have been carried out for a 20 story
building (N=20) with the following properties:

h=story height=3.6 m

M=floor mass=3.456 x 10° kg

Mo=footing mass=0.5 x M

K=shear-wall stiffness=3.404 x 10% N/m
C=damping coefficient=1.0 x 108 N/m/s
I=rotational inertia of each floor=7 x 107 kg~m

Ig=rotational inertia of footing=2.5 x 107 RKg-m?2

The damping ratio for the equipment model was assumed to be
0.03. Other eqguipment properties were selected as follows:

hg=height=hg=4h (equipment located on the 4-th floor)
Me=mass=0.01 M (mass ratio Mg/M =0.01)
Io=0 kg=-m2

The equipment stiffness and the cushion parameter a' were
varied to simulate "tuned" and "detuned" conditions. Of course,
these descriptions are strictly meaningful for buildings located
on rigid soils and without any cushion since the frequency
variation of soil and cushion parameters results in a freguency
variation in the parameters for the combined system also.
However, for convenience, these conditions are referred in the
following manner. They aptly describe the essential behavior,
and permit easy discussion when comparing the results for
different cases.

The soil under the footing was assumed to be a linear elastic

half space, characterized by:



Gg=shear modulus=1.62 x 108 N/m2
p=mass density=1800 kg/m3
o=Poisson's ratio=1/3

The footing was assumed to have an equivalent radius r=7.5 m,
and the elements of the impedance matrix were obtained from
inversion of a compliance matrix obtained numerically by Luco
and Westmann. Moreover, the off-diagonal terms in the com-
pliance matrix were neglected following a suggestion of
Veletsos and Wel [27]. The two non-negligible elements of the
impedance matrix were fitted in the following forms according

to Wu [29]:

. pt iw
KHH(M)” ——BI—E—— (4.1)

_ Cp ~ witiwcs
K @)= g e +Tncs) (4.2)

where the coefficients are expressed in terms of the soil

properties as follows:

-
1.5 2
p= = ( g ) (4.3a)
s
2.....
b= 55 (4.3b)
s
3.265 G
o = s (4.3¢)
1 ri/o
1
c,= (2.393 c,)? (4.3d)

Parameters selected for the envelope function and the Kanai-

Tajimi spectrum were t=3 s, t,=13 s, ¢=0.26, wg=18.85 rad/s,
fq=0.65, and $=4.65 x 107% m2/s3,
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4.1 BEqguipment Tuned to Ninth Primary Mode
4.1.1 Rigid Soil Case

It will be instructive to study the equipment response under
different assumptions. As a basis for comparison, first consider
an equipment tuned to the ninth primary mode of the building,
without a protective cushion for the equipment and neglecting
the soil compliancy. The modulus of the frequency response
function for the interactive force Ua, obtained from the
modified cascade approach using primary modes 1,2, and the
tuned 9-~th primary mode, was compared with the exact results
in the previous work {7] ~ it is reproduced here as figure 4-1
for convenience. The corresponding nonstationary root-mean-
sguare response, computed from eguations (3.3) and (3.4) is
shown in figure 4-2. It can be seen that the approximate
solutlon agrees very well with the exact results.

4.1.2 Viscoelastic Cushion Effect

Next, the effect of a cushion placed between the equipment
and the supporting floor of the building is explored. To do
this, the cushion parameter a=66.0 x 1073 m is chosen.
According to equations (2.12) and (2.14), this choice cor-
responds approximately to an equivalent equipment frequency of
1.2 rad./sec., if one neglects the frequency dependence in these
equations. The value 1.2 rad./sec. is one half the first natural
frequency of the building which is located on a rigid soil (refer
to equations (2.17), (2.18) and table 4-1). Therefore, it is an-
ticipated that with this choice, the response of the secondary
system will exhibit characteristics similar to those of a detuned
case. In figure 4-3 the approximate frequency response solution
is compared with the exact result Note that a peak appears in
the figure at approximately 1.2 radian/second which is the
equivalent natural frequency of the secondary system. The cor-
responding nonstationary equipment response is shown in figure

4-3



4-4. Comparing figure 4-4 with figure 4-2, it can be seen that
introducing the cushion results in a decrease in equipment
response by an order of magnitude. The usefulness of such
devices is readily apparent. It can also be seen that the

modified cascade solution is accurate as well.

4.1.3 Compliant Soil Case

When soil compliancy is taken into account, the approximate
frequency response solution is compared with the exact solution
in figure 4-5. It is clear that the approximate solution is not
as accurate as in the previous cases. This is partially explained
by comparing the exact solutions for figures 4-1 and 4-5. This
comparison shows that the frequency dependent soll parameters
causes a change in both the magnitude and shape of the
response curve, although the two curves share some common
features. This is consistent with the conclusion reached by Lin
and Wu {161 for an example multi-story building that soil
compliancy does modify the freguency response function of the
building at each floor. Compared with the rigid soil case, more
primary modes may have to be included in the approximations
when soil compliancy is considered. For the present case, the
approximate solution for the nonstationary equipment response
and the exact solution are compared in figure 4-6. It can be
seen that soil compliancy in this case reduces the peak
response of the equipment by approximately 40 percent when
compared with figure 4-2.
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TABLE 4-1. HNATURAL FREQUENCIES AND DAMPING RATIOS

OF AN EXAMPLE 20-STORY PERIODIC BUILDING

Mode Frequency Damping ratio
{rad/s.) (for c=1 x 108 N/m/s)
1 2.40418 0.00035
2 7.19844 0.00106
3 11.95046 0.00176
4 16.63235 0.00244
5 21.216862 0.00312
6 25.67640 0.00377
7 29.98550 0.00440
8 34,11862 0.00501
9 318.05153 0.00559
10 41.76113 0.00613
11 45.22567 0.00664
12 48.42479 0.00713
13 51.33975 0.00754
14 53.95342 0.00793
15 56.25048 $.00826
16 58.21743 0.00855
17 59.84274 0.00879
18 61.11687 g.00898
19 62.03234 0.00911
20 £2.58378 0.00919
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4.2 Bqguipment Tuned to First Primary Mode
4.2.1 Viscoelastic Cushion Effect

Next, the effect of a cushioning device between the equipment
and the supporting floor is considered when the eguipment is
tuned originally to the first primary mode of the building. The
same cushion parameter {a=66.0 X 10~3 m) was used in the
computation. When the equipment freqguency is low, the
component-mode approach alone 1s adequate. The exact and
component-mode results are compared in figure 4-7. The results
show an even greater reduction in equipment response than
that obtained in figure 4-4. The component-mode approach is
again very accurate, with only the tuned primary mode included

in the analysis.
4.2.2 Compliant So0il Case

Figure 4-8 shows the corresponding results when soil com-
pliancy is also taken into account. Two approximate results are
shown in the figure, obtained when only the first mode is
included in the analysis, and when two additional modes are
also included. It can be seen that the three-mode approximation
igs still inaccurate, and indicates that for this case even more

modes should be included for the required accuracy.
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4.3 From Detuned Condition to Tuned Condition

Finally, a case where the introduction of a cushion shifts the
eqguipment from a detuned condition to a tuned condition is
investigated. The detuned condition is chosen to correspond to
an equipment frequency mid-way between the third and fourth
natural fregquency ¢f the building {(i.e., 14.29 rad./sec. - see
table 4-1), and the tuned condition corresponding to a tuning
with the first building frequency (2.40 rad./sec.).

4.3.1 Detuned Case

For the detuned case, the fregquency response and nonstationary
response of the equipment are shown in figures 4-9 and 4-10,
respectively. Again, it is found that the component-mode ap-
proximation, which employs the first four primary modes,
compares very well with the exact results. A comparison of
figures 4-10 and 4-2 indicate that the response of a detuned
equipment can be greater than that of a tuned eguipment,
provided the frequency of the detuned equipment is low in
comparison to the tuned frequency. This behavior was also
noted in other numerical examples [8].

4,3.2 Tuned Case

For the tuned case, the frequency response and nonstatiocnary
response are shown in figures 4-11 and 4-12, respectively.
Comparing figures 4-12 and 4-10, it can be seen that the
cushion is still effective in reducing the equipment response,
even though the equipment 1is tuned to the first building
frequency. As expected, the reduction is not as great as the

previous results in figure 4-4.
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SECTION 5
CONCLUDING REMARR

The effects of cushioning devices and soil compliancy on the
response of secondary equipment has been illustrated. Further,
it has been shown that while both factors are significant, the
effect of cushioning devices is much greater. In particular, a
cushioning device can reduce the equipment response by an
order of magnitude, even when it shifts an equipment from a
detuned condition to a tuned condition.

When comparing two pieces of equipments, one with a low
frequency not tuned to any of the primary-system fregquencies
and another with a high frequency but tuned to a high primary
mode, the response of the former can be higher than that of
the latter. Thus, the response of a detuned equipment can be
larger than that of a tuned eguipment.

A comparison of the accuracy of the two approximate methods
previously developed was performed, which showed that a
greater number of modes in the approximate procedures is
required to accurately evaluate the soil compliancy effects.
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SECTION 7
APPENDICES
APPENDIX Az EXACT RESULTS FOR BUILDINGS WITH

IDENTICAL STORY UNITS, CONSIDERING SOIL COMPLIANCY
AND PROTECTIVE CUSHION FOR THE EQUIPMENT

Referring to figure 2-1, the motion of the j-th story unit of
the building model, is governed by:

e [T ) + -—
AN AGHY_+h. =Y, -U. + U_ 6, -
Mj( 3 G+X hjw) 3 Uj e B3s (A-1)
- + . .
U. = U, = K. X. - X. + C, X.-X. A-2
] j-1 J( 3 J‘l) 3( 3 3~l) ( )
j =1,2,...,N
where Ut = shear force from above, and U™ = shear force from

below. Taking the Fourier transform of the above equations and
rearranging terms, the following frequency domain eqguations is

obtained in matrix form:

- . 1 o n - -
Xj 1 K, + 1 wC, Xj—l 0
= ] J ‘._M_wz
M., w2
...+ J v — -
- 2 s ————camarer,
Uj Mjw 1 T B Uj-l G+ Xa
| T i J Ji L i X ]
Q 4]
-, W2 -6 : i = 1,2,...,N A-3
5 is 3 (A-3)
hj © Ue




More concisely, eguation (A-3) may be written as

., =M. 7. - M.w2 G - M.,w2 H, - 6. F:
Z] j "3-1 J ° J ] js

i =1,2,...N {A-4)

where Tj is known as a transfer matrig. It represents the
mechanism that transfers the state at station j-1 to station j,
in the absence of G(t), Ug, X4, and o. The boundary
conditions are EO = 0 at the footing, and Uy = 0 at the top
floor, j=N. Similarly, for the eguipment we have

Ze = Te Ze_l - Me w2 GO - Me AT He {A-5)
- T
where Zg = [ Yo, 0 ]7, and
. 1 -
1 -
K (w)
T = eq (A~6)
e 2
Me ()
M B2 i-
I e Keq(w) ]

The shear force in the equipment obtained from the second row

of egquation (A-5), can be simplified to the form

U = - GJZLL,

( R+ G + X, + ha @ ) (a-7)
Too s a e

e

where T denotes the (i,j) element of a transfer matrix, and in
the following discussion tij(n} represents the (1,j) element of
T,

BUILDING WITH IDENTICAL STORY UNITS

The analysis is simplified considerably when all the story units
are identical. For this case, hj = jh. The subscript for the
transfer matrices for different stories of the primary system

can be discarded, since they are identical. The following
A-2



simplified expressions can be obtained:

: s i
z, =T 2z, -Mw?2 £ T g, ~Mw2zzrT ta
J r=1 r=1
i < s {A-8)
s S S~ s s-r
g = T° 2, "Mw2 § T G, ~ Mw2 T r T H - F
r=1 r=1
j=s (A-9)
. j-s e J=s . _._
z, =T ° 2 -Mw?z 3 75T g, - Mw2 g 1978 (g4r) H
] 5 . —
r=1 r=1
i > s {A-10)
N-s N-s
Zy = =8 Z, ~Mw? % ™S o - Mw2 g ST (g4r) H
r=1 r=1
j = N (A-11)
From the first row of eqguation (A-9):
- _.+. = - o
X =1 (s) U -~Mw? I 1t (s-r) (G + X4)
s 12 ° r=1 12
S —
~-Mw? Z r 1t (s-r}) ( ho) (A-12)
r=1 12

By substituting equation (A-9) into equation (A-11), and making
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use of equations (A-7) and (A-12), we obtain from the second
row:

- 1 - - e
U =} quZ(G + X,) P +Mw2 (he )P +P (h m)}
1 2 3 e

(a~-13a)
where
M w?
N a
P = zt (N-r) (1 =-
1 r=1 22 K {w)
eq
s Me
- 1 {N-g) & 1 (s-r) Mw2 4+t {(N-s} |—=— {a—-13b)
22 r=1 12 e 22 M
M ow?
N e
P = T rt (N-r}<l -
2 r=1 22 K {w)
eq
5
- M w2t (N-s) trT (s-r) (A-~13c)
e 22 r=1 12



P o= M w2t (N-S) (A=-13d)

and

(A=13e)

Using equations (B-2) through (B~7) in Appendix B, it can be
shown that equation (A-13) can be written in closed form,

resulting in

5 *. 2_(K+ieC) sin a sin ig, (1 ) Jq, sin Na( 3+ £
@ cos (N+3)a J2 sin a a
- M.\ cos (N-s+3)a - _
+ J3 (ho) +( M/ cos 34 ( he ® ) (A-14)
where
M w2
J, = R - e,
1 Keq(w)

- (2 Mp) sin(sa/2) sin i(s-1)a sin o cos(N-s+3)a
cos< a/2 sin (Na)

M cos (N-s+i)a sin « _
+( Mp) cos (a/2)2sin (Na} (A-15)
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J = 1- e = e SR
2 Keq(m)
{4 M.} _sin?{a/2) sin (sa) cos(N-s+i)a
M cos (N+3z)a sin a
(A-16)
2
I = sin {(N+l)a sin 3 Na 1 M, ©
3 sin 3 o sin o Keq(w)
[ M.\ {cos (N-s+i)a) [ s sin o - sin sa (A=17)
{M [f{cos 3 a sin a

Similarly, with the knowledge c¢f Eg, the response of the
building and the equipment can also be obtained 1in closed
form by making use of the formulas 1in Appendix B. The

resulting expressions for the building are:



g = G + Xz ) {Bl(j)-l

- sin (3=s)a Br(s) U(ios) Mo w? }
K + 1wC) sin o M, (a2
R

+ (ho) { Bol(d) + B3(3)

. 8in (j-s)a [Bo(s)+Ba(s)+(h,/h)]U(]-5) Mg @* }

(K + 1wC) sin a 1- Me @02
K (w)
eq
i=1,...,N (A-18)
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where
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2
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U (j~s)=1 if 31 =2 s
= 0 if § < s

similarly, the expressions for the eguipment are

(A=-20)

(A-21)

(a-22)

(A-23)
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By setting X, and ® = 0 in equations (A-18), (A-19), (A-25),
and (A~-26), and taking K, infinitely large, the simpler
expressions obtained by Holung, Cai, and Lin [7] for a rigid

soll are recovered. The translation of the footing is governed

by

+ -—
MO { G + Ka} = Uy = Up {A~27)

where My = mass of the footing and Ug~ = reactive horizontal
shear force from the soil. The rotation of the building and
eguipment as a whole is governed by
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(A-28)
+ Mg hg ( G+ Xy + Ya+heg o)+ (Ig+Ig)@+Co =0
in which Iy = I I { j=0,...N). The freguency domain versions
of eguations (&-27) and (A-28) are:
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Mhor 5] K -w? (64 %, dun NN
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+ Mg he? + Iy + Igp - Mg hg w2 Yo + Cg = 0 (A-30)

Using equations (A-18), (A~20) through (A-22), and (B-8)
through (B-11) in Appendix B, the summation term in egquation
{A-30) can be carried out, resulting in
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By combining equations (aA-~14), (A-25), (A-29), (A-30), (A-31),
and (2~15), two equations invelving only two unknowns can be
obtained. Following Lin and Wu [16], (G + X3) and (h ¢) are
chosen as unknowns, and the equations are cast in matrix form

as follows:

A117 Byr A1 7 By G Xa | _ | P g
Byi= Byp  Byy T By, ho By1 (A=32)
where
A _ 2 sin Na sin % a . + Mp @2 (A-33)
il cos (N+%)a J2 K+ 1wWC
A-11
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The solution of eguaticn (A-32) is given by
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11 21" Bpy) + B
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210 ByypAqqy)

where A= determinant of [A]-[B)]. Substituting equations {(A~38)
and (A-39) into equations (A-18) and (24-19) the following
expressions for the building are obtained:
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Similarly, by substituting equations (A-38) and (A-39) into
equations (A-25) and (A-26) we obtain the following expres-
sions for the equipment:

1 M, 62 h
* - s [32(8)+33(S) L SR ) hJ.x
eq
K. _{w)
eq
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By setting M, and I, = 0 in equations (A-40) and {A-41) it can
be shown that the results reduce to the simpler expressions
obtained by Lin and Wu [l6].






APPENDIX B: USEFUL CLOSED FORM SOLUTIONS

Equation (A-13) can be simplified using two Iinteresting
properties common to all transfer matrices; namely, the deter-
minant of a transfer matrix is egual to one, and its eigenvalues
are reciprocal pairs. Denoting the two eigenvalues of the
present 2x2 transfer matrix by exp (fia)}, it can be shown that

M w2

21K + 1wC) (B-1)

cos a =1 -
To simplify some of the expressions encountered in the present
study, 1t is sometimes convenient to rewrite equation (B-1} in
the following form:

Mw?2 = 4 { K+ iwC) sin? } « {B-1b)

Closed form expressions for several functions of the transfer
matrix defined by equation (A~3) have already been derived
[161. A summary of these expressions, as well as other required

formulas that are needed in the present study are:
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