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Preface 
 
MCEER was originally established by the National Science Foundation in 1986 at the 
University at Buffalo, The State University of New York, as the first National Center for 
Earthquake Engineering Research (NCEER). In 1998, it became known as the 
Multidisciplinary Center for Earthquake Engineering Research (MCEER), from which the 
current name, MCEER, evolved.  
 
Comprising a consortium of researchers and industry partners from numerous disciplines 
and institutions throughout the United States, MCEER’s mission expanded in the early 
2000s from its original focus on earthquake engineering to one which addresses the 
technical and socioeconomic impacts of a variety of hazards, both natural and man-made, 
on critical infrastructure, facilities, and society. 
 
This report presents a methodology and describes the testing conditions for (a) 
determining the bounding properties of isolators for use in analysis and design, and (b) 
interrogating the isolators to the effects of the maximum considered earthquake.  Results 
are presented for single Friction Pendulum, triple Friction Pendulum and Lead-rubber 
isolators, for short- and long-duration motions. Information is also provided on how to 
test at specific probabilities of exceedance so that the test conditions are selected to be 
neither excessively conservative nor unconservative.  Fundamental in this methodology 
is the use of analysis models in which the properties of the isolators (friction or 
characteristic strength) are dependent on the instantaneous temperature at the sliding 
interfaces or in the lead core. 
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ABSTRACT 

 

Standard ASCE/SEI-7 regulates the use of seismic isolators in design practice and includes prototype 

testing specifications for isolators. Of these tests, important are tests to determine the bounding properties 

of the isolators, and tests to determine the adequacy of the isolators in the maximum considered earthquake. 

This report updates the conditions for testing isolators as specified in the standard to determine the bounding 

properties of isolators, and to determine the adequacy of the isolators in the maximum considered 

earthquake. The test conditions are determined by performing analyses with models that account for the 

time-variant properties of the isolators and computing the resultant isolator displacements.  In performing 

the work, a large number of isolation systems (96 systems, comprising single friction pendulum,  triple 

friction pendulum and lead-rubber), three different seismic hazards as measured by the spectral acceleration 

at the period of one second, and a large collection of bi-directional ground motions with short- and long-

duration characteristics (71 pairs of each duration, 96 systems, three seismic hazards, for a total of 40896 

ground motion pairs) were considered.  
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SECTION 1  

INTRODUCTION 

 

The testing of isolators is regulated by standards such as the ASCE/SEI-7 (2017), EN1998-1 (2004) and 

EN15129 (2009).  Two important tests in these standards are: 

1) A test to determine the properties of the isolators for analysis and design (specifically to determine 

factors λ(test, max) and λ(test, min) in ASCE/SEI-7). In ASCE/SEI-7, this test is prototype test Item 2(a) 

(also test Item 3) in section 17.8.2.2 in which the isolator is subjected to three cycles at various 

amplitudes of which most important is the one at amplitude of DM, which is the maximum resultant 

displacement of the isolators computed either by simplified analysis or as the average of at least 

seven response history analyses (the actual value is the largest of 0.8 of the value computed by 

simplified analysis and the value computed in the response history analysis).  The test is meant to 

be conducted dynamically at a period equal to the effective period TM (per definition of ASCE/SEI-

7) although the commentary of ASCE/SEI 7 (section C17.8) allows quasi-static testing depending 

on the availability of testing equipment. However, it has been common for most projects to conduct 

this test dynamically when it is used to determine the upper bound (from the recorded force-

displacement loop in the first cycle) and the lower bound (in the third cycle) properties of the 

isolators for use in analysis and design (ASCE/SEI-7 makes clear how the properties are determined 

in the Commentary section C17.2.8.3.  Also, McVitty and Constantinou (2015) provided a more 

detailed commentary and presented examples). 

 

Standard ASCE/SEI-7 allows for an alternate test (Item 2(b) in section 17.8.2.2) in which the 

prototype isolators are dynamically tested (at period TM) in four cycles of varying amplitude in 

each cycle (at 0.25DM, 0.5DM, 0.67DM and DM).   

 

2)  A test to determine the adequacy of the isolators.  In ASCE/SEI-7, this test is prototype test Item 

4 in section 17.8.2.2, in which the isolator is subjected to at least 10 cycles of motion at amplitude 

of 0.75DM and period of TM (it is allowed to be performed in sets consisting of five continuous 

cycles followed by pause; thus, effectively this test is one of five cycles that is repeated).   

 

The origin of these tests is in the tentative seismic isolation design requirements of the Structural Engineers 

Association of Northern California (1986), in which the amplitude of motion was specified as the “design 

displacement”, which was then computed for a seismic input based on 500-year return period spectra.  
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Moreover, the requirements did not specify or even mention dynamic testing (it was meant that quasi-static 

testing was allowed).  As codification of seismic isolation requirements became more formal, and standards 

such as ASCE/SEI-7 added requirements for seismically isolated structures, the specified tests increased, 

dynamic testing requirements were included and, when only the maximum earthquake was used in the 

analysis and design of seismically isolated buildings (with the 2016 version of ASCE/SEI-7), the amplitude 

of motion for the tests was specified as DM for test Items 2(a) and 3, and 0.75DM for test Item 4.   

 

The number of cycles in these tests was based on studies of Kircher and Lashkari (1989), whereas a later, 

more advanced, study of Warn and Whittaker (2004) related the results to the properties of the isolation 

system, which were represented, in both studies, as bilinear hysteretic with time-invariant properties.  In 

these studies, seismically isolated structures were subjected to bins of ground motions and the cumulative 

dissipated energy, or the cumulative displacement, of each isolator was computed.  A test was then designed 

(isolator subjected to the average gravity load and one-directional motion of amplitude computed in the 

dynamic analysis and for number of cycles) so that the cumulative dissipated energy or the cumulative 

isolator displacement in the test and in the dynamic analysis were the same.  As such, the tests represented 

the effects of the considered earthquake as computed in the response history analysis in terms of the 

cumulative energy or displacement (the two are exactly equivalent for systems that have time-invariant 

properties).  That is, these studies established tests for the effects of the considered earthquake and not tests 

for determining the properties (particularly factors λ(test, max) and λ(test, min)) for use in the analysis and design.  

At best they are suitable for test Item 4 but not for test Items 2(a) and 3.  Moreover, the studies did not 

consider long-duration ground motions.  A recent study of Kitayama and Constantinou (2021) demonstrated 

that (a) the duration of ground motion has important implications for test Items 2(a), 3 and 4 if they are 

based on the use of the cumulative energy, and (b) consideration of other criteria, such as the history of the 

temperature at the sliding interfaces of sliding bearings or the core of lead-rubber bearings, is a more 

appropriate criterion for establishing tests for the effects of the considered earthquake. 

 

This report presents a study that determines the conditions of testing for: 

1) Determining the bounding properties of isolators for use in analysis and design.  The test conditions 

are determined by first performing analyses with models that account for the time-variant properties 

of the isolators and computing the resultant isolator displacements.  Then the analyses are repeated 

using models with time-invariant isolator properties that result in the same isolator resultant 

displacement in an average sense.  With the time-invariant isolator properties known and defined 

as those of the lower bound analysis, a test is designed to result in lower bound properties at the 

last cycle of the test, whereas the first cycle results in the upper bound properties.  In this way, tests 
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are designed that correctly result in the properties for use in bounding analysis (specifically to 

determine factors λ(test, max) and λ(test, min) in ASCE/SEI-7; the lower and upper bound properties are 

then computed based on additional considerations of uncertainties in the properties and effects of 

aging).  The lower bound properties are used to compute the isolation system resultant peak 

displacement in an average sense (quantity DM as defined in ASCE/SEI-7).  The test is meant to be 

a replacement for tests Items 2(a) and 3 of ASCE/SEI-7. 

 

2) Determining the adequacy of the isolators in the maximum considered earthquake or equivalently 

a test to interrogate the isolators for the effects of the maximum considered earthquake, with 

consideration for the probability of exceedance of these effects (e.g., median effects, 90% percentile 

effects).  The test is meant to be a replacement for test Item 4 of ASCE/SEI-7.  The approach 

followed in determining the conditions of testing was based on the procedures in Fenz et al. (2011) 

using the histories of temperature computed at the sliding interfaces of sliding bearings or in the 

lead core of lead-rubber bearings.  Moreover, conditions of testing were determined when using 

the cumulative dissipated energy histories instead of the temperature histories.   

 

In performing the work, a large number of isolation systems (96 systems, comprising single friction 

pendulum,  triple friction pendulum and lead-rubber), three different seismic hazards as measured by the 

spectral acceleration at the period of one second, and a large collection of bi-directional ground motions 

with short- and long-duration characteristics (71 pairs of each duration, 96 systems, and three seismic 

hazards, for a total of 40896 ground motion pairs) were considered. The short-duration motions had a 

geomean duration Ds5-75 (Chandramohan et al., 2016; Kitayama and Constantinou, 2021) of less than 20 

secs, whereas long-duration motions had a geomean duration Ds5-75 between 15 and 80 sec. The ground 

motions were selected such that for each long-duration pair of ground motions there was a corresponding 

pair of short-duration motions that had response spectra in the two orthogonal directions that were 

essentially the same as the spectra of the corresponding long-duration pair.   All ground motions were 

appropriate for far field conditions.  In performing the analysis, isolator models with time-variant properties 

were needed.  These models were based on validated theories for sliding isolators (Constantinou et al., 2007; 

Kumar et al., 2015; Kim and Constantinou, 2022, 2023) and lead-rubber isolators (Kalpakidis et al., 2010; 

Kumar et al., 2014).  However, two enhancements in these models were made: (a) in the sliding bearings, 

the friction-temperature relationship was modified from a single case in Kim and Constantinou (2022, 2023) 

and Kumar et al. (2015) to three different cases so that other possible sliding interfaces are studied, and (b) 

the relationship between the effective yield stress of lead and temperature was extended beyond the model 
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of Kalpakidis et al. (2010) and Kumar et al. (2014) to be valid up to the melting temperature of lead.  This 

was needed to better represent the behavior of lead-rubber bearing in some long-duration motions.   

 

The results of this study show that: 

 

1) For all seismic isolation systems and for short-duration motions, a test of three cycles at amplitude 

DM and period TM suffices to determine the lower bound properties for analysis.  That is, test Items 

2(a) and 3 of Section 17.8.2.2 of ASCE/SEI-7 are sufficient to determine factors λ(test, max) and λ(test, 

min) for short-duration motions.  However, for long-duration motions, five cycles of motion at the 

same conditions of amplitude and period are needed to determine these factors. 

 

2) For short-duration motions, a test to determine the adequacy of isolators in the maximum 

considered earthquake requires: 

a. For the 50th percentile effects, 8 cycles for single and triple FP isolators at amplitude 0.4DM 

and period TM, and 12 cycles for lead-rubber isolators at amplitude 0.5DM and period TM.  

This is consistent with but less onerous than the current requirements of test Item 4 of 

Section 17.8.2.2 of ASCE/SEI-7 in which the number of cycles is at least 10 with amplitude 

of 0.75DM rather than 0.4DM or 0.5DM. 

b. For the 90th percentile effects, 16 cycles for single and triple FP isolators at amplitude 

0.4DM and period TM, and 24 cycles for lead-rubber isolators at amplitude 0.5DM and period 

TM.   

 

3) For long-duration motions, a test to determine the adequacy of isolators in the maximum considered 

earthquake requires: 

a. For the 50th percentile effects, 18 cycles for single and triple FP isolators at amplitude 

0.4DM and period TM, and 30 cycles for lead-rubber isolators at amplitude 0.5DM and period 

TM. 

b.  For the 90th percentile effects, 36 cycles for single and triple FP isolators at amplitude 

0.4DM and period TM, and 60 cycles for lead-rubber isolators at amplitude 0.5DM and period 

TM.   

 

The difference between sliding and lead-rubber systems in the required number of cycles in the adequacy 

tests is related to the dependency of the strength of the isolators (friction force or characteristic strength) on 

temperature.  For sliding isolators, the strength does not diminish but reaches a stable value as temperature 
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increases, whereas in lead-rubber isolators the strength may vanish as the temperature approaches the 

melting point of lead.  While the number of cycles is less in the sliding isolators than in the lead-rubber 

isolators, the effects of the test may be more important due to wear of the materials of the sliding interface 

(Constantinou et al., 2007), whereas for the lead-rubber isolators, lead recovers its strength after many 

cycles of motion (e.g., see Fig. 8-25 in Constantinou et al., 2007). 
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SECTION 2  

MODELING THE BEHAVIOR OF SEISMIC ISOLATORS 

 

2.1 Introduction 

 

The seismic isolators considered in this work are single and triple Friction Pendulum (FP) isolators and 

lead-rubber isolators.  Figures 2-1 to 2-3 show cross sections of these isolators with their main geometric 

features and show idealized lateral force-displacement relationships for each isolator (W is the axial 

compressive load carried by the isolator). 

  

 

Figure 2-1 Geometry and Idealized Lateral Force-displacement Relationship of the Single FP 

 

  

 

Figure 2-2 Geometry and Idealized Lateral Force-displacement Relationship of the Triple FP 
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Figure 2-3 Geometry and Idealized Lateral Force-displacement Relationship of Lead-rubber Bearing 

 

2.2 Modeling of Single and Triple FP Isolators 

 

Single FP bearings has been described in Zayas et al., (1987), Mokha et al. (1990), Al-Hussaini et al (1994), 

Constantinou et al. (2011) and many others who described the behavior of the bearing as depicted in Figure 

2-1 in terms of the lateral force F being a function of the displacement u, axial load W, friction coefficient 

μ and the effective radius Reff, which is the distance of the center of curvature to the pivot point (as shown 

in Fig. 2-1 the pivot is outside the concave surface so that the effective radius is larger than the actual radius-

otherwise is smaller) 

 

𝑅௘௙௙ = 𝑅 + ℎ (2 – 1) 

 

The single FP model used in this work is the one implemented in element “FPBearingPTV” in program 

OpenSees (Kumar et al., 2015).  In this model the coefficient of friction is dependent on the instantaneous 

pressure, velocity, and temperature.  The main feature of the model utilized in this study is the dependency 

of the coefficient of friction on temperature at the center of the sliding interface.  Constantinou et al. (2007) 

presented information on the dependency of the coefficient of friction at interfaces of sliding bearings on 

the velocity of sliding, pressure, and temperature.  They also presented and validated by experimentation a 

theory on computing the change in temperature at a sliding interface as the result of frictional heating.   

 

The computation of the temperature at the sliding interfaces requires knowledge of the instantaneous values 

of the coefficient of friction, the apparent bearing pressure (load divided by apparent contact area) and 

sliding velocity at each interface.  The total temperature T = T0+ΔT at time t > 0, consists of the starting 
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value T0 at time zero and the rise ΔT at the sliding interface. The temperature rise ΔT at time t is given by 

(Constantinou et al., 2007): 

 

∆𝑇(𝑡) =  
√𝐷

𝑘√𝜋
න

𝑞(𝑡 − 𝜏)𝑑𝜏

√𝜏

௧

଴

(2 – 2) 

 

where, D and k are the thermal diffusivity and conductivity of stainless steel, respectively, τ is a time 

parameter that varies between 0 and time t, and q(t) is the heat flux, which is calculated in accordance with 

the equation (2-3).  

 

𝑞(𝑡) = ൜
𝜇(𝑡)𝑝(𝑡)𝑣(𝑡), 𝑑 ≤ 𝑟𝐶𝑜𝑛𝑡𝑎𝑐𝑡

0, 𝑜𝑡ℎ𝑒𝑟𝑤ℎ𝑖𝑠𝑒
(2 – 3) 

 

In equation (2-3), μ(t) is a friction coefficient, p(t) is the apparent bearing pressure at the sliding surface, 

and v(t) is the absolute value of the resultant velocity at the sliding surface.  Also, d is the absolute value of 

the resultant displacement of the slider and rContact is the radius of the circular apparent contact area, 

which can be obtained by b/2 (see Figure 2-1).  Equation (2-3) computes the temperature at the center of 

the bearing.  Note that the heat flux may be intermittent depending on the motion of the slider over the 

contact area (Constantinou et al., 2007).  Values of the thermal properties of stainless used in the analysis 

are presented in Table 2-1. 

Table 2-1 Thermal Properties of Stainless Steel 

Parameter Unit Value 

Thermal Diffusivity 𝑚ଶ/𝑠𝑒𝑐 0.444 ∗ 10ିହ 

Thermal Conductivity 𝑊𝑎𝑡𝑡/(𝑚°C) 18 

 

Important in this model is the dependency of the coefficient of friction on pressure, velocity and primarily 

temperature.  In the model of Kumar et al. (2015) implemented in element “FPBearingPTV” of program 

OpenSees, the coefficient of friction is given by equations (2-4) to (2-7) in which μref is the reference high 

speed coefficient of friction at the initial (time t = 0), temperature T0 = 20℃ and initial pressure p0, ɑ is 

velocity rate parameter (= 100s/m), p is the apparent pressure, and v is the amplitude of the velocity.  

 

𝜇(𝑝, 𝑣, 𝑇) = 𝜇௥௘௙𝑘௣𝑘௩𝑘் (2 – 4) 

𝑘୮ = 0.7଴.଴ଶ(௣ି௣బ) (2 – 5) 

𝑘௩ = (1 − 0.5𝑒ି௔௩) (2 – 6) 
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𝑘் = 0.79 ∙ (0.7଴.଴ଶ + 0.40) (2 – 7) 

 

Function kT accounts for the dependency of the coefficient of friction on the temperature and function kP 

for the dependency of the coefficient of friction on instantaneous pressure.  These functions have been 

calibrated using general data that apply for FP bearings.  Also, function kv for the dependency of the 

coefficient of friction on velocity assumes that the ratio of the very low speed to high-speed coefficient of 

friction equals to 0.5 (supported by data in Constantinou et al., 2007).   

 

In this study, the dependency of the coefficient of friction was expanded to account for additional cases 

beyond the single case described by equation (2-7).  Specifically, two additional cases were added, 

described by equations (2-8) and (2-9).  Figure 2-4 presents graphs of coefficient kT vs. the temperature in 

the three cases.  Note that the three cases were selected so that the friction coefficient reduces from the 

starting value at temperature of 20oC to 2/3, 1/2 and 1/3 of the starting value at a temperature of about 

200oC. 

 

𝑘் = 0.84 ∙ (0.7଴.଴଴଼ହ + 0.25) (2 – 8) 

𝑘் = 0.97 ∙ (0.7଴.଴ଶଽ் + 0.22) (2 – 9) 

 

Figure 2-4 Friction Coefficient-Temperature Relationships Considered in Analysis 

 

Element “FPBearingPTV” of program OpenSees was modified to include the additional cases of coefficient 

kT for the analyses of structures with single FP isolators for this study. 
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The behavior of the Triple FP bearing has been described in Fenz and Constantinou (2008a to 2008d, 2009) 

and summarized in Constantinou et al. (2011). The following parameters determine the response of Triple 

FP bearing: friction coefficients at its four sliding interfaces, μi, nominal displacement capacities, di, radii 

of curvature Ri, and heights hi, where i = 1 to 4.  The effective radii of curvature are defined as Reff i = Ri - 

hi, and the actual displacement capacities are given by d୧
∗ =

ୖ౛౜౜౟

ୖ౟
d୧. When the inner ring is absent, the actual 

total displacement is increased by b2/2, at which point the isolator becomes unstable (Sarlis and 

Constantinou, 2013).   In the Fenz and Constantinou (2008a, c) model, the following conditions need to 

apply: 1) Reff 1 = Reff 4 ≫ Reff 2 = Reff 3 ,  2) μ2 = μ3 < μ1 < μ4 ,  3) dଵ
∗  > (μ4 - μ1)·Reff 1 ,  4) dଶ

∗  > (μ1 - μ2)·Reff 2 ,  

5) dଷ
∗  > (μ4 - μ3)·Reff 3 . These conditions typically apply for practical Triple FP bearings.  

 

A computational model for the Triple FP element was developed initially by Fenz and Constantinou (2008d, 

2009), and later Sarlis and Constantinou (2010) presented details of modeling the bearing in program 

SAP2000 (CSI, 2011) in a report to the engineering community.  Dao et al. (2013) implemented the model 

in the program OpenSees (McKenna et al., 2010), having improved on the use of multi-directional gap 

elements, whereas the model in SAP2000 required the use of several one-directional gap elements.  The 

element, named “TripleFrictionPendulum”, cannot account for the dependency of the coefficient of friction 

on temperature as the actual displacements and sliding velocities at each of the four sliding interfaces of 

the isolator are not computed.  

 

Recently, Kim and Constantinou (2022, 2023) expanded the Fenz theory to obtain estimates of the 

displacements and velocities at all four sliding interfaces of the triple FP isolator and modified the Dao 

element in OpenSees to account for the temperature dependency of the coefficient of friction.  The new 

element is called “TripleFrictionPendulumX”.  The model has been verified by comparison to the validated, 

more advanced but unidirectional model, of Sarlis and Constantinou (2013, 2016).  The report of Kim and 

Constantinou (2022) provides details on how to use the revised triple FP element 

“TripleFrictionPendulumX” in OpenSees for accounting for the triaxial behavior of the triple FP bearing 

with due consideration for the dependency of friction on the temperature, in addition to velocity and 

pressure, at each sliding interface.  For the study of this report, the dependency of the friction coefficient 

on temperature was modelled using the three laws described by equations, (2-7), (2-8) and (2-9). 
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2.3 Modeling Lead-rubber Isolators 

 

Kalpakidis et al. (2008, 2009a, 2009b, 2010) developed and validated a theory that can predict the 

degradation of the characteristic strength (quantity Qd in Figure 2-3) because of heating of the lead core.  In 

general, the isolator is characterized by the characteristic strength Qd, the post-elastic stiffness kd, and the 

effective yield displacement Y.  The yield displacement is not known but observations from tests of lead-

rubber isolators (Kalpakidis and Constantinou, 2008) suggest values of about 10mm to 30mm.  The 

characteristic strength and post-elastic stiffness are related to the properties of lead and rubber, and the 

geometry: 

 

𝐾ௗ =
𝐺𝐴௥

𝑇௥
(2 – 10) 

𝑄ௗ = 𝐴௅𝜎௒௅ (2 – 11) 

      

In these equations, G is the shear modulus of rubber, Ar is the bonded rubber area, Tr is the total rubber 

thickness,  AL is the area of lead (= πɑ2 per Fig. 2-3) and σYL is the effective yield stress of lead.  The 

effective yield stress of lead is dependent on temperature and an equation relating the two based on tests of 

Kalpakidis and Constantinou (2008, 2009a, 2009b) is the following, where σYL0 is the effective yield 

strength of lead at the start of motion (at temperature of 20oC), TL is the rise in temperature and E2 is a 

parameter equal to 0.0069/oC. 

 

𝜎௒௅ = 𝜎௒௅ ∙ 𝑒(ିாమ∙்ಽ) (2 – 12) 

                    

The computation of the temperature rise in the lead core was based on partially solving the complex three-

dimensional heat conduction problem of the heat generated in the body of the lead and conducted through 

the steel end plates and the reinforcing shim plates.   The temperature rise  TL in the lead core is governed 

by the following ordinary differential equation, in which t is the time, τ is a dimensionless time, ρL is the 

density of lead (=11300kg/m3), cL is the specific heat of lead (=130J/kg·oC), αs is the thermal diffusivity of 

the steel end and shim plates (=1.4×10-5m2/sec), and ks is the thermal conductivity of the steel end and shim 

plates (=50Watt/m·oC), hL is the height of the lead core,  ts is the total thickness of the steel shim plates, ɑ 

is the radius of the lead core (see Figure 2-3), and U̇ is the resultant velocity of the top of the lead core with 

respect to its bottom. 

 



 

13 

 

𝑑𝑇௅

𝑑𝑡
=

𝜎௒௅(𝑇௅) ∙ ห𝑈̇ห

𝜌௅ ∙ 𝑐௅ ∙ ℎ௅
−

𝑘௦ ∙ 𝑇௅

𝑎 ∙ 𝜌௅ ∙ 𝑐௅ ∙ ℎ௅
൤
1

𝐹
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𝑎
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(2 – 14) 

 

𝜏 =
𝛼௦ ∙ 𝑡

𝑎ଶ
(2 – 15) 

 

This model, including additional features of elastomeric bearings, was implemented in element 

“LeadRubberX” in program OpenSees by Kumar et al. (2014).  This element was used in this study after a 

modification to expand the range of validity of the relationship between the effective yield stress of lead 

and temperature up to the melding point of lead as this was needed in analyses with long-duration motions.  

The revised relationship between the yield strength and temperature (T = T0+TL) is  

 

𝜎௒௅ =

⎩
⎨

⎧
𝜎௒௅଴ ∙ 𝑒(ିாమ∙்ಽ),                                                  𝑇 = 𝑇௅ + 𝑇௢ ≤ 250°C

𝜎௒௅଴ ∙ 𝑒(ିாమ∙ଶହ଴) ∙ ൬
327 − 𝑇௅

327 − 250
൰ , 250°C <  𝑇 = 𝑇௅ + 𝑇௢ ≤ 327°C

0,                                                                          𝑇 =  𝑇௅ + 𝑇௢ > 327°C

(2 – 16) 

 

Figure 2-5 shows the variation of the normalized effective yield strength of lead (σYL/σYL0) with temperature 

per equation (2-16).  It should be noted that the original model for the effective yield strength per equation 

(2-12), would have predicted, instead of zero, a ratio σYL/σYL0=0.12 at the melting temperature of lead, as 

seen in Figure 2-5.  This difference appeared important in some analyses with long-duration motions when 

the temperature of the lead core approached the melting point. 

 

Moreover, an error in coding of the element that resulted in an ever-increasing temperature in the lead core 

was corrected.  Also, a modification was made in the calculation of the initial value of the effective yield 

strength of lead, σYL0, from the user-supplied initial value of the yield strength (force) of the bearing, Fy in 

element LeadRubberX.  The effective yield strength of lead was computed based on equation (2-17) using 

the user supplied data in element LeadRubberX: the yield strength Fy (see Figure 2-3) and parameter α 

(alpha), which is the ratio of the post-elastic stiffness to the elastic stiffness. 
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𝜎௒௅଴ =
𝑄ௗ

𝐴௅
=

1 − 𝛼

𝐴௅
𝐹௬ (2 – 17) 

 

Figure 2-5 Normalized Effective Yield Strength of Lead as Function of Temperature 

A new element was created called “LeadRubberX2”, which is described in more detail in Appendix A, 

where examples are also presented that demonstrate the importance of the modifications. 
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SECTION 3  

GROUND MOTIONS USED FOR RESPONSE HISTORY ANALYSIS 

 
3.1 Long- and Short-Duration Ground Motions Used in Analysis 

 

The ground motions used for response history analysis consisted of 71 pairs of horizontal orthogonal 

components with long-duration characteristics and another 71 pairs of horizontal orthogonal components 

with short-duration characteristics that were spectrally equivalent to the 71 pairs of long-duration motions.  

The long-duration motions were obtained from a set identified by Chandramohan et al. (2016) except for 

two record sets (Infiernillo Media Cortina and Villita Corona Centro, both from the 1985 Michoacan, 

Mexico events).  The spectrally equivalent short-duration motions were obtained from Kitayama and 

Constantinou (2021) who identified the motions from the PEER NGA-West2 database that included about 

20000 records.  The methodology of selection of the motions has been described in Kitayama and 

Constantinou (2021) who also provided a digital appendix with information on each motion.  All motions 

were baseline-corrected and filtered using the procedures of Boore and Bommer (2005) and Boore (2005).  

The selection procedure maintained the long-duration motions as originally recorded and then selected and 

scaled only in amplitude the short-duration motions such that for each long-duration pair of ground motions 

there is a corresponding pair of short-duration motions that has response spectra in the two orthogonal 

directions that are essentially the same as the spectra of the corresponding long-duration pair.  An example 

of spectrally equivalent long- and short-duration motions is provided in Figure 3-1 where the spectra of the 

two sets of pairs are compared. 

 

The duration of the ground motions was identified using the Ds5-75 measure (Chandramohan et al., 2016), 

which is defined as the time interval over which 5% to 75% of the integral I of Equation (3-1) is 

accumulated.  In this equation, a(t) is the ground motion acceleration history and tmax is the duration of the 

record: 

𝐼 = න 𝑎ଶ𝑑𝑡
௧೘ೌೣ

௢

(3 – 1) 

 

The short-duration motions had the Ds5-75 duration less than 25 second, and the long-duration motions had 

the Ds5-75 duration of at least one of the horizontal components greater than 25 second. Figure 3-2 presents 

the distribution of the geometric mean of the durations of the two orthogonal components of the 71 pairs of 

short-duration and the 71 pairs of long-duration motions of this study.  Kitayama and Constantinou (2021) 

presented complete information on the two sets of spectrally equivalent ground motions. 
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Figure 3-1 Acceleration Response Spectra of Spectrally Equivalent Pair of Long- and Short-

duration Motions (long-duration: 2011 Tohoku Iwanuma, Japan; short-duration: 1999 Chi-Chi 

CHY006, Taiwan) 

 

 

Figure 3-2 Geometric Mean of Ds5-75 Duration of Ground Motions used in Analysis 

 

The 142 pairs of ground motions used in the analysis were recorded in the far-field.  The vertical ground 

motion component was not considered in the analysis because (a) its effects on the isolator displacement 
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are known from analysis and shake table testing to be minor for sliding isolation systems (Sarlis et al., 2013; 

Cilsalar and Constantinou, 2017), (b) its effects are known from analysis to be insignificant on the histories 

of temperature computed for the sliding surfaces of triple FP isolators (Kim and Constantinou, 2022), and 

(c) the effects on the isolator displacements are known from shake table testing to be insignificant to minor 

(less than 10% difference) for lead-rubber systems even for near-fault seismic excitation (Hwang and Hsu, 

2000).   

 

Important for this study is the effect of, or lack of, the vertical ground motion on the computed histories of 

temperature at the sliding surfaces of FP isolators.  An example from the data in Kim and Constantinou 

(2022) is presented below.  A structure was analyzed with triple FP isolators having friction coefficient 

values (initial values at the starting temperature of 20oC and at high velocity) of 0.04 and 0.08 for the two 

main surfaces (surfaces 1 and 4, respectively), and 0.01 for the two secondary surfaces (from examples in 

Section 6 of Kim and Constantinou, 2022).  Analysis was performed with one-directional fault-normal (FN) 

and the vertical (V) components of the long-duration ground motion recorded at the Kaminoyama station 

in the 2011 Tohoku earthquake, scaled in amplitude by factor of 8.0 (Section 6.1.1 of Kim and 

Constantinou, 2022 presents results for only FN, and Section 6.1.3 presents results for both FN and V 

components).  The analysis was performed in program OpenSees and only considered the effect of 

temperature on friction as described by equation (2-7).  Results on the computed histories of temperature 

at the sliding interfaces and normalized isolators force-displacement loops are compared in Figure 3-3, 

where it is apparent the vertical ground motion has insignificant effects on the temperature and on the 

isolator displacement.   

 

3.2 Scaling of Ground Motions for Response History Analysis 

 

Each pair of the spectrally equivalent long-duration and short-duration ground motions suites was scaled in 

amplitude only to represent, individually and in an average sense, target response spectra for the maximum 

considered earthquake (MCER).  The target spectra were represented by the spectral response acceleration 

parameter at the period of 1 second, SM1, with values of 0.7g, 0.9g and 1.1g.  The short period spectral 

acceleration parameter was not used as it did not affect the scaling process when based on amplitude scaling 

with a long effective period.  In the scaling process, (a) the components of each pair were scaled by the 

same factor, which differed from pair to pair, and (b) the difference between the SRSS spectra of each pair 

of motions and the target spectrum (in terms of the sum of the square errors) was minimized in the range 

of 0.75TM to 1.25TM, where TM is the effective period as defined in ASCE/SEI-7 for the lower bound 

conditions that result in the largest mean resultant isolator displacement DM. 
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Figure 3-3 Example of Effect of Vertical Ground Motion on Force-displacement Loop and Histories 

of Temperature at the Sliding Interfaces of Triple FP Isolators 

 

Period TM is defined as the effective period in the lower bound conditions.  In this study the lower bound 

conditions are defined only when considering heating effects without consideration of manufacturing 

variability. Period TM is not known until the response history analysis using the lower bound time-invariant 

properties is completed and displacement DM is computed. This required a multistep analysis process as 

follows:  
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1) The system to be analyzed is defined in terms of its characteristic strength or friction coefficients 

under dynamic conditions and at the starting temperature of the isolators (assumed 20oC in this 

study). 

2) An estimate of the lower bound properties of characteristic strength or friction coefficient is 

obtained by dividing the starting values of properties by a factor, say 1.5. 

3) Using the lower bound time-invariant properties computed in step 2, simplified ELF analysis per 

ASCE/SEI-7 is performed to compute displacement DM.  

4) Using this estimate of displacement DM and the lower bound properties calculated in step 2, the 

effective period TM is computed. 

5) Using this value of effective period TM, scaling of the ground motions is performed. 

6) Response history analysis of the system with time-variant properties is performed using all 71 pairs 

of ground motion and the mean resultant isolator displacement is computed.  This displacement is 

compared to the value computed by the ELF procedure in step 3.   

7) The process in steps 2 to 6 is repeated by assuming a different value of the factor in step 2 (say 1.4 

or 1.6) until the displacement computed in step 2 is essentially the same as the one computed in 

step 6. 

8) When completing step 7, the period TM has been properly calculated.  The ground motions are then 

properly scaled using this value of the period and response history analysis is performed.   

 

This procedure requires several dynamic analyses for each system and seismic hazard (in terms of SM1) 

considered (96 systems and 3 hazards, total of 288 cases).   There is a different period TM for each of these 

288 cases, so that the ground motions in the analysis differ depending on the system and hazard analyzed.  

An example of the spectra of the scaled motions is presented in Figures 3-4 and 3-5 for the triple FP isolation 

system 33 and the lead-rubber isolation system 322 (see Section 4 for details).  The triple FP system 33 has 

period based on the post-elastic stiffness (pendulum period) TP equal to 4.86sec and ratio of the zero-

displacement force intercept at normal temperature (20oC) and high-speed motion to the weight μ equal to 

0.075.  Moreover, the friction-temperature relationship is the one given by equation (2-7).  The lead-rubber 

system 322 has period based on the post-elastic stiffness Td equal 4.00sec a ratio of the zero-displacement 

force intercept (or characteristic strength) at normal temperature (20oC) to the weight Qd/W equal to 0.16 

and a ratio of the lead core radius to its height a/hL equal to 0.6. The target spectrum is described by 

SM1=0.9g.  The values of displacement DM computed in the response history analysis, and the corresponding 

values of period TM are shown in the figures.  The figures show the SRSS spectra of each of the 71 scaled 

pairs of the short and of the long-duration, the average SRSS spectrum, and the target spectrum for the two 

isolation systems.  The scaled ground motions represent well the target spectrum in an average sense within 



 

20 

 

the bounds of period range 0.75TM to 1.25TM while maintaining significant variability in the individual 

motions to be able to obtain statistical measures of the response of the analyzed structures beyond just the 

median or the mean.   Appendix B presents graphs like those of Figures 3-4 and 3-5 for each of the 288 

cases analyzed. 

 

 

Figure 3-4 Comparison of Individual and Average SRSS Response Spectra of Scaled Ground 

Motions to Target Spectrum for System 33 (top: long-duration motions; bottom: short-duration 

motions) 
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Figure 3-5 Comparison of Individual and Average SRSS Response Spectra of Scaled Ground 

Motions to Target Spectrum for System 322 (top: long-duration motions; bottom: short-duration 

motions) 

 

It may be noted that for the triple FP system 33 in Figure 3-4, the computed displacement DM is slightly 

smaller, and the effective period TM is slightly larger in the long-duration than in the short-duration motions.  

This occurs because the strength of the isolation system (friction force) is slightly smaller in the long-

duration motions due to more heating effects leading to a smaller effective stiffness for the calculation of 

the effective period. 
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SECTION 4  

ANALYZED SEISMIC ISOLATION SYSTEMS 

 

4.1 Seismically Isolated Structure 

 

The study requires the analysis of isolated structures with a wide range of properties to describe the behavior 

of most systems of practical significance for many bi-directional ground motions in the far field.  The 

vertical component of the ground motion is not included as it does not have any important effects on either 

the isolator displacement response or the temperature histories in sliding interfaces or the lead core of 

isolators.  Also, overturning moment effects, and uplift is any, and torsion do not affect the global 

performance of isolation systems and are not considered in this study.  These effects do affect the loads and 

displacements for individual isolators but that is determined in project-specific analyses and considered in 

the testing of isolators by requiring testing for a range of axial loads (in addition to the gravity load) and 

displacements that include the additional displacement due to torsion.   

 

Accordingly, the study analyzed a rigid mass model with the center of mass located at the isolation system 

level so that there are no overturning moment effects.  A single isolator carrying a representative gravity 

load was sufficient for the analysis the systems considered.  The gravity load assumed carried by a single 

isolator is W=2558kN for 92 cases, and for four additional cases with actual triple FP and lead-rubber 

isolators, the gravity load was approximately as in the actual application.   It is generally accepted that 

considering flexibility or inelastic action in the superstructure of an isolated building results in reduced 

isolation system displacements (ASCE/SEI-7 recognizes this in Section 17.6.4.1 by introducing equation 

17.6-1). 

 

All isolation systems were assumed to have sufficient displacement capacity to accommodate the demand 

without any displacement restrainers.  Failure of the isolators was not considered. 

 

4.2 Single FP Isolation Systems 

 

The single FP isolators had the geometry and lateral force-displacement relationship shown in Figure 2-1.  

Table 4-1 lists the common parameters used for all analyzed single FP systems.  Note that the contact 

diameter of the slider is based on standardized designs (11inch or 279.4mm).  The displacement capacity 

of the isolator was considered unlimited. 
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Table 4-1 Common Parameters of Single FP Systems 

Parameter Unit Value 

Weight on one isolator, W kN 2558 
Diameters of rigid slider, b mm (in) 279.4 (11.0) 
Velocity rate parameter, a sec/m 100 

Thermal diffusivity of the stainless steel, D m2/sec 0.444 × 10ିହ 
Thermal conductivity of the stainless steel, k Watt/(m·℃) 18 

Initial temperature, T0 ℃ 20 
 

A total of eight different systems were studied, numbered 11, 12, 13, 14, 31, 32, 33 and 34.  Table 4-2 

presents information on the properties of the eight systems.  The value of the friction coefficient μ is 

value at the start of motion prior to any heating effects and for high-speed conditions.  The effective 

radius is based on standardized isolators that have been utilized.  Smaller radius isolators were not 

considered as they would be too stiff for the seismic hazard considered.  Period TP is the pendulum 

period, given by the following equation, where g is the acceleration of gravity. 

 

𝑇௉ = 2𝜋ට
ோ೐೑೑

௚
(4 – 1) 

 

Table 4-2 Single FP Geometric and Frictional Parameters 

 
System 11 31  12  32 13  33  14  34 

Reff  

mm  
(inch) 

3048 
(120) 

6045 
(238) 

3048 
(120) 

6045 
(238) 

3048 
(120) 

6045 
(238) 

3048 
(120) 

6045 
(238) 

μ 0.04 0.04 0.06 0.06 0.08 0.08 0.10 0.10 

TP 

(sec) 
3.50  4.93  3.50  4.93  3.50  4.93  3.50  4.93  

 
Moreover, three different friction coefficient vs temperature relationships were utilized as described by 

equations (2-4) to (2-9).  Specifically, equation (2-4) described the behavior of the coefficient of friction, 

with μref having the value of μ in Table 4-2, parameter kP=1 (there is no variation in contact pressure), 

parameter kV per equation (2-6) with a=100sec/m, and parameter kT as given by equation (2-7) or (2-8) or 

(2-9) (three different cases as depicted in Figure 2-4).   For the complete description of the single FP element 

“FPBearingPTV” in program OpenSees (Kumar et al., 2015), a yield displacement is needed.  It was 

specified as Y=0.25mm. 
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4.3 Triple FP Isolation Systems 

 

The triple FP isolators had the geometry and lateral force-displacement relationship shown in Figure 2-2.  

Table 4-3 lists the common parameters used for all analyzed triple FP systems.  Note that the geometry of 

the inner the slider (rigid slider and inner plates) is based on a standardized design.  The displacement 

capacity of the isolator is considered unlimited. 
 

Table 4-3 Common Parameters of Triple FP Systems 

Parameter Unit Value 

Weight on the isolator, W kN 2558 
Nominal displacement capacities (outer surface), d1=d4  Unlimited 
Nominal displacement capacities (inner surface), d2=d3 mm (in) 38.1 (1.5) 

Diameters of slide plates, b1=b4 mm (in) 279.4 (11.0) 
Diameters of rigid slider, b2=b3 mm (in) 203.2 (8.0) 

Distance of concave plate to pivot point, h1=h4 mm (in) 114.0 (4.5) 
Distance of slide plate to pivot point, h2=h3 mm (in) 76.0 (3.0) 

Velocity rate parameter, a sec/m 100 
Thermal diffusivity of the stainless steel, D m2/sec 0.444x10ିହ 

Thermal conductivity of the stainless steel, k Watt/(m·℃) 18 
Initial temperature, T0 ℃ 20 

 

A total of sixteen different systems were studied, with their parameters presented in Tables 4-4 to 4-7, 

grouped based on the friction properties.  The friction coefficient values listed in these tables are at the start 

of motion prior to any heating effects and for high-speed conditions.  The radii are based on standardized 

isolators that have been utilized.   The friction coefficients at the two main sliding interfaces are considered 

equal, as this has been the most common case in applications. Period TP is the pendulum period when 

motion occurs on the two main sliding interfaces, given by the following equation, where g is the 

acceleration of gravity. 

𝑇௉ = 2𝜋ඨ
2𝑅௘௙௙

𝑔
(4 – 2) 

 

Also, parameter μ is the zero-displacement force intercept at start of motion divided by the weight and is 

used as a single parameter to describe the frictional behavior rather than the four friction coefficient 

values at the four sliding interfaces.  This parameter is calculated using the following equation (Fenz and 

Constantinou, 2008a, c).   

𝜇 = 𝜇ଵ −
(𝜇ଵ − 𝜇ଶ)𝑅௘௙௙ଶ

𝑅௘௙௙ଵ

(4 – 3) 
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Distances  d୧
∗ are the actual displacement capacities at each sliding interface (which lesser than the nominal 

capacities di, i=1, 2, 3 or 4) given by 

          

𝑑௜
∗ =

ோ೐೑೑೔

ோ೔
𝑑௜ (4 – 4) 

 

Moreover, three different friction coefficient vs temperature relationships were utilized as described by 

equations (2-4) to (2-9).  Specifically, equation (2-4) described the behavior of the coefficient of friction, 

with μref having the values of μ1 =μ4 and μ2 =μ3 per Tables 4-4 to 4-7 (that is, heating effects on friction were 

considered for all four sliding interfaces), parameter kP=1 (there is no variation in contact pressure), 

parameter kV per equation (2-6) with a =100sec/m, and parameter kT as given by equation (2-7) or (2-8) or 

(2-9) (three different cases as depicted in Figure 2-4).  

 

Table 4-4 Triple FP Geometric and Frictional Parameters for Systems 11 to 41 

 System 11 System 21 System 31 System 41 

R1=R4, mm (in) 1549.4 (61.0) 2235.2 (88.0) 3048.0 (120.0) 3962.4 (156.0) 
R2=R3, mm (in) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 
Reff1=Reff4, mm 1435.4 2121.2 2934.0 3848.4 
Reff2=Reff3, mm 228.8 228.8 228.8 228.8 

d1
*=d4

* Unlimited Unlimited Unlimited Unlimited 
d2

*=d3
*, mm 28.6 28.6 28.6 28.6 

μ1=μ4 0.04 0.04 0.04 0.04 
μ2=μ3 0.02 0.02 0.02 0.02 

μ 0.037 0.038 0.038 0.039 
TP, sec 3.40 4.13 4.86 5.57 

 

Table 4-5 Triple FP Geometric and Frictional Parameters for Systems 12 to 42 

 System 12 System 22 System 32 System 42 

R1=R4, mm (in) 1549.4 (61.0) 2235.2 (88.0) 3048.0 (120.0) 3962.4 (156.0) 
R2=R3, mm (in) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 
Reff1=Reff4, mm 1435.4 2121.2 2934.0 3848.4 
Reff2=Reff3, mm 228.8 228.8 228.8 228.8 

d1
*=d4

* Unlimited Unlimited Unlimited Unlimited 
d2

*=d3
*, mm 28.6 28.6 28.6 28.6 

μ1=μ4 0.06 0.06 0.06 0.06 
μ2=μ3 0.02 0.02 0.02 0.02 

μ 0.054 0.056 0.057 0.058 
TP, sec 3.40 4.13 4.86 5.57 
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Table 4-6 Triple FP Geometric and Frictional Parameters for Systems 13 to 43 

 System 13 System 23 System 33 System 43 

R1=R4, mm (in) 1549.4 (61.0) 2235.2 (88.0) 3048.0 (120.0) 3962.4 (156.0) 
R2=R3, mm (in) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 
Reff1=Reff4, mm 1435.4 2121.2 2934.0 3848.4 
Reff2=Reff3, mm 228.8 228.8 228.8 228.8 

d1
*=d4

* Unlimited Unlimited Unlimited Unlimited 
d2

*=d3
*, mm 28.6 28.6 28.6 28.6 

μ1=μ4 0.08 0.08 0.08 0.08 
μ2=μ3 0.02 0.02 0.02 0.02 

μ 0.070 0.074 0.075 0.076 
TP, sec 3.40 4.13 4.86 5.57 

 

Table 4-7 Triple FP Geometric and Frictional Parameters for Systems 14 to 44 

 System 14 System 24 System 34 System 44 

R1=R4, mm (in) 1549.4 (61.0) 2235.2 (88.0) 3048.0 (120.0) 3962.4 (156.0) 
R2=R3, mm (in) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 304.8 (12.0) 
Reff1=Reff4, mm 1435.4 2121.2 2934.0 3848.4 
Reff2=Reff3, mm 228.8 228.8 228.8 228.8 

d1
*=d4

* Unlimited Unlimited Unlimited Unlimited 
d2

*=d3
*, mm 28.6 28.6 28.6 28.6 

μ1=μ4 0.10 0.10 0.10 0.10 
μ2=μ3 0.02 0.02 0.02 0.02 

μ 0.087 0.091 0.094 0.095 
TP, sec 3.40 4.13 4.86 5.57 

 

For the complete description of the triple FP element in program OpenSees (Kim and Constantinou, 2022, 

2023), a yield displacement Y=0.4mm was used.  This is slightly larger than that for the single FP isolators 

(=0.25mm) due to the larger total thickness of the deformable materials used in the four sliding interfaces. 

 

4.4 Lead-rubber Isolation Systems 

 

The lead-rubber isolators had the geometry and lateral force-displacement relationship shown in Figure 2-

3 and described by equations (2-10) to (2-16).  Table 4-8 lists the common parameters used for all analyzed 

lead-rubber systems.    The displacement capacity of the isolator is considered unlimited.  Sixteen different 

systems with the total steel thickness ts set equal to 0.30 times the lead core height hL (ts = 0.3hL) were 

studied. The parameters of these 18 systems are presented in Tables 4-9 and 4-10, grouped based on two 

values of the ratio of the lead core radius to its height a/hL.   
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Table 4-8 Common Parameters of Lead-rubber Systems 

Parameter Unit Value 

Weight on the isolator, W kN 2558 
Initial effective yield stress of lead, σYL0 MPa 13 

Yield displacement, Y mm 20 
Density of lead, ρL kg/m3 11300 

Specific heat of lead, cL Joule/(kg·℃) 130 
Thermal conductivity of steel, kS Watt/(m·℃) 50 
Thermal diffusivity of steel, αS m2/s 1.41×10-5 

Parameter E2  1/℃ 0.0069 
Initial temperature, T0 ℃ 20 

 

Table 4-9 Lead Rubber System Parameters for Case ɑ/hL =0.3 

 
System

111 
System 

211 
System 

311 
System

121 
System 

221 
System 

321 
System

131 
System 

231 
System 

331 
Post-elastic stiffness, kd  

(kN/mm) 
2.575 1.144 0.644 2.575 1.144 0.644 2.575 1.144 0.644 

Lead core radius, a 
(mm) 

71 71 71 100 100 100 123 123 123 

Lead core height, hL  
(mm) 

236.7 236.7 236.7 333.3 333.3 333.3 410 410 410 

Steel shim total thickness, ts 

 (mm) 
71 71 71 100 100 100 123 123 123 

Viscous damping parameter, Cd 

(N·sec/m) 
32774.8 21845.6 16390.6 32774.8 21845.6 16390.6 32774.8 21845.6 16390.6 

Post-elastic period, Td  
(sec) 

2 3 4 2 3 4 2 3 4 

Initial Strength/Weight Qd/W 0.08 0.08 0.08 0.16 0.16 0.16 0.24 0.24 0.24 

 
 

Table 4-10 Lead Rubber System Parameters for Case ɑ/hL =0.6 

 
System

112 
System 

212 
System 

312 
System

122 
System 

222 
System 

322 
System

132 
System 

232 
System 

332 
Post-elastic stiffness, kd  

(kN/mm) 
2.575 1.144 0.644 2.575 1.144 0.644 2.575 1.144 0.644 

Lead core radius, a 
(mm) 

71 71 71 100 100 100 123 123 123 

Lead core height, hL  
(mm) 

118.3 118.3 118.3 166.7 166.7 166.7 205 205 205 

Steel shim total thickness, ts 

 (mm) 
35.5 35.5 35.5 50 50 50 61.5 61.5 61.5 

Viscous damping parameter, Cd 

(N·sec/m) 
32774.8 21845.6 16390.6 32774.8 21845.6 16390.6 32774.8 21845.6 16390.6 

Post-elastic period, Td  
(sec) 

2 3 4 2 3 4 2 3 4 

Initial Strength/Weight Qd/W 0.08 0.08 0.08 0.16 0.16 0.16 0.24 0.24 0.24 
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Moreover, the lead-rubber isolator model included an additional force to account for the inherent ability of 

rubber to dissipate energy.  This force was modeled as a linear viscous force in each of the two orthogonal 

horizontal directions, F=CdV, where V is the relative velocity in the considered direction (isolated structure 

with respect to the ground) and Cd is the damping constant computed as follows using an effective damping 

for rubber  𝛽=0.02.   

𝐶ௗ =  2𝛽 ൬
2𝜋

𝑇ௗ
൰ ൬

𝑊

𝑔
൰ (4 – 5) 

 

4.5 Additional Lead-rubber and Triple FP Systems 

 

The choice of geometric parameters of the systems of Tables 4-9 and 4-10, radius a, lead core height hL and 

steel shim total thickness ts, is arbitrary but follows certain rules based on actual lead-rubber isolators.  Six 

very different full-size lead-rubber isolators described in Kalpakidis and Constantinou (2008), had the 

following geometric relationships: a/ts~1 for five cases and a/ts~1.5 for one case, a/hL=0.13 to 0.46, and 

ts/hL=0.16 to 0.56.  The range of these dimensional quantities in Tables 4-9 and 4-10 is: a/ts=1 or 2, a/hL=0.3 

or 0.6 and ts/hL=0.3, which covers well the range of these parameters in actual lead-rubber isolators.  

However, the following require clarification: 

 

1) The values of the lead core height in Tables 4-9 and 4-10 indicate that the rubber total height (which 

always is less than the lead core height) could have been small for the computed isolator 

displacements (e.g., in the most extreme case, see Table 4-10, system 312 which has total rubber 

thickness less than 118mm, whereas the computed value of the average displacement is reported 

later in Section 5 to exceed 1000mm for some analyses).  This inconsistency does not affect the 

results as the rubber height is not used in any calculation and the failure of the isolators is not 

considered.  Rather, the stiffness is kd is computed based on the assumed value of period Td, which 

is parametrically varies.  The values of the lead core radius, lead core height and steel shim total 

thickness are only used in the solution of the heat conduction problem in accordance with equations 

(2-13) to (2-16). 

2) To investigate the possible effects that the geometric parameters on the computed response, three 

additional cases were considered using actual lead-rubber bearings based on the geometry of 

bearings reported in Kalpakidis and Constantinou (2008).  Table 4-11 lists the properties of these 

three systems.  System 5 represents isolators used in the Erzurum Hospital in Turkey (Constantinou 

et al., 2007).  System 4 represents the same isolators as those of system 5 but with a lower modulus 
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rubber so that the period is longer.  System 6 represents isolators used in Coronado Bridge in San 

Diego, California.   

 

Table 4-11 Parameters of Additional Lead Rubber Systems (all other parameters per Table 4-8) 

 
System

4 
System 

5 
System 

6 
Weight on the isolator, W  

(kN) 
10266 10266 2483 

Initial effective yield stress of   
lead, σYL0 (MPa) 

16.9 16.9 9.7 

Post-elastic stiffness, kd  
(kN/mm) 

2.582 4.590 2.498 

Lead core radius, a 
(mm) 

153 153 140 

Lead core height, hL  
(mm) 

333 333 400 

Steel shim total thickness, ts  

(mm) 
125 125 95 

Viscous damping parameter, Cd 

(N·sec/m) 
65752.5 87670.0 31806.6 

Post-elastic period, Td  
(sec) 

4 3 2 

Initial Strength/Weight Qd/W 0.121 0.121 0.241 

 
 

Also, the geometric parameters of the single and triple FP systems in sections 4.2 and 4.3, and particularly 

the contact diameter or slide plate diameter (=279.4mm), affects the heating process of the sliding interfaces 

resulting in many cases where the heat flux is intermittent, which occurs when the displacement exceeds 

half the diameter of the contact area (=139.7mm) per equation (2-3).  The difference in the heating process 

between intermittent and continuous heat fluxes may be appreciated in the test results and model predictions 

presented in Constantinou et al. (2007).  Accordingly, one more triple FP system was selected from an 

actual application with large gravity load so that the slide plate diameter is large to generate continuous 

heat flux conditions in most analyses.  It is termed system LL and is representative in geometry and load of 

isolators used in the Loma Linda University Medical Center in California. The frictional properties of the 

LL isolator are differently specified than those of the Loma Linda University Medical Center.   The 

geometric and frictional properties of the LL isolator, and other parameters of the isolator used in the 

analysis are presented in Table 4-12.  The friction coefficient-temperature relationships of equations (2-7) 

to (2-9) were considered.  The model of triple FP isolator LL in the analysis included its stiffening, which 

was engaged only in a small number of ground motions.  The ultimate displacement capacity of the isolator 

was considered unlimited.  The computed average isolator displacement DM for the 9 analyzed cases were 

less than the displacement at which stiffening occurs.  System LL has very similar characteristics with triple 
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FP system 43 but for the large contact area which results more often in continuous heat flux, and the contact 

pressure on the main sliding interfaces which is 33.6MPa for system LL and 41.7MPa for system 43.  The 

higher pressure affects heating through a proportional increase in the heat flux as shown in equation (2-3). 

 

Table 4-12 Parameters of Additional Triple FP System LL 

Parameter Unit Value 

Weight on the isolator, W kN 13350 
Nominal displacement capacities (outer surface), d1=d4 mm (in) 533.4 (21.0) 
Nominal displacement capacities (inner surface), d2=d3 mm (in) 101.6 (4.0) 

Diameters of slide plates, b1=b4 mm (in) 711.2 (28.0) 
Diameters of rigid slider, b2=b3 mm (in) 508.0 (20.0) 

Distance of concave plate to pivot point, h1=h4 mm (in) 215.9 (8.5) 
Distance of slide plate to pivot point, h2=h3 mm (in) 165.1 (6.5) 

Radii of curvature R1=R4 mm (in) 3962.4 (156.0) 
Radii of curvature R2=R3 mm (in) 558.8 (22) 

Effective radii of curvature Reff1=Reff4 mm 3746.5 
Effective radii of curvature Reff2=Reff3 mm 393.7 
Actual displacement capacity d1

*=d4
* mm 504.3 

Actual displacement capacity d2
*=d3

*, mm mm 71.6 
Reference coefficient of friction μ1=μ4 - 0.08 
Reference coefficient of friction μ2=μ3 - 0.02 

Reference parameter per eq. (4-3) μ - 0.074 
Pendulum period TP sec 5.49 

Velocity rate parameter, a sec/m 100 
Thermal diffusivity of the stainless steel, D m2/sec 0.444x10ିହ 

Thermal conductivity of the stainless steel, k Watt/(m·℃) 18 
Initial temperature, T0 ℃ 20 

Reference values are values at the start of motion prior to any heating effects 
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SECTION 5  

RESULTS FOR TEST TO OBTAIN LOWER BOUND PROPERTIES 

 

5.1 Procedure for Test Design 

 

The procedure for designing a test to determine the lower bound properties of an isolation system follows 

the procedures of ASCE/SEI 7 for determining the bounding values of the isolation system properties 

(characteristic strength and post-elastic stiffness) for use in analysis and design.  These procedures require 

to determine by testing of prototype isolators values of factors λ(test, max) and λ(test, min) which when multiplied 

by nominal values of the isolator properties result in the upper bound and the lower bound properties after 

additional adjustments to account for manufacturing variability and aging (McVitty and Constantinou, 2015 

provide detailed examples).  The upper bound properties are based on results obtained in the first cycle of 

test, whereas the lower bound properties are based on results on some later cycle.  In ASCE/SEI-7 standard 

the lower bound properties are based on the third cycle (test Items 2(a) and 3 in section 17.8.2.2) where the 

isolator is subjected to three cycles at amplitude DM and period TM.  The interest in this work is to determine 

the number of cycles needed in a test at amplitude DM and period TM so that the properties obtained in the 

last cycle of test and used in analysis with time-invariant properties (without heating effects on the 

characteristic strength or friction) result in the same average isolator resultant displacement as analysis with 

time-variant properties (with heating effects considered).  The procedure follows these steps: 

 

1) For each of the 96 seismic isolation systems described in Section 4, and for each of the three ground 

motion intensities considered (total of 288 cases), the short- and long-duration ground motion suites 

are scaled as described in Section 3.2.   

 

2) Each system is analyzed for each of the scaled suites (short- and long-duration) of ground motions 

using the time-variant properties (i.e., with heating effects considered) of the isolators as described 

in Section 4. The average resultant isolator displacement DM is calculated. Tables 5-1 to 5-11 

present the results of the analysis in terms of the average resultant displacement, the effective period 

and the strength reduction factor computed in step 3 below. 

 

3) Each system is repeatedly analyzed for each of the scaled suites (short- and long-duration) of 

ground motions using time-invariant properties (i.e., without considering heating effects) of the 

isolators until the computed average resultant isolator displacement DM is essentially the same as 
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that computed in step 2 when using time-variant properties.  This iterative process starts with an 

assumed value of constant characteristic strength for lead-rubber isolators or friction coefficient μ 

for single FP isolators or friction coefficients μ1 =μ4 for triple FP isolators that is less than the initial 

value (at the start of motion when the isolator temperature is normal) in the time-variant model of 

step 2. The friction coefficients μ2 =μ3 at the two inner sliding surfaces of triple FP isolators are 

assumed to be constant (that is, not affected by heating which is much less than that at the two main 

sliding interfaces) and are not reduced. A strength reduction factor for reducing the initial value of 

the characteristic strength or friction coefficients to obtain the time-invariant characteristic strength 

or friction coefficients is determined. Values of this reduction factor are reported in Tables 5-1 to 

5-11. 

 

4) The isolator of the analyzed system is then again analyzed using time-variant properties when 

subject to the axial load used in the analysis of steps 2 and 3, and several cycles of imposed motion 

at amplitude DM and period TM as they have been computed in step 1 and reported in Tables 5-1 to 

5-11. At the end of each cycle, the characteristic strength over the weight ratio for lead-rubber 

isolators Qd/W or a parameter μ for FP isolators is computed as typically done in testing of isolators 

using equation (5-1), where EDC is the energy dissipated per cycle normalized by the weight (in 

actual testing, the instantaneous shear force is normalized by the instantaneous vertical force before 

computing the EDC as the vertical force is not constant but varies due to test machine performance 

limitations).   

 

𝜇 𝑜𝑟
ொ೏

ௐ
=

ா஽஼

ସௐ஽
(5 – 1) 

       

D in equation (5-1) is the amplitude of motion in the cycle considered, which is equal to DM for the 

tests of section 5-2.  However, it is different than DM for other tests evaluated in section 5-3 later 

in this report. 

 

Note that parameter μ in equation (5-1) is an average per cycle representation of the coefficient of 

friction of single FP isolators (it would have been the same as parameter μ of equation 4-3 when 

friction is unaffected by temperature).  The same applies for the zero-displacement force intercept 

divided by the weight ratio for triple FP isolators, and the characteristic strength to weight ratio for 

lead-rubber isolators.   
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Figures 5-1 to 5-4 present examples of the calculations for the following four cases, where 

SM1=1.1g.  Appendix C presents results like those of Figures 5-1 to 5-4 for each of the 288 systems 

cases analyzed. 

 

a) Lead-rubber system 332, for which W=2558kN, Td=4sec, (Qd/W)ref = 0.24.  The computed 

response parameters in steps 2 and 3 for long-duration motions were DM=314mm, 

TM=2.48sec, and the strength reduction factor=1.90. 

 

b) Triple FP system 44, for which W=2558kN, TP=5.57sec, μref =0.095, μ1ref =μ4ref = 0.10, the 

friction coefficient-temperature relationship followed the law of equation 2-9 for which 

parameter kT reduces to 1/3 of the starting value at the temperature of 200oC.  The computed 

response parameters in steps 2 and 3 for long-duration motions were DM=637mm, 

TM=4.51sec, strength reduction factor=2.23. 

 

c) Triple FP system 43, for which W=2558kN, TP=5.57sec, μref =0.076, μ1ref =μ4ref =0.08, the 

friction coefficient-temperature relationship followed the law of equation 2-7 for which 

parameter kT reduces to 1/2 of the starting value at the temperature of 200oC.  The computed 

response parameters in steps 2 and 3 for long-duration motions were DM=607mm, 

TM=4.42sec, strength reduction factor=1.67. 

 

d) Triple FP system LL, for which W=13350kN, TP=5.49sec, μref = 0.074, μ1ref = μ4ref = 0.08, 

the friction coefficient-temperature relationship followed the law of equation 2-7 for which 

parameter kT reduces to 1/2 of the starting value at the temperature of 200oC.  The computed 

response parameters in steps 2 and 3 for long-duration motions were DM=632mm, 

TM=4.44sec, strength reduction factor=1.72. 

 

Note that triple FP system LL is effectively the same as triple FP system 43 in terms of 

pendulum period and initial (reference) values of coefficients μref and μ1ref, and has very 

similar response parameters DM, TM and strength reduction factor.  System LL has different 

heating effects than system 43 as seen in the force-displacement loops and the history of 

temperature because the heat flux is intermittent for system 43 but continuous for system 

LL.   
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5) The number of cycles needed is that for which the computed values of parameters Qd/W or μ per 

equation (5-1) is equal or very close to the value determined by dividing the starting value of the 

ratio of the characteristic strength for lead-rubber isolators or the zero-displacement force intercept 

for FP isolators to the weight by the computed strength reduction factor. For the case of the lead-

rubber system 332 of Figure 5-1, the starting value of the normalized strength is 0.24, the strength 

reduction factor is 1.90, so the target value of normalized strength is 0.24/1.90=0.1263. This value 

of normalized strength computed using equation (5-1) is reached following three complete cycles 

of motions as shown in Figure 5-1. This is the required number of cycles for a test to determine the 

lower bound properties.  

 

For the case of the Triple FP system 44 of Figure 5-2, the starting value of friction coefficients μ1ref 

=μ4ref is 0.10, the starting value of the zero-displacement force intercept over the weight ratio 

μref=0.095 and reduction factor is 2.23.  The reduction factor applies to the friction coefficients μ1ref 

=μ4ref (the corresponding reduction factor for the zero-displacement force intercept over the weight 

ratio μref is slightly different than 2.23 since the two inner sliding interfaces with lesser values of 

friction coefficients were assumed constant and heating effects were neglected in the analysis of 

step 4).  The target value of friction coefficients μ1 =μ4=0.10/2.23=0.0448, and the target value of 

the zero-displacement force intercept over the weight ratio μ is 0.0434 computed using equation 4-

3 with Reff1=3848.4mm, Reff2=228.8mm, μ1 =0.10/2.23=0.0448 and μ2 =0.02 (without reduction). 

This value of parameter μ computed per equation (5-1) is reached following four complete cycles 

of motions as shown in Figure 5-2. This is the required number of cycles for a test to determine the 

lower bound properties.  

 

While triple FP systems 43 and LL have essentially the same pendulum period, initial values of 

coefficients μref and μ1ref, and response parameters DM, TM and strength reduction factor, they 

require different number of cycles to obtain the lower bound properties- four and two cycles, 

respectively.  This is due to the heating effects which are more in the LL system that experiences 

continuous heat flux versus the intermittent head flux of system 43.  
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Table 5-1 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Single FP Systems 
Computed when SM1 = 0.7g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.50 sec 
μref  = 0.040 

310 3.03 1.17 2 293 3.03 1.25 4 331 3.09 1.31 2 318 3.11 1.45 4 359 3.16 1.49 2 346 3.18 1.67 4 

System 31 
TP = 4.93 sec 
μref  = 0.040 

338 3.87 1.14 2 335 3.91 1.22 4 356 3.97 1.25 2 366 4.07 1.41 4 381 4.09 1.40 2 404 4.21 1.62 4 

System 12 
TP = 3.50 sec  
μref  = 0.060 

267 2.81 1.24 2 269 2.85 1.34 3 290 2.91 1.41 2 298 2.97 1.57 3 327 3.03 1.66 2 336 3.08 1.88 3 

System 32 
TP = 4.93 sec 
μref  = 0.060 

275 3.39 1.18 1 269 3.46 1.31 3 293 3.56 1.34 2 298 3.68 1.53 3 320 3.75 1.56 2 336 3.91 1.82 3 

System 13 
TP = 3.50 sec  
μref  = 0.080 

240 2.61 1.27 1 240 2.67 1.40 3 260 2.73 1.44 1 269 2.82 1.68 3 295 2.89 1.77 2 306 2.97 2.02 3 

System 33 
TP = 4.93 sec  
μref  = 0.080 

240 3.05 1.25 1 238 3.13 1.37 3 258 3.23 1.41 1 264 3.39 1.64 3 284 3.48 1.68 2 298 3.66 1.98 3 

System 14 
TP = 3.50 sec 
μref  = 0.100 

220 2.43 1.29 1 220 2.50 1.44 2 241 2.57 1.48 1 249 2.69 1.76 3 273 2.76 1.82 2 287 2.87 2.18 3 

System 34 
TP = 4.93 sec 
μref  = 0.100 

221 2.78 1.28 1 218 2.86 1.41 2 239 2.98 1.46 1 243 3.15 1.71 2 266 3.26 1.76 2 278 3.48 2.16 3 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-2 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Single FP Systems 
Computed when SM1 = 0.9g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.50 sec 
μref  = 0.040 

464 3.16 1.17 2 439 3.17 1.26 4 493 3.21 1.31 2 473 3.23 1.47 5 526 3.26 1.47 2 512 3.28 1.70 5 

System 31 
TP = 4.93 sec 
μref  = 0.040 

506 4.14 1.14 2 515 4.20 1.23 4 529 4.21 1.23 2 558 4.32 1.42 5 561 4.31 1.38 2 605 4.42 1.62 5 

System 12 
TP = 3.50 sec  
μref  = 0.060 

412 3.01 1.26 2 412 3.04 1.36 4 446 3.08 1.41 2 464 3.14 1.63 5 493 3.16 1.64 2 522 3.22 1.95 5 

System 32 
TP = 4.93 sec 
μref  = 0.060 

410 3.74 1.20 2 414 3.83 1.33 4 439 3.88 1.35 2 462 4.04 1.59 5 477 4.04 1.55 2 518 4.21 1.87 5 

System 13 
TP = 3.50 sec  
μref  = 0.080 

366 2.84 1.29 2 369 2.90 1.43 3 400 2.95 1.49 2 418 3.02 1.71 4 447 3.06 1.77 2 473 3.14 2.08 4 

System 33 
TP = 4.93 sec  
μref  = 0.080 

359 3.43 1.26 2 363 3.53 1.40 3 385 3.60 1.43 2 405 3.77 1.67 4 423 3.81 1.69 2 462 4.02 2.06 4 

System 14 
TP = 3.50 sec 
μref  = 0.100 

339 2.71 1.33 2 342 2.78 1.51 3 367 2.82 1.54 2 387 2.93 1.83 4 415 2.97 1.89 2 443 3.06 2.24 4 

System 34 
TP = 4.93 sec 
μref  = 0.100 

333 3.19 1.30 2 334 3.32 1.50 3 357 3.38 1.50 2 372 3.58 1.80 4 392 3.62 1.79 2 424 3.85 2.21 4 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-3 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Single FP Systems 
Computed when SM1 = 1.1g 

 

 

 

 

 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.50 sec 
μref  = 0.040 

630 3.24 1.15 2 598 3.25 1.27 5 662 3.27 1.27 2 637 3.29 1.46 5 696 3.30 1.41 2 681 3.33 1.68 5 

System 31 
TP = 4.93 sec 
μref  = 0.040 

689 4.31 1.13 2 712 4.37 1.23 5 717 4.36 1.21 2 762 4.46 1.41 5 754 4.43 1.35 2 816 4.53 1.60 5 

System 12 
TP = 3.50 sec  
μref  = 0.060 

574 3.12 1.24 2 587 3.17 1.39 5 614 3.18 1.38 2 649 3.24 1.64 5 673 3.24 1.61 2 717 3.29 1.91 5 

System 32 
TP = 4.93 sec 
μref  = 0.060 

563 3.97 1.19 2 586 4.08 1.35 5 600 4.08 1.32 2 647 4.24 1.59 5 647 4.21 1.51 2 714 4.37 1.85 5 

System 13 
TP = 3.50 sec  
μref  = 0.080 

509 2.99 1.30 2 528 3.06 1.47 4 551 3.07 1.46 2 586 3.14 1.73 4 610 3.15 1.71 2 663 3.23 2.13 5 

System 33 
TP = 4.93 sec  
μref  = 0.080 

492 3.70 1.27 2 512 3.83 1.43 4 528 3.85 1.43 2 571 4.03 1.69 4 578 4.03 1.67 2 647 4.23 2.07 5 

System 14 
TP = 3.50 sec 
μref  = 0.100 

466 2.87 1.34 2 488 2.96 1.55 4 508 2.98 1.56 2 543 3.07 1.84 4 568 3.08 1.83 2 616 3.17 2.26 4 

System 34 
TP = 4.93 sec 
μref  = 0.100 

452 3.47 1.31 2 466 3.62 1.52 4 486 3.65 1.51 2 518 3.85 1.81 4 536 3.86 1.78 2 594 4.08 2.22 4 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-4 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Triple FP Systems 
Computed when SM1 = 0.7g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.40 sec 
μref  = 0.037 

341 3.02 1.19 2 308 2.99 1.20 2 366 3.08 1.39 2 331 3.06 1.42 3 397 3.13 1.59 2 360 3.12 1.70 3 

System 21 
TP = 4.13 sec 
μref  = 0.038 

356 3.51 1.17 2 338 3.49 1.19 2 381 3.60 1.35 2 366 3.59 1.39 3 410 3.68 1.55 2 400 3.68 1.61 3 

System 31 
TP = 4.86 sec 
μref  = 0.038 

364 3.91 1.15 2 352 3.91 1.18 2 387 4.03 1.31 2 381 4.06 1.38 3 413 4.15 1.49 2 419 4.18 1.58 3 

System 41 
TP = 5.57 sec 
μref  = 0.039 

377 4.28 1.15 2 358 4.25 1.17 2 403 4.44 1.31 2 388 4.44 1.36 3 430 4.61 1.54 3 429 4.62 1.56 3 

System 12 
TP = 3.40 sec 
μref  = 0.054 

286 2.84 1.25 2 257 2.80 1.28 2 307 2.92 1.46 2 279 2.89 1.50 2 336 3.01 1.73 2 307 2.99 1.79 2 

System 22 
TP = 4.13 sec 
μref  = 0.056 

296 3.22 1.24 2 279 3.19 1.27 2 317 3.34 1.43 2 302 3.33 1.48 2 347 3.47 1.68 2 334 3.47 1.75 2 

System 32 
TP = 4.86 sec 
μref  = 0.057 

307 3.54 1.23 2 288 3.51 1.27 2 327 3.70 1.42 2 314 3.70 1.48 2 351 3.85 1.64 2 348 3.89 1.75 2 

System 42 
TP = 5.57 sec 
μref  = 0.058 

316 3.81 1.24 2 295 3.77 1.28 2 336 3.99 1.41 2 318 3.98 1.47 2 359 4.17 1.60 2 350 4.20 1.71 2 

System 13 
TP = 3.40 sec 
μref  = 0.070 

257 2.68 1.30 2 229 2.62 1.32 2 276 2.79 1.54 2 248 2.75 1.59 2 303 2.91 1.89 2 278 2.89 1.99 2 

System 23 
TP = 4.13 sec 
μref  = 0.074 

268 3.00 1.31 2 247 2.95 1.33 2 286 3.15 1.53 2 268 3.12 1.57 2 312 3.31 1.84 2 300 3.32 1.95 2 

System 33 
TP = 4.86 sec 
μref  = 0.075 

277 3.25 1.30 2 256 3.21 1.35 2 295 3.43 1.50 2 277 3.41 1.57 2 322 3.65 1.80 2 310 3.67 1.92 2 

System 43 
TP = 5.57 sec 
μref  = 0.076 

285 3.45 1.30 2 264 3.41 1.35 2 304 3.68 1.51 2 283 3.64 1.57 2 330 3.93 1.80 2 315 3.95 1.93 2 

System 14 
TP = 3.40 sec 
μref  = 0.087 

241 2.56 1.37 2 214 2.50 1.39 2 258 2.68 1.64 2 229 2.63 1.67 2 283 2.82 2.05 2 258 2.80 2.15 2 

System 24 
TP = 4.13 sec 
μref  = 0.091 

253 2.84 1.39 2 228 2.76 1.39 2 269 3.01 1.65 2 248 2.97 1.69 2 292 3.19 2.00 2 279 3.20 2.13 2 

System 34 
TP = 4.86 sec 
μref  = 0.094 

262 3.07 1.40 2 238 2.99 1.42 2 278 3.26 1.64 2 257 3.22 1.70 2 302 3.49 1.98 2 288 3.51 2.12 2 

System 44 
TP = 5.57 sec 
μref  = 0.095 

270 3.26 1.43 2 248 3.17 1.43 2 287 3.48 1.65 2 266 3.42 1.69 2 311 3.76 2.00 2 295 3.77 2.14 2 

 μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-5 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Triple FP Systems 
Computed when SM1 = 0.9g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.40 sec 
μref  = 0.037 

510 3.14 1.23 3 462 3.12 1.28 4 543 3.18 1.45 3 498 3.17 1.52 5 580 3.22 1.70 3 546 3.22 1.85 5 

System 21 
TP = 4.13 sec 
μref  = 0.038 

532 3.69 1.19 2 515 3.69 1.24 4 567 3.76 1.40 3 556 3.77 1.46 4 604 3.81 1.58 3 605 3.84 1.74 5 

System 31 
TP = 4.86 sec 
μref  = 0.038 

543 4.17 1.17 2 541 4.19 1.23 4 579 4.27 1.34 3 586 4.30 1.42 4 615 4.36 1.53 3 637 4.41 1.69 5 

System 41 
TP = 5.57 sec 
μref  = 0.039 

570 4.62 1.16 2 559 4.64 1.22 4 612 4.75 1.33 3 608 4.78 1.41 4 650 4.86 1.49 3 667 4.92 1.62 4 

System 12 
TP = 3.40 sec 
μref  = 0.054 

428 3.00 1.30 2 390 2.98 1.35 3 467 3.08 1.56 3 428 3.07 1.64 4 517 3.15 1.92 3 477 3.15 2.08 4 

System 22 
TP = 4.13 sec 
μref  = 0.056 

444 3.46 1.27 2 422 3.46 1.32 3 482 3.58 1.49 3 467 3.59 1.58 4 530 3.68 1.78 3 521 3.70 1.92 4 

System 32 
TP = 4.86 sec 
μref  = 0.057 

453 3.85 1.25 2 438 3.86 1.31 3 488 4.01 1.48 3 484 4.03 1.55 3 530 4.14 1.71 3 545 4.21 1.89 4 

System 42 
TP = 5.57 sec 
μref  = 0.058 

466 4.17 1.23 2 444 4.17 1.29 3 501 4.37 1.44 2 492 4.40 1.52 3 551 4.56 1.66 2 555 4.62 1.80 3 

System 13 
TP = 3.40 sec 
μref  = 0.070 

379 2.87 1.36 2 347 2.85 1.42 3 414 2.97 1.62 2 381 2.96 1.71 3 468 3.08 2.07 3 432 3.07 2.21 4 

System 23 
TP = 4.13 sec 
μref  = 0.074 

391 3.27 1.34 2 374 3.27 1.41 3 427 3.41 1.58 2 410 3.42 1.68 3 477 3.56 1.95 3 468 3.58 2.09 3 

System 33 
TP = 4.86 sec 
μref  = 0.075 

404 3.59 1.32 2 386 3.59 1.39 3 434 3.76 1.53 2 425 3.80 1.65 3 480 3.96 1.85 2 482 4.02 2.04 3 

System 43 
TP = 5.57 sec 
μref  = 0.076 

414 3.86 1.32 2 393 3.86 1.40 3 443 4.05 1.50 2 429 4.09 1.63 3 488 4.29 1.78 2 487 4.38 1.99 3 

System 14 
TP = 3.40 sec 
μref  = 0.087 

353 2.77 1.43 2 320 2.75 1.51 3 383 2.88 1.73 2 350 2.87 1.83 3 431 3.01 2.19 3 399 3.00 2.34 3 

System 24 
TP = 4.13 sec 
μref  = 0.091 

365 3.12 1.42 2 345 3.12 1.51 3 394 3.28 1.70 2 376 3.28 1.80 3 443 3.47 2.13 3 429 3.47 2.24 3 

System 34 
TP = 4.86 sec 
μref  = 0.094 

377 3.39 1.40 2 355 3.40 1.50 3 405 3.59 1.66 2 387 3.60 1.76 3 446 3.82 2.03 2 444 3.88 2.21 3 

System 44 
TP = 5.57 sec 
μref  = 0.095 

386 3.61 1.39 2 364 3.63 1.50 3 416 3.87 1.67 2 392 3.86 1.75 3 454 4.11 1.97 2 448 4.19 2.18 3 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-6 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for Triple FP Systems 
Computed when SM1 = 1.1g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 

System 11 
TP = 3.40 sec 
μref  = 0.037 

685 3.20 1.24 3 631 3.20 1.33 6 725 3.23 1.45 4 678 3.23 1.57 6 768 3.26 1.71 4 739 3.27 1.91 6 

System 21 
TP = 4.13 sec 
μref  = 0.038 

718 3.79 1.19 3 708 3.80 1.27 5 757 3.84 1.38 3 759 3.86 1.49 5 798 3.88 1.56 3 818 3.91 1.79 6 

System 31 
TP = 4.86 sec 
μref  = 0.038 

737 4.32 1.17 2 750 4.36 1.26 5 780 4.40 1.34 3 804 4.45 1.47 5 824 4.47 1.52 3 872 4.52 1.73 6 

System 41 
TP = 5.57 sec 
μref  = 0.039 

782 4.82 1.16 2 784 4.86 1.23 4 836 4.94 1.33 3 847 4.98 1.43 5 884 5.01 1.48 3 921 5.08 1.65 5 

System 12 
TP = 3.40 sec 
μref  = 0.054 

590 3.10 1.33 3 540 3.09 1.39 4 640 3.16 1.60 4 592 3.16 1.71 5 693 3.21 1.94 4 659 3.22 2.18 6 

System 22 
TP = 4.13 sec 
μref  = 0.056 

611 3.62 1.29 3 592 3.62 1.35 4 659 3.71 1.51 3 650 3.73 1.63 5 715 3.78 1.77 3 724 3.82 2.00 5 

System 32 
TP = 4.86 sec 
μref  = 0.057 

621 4.06 1.26 2 616 4.09 1.33 4 666 4.18 1.44 2 681 4.24 1.60 5 721 4.29 1.68 3 758 4.38 1.94 5 

System 42 
TP = 5.57 sec 
μref  = 0.058 

645 4.47 1.25 2 626 4.48 1.31 4 697 4.62 1.42 2 701 4.69 1.57 5 758 4.77 1.65 3 789 4.88 1.89 5 

System 13 
TP = 3.40 sec 
μref  = 0.070 

525 3.00 1.38 3 483 2.99 1.48 4 578 3.09 1.70 3 534 3.08 1.81 4 643 3.16 2.12 3 604 3.17 2.39 5 

System 23 
TP = 4.13 sec 
μref  = 0.074 

542 3.46 1.36 3 520 3.46 1.43 4 593 3.58 1.63 3 580 3.60 1.74 4 655 3.70 1.98 3 656 3.73 2.17 4 

System 33 
TP = 4.86 sec 
μref  = 0.075 

551 3.83 1.33 2 537 3.86 1.41 4 597 3.99 1.55 2 599 4.05 1.70 4 653 4.15 1.85 3 684 4.24 2.12 4 

System 43 
TP = 5.57 sec 
μref  = 0.076 

567 4.16 1.32 2 544 4.18 1.41 4 612 4.34 1.51 2 607 4.42 1.67 4 676 4.56 1.79 2 699 4.68 2.07 4 

System 14 
TP = 3.40 sec 
μref  = 0.087 

480 2.91 1.47 3 444 2.91 1.59 4 528 3.01 1.79 3 490 3.01 1.92 4 603 3.12 2.29 3 564 3.13 2.58 5 

System 24 
TP = 4.13 sec 
μref  = 0.091 

495 3.32 1.45 3 476 3.34 1.55 4 541 3.46 1.71 3 526 3.49 1.86 4 612 3.62 2.16 3 608 3.66 2.38 4 

System 34 
TP = 4.86 sec 
μref  = 0.094 

508 3.64 1.40 2 490 3.68 1.52 4 549 3.83 1.66 2 542 3.88 1.82 4 609 4.03 2.02 3 629 4.12 2.29 4 

System 44 
TP = 5.57 sec 
μref  = 0.095 

519 3.91 1.39 2 498 3.96 1.52 4 557 4.13 1.62 2 547 4.19 1.78 4 622 4.39 1.96 2 637 4.51 2.23 4 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 5-7 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles for  
Additional Triple FP System LL  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

  

 

SM1 = 0.7g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

kT = 2/3 at 200℃ 301 3.49 1.30 2 272 3.40 1.31 2 

kT = 1/2 at 200℃ 319 3.71 1.52 2 288 3.61 1.53 2 

kT = 1/3 at 200℃ 346 3.99 1.87 2 317 3.91 1.88 2 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects, Factor=friction coefficient reduction factor 

 

SM1 = 0.9g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

kT = 2/3 at 200℃ 439 3.92 1.36 2 402 3.85 1.38 2 

kT = 1/2 at 200℃ 470 4.12 1.59 2 437 4.07 1.61 2 

kT = 1/3 at 200℃ 528 4.41 1.99 2 497 4.36 1.99 2 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects, Factor=friction coefficient reduction factor 

 

SM1 = 1.1g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

kT = 2/3 at 200℃ 598 4.24 1.42 2 564 4.19 1.42 2 

kT = 1/2 at 200℃ 666 4.48 1.72 2 632 4.44 1.72 2 

kT = 1/3 at 200℃ 749 4.71 2.16 2 741 4.72 2.21 2 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects, Factor=friction coefficient reduction factor 



 

44 

 

Table 5-8 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles 
for Lead-rubber Systems Computed when SM1 = 0.7g 

 

 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

ɑ/hL =0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 180 1.73 1.30 2 170 1.77 1.70 5 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 223 2.36 1.30 2 221 2.47 1.70 4 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 251 2.84 1.30 2 271 3.07 1.70 4 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 121 1.35 1.10 2 108 1.37 1.30 5 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 137 1.63 1.10 2 130 1.70 1.30 4 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 151 1.82 1.10 1 149 1.93 1.30 4 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 91 1.07 1.05 2 79 1.03 1.10 3 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 105 1.24 1.05 1 96 1.21 1.10 3 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 109 1.31 1.05 1 105 1.31 1.10 2 

ɑ/hL =0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 200 1.80 1.70 3 199 1.85 2.40 5 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 258 2.53 1.70 2 258 2.64 2.40 4 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 293 3.12 1.70 2 325 3.37 2.40 3 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 128 1.43 1.30 2 120 1.46 1.50 4 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 150 1.78 1.30 2 146 1.85 1.50 3 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 162 2.00 1.30 2 170 2.14 1.50 3 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 94 1.10 1.10 2 87 1.13 1.30 4 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 108 1.27 1.10 1 105 1.35 1.30 3 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 114 1.36 1.10 1 116 1.47 1.30 3 

 (Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects,  Factor=strength reduction factor 
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Table 5-9 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles 
for Lead-rubber Systems Computed when SM1 = 0.9g 

  

 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

ɑ/hL =0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 272 1.85 1.80 4 268 1.88 2.20 6 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 357 2.65 1.80 3 347 2.70 2.20 5 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 404 3.33 1.80 3 435 3.46 2.20 4 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 175 1.51 1.20 2 163 1.56 1.50 5 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 208 1.92 1.20 2 202 2.03 1.50 4 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 227 2.19 1.20 2 241 2.41 1.50 4 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 135 1.24 1.10 2 121 1.23 1.20 4 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 157 1.48 1.10 2 145 1.48 1.20 3 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 168 1.61 1.10 2 161 1.64 1.20 3 

ɑ/hL =0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 313 1.91 2.60 4 325 1.93 3.20 5 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 435 2.79 2.60 3 419 2.82 3.20 4 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 490 3.57 2.60 3 529 3.67 3.20 3 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 195 1.63 1.60 3 192 1.68 2.00 5 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 236 2.15 1.60 2 247 2.29 2.00 4 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 267 2.54 1.60 2 307 2.80 2.00 3 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 143 1.29 1.20 2 140 1.39 1.60 5 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 169 1.57 1.20 2 171 1.74 1.60 4 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 185 1.73 1.20 2 194 1.98 1.60 3 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects,  Factor=strength reduction factor 
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Table 5-10 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles 
for Lead-rubber Systems Computed when SM1 = 1.1g 

 

 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

ɑ/hL =0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 381 1.91 2.20 4 388 1.93 2.70 6 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 527 2.79 2.20 3 501 2.82 2.70 5 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 595 3.58 2.20 3 632 3.67 2.70 4 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 244 1.63 1.30 2 235 1.69 1.70 5 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 295 2.16 1.30 2 303 2.31 1.70 4 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 332 2.54 1.30 2 372 2.82 1.70 4 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 186 1.37 1.15 2 173 1.42 1.40 5 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 219 1.69 1.15 2 213 1.79 1.40 4 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 236 1.88 1.15 2 241 2.04 1.40 4 

ɑ/hL =0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 427 1.94 3.10 4 461 1.96 4.60 6 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 632 2.87 3.10 3 614 2.91 4.60 5 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 707 3.73 3.10 3 785 3.83 4.60 4 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 277 1.74 1.80 3 288 1.81 2.50 5 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 354 2.40 1.80 2 374 2.55 2.50 4 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 405 2.92 1.80 2 477 3.23 2.50 3 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 201 1.44 1.30 2 202 1.57 1.90 5 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 244 1.82 1.30 2 259 2.07 1.90 4 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 258 2.03 1.30 2 314 2.48 1.90 3 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects,  Factor=strength reduction factor 
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Table 5-11 Average Resultant Isolator Displacements, Effective Periods, Reduction Factors and Required Number of Test Cycles 
for Additional Lead-rubber Systems 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SM1 = 0.7g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 190 2.31 1.26 2 201 2.52 1.57 4 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 172 1.99 1.24 2 169 2.09 1.50 4 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 90 1.06 1.05 2 79 1.04 1.12 4 

 

SM1 = 0.9g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 300 2.73 1.40 2 341 3.08 2.07 4 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 267 2.28 1.40 2 272 2.42 1.87 4 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 132 1.22 1.07 2 119 1.23 1.22 5 

 

SM1 = 1.1g 
Short-duration Long-duration 

DM  
(mm) 

TM 
(sec) 

Factor Cycles 
DM  

(mm) 
TM 

(sec) 
Factor Cycles 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 445 3.13 1.71 2 506 3.40 2.48 4 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 391 2.52 1.66 2 399 2.63 2.25 4 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 184 1.36 1.12 2 166 1.39 1.33 5 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects,  Factor=strength reduction factor 
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Figure 5-1 Computed Force-displacement Loop and Histories of Temperature in Lead Core and 

Characteristic Strength over Weight per Cycle of Lead-rubber System 332 in Test to Determine 

Number of Cycles for Lower Bound Properties in Long-duration Motions when SM1=1.1g 
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Figure 5-2 Computed Force-displacement Loop and Histories of Temperature at Sliding Interface 

and Parameter μ per Cycle of Triple FP System 44 in Test to Determine Number of Cycles for 

Lower Bound Properties in Long-duration Motions when SM1=1.1g 
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Figure 5-3 Computed Force-displacement Loop and Histories of Temperature at Sliding Interface 

and Parameter μ per Cycle of Triple FP System 43 in Test to Determine Number of Cycles for 

Lower Bound Properties in Long-duration Motions when SM1=1.1g 
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Figure 5-4 Computed Force-displacement Loop and Histories of Temperature at Sliding Interface 

and Parameter μ per Cycle of Triple FP System LL in Test to Determine Number of Cycles for 

Lower Bound Properties in Long-duration Motions when SM1=1.1 
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5.2 Results for Required Number of Cycles to Obtain Lower Bound Properties 

 

The procedure described in Section 5.1 was applied for the 288 cases (96 systems and three seismic 

intensities) considered in this work. Appendix C presents figures like Figures 5-1 and 5-4, and additional 

data, for each of these cases. Figures 5-5 to 5-13 present results on the required number of cycles for all 

cases when the ground motion duration is short, and Figures 5-14 to 5-22 present results on the required 

number of cycles for all cases when the ground motion duration is long.  Note that each figure contains 

many data which overlap.  For example, in Figure 5-5 there are 21 cases but only 7 data points appear as 

there is significant overlap of the data.   Tables 5-1 to 5-11 include detailed information on the number of 

cycles for each of the 288 cases. 

 

 

Figure 5-5 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Short-

duration Ground Motions with SM1=0.7g 
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Figure 5-6 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Short-

duration Ground Motions with SM1=0.9g 

 

Figure 5-7 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Short-

duration Ground Motions with SM1=1.1g 
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Figure 5-8 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Short-

duration Ground Motions with SM1=0.7g 

 

Figure 5-9 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Short-

duration Ground Motions with SM1=0.9g 
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Figure 5-10 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Short-

duration Ground Motions with SM1=1.1g 

 

Figure 5-11 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Short-

duration Ground Motions with SM1=0.7g 
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Figure 5-12 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Short-

duration Ground Motions with SM1=0.9g 

 

Figure 5-13 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Short-

duration Ground Motions with SM1=1.1g 
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Figure 5-14 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Long-

duration Ground Motions with SM1=0.7g 

 

Figure 5-15 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Long-

duration Ground Motions with SM1=0.9g 
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Figure 5-16 Required Number of Cycles for Lower Bound Test of Single FP Isolators in Long-

duration Ground Motions with SM1=1.1g 

 

Figure 5-17 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Long-

duration Ground Motions with SM1=0.7g 
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Figure 5-18 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Long-

duration Ground Motions with SM1=0.9g 

 

Figure 5-19 Required Number of Cycles for Lower Bound Test of Triple FP Isolators in Long-

duration Ground Motions with SM1=1.1g 
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Figure 5-20 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Long-

duration Ground Motions with SM1=0.7g 

 

Figure 5-21 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Long-

duration Ground Motions with SM1=0.9g 
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Figure 5-22 Required Number of Cycles for Lower Bound Test of Lead-rubber Isolators in Long-

duration Ground Motions with SM1=1.1g 

 

The results show that the required number of cycles at amplitude DM and period TM varies from one to four 

for short-duration ground motions and from two to six for long-duration ground motions, with the largest 

number of cycles required for systems with the lowest considered starting value of friction coefficient or of 

the ratio of characteristic strength to weight, which are uncommon in practice. The results also show that 

the required number of cycles is smaller for single FP and lead-rubber systems than for triple FP systems, 

except for the special case of the triple FP system LL.  Smaller number of cycles are needed for systems 

with more heating as in the case of the single FP versus the triple FP, and for systems in which heating is 

continuous rather than intermittent as in the lead-rubber systems and triple FP system LL rather than all 

other triple FP systems studied.   

 

It is evident in the results that for all seismic isolation systems considered and for short-duration motions, 

a test of three cycles at amplitude DM and period TM suffices or is conservative to determine the lower 

bound properties for analysis.  That is, test Items 2(a) and 3 of Section 17.8.2.2 of ASCE/SEI-7 are sufficient 

to determine factors λ(test, max) and λ(test, min) for short-duration motions.  However, generally for long-duration 

motions, five cycles of motion at the same conditions of amplitude and period are needed, and could be 

conservative, to determine these factors.  Triple FP system LL is a special case in which heating of the 

sliding interfaces is continuous due to the very large contact area, leading to requirement for only two cycles 
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of test at amplitude DM and period TM, even for long-duration ground motions.  For such cases use of three 

cycles in testing per test Items 2(a) and 3 of Section 17.8.2.2 of ASCE/SEI-7, or five cycle under the same 

conditions for long-duration ground motions, is conservative.  To avoid overdue conservatism for such 

special cases, the engineer may choose to perform project-specific analyses along the lines of this report, 

and of a related work by Fenz et al. (2011) for the single FP isolators of the Arkutun-Dagi Offshore 

Platform, to determine the most appropriate testing conditions.   

 

5.3 Evaluation of Alternative Test 

 

Standard ASCE/SEI-7 allows for an alternate test (Item 2(b) in section 17.8.2.2) in lieu of test item 2(a), in 

which the prototype isolators are dynamically tested at period TM in four cycles of varying amplitude in 

each cycle (single cycle at DM, followed by single cycles at 0.67DM, 0.5 DM and 0.25 DM), instead of three 

cycles at amplitude DM and period TM.  We investigated the equivalency of the tests 2(a) and 2(b) utilizing 

the results of Section 5.2 for short-duration motions as test 2(a) has been shown to be valid only for short-

duration motions.  Specifically, we selected several systems from the 288 cases analyzed in Section 5.2 and 

analyzed the systems for the conditions of the two tests using the computed values of displacement DM and 

period TM in Table 5-1 to 5-11.  We used two cases of seismic intensity measured by the value parameter 

SM1, 0.9g and 1.1g.  For the case of sliding isolation systems, we only considered the case in which the 

friction coefficient-temperature relationship is given by equation (2-7), in which friction drops from the 

starting value at 20oC to a value equal to half that at temperature of about 200oC. 

 

Results are presented in Figures 5-23 to 5-30 for eight cases when SM1=0.9g and in Figures 5-31 to 5-38 for 

the same eight cases when SM1=1.1g.  Each of figures includes force-displacement loops and temperature 

histories at the center of the main sliding interfaces or the bulk of the lead core for the two tests.  The force-

displacement loops were then used to calculate the energy dissipated per cycle (EDC), which was then used 

to compute parameter μ for FP isolators or parameter Qd/W for lead-rubber isolators using equation (5-1).  

Values of EDC and of parameters μ and Qd/W for each cycle are presented in each figure.  Parameters μ 

and Qd/W are the same for the first cycle as both tests have identical conditions for that cycle (amplitude 

DM at period TM).  The values of these parameters in the third and fourth cycles are important for the 

comparison of the two tests.  The results in Figures 5-23 to 5-38 show that for the single and triple FP 

systems, except for the special triple FP system LL, the 4-cycle test provides the same or conservative 

results (lower values of lower bound properties) than the 3-cycle test. For the case of lead-rubber systems, 

the 4-cycle test provides the same or unconservative results (higher values of lower bound properties) than 

the 3-cycle test.  For the special triple FP system LL, the 4-cycle test provides unconservative results (higher 
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values of lower bound properties) than the 3-cycle test.  The behavior observed for the triple FP system LL 

resembles that of the lead-rubber systems.  The similarity in behavior of triple FP system LL and the lead-

rubber systems is related to the heating process, which is continuous for the triple FP system LL, like for 

the lead-rubber systems, in both the 3-cycle and the 4-cycle tests.  For all other single and triple FP systems 

studied, the heating process is intermittent for the 3-cycle test but is partially intermittent and partially 

continuous for the 4-cycle test.  The continuous heating in the last cycle of the 4-cycle test may lead to 

lower value of the friction parameter μ obtained over the last cycle, which results in conservative estimation 

of the lower bound properties. 

 

It is apparent in the temperature histories at the sliding interfaces or the lead core of Figures 5-23 to 5-38 

that systematically the 4-cycle test results in lower peak temperature than the 3-cycle test.  Had we evaluated 

the instantaneous values of friction coefficient or characteristic strength at the end of each test we would 

have found the values to be less for the 3-cycle than the 4-cycle test as the temperature is higher.  However, 

what is compared in the two tests are values of parameter μ for FP isolators and parameter Qd/W for lead-

rubber isolators computed using equation (5-1) with data obtained over the entire last cycle of motion, as 

done in the testing of isolators.  This has an averaging effect.  Moreover, in the case of sliding isolators 

there an additional effect of the amplitude of motion affecting heating when the amplitude of motion is 

small by comparison to the slider dimension so that the heat flux is continuous rather than intermittent.   

 

It has been shown that a test per ASCE/SEI-7 Item 2(b) in section 17.8.2.2 (one cycle at DM, followed by 

single cycles at 0.67DM, 0.5DM and 0.25DM, all at period TM) will result in values of properties in the fourth 

cycle that are essentially the same or conservative by comparison to those obtained in the third cycle of a 

test per ASCE/SEI-7 Items 2(a) and 3 in section 17.8.2.2 (three cycles at DM and period TM) for single and 

triple FP systems provided that the amplitude DM is large by comparison to the diameter of the contact area 

so that the heat flux conditions are intermittent.  This is not generally valid for lead-rubber systems, in 

which the 4-cycle test may overestimate the lower bound properties by comparison to the 3-cycle test, 

although the overestimation is not significant. 
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3-Cycle  
Test at DM   

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 245 0.0623 
1.26 2 210 0.0533 

3 195 0.0495 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 245 0.0623 

1.34 
2 139 0.0526 
3 95 0.0483 
4 46 0.0466 

 

 

Figure 5-23 Results of 3-Cycle and 4-Cycle Tests for Single FP System 33 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 267 0.0589 
1.25 2 230 0.0506 

3 213 0.0471 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 267 0.0589 

1.26 
2 152 0.0500 
3 107 0.0472 
4 53 0.0467 

 

 

Figure 5-24 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 43 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 299 0.0702 
1.29 2 250 0.0589 

3 232 0.0545 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 299 0.0702 

1.29 
2 165 0.0580 
3 117 0.0551 
4 58 0.0545 

 

 

Figure 5-25 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 44 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 240 0.0469 
1.21 2 212 0.0414 

3 199 0.0389 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 240 0.0469 

1.24 
2 140 0.0409 
3 98 0.0384 
4 48 0.0378 

 

 

Figure 5-26 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 42 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 1328 0.0529 
1.30 2 1106 0.0441 

3 1022 0.0407 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 1328 0.0529 

1.18 
2 782 0.0465 
3 571 0.0455 
4 281 0.0448 

 

 

Figure 5-27 Results of 3-Cycle and 4-Cycle Tests for Triple FP System LL when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 1184 0.1080 
1.41 2 982 0.0896 

3 840 0.0767 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)4th 

1 1184 0.1080 

1.37 
2 676 0.0920 
3 459 0.0836 
4 216 0.0787 

 

 

Figure 5-28 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 5 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 304 0.232 
1.10 2 291 0.222 

3 277 0.211 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)4th 

1 304 0.232 

1.10 
2 196 0.223 
3 142 0.216 
4 69 0.210 

 

 

Figure 5-29 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 6 when SM1 = 0.9g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 287 0.0572 
2.07 2 181 0.0362 

3 138 0.0276 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) (Qd/W)1st / (Qd/W)4th 

1 287 0.0572 

1.83 
2 130 0.0386 
3 83 0.0330 
4 39 0.0312 

 

 

Figure 5-30 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 312 when SM1 = 0.9g 
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3-Cycle  
Test at DM   

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 341 0.0632 
1.25 2 293 0.0542 

3 272 0.0504 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 341 0.0632 

1.37 
2 194 0.0535 
3 133 0.0493 
4 62 0.0460 

 

 

Figure 5-31 Results of 3-Cycle and 4-Cycle Tests for Single FP System 33 when SM1 = 1.1g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 375 0.0599 
1.25 2 323 0.0516 

3 301 0.0481 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 375 0.0599 

1.29 
2 214 0.0511 
3 148 0.0471 
4 72 0.0463 

 

 

Figure 5-32 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 43 when SM1 = 1.1g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 407 0.0714 
1.28 2 342 0.0601 

3 317 0.0556 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 407 0.0714 

1.33 
2 227 0.0594 
3 155 0.0545 
4 77 0.0538 

 

 

Figure 5-33 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 44 when SM1 = 1.1g 



 

75 

 

 

 

3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 338 0.0474 
1.20 2 300 0.0421 

3 282 0.0396 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 338 0.0474 

1.25 
2 199 0.0416 
3 138 0.0388 
4 67 0.0378 

 

 

Figure 5-34 Results of 3-Cycle and 4-Cycle Tests for Triple FP System 42 when SM1 = 1.1g 

 



 

76 

 

 

 

3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ3rd 

1 1759 0.0495 
1.33 2 1436 0.0404 

3 1322 0.0372 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter μ μ1st/ μ4th 

1 1759 0.0495 

1.17 
2 1020 0.0428 
3 747 0.0420 
4 376 0.0423 

 

 

Figure 5-35 Results of 3-Cycle and 4-Cycle Tests for Triple FP System LL when SM1 = 1.1g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 1657 0.1032 
1.58 2 1282 0.0799 

3 1051 0.0654 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)4th 

1 1657 0.1032 

1.51 
2 890 0.0828 
3 588 0.0733 
4 274 0.0682 

 

 

Figure 5-36 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 5 when SM1 = 1.1g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 420 0.230 
1.14 2 393 0.215 

3 368 0.202 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)4th 

1 420 0.230 

1.14 
2 266 0.217 
3 190 0.208 
4 92 0.202 

 

 

Figure 5-37 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 6 when SM1 = 1.1g 
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3-Cycle  
Test at DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)3rd 

1 373 0.0519 
2.36 2 212 0.0296 

3 158 0.0220 

4-Cycle Test at 
DM to 0.25DM 

Cycles 
EDC 

(kN-m) 
Parameter 
(Qd/W) 

(Qd/W)1st / (Qd/W)4th 

1 373 0.0519 

2.05 
2 153 0.0316 
3 97 0.0267 
4 46 0.0253 

 

 

Figure 5-38 Results of 3-Cycle and 4-Cycle Tests for Lead-rubber System 312 when SM1 = 1.1g 
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SECTION 6  

DETAILED RESULTS OF RESPONSE HISTORY ANALYSIS 

 

6.1 Introduction 

 

Section 4 of this report described 96 seismic isolation systems that were analyzed for three cases of seismic 

intensity, measured by the value of SM1 being 0.7g, 0.9g or 1.1g, and for suites of short-duration and long-

duration ground motions, each consisting of 71 pairs of horizontal components.  Results obtained in the 

analyses were used in Section 5 to design experiments for obtaining the lower bound properties of isolators.   

 

This section presents detailed results of the analyses as they are useful to better understand the behavior of 

seismic isolation systems, and to design experiments for determining the adequacy of isolators, a topic to 

be covered in Section 7.   Results presented include the following: 

 

1) Tabulated values of mean, median, 84th percentile and 90th percentile values of the peak resultant 

isolator displacement and of the resultant residual displacement.  The values are counted values 

based on the empirical data.  To be able to compute residual displacements, the ground motion 

durations were increased by adding zero acceleration data to 250 seconds for short-duration ground 

motions, and to 365 seconds for long-duration motions. 

 

2) Graphs of probability distributions of the empirical data and lognormal representations for the 

probability of non-exceedance vs the maximum displacement and vs the residual displacement.  

Also, plotted counted values (empirical data) of the resultant isolator displacement and of the 

resultant residual displacement for 16%, 50% (median), 84% and 90% probabilities of being 

exceeded. 

 

3) 16th, 50th (median), 84th and 90th percentile histories of cumulative energy as obtained from the 

empirical data (counted) and again from the lognormal distributions (fitted).  Comparisons of 

histories of the cumulative energy obtained using the empirical data and the lognormal distributions 

are also presented to demonstrate differences. 

 

4) 16th, 50th (median), 84th and 90th percentile histories of temperature at the main sliding interface or 

the bulk of the lead core as obtained from the empirical data (counted) and again from the lognormal 
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distributions (fitted).  Comparisons of histories of the temperature obtained using the empirical data 

and the lognormal distributions are also presented to demonstrate differences. 

 

6.2 Results for Single FP Isolation Systems 

 

Tables 6-1 to 6-6 present results on the resultant maximum displacements and residual displacements for 

the single FP systems.  The results include values of mean, median, 84th and 90th percentile counted values 

from the empirical data.  Higher percentile values could not be obtained from the empirical data due to the 

sample size of 71 values.  Higher percentile values can be computed from the lognormal distributions fitted 

to the empirical data.  Also, the tables present values of the ratio of the 90th percentile isolator maximum 

resultant displacement to the mean value, which can be utilized in the design of isolators.  Typically, 

analysis involves the use of seven (or 11) ground motions in response history analysis of seismically 

isolated buildings (ASCE/SEI-7) from which the mean maximum resultant isolator displacement can be 

computed.  The isolator displacement capacity should be larger than the mean, and the 90th percentile/mean 

ratio provides a simple scale factor for computing a value that has an acceptable probability of exceedance.  

For example, Huang et al. (2009) computed many scale factors for seismically isolated nuclear structures 

of which the 99th/mean scale factor was 2.2.  Kammerer et al. (2019) recommended the use of a scale factor 

of 1.6 for obtaining the 90th percentile isolator displacement from the mean value.  The results in Tables 6-

1 to 6-6 show that a value of for the 90th/mean scale factor for the isolator displacement is 1.4 to 1.6, thus 

providing additional verification for the value recommended in Kammerer et al. (2019) for single FP 

isolation systems.  The 84th/mean scale factor for the isolator displacement is 1.3 to 1.4.  The values of the 

scale factor for long-duration ground motions are slightly smaller than those for short-duration motions.  

This is due to a smaller variability in the long-duration ground motions that in the short-duration ground 

motions as seen in the spectra of Figure 3-4 and 3-5, and in Appendix B. 

 

The results in Tables 6-1 to 6-6, and others to be presented for triple FP and lead-rubber systems, provide 

information to obtain scale factors for the 90th/mean or the 84th/mean isolators displacements so that an 

isolator displacement demand with an acceptable probability of exceedance is computed.  Note that the 

approach of obtaining a higher percentile estimate of displacement from the mean value (Huang et al. 2009, 

Kammerer et al., 2019), and other direct procedures (O’Reilly et al., 2022) do not account for the effect of 

the superstructure failure characteristics when computing the probability of collapse (e.g., Kitayama et al., 

2018, 2019).  Specifically, inelastic action in the superstructure results in reduction of isolator 

displacements by comparison to elastic superstructure response, or rigid superstructure response as assumed 

in this study.    



 

83 

 

Table 6-1 Mean and Median Resultant Maximum Displacements and Residual Displacements of Single FP Systems for SM1=0.7g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

297 310 308 293 5 9 2 3 313 331 333 318 5 9 2 3 330 359 354 346 5 10 1 2 

System 31 
TP = 4.93 sec 
μref  = 0.040 

321 338 340 335 8 16 3 6 331 356 379 366 8 14 3 5 365 381 404 404 8 13 2 5 

System 12 
TP = 3.50 sec  
μref  = 0.060 

264 267 270 269 7 11 3 3 279 290 314 298 7 11 2 3 319 327 355 336 5 10 2 3 

System 32 
TP = 4.93 sec 
μref  = 0.060 

275 275 277 269 14 19 4 6 291 293 300 298 13 18 4 6 310 320 344 336 12 18 3 6 

System 13 
TP = 3.50 sec  
μref  = 0.080 

234 240 238 240 9 12 3 4 253 260 277 269 8 12 3 4 299 295 323 306 7 11 2 3 

System 33 
TP = 4.93 sec  
μref  = 0.080 

229 240 240 238 16 20 5 7 261 258 272 264 14 19 5 6 286 284 312 298 13 19 4 6 

System 14 
TP = 3.50 sec 
μref  = 0.100 

212 220 221 220 9 12 3 4 244 241 251 249 10 12 3 4 271 273 305 287 9 13 3 4 

System 34 
TP = 4.93 sec 
μref  = 0.100 

212 221 231 218 20 23 5 7 244 239 246 243 16 21 5 7 277 266 289 278 17 20 5 6 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor; all results are counted values 
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Table 6-2 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Single FP Systems for SM1=0.7g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

310 423 489 1.58 293 406 424 1.45 331 456 505 1.53 318 434 457 1.44 359 480 533 1.48 346 458 492 1.42 

System 31 
TP = 4.93 sec 
μref  = 0.040 

338 457 490 1.45 335 452 474 1.41 356 484 492 1.38 366 485 530 1.45 381 516 553 1.45 404 536 557 1.38 

System 12 
TP = 3.50 sec  
μref  = 0.060 

267 391 448 1.68 269 400 442 1.64 290 417 464 1.60 298 446 486 1.63 327 476 493 1.51 336 488 514 1.53 

System 32 
TP = 4.93 sec 
μref  = 0.060 

275 404 467 1.70 269 395 421 1.57 293 421 488 1.67 298 427 449 1.51 320 455 491 1.53 336 460 505 1.50 

System 13 
TP = 3.50 sec  
μref  = 0.080 

240 368 407 1.70 240 375 418 1.74 260 395 440 1.69 269 412 454 1.69 295 440 468 1.59 306 469 503 1.64 

System 33 
TP = 4.93 sec  
μref  = 0.080 

240 332 412 1.72 238 361 387 1.63 258 372 435 1.69 264 395 427 1.62 284 424 475 1.67 298 436 451 1.51 

System 14 
TP = 3.50 sec 
μref  = 0.100 

220 342 399 1.81 220 354 399 1.81 241 382 418 1.73 249 386 436 1.75 273 422 454 1.66 287 451 494 1.72 

System 34 
TP = 4.93 sec 
μref  = 0.100 

221 316 391 1.77 218 349 368 1.69 239 346 405 1.69 243 370 392 1.61 266 398 440 1.65 278 415 438 1.58 

Average 90th / Mean   1.67  1.62  1.62  1.59  1.57  1.54 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 6-3 Mean and Median Resultant Maximum Displacements and Residual Displacements of Single FP Systems for SM1=0.9g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

432 464 443 439 7 11 2 3 455 493 464 473 6 11 1 3 490 526 517 512 6 10 1 2 

System 31 
TP = 4.93 sec 
μref  = 0.040 

485 506 524 515 11 16 3 6 514 529 552 558 9 17 3 6 552 561 602 605 9 15 2 6 

System 12 
TP = 3.50 sec  
μref  = 0.060 

396 412 423 412 6 12 2 4 435 446 471 464 7 12 2 4 481 493 514 522 7 13 2 4 

System 32 
TP = 4.93 sec 
μref  = 0.060 

386 410 424 414 15 23 4 8 417 439 469 462 12 20 4 8 462 477 509 518 12 18 3 7 

System 13 
TP = 3.50 sec  
μref  = 0.080 

366 366 386 369 10 15 3 4 386 400 427 418 8 13 2 4 430 447 475 473 8 14 2 4 

System 33 
TP = 4.93 sec  
μref  = 0.080 

356 359 373 363 20 25 5 8 380 385 422 405 17 25 4 8 395 423 474 462 14 23 4 8 

System 14 
TP = 3.50 sec 
μref  = 0.100 

320 339 351 342 12 17 3 5 377 367 404 387 10 16 3 4 417 415 452 443 7 12 2 4 

System 34 
TP = 4.93 sec 
μref  = 0.100 

342 333 342 334 19 26 7 9 365 357 394 372 20 26 6 8 389 392 445 424 15 26 4 8 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor; all results are counted values 
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Table 6-4 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Single FP Systems for SM1=0.9g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

464 639 686 1.48 439 579 610 1.39 493 660 709 1.44 473 605 645 1.36 526 697 745 1.42 512 621 681 1.33 

System 31 
TP = 4.93 sec 
μref  = 0.040 

506 681 739 1.46 515 672 709 1.38 529 710 770 1.46 558 721 762 1.37 561 772 842 1.50 605 750 834 1.38 

System 12 
TP = 3.50 sec  
μref  = 0.060 

412 596 627 1.52 412 607 644 1.56 446 632 652 1.46 464 669 704 1.52 493 674 706 1.43 522 731 781 1.50 

System 32 
TP = 4.93 sec 
μref  = 0.060 

410 562 633 1.54 414 575 604 1.46 439 590 629 1.43 462 612 666 1.44 477 645 691 1.45 518 680 730 1.41 

System 13 
TP = 3.50 sec  
μref  = 0.080 

366 565 613 1.67 369 561 610 1.65 400 580 629 1.57 418 636 658 1.57 447 627 661 1.48 473 700 736 1.56 

System 33 
TP = 4.93 sec  
μref  = 0.080 

359 527 606 1.69 363 523 566 1.56 385 546 626 1.63 405 570 601 1.48 423 591 630 1.49 462 631 679 1.47 

System 14 
TP = 3.50 sec 
μref  = 0.100 

339 532 578 1.71 342 530 580 1.70 367 558 598 1.63 387 606 642 1.66 415 598 640 1.54 443 679 715 1.61 

System 34 
TP = 4.93 sec 
μref  = 0.100 

333 502 563 1.69 334 497 523 1.57 357 535 600 1.68 372 541 586 1.58 392 573 622 1.59 424 605 626 1.48 

Average 90th / Mean   1.60  1.53  1.54  1.50  1.49  1.47 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Table 6-5 Mean and Median Resultant Maximum Displacements and Residual Displacements of Single FP Systems for SM1=1.1g 

 

  

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

586 630 608 598 7 13 2 3 615 662 654 637 7 12 1 3 653 696 684 681 7 12 1 4 

System 31 
TP = 4.93 sec 
μref  = 0.040 

670 689 707 712 11 20 3 7 700 717 746 762 12 20 3 7 727 754 804 816 13 20 2 5 

System 12 
TP = 3.50 sec  
μref  = 0.060 

541 574 571 587 9 16 2 4 580 614 632 649 9 15 2 4 622 673 668 717 9 13 2 4 

System 32 
TP = 4.93 sec 
μref  = 0.060 

524 563 597 586 14 24 4 9 588 600 637 647 14 20 4 7 632 647 707 714 12 22 3 8 

System 13 
TP = 3.50 sec  
μref  = 0.080 

479 509 527 528 8 16 3 5 542 551 571 586 9 16 2 4 595 610 630 663 10 16 2 5 

System 33 
TP = 4.93 sec  
μref  = 0.080 

477 492 526 512 20 30 5 10 490 528 591 571 17 28 4 10 554 578 645 647 14 22 4 8 

System 14 
TP = 3.50 sec 
μref  = 0.100 

452 466 506 488 12 20 3 5 494 508 540 543 9 16 3 5 549 568 598 616 10 18 2 4 

System 34 
TP = 4.93 sec 
μref  = 0.100 

468 452 487 466 24 32 7 10 485 486 536 518 19 32 5 9 505 536 605 594 18 29 4 9 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor; all results are counted values 
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Table 6-6 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Single FP Systems for SM1=1.1g 

 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.50 sec 
μref  = 0.040 

630 875 900 1.43 598 753 796 1.33 662 892 957 1.45 637 771 829 1.30 696 923 1003 1.44 681 815 880 1.29 

System 31 
TP = 4.93 sec 
μref  = 0.040 

689 938 1036 1.50 712 897 952 1.34 717 959 1063 1.48 762 945 1013 1.33 754 1010 1139 1.51 816 1003 1058 1.30 

System 12 
TP = 3.50 sec  
μref  = 0.060 

574 794 822 1.43 587 839 874 1.49 614 840 872 1.42 649 912 965 1.49 673 943 967 1.44 717 984 1037 1.45 

System 32 
TP = 4.93 sec 
μref  = 0.060 

563 758 771 1.37 586 774 842 1.44 600 816 846 1.41 647 837 882 1.36 647 880 973 1.50 714 901 980 1.37 

System 13 
TP = 3.50 sec  
μref  = 0.080 

509 748 793 1.56 528 796 838 1.59 551 776 806 1.46 586 870 904 1.54 610 856 906 1.49 663 942 989 1.49 

System 33 
TP = 4.93 sec  
μref  = 0.080 

492 684 770 1.57 512 714 754 1.47 528 710 769 1.46 571 775 821 1.44 578 772 837 1.45 647 834 903 1.40 

System 14 
TP = 3.50 sec 
μref  = 0.100 

466 707 763 1.64 488 760 805 1.65 508 741 797 1.57 543 825 879 1.62 568 801 867 1.53 616 905 963 1.56 

System 34 
TP = 4.93 sec 
μref  = 0.100 

452 672 762 1.69 466 671 726 1.56 486 686 762 1.57 518 729 766 1.48 536 743 770 1.44 594 812 857 1.44 

Average 90th / Mean   1.52  1.48  1.48  1.44  1.47  1.41 

  μref is the starting value of the coefficient of friction prior to any heating effects, Factor=friction coefficient reduction factor 
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Figures 6-1 and 6-2 present a sample of results on the distribution of the maximum resultant displacement 

and of the residual resultant displacement for the single FP system 31 (TP =4.93s, μref =0.04) when SM1=0.9g.  

The results are for the case in which the friction coefficient-temperature relationship is given by equation 

(2-7), in which friction drops from the starting value at 20oC to a value equal to half that at temperature of 

about 200oC.  Appendix D contains detailed results for all studied single FP systems. 

 

Median and dispersion values shown in Figures 6-1 and 6-2 may be used to construct the lognormal 

distributions which were fitted to the empirical data.  The percentile values listed in each figure are based 

on the fitted lognormal distributions.   

 

Figure 6-1 Distributions of Maximum Resultant Displacement for Single FP System 31  

(TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 

 

Figure 6-2 Distributions of Residual Resultant Displacement for Single FP System 31  

(TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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In the lognormal model, the probability of non-exceedance (or cumulative distribution function 

CDF) is described by the following equation: 

 

𝐶𝐷𝐹(𝑥) = න
1

𝜎𝑠√2𝜋
exp ቈ−

(ln(𝑠) − m)ଶ

2𝜎ଶ
቉ 𝑑𝑠

௫

ିஶ

(6 – 1) 

 

In equation (6-1), x is the random variable (in this study the value of peak displacement or other response 

parameter), m and σ are, respectively, the mean and standard deviation of the natural logarithm of the 

empirical data.   Parameter σ is called the dispersion factor. Figures 6-1 and 6-2 (and all similar figures in 

Appendices D, E and F) report the value of the dispersion and the value of the median of the lognormal 

distribution, which is equal to exp(m). The figures also include values of the 84th and 90th percentile value 

of response parameters that were calculated using equation (6-1).  For example, for the computation of the 

90th percentile value of the maximum resultant displacement for short-duration motions (see Figure 6-1), 

equation (6-1) is used with m=ln(median)=ln(490)=6.194, σ=0.395, CDF=0.9 and the value of x is the 90th 

percentile maximum resultant displacement.   The fitting of the empirical data with a lognormal distribution 

was performed in program MATLAB (Mathworks, 2020) using the “fitdist” function. 

 

The results in Tables 6-1 to 6-6, Figures 6-1 and 6-2, and many more in Appendix D show that the median, 

other percentile values and the mean values of residual displacement for the case of long-duration motions 

are systematically smaller than the corresponding ones for short-duration motions.  This is explained by the 

duration and by the low intensity tail of long-duration motions that tend to assist the systems in reducing 

the residual displacements.   

 

Results in Appendix D also show that in some cases there are notable differences between the distributions 

based on the empirical data and the fitted lognormal distributions of maximum resultant displacements.  

This is mostly observed in cases where friction is high, and the seismic intensity is low. An example is 

provided in Figure 6-3 for the single FP system 34 (TP =4.93s, μref =0.10), when SM1 =0.7g, in long-duration 

ground motions and when the friction coefficient-temperature relationship is given by equation (2-7), in 

which friction drops from the starting value at 20oC to a value equal to half that at temperature of about 

200oC.  In this case, the fitted lognormal distribution does not properly represent the empirical data.  

 

Four types of goodness-of-fit statistical tests were performed to check whether the data could be represented 

with lognormal distributions: a) The One-sample Kolmogorov-Smirnov test (Massey, 1951), b) the Chi-

square test (Pearson, 1900), c) the Lilliefors test (Lilliefors, 1969) and d) the Jarque-Bera test (Jarque and 



 

91 

 

Bera, 1987). Kumar et al. (2015) have used the same goodness-of-fit tests.  Computations were performed 

using functions “kstest”, “Chi2gof”, “lillietest” and “jbtest” for the four tests, respectively, in program 

MATLAB (Mathworks, 2020).  The results are in terms of a test parameter, h, having either a value of 1 

(failed to fit) or zero (fitted).  For the case of the single FP system 34 of Figure 6-3, the One-sample 

Kolmogorov-Smirnov goodness-of-fit test showed acceptable fit of the empirical data with a lognormal 

distribution, whereas the other three tests did not.  Appendix D, and Appendices E and F for the triple FP 

and the lead-rubber systems report results of the four goodness-of-fit tests for each of the 288 systems 

studied.  The differences between empirical results and fitted lognormal distributions are important only 

for some of the single FP systems, but not for the triple FP and the lead-rubber systems.  The interested 

reader may use the results in the appendices to decide on the use of the lognormally fitted distributions.  

 

 

Figure 6-3 Empirical and Fitted Distributions of Maximum Resultant Displacement for Single FP 

System 34 (TP = 4.93s, μref = 0.10) when SM1 = 0.7g (friction case when kT=0.5 at 200oC) in Long-

Duration Ground Motions 

 

Figure 6-4 presents results on the computed histories of cumulative energy, and Figure 6-5 presents results 

on the computed histories of temperature at the sliding interface for the single FP system 31 (TP =4.93s, μref 

=0.04) when SM1=0.9g and the friction coefficient-temperature relationship is given by equation (2-7), in 

which friction drops from the starting value at 20oC to a value equal to half that at temperature of about 

200oC.    

 

The computation of the “empirical” percentile histories of these quantities was performed by counting of 

the empirical data from 71 analyses at each time step after shifting in time as explained below.  The 

computation for the “lognormal” percentile histories of these quantities was performed by first fitting the 
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data of the 71 analyses at each time step, after shifting in time, with a lognormal distribution, and then using 

the fitted distributions to compute the median and 90th percentile values at each time step. Prior to any 

statistical calculations, the calculated histories of cumulative energy and temperature had to be shifted in 

time due to significant differences in the duration of the ground motions, including a portion at the start 

where the response was negligible.  The starting point in time was selected to be when the total temperature 

was 20.5oC (the rise in temperature above the starting temperature was 0.5oC) and when the cumulative 

energy reached 5kN-m.   

 

The results in Figures 6-4 and 6-5 show small differences between the empirical and the fitted lognormal 

distribution results-something that was systematically observed for low friction systems.  Another example 

is provided in Figure 6-6 for the high friction single FP system 34 (TP =4.93s, μref =0.10), when SM1 =0.7g, 

long-duration ground motions and the friction coefficient-temperature relationship is given by equation (2-

7), where the median (50th percentile) and 90th percentile cumulative energy and temperature histories are 

compared.  In this case the empirical and lognormal histories of cumulative energy differ significantly, but 

the histories of temperature do not. 

 

Goodness-of-fit tests were also performed for the lognormally fitted cumulative energy and temperature 

histories at each time step.  Results are presented for the test parameter h as function of time and as percent 

passing rate for each of the 288 studied systems in Appendices D, E and F.  Tables 6-7 and 6-8 present 

results of the goodness-of-fit tests for the Single FP System 31 (TP =4.93s, μref =0.04) when SM1 =0.9g 

(friction case when kT =0.5 at 200oC), for which the histories of cumulative energy and temperature are 

presented in Figures 6-4 and 6-5. The test passing rates are never equal to 100% as for some times the fitting 

fails.  The reader may decide on which passing rate is acceptable-we consider that the lognormal 

distributions properly fit the empirical data when the passing rate is larger than 80% in at least two of the 

fitness tests. 

 

The cumulative energy was computed by numerical integration of the force-displacement in each of the 

two principal directions and then calculating the sum of the two as done in past studies of Warn and 

Whittaker (2004) and Kitayama and Constantinou (2021).  

 

The histories of cumulative energy and temperature at the sliding interface will be used in Section 7 for the 

development of tests that assess the adequacy of isolators in the maximum considered earthquake. In this 

report, and for the purpose of designing experiments to represent the effects of the maximum earthquake in 

Section 7, only the empirical distributions are used.   
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Of interest is to note in Figures 6-5 and 6-5, and many more similar figures in Appendix D, the significant 

differences in the final values of the cumulative energy and the peak values of temperature between the 

long- and short-duration motions. 

 

 
Figure 6-4 Cumulative Energy Histories for Single FP System 31  

(TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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Figure 6-5 Histories of Temperature at the Sliding Interface for Single FP System 31  

(TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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Table 6-7 Goodness-of-Fit Results for Lognormal Distributions of Cumulative Energy Histories for 

Single FP System 31 (TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 

 

  

Goodness-of-fit  
test  

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

99.8 99.0 

Chi-square 95.7 86.8 

Lilliefors 97.2 95.0 

Jarque-Bera 98.7 97.7 
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Table 6-8 Goodness-of-Fit Results for Lognormal Distributions of Temperature Histories for Single 

FP System 31 (TP = 4.93s, μref = 0.04) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 

 

  

Goodness-of-fit  
test 

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

98.8 91.9 

Chi-square 95.5 31.0 

Lilliefors 97.2 12.9 

Jarque-Bera 80.1 56.9 
 

 

 



 

97 

 

 

Figure 6-6 Empirical and Fitted Lognormal Distributions of Cumulative Energy and Temperature 

Histories for Single FP System 34 (TP = 4.93s, μref = 0.10) when SM1 = 0.7g (friction case when kT=0.5 

at 200oC) in Long-Duration Ground Motions 
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6.3 Results for Triple FP Isolation Systems 

 

Tables 6-9 to 6-16 present results on the resultant maximum displacements and residual displacements for 

the triple FP systems.  The results include values of mean, median, 84th and 90th percentile counted values 

from the empirical data.  Also, the tables present values of the 90th percentile isolator maximum resultant 

displacement to the mean value, which can be utilized in the design of isolators.  The results in Tables 6-9 

to 6-16 show that a value of for the 90th/mean scale factor for the isolator displacement of triple FP 

systems is 1.3 to 1.5, which a little smaller than the values of 1.4 to 1.6 computed for the single FP 

isolation systems in Section 6.2.  The special triple FP system LL has a larger scale factor that is close to 

that for the single FP system, due likely to the heating effects that are continuous rather than intermittent 

as in all other cases of studied triple FP systems.  

 

As in the case of the single FP systems, the values of the scale factor for long-duration ground motions are 

a little smaller than those for the short-duration motions. 
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Table 6-9 Mean and Median Resultant Maximum Displacements and Residual Displacements of Triple FP Systems for SM1=0.7g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 
Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

321 341 304 308 4 7 2 3 338 366 333 331 4 6 2 3 360 397 358 360 4 6 2 2 

System 21 
TP = 4.13 sec 
μref  = 0.038 

324 356 337 338 6 9 3 4 338 381 372 366 6 9 3 4 370 410 404 400 5 9 3 4 

System 31 
TP = 4.86 sec 
μref  = 0.038 

342 364 362 352 8 12 4 6 364 387 389 381 7 12 3 6 399 413 420 419 7 10 3 6 

System 41 
TP = 5.57 sec 
μref  = 0.039 

398 377 365 358 10 17 5 8 419 403 396 388 10 15 5 8 432 430 438 429 9 14 4 7 

System 12 
TP = 3.40 sec 
μref  = 0.054 

266 286 249 257 6 7 4 4 300 307 284 279 4 7 3 3 323 336 310 307 4 7 2 3 

System 22 
TP = 4.13 sec 
μref  = 0.056 

272 296 257 279 9 13 5 6 282 317 289 302 7 10 4 5 311 347 333 334 7 9 3 5 

System 32 
TP = 4.86 sec 
μref  = 0.057 

298 307 284 288 12 18 7 9 298 327 313 314 11 16 6 8 334 351 360 348 9 13 5 8 

System 42 
TP = 5.57 sec 
μref  = 0.058 

313 316 289 295 16 23 9 11 310 336 317 318 15 21 8 11 350 359 357 350 12 19 7 10 

System 13 
TP = 3.40 sec 
μref  = 0.070 

239 257 229 229 7 11 5 5 257 276 247 248 7 9 4 5 296 303 284 278 6 8 3 4 

System 23 
TP = 4.13 sec 
μref  = 0.074 

256 268 244 247 14 16 7 8 266 286 258 268 12 15 6 7 287 312 290 300 9 13 5 6 

System 33 
TP = 4.86 sec 
μref  = 0.075 

268 277 252 256 17 21 10 11 286 295 273 277 15 20 9 10 315 322 316 310 13 19 6 9 

System 43 
TP = 5.57 sec 
μref  = 0.076 

274 285 260 264 22 27 12 15 311 304 283 283 20 25 11 13 321 330 312 315 17 23 10 12 

System 14 
TP = 3.40 sec 
μref  = 0.087 

216 241 207 214 9 12 6 7 241 258 231 229 8 11 5 6 263 283 256 258 8 10 4 5 

System 24 
TP = 4.13 sec 
μref  = 0.091 

231 253 211 228 13 17 11 11 251 269 243 248 14 17 8 9 272 292 274 279 13 16 6 8 

System 34 
TP = 4.86 sec 
μref  = 0.094 

249 262 241 238 20 23 14 16 273 278 254 257 19 22 12 13 311 302 285 288 16 21 9 11 

System 44 
TP = 5.57 sec 
μref  = 0.095 

258 270 248 248 26 30 18 21 281 287 264 266 23 28 14 17 320 311 297 295 21 26 12 14 

  μref is the starting value of the coefficient of friction prior to any heating effects 



 

100 

 

Table 6-10 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Triple FP Systems for SM1=0.7g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

341 464 526 1.54 308 390 434 1.41 366 514 553 1.51 331 425 447 1.35 397 538 574 1.45 360 436 477 1.33 

System 21 
TP = 4.13 sec 
μref  = 0.038 

356 495 510 1.43 338 433 472 1.40 381 509 563 1.48 366 462 497 1.36 410 537 600 1.46 400 506 528 1.32 

System 31 
TP = 4.86 sec 
μref  = 0.038 

364 495 511 1.40 352 467 493 1.40 387 511 540 1.40 381 498 529 1.39 413 549 598 1.45 419 545 574 1.37 

System 41 
TP = 5.57 sec 
μref  = 0.039 

377 512 583 1.55 358 486 518 1.45 403 571 644 1.60 388 534 550 1.42 430 607 704 1.64 429 581 609 1.42 

System 12 
TP = 3.40 sec 
μref  = 0.054 

286 399 433 1.51 257 336 373 1.45 307 426 464 1.51 279 371 410 1.47 336 465 517 1.54 307 408 428 1.39 

System 22 
TP = 4.13 sec 
μref  = 0.056 

296 426 484 1.64 279 389 413 1.48 317 466 498 1.57 302 419 435 1.44 347 502 512 1.48 334 444 470 1.41 

System 32 
TP = 4.86 sec 
μref  = 0.057 

307 436 506 1.65 288 404 428 1.49 327 460 514 1.57 314 446 464 1.48 351 498 513 1.46 348 483 503 1.45 

System 42 
TP = 5.57 sec 
μref  = 0.058 

316 456 512 1.62 295 404 440 1.49 336 496 514 1.53 318 443 481 1.51 359 513 535 1.49 350 495 525 1.50 

System 13 
TP = 3.40 sec 
μref  = 0.070 

257 356 396 1.54 229 308 343 1.50 276 387 409 1.48 248 326 377 1.52 303 425 453 1.50 278 373 410 1.47 

System 23 
TP = 4.13 sec 
μref  = 0.074 

268 362 405 1.51 247 347 368 1.49 286 378 427 1.49 268 380 395 1.47 312 470 496 1.59 300 420 445 1.48 

System 33 
TP = 4.86 sec 
μref  = 0.075 

277 367 445 1.61 256 353 376 1.47 295 414 482 1.63 277 392 415 1.50 322 457 504 1.57 310 447 468 1.51 

System 43 
TP = 5.57 sec 
μref  = 0.076 

285 400 481 1.69 264 354 369 1.40 304 429 509 1.67 283 390 418 1.48 330 478 514 1.56 315 446 477 1.51 

System 14 
TP = 3.40 sec 
μref  = 0.087 

241 340 392 1.63 214 290 316 1.48 258 356 401 1.55 229 307 350 1.53 283 393 413 1.46 258 345 383 1.48 

System 24 
TP = 4.13 sec 
μref  = 0.091 

253 340 392 1.55 228 312 342 1.50 269 371 407 1.51 248 353 367 1.48 292 389 436 1.49 279 396 420 1.51 

System 34 
TP = 4.86 sec 
μref  = 0.094 

262 359 416 1.59 238 327 349 1.47 278 372 440 1.58 257 361 385 1.50 302 422 471 1.56 288 410 436 1.51 

System 44 
TP = 5.57 sec 
μref  = 0.095 

270 362 451 1.67 248 339 368 1.48 287 388 464 1.62 266 362 375 1.41 311 445 502 1.61 295 411 431 1.46 

Average 90th / Mean   1.57  1.46  1.54  1.46  1.52  1.45 
  μref is the starting value of the coefficient of friction prior to any heating effects 
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Table 6-11 Mean and Median Resultant Maximum Displacements and Residual Displacements of Triple FP Systems for SM1=0.9g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 
Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

470 510 461 462 5 8 2 3 490 543 499 498 5 7 2 3 517 580 549 546 5 7 2 3 

System 21 
TP = 4.13 sec 
μref  = 0.038 

505 532 512 515 7 11 4 5 544 567 538 556 6 11 3 4 560 604 601 605 5 9 2 4 

System 31 
TP = 4.86 sec 
μref  = 0.038 

539 543 542 541 9 14 4 7 561 579 581 586 9 15 4 6 592 615 622 637 8 14 3 5 

System 41 
TP = 5.57 sec 
μref  = 0.039 

559 570 555 559 12 17 5 8 578 612 599 608 12 19 5 8 625 650 674 667 11 20 4 7 

System 12 
TP = 3.40 sec 
μref  = 0.054 

402 428 387 390 6 10 3 4 433 467 421 428 6 8 3 4 466 517 479 477 5 8 3 4 

System 22 
TP = 4.13 sec 
μref  = 0.056 

407 444 419 422 10 14 4 6 440 482 472 467 8 12 4 6 484 530 528 521 8 13 4 5 

System 32 
TP = 4.86 sec 
μref  = 0.057 

428 453 449 438 13 17 6 9 469 488 496 484 12 17 5 8 513 530 539 545 10 15 4 8 

System 42 
TP = 5.57 sec 
μref  = 0.058 

463 466 441 444 17 24 8 12 531 501 503 492 15 23 6 11 556 551 568 555 15 20 5 10 

System 13 
TP = 3.40 sec 
μref  = 0.070 

368 379 346 347 8 10 4 5 398 414 382 381 7 11 3 4 434 468 421 432 6 10 3 4 

System 23 
TP = 4.13 sec 
μref  = 0.074 

359 391 348 374 12 15 6 8 385 427 402 410 10 15 5 7 439 477 480 468 9 14 4 6 

System 33 
TP = 4.86 sec 
μref  = 0.075 

386 404 386 386 17 23 9 12 385 434 431 425 15 19 8 10 456 480 499 482 14 19 6 9 

System 43 
TP = 5.57 sec 
μref  = 0.076 

425 414 395 393 24 30 13 16 445 443 433 429 17 26 10 14 498 488 494 487 16 23 7 12 

System 14 
TP = 3.40 sec 
μref  = 0.087 

330 353 318 320 9 13 6 6 376 383 347 350 8 11 4 5 406 431 401 399 7 10 3 4 

System 24 
TP = 4.13 sec 
μref  = 0.091 

343 365 333 345 15 20 8 10 363 394 354 376 13 16 6 8 400 443 437 429 9 13 5 7 

System 34 
TP = 4.86 sec 
μref  = 0.094 

366 377 351 355 20 26 12 14 391 405 380 387 17 25 9 12 429 446 460 444 13 18 7 11 

System 44 
TP = 5.57 sec 
μref  = 0.095 

388 386 368 364 28 34 16 19 425 416 400 392 22 31 13 16 445 454 458 448 18 27 9 15 

  μref is the starting value of the coefficient of friction prior to any heating effects 
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Table 6-12 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Triple FP Systems for SM1=0.9g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

510 693 752 1.47 462 560 604 1.31 543 741 791 1.46 498 605 644 1.29 580 742 808 1.39 546 659 692 1.27 

System 21 
TP = 4.13 sec 
μref  = 0.038 

532 685 762 1.43 515 641 685 1.33 567 712 769 1.36 556 684 721 1.30 604 737 819 1.36 605 737 765 1.26 

System 31 
TP = 4.86 sec 
μref  = 0.038 

543 719 781 1.44 541 698 722 1.33 579 771 859 1.48 586 735 800 1.37 615 833 924 1.50 637 800 849 1.33 

System 41 
TP = 5.57 sec 
μref  = 0.039 

570 814 897 1.57 559 729 767 1.37 612 906 1009 1.65 608 786 826 1.36 650 940 1085 1.67 667 848 903 1.35 

System 12 
TP = 3.40 sec 
μref  = 0.054 

428 564 642 1.50 390 494 551 1.41 467 646 686 1.47 428 544 574 1.34 517 696 737 1.43 477 593 627 1.31 

System 22 
TP = 4.13 sec 
μref  = 0.056 

444 619 649 1.46 422 555 594 1.41 482 647 719 1.49 467 594 635 1.36 530 682 765 1.44 521 654 690 1.32 

System 32 
TP = 4.86 sec 
μref  = 0.057 

453 620 651 1.44 438 606 623 1.42 488 652 704 1.44 484 641 676 1.40 530 715 778 1.47 545 709 737 1.35 

System 42 
TP = 5.57 sec 
μref  = 0.058 

466 643 702 1.51 444 602 660 1.49 501 698 776 1.55 492 687 706 1.43 551 808 875 1.59 555 748 785 1.41 

System 13 
TP = 3.40 sec 
μref  = 0.070 

379 511 571 1.51 347 453 495 1.43 414 562 623 1.50 381 496 543 1.43 468 634 685 1.46 432 545 571 1.32 

System 23 
TP = 4.13 sec 
μref  = 0.074 

391 564 627 1.60 374 520 545 1.46 427 625 649 1.52 410 552 587 1.43 477 654 706 1.48 468 600 640 1.37 

System 33 
TP = 4.86 sec 
μref  = 0.075 

404 563 649 1.61 386 548 563 1.46 434 597 655 1.51 425 587 616 1.45 480 650 709 1.48 482 652 677 1.40 

System 43 
TP = 5.57 sec 
μref  = 0.076 

414 582 662 1.60 393 540 576 1.47 443 626 648 1.46 429 589 649 1.51 488 698 728 1.49 487 700 704 1.45 

System 14 
TP = 3.40 sec 
μref  = 0.087 

353 489 522 1.48 320 425 461 1.44 383 520 563 1.47 350 454 504 1.44 431 591 624 1.45 399 515 547 1.37 

System 24 
TP = 4.13 sec 
μref  = 0.091 

365 485 541 1.48 345 481 507 1.47 394 572 611 1.55 376 517 547 1.45 443 620 674 1.52 429 571 597 1.39 

System 34 
TP = 4.86 sec 
μref  = 0.094 

377 517 609 1.62 355 494 519 1.46 405 563 648 1.60 387 537 572 1.48 446 633 674 1.51 444 607 640 1.44 

System 44 
TP = 5.57 sec 
μref  = 0.095 

386 549 631 1.63 364 496 531 1.46 416 577 662 1.59 392 537 584 1.49 454 646 677 1.49 448 636 671 1.50 

Average 90th / Mean   1.52  1.42  1.51  1.41  1.48  1.37 
  μref is the starting value of the coefficient of friction prior to any heating effects 
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Table 6-13 Mean and Median Resultant Maximum Displacements and Residual Displacements of Triple FP Systems for SM1=1.1g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 
Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Maximum Resultant  
Displacement (mm) 

Residual Resultant  
Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean Median Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

586 685 621 631 6 10 3 3 618 725 668 678 5 8 2 3 653 768 706 739 5 8 2 3 

System 21 
TP = 4.13 sec 
μref  = 0.038 

660 718 701 708 7 12 3 5 694 757 740 759 7 13 3 5 714 798 811 818 7 11 2 4 

System 31 
TP = 4.86 sec 
μref  = 0.038 

699 737 743 750 11 19 4 6 756 780 786 804 10 17 4 6 768 824 853 872 10 15 3 6 

System 41 
TP = 5.57 sec 
μref  = 0.039 

741 782 769 784 15 21 5 9 766 836 871 847 13 25 5 8 802 884 925 921 11 24 4 6 

System 12 
TP = 3.40 sec 
μref  = 0.054 

512 590 547 540 7 10 4 5 553 640 588 592 7 9 3 4 595 693 627 659 6 9 3 4 

System 22 
TP = 4.13 sec 
μref  = 0.056 

547 611 600 592 10 15 5 7 613 659 639 650 8 14 4 6 667 715 723 724 7 13 4 6 

System 32 
TP = 4.86 sec 
μref  = 0.057 

591 621 623 616 12 20 6 9 652 666 677 681 11 17 5 9 690 721 734 758 12 19 5 6 

System 42 
TP = 5.57 sec 
μref  = 0.058 

663 645 634 626 19 26 8 12 686 697 699 701 17 23 6 11 710 758 813 789 15 23 6 10 

System 13 
TP = 3.40 sec 
μref  = 0.070 

491 525 477 483 8 13 4 5 523 578 530 534 7 11 4 5 562 643 600 604 7 11 3 4 

System 23 
TP = 4.13 sec 
μref  = 0.074 

493 542 523 520 13 18 6 7 542 593 586 580 11 16 5 7 601 655 651 656 10 15 4 6 

System 33 
TP = 4.86 sec 
μref  = 0.075 

519 551 555 537 17 22 8 12 583 597 609 599 15 21 7 10 633 653 666 684 12 19 5 9 

System 43 
TP = 5.57 sec 
μref  = 0.076 

563 567 539 544 22 31 11 16 630 612 621 607 21 29 8 12 680 676 704 699 17 25 7 12 

System 14 
TP = 3.40 sec 
μref  = 0.087 

476 480 444 444 9 13 4 6 485 528 481 490 10 13 4 5 529 603 572 564 8 11 4 4 

System 24 
TP = 4.13 sec 
μref  = 0.091 

448 495 458 476 14 17 7 9 490 541 525 526 12 17 6 7 573 612 623 608 12 17 4 6 

System 34 
TP = 4.86 sec 
μref  = 0.094 

475 508 498 490 23 28 10 14 516 549 566 542 18 22 8 12 607 609 622 629 16 20 7 11 

System 44 
TP = 5.57 sec 
μref  = 0.095 

509 519 488 498 27 35 13 18 552 557 546 547 21 31 11 17 647 622 651 637 22 27 9 13 

  μref is the starting value of the coefficient of friction prior to any heating effects 
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Table 6-14 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Triple FP Systems for SM1=1.1g 

 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

Mean 84th  90th  
90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 
Mean 84th  90th  

90th 

/ Mean 

System 11 
TP = 3.40 sec 
μref  = 0.037 

685 759 800 1.17 631 752 790 1.25 725 794 820 1.13 678 792 839 1.24 768 831 851 1.11 739 841 864 1.17 

System 21 
TP = 4.13 sec 
μref  = 0.038 

718 852 934 1.30 708 869 908 1.28 757 898 960 1.27 759 912 950 1.25 798 939 995 1.25 818 982 1005 1.23 

System 31 
TP = 4.86 sec 
μref  = 0.038 

737 983 1045 1.42 750 914 1004 1.34 780 1054 1125 1.44 804 974 1050 1.31 824 1082 1222 1.48 872 1055 1132 1.30 

System 41 
TP = 5.57 sec 
μref  = 0.039 

782 1135 1287 1.65 784 985 1058 1.35 836 1227 1421 1.70 847 1085 1120 1.32 884 1267 1483 1.68 921 1134 1208 1.31 

System 12 
TP = 3.40 sec 
μref  = 0.054 

590 719 798 1.35 540 666 710 1.31 640 783 834 1.30 592 726 773 1.31 693 765 792 1.14 659 770 829 1.26 

System 22 
TP = 4.13 sec 
μref  = 0.056 

611 786 860 1.41 592 747 792 1.34 659 829 877 1.33 650 804 858 1.32 715 855 936 1.31 724 898 914 1.26 

System 32 
TP = 4.86 sec 
μref  = 0.057 

621 829 876 1.41 616 803 834 1.35 666 900 960 1.44 681 872 924 1.36 721 944 1051 1.46 758 952 1014 1.34 

System 42 
TP = 5.57 sec 
μref  = 0.058 

645 894 1003 1.56 626 844 873 1.39 697 984 1108 1.59 701 914 964 1.38 758 1083 1194 1.58 789 1010 1067 1.35 

System 13 
TP = 3.40 sec 
μref  = 0.070 

525 687 757 1.44 483 608 669 1.39 578 721 810 1.40 534 670 702 1.31 643 806 830 1.29 604 735 786 1.30 

System 23 
TP = 4.13 sec 
μref  = 0.074 

542 757 795 1.47 520 684 724 1.39 593 785 875 1.48 580 740 784 1.35 655 822 891 1.36 656 825 862 1.31 

System 33 
TP = 4.86 sec 
μref  = 0.075 

551 763 791 1.44 537 730 763 1.42 597 795 874 1.46 599 785 824 1.38 653 866 944 1.45 684 881 928 1.36 

System 43 
TP = 5.57 sec 
μref  = 0.076 

567 777 847 1.49 544 746 813 1.49 612 852 928 1.52 607 841 859 1.42 676 984 1060 1.57 699 923 970 1.39 

System 14 
TP = 3.40 sec 
μref  = 0.087 

480 631 697 1.45 444 577 632 1.42 528 696 760 1.44 490 624 669 1.37 603 767 827 1.37 564 699 742 1.32 

System 24 
TP = 4.13 sec 
μref  = 0.091 

495 708 782 1.58 476 655 679 1.43 541 767 792 1.46 526 687 731 1.39 612 810 911 1.49 608 768 820 1.35 

System 34 
TP = 4.86 sec 
μref  = 0.094 

508 698 788 1.55 490 684 706 1.44 549 754 799 1.46 542 730 773 1.43 609 801 909 1.49 629 827 869 1.38 

System 44 
TP = 5.57 sec 
μref  = 0.095 

519 733 795 1.53 498 688 737 1.48 557 769 816 1.46 547 753 803 1.47 622 894 935 1.50 637 881 915 1.44 

Average 90th / Mean   1.45  1.38  1.43  1.35  1.41  1.32 
  μref is the starting value of the coefficient of friction prior to any heating effects 
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Table 6-15 Mean and Median Resultant Maximum Displacements and Residual Displacements of Additional Triple FP System LL  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SM1 = 0.7g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean 

kT = 2/3 at 200℃ 270 301 276 272 27 28 14 16 

kT = 1/2 at 200℃ 297 319 283 288 23 26 12 15 

kT = 1/3 at 200℃ 335 346 311 317 19 24 11 14 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 

 

SM1 = 0.9g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean 

kT = 2/3 at 200℃ 425 439 384 402 23 29 13 16 

kT = 1/2 at 200℃ 457 470 429 437 18 26 11 15 

kT = 1/3 at 200℃ 549 528 508 497 17 23 9 13 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 

 

SM1 = 1.1g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median Mean Median Mean Median Mean Median Mean 

kT = 2/3 at 200℃ 604 598 560 564 24 29 13 17 

kT = 1/2 at 200℃ 700 666 632 632 21 27 9 14 

kT = 1/3 at 200℃ 721 749 758 741 20 26 8 12 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 
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Table 6-16 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Additional Triple FP System LL 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SM1 = 0.7g 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

kT = 2/3 at 200℃ 301 411 485 1.61 272 362 383 1.41 

kT = 1/2 at 200℃ 319 442 511 1.60 288 394 408 1.42 

kT = 1/3 at 200℃ 346 491 528 1.53 317 425 464 1.46 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 

 

SM1 = 0.9g 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

kT = 2/3 at 200℃ 439 622 669 1.52 402 535 581 1.45 

kT = 1/2 at 200℃ 470 660 707 1.50 437 597 640 1.46 

kT = 1/3 at 200℃ 528 771 858 1.63 497 705 728 1.46 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 

 

SM1 = 1.1g 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

kT = 2/3 at 200℃ 598 820 894 1.49 564 780 821 1.46 

kT = 1/2 at 200℃ 666 954 1077 1.62 632 875 905 1.43 

kT = 1/3 at 200℃ 749 1085 1191 1.59 741 998 1022 1.38 

TP = 5.49 sec,  μref = 0.074, μ1ref = 0.08 
μref is the starting value of the ratio of zero-displacement force intercept and weight prior to any heating effects 
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Figures 6-7 and 6-8 present a sample of results on the distribution of the maximum resultant displacement 

and of the residual resultant displacement for the triple FP system 33 (μ1ref =0.08, μref =0.075, TP =4.86s) 

when SM1 =0.9g.  The results are for the case in which the friction coefficient-temperature relationship is 

given by equation (2-7), in which friction drops from the starting value at 20oC to a value equal to half that 

at temperature of about 200oC.  Appendix E contains detailed results for all studied triple FP systems. 

 

Median and dispersion values in each of Figures 6-7 and 6-8 may be used to construct the lognormal 

distributions which were fitted to the empirical data.  The various percentile values listed in each figure are 

also fitted values.  As also observed for single FP systems, triple FP systems have smaller residual 

displacements in long-duration ground motions than in short-duration ground motions. 

 

Figures 6-9 and Figure 6-10 present sample results on the computed histories of cumulative energy and of 

temperature at the sliding interface for triple FP system 33 (μ1ref =0.08, μref =0.075, TP =4.86s) when SM1 

=0.9g and the friction coefficient-temperature relationship is given by equation (2-7), in which friction 

drops from the starting value at 20oC to a value equal to half that at temperature of about 200oC. Also, 

Tables 6-17 and 6-18 present results of the goodness-of-fit tests for the lognormal distributions of 

cumulative energy and temperature histories for the triple FP system 33 (μ1ref =0.08, μref =0.075, TP =4.86s) 

when SM1 =0.9g (friction case when kT =0.5 at 200oC), which were presented in Figures 6-9 and 6-10. 

Appendix E contains detailed results for all studied triple FP systems.  The graphs include 16th, 50th 

(median), 84th and 90th percentile counted values (empirical data) and fitted values (based on lognormal 

distributions).   

 

 
Figure 6-7 Distributions of Maximum Resultant Displacement for Triple FP System 33  

(μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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Figure 6-8 Distributions of Residual Resultant Displacement for Triple FP System 33  

(μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 

 

 

 

Figure 6-9 Histories of Cumulative Energy for Triple FP System 33  

(μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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Figure 6-10 Histories of Temperature at the Sliding Interface for Triple FP System 33  

(μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when kT=0.5 at 200oC) 
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Table 6-17 Goodness-of-Fit Results for Lognormal Distributions of Cumulative Energy Histories 

for Triple FP System 33 (μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when 

kT=0.5 at 200oC) 

 

  

Goodness-of-fit  
test  

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

99.6 99.5 

Chi-square 96.3 81.7 

Lilliefors 95.3 70.8 

Jarque-Bera 95.2 91.9 
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Table 6-18 Goodness-of-Fit Results for Lognormal Distributions of Temperature Histories for 

Triple FP System 33 (μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1 = 0.9g (friction case when kT=0.5 

at 200oC) 

 

  

Goodness-of-fit  
test  

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

93.2 91.9 

Chi-square 91.7 51.2 

Lilliefors 89.2 52.3 

Jarque-Bera 88.2 87.3 
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6.4 Results for Lead-rubber Isolation Systems 

 

Tables 6-19 to 6-26 present results on the resultant maximum displacements and residual displacements for 

the lead-rubber systems.  The results include values of mean, median, 84th and 90th percentile counted values 

from the empirical data.  Also, the tables present values of the 90th percentile isolator maximum resultant 

displacement to the mean value, which can be utilized in the design of isolators.  The results in Tables 6-

19 to 6-26 show that a value of for the 90th/mean scale factor for the isolator displacement of lead-rubber 

systems is 1.5 to 1.6, which is like the scale factor for single FP systems and is a little larger than the scale 

factor for triple FP systems.  The difference likely has to do with heating effects which are larger in the 

single FP (for which the heat flux is larger due to the larger sliding velocity on its single interface) and the 

lead-rubber systems (for which heating is continuous) than in the triple FP systems (in which the heat flux 

is smaller due to the smaller sliding velocity on its two main sliding interfaces).  Further evidence that 

heating is the reason for the difference is the case of the special triple FP system LL for which the heat flux 

is continuous unlike any of the other triple FP systems-for the LL triple FP system the scaling factor is 

larger than the other triple FP systems. 

 

As in the case of the single FP systems, the values of the scale factor for long-duration ground motions are 

a little smaller than those for the short-duration motions. 
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Table 6-19 Mean and Median Resultant Maximum Displacements and Residual Displacements of Lead-rubber Systems for SM1=0.7g 

 

Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 
Short-duration Long-duration Short-duration Long-duration 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 170 180 165 170 1 1 0 0 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 204 223 228 221 2 3 0 1 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 241 251 261 271 5 7 1 2 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 108 121 107 108 1 1 0 0 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 119 137 114 130 4 4 1 1 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 136 151 135 149 9 9 1 2 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 76 91 73 79 1 2 0 0 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 88 105 87 96 5 6 1 1 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 87 109 90 105 10 13 2 3 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 184 200 196 199 1 1 0 0 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 250 258 270 258 2 3 0 1 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 273 293 329 325 4 6 1 2 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 111 128 115 120 1 1 0 0 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 135 150 133 146 4 4 0 1 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 145 162 152 170 7 8 1 2 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 76 94 83 87 1 2 0 0 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 91 108 94 105 4 5 1 1 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 97 114 97 116 10 13 2 3 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-20 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Lead-rubber Systems for SM1=0.7g 

  

 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 180 243 259 1.44 170 216 229 1.35 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 223 323 348 1.56 221 290 318 1.44 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 251 352 387 1.54 271 375 381 1.41 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 121 167 189 1.56 108 152 158 1.46 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 137 196 230 1.68 130 174 225 1.73 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 151 229 242 1.60 149 212 248 1.66 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 91 139 151 1.66 79 102 119 1.51 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 105 160 172 1.64 96 134 157 1.64 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 109 156 178 1.63 105 146 176 1.68 

Average 90th / Mean    1.59  1.54 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 200 277 302 1.51 199 249 255 1.28 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 258 346 384 1.49 258 329 341 1.32 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 293 395 459 1.57 325 440 461 1.42 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 128 174 203 1.59 120 167 187 1.56 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 150 230 248 1.65 146 222 255 1.75 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 162 249 266 1.64 170 257 298 1.75 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 94 141 155 1.65 87 120 134 1.54 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 108 162 172 1.59 105 154 173 1.65 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 114 163 182 1.60 116 166 196 1.69 

Average 90th / Mean    1.59  1.55 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-21 Mean and Median Resultant Maximum Displacements and Residual Displacements of Lead-rubber Systems for SM1=0.9g 

 

Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 
Short-duration Long-duration Short-duration Long-duration 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 248 272 264 268 1 1 0 0 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 350 357 365 347 3 4 1 1 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 358 404 443 435 4 8 1 2 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 155 175 160 163 1 2 0 0 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 187 208 189 202 4 5 1 1 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 201 227 220 241 8 10 1 3 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 109 135 117 121 2 2 0 0 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 132 157 125 145 5 6 1 1 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 141 168 143 161 11 14 2 3 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 299 313 331 325 1 1 0 0 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 428 435 420 419 3 4 1 1 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 447 490 546 529 4 6 1 2 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 174 195 187 192 1 2 0 1 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 208 236 235 247 4 6 1 1 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 245 267 312 307 7 11 1 3 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 120 143 133 140 1 2 0 0 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 140 169 158 171 5 6 1 1 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 151 185 174 194 11 12 2 3 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-22 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Lead-rubber Systems for SM1=0.9g 

  

 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 272 367 387 1.42 268 326 331 1.24 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 357 479 510 1.43 347 433 451 1.30 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 404 571 628 1.55 435 587 611 1.40 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 175 243 273 1.56 163 230 246 1.51 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 208 314 344 1.65 202 307 346 1.71 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 227 354 379 1.67 241 346 401 1.66 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 135 199 224 1.66 121 171 186 1.54 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 157 222 255 1.62 145 200 252 1.74 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 168 240 294 1.75 161 219 265 1.65 

Average 90th / Mean    1.59  1.53 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 313 402 480 1.53 325 371 396 1.22 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 435 567 626 1.44 419 504 519 1.24 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 490 668 763 1.56 529 676 699 1.32 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 195 274 311 1.59 192 262 294 1.53 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 236 368 394 1.67 247 366 399 1.62 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 267 413 438 1.64 307 440 459 1.50 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 143 215 229 1.60 140 197 228 1.63 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 169 247 274 1.62 171 260 303 1.77 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 185 269 323 1.75 194 302 337 1.74 

Average 90th / Mean    1.60  1.51 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-23 Mean and Median Resultant Maximum Displacements and Residual Displacements of Lead-rubber Systems for SM1=1.1g 

 

Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 
Short-duration Long-duration Short-duration Long-duration 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 360 381 396 388 1 1 0 1 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 515 527 511 501 3 5 1 2 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 540 595 649 632 5 8 1 3 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 218 244 229 235 1 2 0 1 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 272 295 292 303 4 7 1 2 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 317 332 374 372 9 13 1 3 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 159 186 166 173 2 2 0 1 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 191 219 201 213 6 7 1 1 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 212 236 214 241 13 14 2 3 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 396 427 451 461 1 1 0 0 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 593 632 598 614 5 5 1 2 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 632 707 799 785 6 9 1 3 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 251 277 282 288 1 2 0 1 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 332 354 385 374 4 7 1 2 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 401 405 484 477 8 13 2 3 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 171 201 193 202 2 3 0 1 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 216 244 237 259 6 6 1 2 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 226 258 297 314 10 13 2 4 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-24 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Lead-rubber Systems for SM1=1.1g 

  

 
Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

ɑ/hL = 0.3 

System 111 
(Td = 2 sec, (Qd/W)ref = 0.08) 381 486 580 1.52 388 443 470 1.21 

System 211 
(Td = 3 sec, (Qd/W)ref = 0.08) 527 689 776 1.47 501 599 618 1.23 

System 311 
(Td = 4 sec, (Qd/W)ref = 0.08) 595 813 925 1.55 632 806 843 1.33 

System 121 
(Td = 2 sec, (Qd/W)ref = 0.16) 244 335 370 1.52 235 315 350 1.49 

System 221 
(Td = 3 sec, (Qd/W)ref = 0.16) 295 450 490 1.66 303 444 488 1.61 

System 321 
(Td = 4 sec, (Qd/W)ref = 0.16) 332 478 519 1.56 372 527 553 1.49 

System 131 
(Td = 2 sec, (Qd/W)ref = 0.24) 186 263 289 1.55 173 241 267 1.54 

System 231 
(Td = 3 sec, (Qd/W)ref = 0.24) 219 334 381 1.74 213 319 386 1.81 

System 331 
(Td = 4 sec, (Qd/W)ref = 0.24) 236 363 392 1.66 241 367 416 1.73 

Average 90th / Mean    1.58  1.49 

ɑ/hL = 0.6 

System 112 
(Td = 2 sec, (Qd/W)ref = 0.08) 427 522 643 1.51 461 536 575 1.25 

System 212 
(Td = 3 sec, (Qd/W)ref = 0.08) 632 823 954 1.51 614 723 772 1.26 

System 312 
(Td = 4 sec, (Qd/W)ref = 0.08) 707 1028 1158 1.64 785 949 996 1.27 

System 122 
(Td = 2 sec, (Qd/W)ref = 0.16) 277 385 452 1.63 288 368 406 1.41 

System 222 
(Td = 3 sec, (Qd/W)ref = 0.16) 354 524 549 1.55 374 515 539 1.44 

System 322 
(Td = 4 sec, (Qd/W)ref = 0.16) 405 560 636 1.57 477 699 747 1.57 

System 132 
(Td = 2 sec, (Qd/W)ref = 0.24) 201 283 330 1.64 202 284 343 1.70 

System 232 
(Td = 3 sec, (Qd/W)ref = 0.24) 244 362 407 1.67 259 422 455 1.76 

System 332 
(Td = 4 sec, (Qd/W)ref = 0.24) 258 392 433 1.68 314 458 541 1.72 

Average 90th / Mean    1.60  1.49 

(Qd/W)ref is the starting value of the characteristic strength divided by weight prior to any heating effects 
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Table 6-25 Mean and Median Resultant Maximum Displacements and Residual Displacements of Additional Lead-rubber Systems 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

SM1 = 0.7g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 169 190 192 201 4 7 1 2 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 154 172 156 169 2 3 1 1 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 72 90 71 79 2 2 0 0 

 

SM1 = 0.9g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 282 300 338 341 7 9 1 3 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 237 267 270 272 3 5 1 1 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 102 132 107 119 2 2 0 1 

 

SM1 = 1.1g 
Maximum Resultant Displacement (mm) Residual Resultant Displacement (mm) 

Short-duration Long-duration Short-duration Long-duration 
Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

Median 
(mm) 

Mean 
(mm) 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 421 445 522 506 7 11 1 3 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 372 391 414 399 3 6 1 2 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 157 184 159 166 2 2 0 1 
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Table 6-26 Mean, 84th Percentile and 90th Percentile Resultant Maximum Displacements of Additional Lead-rubber Systems 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SM1 = 0.7g 

Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 190 297 318 1.67 201 287 317 1.58 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 172 258 283 1.65 169 249 274 1.62 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 90 138 153 1.70 79 106 123 1.56 

Average 90th / Mean    1.67  1.59 

 

SM1 = 0.9g 

Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 300 444 470 1.57 341 492 501 1.47 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 267 399 430 1.61 272 377 421 1.55 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 132 191 223 1.69 119 172 185 1.55 

Average 90th / Mean    1.62  1.52 

 

SM1 = 1.1g 

Short-duration Long-duration 

Mean 84th  90th  90th / Mean Mean 84th  90th  90th / Mean 

System 4 
(Td = 4 sec, (Qd/W)ref = 0.121) 445 641 697 1.57 506 711 747 1.48 

System 5 
(Td = 3 sec, (Qd/W)ref = 0.121) 391 549 614 1.57 399 521 539 1.35 

System 6 
(Td = 2 sec, (Qd/W)ref = 0.241) 184 261 296 1.61 166 232 256 1.54 

Average 90th / Mean    1.58  1.46 
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Figures 6-11 and 6-12 present a sample of results on the distribution of the maximum resultant displacement 

and of the residual resultant displacement for the lead-rubber system 221 (Td =3s, (Qd/W)ref =0.16, ɑ/hL 

=0.3) when SM1 =0.9g.  Appendix F contains detailed results for all studied lead-rubber systems. 

 

Median and dispersion values in each of Figures 6-11 and 6-12 may be used to construct the lognormal 

distributions which were fitted to the empirical data.  The various percentile values listed in each figure are 

also fitted values.  As also observed for the single and triple FP systems, the residual displacements are 

smaller for long-duration ground motions than for short-duration ground motions. 

 

Figures 6-13 and Figure 6-14 present sample results on the computed histories of cumulative energy and of 

temperature at the sliding interface for lead-rubber system 221 (Td =3s, (Qd/W)ref =0.16, ɑ/hL =0.3) when 

SM1 =0.9g. Goodness-of-fit tests were performed for the lognormally fitted cumulative energy and 

temperature histories in Figures 6-13 and 14 and the test results are presented in Tables 6-27 and 28.  

Appendix F contains detailed results for all studied lead-rubber systems.  The graphs include 16th, 50th 

(median), 84th and 90th percentile counted values (empirical data) and fitted values (based on lognormal 

distributions).   

 

 

Figure 6-11 Distributions of Maximum Resultant Displacement for Lead-rubber System 221  

(Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3) when SM1 = 0.9g  
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Figure 6-12 Distributions of Residual Resultant Displacement for Lead-rubber System 221  

(Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3) when SM1 = 0.9g  

 

 

Figure 6-13 Histories of Cumulative Energy for Lead-rubber System 221  

(Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3) when SM1 = 0.9g  
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Figure 6-14 Histories of Temperature in Lead Core for Lead-rubber System 221  

(Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3) when SM1 = 0.9g  
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Table 6-27 Goodness-of-Fit Results for Lognormal Distributions of Cumulative Energy Histories 

for Lead-rubber System 221 (Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3) when SM1 = 0.9g  

 

  

Goodness-of-fit  
test  

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

99.6 99.2 

Chi-square 87.8 42.8 

Lilliefors 93.7 37.4 

Jarque-Bera 90.9 98.9 
 

 

  



 

125 

 

Table 6-28 Goodness-of-Fit Results for Lognormal Distributions of Temperature Histories for 

Lead-rubber System 221 (Td = 3s, (Qd/W)ref = 0.16, a/hL =0.3)  when SM1 = 0.9g  

 

  

Goodness-of-fit  
test 

Test Passing Rate (%) 

Short-duration Long-duration 

One-sample 
Kolmogorov-Smirnov 

97.8 94.1 

Chi-square 37.6 51.1 

Lilliefors 24.5 37.7 

Jarque-Bera 75.3 94.9 
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6.5 Validity of Results on Computed Temperature of FP Bearings 

 

The results obtained in response history analysis are dependent on the computation of temperature at the 

sliding interfaces of FP bearings.  The computation of the temperature is based on a theory of which an 

assumption is that the concave plate on which the slider moves has indefinite depth as shown in Figure 6-

15a (Constantinou et al, 2007; Carslaw and Jaeger, 1959) and subject to heat flux at its surface.  In reality, 

the concave plate has finite depth where it may be assumed to be insulated when bearing against concrete, 

as shown in Figure 6-15b when subject to heat flux at the sliding surface.  The implication of the finite 

depth is that the temperature at the sliding surface is larger than when computed based on the assumption 

of indefinite depth.  This is expected to be intensified in long-duration motions. 

 

 

Figure 6-15 Indefinite Depth (a) and Finite Depth (b) Models of Heated Sliding Plate 

 

Generally, the solution based on the infinite depth assumption is checked by computing the temperature 

over the depth of the concave plate and accepting the solution when the temperature increase at a depth 

equal to the thickness of the plate is small by comparison to that at the surface (Constantinou et al., 2007).  

As an example, Figure 6-16 presents histories of the temperature at the sliding surface and at various depths 

for the case of the Triple FP system LL (TP =5.49 sec, μ1ref =0.08, μref =0.074) in the friction case when kT 

=0.5 at 200oC.  The results are for a short-duration ground motion (1999 Chi-Chi CHY006, Taiwan, scale 

factor of 1.95) and for a long-duration ground motion (2011 Tohoku Iwanuma, Japan, scale factor of 1.52). 

Both motions were part of the scaled bins of motions representing the SM1 =0.9g spectra.  The maximum 

depth used in the results of Figure 6-16 is 50mm, which is the minimum depth of the actual isolator used 

for the Lima Linda University Medical Center excluding any additional base plates.  It is evident that at 
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depth of 50mm there is insignificant increase in temperature for the short-duration motion, but there is about 

a 30oC increase in temperature at that depth for the long-duration ground motion.  However, this does not 

mean that the computed temperature at the sliding surface would have been significantly affected.  For that 

an analysis with a model of finite depth is needed. 

 

 

 

Figure 6-16 Temperature Histories at the Sliding Surfaces and at Various Depths of Triple FP 

System LL (TP = 5.49 sec, 𝜇ref = 0.074) (friction case when kT=0.5 at 200oC) in a Short-duration and 

in a Long-duration Ground Motion 
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The histories of temperature in Figure 6-16 were computed using the theory in Constantinou et al. (2007), 

which was based on analytic solutions obtained from Carslaw and Jaeger (1959).  The temperature increase 

at any depth x (per Figure 6-16) of a plate of indefinite depth is given by: 

 

∆𝑇(𝑥, 𝑡) =
√𝐷

𝑘√𝜋
න 𝑞(𝑡 − 𝜏) exp ቆ−

𝑥ଶ

4𝐷𝜏
ቇ

𝑑𝜏

√𝜏

௧

଴

(6 – 2) 

 

In this equation, q is the heat flux as given by equation (2-3).  Equation (6-1) reduces to equation (2-2) 

when x=0, which is the sliding surface. 

 

The solution for the temperature increase at the sliding interface (where the heat flux applies) and at depth 

L for the two cases of indefinite depth (Figure 6-15a) and finite insulated depth (Figure 6-15b) are known 

(Constantinou et al, 2007 and Carslaw and Jaeger, 1954) when the constant heat flux is constant over time.  

The solutions are given by the following equations: 

 

Solution for Indefinite Depth, Constant Heat Flux q (special cases of equation 6-2) 

 

∆𝑇ௌ௨௥௙௔௖௘ =
2𝑞

𝐾
ඨ

𝐷𝑡

𝜋
(6 – 3) 

 

∆𝑇𝐷𝑒𝑝𝑡ℎ 𝐿 =
𝑞√𝐷

𝑘√𝜋
න exp ቆ−

𝐿ଶ

4𝐷𝜏
ቇ

𝑑𝜏

√𝜏

௧

଴

(6 – 4) 

 

 

Solution for Finite Insulated Depth L, Constant Heat Flux q 
 

∆𝑇ௌ௨௥௙௔௖௘ =
2𝑞

𝐾
√𝐷𝑡 ෍ ൜𝑖𝑒𝑟𝑓𝑐 ൤

𝑛𝐿

√𝐷𝑡
൨ + 𝑖𝑒𝑟𝑓𝑐 ൤

(𝑛 + 1)𝐿

√𝐷𝑡
൨ൠ

ஶ

௡ୀ଴

(6 – 5) 

 

∆𝑇𝐷𝑒𝑝𝑡ℎ 𝐿 =
4𝑞

𝐾
√𝐷𝑡 ෍ 𝑖𝑒𝑟𝑓𝑐 ൤

(2𝑛 + 1)𝐿

2√𝐷𝑡
൨

ஶ

௡ୀ଴

(6 – 6) 

 

In equations (6-5) and (6-6),  
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 𝑖𝑒𝑟𝑓𝑐(𝑧) = න 𝑒𝑟𝑓𝑐(𝜁)𝑑𝜁 =
𝑒ି௭మ

√𝜋

ஶ

௭

− 𝑧𝑒𝑟𝑓𝑐(𝑧) (6 – 7) 

 
In equation (6-7), erfc is the complimentary error function (Abramowitz and Stegun, 1965).   
 
A comparison of results for the case of constant heat flux q=0.1MW/m2 (all other thermal properties are as 

in Table 2-1) is presented in Figure 6-17, where histories of the temperature increase at the surface and at 

depth of 50mm are shown for sustained heat input of 200 second.  Evidently, there is insignificant difference 

in the computed surface temperature but there is difference in the computed temperature at the insulated 

depth of 50mm.  Important in the analysis is only the surface temperature so that we conclude that the 

results presented for FP isolators are valid.  However, it is noted that the surface temperature calculated by 

the indefinite depth assumption is a lower bound estimate affected by the insulated depth and by the duration 

of the heating process.   

 

 
 

Figure 6-17 Histories of Temperature Increase on Surface and at Depth of 50mm 

as Computed by Theories Assuming Indefinite Depth or Finite Insulated Depth 
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6.6 Validity of Results on Computed Temperature of Lead-rubber Bearings 

 
Like the case of the FP isolators investigated in Section 6.5, there is interest in investigating the validity of 

the solutions obtained for the temperature of the lead core in lead rubber bearings.  Particularly, there are 

two issues to investigate: (a) the validity of the solutions which are based on analytic solutions valid for 

half space and full space of infinite dimensions, and (b) the validity of approximations to these analytic 

solutions using asymptotic expansions.  The work of Kalpakidis and Constantinou (2008, 2009a, 2009b) 

on modeling the heating effects in lead-rubber bearings concentrated on analytic solutions only for 

temperature of the lead core and on some results of thermal finite element analysis of entire bearings to 

justify some assumptions made.  It did not present solutions for the distribution of temperature in the steel 

end and shim plates that can be used to investigate the validity of the solutions.  A later work by Lee and 

Constantinou (2016) presented such solutions, which are utilized in this section.   

 

The model used in the theory of Kalpakidis and Constantinou (2008, 2009a, 2009b) utilizes analytic 

solutions, obtained from Carslaw and Jaeger (1959) and Beck (1979), for the following problems: 

 

1) A half space heated at its surface by uniform heat flux qP over an area of radius a (the radius of the 

lead core), which represents the heat conduction through the steel end plates (assumed to have 

indefinite depth), and  

 

2) An infinite hollow cylinder of radius a (the radius of the lead core) heated over the cylindrical 

surface by uniform heat flux qS, which represents heat conduction through the steel shim plates. 

 

Figure 6-18 illustrates the problems considered for the heating in lead-rubber bearings.  The increase of 

temperature in the end plates is TP(t, z), which is only dependent on depth z and time t, and the increase in 

temperature in the shim plates is TS(t, r), which is only dependent on the radial distance r and time t. 
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Figure 6-18 Problems Considered in Modeling Heating of Lead-Rubber Bearings (a) Half-Space 

Heated over a Circular Area 0 < r < ɑ and z = 0, (b) Infinite Heated Hollow Cylinder 

 

Analytic solutions for the temperature increase TP and TS are (Lee and Constantinou, 2016; Carlaw and 

Jaeger, 1959; Beck, 1979) are: 

 

𝑇௉
ା(𝜏, 𝑧ା) =

𝑘௦𝑇௉(𝑡, 𝑧)

𝑞௉𝑎
= 2√𝜏 ቈ𝑖𝑒𝑟𝑓𝑐 ቆ

𝑧ା

2√𝜏
ቇ − 𝑖𝑒𝑟𝑓𝑐 ൬

𝐶

√𝜏
൰቉ −

1

4𝐶
𝑒𝑟𝑓𝑐 ൬

𝐶

√𝜏
൰ − 𝐼௔ (6 – 8) 

 

In equation (6-8),  ks is the thermal conductivity of steel, parameters τ and z+ are dimensionless time and 

depth, defined by equations (6-9) and (6-10), αS is the thermal diffusivity of steel, parameter C is defined 

by equation (6-11) and parameter Ia is defined by equation (6-12). 

 

𝜏 =
𝛼௦ ∙ 𝑡

𝑎ଶ
(6 – 9) 

 

𝑧ା =
𝑧

𝑎
(6 – 10) 

 

𝐶 = ඨ
1

2
+ ൬

𝑧ା

2
൰

ଶ

(6 – 11) 
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𝐼௔ = ඨ
𝐶ଶ

𝜋
෍

1

(4𝐶ଶ)ଶ௡(𝑛!)ଶ
ቈ𝛤 ቆ2𝑛 −

1

2
,
𝐶ଶ

𝜏
ቇ +

1

(𝑛 + 1)4𝐶ଶ
𝛤 ቆ2𝑛 +

1

2
,
𝐶ଶ

𝜏
ቇ቉

ஶ

௡ୀଵ

(6 – 12) 

 

In equation (6-12), function Γ(α, x) is the incomplete gamma function (Abramowitz and Stegun, 1965), 

defined by: 

𝛤(𝛼, 𝑥) = න 𝑒ି௧𝑡ఈିଵ𝑑𝑡
ஶ

௫

(6 – 13) 

 

The complexity of equation (6-8) led Kalpakidis and Constantinou (2008, 2009a, 2009b), to instead use 

asymptotic expansions of the equation for z=0 given by equation (6-14), which is identical to function F 

given by equation (2-14). 

 

𝑇௉
ା(𝑧 = 0) =

⎩
⎪
⎨

⎪
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𝜏

𝜋
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𝜏

4
ቁ

ଷ
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8

3𝜋
−

1
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ଶ
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1

3 ∙ (4𝜏)
൰ −

1

6 ∙ (4𝜏)ଶ
−

1

12 ∙ (4𝜏)ଷ൨ , 𝜏 ≥ 0.6
(6 – 14) 

 

For temperature increase TS(t, r), the solution is: 

 

𝑇ௌ
ା(𝑡, 𝑟) =

𝑘௦𝑇ௌ(𝑡, 𝑟)

𝑞௦𝑎
= −

2

𝜋𝑎
න ൫1 − 𝑒ିఈೞఏమ௧൯

𝐽଴(𝜃𝑟)𝑌ଵ(𝜃𝑎) − 𝑌଴(𝜃𝑟)𝐽ଵ(𝜃𝑎)

𝜃ଶ[𝐽ଵ
ଶ(𝜃𝑎) + 𝑌ଵ

ଶ(𝜃𝑎)]
𝑑𝜃

ஶ

଴

(6 – 15) 

 

In equation (6-15), J(x) and Y(x) are the Bessel functions of the first and second kind, respectively 

(Abramowitz and Stegun, 1965). 

 

Again, the complexity of equation (6-15) led Kalpakidis and Constantinou (2008, 2009a, 2009b) and Lee 

and Constantinou (2016), to instead use asymptotic expansions or other approximations of the equation for 

r = ɑ given by the following equations, of which equation (6-18) is used in the Kalpakidis model of equation 

(2-13): 

𝑇ௌ
ା(𝜏, 𝑟 = 𝑎) = 2(𝜏)଴.ହ ቈ

1

√𝜋
−

𝜏଴.ହ

4
቉ , 𝜏 ≤ 0.25 (6 – 16) 

 

𝑇ௌ
ା(𝜏, 𝑟 = 𝑎) = 0.5 ln(2.246𝜏) , 𝜏 ≥ 20 (6 – 17) 
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𝑇ௌ
ା(𝜏, 𝑟 = 𝑎) = 0.785𝜏

ଵ
ଷ (6 – 18) 

 

Equation (6-18) is not valid for all values of time.  Figure 6-19 presents a comparison of the dimensionless 

temperature Tୗ
ା(τ, r = a) as computed by equations (6-15) to (6-18), where it may be seen that equation 

(6-18) is valid to values of dimensionless time τ less than about 10.  To better understand the significance 

of this limit, we use data for the lead-rubber bearing of system 5 (see Table 4-11), for which the radius of 

the lead core is ɑ=0.153m, and a value for the thermal diffusivity of steel, αS=1.41×10-5m2/s to obtain for 

τ=10, a time t=16600sec.  That is, the approximation in the Kalpakidis and Constantinou theory by use of 

equation (6-18) is valid to very large times. 

 

 

Figure 6-19 Comparison of Histories of Dimensionless Temperature Increase in Steel Shim Plates 

T+
S at Interface with Lead Core 

 

To compare exact results (however based on the infinite space solutions) on the temperature increase in the 

lead core and in the end and shim plates, the basic theory of Kalpakidis and Constantinou for the lead core, 

described by equations (2-13) and (2-14), was modified as follows.  For the exact lead core temperature 

increase TL,  

 

𝑑𝑇௅

𝑑𝑡
=

𝜎௒௅(𝑇௅) ∙ ห𝑈̇ห

𝜌௅ ∙ 𝑐௅ ∙ ℎ௅
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𝑎 ∙ 𝜌௅ ∙ 𝑐௅ ∙ ℎ௅
ቈ

1

𝑇௉
ା(𝑧 = 0)

+
𝑡௦

𝑎

1

𝑇ௌ
ା(𝑟 = 𝑎)

቉ (6 – 19) 
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In this equation, T୔
ା(z = 0) and  Tୗ

ା(τ, r = a) are computed using equations (6-8) and (6-15), respectively.  

In the Kalpakidis and Constantinou theory equations (2-13) and (2-14) are used (the same results are 

obtained using equation (6-19), (6-14) and (6-18)). 

An example is presented for the bearing of system 5 (Table 4-11).  Detailed geometric parameters and 

properties of the bearing are presented in Figure 6-20 and Table 6-29 (this bearing is one of the isolators 

used in the Erzurum Hospital in Turkey, Constantinou et al, 2007).  Note the ts is the total thickness of the 

steel shims.  The analysis is for a sustained motion of 200second duration with constant velocity of 0.2m/sec 

(in a test with sawtooth displacement history).  Results are presented in Figure 6-21 for the lead core 

temperature increase, in Figure 6-22 for the temperature increase in the end plates (which have depth of 

83mm) and in Figure 6-23 for the temperature increase in the shim plates (which have a diameter of 

1118mm).  It is evident in these results that the theory of Kalpakidis and Constantinou is valid and accurate 

in its prediction of the lead core temperature.  Also, the temperature increase at the end of the steel shim 

plates where they meet the rubber cover is effectively zero, and the temperature increase at the bottom of 

the steel end plates where they are in contact with concrete is small enough to conclude that the theory 

based on infinite space solutions are valid. 

 

 

Figure 6-20 Cross Section of Lead-Rubber Bearing of System 5 (Td = 3 sec, (Qd/W)ref = 0.121) 
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Table 6-29 Geometric and Thermal Properties of Lead-rubber System 5 

Parameters System 5 

Initial effective yield stress of lead, σYL0 (MPa) 16.9 
Lead core radius, a (m) 0.153 
Lead core height, hL (m) 0.333 

End plate thickness, tP (m) 0.083 
Shim plate diameter (m) 1.118 

Steel shim total thickness, ts  (m) 0.125 
Density of lead, ρL (kg/m3) 11300 

Specific heat of lead, cL (Joule/(kg·℃) 130 
Thermal conductivity of steel, kS (Watt/(m·℃) 50 

Thermal diffusivity of steel, αS  (m2/s) 1.41×10-5 
Parameter E2 (1/℃) 0.0069 

 

 

Figure 6-21 Comparison of Histories of Temperature Increase in Lead Core 
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Figure 6-22 Exact Histories of Temperature Increase in Steel End Plates at Various Depths (83 mm 

is the interface of steel end plates with concrete) 

 

 

Figure 6-23 Exact Histories of Temperature Increase in Steel Shim Plates at Various Distances in 

the Radial Direction (r=559mm is the shim plate to rubber cover interface) 

 
In further discussing the results of Figures 6-21 and 6-22, we note that the results are based on solutions 

that assume the steel end plates to be indefinite in depth.  There is no available analytic solution for the 

problem of a heated plate as shown in Figure 6-18a but with finite insulated depth to be able to further 

investigate as done for the sliding bearings in Section 6.5.  However, the results for the sliding bearing in 
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Figure 6-17 show that the temperature at the sliding interface is practically unaffected by the assumptions 

of indefinite depth plate, even for large times.  This is true even when there some noticeable increase in 

temperature at the insulated depth, which as seen in Figure 6-17 is higher when a plate of insulated small 

finite depth is considered.  In similarity, Figure 6-22 shows a small but noticeable increase in temperature 

at the depth where the steel plate terminates in insulated contact with concrete, but this should have no 

impact on the temperature at the steel to lead interface, and particularly on the temperature of the bulk of 

the lead core, which is used to determine instantaneous values of the characteristic strength of lead-rubber 

bearings. 
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SECTION 7  

RESULTS FOR TEST TO REPRESENT EFFECTS OF THE MAXIMUM 

EARTHQUAKE 

 

7.1 Procedure for Test Design 

 

The procedure for designing a test to represent the effects of the maximum earthquake starts with the 

assumption that the isolator in the test is subject to the average gravity load in the actual application and 

cyclic lateral motion of specified amplitude of displacement and period of motion.  Analysis then using the 

same isolator models used in the response history analysis reported in Section 6 determines the number of 

cycles needed to (a) approximately reach the maximum value of the cumulative energy computed in the 

response history analysis, or (b) approximately reproduce the cumulative energy history energy as in the 

response history analysis, or (c) approximately reproduce the history of temperature at the sliding interface 

or in the lead core as in the response history analysis.  Results on the conditions of testing are presented for 

these three cases using the empirical data for the 50th (median) and 90th percentile response history analysis 

results of Section 6 for each of the systems analyzed (96 isolation systems, 3 seismic intensities, long and 

short-duration motions for a total of 576 cases). 

 

All tests were designed for the following amplitude of displacement and period of motions: (a) Amplitude 

of DM and period of TM when the test approximately reaches the maximum value of the cumulative energy 

computed in the response history analysis, and (b) amplitude 0.4DM or 0.5DM and period TM when the tests 

approximately reproduce the histories of cumulative energy and temperature at sliding interfaces or the lead 

core computed in the response history analysis.  Values of displacement DM and period TM have been 

reported in Section 5, Tables 5-1 to 5-11. 

 

Detailed results for each of the analyzed single FP, triple FP and lead-rubber systems are presented in 

Appendices G, H and I, respectively.  Sample results are presented in the following sections.  

 

7.2 Results for Test Based on Cumulative Energy 

 

Tables 7-1 to 7-3 present results in terms of the required number of cycles for the studied single FP systems.  

Also, Tables 7-4 to 7-7 present results for the triple FP systems and Tables 7-8 to 7-11 present results for 

the lead-rubber systems. 
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Table 7-1 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Single FP Systems when SM1=0.7g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.50 sec, μref  = 0.040) 

DM TM 4 8 12 25 5 8 11 23 5 9 11 22 
0.4DM TM 11 22 33 71 13 23 34 70 14 27 35 70 

System 31 
(TP = 4.93 sec, μref  = 0.040) 

DM TM 4 7 10 24 4 7 10 21 4 8 9 20 
0.4DM TM 10 21 29 69 11 21 28 64 11 24 29 62 

System 12 
(TP = 3.50 sec, μref  = 0.060) 

DM TM 4 8 13 30 4 8 12 28 4 9 11 26 
0.4DM TM 10 22 35 86 11 23 36 83 13 28 37 83 

System 32 
(TP = 4.93 sec, μref  = 0.060) 

DM TM 3 8 11 27 4 7 11 25 4 7 9 22 
0.4DM TM 9 21 32 77 10 21 32 75 12 24 30 73 

System 13 
(TP = 3.50 sec, μref  = 0.080) 

DM TM 3 9 13 33 4 8 13 30 4 9 12 27 
0.4DM TM 9 23 35 92 11 24 37 87 12 28 39 87 

System 33 
(TP = 4.93 sec, μref  = 0.080) 

DM TM 3 8 12 30 3 8 12 28 4 7 10 25 
0.4DM TM 8 21 34 84 10 21 33 81 11 23 34 81 

System 14 
(TP = 3.50 sec, μref  = 0.100) 

DM TM 3 9 13 36 3 9 13 32 4 9 12 28 
0.4DM TM 8 24 35 96 10 24 37 90 12 28 38 86 

System 34 
(TP = 4.93 sec, μref  = 0.100) 

DM TM 3 8 13 33 3 8 12 31 4 8 11 27 
0.4DM TM 8 20 33 89 9 22 35 85 11 24 35 83 
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Table 7-2 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Single FP Systems when SM1=0.9g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.50 sec, μref  = 0.040) 

DM TM 4 8 11 22 5 9 11 21 5 10 11 20 
0.4DM TM 12 23 31 63 13 26 32 62 15 31 34 64 

System 31 
(TP = 4.93 sec, μref  = 0.040) 

DM TM 4 8 10 20 4 8 9 19 4 8 9 17 
0.4DM TM 10 21 27 58 11 23 27 56 12 26 28 55 

System 12 
(TP = 3.50 sec, μref  = 0.060) 

DM TM 4 8 11 25 4 9 11 25 4 10 11 24 
0.4DM TM 11 23 34 75 12 27 35 77 13 33 37 78 

System 32 
(TP = 4.93 sec, μref  = 0.060) 

DM TM 4 7 10 23 4 7 9 21 4 8 9 19 
0.4DM TM 10 20 28 69 11 22 28 63 12 26 29 61 

System 13 
(TP = 3.50 sec, μref  = 0.080) 

DM TM 4 8 12 27 4 8 11 26 4 10 11 25 
0.4DM TM 11 25 36 84 12 25 34 79 13 32 37 83 

System 33 
(TP = 4.93 sec, μref  = 0.080) 

DM TM 3 7 11 26 4 7 10 23 4 7 9 20 
0.4DM TM 10 22 32 80 11 22 31 71 12 24 30 67 

System 14 
(TP = 3.50 sec, μref  = 0.100) 

DM TM 4 9 12 28 4 9 11 27 4 9 11 26 
0.4DM TM 11 26 37 91 12 26 33 81 13 32 37 85 

System 34 
(TP = 4.93 sec, μref  = 0.100) 

DM TM 3 8 11 28 3 8 11 25 4 8 10 22 
0.4DM TM 10 24 35 87 11 23 33 76 12 26 32 72 
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Table 7-3 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Single FP Systems when SM1=1.1g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.50 sec, μref  = 0.040) 

DM TM 5 9 11 20 5 10 11 20 5 11 11 20 
0.4DM TM 13 25 31 60 15 29 33 61 17 35 35 65 

System 31 
(TP = 4.93 sec, μref  = 0.040) 

DM TM 4 8 9 19 4 8 9 18 4 9 8 17 
0.4DM TM 10 22 26 54 11 24 26 54 11 27 25 55 

System 12 
(TP = 3.50 sec, μref  = 0.060) 

DM TM 4 9 11 26 4 10 11 24 4 11 10 23 
0.4DM TM 12 26 32 78 13 30 34 75 14 37 34 77 

System 32 
(TP = 4.93 sec, μref  = 0.060) 

DM TM 4 8 9 20 4 8 9 19 4 9 9 17 
0.4DM TM 10 22 27 61 11 24 27 58 12 28 28 56 

System 13 
(TP = 3.50 sec, μref  = 0.080) 

DM TM 4 9 12 26 4 9 11 26 4 11 10 23 
0.4DM TM 12 26 35 82 12 29 33 79 14 36 35 76 

System 33 
(TP = 4.93 sec, μref  = 0.080) 

DM TM 4 7 10 22 4 7 9 21 4 8 9 18 
0.4DM TM 10 21 30 69 11 22 29 64 12 27 29 60 

System 14 
(TP = 3.50 sec, μref  = 0.100) 

DM TM 4 9 11 27 4 9 11 27 4 11 11 24 
0.4DM TM 12 27 35 86 12 28 34 81 13 37 36 79 

System 34 
(TP = 4.93 sec, μref  = 0.100) 

DM TM 3 8 10 24 4 7 10 23 4 8 9 20 
0.4DM TM 10 23 31 75 11 23 31 69 12 27 29 65 
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Table 7-4 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Triple FP Systems when SM1=0.7g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.40 sec, μref  = 0.037) 

DM TM 5 8 12 26 5 9 13 25 5 10 12 24 
0.4DM TM 12 20 30 63 12 21 30 60 12 25 29 59 

System 21 
(TP = 4.13 sec, μref  = 0.038) 

DM TM 4 7 11 26 4 8 11 24 5 9 11 22 
0.4DM TM 11 19 28 63 11 20 26 60 12 22 27 57 

System 31 
(TP = 4.86 sec, μref  = 0.038) 

DM TM 4 8 11 25 4 8 11 23 4 8 11 21 
0.4DM TM 11 19 28 62 11 19 27 58 11 19 27 55 

System 41 
(TP = 5.57 sec, μref  = 0.039) 

DM TM 4 8 12 26 4 9 11 25 4 8 10 23 
0.4DM TM 10 21 29 65 9 22 28 63 10 22 27 60 

System 12 
(TP = 3.40 sec, μref  = 0.054) 

DM TM 5 9 15 33 5 9 14 31 5 9 14 30 
0.4DM TM 13 21 34 74 13 21 32 70 12 20 32 67 

System 22 
(TP = 4.13 sec, μref  = 0.056) 

DM TM 5 9 14 32 5 8 14 31 5 8 13 28 
0.4DM TM 12 21 33 73 12 20 31 70 11 19 30 66 

System 32 
(TP = 4.86 sec, μref  = 0.057) 

DM TM 5 8 13 33 5 8 13 30 5 8 12 27 
0.4DM TM 11 20 31 76 12 19 30 70 12 19 29 64 

System 42 
(TP = 5.57 sec, μref  = 0.058) 

DM TM 5 8 14 32 4 9 14 29 4 8 14 27 
0.4DM TM 12 21 32 73 10 21 32 68 10 21 32 65 

System 13 
(TP = 3.40 sec, μref  = 0.070) 

DM TM 6 10 17 38 6 10 17 37 6 10 17 35 
0.4DM TM 13 22 38 82 13 21 37 78 13 21 35 75 

System 23 
(TP = 4.13 sec, μref  = 0.074) 

DM TM 5 10 17 38 6 9 17 36 6 9 16 34 
0.4DM TM 13 22 38 82 13 20 37 78 13 20 35 75 

System 33 
(TP = 4.86 sec, μref  = 0.075) 

DM TM 5 9 16 38 5 9 15 36 5 9 15 32 
0.4DM TM 13 22 37 83 12 21 34 79 12 20 33 72 

System 43 
(TP = 5.57 sec, μref  = 0.076) 

DM TM 5 9 15 39 5 9 16 36 5 9 15 32 
0.4DM TM 12 22 34 83 12 21 35 79 11 20 34 72 

System 14 
(TP = 3.40 sec, μref  = 0.087) 

DM TM 6 10 19 42 6 10 19 40 6 10 19 40 
0.4DM TM 14 23 41 90 14 23 41 86 13 21 39 82 

System 24 
(TP = 4.13 sec, μref  = 0.091) 

DM TM 6 10 19 43 6 10 18 40 6 10 18 38 
0.4DM TM 14 23 42 91 13 22 39 85 13 21 38 80 

System 34 
(TP = 4.86 sec, μref  = 0.094) 

DM TM 6 10 19 43 6 10 19 40 6 9 18 37 
0.4DM TM 14 23 41 90 14 22 41 86 13 21 37 79 

System 44 
(TP = 5.57 sec, μref  = 0.095) 

DM TM 6 10 18 42 6 10 17 39 6 9 17 37 
0.4DM TM 13 23 40 89 13 22 38 85 13 21 35 80 
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Table 7-5 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Triple FP Systems when SM1=0.9g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.40 sec, μref  = 0.037) 

DM TM 5 9 12 22 5 10 11 22 5 11 12 21 
0.4DM TM 13 24 30 59 14 27 30 59 15 31 33 61 

System 21 
(TP = 4.13 sec, μref  = 0.038) 

DM TM 5 8 10 21 5 8 10 20 4 9 10 18 
0.4DM TM 12 22 27 58 12 23 28 56 12 27 29 55 

System 31 
(TP = 4.86 sec, μref  = 0.038) 

DM TM 4 8 10 21 5 8 10 20 4 8 9 18 
0.4DM TM 11 20 28 56 12 23 28 56 11 24 27 55 

System 41 
(TP = 5.57 sec, μref  = 0.039) 

DM TM 4 8 10 23 4 8 9 21 3 8 8 19 
0.4DM TM 10 23 26 63 10 24 26 61 10 25 25 60 

System 12 
(TP = 3.40 sec, μref  = 0.054) 

DM TM 5 8 13 27 5 9 12 25 5 10 11 23 
0.4DM TM 13 21 31 66 13 23 32 64 14 28 31 62 

System 22 
(TP = 4.13 sec, μref  = 0.056) 

DM TM 5 8 12 26 4 8 11 24 4 8 11 21 
0.4DM TM 12 19 30 67 12 21 29 63 13 24 30 60 

System 32 
(TP = 4.86 sec, μref  = 0.057) 

DM TM 4 8 12 26 4 8 11 23 4 8 11 20 
0.4DM TM 12 20 31 67 12 20 30 62 12 22 31 59 

System 42 
(TP = 5.57 sec, μref  = 0.058) 

DM TM 4 8 12 26 4 9 11 25 4 9 10 22 
0.4DM TM 10 22 31 68 10 23 30 68 11 25 29 66 

System 13 
(TP = 3.40 sec, μref  = 0.070) 

DM TM 5 9 15 32 5 8 14 29 5 9 13 26 
0.4DM TM 13 22 35 74 13 21 34 70 14 25 34 67 

System 23 
(TP = 4.13 sec, μref  = 0.074) 

DM TM 5 8 14 31 5 8 13 28 5 8 12 24 
0.4DM TM 13 21 34 74 12 21 32 71 13 23 32 66 

System 33 
(TP = 4.86 sec, μref  = 0.075) 

DM TM 5 8 13 31 5 8 12 27 5 8 11 23 
0.4DM TM 12 20 32 75 12 20 32 70 13 21 32 65 

System 43 
(TP = 5.57 sec, μref  = 0.076) 

DM TM 5 8 14 29 4 8 13 27 4 8 12 24 
0.4DM TM 12 21 35 73 11 22 34 69 11 24 33 68 

System 14 
(TP = 3.40 sec, μref  = 0.087) 

DM TM 6 9 17 36 5 9 16 32 5 9 14 29 
0.4DM TM 14 22 38 82 14 23 37 77 14 22 35 73 

System 24 
(TP = 4.13 sec, μref  = 0.091) 

DM TM 6 9 17 35 5 8 15 31 5 8 13 28 
0.4DM TM 13 22 39 81 13 21 37 76 13 21 34 73 

System 34 
(TP = 4.86 sec, μref  = 0.094) 

DM TM 5 9 15 35 5 8 14 31 5 8 12 26 
0.4DM TM 13 22 36 82 13 21 35 76 13 21 33 70 

System 44 
(TP = 5.57 sec, μref  = 0.095) 

DM TM 5 9 16 34 5 8 14 31 4 9 14 26 
0.4DM TM 13 22 38 82 13 21 35 76 12 23 37 71 
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Table 7-6 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Triple FP Systems when SM1=1.1g 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 
Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.40 sec, μref  = 0.037) 

DM TM 5 11 11 21 6 11 12 20 5 13 11 19 
0.4DM TM 15 30 31 60 16 33 34 60 16 39 34 60 

System 21 
(TP = 4.13 sec, μref  = 0.038) 

DM TM 4 9 10 19 4 9 10 18 4 10 10 17 
0.4DM TM 12 25 28 55 12 25 28 53 13 30 29 52 

System 31 
(TP = 4.86 sec, μref  = 0.038) 

DM TM 4 8 9 19 4 8 9 17 4 8 8 16 
0.4DM TM 11 21 26 53 11 23 26 51 12 26 25 49 

System 41 
(TP = 5.57 sec, μref  = 0.039) 

DM TM 4 8 9 20 3 8 8 19 3 9 8 18 
0.4DM TM 10 23 24 58 10 24 24 56 10 26 24 55 

System 12 
(TP = 3.40 sec, μref  = 0.054) 

DM TM 5 8 12 23 5 9 11 21 5 11 11 20 
0.4DM TM 14 23 32 64 14 27 32 62 16 35 35 65 

System 22 
(TP = 4.13 sec, μref  = 0.056) 

DM TM 5 8 10 22 4 9 11 20 4 9 10 18 
0.4DM TM 13 22 29 63 13 25 31 60 14 29 31 57 

System 32 
(TP = 4.86 sec, μref  = 0.057) 

DM TM 4 8 11 21 4 8 10 19 4 8 9 17 
0.4DM TM 12 21 30 62 12 23 30 58 12 25 29 55 

System 42 
(TP = 5.57 sec, μref  = 0.058) 

DM TM 4 9 10 23 4 8 9 22 3 8 8 19 
0.4DM TM 10 24 29 68 11 25 28 65 11 27 27 61 

System 13 
(TP = 3.40 sec, μref  = 0.070) 

DM TM 5 8 13 26 5 10 12 24 5 9 11 21 
0.4DM TM 13 22 34 70 15 28 33 66 15 30 34 66 

System 23 
(TP = 4.13 sec, μref  = 0.074) 

DM TM 5 8 12 25 4 8 11 23 4 9 11 19 
0.4DM TM 13 21 33 70 13 23 32 65 14 28 34 62 

System 33 
(TP = 4.86 sec, μref  = 0.075) 

DM TM 5 8 12 25 4 8 11 22 4 8 10 19 
0.4DM TM 12 21 33 70 13 22 32 65 14 25 33 61 

System 43 
(TP = 5.57 sec, μref  = 0.076) 

DM TM 4 8 12 25 4 9 11 24 4 8 9 21 
0.4DM TM 11 23 34 71 12 25 32 71 12 27 30 67 

System 14 
(TP = 3.40 sec, μref  = 0.087) 

DM TM 5 9 14 29 5 8 13 26 5 8 12 23 
0.4DM TM 14 23 36 76 14 23 35 71 15 26 36 68 

System 24 
(TP = 4.13 sec, μref  = 0.091) 

DM TM 5 8 14 29 5 8 12 26 4 8 11 21 
0.4DM TM 14 22 36 77 13 22 33 71 14 27 34 66 

System 34 
(TP = 4.86 sec, μref  = 0.094) 

DM TM 5 8 13 28 5 8 12 25 5 8 10 21 
0.4DM TM 13 21 36 76 14 21 33 71 15 25 34 66 

System 44 
(TP = 5.57 sec, μref  = 0.095) 

DM TM 5 8 14 27 4 8 13 25 4 8 10 22 
0.4DM TM 12 23 37 75 12 24 36 71 13 27 34 72 
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Table 7-7 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Additional Triple FP System LL 

 

 

 
  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 0.7g 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System LL 
(TP = 5.49 sec, μref  = 0.074) 

DM TM 5 9 15 39 5 10 16 38 5 9 16 36 
0.4DM TM 12 22 34 85 12 22 36 81 11 20 33 72 

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 0.9g 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System LL 
(TP = 5.49 sec, μref  = 0.074) 

DM TM 5 9 15 34 5 9 15 32 5 10 15 31 
0.4DM TM 12 21 34 72 10 20 31 68 10 20 30 62 

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 1.1g 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Short-duration Long-duration Short-duration 

50th 90th 50th 50th 90th 50th 50th 90th 50th 50th 90th 50th 

System LL 
(TP = 5.49 sec, μref  = 0.074) 

DM TM 5 9 14 32 5 10 13 29 4 10 13 26 
0.4DM TM 11 21 30 66 10 20 29 61 10 21 27 57 
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Table 7-8 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Lead-rubber Systems when SM1=0.7g 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

Short-duration Long-duration 

50th 90th 50th 90th 

ɑ/hL =0.3 

System 111 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 9 15 28 52 

0.5DM TM 16 27 50 87 

System 211 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 7 12 23 43 

0.5DM TM 14 23 41 72 

System 311 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 7 12 20 39 

0.5DM TM 13 22 35 64 

System 121 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 11 16 42 72 

0.5DM TM 21 31 76 126 

System 221 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 10 15 36 62 

0.5DM TM 19 28 67 109 

System 321 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 9 14 34 56 

0.5DM TM 18 27 62 98 

System 131 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 14 21 57 90 

0.5DM TM 26 40 103 156 

System 231 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 13 20 48 81 

0.5DM TM 25 38 87 142 

System 331 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 12 19 43 75 

0.5DM TM 23 36 79 133 

ɑ/hL =0.6 

System 112 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 9 17 30 54 

0.5DM TM 16 30 48 78 

System 212 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 7 14 25 44 

0.5DM TM 13 25 40 64 

System 312 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 7 12 20 37 

0.5DM TM 12 21 32 53 

System 122 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 10 16 41 73 

0.5DM TM 20 29 70 115 

System 222 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 9 15 36 62 

0.5DM TM 17 27 62 97 

System 322 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 9 14 32 55 

0.5DM TM 18 26 55 86 

System 132 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 13 20 59 90 

0.5DM TM 25 38 100 147 

System 232 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 13 19 50 84 

0.5DM TM 25 36 86 135 

System 332 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 12 18 42 77 

0.5DM TM 23 34 73 124 
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Table 7-9 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Lead-rubber Systems when SM1=0.9g 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

Short-duration Long-duration 

50th 90th 50th 90th 

ɑ/hL =0.3 

System 111 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 8 17 24 47 

0.5DM TM 18 36 52 86 

System 211 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 6 13 20 40 

0.5DM TM 15 28 42 72 

System 311 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 6 11 17 34 

0.5DM TM 15 25 35 60 

System 121 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 9 14 33 62 

0.5DM TM 22 32 74 127 

System 221 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 8 13 29 51 

0.5DM TM 19 30 63 105 

System 321 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 7 12 25 47 

0.5DM TM 18 28 55 95 

System 131 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 11 17 44 75 

0.5DM TM 26 41 97 157 

System 231 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 10 15 38 70 

0.5DM TM 24 36 83 147 

System 331 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 9 14 33 62 

0.5DM TM 22 34 74 131 

ɑ/hL =0.6 

System 112 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 8 19 29 52 

0.5DM TM 18 36 48 77 

System 212 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 6 17 24 41 

0.5DM TM 14 30 40 62 

System 312 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 6 12 18 32 

0.5DM TM 13 23 31 49 

System 122 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 9 14 33 64 

0.5DM TM 20 31 65 108 

System 222 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 7 13 27 52 

0.5DM TM 17 28 54 87 

System 322 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 7 12 24 44 

0.5DM TM 16 27 47 74 

System 132 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 11 17 42 80 

0.5DM TM 25 39 86 143 

System 232 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 10 15 37 69 

0.5DM TM 22 34 76 122 

System 332 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 9 14 31 60 

0.5DM TM 20 31 65 107 
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Table 7-10 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Lead-rubber Systems when SM1=1.1g 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

Short-duration Long-duration 

50th 90th 50th 90th 

ɑ/hL =0.3 

System 111 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 8 19 24 48 

0.5DM TM 14 33 40 68 

System 211 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 6 15 20 39 

0.5DM TM 11 26 32 56 

System 311 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 6 12 16 31 

0.5DM TM 11 21 27 44 

System 121 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 8 13 28 56 

0.5DM TM 16 25 52 92 

System 221 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 7 12 23 47 

0.5DM TM 13 22 42 77 

System 321 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 6 11 20 41 

0.5DM TM 12 21 36 66 

System 131 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 9 15 34 67 

0.5DM TM 18 28 63 118 

System 231 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 8 13 32 57 

0.5DM TM 16 26 59 100 

System 331 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 7 13 28 50 

0.5DM TM 15 24 51 88 

ɑ/hL =0.6 

System 112 (Td = 2 sec, (Qd/W)ref = 0.08) 
DM TM 8 21 30 51 

0.5DM TM 15 31 41 65 

System 212 (Td = 3 sec, (Qd/W)ref = 0.08) 
DM TM 7 19 24 39 

0.5DM TM 12 27 32 50 

System 312 (Td = 4 sec, (Qd/W)ref = 0.08) 
DM TM 6 13 18 31 

0.5DM TM 11 19 25 40 

System 122 (Td = 2 sec, (Qd/W)ref = 0.16) 
DM TM 8 14 30 58 

0.5DM TM 15 26 46 80 

System 222 (Td = 3 sec, (Qd/W)ref = 0.16) 
DM TM 7 14 24 46 

0.5DM TM 13 25 37 63 

System 322 (Td = 4 sec, (Qd/W)ref = 0.16) 
DM TM 6 12 20 38 

0.5DM TM 12 21 31 53 

System 132 (Td = 2 sec, (Qd/W)ref = 0.24) 
DM TM 9 14 33 73 

0.5DM TM 17 27 57 105 

System 232 (Td = 3 sec, (Qd/W)ref = 0.24) 
DM TM 8 13 30 60 

0.5DM TM 15 24 51 86 

System 332 (Td = 4 sec, (Qd/W)ref = 0.24) 
DM TM 7 12 26 50 

0.5DM TM 14 23 43 72 
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Table 7-11 Required Number of Cycles for Maximum Earthquake Effect Test Based on Cumulative Energy for Additional Lead-rubber Systems 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

SM1 = 0.7g 
Short-duration Long-duration 

50th 90th 50th 90th 

System 4 
(Td = 4 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 8 12 25 48 
0.5DM TM 15 23 46 80 

System 5 
(Td = 3 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 9 14 28 51 
0.5DM TM 17 26 52 88 

System 6 
(Td = 2 sec, ɑ/hL = 0.35, (Qd/W)ref = 0.241) 

DM TM 13 21 53 88 
0.5DM TM 26 41 98 158 

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

SM1 = 0.9g 
Short-duration Long-duration 

50th 90th 50th 90th 

System 4 
(Td = 4 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 7 11 19 42 
0.5DM TM 13 21 34 65 

System 5 
(Td = 3 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 7 12 23 48 
0.5DM TM 13 23 42 75 

System 6 
(Td = 2 sec, ɑ/hL = 0.35, (Qd/W)ref = 0.241) 

DM TM 11 17 42 75 
0.5DM TM 21 34 79 135 

 Test 
Amplitude 

(D) 

Test 
Period 

(T) 

SM1 = 1.1g 
Short-duration Long-duration 

50th 90th 50th 90th 

System 4 
(Td = 4 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 6 11 17 38 
0.5DM TM 12 21 30 54 

System 5 
(Td = 3 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 

DM TM 6 13 20 45 
0.5DM TM 12 25 36 66 

System 6 
(Td = 2 sec, ɑ/hL = 0.35, (Qd/W)ref = 0.241) 

DM TM 9 14 35 67 
0.5DM TM 18 28 65 121 
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Figures 7-1 to 7-3 present a sample of graphs comparing results on the 50th (median) and 90th cumulative 

energy computed using response history analysis and the corresponding test in short- and long-duration 

motions for representative single FP, triple FP, and lead-rubber systems.  The choice of using an amplitude 

of 0.4DM or 0.5DM in the test to reproduce the history of the cumulative energy is such that in many, but 

not all, cases the test and the response history analysis provide similar histories of cumulative energy.  

Important consideration in the selection of the amplitude was to be the same for all 576 cases studied. 

 

 

Figure 7-1 Comparison of 50th and 90th Percentile Histories of Cumulative Energy to Results of Test 

for Single FP System 31 (TP = 4.93sec, μref = 0.040) when SM1=0.9g (friction case when kT=0.5 at 

200oC) 
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Figure 7-2 Comparison of 50th and 90th Percentile Histories of Cumulative Energy to Results of Test 

for Triple FP System 33 (μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1=0.9g (friction case when 

kT=0.5 at 200oC) 
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Figure 7-3 Comparison of 50th and 90th Percentile Histories of Cumulative Energy to Results of Test 

for Lead-rubber System 221 (Td = 3s, (Qd/W)ref = 0.16, ɑ/hL =0.3) when SM1 = 0.9g 

 

Of interest is to note in Figure 7-3 that the cumulative energy in the tests of lead-rubber systems has 

nonlinear relationship with time.  This is also true for the sliding systems but is less obvious in the graphs 

of Figures 7-1 and 7-2.  This nonlinearity results from heating effects that reduce the strength of the isolators 

and thus more cycles (i.e., time) is required to achieve the target cumulative energy.  The difference between 

sliding and lead-rubber systems is due to the relationship between the characteristic strength and 

temperature: for sliding systems the friction coefficient reaches a stable value at high temperatures, whereas 

for lead-rubber systems the characteristic strength continually declines to an essentially zero value as the 

temperature of lead approaches the melting point.  This important difference leads to the requirement for 

more cycles of testing for lead-rubber than for sliding systems.  The importance of heating effects is best 

seen in the results for the test to just reproduce the maximum value of the cumulative energy, performed at 

amplitude DM and period TM.  This test should be compared to the ASCE/SEI-7 prototype test Item 4 in 

section 17.8.2.2, in which the isolator is subjected to at least 10 cycles of motion at amplitude of 0.75DM 

and period of TM (it is allowed to be performed in sets consisting of five continuous cycles followed by 

pause-thus effectively this test is one of five cycles that is repeated).  Also, it should be compared to similar 
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results obtained with models of constant friction or characteristic strength (without heating effects) as those 

of Warn and Whittaker (2004). 

 

Figures 7-4 to 7-15 presents results of the required number of cycles in the test match the maximum 

cumulative energy for the case of the median (50th percentile) results (test at amplitude DM and period TM).  

The results demonstrate that for short-duration ground motions, sliding systems require 3 to 6 cycles, and 

lead-rubber systems require 6 to 14 cycles.  The larger number of cycles is required when the friction or the 

characteristic strength (values at start of motion or reference values) are larger-thus when heating effects 

are pronounced.  By comparison, the study of Warn and Whittaker (2004) resulted in for the same type of 

test (at amplitude DM and period TM, short-duration motions and matching the median of the maximum 

cumulative energy), a number of required cycles between 2 to 8 (but based on a wider range of invariable 

characteristic strength to weight values-0.03 to 0.12).  These results are consistent with those obtained in 

this study for sliding systems but for an interesting difference.  The Warn and Whittaker study (2004) 

predicts an increasing number of cycles as the ratio of the invariant characteristic strength to weight reduces, 

whereas this study predicts an increasing number of cycles as the ratio of the temperature-dependent initial 

value of friction or characteristic strength/weight increases.  The difference is due to heating effects which 

are more intense in high strength systems and are more important in lead-rubber systems. 

 

The number of cycles required for the test to match the 90th percentile maximum value of the cumulative 

energy (test at amplitude DM and period TM) for short-duration ground motions is in the range of 8 to 13 for 

the sliding systems and in the range of 12 to 21 for the lead-rubber systems (see Tables 7-1 to 7-11).  If we 

accept the maximum value of cumulative energy as the criterion for designing a test for the effects of the 

maximum earthquake and considering the 90th percentile as the appropriate value to use, the ASCE/SEI-7 

prototype test Item 4 in section 17.8.2.2 needs modification to increase the number of cycles without 

interruptions as currently allowed, to clarify the conditions of ground motion (short- and long-duration) and 

to distinguish between sliding and lead-rubber systems.  Nevertheless, the number of cycles is too large-for 

long-duration ground motions for a test to match the 90th percentile maximum value of the cumulative 

energy (test at amplitude DM and period TM) is in the range of 17 to 43 for the sliding systems and in the 

range of 31 to 90 for the lead-rubber systems (see Tables 7-1 to 7-11).  The number of required number of 

cycles is so large that one may conclude that the cumulative energy is a problematic measure for use in 

designing isolator tests. As originally identified by Kitayama and Constantinou (2020), the reason is that 

the cumulative energy increases monotonically and does not account for fluctuations in the intensity of the 

ground motion.  Rather, we recommend tests based on the history of temperature at the sliding interfaces 

or the lead core, on which we concentrate in the next section. 
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Figure 7-4 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Short-duration Ground Motions when SM1 = 0.7g 

 

Figure 7-5 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Short-duration Ground Motions when SM1 = 0.9g 
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Figure 7-6 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Short-duration Ground Motions when SM1 = 1.1g 

 

Figure 7-7 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Short-duration Ground Motions when SM1 = 0.7g 
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Figure 7-8 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Short-duration Ground Motions when SM1 = 0.9g 

 

Figure 7-9 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Short-duration Ground Motions when SM1 = 1.1g 
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Figure 7-10 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Long-duration Ground Motions when SM1 = 0.7g 

 

Figure 7-11 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Long-duration Ground Motions when SM1 = 0.9g 
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Figure 7-12 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Single and Triple FP Isolators in Long-duration Ground Motions when SM1 = 1.1g 

 

 

Figure 7-13 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Long-duration Ground Motions when SM1 = 0.7g 
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Figure 7-14 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Long-duration Ground Motions SM1 = 0.9g 

 

Figure 7-15 Required Number of Cycles for Test to Match Median Maximum Value of Cumulative 

Energy of Lead-rubber Isolators in Long-duration Ground Motions when SM1 = 1.1g 
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7.3 Results for Test Based on History of Temperature at Sliding Interfaces and in 

Lead Core 

 

Table 7-12 presents results in terms of the required number of cycles for the studied single FP systems.  

Also, Tables 7-13 and 7-14 present results for the triple FP systems and Tables 7-15 and 7-16 present results 

for the lead-rubber systems.   The tests were designed to approximately reproduce the 50th (median) and 

90th percentile histories of temperature at the main sliding interfaces of single and triple FP isolators or at 

the lead core of lead-rubber systems.  The tests were selected to have amplitude of 0.4DM for sliding systems 

and 0.5DM for lead-rubber systems, and period TM. These values of amplitude resulted in the best 

approximation of the computed histories of temperature in the response history for all cases.  This is 

demonstrated in selected cases of single, triple and lead-rubber systems in Figures 7-16 to 7-18, where the 

computed 50th and 90th percentile histories of temperature in the response history analysis are compared to 

those of the tests.  Note that tests could have been designed with amplitude of 0.75DM as in test Item 4 of 

section 17.8.2.2 of ASCE/SEI-7 but then the duration of the test would have been shorter, thus not 

subjecting the tested isolators to the proper duration of the high temperatures as computed in the response 

history analysis.    

 

The duration of exposure to high temperatures is known to affect wear in sliding bearings (Constantinou et 

al., 2007), and thus is important in the testing isolators for the effects of the maximum earthquake.  While 

there is no known comparable mechanism that affects the properties of lead or causes damage to the lead 

for lead-rubber isolators, one can think of possible damage to rubber at the rubber to lead core interface due 

to the combination of large temperature and long exposure to that temperature.  This is of much interest in 

long-duration ground motions when the temperature of lead may approach the melting point of 327oC, and 

then damage to rubber is possible and it could be affected by the duration of exposure to the high 

temperature. 
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Table 7-12 Required Number of Cycles for Maximum Earthquake Effect Test Based on History of Temperature for Single FP Systems 

 

  

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 0.7g, 0.9g and 1.1g 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 

50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.50 sec, μref  = 0.040) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 31 
(TP = 4.93 sec, μref  = 0.040) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 12 
(TP = 3.50 sec, μref  = 0.060) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 32 
(TP = 4.93 sec, μref  = 0.060) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 13 
(TP = 3.50 sec, μref  = 0.080) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 33 
(TP = 4.93 sec, μref  = 0.080) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 14 
(TP = 3.50 sec, μref  = 0.100) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 

System 34 
(TP = 4.93 sec, μref  = 0.100) 0.4DM TM 6 12 18 36 6 12 18 36 6 12 18 36 
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Table 7-13 Required Number of Cycles for Maximum Earthquake Effect Test Based on History of Temperature for Triple FP Systems 

 

Table 7-14 Required Number of Cycles for Maximum Earthquake Effect Test Based on History of Temperature for Triple FP System LL 

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 0.7g, 0.9g and 1.1g 

kT = 2/3 at 200℃ kT = 1/2 at 200℃ kT = 1/3 at 200℃ 
Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System 11 
(TP = 3.40 sec, μref  = 0.037) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 21 
(TP = 4.13 sec, μref  = 0.038) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 31 
(TP = 4.86 sec, μref  = 0.038) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 41 
(TP = 5.57 sec, μref  = 0.039) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 12 
(TP = 3.40 sec, μref  = 0.054) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 22 
(TP = 4.13 sec, μref  = 0.056) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 32 
(TP = 4.86 sec, μref  = 0.057) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 42 
(TP = 5.57 sec, μref  = 0.058) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 13 
(TP = 3.40 sec, μref  = 0.070) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 23 
(TP = 4.13 sec, μref  = 0.074) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 33 
(TP = 4.86 sec, μref  = 0.075) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 43 
(TP = 5.57 sec, μref  = 0.076) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 14 
(TP = 3.40 sec, μref  = 0.087) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 24 
(TP = 4.13 sec, μref  = 0.091) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 34 
(TP = 4.86 sec, μref  = 0.094) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

System 44 
(TP = 5.57 sec, μref  = 0.095) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 

 
Test 

Amplitude 
(D) 

Test 
Period 

(T) 

SM1 = 0.7g, 0.9g and 1.1g 
kT = 2/3 at 200℃ kT = 2/3 at 200℃ kT = 2/3 at 200℃ 

Short-duration Long-duration Short-duration Long-duration Short-duration Long-duration 
50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 50th 90th 

System LL 
(TP = 3.40 sec, μref  = 0.037) 0.4DM TM 8 16 18 36 8 16 18 36 8 16 18 36 
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Table 7-15 Required Number of Cycles for Maximum Earthquake Effect Test Based on History of Temperature for Lead-rubber Systems  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 7-16 Required Number of Cycles for Maximum Earthquake Effect Test Based on History of Temperature for Additional Lead-rubber Systems 

 

 

 

 

 

 SM1 = 0.7g, 0.9g and 1.1g 

Test Amplitude (D) Test Period (T) 
Short-duration Long-duration 
50th 90th 50th 90th 

ɑ/hL =0.3 

System 111 (Td = 2 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 211 (Td = 3 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 311 (Td = 4 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 121 (Td = 2 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 221 (Td = 3 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 321 (Td = 4 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 131 (Td = 2 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

System 231 (Td = 3 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

System 331 (Td = 4 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

ɑ/hL =0.6 

System 112 (Td = 2 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 212 (Td = 3 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 312 (Td = 4 sec, (Qd/W)ref = 0.08) 0.5DM TM 12 24 30 60 

System 122 (Td = 2 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 222 (Td = 3 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 322 (Td = 4 sec, (Qd/W)ref = 0.16) 0.5DM TM 12 24 30 60 

System 132 (Td = 2 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

System 232 (Td = 3 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

System 332 (Td = 4 sec, (Qd/W)ref = 0.24) 0.5DM TM 12 24 30 60 

 SM1 = 0.7g, 0.9g and 1.1g 

Test Amplitude (D) Test Period (T) 
Short-duration Long-duration 
50th 90th 50th 90th 

System 4 (Td = 4 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 0.5DM TM 12 24 30 60 

System 5 (Td = 3 sec, ɑ/hL = 0.46, (Qd/W)ref = 0.121) 0.5DM TM 12 24 30 60 

System 6 (Td = 2 sec, ɑ/hL = 0.35, (Qd/W)ref = 0.241) 0.5DM TM 12 24 30 60 
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The results presented in Tables 7-12 to 7-14 show a much simpler picture than when the cumulative energy 

is used as the criterion for designing the test.  Specifically, the intensity of the seismic excitation and the 

properties of the isolation system (period and friction coefficient or characteristic strength) do not affect 

the number of cycles.  A summary of the required number of cycles is presented in Table 7-17.  The number 

of required cycles (amplitude 0.4DM for sliding systems and 0.5DM for lead-rubber systems, period TM) for 

short-duration motions are: 6 to 12 for the 50th percentile results and is 12 to 24 for the 90th percentile 

results.  For long-duration motions are: 18 to 36 for the 50th percentile results and is 30 to 60 for the 90th 

percentile results.  Also, the number of cycles required for the 90th percentile results is twice that for the 

50th percentile results for all systems and for short- or long-duration ground motions. 

 

Table 7-17 Summary of Required Number of Cycles for Maximum Earthquake Effect Test 

(Amplitude 0.4DM for Sliding Systems, 0.5DM for Lead-rubber Systems, Period TM) Based on 

History of Temperature 

System 
Short-duration Motions Long-duration Motions 

50th Percentile 90th Percentile 50th Percentile 90th Percentile 

Single FP 6 12 18 36 

Triple FP 8 16 18 36 

Lead-rubber 12 24 30 60 

 

The required number of cycles is systematically larger for lead-rubber systems, due to the more profound 

heating effects in the lead core than at the sliding interfaces.  This was discussed in Section 7.2, where it 

was stated that the difference between sliding and lead-rubber systems is due to the relationship of the 

characteristic strength to temperature: for sliding systems the friction coefficient reaches a stable value at 

high temperatures, whereas for lead-rubber systems the characteristic strength continually declines to an 

essentially zero value as the temperature of lead approaches the melting point.   

 

Interesting also is that the required number of cycles is a little smaller for single FP systems than for triple 

FP systems in short-duration ground motions.  This difference may be explained as follows.  Firstly, in 

many cases the number of cycles listed in Tables 7-12 to 7-16 may result in overestimation of the peak 

temperature as seen in many graphs of Appendices G, H, and I, and in the results of Figures 7-16 to 7-18, 

so that the reported number of cycles is more or less than needed by one or two.  The interest in the study 

was to produce results that systematically provide good information on the required number of cycles with 

the minimum complexity.  Secondly, there are differences in heating effects between single and triple FP 
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systems.  Generally, it is commonly stated that single FP isolators experience higher temperatures than 

triple (also the similar double) FP systems due to higher heat flux caused by the higher velocity of sliding 

(which is partitioned mainly between the two main sliding interfaces of the triple FP, Kim and 

Constantinou, 2022, 2023).  While indeed the heat flux is larger in the single FP, its duration may be 

different due to larger sliding displacements by comparison to the diameter of the contact area.  For 

example, single FP system 31 (case of Figure 7-16) has DM=529mm and contact area diameter equal to 

279.4mm.  Triple FP system 31 (has essentially the same period and reference friction coefficient, and same 

contact area) has for the same motions and conditions as single FP system 31, DM=579mm.  The test is 

conducted at amplitude 0.4DM, thus at 212mm for the single FP system 31-the entire 212mm amplitude is 

traversed on the single sliding interface, of which 140mm (half the diameter of the contact area) in contact 

and the remaining 72mm not in contact.  That is the heat flux is intermittent.  For the triple FP system 31, 

the amplitude of the test is 232mm, but less than half of this is traversed on a single main sliding interface 

(the displacement is partitioned between several sliding interfaces), say approximately 110mm, which is 

less than half of the diameter of the contact area.  Thus, for the triple FP system, the heat flux, while less, 

is essentially continuous and may lead to more heating.  This is demonstrated in Figure 7-19 that shows 

histories of heat flux for the single FP system 31 (left) and the triple FP system 31 (right) in the analysis for 

the tests to represent the 50th percentile effects in short-duration ground motions.    

Figure 7-16 Comparison of 50th and 90th Percentile Histories of Temperature to Results of Test for 

Single FP System 31 (TP = 4.93sec, μref = 0.040) when SM1=0.9g (friction case when kT=0.5 at 200oC) 
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Figure 7-17 Comparison of 50th and 90th Percentile Histories of Temperature to Results of Test for 

Triple FP System 33 (μ1ref = 0.08, μref = 0.075, TP = 4.86s) when SM1=0.9g (friction case when kT=0.5 

at 200oC) 
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Figure 7-18 Comparison of 50th and 90th Percentile Histories of Temperature to Results of Test for 

Lead-rubber System 221 (Td = 3s, (Qd/W)ref = 0.16, ɑ/hL =0.3) when SM1 = 0.9g 
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Figure 7-19 Histories of Heat Flux for Single FP System 31 (μref = 0.040, TP = 4.93sec) (left) and 

Triple FP System 31 (μ1ref = 0.040, μref = 0.038, TP = 4.86s) (right) when SM1=0.9g (friction case when 

kT=0.5 at 200oC) 

 

 

7.4 Recommendations for Test to Represent the Effects of the Maximum Earthquake 

 

Based on the results presented in this section, we recommend: 

 

1) The cumulative energy is not used as measure for designing a test to represent the effects of the 

maximum earthquake because it monotonically increases without accounting for fluctuations in the 

seismic ground motion intensity-a fact that results in unrealistically onerous tests. 

 

2) The history of temperature at the sliding interfaces of sliding isolators and in the lead core of lead-

rubber isolators is an appropriate measure for designing tests to represents the effects of the 

maximum earthquake.   

 

3) Based on the history of temperature, the recommended test to represent the maximum earthquake 

effects is performed at a vertical load equal to the gravity load (or average gravity of a group of 

isolators) and harmonic lateral displacement of amplitude 0.4DM for sliding isolators or 0.5DM for 

lead-rubber isolators, and a period equal to TM, for specified number of cycles as follows. 

 

4) For short-duration ground motions, the number of cycles to represent the 50th percentile effects is 

8 for sliding isolators and 12 for lead-rubber isolators.  The number of cycles to represent the 90th 

percentile effects is 16 for sliding isolators and 24 for lead-rubber isolators, that is, twice those for 

the 50th percentile effects. 
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5) For long-duration ground motions, the number of cycles to represent the 50th percentile effects is 

18 for sliding isolators and 30 for lead-rubber isolators.  The number of cycles to represent the 90th 

percentile effects is 36 for sliding isolators and 60 for lead-rubber isolators, that is, twice those for 

the 50th percentile effects. 
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SECTION 8  

SUMMARY AND CONCLUSIONS 

 

This report presented a study for the design of two important tests in the prototype testing of seismic 

isolators:  

1) A test for determining the bounding properties of isolators for use in analysis and design.  The test 

conditions are determined by first performing analyses with models that account for the time-

variant properties of the isolators and computing the resultant isolator displacements.  Then the 

analyses are repeated using models with time-invariant isolator properties that result in the same 

isolator resultant displacement.  With the time-invariant isolator properties known and defined as 

those of the lower bound analysis, a test is designed to result in lower bound properties at the last 

cycle of the test, whereas the first cycle results in the upper bound properties.  In this way, tests are 

designed that correctly result in the properties for use in bounding analysis (specifically to 

determine factors λ(test, max) and λ(test, min) in ASCE/SEI-7).  The lower bound properties are used to 

compute the isolation system resultant peak displacement (quantity DM as defined in ASCE/SEI-

7).  The test is meant to be a replacement for the tests Items 2(a) and 3 described in ASCE/SEI-7. 

2) A test for determining the adequacy of the isolators in the maximum considered earthquake, with 

consideration for the probability of exceedance of these effects (e.g., median effects, 90% percentile 

effects).  The test is meant to be a replacement for the test Item 4 described in ASCE/SEI-7.  The 

approach followed in determining the conditions of testing was based on using the histories of 

temperature computed at the sliding interfaces of sliding bearings or in the lead core of lead-rubber 

bearings.  Moreover, conditions of testing were determined when using the cumulative dissipated 

energy histories instead of the temperature histories.   

 

In performing the work, a large number of isolation systems (96 systems, comprising single friction 

pendulum,  triple friction pendulum and lead-rubber), three different seismic hazards as measured by the 

spectral acceleration at the period of one second, and a large collection of bi-directional ground motions 

with short- and long-duration characteristics (71 pairs of each duration, 96 systems, three seismic hazards, 

for a total of 40896 ground motion pairs) were considered. The short-duration motions had a geomean 

duration Ds5-75 (Chandramohan et al., 2016; Kitayama and Constantinou, 2021) of less than 20 secs, whereas 

long-duration motions had a geomean duration Ds5-75 between 15 and 80 sec. The ground motions were 

selected such that for each long-duration pair of ground motions, there was a corresponding pair of short-

duration motions that had response spectra in the two orthogonal directions that were essentially the same 
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as the spectra of the corresponding long-duration pair; such motions are called “spectrally equivalent”.   All 

ground motions were appropriate for far field conditions.   

 

In performing the analysis, isolator models with time-variant properties were needed.  These models were 

based on validated theories for sliding isolators (Constantinou et al., 2007; Kumar et al., 2015; Kim and 

Constantinou, 2022, 2023) and lead-rubber isolators (Kalpakidis et al., 2010; Kumar et al., 2014).  However, 

enhancements in these models were made that were needed to better represent the behavior of sliding and 

lead-rubber bearings.   

 

One the basis of this work, the following have been concluded: 

 

1) For all seismic isolation systems and for short-duration motions, a test of three cycles at amplitude 

DM and period TM suffices to determine the lower bound properties for analysis.  That is, test Items 

2(a) and 3 of Section 17.8.2.2 of ASCE/SEI-7 are sufficient to determine factors λ(test, max) and λ(test, 

min) for short-duration motions.  

 

2)  An alternative test per ASCE/SEI-7 Item 2(b) in section 17.8.2.2 (one cycle at DM, followed by 

single cycles at 0.67DM, 0.5DM and 0.25DM, all at period TM) will result in values of properties in 

the fourth cycle that are essentially the same or conservative by comparison to those obtained in 

the third cycle of a test per ASCE/SEI-7 Items 2(a) and 3 in section 17.8.2.2 (three cycles at DM 

and period TM) for single and triple FP systems provided that the amplitude DM is large by 

comparison to the diameter of the contact area so that the heat flux conditions are intermittent.  That 

is, the alternative test of ASCE/SEI-7 Item 2(b) in section 17.8.2.2 is acceptable for single FP and 

triple FP sliding isolators in location with short duration ground motions.  This alternative test was 

found to be not generally valid for lead-rubber systems, in which the 4-cycle test may overestimate 

the lower bound properties by comparison to the 3-cycle test, although the overestimation is not 

significant.   

 

3) For long-duration motions, a test of five cycles at amplitude DM and period TM is needed to 

determine the lower bound properties for analysis.  

 

4) The cumulative energy is not a useful measure for designing a test to represent the effects of the 

maximum earthquake because it monotonically increases without accounting for fluctuations in the 

seismic ground motion intensity, a fact that results in unrealistically onerous tests. 
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5) The history of temperature at the sliding interfaces of sliding isolators and in the lead core of lead-

rubber isolators is an appropriate measure for designing tests to represent the effects of the 

maximum earthquake.   

 

6) Based on the history of temperature, the recommended test to represent the maximum earthquake 

effects is performed at a vertical load equal to the gravity load (or average gravity of a group of 

isolators) and harmonic lateral displacement of amplitude 0.4DM for sliding isolators or 0.5DM for 

lead-rubber isolators, and a period equal to TM, for specified number of cycles as follows. 

 

a. For short-duration ground motions, the number of cycles to represent the 50th percentile 

effects is 8 for sliding isolators and 12 for lead-rubber isolators.  The number of cycles to 

represent the 90th percentile effects is 16 for sliding isolators and 24 for lead-rubber 

isolators; that is, twice those for the 50th percentile effects. 

 

b. For long-duration ground motions, the number of cycles to represent the 50th percentile 

effects is 18 for sliding isolators and 30 for lead-rubber isolators.  The number of cycles to 

represent the 90th percentile effects is 36 for sliding isolators and 60 for lead-rubber 

isolators; that is, twice those for the 50th percentile effects. 

 

The difference between sliding and lead-rubber systems in the required number of cycles in the adequacy 

tests is related to the dependency of the strength of the isolators (friction force or characteristic strength) on 

temperature.  For sliding isolators, the strength does not diminish but reaches a stable value as temperature 

increases, whereas in lead-rubber isolators the strength may vanish as the temperature approaches the 

melting point of lead.  While the number of cycles is less in the sliding isolators than in the lead-rubber 

isolators, the effects of the test may be more important due to wear of the materials of the sliding interface, 

whereas for the lead-rubber isolators, lead recovers its strength after many cycles of motion.  

 

Moreover, the following results of the response-history for all studied systems have been documented in 

the report: 
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1) Tabulated values of mean, median, 84th percentile and 90th percentile values of the peak resultant 

isolator displacement and of the resultant residual displacement.  The values are counted values 

based on the empirical data. 

 

2) Graphs of probability distributions of the empirical data and lognormal representations for the 

probability of non-exceedance vs the maximum displacement and vs the residual displacement.  

Also, plotted counted values (empirical data) of the resultant isolator displacement and of the 

resultant residual displacement for 16%, 50% (median), 84% and 90% probabilities of being 

exceeded. 

 

3) 16th, 50th (median), 84th and 90th percentile histories of cumulative energy as obtained from the 

empirical data (counted) and again from the lognormal distributions (fitted).  Comparisons of 

histories of the cumulative energy obtained using the empirical data and the lognormal 

distributions are also presented to demonstrate differences. 

 

4) 16th, 50th (median), 84th and 90th percentile histories of temperature at the main sliding interface or 

the bulk of the lead core as obtained from the empirical data (counted) and again from the 

lognormal distributions (fitted).  Comparisons of histories of the temperature obtained using the 

empirical data and the lognormal distributions are also presented to demonstrate differences. 

 

Results from these data have been processed to determine an appropriate factor for the ratio of the 90th 

percentile isolator peak resultant displacement to the mean isolator peak resultant displacement.  This ratio 

provides a simple scale factor for computing a value that has an acceptable probability of exceedance.  

Kammerer et al. (2019) recommended the use of a scale factor of 1.6 for obtaining the 90th percentile 

isolator displacement from the mean value.  The results of this study found that the 90th/mean scale factor 

for the isolator peak resultant displacement to be in the range of 1.4 to 1.6 for single FP isolation systems, 

1.3 to 1.5, triple FP isolation systems and 1.5 to 1.6 for lead-rubber systems.   

 

An appropriate scale factor for the ratio of the 90th/mean isolator peak resultant displacement, applicable to 

all systems and for short or long-duration far field ground motions, is 1.6. 

 

Goodness-of-fit statistical tests were performed to check whether the data could be represented with 

lognormal distributions for all studied systems. These goodness-of-fit tests were also performed for the 

lognormally fitted cumulative energy and temperature histories at each time step.  The lognormally fitted 
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analysis data have not been used in this work to design the isolator tests (for which only empirical data have 

been used) but are presented for the interested reader for other possible uses.   
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