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Preface

MCEER is a national center of excellence dedicated to the discovery and development of new
knowledge, tools and technologies that equip communities to become more disaster resilient in
the face of earthquakes and other extreme events. MCEER accomplishes this through a system of
multidisciplinary, multi-hazard research, in tandem with complimentary education and outreach
initiatives.

Headquartered at the University at Buffalo, The State University of New York, MCEER was originally
established by the National Science Foundation in 1986, as the first National Center for Earth-
quake Engineering Research (NCEER). In 1998, it became known as the Multidisciplinary Center
for Earthquake Engineering Research (MCEER), from which the current name, MCEER, evolved.

Comprising a consortium of researchers and industry partners from numerous disciplines and
institutions throughout the United States, MCEER’s mission has expanded from its original focus
on earthquake engineering to one which addresses the technical and socio-economic impacts of a
variety of hazards, both natural and man-made, on critical infrastructure, facilities, and society.

The Center derives support from several Federal agencies, including the National Science Founda-
tion, Federal Highway Administration, Department of Energy, Nuclear Regulatory Commission,
and the State of New York, foreign governments and private industry.

The research presented herein was developed to service multiple projects executed at the Univer-
sity at Buffalo’s Structural Engineering and Earthquake Simulation Laboratory (SEESL), which
required advanced testing capabilities beyond those that currently exist. Based on stringent
requirements of qualification testing, the research developed tools suitable for investigative and
qualification purposes. The initiatives from the Suspended Nonstructural Component Systems
Consortium, the NEES Nonstructural Components Research Project and most recently the
Bonneville Power Administration projects on the protection and isolation of transformers and
bushings, triggered the need to improve the controls of the shake tables. These controls have much
broader applications in the control of structures and critical equipment through active isolation.






ABSTRACT

Shake table testing is an important tool to challenge integrity and service behavior of structural and
nonstructural specimens by imposing strong excitations at their base. High fidelity of bare shake tables
can be achieved through feedback control of actuators’ inner loop with fixed gains, based on table tuning
procedures. When shake tables are loaded with specimens, the interaction between tables and specimens
influence the system dynamics that might result in undesired performance. In order to compensate the
effects of the interaction, open loop feedforward compensation methods have been satisfactorily used in
the current practice of table controls, assuming that the specimens remain linear and unchanged. On the
contrary, unsatisfactory signal performances during shake table testing were observed when flexible and
heavy specimens experience nonlinear behavior. While lack of high fidelity might be acceptable for the
purpose of research, i.e. to explore responses of specimens subject to random excitations, a high fidelity
of signal reproduction is necessary for the shake table applications for qualification testing where specific
target motions are required to challenge the specimens.

In this study, tracking control schemes are proposed for shake tables in order to simulate target
motions at specific locations of structural test specimens. The motion applied at the shake table level
would probably be different than the target motion within the test structure; however, proper design of the
shake table motion would ensure the desired performance of the controlled structure. The design of such
controller is dependent on the dynamics of the shake table, dynamics of the test structure and their
interaction. Additionally, when the specimens change properties due to nonlinearities and yielding caused
by extreme excitations, the controller must be adaptive in order to account for the changes and
uncertainties in system models and to ensure the desired tracking.

Metaphorically, the procedure suggested herein would seem to help the performance of an acrobat,
who tries to balance a flexible stick on his palm, ensuring that the payload at the upper end of his stick
will not fall or have undesired movement. But even for the acrobat, the success will be limited by the
strength of his palm and the space where he will have to maneuver. Similarly the methodology sought in
this report attempts to determine the procedures and limitations for real life applications of base

movements with targeted control in test structures.
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SECTION 1
INTRODUCTION

1.1 Seismic Testing of Nonlinear Structures

Shake table tests allow realistic earthquake motions to be reproduced in order to challenge complex
specimens and provide valuable knowledge of seismic performance of structures and nonstructural
systems. However, the reproduction of dynamic signals is usually imperfect due to the dynamics of the
shake table and mostly due to the complexity of test specimens. When shake tables are loaded with the
test specimens, the interaction between tables and such specimens affect the system dynamics and might
result in undesired performance. In order to compensate for these interaction effects, open loop
feedforward methods with offline and online error correction methods have been developed and widely
used in practice. Even though these control methods were proved to be valuable and practical tools to
challenge linear structures using shake tables, most developments assume that specimens remain linear or
their nonlinear behavior is negligible.

However, when flexible and heavy specimens (compared to shake table weight) experience nonlinear
behavior, the signal reproduction of the shake table can be unsatisfactory; for instance, large differences
between the target motion and achieved shake table motions with a heavy nonlinear specimen were
observed by Schachter and Reinhorn (2007). These phenomena might be acceptable for exploratory
research of structures subjected to random excitations, where no specific forcing motions are required.
Unlike such exploratory research projects, “qualification testing” designed to verify certain performance
of test specimens, must have high fidelity of signal reproduction that can challenge the structures by
specifically required target motions. For example, qualification tests of nonstructural ceiling systems
demand the reproduction of the required motions at specific locations within specimens mounted on shake
tables. This can be a challenge for currently existing control methods if specimens experience nonlinear
behavior that continuously changes their behavior.

The objective of this study is to develop a controller for shake tables combined with a parameter
estimator such that an output response y at a specific location in a nonlinear hysteretic test structure (e.g.
the roof/floor of a specimen) will track a pre-defined desired target response motion y,,. The control target
motions considered in this study include: i) any total floor acceleration history that could be expected in
the specimen and ii) total floor acceleration defined by a required response spectrum, such as AC156, the
standard for shake-table testing of nonstructural components (ICC, 2010). It is noted that in order to
generate realistic “target floor” motions within structures for (i) above, such motion should be obtained

from a numerical linear structural model subjected to simple pulse type excitations or real earthquake



records. This kind of model is used herein and is referred to as the “reference model”. However, any
theoretical target motion, such as recorded floor motions, without the reference model, can also be used.
This control concept is schematically shown in Figure 1-1 where a test specimen is represented by a
single degree-of-freedom nonlinear structure whose parameters are not fully known (the table
displacement with respect to the ground is defined as x, and the relative displacement at the top of the
structure with respect to the shake table is x;, and other terms are defined in the following sections). The
motion applied at the shake table level would probably be different than the target motion, y,, within the
structure, but proper design of the table motion will insure the desired performance is achieved. The
design of such a controller is dependent on the dynamics of the shake table, dynamics of the structure and
their interactions. Additionally, when the structures change properties due to nonlinearities and yielding,
the controller would have to be adaptive in order to insure the desired tracking.

If successful, development of such a controller could be further expanded and used to achieve a
desired performance at control locations in real structures using a hybrid passive-active isolation system,
for example. Simple buildings, utility structures such as those used in transportation systems and power
distribution, or sensitive manufacturing plants can benefit from such solutions.

Metaphorically, the procedure would seem to help the work of an acrobat that tries to balance a
flexible stick on his palm insuring that the payload at the upper end of his stick will not fall or have
undesired movement. But even the acrobat’ success will be limited by the strength of his palm and the
space where he will have to maneuver. The methodology sought in this study will try to determine

procedures and their limitations for real life applications.

Nonlinear
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Figure 1-1 Schematic of tracking control to simulate the target motion at a test structure

More specifically, the problem can be understood from previous studies and developments. In order
to simulate a target motion in a linear structure (specimen), an open-loop (feed forward) compensation

method using a table-structure system transfer function was developed (Maddaloni, Ryu, and Reinhorn,



2010) and implemented at the University at Buffalo (UB — SEESL) by the authors of this report.
However, when specimens experience nonlinear behavior due to high intensity excitations, the pre-
computed compensation functions are not valid anymore, and the signal reproduction at the specified
locations can be highly inaccurate. This can cause unreliable responses of a structure and secondary
systems installed on the system. Therefore, more advanced control algorithms are needed to extend the

use of shake tables to continuously changing and nonlinear specimens.
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Figure 1-2 Schematic of closed-loop compensation procedure
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This concept is schematically described in Figure 1-2. For the tracking control problem using a shake
table, the control excitation input u(f) might be pre-computed using the feed-forward compensation
control method (described in Section 2.5). The tracking will be satisfactory if the controlled structure is
linear (i.e. in this study, referring to linear system or linear time invariant system). However, if the
structure experiences nonlinear behavior, the pre-computed excitation input cannot account for it and
results in the tracking errors between the target motion [y,(¢)] and the achieved response [y(¢)] of the
controlled structure as shown in Figure 1-2 (a). If feedback tracking control methods are introduced as
shown in Figure 1-2 (b), the control excitation input u(f) can be computed in real time using a feedback
controller combined with a parameter estimator such that the achieved response could follow a target
motion. The system properties and more results of this example shown in Figure 1-2 can be found in
Appendix A.1.

A feedback tracking control procedure proposed in this study to simulate target motions at nonlinear
structures using shake table control is presented in Figure 1-3 with the assumption that it is possible to
provide a real time control excitation input, computed through an outer loop (ex. using a real time hybrid
simulation controller (UB-RTHSC) such as one at the University at Buffalo), to the servovalve-actuator
of the shake table system (which has inner closed-loop feedback control). The control excitation input u()
can be the desired shake table displacement x,(¢) (such as used in a typical shake table control), primarily
driven by stability considerations. When a target motion y,,(¢) at a structure with its initial condition is
specified, the control excitation input u(?) is to be determined in real time, which will reduce the tracking
error between the target motion y,,(¢) and the output y(¢) of the structure, such that y(f) will follow the
target y,(f). To determine the control excitation input u(?), the system parameters are to be known. In
order to deal with parameter uncertainties due to hysteretic behavior in nonlinear structures, a real time

estimator is introduced and combined with the controller.
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Figure 1-3 Schematic of the feedback tracking control scheme



The research problem is stated in Section 1. The current practice for shake table control is reviewed in
Section 2. Tracking control methods for linear systems are introduced in Section 3, assuming that all
parameters are known. In Section 4, feedback tracking control methods are extended to nonlinear
hysteretic systems. Real time parameter estimation methods are introduced in Section 5 for systems with
unknown parameters. The above control schemes are combined with the real time parameter estimators in
Section 6 and Section 7 for linear and nonlinear systems, respectively. The developed methods are
numerically applied to a realistic shake table — structure setup, using their real characteristic values, and

the results are presented in Section 8. The remarks and conclusions are addressed at the end of this report.

1.2 Tracking Control in Shake Table Testing (Literature Review)

Shake table systems play a pivotal role in experimental earthquake engineering. The systems provide
effective ways to subject structural components, substructures, or entire structural systems to dynamic
excitations, which are similar to those induced by real earthquakes. In general, shake table systems consist
of mechanical (e.g. platform), hydraulic or electromagnetic actuators (with servovalve), and electronic
(controller and sensors) components (Ozcelik et al., 2008). The shake table (platform), which supports a
specimen (structure), is constructed to provide high stiffness with minimum weight and is usually
controlled by servo-hydraulic actuators. The controller provides the servovalve command to achieve a
specific position of the actuator such that the platform will follow a pre-defined target motion. However,
reproduction of a dynamic signal has many challenges involving servovalve actuator dynamics, shake
table-structure interaction, nonlinear behavior such as compressibility of oil column in the actuator
chamber and oil leakage through actuator seals, etc. (Ozcelik et al., 2008 and Maddaloni, Ryu and
Reinhorn, 2010).

In order to provide a better understanding of the shake table system and to improve its performance,
mathematical models were developed by researchers (Blondet and Esparza, 1988, Rinawi and Clough,
1991, Conte and Trombetti, 2000, Trombetti and Conte, 2002, and EFAST, 2009). The models developed
for shake table systems were represented by transfer functions (in frequency domain) and validated by
experimental results.

In general, as addressed above, the objective of a shake table control is to simulate the pre-defined
target motion such as an earthquake history at a shake table platform; this goal might be achieved by
“tuning” (i.e. by tuning the inner loop feedback control parameters of servo-actuators) for a bare shake
table system (Thoen and Laplace, 2004, Luco et al., 2010, and EFAST, 2009) such that the transfer
function (i.e. the frequency domain ratio) between the target motion and the output of the shake tale has a

unity gain in the frequency range of interest.



However, when a structure (specimen) is mounted on a shake table, the transfer function is distorted
due to the shake table-structure interaction; i.e. this interaction between shake tables and linear structures
was addressed by Blondet and Esparza (1988), Rinawi and Clough (1991), and Conte and Trombetti
(2000). It is noted that the linear system model in the time domain, developed by Rinawi and Clough
(1991), can be extended to nonlinear system models. In order to compensate for the distortion, a
feedforward compensation method using the inverse transfer function, assuming the shake table-structure
system is linear, has been widely used in industry (MTS, 2004) to reduce the tracking error between the
target motion and the shake table response due to simulator dynamics and servovalve nonlinearities by
this method, an offline iterative approach can be adopted; a detailed review of this method can be found
in Spencer and Yang (1998). Recently, the feedforward compensation methods combined with real-time
feedback loops to reduce the tracking errors were introduced by Nakata (2010) and Phillips and Spencer
(2012) where outer feedback loops (i.e. “outer” is used to distinguish the feedback loop from the inner
feedback loop of actuators) are used to reduce the tracking errors instead of the offline iteration approach.
The methods were verified by experiments showing good agreements between the target and the output.

More studies in the actuator-structure interaction in structural control applications can be found in
Dyke et al. (1995) where the results with and without the interaction in control methods were presented
and quantitatively showed that by considering interaction, better and more stable control methods could
be established.

Unlike general shake table testing where it is required to simulate a desired target motion at the shake
table level, in other applications including the experimental evaluation of architectural or nonstructural
components such as suspended ceiling systems (Reinhorn et al., 2010) or the qualification testing of
complex equipment (IEEE, 2006) it is often required to simulate a floor/roof motion at a specific location
(such as roof corners or mid spans) of a structure mounted on a shake table. In order to simulate a target
motion at the structure level (instead of the shake table platform), a feedforward compensation procedure
using a shake table-structure system transfer function with possible offline iteration correction was
developed (Maddaloni, Ryu, and Reinhorn, 2010); the control method was implemented and
experimentally verified.

The key element, for the development of tracking control methods for shake tables discussed above, is
a feedforward compensation method using the inverse transfer function. It is also noted that for a tracking
control of a linear shake table-structure system, one may also use an optimal tracking control method
(Kwakernaak and Sivan, 1972 and Kirk, 2004), which combines a feedforward loop with a feedback loop;
the feedback loop may be more effective to reduce possible unknown errors and noise (like the methods
developed by Nakata, 2010 and Phillips and Spencer, 2012). However, if a testing structure has more

complex, nonlinear behavior (e.g. base-isolated systems) or a linear structure experiences yielding due to



high intensity excitation, the transfer function (i.e. which can be defined for a linear time invariant system
(Chen, 1999)) is not valid anymore; therefore, the feedforward compensation loop, which is conducted
offline, cannot be used and real time feedback control schemes are needed (Maddaloni, Ryu and
Reinhorn, 2010).

In order to reduce the effects of structure (specimen) nonlinearities, various advanced methods have
been developed: For example, an adaptive control method involving the minimal control synthesis
algorithm was introduced to reduce the signal distortion due to a linear model assumption (Stoten and
Gomez, 2001); a disturbance observer-based control approach was developed also to compensate the
unknown disturbances, caused by structure nonlinearities, in a shake table (Iwasaki et al., 2005); and
hierarchical control strategy and nonlinear control techniques, utilizing the sliding mode control
technique, were proposed to compensate structure nonlinearity and uncertainties in experiments (Yang et
al., 2015).

While these methods aim to reproduce a target motion at a shake table platform by reducing the effects
of nonlinear structures, the objective (as discussed in Section 1.1) of this study is to simulate a target
motion at a specific location in a nonlinear structure mounted on a shake table. To solve this tracking
control problem for a nonlinear structure using a shake table, the real time feedback control schemes
including the predictive control method (Lu, 1994 and Lu, 1995) and the feedback linearization method
(Ioannou and Fidan, 2006) are adopted: For the predictive tracking control scheme, first, the response
(output) of a nonlinear system is predicted and a control law is developed by minimizing the predicted
tracing errors between the predicted output and the target motion at every instant; for the feedback
linearization method, the control law is developed in order to cancel the nonlinear terms in a system such
that the system behaves as a linear or partially linear system and the output follows the target motion.
These tracking methods for nonlinear systems can be extended to shake table and nonlinear structure
applications by reformulating the system governing equations and by analyzing error dynamics and state
responses.

Another challenge to control a nonlinear structure is that the system parameters might not be known a
priori; for example, the change of structure stiffness in hysteretic behavior and/or the yielding force may
not be accurately known in advance. Therefore, the real time parameter estimation, combined with the
feedback controller, might be required. In structural applications of the real time (online) parameter
estimation for nonlinear systems, many advanced methods including the least squares method (Smith et
al., 1999 and Yang and Lin, 2004), the extended Kalman filter (Yun and Shinozuka, 1980 and Wu and
Smyth, 2007) and the unscented Kalman filter (Wu and Smyth, 2007, Omrani et al., 2013, Hashemi et al.,
2014, and Song and Dyke, 2014) have been successfully applied numerically and experimentally. For the

least squares method, a system equation is formulated in a certain way such that the unknown parameters



are linearly related to the state of the system and the estimate is updated using the measurements in real
time: one can show the stability of this method in that the estimate error will be bounded (Iloannou and
Sun, 2012). However, it might be difficult to apply this method to complex nonlinear systems where the
nonlinear terms cannot be separated by the parameters and the state (i.e. this issue will be discussed in
Section 5.1.1.3). Both the extend Kalman filter (EKF) and the unscented Kalman filter (UKF) are
extensions of the Kalman filter, which is a widely used observer to estimate the state of a linear system
(Song, 2011); the EKF and UKF are able to estimate the state and system parameters of nonlinear
systems. For the EKF, the unknown parameters are augmented to the state vector and at each instant the
nonlinear system matrix is approximated by its Jacobian matrix using the 1% order Taylor series
expansion; the estimator gain is computed to minimize the length of the estimate error vector (Crassidis
and Junkins, 2012). Even though the method does not have certain stability properties (unlike the least
squares method) because of the unknown effects of remaining terms of the Taylor series, this method
might be applicable to more complex nonlinear systems. Unlike the EKF, the UKF does not require the
Jacobian matrix and can be applied to non-differentiable functions. However, the UKF typically involves
more computations than the EKF (Crassidis and Junkins, 2012), which might cause difficulties in real
time control applications. In this study, the Jacobian matrix of the interested nonlinear hysteretic system
will be determined; therefore, the EKF is applicable. The nonlinear tracking controllers will be
reformulated to be combined with the real time estimator using the EKF.

As addressed above, in this study, the real time feedback controllers using the predictive control
method and the feedback linearization method are modified and combined with the extended Kalman
filter as the real time state and parameter estimator in order to develop a methodology to determine the
excitation of a shake table, such that the response of a nonlinear hysteretic structure will follow a pre-
defined target motion.

Furthermore, if successful, the proposed methods could be expanded to control real structures using
base motion controls (although this is not a scope of this study). Similar structural control concepts,
known as active base isolation that consists of a passive isolation system combined with control actuators
(Chang and Spencer, 2010), have been developed by many researchers, including Reinhorn et al. (1987),
Kelly et al. (1987), Inaudi et al. (1992), Nagarajaiah et al. (1992), Yang et al. (1996), Luo et al. (2000),
Pozo et al. (2006), Chang and Spencer (2010), and Suresh et al. (2012). These linear control methods,
nonlinear control methods, and nonlinear adaptive control methods (Pozo et al., 2006, and Suresh et al.,
2012) have provided excellent active base isolation control design. Especially, the developed methods of
Nagarajaiah et al. (1992), Yang et al. (1996), and Chang and Spencer (2010) were experimentally
verified. While the most methods focus on stabilizing (making zeros of) the system responses, the

proposed control method in this study could be also used to control system responses to track desired



target motions like the controllers by Pozo et al. (2006), providing another possible and flexible control

scheme to the design engineers.

1.3 Notation
All symbols used are defined where they first appear in the report, and are also summarized here. The

principal meanings of the commonly used notations for the tracking control methods are provided below.

Index

Symbols Description (Section)

True state of controlled (shake table-structure) system;

X State vector x contains the state variables such as the displacement 22,3
and velocity responses, etc.

X Predicted (estimated) values of the true state x 52

X Estimated error of the true state; i.e. ¥(f) = £(¢) - x() 5.2

X, State of a reference model 3

u Control excitation input 22,3

r Excitation input of a reference model 3

Response output of a controlled system, which is the selected response to track
Y the target motion, and is the combination of the state variables; 22,3
i.e. () = Cx(¢) where C is defined in the context

)A/ Predicted (estimated) response output of the true system y 33

7 Measured output (state variables) of controlled system; 59
i.e. () = Hx(f) + v(f) where H and v(¢) are defined in the context ’
Target motion, which can be the output of a reference model subjected to the 3

D reference input »(¢)

e Tracking error of target ; i.e. e(f) = y(¢) - y.u(?) 33

d Error vector of estimated parameters; i.e. 8(¢) = 8(¢) - 6*; 5

8" is the true parameter and (7 is the predicted (estimated) parameter vectors
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SECTION 2
CURRENT PRACTICE FOR SHAKE TABLE CONTROL

A shake table-structure system consists of a platform supported by bearings driven by servo controlled
actuators with a structure (specimen) mounted rigidly on its surface. The simplified schematic of the
assembly of a shake table—structure system is shown in Figure 2-1 where actuators’ forces and internal
stress resultants acting on the system are also presented (i.e. f;, b, fs are the structure inertia, damping,

and resisting forces; f; is the table inertia force; f; is the actuator force).

mg X
’ <t+——Js1
‘ Target, y, H Controller R < fot [s
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wﬁﬁ t — T f,
O O

Figure 2-1 Schematic of a shake table-structure system

In order to move the structure sitting on the platform to match a target response, a controlled excitation
should be applied at its base. The objective of the control system of the shake table—structure is to
determine the desired excitation input x,(f) such that the response output y(¢) of the shake table, or the
mounted structure will follow the pre-defined target motion y,(¢). In order to achieve this goal, a
mathematical model of the system is used; in this section, the mathematical model for a linear system is
introduced based on the developments by Rinawi and Clough (1991) and Conte et al. (2000), which will
be used in the following sections for the development of the tracking control method, for both linear and

nonlinear systems.
2.1 Servovalve — Actuator Shake Table System

Figure 2-2 shows a schematic of a typical shake table-actuator system. It consists of a rigid platform

(table) driven by horizontal actuators that are controlled by servovalves.
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Figure 2-2 Typical unidirectional shake table-actuator system (after Stefanakis and Sivaselvan, 2015)

In this study, for simplicity a unidirectional shake table movement using uniaxial horizontal actuators
is considered. Actuators’ motions are controlled by servovalves usually mounted on actuators (see Figure
2-3 (left)) that establish the direction of movement and the amount of fluid flow to actuators’ chambers.

Figure 2-3 (right) schematically shows a three stage servovalve.
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Figure 2-3 Servovalve mounted on an actuator (left) and schematic of a three stage servovalve (right -

reproduced from Maddaloni et. al, 2008)

The simplified functional diagram of a servovalve-actuator shake table system is presented in Figure
2-4; each term shown in the schematic is described below. This schematic diagram is to represent the
relation between the input, the desired shake table displacement x,, and the output, the actual (measured)
shake table displacement x,, and includes several subsystems. The subsystem includes: i) the Servovalve
transfer function Hy between servovalve input signal Ax,; and servovalve oil flow rate g, ii) the Actuator
transfer function H, between the servovalve flow rate ¢, and shake table displacement x,, and iii) the

shake table feedback Controller in displacement control, where the servovalve input signal Ax.; is
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computed using the error signal between the target (= the desired shake table displacement x,;) and the
actual (measured) shake table displacement x,. Using these subsystems, the system transfer function Hr

between the desired shake table displacement x,; and the actual displacement x; is determined.
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Figure 2-4 Simplified functional diagram of a servovalve-actuator shake table system

Servovalve’s transfer function

The servovalve controller involves an inner loop feedback and a PID controller (see Figure 2-5). The
relationship between the input signal Ax.; (measured in volts), applied to the servovalve and the output
servovalve’ spool displacement x;; can be expressed as

k.k, (k;, +kis)
L+ ky ok, (K, + kys)

X, (s) = Ax(s) 2-1)

where “s” is a complex variable of the Laplace transform and

k; and k; are the first and second stage gains

kzi7 and k are the proportional and derivative gains

ks, is the gain of the servovalve main stage spool displacement
In this study, this relationship is assumed to be linear (following the suggestions of Nachtigal, 1990,
Rinawi and Clough, 1991, and Conte et al., 2000), so that Eq. (2-1) becomes:

X, () =k, Ax, () (2-2)

where £k;, is the global gain of the servovalve. The servovalve’ spool displacement x;, (in) produces a high
pressure oil flow rate ¢, (in’/s) to the actuator chamber (Blonet and Esparza, 1987), which is also assumed

to be linearly related:

q,(t) =k, x;, (1) (2-3)
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where k,, is the global flow-gain. From Eq. (2-2) and Eq. (2-3) one has the servovalve transfer function

Hy(s) between the input signal Ax.; (volts) and the output servovalve flow rate g, (in*/s)

H, (s):%:"w"w (2-4)

Figure 2-5 also schematically represents this relationship in a block diagram form (i.e. the outer box

represents the servovalve transfer function Hy(s), shown in Figure 2-4), which is the dynamic response of

the servovalve system, as described by Eq. (2-1) through Eq. (2-4).
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Figure 2-5 Block diagram of servovalve system

Actuator’s transfer function
The total oil flow rate ¢, (in’/s) applied to the actuator’s chamber is a nonlinear function of the
servovalve’ spool displacement x;, (in) and the actuator force £, (Ibs) (Blonet and Esparza, 1987, Ogata,
2010, and Rinawi and Clough, 1991); thus ¢, = f(x;,, f;). This relationship can be linearized about the
origin (x3, =0, f, = 0):
q,(0)=q,()=q, () =k, x, (6) =k, 1, (2) (2-5)
The first term on the right hand side ¢, (in’/s) represents the flow rate induced by the servovalve spool
displacement, and the second term ¢, (in*/s) represents the flow rate due to leakage. The terms kg and k;

are the flow-gain and the flow-force (loss) coefficient. With the oil flow input, the governing equation of

the actuator piston can be expressed as

9,(0=4,(0)+q,(0) = Az, () +(V 1 454) /() (2-6)
where
¢ (in’/s) is the useful flow rate to the chamber causing piston to move
g. (in’/s) is the equivalent compressibility flow rate
A (in®) is the actuator piston area

V (in’) is the volume of oil in the actuator
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L (psi) is the bulk modulus of fluid

X, (in) is the shake table displacement

f. (Ibs) is the actuator force applied to the shake table
From Eq. (2-5) and Eq. (2-6) it is obtained

9, (1) =4, (1) + 4, () +q.(¢) = 4% (1) +(V 1 4BA) £, (1) + . £, (¢) 2-7)
Simply the total flow (g;) is a sum of the flow moving the piston (g,,), the flow going to losses (g;.), and
the flow that go to the compression of the fluid (g.). Through this equation one can obtain the actuator
transfer function H,(s) between the servovalve flow rate ¢, (in’/s) and the table displacement x, (in)
considering losses and fluid compression:

x(s) _ 1

HA(S): =
q,(s) As+(V/4ﬂA)st(s)/xt(s)+kaa(S)/x,(s)

(2-8)

Figure 2-6 also schematically represents this relationship in a block diagram form (i.e. the outer box
represents the actuator transfer function H(s), shown in Figure 2-4), which is the dynamic response of the
actuator system, as described by Eq. (2-7) and Eq. (2-8). The potential interaction due to a mounted

structure is indicated in the figure by a dot line — this issue is addressed further in Section 2.2.

Figure 2-6 Block diagram of actuator system

From Eq. (2-4) and Eq. (2-8), the transfer function Hy,(s) between the input signal Ax.; (volts) and the

output table displacement x,' (in) for the servovalve-actuator system is

_ — Xt(S) _ 1 2.9
By ()= Hy (H, () Ax_.(s) kquwAs+(V/4,6’A)sfa(s)/xt(s)+kaa(s)/xt(s) 2-9)

"In this section, for simplicity, for the x, and x, the conversion factors from their physical dimensions (in) to the

corresponding electrical signals (volts) are assumed to be lumped to the gain constants.
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Servovalve to Shake Table System Transfer Function

The servovalve input signal Ax,; (volts) can be computed as described in Conte et al. (2000):

AX 5 (1) = A, () + x (1) — X, (1) (2-10)
or in more detail:
Ax,(s) = [k; +(178)k? +kgs | Ax, () = Hyp (5) (3, (5) = x,(5)) @-11)

where Ax, (volts) is the table error signal (Ax. = x, - x;) between the shake table displacement x; (volts)
and the target (desired) command signal x, (volts). Hg,, is therefore described as the transfer function of
the actuator controller (PID - proportional-integral-derivative) in which k9, k{, kg are the proportional,
the integral, the derivative control gains, respectively. The second term x4 (volts) in Eq. (2-10) is the feed

forward component:
x/f(s) =k/fod (s) (2-12)

in which ky is the feed forward control gain. The last term x4 (volts) in Eq. (2-10) is the differential

pressure component

x,, () =k, AP(s) =k, (fa(s) / A) (2-13)
where kg, is the delta pressure control gain, and AP (psi), the differential pressure across the actuator
piston, is expressed as AP = f,/4. Substituting Eq. (2-11) though Eq. (2-13) into Eq. (2-10), the
servovalve input signal is therefore:

Ax(t)=H},, (s)(xd (s)—x, (s)) + kjfsxd (s)— kdp (fa (s)/ A) (2-14)
The transfer function between the target displacement x; (in) and the shake table displacement x, (in) is
obtained from Eq. (2-9) and Eq. (2-14):

Ax () _x(s) _ Ax,(s)
x,(8)  Axs(s)  x,(s)
H, (s)(Hyyp () + k)

L+ Hy ()] Hipyp () + (kg / A)(£,()/%,(5)) ]

H.(s)=

H,(s) or

(2-15)
H.(s)=

Figure 2-7 also schematically represents this relationship in a block diagram form; i.e. the outer box
represents the system transfer function Hy(s), which is the dynamic response of the servovalve-actuator

shake table system (or “shake table system” for brevity).
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Figure 2-7 Schematic diagram of a servovalve-actuator shake table system

The transfer function in Eq. (2-15) is presented in the Laplace (complex frequency) domain. For the
real time control development, the time domain solution is needed, and first the same relationship (shown
in Eq.(2-15)) between the input target displacement x, and the output shake table displacement x, is

expressed as:

k k. kis+k_ k k
( xq"sv dS+ xq" sy p]xd(s)

kqusvkios

h) ([, kkky) () o
Vm.as xq" sy .aS o\ - o oxts
4@’4 " +[kL+ qA dpjm, - +( Ak k)%, (5)+ kK ox, (s) + K, k&

It is noted that due to the actuator PID controller Hp;;, and the feed forward component xg; filtering to x,
and x, are applied. These filtering effects might be important in real system applications and need to be
monitored from actual experimental setups; however, in this study, it is assumed that the gains are chosen

as Hp;p = kg and ky= 0 (x;= 0); therefore, Eq. (2-16) can be expressed in the time domain:

' k, ke k
k k kox (t)—ﬂf“—(t)+[/g+ M’Z dmetﬁl(t)+Axt(t)+k k,kox (1) or

xq"Vsv'pvd _4,8Am m xq Vsv' i pTht
1), 2 10 | -
1 a t 2 a a t v
kaxd(t):a)_j m, +ETt+xt(t)+kaxt(t)

where
w0, =4BA*Vm, ; o, (s) is the natural frequency of the shake table system (i.e. f; . (Hz) = w, / 27),

which is also known as oil column frequency (Conte et al., 2000).

5 _ WaMmy (AkL+kquS,,kdp
a

2 A2
ko = kykokp/A; k, (s'l) is the control gain of the shake table system

); &, (dimensionless) is the equivalent damping ratio of the shake system

In the state space form, this equation can be written (Blondet et al.,1988 and Rinawi and Clough, 1991)
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() Ax (t)+Bu(t) or
xt(t) 0 1 0 x, (1) 0

( 0 1 )'c[(t) + 0 |x, (t), x(0)=
f(0)/m | | kol - 2&w,| f.(0)/m | | ko

(2-18)

~
Il
=]

The equation can be solved using the 4™ order Runge-Kutta method for actual implementations.

2.2 Shake Table — Structure System (2DOF System Model)

When the structure is mounted on the shake table which is mounted on a reaction mass, the dynamics
of the system is changed and the transfer functions have to be adjusted. Figure 2-8 shows a schematic of
a structure mounted on a shake table including the base reaction mass (see also Conte et al., 2000); the
shaded area represents the effects of movement of the reaction mass (m,), which are assumed to be minor

in this study as discussed below.

Desired § xs <t JsI
esire . .
displacement < fot fs
fa —>fot fs
< fu
p T O :
. Xy o a—fu
{ D < f b,D+f bS
my
ya —> fi0T fhs
/o -

Figure 2-8 Schematic of a shake table-structure system with the reaction mass

The governing equations of motion of the system can be expressed as:

m (0)+ ek (1) +kx (1) =-m (5 () +5,() ) or 1, (f)+fD(f)+/?(f) 0

m, (1) —{c.x, (1) +kx, (1)} = f,(1)-m%, (1) or RIAGEIAGIEIAD

m,%, (1) +c,%, (1) +kyx, () =—f, (¢) or fb[( )+ fon(0)+ fo5 (1) =—=1 (1) (2-19)
i) EAUN ()kx()zkx(t)

o m o m dt o

Where x;, X, X, are the relative displacement, velocity and acceleration of the structure with respect to the
shake table; my, ¢, k; are the mass, damping coefficient, stiffness of the structure, respectively; x;, Xp, X5
are the displacement, velocity and acceleration of the reaction mass with respect to the laboratory floor;

my, Cp, ky are the mass, damping coefficient, the effective stiffness of the reaction mass, respectively. All
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other terms are explained in the previous section. It is clearly shown from the equations that the actuator
force f,(¢) is coupled with the structure and the reaction mass responses. This shake table — structure &
reaction mass interaction can be also shown by the Laplace domain equation of the actuator force f,(s)

(see also Conte et al., 2000):

f, (s) =m,s’x, (s)[l +H, (s):l[l + (mx/mt )HS (s)] (2-20)
where
o (s) _ -’ [m[ /(m, +mt):|{l+[ms /(m;+m,)H (s):l} ]
Hals) x(s) s {1+[ms /(m,+m,)H (s)}} +52&0, + @, (221)
Hi ()= x(s)+x(s)+x,(s) 25+ 022

xl(s)+xb (s) P +2§Sa)ss+a)s2

where w;, = \/W ;& =c¢p / 20pmy and w, = m (the natural frequency of the structure); & = ¢, /
2wgmy (the damping ratio of the structure). Substituting the actuator force f, in Eq. (2-20) to Eq. (2-15),
the system transfer function between the target displacement x, and the shake table displacement x,; can be
computed considering the effects of the structure and the reaction mass. It is assumed for simplicity in
this study that the reaction mass movement is not significant (as considered also by Rinawi and Clough,

1991); therefore, x, = 0 and Hp = 0, and the actuator force f, becomes:
fﬂ(s)=m,szx,(s)[1+(ms/mt)HS (S)] (2-23)

Without the reaction mass movement, the governing equations of the shake table-structure system in Eq.

(2-19) can be rewritten in the state space form as

)_'c(t)zA)_c(t)+Bu(t), x(0)=x, or

[ x0) ] 0 ! 00 0 M@ ][ 0]
() ~(m +m Nk, ~(m +m)e, 0 0 -1 (1) 0
gl * : ‘ A
7 x() |= 0 0 0 1 0 x(@® |+ 0 |x,@0)
x,(t) m 'k, m’c, 0 0 1 x, () 0
LL@fm ]| 0 0 k@ —oF 20, | LO/m] [k, ;|
(2-24)

The output y(¢), defined here as the total structure acceleration response X;(¢), can be expressed by the

“output equation”:
y(t) = Cx(0), or

YO =[-m'k, —mlc, 0 0 0]x() (2-25)

The equations can be solved using the 4™ order Runge-Kutta method.
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The shake table with a simple structure, mounted on it as expressed by Eq. (2-24), can be considered
as a 2DOF shake table-structure system model; i.e. the degree-of-freedoms (DOF) include the lateral
displacement x,(¢) of the structure (defined here also as the test specimen) with respect to the shake table
and the lateral displacement x(¢) of the shake table with respect to the laboratory ground, as shown in
Figure 2-1. The control excitation of the shake table is defined as u(#). If the position of the shake table is
controlled, then the control excitation u(?) is specified as the desired shake table displacement x,(f), which
should be computed in real time for the displacement control if the controlled system experiences
nonlinear behavior (as discussed in SECTION 4).

In order to facilitate the development of a tracking control method, first, it is considered that only an
SDOF structure system (denoted as an SDOF system model) is controlled in the next section, assuming
that the dynamics of the shake table can be ignored. With this simplified model, a new control excitation
input u(?) is considered as the excitation force -mx,(f) due to the shake table acceleration X(¢) (instead of
the actual control excitation input x,(¢)) as shown in Figure 2-9. In such case, the governing equation of a

structure shown in the first equation of Eq. (2-19) can be rewritten as:

mg s m s
u=-myi,
or
<+——» X,

Figure 2-9 Schematic of a simplified SDOF system model with a new control excitation

Then, the developed tracking control method using the simplified SDOF system model will be
extended to the 2DOF system model (shown in Figure 2-1), where the shake table dynamics and the table-
structure interaction are included. Using the 2DOF system model, the actual control excitation input u(?),
which is the desired shake table displacement x,(¢), will be determined in real time, such that the output of

a controlled structure will follow a specified target motion.

2.3 Shake Table - Structure Interaction

As shown in the previous section, the relationship (i.e. the transfer function) between the target motion
x, and the shake table displacement x, changes due to the shake table-structure interaction (Rinawi and
Clough, 1991, Dyke et al., 1995, and Conte et al., 2000). Two major reasons of the interaction can be

expressed as following;
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(1) The actuator force f, applied to the shake table is coupled with the structure response as clearly
shown in Eq. (2-23) and Eq. (2-24).

(2) The servovalve systems have nonlinear behavior (Maddaloni, Ryu and Reinhorn, 2010). The
shake table parameters; w,, &, and k,, (which are assumed to be constant) might vary depending on
structure characteristics (Rinawi and Clough, 1991 and Trombetti et al., 2002). For example, in
general shake table system parameters, obtained from a bare table, are different with the ones
estimated after a structure is mounted.

The table-structure interaction caused by the first reason (1) above is mainly considered in this study, and
it is assumed that the estimated shake table parameters in preliminary experiments will remain the same in
the operating range of interest. This might be acceptable since shake table system parameters, as shown
from experiments by Trombetti et al. (2002), were similar in a wide range of the natural frequencies for
different structures.

The table-structure interaction can be compensated using the transfer function and its inverse transfer

function, if the structure is linear; this method is presented in Section 2.6. When the structure experiences
nonlinear behavior due to possibly high intensity excitation, the inverse transfer function compensation is

not satisfactory and real time control is necessary; this method is presented in SECTION 4.

2.4 Shake Table Actuator Inner Loop Feedback (PID) Control

The mathematical model of a servovalve-shake table actuator system (a bare table without a mounted
structure) was described in Section 2.1. The relation between the excitation input u(f) = x,(f) (the desired
shake table displacement) and the output y(f) = x/(¢) (the achieved shake table displacement) can be
expressed as the transfer function Hr in the frequency domain as shown in Eq. (2-15). By choosing the
target motion y,(f) = x,(¢), the control objective of the table-actuator system is to adjust the transfer
function through the inner-loop feedback control, such that the output y(¢) will follow the target motion
ym(?), which becomes the excitation input u(¢) in this case; thus, the desired transfer function is to have
unity magnitude and a linear phase (i.e. a simple time delay). The block diagram of the shake table-
actuator system is presented in Figure 2-10 (for simplicity the effect of x,, the differential pressure
component, is not included; but see Figure 2-4 for the schematic of the system in detail); note that the

terminology was introduced in Section 2.1.
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Figure 2-10 Block diagram of shake table-actuator system

For example, the magnitude and the phase angle of the transfer function of a bare shake table-actuator

system having selected properties as f,, = 30.0 Hz, £, = 0.707, and &, = 70, obtained from Eq. (2-18) are

presented in Figure 2-11.
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Figure 2-11 Transfer function response of a bare shake table actuator system

The results show that the unity magnitude of the transfer function is obtained up to about 15 Hz, and
the phase angle is almost linear in the 0-30Hz range; therefore, the results indicate that the shake table has
the operating frequency range of 0-15 Hz with a constant time lag (i.e. delay due to the control dynamics),
which satisfies the objective. The time lag can be computed by dividing the phase by the frequency
(Chung, Soong, and Reinhorn, 1989 and Phillips et al., 2012); in this example, the time lag is about -16

msec.
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However, when a structure is mounted on a shake table, the transfer function is affected by the shake
table-structure interaction, as discussed in Section 2.3. The effects vary depending on the properties of the
table and the structure. In order to demonstrate the effect of this interaction, the transfer function response
of a shake table (the same as presented in Figure 2-11) with a structure is presented in Figure 2-12: the
selected properties for this example are: m, = 1 kips-sec’/in., ks = 987 kips/in., and ¢, = 1.89 kips-sec/in.,
(fu=5.0Hz, &,=0.03), u =mg/ m,= 1.5, f,,=30.0 Hz, &, = 0.707, and k, = 70 in Eq. (2-24). The results
clearly show the effects of the shake table-structure interaction, with both variable amplification and

phase shift around the resonant frequency of the structure.
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Figure 2-12 Transfer function response of a shake table — structure system

This example indicates that a more advanced control procedure is needed in order to simulate the
desired motion at the shake table, or structure, by overcoming the table-structure interaction. Feed-
forward compensation procedure is a well-known shake table control method, which is widely used by the

most shake table manufacturers (Maddaloni, Ryu and Reinhorn, 2010).

2.5 Feed-Forward Compensation using Inverse Transfer Functions
The inverse transfer function method (ITF), which is the feed-forward method, can be used for a

tracking control for a target motion at a shake table (Clark et al, 1970, and Reinhorn, 1985 (class notes),
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Spencer et al, 1998). The same scheme can be extended to simulate a target motion in a linear structure
mounted on a shake table; this method was developed at the University at Buffalo including the authors of
this report (see Ryu, 2009, and Maddaloni, Ryu, and Reinhorn, 2010). The method has been implemented
by the authors for real applications at the UB-SEESL. The procedure (Ryu, 2009) is explained again in
this report for the sake of completion, since the method provides an important base for understanding

further developments of a tracking control for nonlinear systems.

2.5.1 Shake Table System

As indicated above, the primary use of a shake table is to simulate the base motion. However, the
reproduction of a dynamic signal, due to several factors (e.g. servovalve’s dynamic response,
compressibility of the actuator fluid, oil leakage through the actuator seals, influence of the test specimen)
can be imperfect (Conte et al., 2000). High fidelity responses can be obtained using compensated motions
as described in (MTS, 2004) and summarized here for practical implementations.

Assuming that the shake table system is linear, the analytical model represents mathematically the
input-output relationship between the excitation u(f) and the output y(¢). For shake table testing in
displacement control mode, a typical target motion y,(?) for the shake table is derived from an earthquake
acceleration while the excitation input u(?) is the desired table displacement x,(¢). This can be obtained
from double integral of the target motion y,(?) (Spencer and Yang, 1998); i.c. it is noted that in order to
avoid a large drift of a shake table, the target motion is to be high-pass filtered (Phillips and Spencer,
2012) to remove a very low frequency depending on the target and the displacement capacity of the shake
table). The output y(¢) is the measured (achieved) shake table acceleration response x(¢). While the
analytical model is presented for a uni-axial system, the same procedure can be used for multi-axial
systems, where matrices of uni-axial models and cross-coupling components would replace the single
mathematical model (see Eq. (2-33))

For a shake table system, the transfer function H(w) between the excitation input u(f) = x,(f) and the
output y(¢) = X,(¢) can be expressed in the frequency domain as:

()= y(®) _% () (2-27)
u(w)  x,(@)

where y(w) and u(w) are the Fourier transforms® of y(£) and u(?), respectively. It is also noted that if a

H

t

built-in shake table controller, such as STEX at the University Buffalo, will generate the excitation input

? Fourier Transform is an operation that converts one function of a real variable into a complex function. The new
function, often called the frequency domain representation of the original function, describes which frequencies are
included in the original function; @ = 2xf'is the circular frequency (in rad/s) and f'is the cyclic frequency (in Hz);

i=v-1
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u(?) by doubly integrating the target (table acceleration) motion y,.(7) (i.e. u(f) = y,(f) / (iw)?), the transfer

function H, (@) from the relation between the target motion y,.(f) (i.e. which is the user excitation input to

STEX) and output y(¢) = x,(f) can also be expressed in the frequency domain as:

H, (0)= @) (2-28)
V(@)

and it is noted that the same transfer function can be obtained from Eq. (2-15) by replacing s by iw.

The transfer function H(w) (or H, (w)) represents the steady state response, which would represent the
total response with the zero initial conditions (Rinawi and Clough, 1991), and can be interpreted as the
degree of “distortion” in signal reproduction of the target motion y,,(f) due to the mechanical and servo-
hydraulic system. In order to obtain the best fidelity of the achieved output y(#), a compensated excitation
u.(t) can be applied.

Figure 2-13 presents the schematic diagram of this concept. The target motion y,, represents the start
point of the compensation while the achieved output y is the end point. The compensated excitation input

applied to the table for the shaking is indicated as u...

|
Ym E(Ei) I_[t-l Ue H H, V=Ym?
\
\

Figure 2-13 Schematic diagram of shake table simulation of an earthquake record

(dashed line indicates possible off-line iterations)

According to this scheme and Eq. (2-27), a compensated excitation input u.(f) should be applied in
order to achieve the output y(f), which will track then the target motion y,(#) as shown in the following

equation:
if u,(0)=H,(0)" 3, (0); then
y=H, (o)u (0)=H (o)H, (a))_l V(@)= y, (@)

where H(w) and H/(w)" are the transfer and the inverse transfer functions of the shake table system

(2-29)

respectively. Therefore, the excitation input u.(w) is calculated multiplying the target motion y,,(w) by the
inverse transfer function of the shake table. In practical applications using the compensated excitation

input u.(¢) for the shake table, the achieved motion y(¢) could not match perfectly the target motion y,(¢)
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due to non-linearities of the servo-hydraulic system. As shown in Figure 2-13, an error e(t) = y() - yu(?) is
calculated and an offline iteration procedure (dashed line) can be used to improve the compensation. The

block diagram shows that the iterations are stopped when the error is smaller than a predefined tolerance

(||e|| < 7): it means that this is an acceptable reproduction of the desired motion. In order to reduce the

tracking error e(¢) of the shake table control, Nakata (2010) and Phillips and Spencer (2012) also
introduced outer feedback compensation loops instead of the offline iteration.

The method presented above is a well-known feed-forward compensation procedure used by most
shake table manufacturers (Spencer and Yang, 1998 and Maddaloni, Ryu and Reinhorn, 2010). However,
when the target is to simulate a desired/target motion at the top of a testing structure mounted on a shake

table, the procedure should be modified, as described below.

2.5.2 Shake Table-Structure System Control

In the experimental evaluation of architectural or non-structural components (Reinhorn et al., 2010) or
in the qualification testing of complex equipment (IEEE, 2006), it is often necessary to produce the target
motion at a specified position of a structure such as a floor/roof of a structure. The previous compensation
approach can be generalized for a multi-degree of freedom (MDOF) system (Conte et al., 2000 and
Maddaloni, Ryu and Reinhorn, 2010), which represents the specimen in a shake table test. For simplicity,

the MDOF structure is represented in this development as a simple plane frame as shown in Figure 2-14.

%
Structure m
Shake Table - o
H? i iHY /
Y Controller | Y% H, "1:7 L X
—" Gt >E o

Figure 2-14 Schematic representation of the transfer functions for the shake table (H,) and structure (Hj)

The acceleration transfer function defined by the ratio of the output structural total acceleration
response y(f) = X,/(¢) to a shake table motion in the frequency domain can be obtained from the procedure
described in Maddaloni, Ryu and Reinhorn, (2010); for an SDOF structure, the structure transfer function

H{(w) is expressed as:

i (w 2iwé 0, + v’
(0)= () _

H -
(o) -0 +2i0éo,+o]

N

(2-30)
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which is the same equation to Eq. (2-22) after substituting s = iw, and indicates the degree of
amplification of the base motion due to the dynamic characteristics of the structure.

The input-output relationship between the shake table excitation input u(¢) and achieved (measured)
motion y(¢) at the specified location of a structure in the uniaxial direction, assuming that the system is
linear and remains linear during excitation, can be represented using the system transfer function, which
can be computed by multiplying two transfer functions H(w) and Hy(w) shown in Eq. (2-27) and Eq.
(2-30):

H(w) = H (0)x H, () = “: ((Z; _ ;C ((23 (2-31)
d

In a similar fashion described previously, the concept of signal compensation can be applied in order to
match the output of a structure to a target motion. Figure 2-15 presents the schematic diagram of this
concept. The target motion y,, represents the start point of the compensation while the achieved output y is

the end point. The compensated excitation input applied to the table for the shaking is indicated as u,.

[
U H jét y:qu

H H,

Figure 2-15 Schematic diagram of ‘open-loop’ compensation procedure (dashed line indicates possible

off-line iterations)

According to this scheme and Eq.(2-31), a compensated excitation input u.(¢) should be applied in
order to achieve the output y(¢) at a structure, which equals to the target motion y,(f) as shown in the

following equation:
if u,(0)=H(w) "y, (o); then
y=H(o)u (0)=H(o)H (o) y, ()2, (o)

where H(w) and H(w)"' are the transfer and the inverse transfer function of the shake table-structure

(2-32)

system, respectively.
In practical applications, the system transfer function is determined from identification with associated

uncertainties due to non-linearity in the structure and the shake table and imperfections in identification
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process. Therefore, the achieved output y(f) cannot perfectly match the target motion y,,(¢). In this case, as

shown in Figure 2-15, an off-line iteration (dashed line) can be performed to improve the compensation.

2.5.3 Experimental Verification

The compensation procedure developed above was implemented experimentally for a 20ft. x 20ft. test
frame, constructed for suspended ceiling system dynamic testing, mounted on a shake table at the
University at Buffalo-Structural Engineering and Earthquake Laboratory (UB-SEESL) as shown in Figure
2-16. The objective was to simulate tri-axial target motions in the longitudinal x, transverse y, and vertical
z directions at the top corners of the test frame. The target motions were generated to match the AC156-
RRS of S5 = 1.0g in each direction. It is noted that the target motions for the three rotational axes (roll 7,
pitch p, and yaw w) are all zeros.

For a 6 DOF shake table system like the UB-SEESL shake table system, the system transfer function
can be expressed as a 6 x 6 matrix and each element of the transfer function matrix at each frequency is
determined as:

H,(0)=y, (o) u (o) (2-33)
which is the ratio between the i axis output and the j axis excitation input. Each column of H(w) can be
established from each uni-axial test in the longitudinal x, transverse y, vertical z, roll r, pitch p, and yaw w
axes, respectively. If the system is not coupled, the matrix becomes diagonal and each transfer function is
explained as a single mathematical model (i.e. which is the same as the transfer function of a uni-axial
system). If the responses in all different directions are coupled, cross-coupling components have to be
added and the transfer function matrix H(w) becomes a full matrix.

For this application, an uncoupled system in each excitation axis (x, y, and z) was assumed; therefore,
the 6 x 6 transfer function matrix in Eq. (2-33) was reduced to a 3 x 3 diagonal matrix and each diagonal
element was determined from the input (the target motion) and output (the uncompensated achieved
output at the structure, which were computed as the average of the response histories obtained from the
accelerometers installed at the 4 top corners of the structure as shown in Figure 2-16) in the x, y, and z

axes respectively.

28



e O

Cre

Figure 2-16 Experimental implementation: 20ft. x 20ft. test frame on a shake table at the UB-SEESL
(structure responses at frame top corners)

Using the 3x1compensated desired motion vector, the achieved compensated motions are obtained and
the results in the longitudinal and vertical directions (i.e. the ones in the transverse direction are very
similar with the ones in the longitudinal direction) are presented in Figure 2-17, which shows in each
direction, the required response spectrum (RRS) per AC156 (ICC 2010); the response spectrum of the
desired target motion y,, (“Desired target”); the response spectrum of the uncompensated achieved output
(Yv), the response spectrum of the compensated target motion y,, . (Targetc) (i.e. v, (@) is obtained by the
first equation of Eq. (2-32), where H(w) is replaced by H'(w) = y(®)/y.(w), which was more
straightforward for the UB shake table controller application as discussed for Eq. (2-28), and the response
spectrum of the compensated achieved output (Y¢) at the south-west (SW) frame top corner. The achieved
compensated output (Yc) shows good agreement to the target motion in the horizontal direction (Figure
2-17 (a)), while there are relatively large differences between the achieved and the target in the vertical

direction (Figure 2-17 (b)).
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Figure 2-17 Compensation results (Target vs. achieved motions at SW frame top corner)
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The degrees of distortion between the RRS and the response spectrum (RS) of the achieved structure

output in signal reproduction can be evaluated by the index:

_ L[ RRs()-RS() | _
5‘\/1@{ RRS(/) } e

The degrees of distortion of the achieved structure outputs in the range of 1 to 30 Hz (with 20 frequencies
per octave) are shown in Table 2-1. For purpose of comparison, the degrees of distortion in the target
motions (due to their initial generation) are also presented. The distortions are small (<0.15) in the

horizontal directions, however, although showing improvement, are large (>0.80) in the vertical.

Table 2-1 Degrees of distortion in signal reproduction (at SW frame top corner)

5 Target Uncpmpensated Cqmpensated
achieved output achieved output
(1) @) 3) @)
Longitudinal 0.08 0.40 0.12
Lateral 0.09 0.41 0.11
Vertical 0.17 1.46 0.84
Average 0.11 0.75 0.35

The errors in the vertical direction are mainly caused by the coupling between the horizontal and
rotational motions. The coupling between responses is evident from non-zero responses in the vertical
direction at the top north-west (NW) and north-east (NE) corners, measured from a longitudinal uniaxial
excitation input test (with the peak longitudinal acceleration of 0.55g measured at the shake table), as
shown in Figure 2-18. Without coupling, the vertical responses of the corners are supposed to be zero.
The coupling between the longitudinal-rotational motions at the top of the frame occurred due to the

flexibility of the cantilevers of the shake table extension (shown in Figure 2-19).
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Figure 2-18 Undesired corner vertical motions at NW and NE frame top corners
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Figure 2-19 Shake table and extension at UB-SEESL, Front elevation

The vertical motions in the corners caused by the coupling of the horizontal-rotational motions might
be compensated using the coupled transfer function matrix as described in the previous section; the
compensation procedure was numerically implemented and the results were presented in Ryu et al (2013):
A simplified analytical model showed that the coupling effects could be compensated using the developed
transfer function matrix. The experimental study was also performed at the UB-SEESL and the results did
not show much improvement due to the capacity limits of the rotational DOFs (roll r, pitch p, and yaw w)
of the shake table: the results indicate that the compensation procedure may produce reasonable target

motions only in the shake table operating frequency bandwidth.

In this section, the current practices for shake table control are reviewed. The feedforward
compensation method using the system transfer function in the frequency domain can be applied to linear
systems in order to reproduce a required target motion at any specific location of a specimen; however,
the method is limited to the linear system applications. The mathematical model of a shake table and the
governing equation of a shake table and linear structure system are presented. This linear system model
will be used in the development of the tracking control schemes in the following sections and will be

revised to be applied to nonlinear system control applications.
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SECTION 3
TRACKING CONTROL FOR LINEAR SYSTEMS WITH KNOWN
PARAMETERS

When the shake table and the test specimens, which need to be challenged by a controlled motion, are
behaving linearly (such as elastic systems) with known system properties, the control can be derived from
a classical control theory. As addressed in Section 1.1, the control problem considered in this study is a
tracking control problem, whose objective is to minimize the errors e(f) = y(¢) - y,(t) between the target
(desired) motion y,(f) and the achieved output (response) y(f) of the controlled system. This can be
expressed in the following equations:

Behavior of the true system that has to be controlled

$(0)=Ax()+Bu(0).  x(0)=x

-1
(1)=Cx(1)
Behavior of a reference model that provides a realistic target:
zm t :Amzm t +er t 4 icm 0 :Im
(1)=4,x,(6)+B,r(1) (0) =%, )

Yult)=C,x, (1)
Our task (the control objective) is to compute the control excitation input u(¢) to drive the table with a
specific motion in order to simulate the target motion y,(#) at a specific location of a test structure
mounted on the shake table. For the linear system, various methods can be used in the frequency domain
or in the time domain. In this section, four well known tracking control methods, which are the

foundation of this study, are introduced.

3.1 Feed-forward Control (Inverse Transfer Function Methods)

The inverse transfer function method (ITF), which is the feed-forward method, can be used for a
tracking control as was discussed previously in Section 2.5. The concept is briefly reviewed and
reformulated as follows.

The relationship between the control input u(s) and the structure response y(s) for the true system in
Eq. (3-1) can be represented in the Laplace domain (complex frequency domain) using the transfer
functions H(s), and the relationship between the reference input 7(s) and the reference model response

Vu(s) in Eq. (3-2) can be represented using the transfer functions H,(s):

L) a)
= =R 5)

(3-3)
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where Z,(s) and R(s) are polynomials (e.g. s" + ais"" + -+ a,.1s + a,) and k, is a constant, and

), 200
)= =Rk ()

where Z,(s) and R,(s) are polynomials and £, is a constant. According to the inverse transfer function

(3-4)

method introduced in Section 2.5, the control input u(s) is computed by pre-multiplying the target motion
Vuls) with H™1(s):
Control Law

=1 )| 0 2 o

m

The control input u(f) in the time domain from that of Eq. (3-5) can simply be computed using the inverse
Fourier transform. By substituting this control input into the system equation in Eq. (3-1) the achieved
motion y(¢) will be the target motion y,(f), or in the Laplace domain the expected achieved response can
be expressed:

Expected Achieved Response

=16 )= 6) ) [ L= ) s

The main advantages of this method are: (1) the information about the testing system parameters such as

the mass, the stiffness, and the damping of a structure and the shake table is normally not required
(Maddaloni, Ryu, and Reinhorn, 2010); i.e. the transfer function involving the system properties can
casily be obtained by experiments although it can also be computed through the curve fitting method
(Nakata, 2010), and (2) the feed-forward (open loop) control scheme can be used so that feedback
(closed) loop is not required. However, as previously addressed, this frequency domain method using the
system transfer function is limited to linear systems since the pre-computed transfer function is not valid
anymore if the system parameters change. It is also known that the feed-forward (open loop) control
suffers from the usual drawbacks of deterioration of performance due to small parameter changes and of
inexact zero-pole cancellation (Ioannou et al., 2012), which might cause the controlled system to become

unstable if the original system is unstable.

3.2 Feed-back + Feed-forward Control (Optimal Tracking Control)
The optimal tracking control (OTC) method, which is the feed-back and feed-forward control as
explained below, can be also used to solve a tracking problem. As expected, this method like the feed-

forward method can only be applied to linear systems. However, the computed control input and the
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tracking results give valuable information in this study in order to compare the optimal results with other
alternative methods; therefore, it is introduced here. It is noted that the optimal tracking control problem
is a special case of the linear quadratic regulation (LQR) problem (Kwakernaak and Sivan, 1972). The
control law is obtained using the augmented state equations and the linear quadratic regulation (LQR)
formulation (Soong, 1990). The thorough derivation in detail can be found in Kwakernaak and Sivan
(1972).

The performance index of an optimal tracking control problem can be expressed

J =% [AD 0 -2. (0] o) =3 ()] +4" (1) Ru(0)} (3-7)

where Q is a positive semi-definite weighting matrix and R is a positive definite weighting matrix. This
criterion expresses that the controlled achieved response y(?) is to track the target motion y,(¢) while the
control input amplitude is restricted. This augmented system of equations from Eq. (3-1) and Eq. (3-2)

can be written as:

00 |20 SJ0] g o= asorma st s 20 s,

0 4, A
n=0-n-le e *0]-cx)

The performance index subject to the constraint represented by Eq. (3-8) can be re-written

J-f {[ ()0, (1) + " (£) Ru(t) ]+ 47 (1) A, (1) +Bu()+Bm’ur(t)—ica()}}dt+% ()55 (1))

(3-9)
where
c’ c'oc —CTQCm
Qa = T Q[C _CM] = T T
-G, -G, 0C G, 0C,
The Hamiltonian can be written as:
H(z)%[g(z)gu&() O Ru(t) ]+ 27 () 4,x, (1) + Bau(t)+ B, 7(1)] (3-10)
The necessary conditions for the control input #(#) to minimize the cost function J are:
. oH(¢)
At)=- =— 1)—AA(t ]
A1) 2 (0 0., (1) =4, A(1) (3-11)
i (1) = ‘2‘2((:)) — Ax, ()4 Bu(t)+ B, (1) (3-12)
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OH(1)
ou(1)

=0=Ru(t)+B,A(t) = u(t)=—R"'B,A(¢) (3-13)
For the boundary condition,

of3arl)sslo)presi-a0)] <0 = sulo)-al) G19

Iy
where t/is the terminal time. When the control input is generated by the augmented state vector, one has

4(f)=P(t)zca(f)={§Eg izm[j(?)} Plt;)=$ (3-15)

21 2
Using Eq. (3-11) to Eq.(3-12), one has the Riccati equation

P(t)=-Q,+P(t)B,R'B, P(t)-P(t)4,— 4" P(t) (3-16)
By the partitioning this Riccati equation according to the augmented state vector as shown in Eq. (3-15),
it can be found that P,;(¢) and P,,(f), which are needed to compute the control input in Eq. (3-13), are the
solution of the matrix differential equations

IEII (Z) = _CTQC + B, (t)BRilBrel (Z)_Pll (t)A_ATPu (t)’ B, (tf ) =0 (-17)

B, (1)=C"0C, + P, (t)BR'B"R, (1)~ Ry (t) 4, —4"Ry(t),  Py(t,)=0 (3-18)
These partitioned matrix differential equations are solved backwards in time since they are specified at ¢,
and produces the optimal solution (Soong, 1990 and Kwakernnak and Sivan, 1972). Substituting these
expressions, the control input in Eq. (3-13) can be expressed:

Control Law

o=—rwzat-— ]| 10 BN 0 Lo k@) 200 e

Pz1(t) Pzz(t) Xon X,
where the feedback gain matrix Kz(¢) and the feedforward gain matrix Ky(¢) are
Ky (1)=—R"B'R, (1)

K, (t)=-R"'B"R,(t)

(3-20)

It is noted that in structural engineering applications P;,(¢) typically remains a constant positive semi-
definite solution (Soong, 1990) and the Riccati equation in Eq. (3-17) becomes the algebraic Riccati

equation (known also as ARE):
—CTQC+P“BR'IBTPll ~PA-A"P, =0 (3-21)
Thus, Eq. (3-20) provides a constant gain (K, = -R'B"P,)) feedback control, which can be implemented

in real time (Crassidis and Junkins, 2012).
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Figure 3-1 presents a schematic of an optimal tracking control. It clearly shows that the feedback link
is independent of the properties of the reference model while, as expected, the feedforward link is affected

by both the properties of the reference model and by the true system (controlled).

r  |Referemcel u System x
Model

Figure 3-1 Schematic diagram of an optimal tracking control method

By substituting the control excitation input u(¢) into the system equation in Eq. (3-1), the expected
achieved output y(¢) of the controlled structure can be expressed:

Expected Achieved Responses
i(t)=[ A+ BK,, Jx(6)+ BK; (1)x, (1), x(0)=x,
»(1)=Cx(1)

where the feedback gain matrix Kp(f) and the feedforward gain matrix Kj(f) are shown in Eq. (3-20) and

(3-22)

repeated here:
Ky (1)=—R"B'R, (1)

K, (t)=-R"'B"R,(t)

(3-23)

Because these gain matrices are derived from the index function J in Eq. (3-7) that is to minimize the
difference between the achieved output y(¢) and the target motion y,(?), it is expected that the output y(¢)
will follow y,,(?) to fulfill the control objective.

Stability of control

The tracking controller must meet the design criteria such that all responses (output) in the closed-loop
system are bounded and the controlled achieved output y(¢) tracks the target motion y,(¢) as close as
possible (Ioannou et al., 2012).

The bounded output stability of the linear systems can be checked using the Bounded-Input-Bounded-
Output (BIBO) stability (Crassidis et al., 2012). A system with a relaxed condition’; i.e. xo = 0, is said to

3 Stability for the zero-input response; i.e. non zero-state response can be also examined using the eigenvalues of the

closed loop system matrix (Chen, 1999).
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be BIBO stable if the output is bounded for any bounded input. An excitation input u(¢) is said to be
bounded if u(f) does not grow to positive or negative infinity (Chen, 1999) such that:

u(r) <, <0 (3-24)

where u,, is a positive constant. Assuming the input is bounded, the responses x(¢) (therefore, the output
W(?)) of the linear time invariant (LTI) system in Eq. (3-1) is bounded if all eigenvalues of the system
matrix have negative real parts (Chen, 1999).

For the optimal tracking control (OTC), it is expected that the tracking error e(t) = y(t) - y,(¢) will be
minimized by the computed excitation input u(f), fulfilling one of the tracking objectives. The other
objective, the bounded response, can be ensured if the eigenvalues of the closed loop system matrix A¢; =
[A4+BKy] in Eq. (3-22) have negative real parts and the feedforward input BK(?)x,(f) is bounded,
assuming the feedback gain matrix Kj, is a constant matrix (Soong, 1990),.

First, assuming the feedforward input is bounded, it is desired to show that the eigenvalues of the
closed loop system matrix A, are stable (i.e. every eigenvalue has no positive real part), however, it is
not straightforward to examine the eigenvalues of A¢; due to the complex of the solution for P;; from the
algebraic Riccati equation in Eq.(3-21).

Instead, the Lyapunov’s direct method’ (Crassidis and Junkins, 2012) can be used to show the stability
of the OTC system. The close loop dynamics of the OTC in Eq. (3-22), after substituting the feedback
gain Ky, = -R'B"P,,, is

i(1)=[4-BR'BR,]x(1), x(0)=x, (3-25)

which is the same equation as the linear quadratic regulator (LQR) and the stability of the LQR
controller is shown using the Lyapunov’s direct method in Crassidis and Junkins (2012). For the
introduction of the Lyapunov’s direct method, the procedure is presented below. The following candidate

Lyapunov function is considered

[x()]=x() Rix(r) (3-26)
The time derivative of Eq. (3-26) yields
VP x(0)]=2() Pox(t)+x(e) Rii(r) (3-27)

Substituting Eq. (3-25) into Eq. (3-27) leads to

* Lyapunov’s direct method (Crassidis and Junkins, 2012): Lyapunov stability is given if a chosen scalar function
V(x), which is closely related to the energy of a system, satisfies the following conditions: i. (x,) = 0 where x, = an
equilibrium point (i.e. X(f) = 0); ii. ¥(x) > 0 for x # x.; iii. V(x) < 0; then, the equilibrium point x, is stable.

Furthermore, if V(x) < 0 for x # x,; then, the equilibrium point x, is asymptotically stable.
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V[x(t)]=x(t) [4'R, +B,A-2R,BR"B"R, |x(t) (3-28)
By substituting [4"P;+P;,4] = [-C"OC + P;,BR'B"P,,] from Eq. (3-21), it is obtained
V[x(t)]=-x(¢)' [C"OC+R,BR'B"R, |x(t) (3-29)

Clearly, if R and C'QC are positive definite matrices, then the Lyapunov condition; i.e. V[x(7)] < 0, is
satisfied and the close loop dynamics is asymptotically stable, which indicates that all eigenvalues of A¢;
have negative real parts. Also, if C'QC is only a positive semi-definite matrix, V[x(#)] < 0 and the close
loop dynamics are marginally stable.

Secondly, to show the stability of the OTC controller it is required to prove that the feedforward input
BKy(t)x,(?) is also bounded. The target state x,(#) is known and chosen to be bounded; however, it is
difficult to show if Kj(¢) is bounded due to the complex of the solution for P;; and P;, from the Riccati
equation in Eq.(3-16). Therefore, the performance of Ky(¢) is examined using a simple scalar system

example where the system equations in Eq. (3-1) and Eq. (3-2) with C and C,, = 1 can be expressed
)'c(t)zax(t)+bu(t), x(0)=x,
X, (t):—amxm(t)+bmr(t), X, (0):xm’0

where a,, > 0 for a stable system target response. The value for p;; = P;; in the algebraic Riccati equation,

(3-30)

Eq. (3-21) can be found using the property p;; > 0 (Crassidis and Junkins, 2012);

D :rbz(a+«/a2+b2q/r) (3-31)

where » = R and ¢ = Q are positive constant. Substituting p,; into the differential equation for p;,(f) =

P;5(?) in Eq. (3-18) yields

po(t)= [am +ya’ +b’ q/rjpu (t)+q. p,(t,)=0 (3-32)

which must be integrated backward in time. To express this equation more conveniently, set 7= #,— ¢ (i.e.

t = ty— 7). Since dr = — dt, writing Eq. (3-32) in terms of 7 gives

—iplz(tf —Z') =[am +ya’ +b’ q/r}plz(tf —T)+q, P (1'0) =0 (3-33)

dr

Clearly, it is shown that the equation is asymptotically stable since [—a,, —/a? + b?q/r] < 0; therefore,
pi2() is bounded as well as kgy(?) = -r'bp,; is bounded; the feedforward input bly(t)x,,(?) 1s also bounded.

This simple scalar example demonstrates the stability of the OTC controller.
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3.3 Feedback Control
Two tracking control methods using the feedback control scheme are presented. These methods can be
used for nonlinear systems by computing the control input in real time with available information at every

instant. The similarity and/or the differences of the two methods are discussed in this section.

3.3.1 Predictive Tracking Control (PTC)

The discrete predictive control strategy for linear systems was developed and presented by Rodellar et
al. (1987), where the control objective was mainly to reduce the response of structures under dynamic
excitations. This method can be used for a target tracking control.

A general performance index for the prediction horizon [kAt, (k+n)At] is expressed

I =3[tk 710) = (k18] QN3 (k+ 710) =, (k+.1K)

Jj=0

4 (3-34)

ey ik 1) ROl 718

=0

where J(k + j|k) is the predicted output of the controlled system and y,, (k + j|k) is the target motion at
instant kAt for instant (k+j)A¢, and i(k + j|k) is the corresponding control sequence. Q(j) is a positive
semi-definite weighting matrix and R(j) is a positive definite weighting matrix. It is noted that if in Eq.
(3-34) one makes £ = 0 and n = N where N is the final instant of the control action, this equation is the
discrete counterpart of the performance index of the continuous optimal tracking control shown in Eq.
(3-9) where x,(#) = 0 chosen. To make the problem simpler and to achieve fast tracking, » is chosen as 1
(one) with Q(0) = 0 in this study; i.e. a smaller value of n results in a smaller tracking error while it
demands lager control inputs, as discussed by Soong (1990). The chosen instantaneous performance index
J (i.e. based on Rodellar et al., 1987) is
1. T . |

JZE[J’M _ym,kJrl] Q[yzm _ym,k+1:|+5uk Ruy (3-35)
where Q and R are the positive definite and positive semi-definite weighting matrices, respectively, and
subscript k+1 indicates ‘computed at instant kAt for instant (k+1)A# like ‘(k+j)|k’ in Eq. (3-34) and
t(k|k) = uy, the control input at instant kA¢. The predicted output y;,; and the target motion y,, s+ can
be computed using a discrete time state-space models, which are the counterpart of the continuous system
equations in Eq. (3-1) and Eq. (3-2)

Xy = ApX, + By, E(O):Io

(3-36)
Ve =CpXyy
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where X}, is the estimate of the true state vector x; at instant kAf; i.e. X, = x; for the systems with known
parameters and no measurement noise considered; therefore, the predicted output is equal to the true one
Vk+1=Yr+1, and
Ko el = Am,DlCm,k +B, o> Xon (0) =Xno0
Vi =CopXonion

(3-37)

For the linear time-invariant system, the solutions of discrete-time system matrices Ap and Bp (4,,p and
B..p) can be computed, assuming the input u, (r;) is piecewise constant in a digital controller (Chen,

1999),

A, =e™ =1+ ANt +%(AAt)2 +%(AAt)3 +... and

B, = IOM e"drB =AMt +%AAt +%(AAI)2 +..)B= [z% (AAt)"ljB (3-38)

n=1
or A”'(A4, —1)B (if Aisnonsingular)
and Cp is the same as C (C,,p = C,,).
The control input u;, which minimizes the performance index J in Eq. (3-35), can be computed by
imposing the condition d//du;, = 0;

Control Law
£ £ -1 5 * A * A
U, =|:BDTQBD +R:| BDTQl:ym,kH —Apx, :I =r|:ym,k+1 — A% (3-39)
where Ay = Cpdp and By = CpBp, and T = [B;T QB;, + R]™'B;T Q. The predicted response using this

calculated control input u; can be obtained by substituting Eq. (3-39) into Eq. (3-36)

Expected Achieved Responses

JA; e CD—‘)%ICH = CD [Az)ick + BDF{-ym,k-H - A;ick } :' = CD {( AD - BDFAZ*) ) ick + BDFy mke+l } (3-40)

If By," = CpBp is an invertible matrix and R = 0 chosen (i.e. indicating no limit for the control input), then

Eq. (3-40) becomes

A ~ LN Gl *71 1 *7T *T LN

B =Gl =A% +(B,B,") 0" (B, B ) O is ~ A& ) =i (3-41)
and the predicted tracking error ex11 = Vi1 — Ym x+1 becomes 0 (zero) as desired.
Stability

As discussed, the tracking objectives are to minimize the tracking error and to have the state responses
in the closed-loop system be bounded. It is shown that the predicted tracking error becomes zero; i.e.
er+1— 0. In order to check if the responses of the state (e.g. the displacements x and velocities x), of the

controlled system are bounded, one can check the closed loop stability (as discussed in Section 3.2). The
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closed loop equation can be expressed by substituting the control input u; into the system equation of Eq.
(3-36):
X = ApX, + BDFI:ym,kH - A;lACkJ

4, ~B,T4, ])_ACJ\ +BplY,, (3-42)

|

A(‘L,D
The state responses will be bounded if every eigenvalues of Ac;p has a magnitude less than 1 (Chen,
1999). This procedure is applied for an example in Ch 3.3.2 where the feedback linearization method is

used.

Limitation of 2DOF Shake Table-Structure Systems

When the product C x B, of the output and input matrices in the system equations in Eq. (3-1) and Eq.
(3-2), is singular, it is required to change the procedure in order to establish a valid control law; for
example, C x B = 0 for the shake table-structure 2DOF model shown in Equations (2-24) and (2-25) with
the output y(¢) of the total acceleration response ,'(¢) at the structure.

In order to force the control input u; to appear in the output equation, a higher order differentiation of
the output y, .4 in discrete time or y(¢#+4) in continuous time is needed. Even though the equivalent
control law can be developed in both time formats, the continuous time form y(¢#+4) is preferred in that
the predicted time interval / is not restricted to be the same as Az, the sampling time step. Thus, % can be
chosen by the design engineer as a controller parameter (as discussed in Lu, 1995). The procedure to
formulate the predictive tracking control law for nonlinear continuous systems was presented by Lu
(1994). One possible way to predict (estimate) the output is to use the Taylor series expansion (Sauer,

2006):
)?(Hh) :y(t) +h)'/(t) +(h2 /Z)jﬁ(t) +... +(h" /n!)y(”) (t) +... (3-43)

For our shake table-structure 2DOF model, the output needs up to three terms; thus, the approximated

predicted output §"(#+h) and target motion y;, (++h) are defined

P (t+h)= () +hi(z) +(h2 /2)j}(t)

. : . (3-44)
v (t+h)=y, (t)+hy, (1) +( /2)5,(¢)
where y(7) and J(¢) in the first equation can be expressed using Equations (2-24) and (2-25)
31) ~CE(1) ~CLA(0) + Bul0)] - ()
(3-45)

3(¢) = Gi(r) = C4s (2) = CA[ 4z () + Bu()] = C45 () + C4Bu(¢)
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It is noted that the control input does not appear in the right side of first equation due to CB = 0 (i.e. scalar
for this single input single output system) and does appear in the second equation because CAB # 0.

The control excitation input u(¢) can be obtained by minimizing the performance index J in Eq. (3-35)
by replacing the output $(++4) and the target y,(¢+h) to their approximations § (++h) and y;;, (¢+h) after
substituting Eq. (3-45) in Eq. (3-44);

Control Law

¢ 3 -1 3 * * A
u(t)=| B'OB +R| B'Q|y, (t+h)-A%(r)] (3-46)
where 4° = [C + hCA + (h’/2)CA’] and B" = (h’/2)CAB. By substituting Eq. (3-46) into the second
equation of Eq. (3-45), one can establish the error dynamics. For a system having B" is a non-zero scalar
(i.e. an invertible matrix, size 1 x 1), and R = 0 chosen, y (f) becomes

Expected Achieved Responses

3(1)=ca5(1)+ caB[ B ] [, (t+h) - A5(1)]

, . . (3-47)
=5, ()= (277 [ (7(0) =, (1)) + h(3(1) = 3., (1) ]
which can be rewritten by introducing the tracking error (e(f) = y(¢) - ., (¢)) to show its dynamics
é(t)+(2/h)e(t)+(2/h)e(r)=0 (3-48)

This equation clearly shows the tracking error e(f) — 0 as ¢t — oo since # > 0. As addressed above, 4 is a
tracking error design parameter and can be selected by the design engineer. The equation indicates that
the faster tracking can be achieved with smaller /4, but it requires larger control efforts.

To ensure the stability of the control scheme, one needs to check not only the output but also the state
responses of the controlled system. This can be done by looking at the closed loop stability; this

procedure is presented in Ch 3.3.2 where the feedback linearization method is presented.

3.3.2 Feedback Linearization Tracking Control (FTC)

Another possible tracking control scheme is Feedback Linearization Tracking Control (FTC) (Ioannou
et al., 2006). FTC can be used also for the nonlinear system control (see Section 4.3); however, in this
section, the method is applied to linear systems, which are the special cases of nonlinear systems. The
target motion y,,(f) can be chosen to be bounded and differentiable; i.e. a more realistic target motion at a
structure can be generated by using the reference model, which has desired dynamic characteristics and is
driven by a reference input (as discussed in Section 1.1). The controller can be designed such that, by
replacing the true system parameters with the desired ones, the output y(¢) of the controlled system will

follow the target motion.
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In a scalar case; i.e. x(f) = x(¢), the equations of the true system and the reference model in Eq. (3-1)
and Eq. (3-2) can be rewritten:

True System Behavior

x(t)=ax(t)+bu(t), x(0)=x,

3-49
() =ex() o
Reference Model Governing Equations
X, (t):—amxm(t)+bmr(t), xm(O)zxm0
(3-50)

v (t)=c,x,, (1)
where all coefficients are positive constants. The system output y(¢) is to be differentiated until the control
excitation input u(¢) appears in the expression of the differentiated output

j/(t):cv'c(t)=cax(t)+cbu(t) (3-51)
The main objective of the tracking control is by using the control excitation input u(f) to reduce the
tracking error signal e(f) = y(¢) - y.(f), which is defined as the difference between the system output y(¢)
and the target motion y,(?). The desired tracking error dynamics can be defined as

é(t)+ke(r)=0 (3-52)
where kj is a design error coefficient, chosen by the engineer, and a positive constant; thus, the tracking
error e(t) goes to zero as time goes to infinity; e(f) — 0 as t — . Eq. (3-52) can be rewritten using the
expression e(t) = y(f) - y.(¢) as

[5() =3 () ]+ [ (£) = (£)] =0 (3-53)
Moving all terms in Eq. (3-53) to the right-hand side except y() gives

#(0)= 5, () =k [y(6)=2,(1)] or v(t) (3-54)
where a new term v(¢) = v,,(f) — k; [(¢) —ym(£)] is introduced for brevity. Equating this equation to the
right-hand side of Eq. (3-51) yields

cax(t)+cbu(t) :v(z‘) (3-55)
By solving this equation for the control excitation input u(%), the feedback tracking control law is obtained

as following:

Control Law
u(t)=c—1b —cax(t)+v(1t)] or C_lb[—cax(t)+{y-m(t)—k;[y(t)—ym(z)]}] (3-56)
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where the first term in the right hand side -cax(¢) will cancel the original system dynamics (the first term
cax(t) in Eq. (3-51)), and the new input v(¢), the second term in the right hand side, can be chosen such
that the tracking objective will be accomplished (as described above).

Expected Achieved Responses

By using the determined control excitation input u(¢) from Eq. (3-56), it is expected that the tracking
error e(f) — 0 as t — o as shown in Eq. (3-52). It is also expected that when the error coefficient ki in the
tracking error equation increases, the error will rapidly diminish, but it will require larger control efforts
(thus, larger actuator forces).

Stability

To fulfill the tracking objectives, it is shown that the tracking error goes to zero, e(f) — 0. It is also
required to check if all the responses of the controlled system are bounded. This can be checked from the
closed loop system by substituting the control excitation input u(¢) from Eq. (3-56) into the true system
equation (3-49):

x(t) = ax(t) +c! [—cax(t) +, (t) - kl* {y(t) -, (t)}}
= [k ex(t)+ 5, (t)+ kv, (1)] (3-57)
= —kl*x(t) +c! [ym (1)+ kv, (t)]
Cleary, the responses x(f) and x(f) will be bounded since —kj < 0 and the input part ¢~ [y, (t) +
kiym ()] is bounded (i.e. the target motion y,, (t) is bounded) according to the Bounded-Input-Bounded-
Output (BIBO) stability (Crassidis and Junkins, 2012), discussed in Section 3.2. It is noted that this

stability analysis for a first order system is not applicable to higher order systems. However, the stability

can be checked from the closed loop systems using the same analysis scheme.

Application to SDOF Linear Structures

The feedback linearization tracking control method is applied to a linear structure (an SDOF system
model) previously shown in Eq. (2-26) with the output y(¢) of the total acceleration response ¥,(f) at the
structure.

Using the same procedure described above, the control law can be obtained (see detailed Derivation
3.1 in Appendix 3.1)

Control Law

u(t)=(~em ) [~ (1) +v(1)] (3-58)

where y*(7) is defined as

V() =m e[ ek () +kx, (1) |- m 'k x () (3-59)

45



Substituting u(¢) from Eq. (3-58) into the equation of the differentiated output y(¢) (Eq. (B-3) in Appendix
3.1) leads to

y(1)=v(¢) (3-60)
This new input v(¢) can be chosen as following, to reduce the tracking error signal e(¢) = y(¢) - y.(9),
v(t)=,(t)—ke(?) (3-61)

that leads to the following tracking error dynamics (as discussed in the previous derivation):

Expected Achieved Responses

é(t)+ke(r)=0 (3-62)
where the tracking error signal e(f) — 0 as ¢t — o by selecting k{ > 0.
Stability
It is shown that the tracking error goes to zero, e(f) — 0, indicating that y,,(f) = %,'(r) = (£,(£) — m, 'u(f))
is bounded; however, checking is needed to find if the responses x(¢) of the closed loop system are

bounded. By substituting the control input u(#) of Eq. (3-58) into the true system equation (2-26):
jés (t) = _msilcsx(t) - mS*IkaS (t) + m;l ':(csxs (t) + ksxs (t)) - csilmszv(t):'
= —cs_lmsv(t) (3-63)

= kl*cs_lmsy(t) - Cs_lms I:ym (t) + kl*ym (t):l
u’”(t)

Introducing the last known term cg~img[y,,,(t) + ki, ()] from the target motion as the new input

Uy, (t) and substituting y(¢) in Eq. (3-63) lead to the closed loop system equation
X (0)=—kx,(t)—k'c, kx, (t)—u, (1) (3-64)

which can be written in the matrix form with the state vector x(¢) = [x,(f) x,(1)]"

A e a0 669

The system matrix has all negative real part eigenvalues if k;c,'k, > 0 (i.e. the damping coefficient and
stiffness of a structure are normally positive and ki > 0 selected) and the input part u,,(t) =
¢ Img [V, (t) + ki, ()] is bounded (i.e. the target motion y,,(t) is bounded); therefore, the responses
x,(¢) and x,(f) are bounded according to the Bounded-Input-Bounded-Output (BIBO) stability (Crassidis et
al., 2012), discussed in Section 3.2.
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Application to 2DOF Shake Table-Linear Structure Systems

The same feedback linearization tracking control method is applied to a linear structure mounted on a
shake table (a 2DOF system model) described in Equations (2-24) and (2-25) with the output y(¢) of the
total acceleration response X,'() at the structure.

Using the same procedure described above, the control law can be obtained (see Derivation 3.2 in

Appendix B.2) as
Control Law

u*(t):a_1 [—f(t)%—v(t)] (3-66)
where u'(f) = (w4 ka) ' u(f); u(f) = x,(f); and y*(¢) is defined as

¥ (1)=[a(a+c)-b]% (6)+a(b+d)i (1) +(~ae) £, (1) + (~af ) % (£) + (~ag)x, (¢) (3-67)
in which new notations are introduced for simplification:

a=m'c; b=mTk; c=m"c;

e=28,0,; [f=a@); g=wlk; (3-68)

f@)=£()Im;  u' (1)=alk,x, (1), u(t)=x,(t)
Substituting " (¢) into the equation of the differentiated output j(¢), shown from Eq. (B-14) in Appendix
B.2, leads to

#(t)=v(1) (3-69)
To reduce the tracking error signal e(f) = y(¢) - y.(), the new input v(¢) can be obtained as:
v(t) =7, (t)—ké(t)—ke(t) (3-70)

where k; and k; are the tracking error design coefficients, which are constant and positive; these lead to
the tracking error dynamics

Expected Achieved Responses

é(t)+ke(t)+he(r)=0 (3-71)

in which the error signal e(f) goes to zero as time goes to infinity; e(f) — 0 as t — oo,
Stability

It is shown in Eq. (3-71) that the tracking error goes to zero, e(f) — 0; this indicates that y,,(f) = X,(¢) is
bounded; however, checking is needed to find if the responses x(¢) of the closed loop system are bounded.
By substituting the control input u(z) from Eq. (3-66) into the true system equation (2-24) and using the
notations defined in Eq. (3-68), it is obtained
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Fi(6)=—ef, (t)= fi, (t) = gx, (t) +a' [ =5 (1) +v(1) ]
= —[(a +c) —a’lb}c's (t) —(b + d))'cs (t) + a’lv(t)

={-[(a+e)=a'b—k |5 (1) +{-[(b+d)~ka'b-k; ]} 5, (t)+£a;;bxs(t) (372)

h i
+a’ [j}m (1)+k 3, (1) +k, (t)]
UW([)

By substituting X(¢) of Eq. (2-24) and by introducing additional notations for simplification:
i_z:—[(a+c)—a_'b—k1*]; i:—[(b+d)—kl*a_lb—k;]; j=ka'b; (3-73)
and also introducing the last known term a™[J,,(t) + ki Vv (t) + ki ¥, (t)] from the target motion as a

new input u,, (t), Eq. (3-72) can be rewritten
fo () =+ (¢) +ix, (£) + jix, (¢) +u,, (¢)
=—l_y‘:(t)+[—l_z(a+c)+i]5cs(t)+[—l_z(b+d)+j]xs(t)+um(t)

From this equation and the equations from Eq. (2-24), one has the closed loop system equation, which can

(3-74)

be written in the matrix form with the state vector x(£) = [x,(f) X,() fi ()]

x, () 0 1 0 |l x,(¢) 0

= (1) |= _—(b+d) _—(a+c) —l x, (1) |+ 0w, (2) (3-75)
L) [~hb+d)+j —ha+c)+i —h| [ ()] |1

One can show that the state vector x(f) = [x,(f) %,(f) f;(#)]" will be bounded by showing that the 3 x 3

closed loop system matrix has all negative real part eigenvalues with given parameters. To show if the

remaining two state variables: x,(¢) and x(f); will be bounded, one can use the fact that y,(f) = %,(¢) (i.e.

e(f) — 0 as shown in Eq. (3-71)). This indicates that the total displacement x£(f) = x,(¢) + x(¢) and the

total velocity x&(¢) = x,(f) + x(7) tend to be the integrations of the target motion (i.e. y,,(7) = X,(f) = %,(f) +

X(?)), assuming the initial conditions are zeros:
i (6)=5(0)+ [} v, (e)dr
3 (1) = (0)+ 5 (0)e+ [ [y, (¢ Wgdr

Therefore, choosing the target motion y,,(¢) and its integration and double integration to be bounded leads

(3-76)

to x£(¢) and x£(7) are bounded. Since x,(¢) and x,(f) are bounded, x,(¢) and x¢) are also bounded. It is noted
that the boundedness of x/(7), the shake table displacement, might suffer from small tracking errors: e(f) =
%(£) - yu(?); as shown in the second equation of Eq. (3-76). This might be acceptable for the shake table
control applications in this study where the total control time is relatively short. However, this issue might

be more critical for applications where much longer control time is required. For these applications, one
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can reformulate the tracking control law by modifying the original target motion: the total structure
acceleration; to the total structure displacement through double integrations of the original target motion;

then, the stability of the controlled system can be examined using the same procedure described above.

3.3.3 Comparisons of Feedback Tracking Control Methods

It is very interesting to see the similarity and/or differences between the two feedback control methods
introduced in this section. To compare the two methods, the control law of the feedback linearization
control method is reformulated in the matrix form using the system equations shown in Eq. (3-1) and Eq.
(3-2).

The system output y(f) = Cx(¢) is differentiated until the control input u(¢) appears in the expression of
the differentiated output

y(¢)=Cx(t)=CAx()+CBu(¢) (3-77)
Assuming the product matrix CB is invertible (i.e. for the SDOF expressed in Eq. (2-26) with the output

() of the total acceleration response ¥,'(¢) at the structure, CB is invertible), the feedback control is
u(t)=-(CB) ' [Cax(t)-v(1)] (3-78)
where the new input w(¢) = y,,,(t) — kie(t); i.e. e(t) = y(t) — ym(t), is chosen to meet the tracing

objective, and introducing 4° = CA4 and B" = CB the control law of the feedback linearization becomes

u(t)=B""[, (1) ke(t)-4'x(1)] (3-79)
Substituting this control input into Eq. (3-77) leads to
#(t)=,(t)—kie(r) (3-80)

which can be rewritten to show the tracking error dynamics
é(1)+ke(t)=0 (3-81)
that clearly shows the tracking error e(f) — 0 as t — « if k] > 0.
It is noted that the control law in Eq. (3-79) is very similar with the control law of the predictive

tracking control shown in Eq. (3-39), which can be rewritten, assuming R = 0 and BD* = CpBp is invertible

as B'=CB is invertible,

* T 3k -1 * T * A . | LN
Hy :I:BD OB, +R:| B, Ql:ym,kﬂ _ADiCk:I =B, I:ym,ku _ADle:I (3-82)
For the linear systems, these two equations (3-79) and (3-82) are equivalent by choosing ki = 1/ At

where At is the discrete time interval, and the equations can be seen as the continuous — discrete time

counterparts of the feedback control inputs.
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Equivalency of Methods for 2DOF Shake Table-Structure Systems

One can also show that the two methods are equivalent for the shake table-structure system (where C
x B is singular) under certain conditions. For example, the predictive tracking control law shown in Eq.
(3-46) becomes the same as the control law (see Eq. (3-66)) of the feedback linearization tracking control
method (i.e. see Derivation 3.3 in Appendix B.3), if the controlled system has B(x) that is a non-zero

scalar (i.e. an invertible matrix, size 1 x 1), and R = 0 chosen; by selecting the tracking error coefficients

in Eq. (3-48) as k; =2/ h=2&w,and k3 =2/ h° = w,.’; therefore, & =2 /2~ 0.707 and h =2 / w..

3.4 Numerical Examples and Comparisons of Tracking Control Methods

Simple tracking control examples are analyzed in order to examine the performance of the four
tracking control methods for linear systems introduced in this section. For all examples, the target motion
is the total acceleration of a structure (specimen) mounted on the shake table although any response; i.e. a

displacement or velocity response, can be selected as the target motion.

3.4.1 Examples of Linear Structures (SDOF System Model)

As discussed in Section 2.2, in order to facilitate the development of the tracking control method, first,
a simplified SDOF system model is used instead of a 2DOF system model for the shake table with an
SDOF structure system. In this simplified system model (shown in Figure 3-2), the excitation force -
mgX(t) due to the shake table acceleration X(¢) is considered as a new control excitation input u(¢).
However, the actual control excitation input u(#) for the 2DOF system model is the desired displacement
x4(?) of the shake table, and u(#) shall be computed including the shake table dynamics and the shake
table-structure interaction (as discussed in Section 2.2) as formulated in the following section (Section

3.4.).

E— s s =~y ?
Target, v, Controller 4>._> Y=Vn
u=-mx, Linear
Known Structure

Parameters

Figure 3-2 Tracking control of an SDOF system with known parameters

The governing equation of an SDOF linear structure subjected to the shake table excitation is shown in

Eq. (2-26). The tracking control task for this simplified system is to compute the control excitation input
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u(t) = -mg(f) so that the system output y(z) = %,(f) (the total acceleration of the structure) follows the
target motion y,(f) = X,/(f) (the total acceleration of the reference model), and all responses of the
controlled system are bounded. The initial condition x(0) = 0; i.e. the state of a system (shake table and

structure) initial condition in this study is always zeros: x(0) = 0, unless otherwise stated.

Example 3.1 : An SDOF Linear System with Known Parameters

The properties of the example system are selected: m, = 1 kips-sec’/in., ks = 355 kips/in., and ¢, = 1.13
kips-sec/in., (f, = 3.0 Hz, &, = 0.03). Figure 3-3 (a — Target) shows the target motion. The target motion is
the total acceleration output generated from a reference linear system, subjected to one-cycle sine input,
whose frequency = 1.0 Hz. The reference input is high-pass-filtered at 0.2 Hz cutoff frequency to remove
a large drift demand in the target motion. The properties of the reference system are: m,, = 1 kips-sec*/in.;
k,, = 987 kips/in.; and ¢,, = 6.28 kips-sec/in. (f,, = 5.0 Hz, &, = 0.1). The reference input and the responses
of the reference model are presented in Appendix A.2. The time step At of 0.002 sec is used for the
simulation.

Tracking control results are presented in Figure 3-3. The controlled outputs, y(f) = %/(¢) the total
acceleration of the structure, are shown in Figure 3-3(a) that shows very good agreement with the target
motion y,(f) [Target]. For comparison purposes, the results of four linear tracking control schemes:
optimal tracking control [OTC]; inverse transfer function control [ITF]; predictive tracking control [PTC];
and feedback linearization tracking control [FTC]; are presented together and show the similarity of their
performance. Note that for the OTC, a much smaller time step (Az = 0.00001), which is impractical, is
used as a benchmark solution; i.e. for other methods Ar = 0.002 sec. The performance can be
quantitatively measured using the normalized root-mean-square error (Engys), which is expressed as

(Fienup, 1997):

E s = \/Z (3 =) 2 (Y ) (3-83)

where y,, is the target motion and yis the output of the controlled system as addressed. The error of each

method is computed and shown in Table 3-1; this shows that the performance of the feedback control
methods (PTC and FTC), which will be used for nonlinear system control, are as good as the feed-
forward method (ITF and OTC). It is noted that the performance of every method is highly affected by the
control gain, which may have physical limitation in real applications.

The computed control excitations, u(t) = -mX(t), for all four control methods using the control laws
(i.e. Eq. (3-5) for the ITF method, Eq. (3-19) for the OTC method, Eq. (3-39) for the PTC method, and
Eq. (3-58) for the FTC method) are shown in Figure 3-3(b) (for comparison purposes with other

examples, %(f) the shake table acceleration is presented). The achieved displacement and velocity
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responses of the controlled structure x,(¢), x,(f) are also presented in Figure 3-3 (c) and (d); it is noted that
unlike the total acceleration (which was the target of the control design), the displacement and velocity
responses are different from the ones of the reference because the system properties of the controlled
system and ones of the reference system are different (the responses of the reference model are presented
in Appendix A.2). Note that since the responses are very similar to each other, only the responses of the
PTC method are presented. The relation between the structure resisting force fi(¢) and displacement x,(¢)
is also presented in Figure 3-3 (e). As expected, all responses of the controlled system are bounded,

satisfying the control objectives.

Table 3-1 Comparison of the performance of linear tracking controllers for an SDOF linear system

OTC ITF PTC FTC
Engus 0.0002 0.0000 0.0000 0.0000
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Figure 3-3 Tracking control results of an SDOF linear system
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3.4.2 Examples of Shake Table-Linear Structures (2DOF System Model)

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and
the interaction between the shake table and the mounted structure is to be considered. The same tracking
control example above is resolved for the 2DOF linear system, expressed in Eq. (2-24) and Eq. (2-25),

and schematically shown in Figure 3-4.

Target, y,, Controller Li
inear
u=x, Structure
Known X
t

Parameters
M'T’ m; —

a

Figure 3-4 Tracking control of the shake table- structure 2DOF system with known parameters

When the target motion at a structure is specified, the required control input u(f) = x,(f), the desired
shake table displacement, is determined such that the output of the system (y(f) = X/(¢), the total
acceleration of the structure), follows the target motion y,(¢), and all responses of the controlled system
are bounded. It is noted that the target motion might be required to be high-pass-filtered for the shake
table applications, as discussed in Section 2.5.1 in order to avoid large drift of the shake table, by
removing the DC error in the target. The 2nd order Butterworth high-pass filter (Chu, 2005) is used in the

examples.

Example 3.2 : A 2DOF Linear System with Known Parameters

Like in example 3.1, the properties of the system are selected as: m, = 1 kips-sec*/in., k; = 355 kips/in.,
and ¢, = 1.13 kips-sec/in., (f, = 3.0 Hz, &, = 0.03), u = m; / m,= 0.1, f,, = 30.0 Hz, &, = 0.5, and k, = 25.
The target motion is shown in Figure 3-5 (a) [Target]; i.e. the target motion is the total acceleration output
generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1) used for Example 3.1. in Section
3.4.1 (the reference excitation input and the responses of the reference model are presented in Appendix
A.2). A time step of 0.002 sec is used for the simulation.

Tracking control results are presented in Figure 3-5 and Figure 3-6. The controlled outputs, y(f) = X'(£)
the total accelerations of the structure, are shown in Figure 3-5 (a), showin a very good agreement with
the target motion y,(f) [Target]. For comparison purposes, the results of four linear tracking control

schemes: optimal tracking control [OTC]; inverse transfer function control [ITF]; predictive tracking
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control [PTC]; and feedback linearization tracking control [FTC]; are presented together; All show very
good agreement to each other. Note that the OTC requires a much smaller time step (A¢ = 0.00001),
which is impractical; for all other methods the required time step is At = 0.002 sec. The error of each
method is computed using the normalized root-mean-square error (Enrys), expressed in Eq. (3-83), and
shown in Table 3-2. The results show that the performance of the feedback control methods (PTC and
FTC), which will be used also for nonlinear system control, are as good as the feedforward method (ITF
and OTC). It is noted again that the performance of every method is highly affected by the control gain,
which may have physical limitation in real applications.

The computed control excitation inputs, u(t) = x,(¢), for all four control methods using the control laws
(i.e. Eq. (3-5) for the ITF method, Eq. (3-19) for the OTC method, Eq. (3-46) for the PTC method, and
Eq. (3-66) for the FTC method) are shown in Figure 3-5 (b). The achieved displacement and velocity
responses, Xx,(¢), X(¢), of the controlled structure are also presented in Figure 3-5 (b) and (c); it is noted
that unlike the total acceleration (which was the target of the control design), the displacement and
velocity responses are different from the ones of the reference because the system properties of the
controlled system and ones of the reference system are different (the responses of the reference model are
presented in Appendix A.2). The relation between the structure resisting force fs(¢) and displacement x,(¢)
is also presented in Figure 3-5 (e). Note that since the responses are very similar to each other, only the
responses of the PTC method are presented. Figure 3-6 presents the responses of the shake table, the
achieved shake table actuator force £,(¢), shake table acceleration x,(¢), displacement x,(¢) and velocity X(¢).

It is also noted that the achieved shake table acceleration X,(¢) (Figure 3-6 (b)) might be compared with
the Example 3-1 table acceleration X(¢) (previously presented in Figure 3-3 (b)). It can be shown that the
difference is very small. However, the simplified SDOF linear system cannot be used for the real
applications because the actual control input, u(f) = x4(¢) (the desired displacement of the shake table),
cannot be directly computed from the shake table acceleration X,(f). The actual control input u(f) = x,(t)
should be computed using the coupled system equation (Eq. (2-24)) including the shake table dynamics
and the shake table-structure interaction, as in this example. As expected, all responses of the controlled

system are bounded, satisfying the control objectives.

Table 3-2 Comparison of the performance of linear tracking controllers for a 2DOF system

OTC ITF PTC FTC
Engus 0.0057 0.0102 0.0070 0.0070
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Figure 3-5 Tracking control structure responses of a 2DOF linear system
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Figure 3-6 Tracking control shake table responses of a 2DOF linear system

In this section, the well-known tracking control methods including the feedforward,
feedforward+feedback, and feedback control methods are reformulated in order to establish control laws
for shake table and linear structure control applications. The performance of each tracking scheme is
analytically examined from its expected achieved responses for the feedforward method and closed loop
system responses for the feedback control methods. The performances of all control methods are also
quantitatively compared using the numerical simulations. The results show very good and similar tracking
performances. Especially, the performances of the feedback control methods (PTC and FTC), which will
be used for nonlinear system controls, are as good as the feed-forward methods (ITF and OTC). It is also
noted that the performance of every method is highly affected by the control gain, which may have

physical limitation in real applications.
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SECTION 4
TRACKING CONTROL FOR NONLINEAR SYSTEMS WITH KNOWN
PARAMETERS

Structures (specimens) subjected to strong excitation can experience nonlinear hysteretic behavior due
to yielding, or due to the nature of the seismically protected structure, such as a base isolated system. A
class of smooth hysteretic models was originally proposed by Bouc (1967) and modified by several others
(Wen, Y. K., 1976, Reinhorn et al., 1995, Sivaselvan and Reinhorn, 2000). In this model the restoring
force fs(x) is modeled as a combination of elastic and hysteretic components as shown in Figure 4-1 (left).
Even though the model is versatile and capable to simulate stiffness degradation, strength degradation,
and pinching (Sivaselvan and Reinhorn, 2000), this study focuses only on a simple, bilinear type
hysteretic behavior in order to facilitate the development of a real time controller; this restriction can be
removed but it will require a much more elaborated explanation. For this hysteretic system, the model
parameters include: k;, the elastic stiffness; d,, the yielding displacement (i.e. the yielding force f, = kd,);
a the post-yielding stiffness ratio to the elastic stiffness; and N, the power controlling the smoothness of
the transition from elastic to inelastic range. For the controller development, it is necessary to know these
parameters; however, in real applications, only initial approximations of the true parameters might be
available from static tests; in particular, for d, and a, the hysteretic parameters, a real time estimator might

be necessary. The hysteretic parameter, N, is also unknown (i.e which can be also estimated in real time

T x N=10
ok N=5
ak, x, 1
Elastic component N=3
~ -
X s Toos N=2 |
f * &\M N: l
Yy
(1-0)k,
; < 0 : ; : ‘
d, N o 1 2 3 4 5
Ju x,/d

Hysteretic component

Figure 4-1 Nonlinear system model: Restoring force model’ and effects of smoothness of transition”®

> (Simeonov et al., 2000); all terms are explained in the following section;
% (Constantinou, 2008); only the response in one positive direction is presented
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as shown in Wu and Smyth, 2008); in this study, it is assumed as a fixed value, N = 3, considering that the
influence of the smooth transition changes on the entire hysteretic behavior is not significant. Figure 4-1
(right) shows different transitions due to various N of the hysteretic components. It is also noted that there
are parameters (7,, 7, in Eq. (4-2)), which control the shape of the hysteretic loop; in this study, #;, = #, =
0.5 are chosen also for simplicity. Feedback controllers are proposed first, in this section, assuming all
parameters are known a priori. In later sections, real time estimators are introduced to be combined with
the controllers.

Four tracking control methods, including (i) a feed-forward control method, (ii) a combined feed-
forward feed-back control method, (iii) a predictive tracking control method and (iv) a feedback
linearization tracking control method for linear systems, were introduced in the previous section. The two
feedback control methods, the predictive tracking control and the feedback linearization tracking control,
can be extended to nonlinear hysteretic systems. In this section, the nonlinear hysteretic model is
presented first. The formulation of each control method is provided and numerical examples of an SDOF
nonlinear structure and a 2DOF shake table with a nonlinear structure mounted on it are presented. The

performances of these methods are compared.

4.1 Nonlinear Hysteretic Structure Model
Considering a nonlinear hysteretic SDOF system, the equation of motion can be written as (adapted

from Sivaselvan and Reinhorn, 1999):

mX, (1) + ¢ %, () + fo(x) =—m X, (1) or u(r) (4-1)
where f(x) is a nonlinear restoring force and the governing equation is
Ss(x) =k (2)x, (1) =[ak, +(1-a)k, (x) |7, (1) (4-2)

in which k7(x) indicates the instantaneous tangent stiffness; ; is the elastic stiffness; ky(x) is the hysteretic
stiffness; and o the post-yielding stiffness ratio to the elastic stiffness. In this parallel-spring

representation, the stiffness of the hysteretic spring kg(x) is expressed as

ky ()_C)st 1_|:772 /) Sgn(fH ()_C)xs (t))]LVHf#)q (4-3)

where the hysteretic force fi(x) = fo(x) — aksx(?); the hysteretic yielding force fy* = (1 — a) f, with the
yielding force f, = k,d, where d, is the yielding displacement; N is the power controlling the smoothness of
the transition from elastic to inelastic range (see Figure 4-1(b)); and #,, 7, are parameters controlling the

shape of the hysteretic loop, which must satisfy #; + 5, = 1 (Constantinou and Adane, 1987) i.e. in this
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study, n; = 5> = 0.5 are chosen for simplicity. Equations (4-1) and(4-2), can be rewritten in the state space

form as

5 ) _
S0 = ek (044 (@) =m ()|, x(0)=x -
Js(x) kr (2)%, (1)
In the matrix form, this is
£()=A(x()x() +Bult)  or
0o 1 0 xO] [0 s

L) =0 -me - |5 () |+ m u(0), x0)=x,
fs(2)] [0 Kk(x) 0 JA()] L0
Considering the structure mounted on the shake table shown in Figure 2-1 is a nonlinear hysteretic SDOF

system, the equations of motion of the table-structure system can be expressed as
mJx, (t) +c,X, (t) + 15 (g) =-mJX, (t) or f, (t) + /5 (l) + 15 ()_c) =—mJX, (t)
m, (1) ~{ex () + fi(2)f = £.(1) or £, (0)={1 () +fo(2)f =1 (1)

fsuc)kT@)xg(r){akﬁ(la)ks{l aanlss el )(‘f" ‘} Hmt)

f (4-6)

kr ()
fa(t) 2¢, f() ()+kx()=kaxd(t)

a)m @, m, dt

where w, (i.e. f,, (Hz) = 0, / 2n), &, and k, are the natural frequency, the equivalent damping ratio, and
the control gain of the shake table system as defined in Eq. (2-17). All parameters are previously defined.

Eq. (4-6) can be written in the state space form as

£(0)=L(x()u(t)  or

x, (1) (4-7)

m e, (6)+ £ (2)f + 1, (0) fm
L Om ||k wix (t)- 2%, (t)-2&,00,f, (¢)/m, + k0 x, ()

a"a"t

In the matrix form, this is
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x(6) 1[0 | 0 0 0 0 T ()]0
x, (1) 0 —(m;1 +m;1)cs —(m;1 +m;l) 0 0 -1 x, (1) 0
dl f(x) |_lo k() 0 o 0 o | L) | |0 % (1
di| x(1) | |o 0 0 o 1 0 | = 0
i) | lo me — o 0 1 % (1) 0
f(0)/m ] o 0 0 ko -} 2Ew, | f()/m] |k
) ) (4-8)

and for the output y(¢) of the total acceleration response X,'(7) at the structure, the output equation is
y=Cx(1), or
y=[0 —mle, —m 00 0]x(0)

s

(4-9)

The equations can be solved using the 4™ order Runge-Kutta method.

4.2 Predictive Tracking Control (PTC)

For a tracking control of a nonlinear system, the predictive feedback control method introduced in
Section 3.3.1 for a linear system can be applied. While the procedure is similar, for nonlinear systems it is
required to update the system matrices in every instant, because of system variations.

Assuming that the instant stiffness kr(x) in Eq. (4-2) is piecewise constant at every instant, the
equation can be rewritten between two consecutive instants kAf and (k+1)At as

X(7) = A.x(7)+Bu(7), kAN Lt <(k+1)A (4-10)
Also, assuming that the control input u(f) is piecewise constant at every instant, the equation can be
expressed in the discrete-time domain as

X = Ap i X + By (4-11)
where Ap; and Bp, are computed from Eq. (3-38) by replacing Ap with Ap;. The predicted output
response i1 at instant kA¢ can be expressed

X = Ap % + By
. . . o o (4-12)

Vi =CpXiy = (CDAD,k )l‘k + (CDBD,k )”k = Ap o X + Bp
where X, is the estimate of the true state vector x; at instant kAf; i.e. X, = x; for the systems with known
parameters and no measurement noise considered as At is sufficiently small such that the error due to the
piecewise constant assumption of the nonlinear restoring force is negligible; therefore, the predicted

output response is close to the true one y;, 1 = yx+1. Given a target y,,, the control force u; to minimize the
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instantaneous performance index J in Eq. (3-35) (i.e. dJ/du, = 0) can be defined based on Eq. 3-38 as
follows:

Control Law

* T & -1 * T * A * A
= I:BD,k QBD,k + R] BD,k Ql:ym,k-H - AD,lek ] =I, ':y mk+l AD,lek ] (4-13)
where A}, = Cpdpy and Bp = CpBpy. and Iy, = [B xQ@Bpr + R]™? TkQ. The true system responses

will be measured at every instant kAt by sensors in real experiments: the measurement responses are

expressed as yk = Hx; + v (the true responses x; with measurement noise v, - see Eq. (5-51)). For

numerical simulations, the true responses without noise (i.e. measurement noise will be present from
SECTION 5 trough SECTION 8) can be computed by substituting the control input u; from Eq. (4-13)

into the true system equation in Eq. (4-4) and using the following equation;

K1 = I x xX(7),u, )dT

Vin =CpXe

(4-14)

where x;+1 and y;+; are the true state vector and output at instant time (k+1)A¢, and f(x, ;) is the system
differential equation defined in Eq. (4-4). For the numerical integration, the 4™ order Runge-Kutta method
(Sauer, 2006) with very small time step is used assuming that the control excitation input u; is piecewise
constant.

However, in order to check the effectiveness of the proposed control scheme analytically, it is assumed
that the instant stiffness k7(x) in Eq. (4-2) is piecewise constant at every instant. With this assumption, the
error dynamics with the control scheme can be shown as following. Substitution of the control input u;
from Eq. (4-13) into the approximated system equation shown in Eq. (4-12) leads to

Expected Achieved Responses
j>k+l :CD_“)%kH =G, |:AD,1(£(7( +8B,, I, {ym,k+1 _A;k_)%k}:| =G, {(A BDkaADI )x +B,, Iy, k+l} (4-15)

If By = CpBpy is an invertible matrix and R = 0 chosen (i.e. indicating no limit for the control input),

then Eq. (4-15) becomes

j;k+1 :CD&H :A:)&f +(BDkBDk_1 )Q 1 (B;,k_TB;,k ) { Yokt Apkﬁ} Yokt (4-16)

and the predicted tracking error ey = Vi1 — Ymk+1 becomes zero as desired.

To ensure the stability of the control scheme, one needs to check not only the output, but also the state
responses of the controlled system. This can be done by tracing the closed loop stability. Note that the
study of the closed loop stability of a feedback tracking control for a nonlinear structure is presented in

Ch 4.3 where the feedback linearization method is used.
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Limitation of 2DOF Shake Table-Structure Systems

As discussed in Section 3.3.1, if the product of the output and input matrices C x B, in the equations
Eq. (3-1) and Eq. (3-2), is singular, it is required to change the procedure in order to establish a valid
control law. In order to force the control input u; to appear in the output equation, a higher order
differentiation of the output y,,, in discrete time or ¥(¢+4) in continuous time is needed. As discussed in
Section 3.3.1, it is preferred to formulate the control law in continuous time format. The procedure to
formulate the predictive tracking control law for nonlinear continuous systems was presented by Lu
(1994). For the shake table-structure 2DOF model, the output needs up to three terms. The approximated
predicted output §"(¢+4) and target motion y;;, (¢+h) are presented in Equation (3-44) where y(7) and J(7)
in the first equation can be expressed using Equations (4-8) and (4-9) for the nonlinear hysteretic system

3() =Cx(r) =L A(x) () + Bu() |- CA(x) (1)

)= ) =LA +eA0i)=C| GAR - () s scatpm)

It is noted that the control excitation input u(?) appears in the second equation because CA(x)B # 0.

The control excitation input «(f) can be obtained by minimizing the performance index J in Eq. (3-35)
by replacing the output $(++4) and the target y,(¢+h) to their approximations § (++4) and y;5,(¢+h) after
substituting Eq. (4-17) for " (¢+h) as follows:

Control Law

o(1)=] 5 (2 08 (x) +R] B (x) [ (1+4) -4 ()3(0)] @19)
where A"(x) = [C + hCA(x) + (h*/2)C{d/dtA(x) + A(x)’}] and B'(x) = (h’/2)CA(x)B.

By substituting Eq. (4-18) into the second equation of Eq.(4-17), one can establish the error dynamics.
For a system having B'(x) is a non-zero scalar (i.e. an invertible matrix, size 1 x 1), and R = 0 chosen,
y (f) becomes:

Expected Achieved Responses

50)=C| )+ (9 |i0)+ Ca(2) o8 (] [0 ) (21500

=5, (0)~(21 1) (9(6) =2, (1)) = (5(1) =3, (1))

which can be rewritten by introducing the tracking error (e(¢) = y(¢) - y,.(¢)) to show its dynamics as

é(t)+(2/ h)e(t)+(2/h)e(t)=0 (4-20)

(4-19)

This equation clearly shows the tracking error e(f) — 0 as t — o since & > 0, where /, the predicted time

interval, is not restricted to be the same as A¢, the sampling time step. Thus, 4 can be chosen by the design
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engineer as a controller parameter (as discussed in Section 3.3.1). It is noted that this is the same tracking
error dynamics achieved for the linear system shown in Eq. (3-48); this indicates that the control
excitation input cancels the system nonlinearity and drives the system to fit the target motion.

To ensure the stability of the control scheme, one needs to check not only the output, but also the state
responses of the controlled system. This can be done by looking at the closed loop stability; this

procedure is presented in Ch 4.3 where the feedback linearization method is used.

4.3 Feedback Linearization Tracking Control (FTC)
As discussed in Section 3.3.2, the controller can be designed such that the true system properties
involving the nonlinear behavior are replaced to new ones that will lead to the desired linear behavior, and

the output response of the controlled system will follow the target motion.

Application when the Target Motion is the Structure Displacement Response

This method is developed and applied to a nonlinear hysteretic system expressed in Eq. (4-1) using the
structure displacement response x,(¢) as the target motion; i.e. although feasible the formulation becomes
more complex when the target motion is the total structure acceleration %,'(¢); therefore, for simplicity, the
displacement response is considered first.

Equations for the True System

5 (1) ==m ek (1) =m” fs(x) +m u(t),  x(0)=x,

(4-21)
y(1)=x(1)
Equations for the Reference Model
¥ (t)=-m "c x (t)-m 'k x (t)+m 'r(t), x,(0)=x,
m() m mm() m m m() m () ( ) ,0 (4-22)

Vu(t)=x,(1)

The system output y(¢) is to be differentiated until the control input u(¢) appears in the expression of the

differentiated output
#(1)=x,()
. . 1 . —1 —1 (4-23)
P(t) =%, (1) =—m e x () —m" fo(x)+m u(t)
In order to achieve the desired response, the feedback control law can be defined as:
Control Law
u(t)=m, [m.(lcsff.v () —m " f(x)+ V(t)] (4-24)
that leads to:
p(t)=v(t) (4-25)
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To reduce the tracking error signal e(¢) = y(¢) - y.(f), the new input v(¢) can be described as:

v(t) =3, () =kie(t) —koe(?) (4-26)
where kj and k; are the tracking error design coefficients, which are constant and positive; these lead to
the tracking error dynamics as follows:

Expected Achieved Responses

é(t)+ke(t)+he(r)=0 (4-27)

in which the error signal e(f) goes to zero as time goes to infinity; e(f) — 0 as ¢ — oo. In this second order
error differential equation, the error coefficients k; and k; can be considered as k; = 2&.w, and k3 = ..
In general when the coefficients increase, the error will be rapidly reduced while it will require larger
control inputs (therefore, larger actuator forces).
Stability

It is shown in Eq. (4-27) that the tracking error goes to zero, e(f) — 0. This indicates that the responses

x(?) of the closed loop system are bounded since the target motion is y(¢) = x(¢).

Application when the Target Motion is the Structure’s Total Acceleration Response
If the target motion is the total structure acceleration %,(¢), although the procedure is the same as
above, more computations are involved to construct the control law. The procedure is as follows; the

system output in Eq. (4-21) and the target motion in Eq. (4-22) become:
y(t) =% () =-m e (t) —m " fs(x) (4-28)
Ym (t) = xfn (t) = _mmilcmxm (t) - mmilkmxm (t) (4-29)

The system output function y(¢) is to be differentiated until the control excitation input u(¢) appears in the

expression of the differentiated output

y(t) = —ms’lcsjés (t) - ms’lfs (1)

= [ms’ZcS (cs)'c_Y (1)+ fy (g)) —m, 'k, (x)%, (Z)] —c,m.u(t) (439
which leads to the feedback control law:
Control Law
u(t)=c,'m}? [ms‘zcs (cx (t)+ fs (g)) -m 'k, (x)x,(t)- v(t)] (4-31)
By substituting this control excitation input u(¢) into Eq. (4-30), it is obtained that
y(1)=v(¢) (4-32)

The new input v(¢) can be selected such that the error signal e(¢) = y(¢) - y,.(¢) will be reduced as shown in

the previous example (see Eq. (3-61)). Again, the tracking error dynamics can be written:
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Expected Achieved Responses

é(t)+ke(r)=0 (4-33)
in which the tracking error signal e(f) — 0 as t — o by selecting kj > 0.
Stability
It is shown in Eq. (4-33) that the tracking error goes to zero, e(f) — 0. This indicates that the output
yul(t) = X/(¢) is bounded; however, one still needs to check if the state responses x(¢) of the closed loop
system are bounded.
By substituting the control input u(¢) from Eq. (4-31) into the true system equation (4-21) the total

acceleration is:
¥()=-mcx(t)-m " fo(x)+m," [(cs)'cs (1) + fs (z)) —¢,'mk, (x)x, (1) - cs_]mszv(t)]
=—c, 'k (x)%, ()= ¢, 'my(1) (4-34)

=—c, 'k, (g)fcs (t) + kl*cs’lmsy(t) —c,'m, [j/m (t) +k'y, (t)]
1, (1)

By introducing the last known term cg~tmg[y, (£) + kiym, (t)] from the target motion y,(f) as a new
input u,(¢) and substituting y(¢) from Eq. (4-28), it leads to the closed loop system equation:

(0= ~[ e,y (x)+ K )%, (1) = ek Sy (x) ~u,, (1) (4-35)
which is a nonlinear equation due to the variation of k7(x). The eigenvalue test of the system matrix is not
applicable. The input-output stability of this nonlinear system can be checked using the L, norm definition
(Ioannou and Sun, 2012). This procedure is presented for the Application to 2DOF Shake Table-
Nonlinear Structure Systems shown below.

For a special case, a stabilization problem, where the target motion y,, = 0; i.e. the structure should
have nil output (i.e. thus, u,(f) = 0), the stability of this nonlinear equation can be shown by using the
Lyapunov’s indirect method (Crassidis et al., 2012), assuming the nonlinear hysteretic terms involving
the instantaneous stiffness k7{(x) is differentiable. The procedure is presented in the work of the author
(Ryu, 2015). However, since the input-output stability analysis shows the desired bounded responses of
the controlled closed loop system, the approximated method using the Lyapunov'’s indirect method is not

included in this report.

"The Lyapunov’s indirect method (Crassidis et al., 2012) gives the following stability condition: The equilibrium
point of the actual nonlinear system is asymptotically stable if the linearized system has all eigenvalues of negative

real parts.
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Application to 2DOF Shake Table-Nonlinear Structure Systems

The same tracking control method (feedback linearization method) can be applied to a nonlinear
hysteretic structure mounted on a shake table (2DOF system model), expressed in Eq. (4-8) and Eq. (4-9)
with the output y(¢) of the total acceleration response X;/(¢) at the structure and the equations are repeated
here for convenience.

Equations of the True System
mi (1) +cx (t)+ fs(x)=—-m3X (¢)

m%, (1) ={e (1) + 5 (2); = £, (7)

.S :kT ., t s E 0 =X
15 (x) =k (2)4,(1) ) (0)==x (4-36)
L Ault) 26 Sl A5 0) g (0
w, m o m dt
y(t)=x(t) =-m e (1) =m " s (x)
Equations of a Reference Model
X (t)= —mmflcm)'cm (- mmflkmxm )+ m,,[1 r(t), X, (O) =X,0
. (4-37)

Y, (t) =X, (t) =-m, 'c X (t) -m 'k x (t)
Using the same procedure described above, the control law can be obtained (see Derivation 4.1 in
Appendix B.4) as following:

Control Law
w ()=a[-5 () +v(1)] (4-38)
where u'(¢) = (wd k) 'u(f); u(t) = x,(f); and y*(¢) is defined as
¥ (0)=[a(a+e)—m, ey (x) 5, (0)+[ -, K (2) + @, +m iy (x) ], (0)
+(ae) f; (1) +(=af) 4, (1) +(-ag)x. (1)

in which notations are introduced for simplification:

(4-39)

a= ms’lc_v; c= mt"cs;
e=2l0,; [f=a; g=wlk; (4-40)

FO=£0)m: ()=, (1), u(t)=x()
Substituting (f) into the equation of the differentiated output y(¢) shown in Eq. (B-35) in Appendix B.4

leads to

p(t)=v(1) (4-41)
To reduce the tracking error signal e(f) = 3(7) - yu(#), the new input v(f) can be

v(t) =7, (t)—ké(t)—ke(t) (4-42)
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where kj and k; are the tracking error design coefficients, which are constant and positive, these lead to
the tracking error dynamics:

Expected Achieved Responses
é(t)+hke(t)+he(r)=0 (4-43)
in which the error signal e(¢) goes to zero as time goes to infinity; e(f) — 0 as t — .

Stability
It is shown in Eq. (4-43) that the tracking error goes to zero, e(f) — 0. And this indicates that y(¢) =

i(t) = y,(t) is bounded; however, one still needs to check if the state responses x(¢) of the closed loop
system are bounded. By substituting the control excitation input u(f) from Eq. (4-38) into the true system
equation (4-36) and using the notations defined in Eq. (4-40), one has

[ (6)=—¢f; (0) = £ (1) g () +a ' [ =5 (1) +v(1) |

=—{(a+c)-a"'m k; (x) J5,() _[_a-lm;ver (x)+(m" +m )k, (g)]fcs () +a™'v(7)

- {—[(a ro)—a'm ey (x) -k ]} i (1)+ {—[—a’lms‘lkr (x)+(m "t +m ™Vl (x)— ke m, ke (x) — }} x(2)
(x i(x)

Jrk:a’l.ms’1 fs (g) +a’ [ym (t) +ky, (t) +ky, (t)]

/ 4 (1)

=

Na

(4-44)
By substituting &,'(#) from Eq. (4-36) and by introducing additional notations for simplification:

E(g) = —[(a +c)—a'm 'k, (x) —kl*];
i(g) = —[—a’lms"lér (g) + (ms’1 + ml’1 )kT (g) - kl*a’lm;lkr (g) - k;]; j= k;a’lms’l;

and also introducing the last known term a™[§,,(t) + kivpm (t) + ki ¥, (t)] from the target motion as a
new input u,, (t), Eq. (4-44) can be rewritten

F(6) =T (x) %, (¢) +i(x) %, (£) + jx, (1) +, ()
=—h(x) £, (1) +] h (x)(a+c)+i(x) ]x, (t)+[—i_l(§)(m;1 )+ j] i (x)+u, (2)

which is a nonlinear equation due to k7(x); therefore, the eigenvalue test of the system matrix is not

(4-45)

applicable. The input-output stability of this nonlinear system can be checked as following.

The tracking error equation in Eq. (4-43) can be rewritten

g(t)z[_(;é _”{28} or de(t) (4-46)

where A4, is a constant 2 X 2 matrix, whose real part eigenvalues are all negative with k7, k5 >0; i.e. a

constant matrix having all negative real part eigenvalues is called a stable matrix. Using the Lyapunov’s

69



direct method introduced in Section 3.2, one can show that the tracking error e(¢) is bounded (i.e. e € L;
L, norm® definition is adopted from loannou and Sun, 2012). Furthermore, it can be shown that e € L,;
therefore, e € L,, N L, (see Derivation 4.3 in Appendix B.6). Now, by choosing the target motion y,(¢) €
L., N L, and from the tracking error equation e(?) = y(¢) - y,(?), it can be shown that y(¢) € L, N L.

It is noted that y(f) = &,(¢), the total acceleration of the structure, which can be considered as the input

to the structure. The first system equation in Eq. (4-36) can be rewritten using the notations in Eq. (4-40)
ax, (t)+m " f(x)= —[56, (¢)+X, (t)] or —y(1) (4-47)
and multiplying the instantaneous stiffness k;(x) leads to
aky (x)%,(¢)+m 'k (x) fs(x) = =k (2)(2)  or
kr (x)%,(0)+a'm ey (x) f5 (x) = —a 'ky (x) (1)
where ki(x) %,(f) = f,(x) as shown in the third system equation in Eq. (4-36), and it gives
fs(x)+am ke (x) £ (x) = —a”%ky (x) 2(2) (4-49)

where the instantaneous stiffness k7(x) is a positive bounded function (i.e. k7(x) € L.,) as

(4-48)

ak, <k;(x)<k, (4-50)
where the post-yielding stiffness ratio to the elastic stiffness, a, considered in this study has the following

property: 0 < o < 1. It is noted that k7{(x) shown in Eq. (4-6) can be expressed in two parts: the initial

elastic stiffness k; and the inelastic part &;,(x)

1 sen(/y (x)4 (z)){m @IJN

ky(x)=k,—(1-a)k, 5 7 (4-51)
ki, (x)
where k;,(x) is a bounded function (i.e. k7(x) € L.,), having
0<k,(x)<(1-a)k, (4-52)
Using Eq. (4-51), Eq. (4-49) can be rewritten as
fo(x)+a'm [k +k, (x)] fs(x)=—a""k: (x) (1) (4-53)

¥ For functions of time, the L, norm is defined as (Ioannou and Sun, 2012)

Jel, = (J; (o) )

for p € [1, o) and it is said that x € L, when ||x||, is finite. The L., norm is defined as

Iel. = supl(o)

and it is said that x € L, when ||x||., is finite. Note that x(f) can be a scalar or a vector function, and |x(¢)| denotes the

absolute value if x is a scalar function, and |x(¢)| denotes the vector norm in R" (i.e n = the vector size) at each time ¢ .
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where a”', m," are positive constant scalars (i.e. ', m," > 0), and since k7(x) € L, and y(f) € L, N L,, one
can simplify the right-hand-side of the equation as following: —a™ k7(x)»(f) = U(f) where the new input
term u(f) € L, N L,. Thus, Eq. (4-53) becomes

fs (5) +a'm 'k f ()_c) +a'm 'k, ()_c)fs ()_c) = LT(t) (4-54)
Now, from this equation one can show that fy(x) € L, N L, and fs(x) € L, N L, (see Derivation 4.4 in
Appendix B.7); therefore, fy(x) — 0 as t — oo (refer to Lemma 3.2.5° in Ioannou and Sun, 2012), if the
following condition is satisfied

k, >k, (x) (4-55)
and in fact this condition is always met since the maximum value of k;,(x) = (1— @)k, < k, with 0 <a <1 in
this study (see Eq. (4-52)). Since the restoring force fs(x) € L., and fo(x) — 0 as ¢t — oo, it is known from
the restoring force and structure displacement relationship (shown in Figure 4-1) that the structure
displacement x,(¢) is bounded (i.e. x,(f) € L.,) and x(¢) — a constant value as t —

Also, from Eq. (4-47), it can be shown that X,(¢) € L., N L, since fs(x), y(t) € L., N L,. Furthermore, the

boundedness of the actuator force f; () can be checked as follows. Using that x(?), fs(x) € L, N L,, and
choosing the new input u,,(t) = a [J,,(t) + kivm (@) + ki (t)] € L. N Ly, Eq. (4-45) can be

expressed
()R (@) £ ()=~ () ae) +i(x) [, (1)~ () (m )+ s (x) +, (0) - a-56)
, (1)

where in the right-hand-side the new input term u,(?) is introduced for simplicity and u,(f) € L, N L,

since E()_c), i(x) are bounded functions (i.e. E()_c), i(x) € L,). From this equation one can show that f; (¢) €
L. N Ly and £(¢) € L, N L, (see Derivation 4.5 in Appendix B.8); therefore, £ (f) — 0 as 1 — oo (refer to
Lemma 3.2.5 in loannou and Sun, 2012), if the following condition is satisfied

ki +a'm'k.ak, >a+c (4-57)
and this condition can be easily met by choosing the design coefficient k7 in Eq. (4-42) to be larger than
(a+c).

From this stability analysis for the closed loop state responses, it has been shown that with the
bounded target and output response (i.e. y,(f), ¥ () € L, N L), the state variables x,(z), X,(?), fs(x), fo (?)
are bounded and x,(¢), fs(x), f7 (f) — 0 as t — . From this results and the second system equation in Eq.
(4-36), one can also show that the shake table acceleration x(f) is bounded and X,(f) — 0 as ¢t — .

However, in order to show the boundedness of the shake table displacement x(¢) and velocity x,(f), one

? Lemma 3.2.5 (IToannou and Sun, 2012): if £, f € L., and f € L, for some p € [1, ), then f{¥) — 0 as t — oo.
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needs to modify the tracking control law (Eq. (4-42)), and one possible way is to add the following extra
term to Eq. (4-42)

_k;(x; (1), (r)dr)—k: (x; (0)-[[ ». (g“)d(dr) (4-58)

where k3 and kj are the positive constant tracking error design coefficients, the total displacement x£(¢) =
x,(f) + x() and the total velocity x{(¢) = x,(f) + %(?), and the integration and double integration of the
target motion y,(f) are also chosen to belong to L, N L, and their initial values are zeros. With the
modified control excitation input, x£(¢) and x%(7) are bounded, and also x,(f) and x,(f) are bounded as
shown above; therefore, x/(¢) and x,(¢) are bounded. In this study, this additional term in Eq. (4-58) is not
included for simplicity. This might be acceptable for the shake table control applications in this study
where the total control time is relatively short. However, this issue might be more critical for applications
where much longer control time is required. For these applications, one is to consider the extra term
shown in Eq. (4-58); it is noted that the new control law with the extra term is equivalent to the control
law that is obtained by modifying the original target motion (= the total structure acceleration) to the total

structure displacement through double integrations of the original target motion.

4.4 Comparisons of Feedback Tracking Control Methods

As discussed in Section 3.3.3, it is very interesting to see the similarity and/or differences between the
two feedback control methods introduced in this section.

One can show that the two methods are equivalent for the controller of a structure having nonlinear
hysteretic behavior, under certain conditions. For example, for the shake table-structure system the
predictive tracking control (PTC) law shown in Eq. (4-18) becomes the same as the control law (see Eq.
(4-38)) of the feedback linearization tracking control (FTC) method (i.e. see Derivation 4.2 in Appendix
B.5) if the controlled system has B"(x) = a non-zero scalar (i.e. an invertible matrix, size 1 x 1), and R = 0

chosen, and by selecting the tracking error coefficients in Eq. (4-20) as ki =2/ h =2, and ky =2/ b°
= w,’; therefore, & =v2 /2 =0.707 and h =2 / w,. Here h is a tracking error design parameter and can

be selected by the design engineer, not restricted to be the same as the sampling time step.

4.5 Numerical Examples and Comparisons of Tracking Control Methods

Simple tracking control examples (like the linear system cases) are analyzed in order to examine the
performance of the two feedback tracking control methods introduced for nonlinear systems. The results
obtained from the numerical simulations are presented. For all examples, the target motion is the total
acceleration of a structure (specimen) mounted on the shake table although any response; ie. a

displacement or velocity response, can be selected as the target motion.
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4.5.1 SDOF Nonlinear Hysteretic Structures

As discussed in Section 2.2 and in the previous section, to facilitate the development of the tracking
control method, first, a simplified SDOF system model is used instead of a 2DOF system model for the
shake table with the SDOF structure system. In this simplified system model (shown in Figure 4-2), the
excitation force mX(t) due to the shake table acceleration %,(f) is considered as a new control input u(t)
(instead of the actual control input u(¢) = x,(¢), the desired shake table displacement, for the 2DOF system
model). The governing equation of an SDOF nonlinear structure subjected to the shake table excitation is

shown in the first equation of Eq. (4-1).

" s YEVn?
‘ Target, y,, Controller }—}.—D "

u=-myx, Nonlinear
Known Structure
Parameters

Figure 4-2 Tracking control of an SDOF nonlinear system with known parameters

For this simplified system, the tracking control task is to compute the control input u(f) = -mX«(¢) so
that the system output y(¢) = %,'(¢) (the total acceleration of the structure) follows the target motion y,,(¢) =
%,/(f) (the total acceleration of the reference model). For the shake table-structure system, however, the
actual control input is the desired displacement x,(¢) of the shake table and u(¢) shall be computed
including the shake table dynamics and the shake table-structure interaction (as discussed in Section 2.2),

and will be reconsidered in the following section (Section 4.5.2).

Example 4.1 : An SDOF Nonlinear System with Known Parameters

The properties of a given system are: m, = 1 kips-sec’/in., ks = 355 kips/in., and ¢, = 1.13 kips-sec/in.,
(f» = 3.0 Hz, &, = 0.03 before yielding). N = 3, d, = 0.11 in. (f, = 39 kips), and a = 0.1; i.e. all terms are
explained in Eq. (4-2) and Eq. (4-3). The target motion is shown in Figure 4-3 (a) [Target]: i.e. the target
motion is the total acceleration output generated from the same reference linear system (f,, = 5.0 Hz, &, =
0.1) used for Example 3.1. in Section 3.4.1 (the reference excitation input and the responses of the
reference model are presented in Appendix A.2). The time step used for the simulation is 0.002 sec.

Tracking control results using the predictive tracking control (PTC) method are presented in Figure
4-3. The selected control parameters for the PTC in this example are R = 0 and A7 = 0.002. The controlled

output, %,(¢) the total acceleration of the structure, is shown in Figure 4-3 (a) [Controlled] and shows very
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good agreement with the target motion. The computed control excitation input, u(f) = -mX«(f), using the
control law in Eq. (4-13) is shown in Figure 4-3 (b). x,(¢), x,(f) the achieved displacement and velocity
responses of the controlled structure are also presented in Figure 4-3 (c) and (d); it is noted that unlike the
total acceleration, the displacement and velocity responses are different from ones of the reference
because the system properties of the controlled system and ones of the reference system are different (the
responses of the reference model are presented in Appendix A.2). The relation between the structure
resisting force fs(f) having hysteretic behavior and displacement x,(¢) is also presented in Figure 4-3 (e).
As desired, all responses of the controlled system are bounded.

The tracking control results using the feedback linearization tracking control (FTC) method are
presented in Figure 4-4. The controlled output X, (¢) is shown in Figure 4-4 (a) [Controlled] and shows
very good agreement with the target motion. The computed control excitation input, u(¢) = -mX(¢), using
the control law in Eq. (4-31) is shown in Figure 4-4 (b). The selected control parameter in this example
for the FTC is k{ = 1/ At. It is noted that by choosing the control parameters carefully to satisfy the
tracking objective, the control excitation inputs of the two methods (PTC and FTC) are very similar;
therefore, as expected, the control results of two methods are also very similar as shown in Figure 4-3 and

Figure 4-4.
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Figure 4-3 Predictive tracking control results of an SDOF nonlinear system
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Figure 4-4 Feedback linearization tracking control results of an SDOF nonlinear system
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4.5.2 2DOF Shake Table - Nonlinear Hysteretic Structure Systems

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and
the interaction between the shake table and the mounted structure is to be considered. The same tracking
control example above is resolved for the 2DOF nonlinear system, expressed in Eq. (4-8) and Eq. (4-9),

and schematically shown in Figure 4-5.

Target, y,, Controller .
Nonlinear
u=x, Structure
Known X,

Parameters
M'T’ m —

a

Figure 4-5 Tracking control of the shake table- structure 2DOF nonlinear system with known parameters

When a target motion at a structure is specified, the required control input u(f) = x(¢), the desired
shake table displacement, is determined in order that the output of the system (y(f) = X,(¢) the total

acceleration of the structure) follows the target motion y,,(f).

Example 4.2 : A 2DOF Nonlinear System with Known Parameters

The properties of a given system are: m, = 1 kips-sec’/in., ks = 355 kips/in., and ¢, = 1.13 kips-sec/in.,
(f» = 3.0 Hz, &, = 0.03 before yielding); N = 3, d, = 0.11 in. (f, = 39 kips), and a = 0.1 for the hysteretic
system (i.e. all terms are explained in Eq. (4-2) and Eq. (4-3)); and u = m,/ m;=0.1, f,, = 30.0 Hz, &, =
0.5 and k, = 25 for the shake table. Figure 4-6 (a) [Target] shows the target motion, which is the total
acceleration generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1) used for Example
3.1. in Section 3.4.1. The reference input and the responses of the reference model are presented in
Appendix A.2. The time step of 0.002 sec is used for the simulation.

Tracking control results using the predictive tracking control (PTC) method are presented in Figure
4-6 and Figure 4-7. The selected control parameters in this example R = 0 and & =+/2 / w, where w, =
100. The controlled output, X, (f) the total acceleration of the structure, is shown in Figure 4-6 (a)
[Controlled] and shows very good agreement with the target motion. The control excitation input u(f) =
the desired table displacement x,(f), computed using the control law in Eq. (4-18) is shown in Figure 4-6
(b). The shake table acceleration X,(¢) due to the control excitation input u(¢) is presented in Figure 4-7 (b);

x(?), X,(¢) the achieved displacement and velocity responses of the controlled structure are also presented
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in Figure 4-6 (c) and (d); it is noted that unlike the total acceleration (which was the target of the control
design), the displacement and velocity responses are different from ones of the reference because the
system properties of the controlled system and ones of the reference system are different. The relation
between the structure resisting force fs(f) having hysteretic behavior and displacement x(#) is also
presented in Figure 4-6 (e). Figure 4-7 presents the responses of the shake table; the achieved shake table
actuator force f;(¢), shake table acceleration x,(f), displacement x,(¢) and velocity x(f). These shake table
responses are presented to show the feasibility and the stability of the control scheme; for example, in real
applications, the capacity of actuators’ force, displacement, and velocity are limited. This capacity limit of
a shake table is examined in Ch 8 for a realistic application. As desired, all responses of the controlled
system are bounded.

The tracking control results using the feedback linearization tracking control (FTC) method are also
presented in Figure 4-8 and Figure 4-9. The controlled output X, (¢) is shown in Figure 4-8 (a) [Controlled]
and shows very good agreement with the target motion. The computed control excitation input, u(f) =
x4(?), using the control law in Eq. (4-38) is shown in Figure 4-9 (b). As discussed in Section 4.4, the
control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the tracking
error coefficients as ki =2/ h = 2&w, and k3 =2 / > = w.*; therefore, & =+/2 /2 =~ 0.707 and h =+/2 /
w.; (in this example, w, = 100, & = 0.707 for the both methods); note that here % is a tracking error design
parameter as discussed in Section 3.3.1 and it can be selected by the design engineer. As expected, the

control results of the two methods are equivalent as shown in Figure 4-6 through Figure 4-9.
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Figure 4-6 Predictive tracking control structure responses of a 2DOF nonlinear system
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Figure 4-7 Predictive tracking control shake table responses of a 2DOF nonlinear system
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Figure 4-8 Feedback linearization tracking control structure responses of a 2DOF nonlinear system
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Figure 4-9 Feedback linearization tracking control shake table responses of a 2DOF nonlinear system

In this section, the two tracking control algorithms: the predictive tracking control (PTC) and the
feedback linearization tracking control (FTC); are reformulated in order to apply the methods to nonlinear
hysteretic systems using shake table control. With assumption that all parameters are known, the
performances of the controllers are analytically analyzed using their tracking error dynamics and closed
loop system responses, and the boundedness of the state responses are shown by the input-output stability
analyses. The performances of the tracking control methods are also examined using numerical
simulations for examples where the target motion is a specific floor motion at the top of a nonlinear

specimen. Very good tracking results are achieved.
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SECTION 5
PARAMETER IDENTIFICATION METHODS FOR TRACKING
CONTROL

When system properties are not fully known, it is essential to identify and quantify these system
parameters for the tracking control problem. Two well-known online parameter identification methods
(i.e. which are also called “parameter adaptive methods™) are reviewed here: the least squares method
(LS) and the Extended Kalman filter (EKF). The effects of the selection of the initial guess of parameters
and of covariance matrices are examined. The least squares method has been used for the online system
identification of nonlinear hysteretic systems without hardening (Smyth et al., 1999); in this study this
method is extended to nonlinear hysteretic systems with hardening. The two methods are compared in this
section and the EKF scheme is adopted for further development of the tracking control method with

unknown parameters in the following sections.

5.1 Identification of a Linear Parametric Model using the Least Squares Method
The least-squares method is to fit a mathematical model to a sequence of observed data by minimizing
the sum of the squares of the difference between the observed and computed data. The method has been
used in parameter estimation for the structural applications (Smyth et al., 1999 and Yang et al., 2004).
The method is simple to apply if the model parameters appear in a linear form (Ioannou et al., 2012):
2(t)=0"4(1) (5-1)
where z(f) (scalar) and ¢(¢) (vector) are the signals available for measurement (i.e. such as the state
variables x, X, X and the excitation input «, and their filtered values), and Q* 1s the vector with all unknown
parameters. Eq. (5-1) is known as the linear parametric model, which can represent a linear or nonlinear
dynamic system. The linear or nonlinear dynamics in the original system are hidden in the selected
signals z and ¢, which include the measurements and their filtered values.
The estimate error &(f) is defined as the difference between the true signal z(f), obtained from the
measurements, and an estimated signal Z(f), computed using the least-squares method:
e(t)=z(t)-2(t) (5-2)
One can establish that the least-squares method guarantees that the estimation error &(¢) goes to zero when
time goes to infinity; i.e. &(f) — 0 as ¢ — oo (Ioannou et. al, 2012 and Smyth et al., 1999), which is a very
important and desired stability property of an online parameter identification method.
Unfortunately, it will be shown that the nonlinear hysteretic system cannot be modeled in the form of

the linear parametric model, if there is hardening after yielding (a > 0).
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5.1.1 Formulation
5.1.1.1 Estimate of Linear Structures with Unknown Parameters

A linear SDOF system expressed in Eq. (2-26) can be rewritten with two unknown constant
parameters for the stiffness &; and the damping c,, by placing the parameters to the right side of the

equation (Ioannou et al., 2012)

mi (t)—u(t) =k, cs][—x(t) —)'c(t)]f (5-3)
where the unknown parameters [k, c¢;] appear linearly to the known signal vector. It is assumed that in
this section the excitation input u(¢) is known and bounded and a system is stable; thus, the responses are
bounded (i.e. this assumption is relaxed in the following sections where the excitation input u(¢) is not
known a priori). It is also assumed that the displacement x(¢) and velocity x(¢) can be measured; however,
the acceleration response x(¢) is not available for measurement. In this case, in order to express Eq. (5-3)
in the form of the linear parametric model (Eq. (5-1)), each side of Eq. (5-3) is divided by a first order
stable filter 1/4(s) = (s+4)", in which A is the first order filter parameter (i.e. in a case, if only the
displacement x(f) is measurable, a second order stable filter 1/4(s) (s+4)? could be used to establish the

linear parametric model for this problem); thus, Eq. (5-3) is expressed in the Laplace domain as

—(-uls) =Tk e T —x(s) —k(s)] (5-4)

s+ A
where “s” is a complex variable of the Laplace transform. Using Eq. (5-4), the unknown parameters [£;

mx(s)+

s+ A

¢s] can be expressed in the form of Eq. (5-1) (repeated) in time domain and the Laplace domain as

follows:

2(1)=0"(t) or z(s)=674(s) (5-5)

in which

z(s)= Si/lm)'c(s)+

0 =[k ¢],

661 ) )] or st0-a) w0

s+A s+A

(_“(S)) or z(t)=o(t)+ o, (1),

s+A

In order to estimate the unknown parameters in real time, each term in Eq. (5-4) is needed to be
determined in every instant. Therefore, it is desired to represent Eq. (5-4) in a state-space form. The state-

space representation of Eq. (5-4) can be expressed by introducing augmented vectors @,(f) = [p1(f) @(?)
$1(2) $a(0)]" and w (1) = [mi(t) -u(r) -x(2) -¥(1)]":

(1) =44, (1) + B, (1), 4,(0)=0
) (1)=C,4,(1)+Dyu, ()

-

(5-6)

= |
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where the additional state vector ¢,(¢), which is different with @.4(?), is introduced for this formulation and

A, =-Al,,, B,=1I,,, C,=diag([-A 1 1 1]), D,=diag([l 0 0 0]),

6(1=[40) &0) &) 4]

Eq. (5-6) can be solved using any integration method such as the 4™ order Runge-Kutta method with the
known signals u,(f) from measurements at every instant and the signals ¢,(f) can be obtained. Using the
signals ¢,(?), z(¢) and ¢(¢) in Eq. (5-5) can be computed.

The estimate 2(t) of z(t) at time # can also be generated by modifying Eq.(5-5) as

(0)=[&() &) ]a() (0] =& (1)g(0) (5-7)
where Q (t) is the estimate of § at time . The estimation error &(7) as in Eq. (5-2) is defined
e(t)=z(t)-2(t)=z(t)- 0" ()$(1) (5-8)

A performance index function J(8) in order to reduce the estimate error &() in Eq. (5-8) is defined as

I(8) =3 " [2(0)-8 0pe) [ dr e [00-4,] 0..[ 60~ (59

where £ > 0 is the selected forgetting factor (i.e. as time ¢ increases the effect of the old signals at time 7 <
t is reduced), and a penalty on the initial estimate 8 of 0. The index J(0) is a convex function of  since
&*J | 88* > 0. The estimated parameter vector A(t) to minimize the index J(@) with respect to 8 satisfies

the following condition

ol g A A C s A

555 el 804 [+ (" 2()-E gt -4(m))dr=0 (5-10)
which leads to the following equation known as the continuous-time non-recursive least squares
algorithm

6()=P (f)[e_ﬂ Qo+ [ e[ 2() QT(T)]dT} (5-11)
where

¢ -1
P(t) :[eﬂ‘QE,0 +I0 e Pt [Q(r)f(r)]dr} (5-12)

which is also known as the covariance matrix and can be rewritten in a recursive form, in which the
calculation of the inverse in this equation can be avoided. The continuous-time recursive least squares
algorithm with forgetting factor can be derived from Eq. (5-11) and Eq. (5-12) (see Derivation 5.1 in
Appendix B.9) with the definition of the estimation error &(¢) in Eq. (5-8) and expressed
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é(t) =P(t)e(1) (1)
P(t)=pBP(t)-P(1)¢()¢" ()P (1)

where the covariance matrix P(7) and the parameter estimate §(t) are obtained by solving the differential

(5-13)

equations with the initial guess of 8(0) = 8, and P(0) = Py= O, ". For implementation, the algorithm in
Eq. (5-13) is developed in discrete time, known as the discrete-time recursive least squares algorithm
with forgetting factor (Ioannou et al., 2006):
ékﬂ = ék + Pkﬂgkék
1 ( o, __hod’n J (5-14)
VA R )

where S, is the forgetting factor 0 < 8, < 1 in the discrete time form. This algorithm with the initial guess

b

of Q 0) = QO and P(0) = Py is used in the following applications. It is shown in Ioannou et al. (2012)
using the Lyapunov’s method that the stability properties of the least squares method include the
estimation error &(f) — 0 as ¢ — oo and the rate of parameter estimation Q (t) — 0 as t — oo. It is noted
that the parameter estimate (t) might not approach the true values §°. However, without requiring the
parameters to converge to their true values, the least squares method for unknown parameter estimation
combined with the tracking control method, such as the feedback linearization method described in
Section 3.3.2, can achieve the tracking control objective making the tracking error e(f) — 0 as ¢t — oo.
This is very important and powerful property of the least squares method; however, the method is limited

to the system which has constant parameters § as appear in a linear form shown in Eq. (5-1).

Example 5.1 : Parameter estimation for an SDOF linear system

In order to examine the performance of the least-squares (LS) method, the system identification to
estimate unknown parameters of an SDOF linear system (shown in Figure 5-1) is numerically performed.
It is noted that unlike the feedback tracking control methods, the control excitation input u(f) = -mx(¢) is

pre-defined and not updated in real time

Pre-defined " P>
u= -msjét

Structure Parameter
(Specimen) Estimation

Figure 5-1 Parameter estimation of an SDOF system
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The properties of the system are the same as the ones in Example 3.1; m, = 1 kips-sec’/in., ks = 355
kips/in., and ¢; = 1.13 kips-sec/in., (f, = 3.0 Hz, &, = 0.03). Two unknown parameters: ¢, the damping
coefficient and k; the elastic stiffness; are selected and estimated in real time. The selected excitation
input u(f) to the system is the sinusoidal motion (the forcing frequency f; = 1.0 Hz) and presented in
Figure 5-2 (a) (for comparison purposes with other examples, X(¢) = -u(t)/m;, the shake table acceleration
is presented). For the parameter estimation, it is chosen that the filter factor A = 0.01; the forgetting factor
S = 1; the initial parameter estimate 8, = 0.5 x §; and the initial covariance matrix P, = diag(8,%). The
time step = 0.002 sec. The relation between the structure resisting force fs(f) and displacement x,(¢) is also

presented in Figure 5-2 (b).
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(a) Predefined excitation input (u) (b) Response of structure (/g vs. X,)

Figure 5-2 Excitation and structure response: Real time parameter estimation using the LS

The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters:
k; the elastic stiffness and ¢, the damping coefficient; and the estimated parameters are shown in Figure
5-3 and the results show that the agreements are reasonably good. The errors in the estimation might be
attributed to the assumption that the augmented vector u,(f) in Eq. (5-6) is piecewise constant between kA¢
and (k+1)A¢ for the numerical implementation; i.e. as the time step becomes smaller, the estimated error
between the true and the estimated parameters becomes smaller. It is also noted that the estimation

performance is affected by various conditions that are discussed in Section 5.1.2.
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Figure 5-3 Real time parameter estimation results using the LS for an SDOF linear system

5.1.1.2 Estimate of Nonlinear Hysteretic Structures with Unknown Parameters

For a nonlinear hysteretic SDOF system expressed in Eq. (4-1), four unknown constant parameters
have to be estimated, i.e. the stiftness k;, the damping c,, the yielding displacement d, and the post-
yielding stiffness ratio o to the elastic stiffness. Unfortunately, the method is appropriate only for a linear
equation in the parameter vector § from Eq. (4-1), only when a = 0 (no hardening). This is due to the
function involving sgn(f;(x)x(¥)) where the hysteretic force fi(x) = fo(x) — aksx(¢) is unknown and it is
impossible to separate the unknown parameters a, k, from the known functions of x,(¢) and fi(¢), which are
to be measured. Only for a system without hardening after yielding, where o = 0 (i.e. elastic-ideal plastic
system), fy(x) is the same as fs(x), which is measurable, and the governing equation of the restoring force

in Eq. (4-2) can be rewritten (Smyth et al., 1999) as:

fi(@)=[k kS ][50 ~0s{rsen (s ()5 )4 @] 5 ()] (5-15)

A nonlinear hysteretic SDOF system in Eq. (4-1) to estimate three unknown parameters of the stiffness £;,
the damping coefficient ¢, and the yielding displacement d, can be expressed by placing the parameters to

the right-hand side of the equation in the Laplace domain:
S, (s) —su (s) =—sC,X, (s) - fs (x)
e ko kJ() () =) os{iesen( s (25 (A ) 5 ()] 6-16)

6" x,(s)

which is linear in Q* = [cs ks ks/(];)N ]T and it is assumed that the relative displacement x(¢), velocity x(¢),
acceleration x(f) and the restoring force fs(x) are measurable. Dividing each side of Eq. (5-16) by a first

order stable filter 1/4(s) = (s+4)", Eq. (5-16) can be expressed as
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1
s+A

(i (s) -u(s)} =6

s+A

x,(s) (5-17)

and this equation can be expressed in the form of Eq. (5-1) (repeated) as following

z(t)=60"¢4(t) or z(s)=0"4(s) (5-18)
where
Z(s)zsi/l{mjéx(s)—u(s)} or z(t)=g,(2),

ook kfr)].
0[50 70 S loshesmn ol 50|

s+A s+A

or ¢(0)=[4(c) 4.(1) 4()]

(5-19)
A state-space representation of Eq. (5-19) by introducing augmented vectors ¢,(¢) = [p:(t) ¢:(t) ¢:(¢)
$5(0)]" and u,(¢) = [(m¥(0)-u() x.(1)"]" is obtained
6,(1)=44,(1)+Bu (1),  4(0)=0
~ (5-20)
4,(1)=C.4,(1)+ D, (1)
where the additional state vector ¢,(¢), which is different with ¢,(¢), is introduced for this formulation and
A,=-Al,,, B,=1,,, C,=dag([-2 -2 1 1]), D,=diag([l 1 0 0])
— — T
)=[4(1) &(1) 6(1) A(0)] .
By solving Eq. (5-20), the signals ¢,(f) can be obtained at every instant. Using the signals @,(f), z(¢) and
#(¢) in Eq. (5-19) can be computed. The unknown parameters § can be estimated in real time using the

discrete-time recursive least squares algorithm shown in Eq. (5-14).
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Example 5.2 : Parameter estimation for an SDOF nonlinear hysteretic system

The LS method is used for the system identification to estimate unknown parameters of an SDOF
nonlinear hysteretic system (see Figure 5-1); in this example the structure experiences nonlinear behavior
due to yielding. It is noted that unlike the feedback tracking control methods, the control excitation input
u(t) = -myx(t) is pre-defined and not updated in real time.

The properties of the system are the same as the ones in Example 4.1 (except the post-yielding
stiffness ratio to the elastic stiffness a = 0); m; = 1 kips-secz/in.; ks = 355 kips/in.; and ¢; = 1.13
kips-sec/in.; (f, = 3.0 Hz, &, = 0.03 before yielding); N= 3 and d, = 0.11 in. (f, = 39 kips). Three unknown
parameters: ¢, the damping coefficient; k, the elastic stiffness; and d, the yielding displacement; are
selected and estimated in real time. The selected excitation input u(f) to the system is the sinusoidal
motion (the forcing frequency f,= 1.0 Hz) and presented in Figure 5-4 (a) (for comparison purposes with
other examples, X(¢) = -u(¢)/ms, the shake table acceleration is presented). For the parameter estimation, it
is chosen that the filter factor A = 0.01; the forgetting factor 8, = 1; the initial parameter estimate 8, = 0.5
x §'; and the initial covariance matrix P, = diag(8,>). The time step = 0.002 sec. The relation between the

structure resisting force f5(f) and displacement x,(¢) is also presented in Figure 5-4 (b).
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(a) Predefined excitation input (u) (b) Response of structure (/g vs. x)

Figure 5-4 Excitation and structure responses: Real time parameter estimation using the LS

The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters:
kr(x) the instantaneous stiffness (i.e. the estimate of k7(x) is computed using the estimates of k; and d,); ¢,
the damping coefficient; &, the elastic stiffness; and d, the yielding displacement; and the estimated
parameters are shown in Figure 5-5; the agreements are reasonably good although there are large errors in

the beginning of the estimation procedure, which might become challenges to the tracking control.
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Figure 5-5 Real time parameter estimation results using the LS for an SDOF nonlinear system
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5.1.1.3 Estimate of Nonlinear Hysteresis Structures with Hardening

As mentioned above, it is not possible to directly formulate a linear equation in the constant parameter
vector 0 from Eq. (4-2), which is the governing equation of the restoring force in nonlinear hysteresis
systems. However, by introducing the following approximation in the governing equation, a linear
parametric model for hysteretic systems can be obtained (i.e. the effects of this approximation on the

responses are discussed below — see Eq. (5-30)):

1+sgn(fH( [|fH |JN:Sgn(fy(l))vLsgn(fcs(l‘)){fH (E)szsgn(xs(t))(fH—(ﬁ)JN, N =odd

2 5 2 1 5

(5-21)
which leads to the approximated governing equation of the restoring force, which is linear in the constant

parameters (i.e. a very similar form of this approximate equation can be found in Constantinou, 2008)

. 1+sgn(fH2(ic)ics (t)) [|fH]E£)|jN N (t)

fs (ic) =akx, (t)+(1—a)ks

=k p pr 3op 30 F[E(0) sen((0)5 () £ (x) sen(i ()% (0)x, (o)
(

sen(%, (1) (1) £, (x) #(1) sen (i (1) (0) £, (x)x (o) |
(5-22)
where N = 3 (i.e. chosen for this study), pp =—1/ {(1—a)2kyz(dy)3 } and p; = — ak;,. Thus, a nonlinear

~ak g (1) +(1-a)k,1-sgn(x, (x))(@} }x (1)

hysteretic SDOF system in Eq. (4-1) to estimate four unknown parameters of the stiffness 4, the damping
cs, the yielding displacement d, and the post-yielding stiffness ratio a to the elastic stiffness can be

expressed by placing the parameters to the right-hand side of the equation in the Laplace domain
SmX, (s) - su(s) =—5C X, (s) —fS (x)
=—[e. kb 2P 3pp 3pop sk (5) 5 (s) sen(i ()% (5) 5 (x) sen(, () (), (s)
sen(, (), (5) f5 (2)' 2, (5)  sen(i, ()%, ()5 () () ]

or 6"x (s)

(5-23)
which is linear in Q* =les ks po p0p13 3pop; 3p0p12]T and it is assumed that the relative displacement
x(?), velocity x,(f), acceleration X,(f) and the restoring force fs(x) are measurable. Dividing each side of

Eq. (5-23) by a first order stable filter 1/4(s) = (s+1)", Eq. (5-23) is expressed as

H%{mxv (s)— u(s)} = P x,(s) (5-24)
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and this equation can be expressed in the form of Eq. (5-1) (repeated) as following

z(t)=0"¢4(t) or z(s)=0"4(s) (5-25)
where

£(5)= =i (5)-al)} o 2(0)= 00,

0 =[c, k py i 3pop 3pop?]

§5) === o H0[40 40 40 4O O 40

in which py=— 1/ {(1—a)’k*(d,)’} and p; = — ok, and x,(s) are defined in Eq. (5-23).

A state-space representation of Eq. (5-25) by introducing augmented vectors @,(¢) = [@:(t) ¢:(t) #:(F)
$5(1) $o0) $5(0) pe(D]" and uy() = [(mi()-u(®)) x.(0)']" is
(1)=4.4,(0)+ B, (1), 4(0)=0
( )=C/1é, (t)+DAHa (t)

where

s t
% (5-26)
¢.(t

A, ==L, B,=1I,,, C,=diag([-2 -4 1 1 1 1 1]), D,=diag([l 1 0 0 0 0 0])
The signals ¢,(¢) can be obtained at every instant by solving Eq.(5-26). Using these signals ¢.(¢), z(¢) and
#(#) in Eq. (5-25) can be computed. The unknown parameters § can be estimated in real time using the

discrete-time recursive least squares algorithm expressed in Eq. (5-14).

Errors in the approximated model

The approximate model of hysteretic systems with hardening after yielding (o > 0) in order to
formulate a linear parametric model for the least squares system identification introduces errors. The
effects are examined by comparing the response of the original model (the model introduced by
Sivaselvan and Reinhorn, 1999) and that of the approximate model. In the original model the rate form of
the plasticity relation of the restoring force fs(x) is shown in Eq. (4-2) and the elastic-ideal plastic force
fu(x) (hysteretic force) in the equation involves two Heaviside step functions H,;(x) and H,(x) as

(Sivaselvan and Reinhorn, 1999)
Ju(x)=(1-a)k {1-H, (x) H, (x)} %, (¢) (5-27)
where H,(x) signifies yielding and H,(x) signifies unloading from the yield surface
H,(x) :HeavisideUfH (£)|—fy] ~ UfH ()_C)|/fy]
H, (x) ={1+sen(f, (x)%, (1))} /2

L f=(-a),
(5-28)
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In order to separate unknown parameters (a, ki, d,) from the measured signals (x,(?), X,(?), fi(x)) in (5-27),
it is necessary to introduce an alternate form of sgn(fu(x)); and sgn(fu(x)) might be approximated as

sgn(xs(7)) if N = odd. The effects can be seen in three regions of the hysteresis behavior (see in Figure 5-6)

i. sgn(fy (x)=sen(%. (1), |fu(x)|=1

ii. sgn(fH ):sgn( ; t) loading (5-29)
iil. sgn(fH );tsgn( ; t) unloading ‘H ‘ fy
Ju, kips A ‘
(1-0)2k,
| o
y y
(1-a)k,
>
X, in. fH :ﬁ/*
loading .
! - unloading} Ja<th

Figure 5-6 Schematic of a hysteresis behavior (elastic-ideal plastic) of fi(x)

The difference (error) is introduced in the region iii where sgn(fy(x)) # sgn(x,(f)) and at which
unloading occurs as shown in Figure 5-6 in dot circles: i.e. at the transition fy(x) = fy*, the instant stiffness
k1(x) of the original system and k7 (x) of the approximate system can be expressed

kr(£)=akg+(l—a)k.§{l ol eil0) ) }zakﬁ(l—a)ks:ks

(5-30)

k;()_c):aks+(1—a)ks{1—sgn(xs)[%] }:aks+(1—a)ks{2}:(2—a)ks

The maximum error is k; (x) - kf(x) = (1 - @) k, at the transition where unloading starts and the error

rapidly decreases as (fx(x) / fy*)N goes to zero. Also noted that if N = oo, the error becomes zero since (fx(x)
A" =0 (ful) £1).

Example 5.3 : Parameter estimation for an SDOF nonlinear hysteresis system with hardening

The LS method is used for the system identification to estimate unknown parameters of an SDOF
nonlinear hysteretic structure like the previous example (Example 5.2); however, in this example the
hysteretic resisting force of the structure experiences hardening after yielding. It is noted that unlike the
feedback tracking control methods, the control excitation input u(f) = -mX«(f) is pre-defined and not

updated in real time
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The properties of the system are the same as the ones in Example 4.1; m, = 1 kips-sec’/in.; ks = 355
kips/in.; and ¢, = 1.13 kips-sec/in.; (f, = 3.0 Hz, &, = 0.03 before yielding). N = 3; d, = 0.11 in. (f, = 39
kips); and o = 0.1; i.e. all terms are explained in Eq. (4-2). Four unknown parameters: ¢, the damping
coefficient; k; the elastic stiffness; d, the yielding displacement; and a the post-yielding stiffness ratio to
the elastic stiffness; are selected and estimated in real time. The selected excitation input u(f) to the
system is the sinusoidal motion (the forcing frequency f; = 1.0 Hz) and presented in Figure 5-7 (a) (for
comparison purposes with other examples, X(¢) = -u(f)/m;, the shake table acceleration is presented). For
the parameter estimation, it is chosen that the filter factor 4 = 0.01; the forgetting factor S, = 1; the initial
parameter estimate QO = 0.5 x 8 (50% error in the initial guess); and the initial covariance matrix P, =
diag(Qoz) X Iexs. The time step = 0.002 sec. The relation between the structure resisting force fs(f) and

displacement x(¢) is also presented in Figure 5-7 (b).
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(a) Predefined excitation input (u) (b) Response of structure (f; vs. x)

Figure 5-7 Excitation and structure responses: Real time parameter estimation using the LS

The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters:
kr(x) the instantaneous stiffness (i.e. the estimate of k7(x) is computed using the estimates of k; and d,); ¢,
the damping coefficient; k, the elastic stiffness; d, the yielding displacement; and a the post-yielding
stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure 5-8. The errors in
estimation of k7(x) at the transition in Figure 5-8 (a) are attributed to the approximated model as discussed
in this section; and the errors in the model seems to affect the estimation of other parameters such as ¢, as
shown in Figure 5-8 (b). Although the damping error is large in Figure 5-8 (b), since this damping
represents the inherent damping, which is very small in hysteretic systems less important than the

hysteretic energy dissipation, such error should not affect the tracking problem. However, these above

95



errors in the parameter estimation might become challenges to the tracking control implementation as

discussed in Section 5.3.
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Figure 5-8 Real time parameter estimation results using the LS for an SDOF nonlinear system
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5.1.2 Effects of Initial Guesses of Unknown Parameters and Covariance Matrices

The performance of the parameter estimation might be influenced by various conditions including the
initial guess of the unknown parameters and by the covariance matrices, measurement noise, model
errors, etc. The effects of the initial guesses of the unknown parameters and covariance matrices are
numerically investigated below. The same SDOF linear model described in Example 5-1 is used where
two parameters Q* = [k cS]T . ks the elastic stiffness and ¢, the damping coefficient; are selected and
estimated in real time. The excitation input u(¢) to the system is the same sinusoidal motion (the forcing

frequency f;= 1.0 Hz), shown in Figure 5-2 (a). The time step = 0.002 sec.

Example 5.4 : Effects of initial guess of unknown parameters on the LS estimator performance

The effects of the initial guess of the unknown parameters are investigated numerically. Three
different initial guesses QO are made as the 10%, 50% and 200% of the true parameters; QO =0.1x6"; Qo
=05 x6; Qo = 2.0 x @. The initial covariance matrix P, = diag([0.5 x 6]%) for all cases. The
comparisons between the true parameters: & the elastic stiffness and ¢, the damping coefficient; and the
estimated parameters are shown in Figure 5-9 (the initial guess factors: 0.1, 0.5, 2.0; are shown in the
figure); the results show that the overall agreements are reasonably good while the speed of convergence
might be affected by the initial guess. As discussed in Example 5-1, the estimate error between the true

and the estimated parameters becomes smaller as the time step becomes smaller.
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Figure 5-9 Real time parameter estimation results using the LS for an SDOF linear system

Example 5.5 : Effects of selection of the covariance matrices on the LS estimator performance
The effects of the selection of the covariance matrices are investigated numerically. Three different

initial covariance matrices P, are selected as the diagonal matrix whose elements are the square of the
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10%, 50% and 200% of the true parameters; P, = diag([0.1 x 8°T%); P, = diag([0.5 x 8'T%); P, = diag([2.0 x
0'1). The initial guesses of the unknown parameters 8, = 0.5 x 6 for all cases. The comparisons between
the true parameters: k; the elastic stiffness and ¢, the damping coefficient; and the estimate of the true
parameters are shown in Figure 5-10 (the selected initial covariance matrix factors: 0.1, 0.5, 2.0; are
shown in the figure); the results show that the lager covariance matrix might leads faster estimation, but
might occur larger overshooting at the beginning of estimation while the overall agreements are
reasonably good. As discussed in Example 5-1, the estimate error between the true and the estimated

parameters becomes smaller as the time step becomes smaller.
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Figure 5-10 Real time parameter estimation results using the LS for an SDOF linear system
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5.2 Identification of System Parameters using the Extended Kalman Filter (EKF)

Another well-known system identification method, which has been used in the structural applications
for numerical studies (Yun and Shinozuka, 1980, and Wu and Smyth, 2007), is the extended Kalman filter
(EKF). It is known that the EKF can be used as the online parameter estimation for linear and nonlinear
systems including the systems having hysteretic behavior (Wu and Smyth, 2007). The main concept of
the EKF assumes that the true state is sufficiently close to the estimated state; therefore, the error
dynamics can be represented fairly accurately by a linearized first-order Taylor series expansion
(Crassidis and Junkin, 2012). Because the effects of the remaining terms in the series expansion are
difficult to determine, it is very difficult to show a certain stability property of the EKF. Even so,
Crassidis and Junkin (2012) addressed that the performance of the EKF method can be verified through
simulation and this method has been successfully and widely used in practice, and they presented the
application to the real time aircraft parameter estimation.

First, the general formulation of the extended Kalman filter is reviewed. The method is applied to the
online parameter estimations for nonlinear hysteretic structures mounted on the shake table. The effects of

the initial guess of the parameters and the selection of the covariance matrices are examined.

5.2.1 Formulation
5.2.1.1 KF and EKF review

The extended Kalman filter (EKF) method is the extension of the Kalman filter (KF), which is well
known state estimator for linear systems. Unlike the KF, the EKF can be used to estimate state variables
of nonlinear systems and also unknown parameters of linear and nonlinear systems.

The KF (Crassidis and Junkin, 2012) is a “sequential state estimator”, which is used to not only

reconstruct state variables x (size n X 1) from limited measurements y (size m X 1, where m < n), but also

“filter” noisy measurement processes. Assuming that the errors in measurements and in system models
are a zero-mean Gaussian noise process'’, the KF determines the ‘optimal’ estimate gain with the
information of the covariance matrices of the measurement noise and process noise, such that the KF
provides the ‘optimal’ estimation of true state variables.

Before presenting the applications; first, the KF method and the EKF formulation using a linearized 1*
order Taylor series expansion are briefly described as following; i.e. the thorough mathematical

derivation of the methods in detail can be found in elsewhere, such as Crassidis and Junkin (2012).

1 Gaussian noise process (Crassidis and Junkin, 2012) is the noise process having the normal distribution, which is

defined by mean and variance. A zero-mean Gaussian noise process has its mean = 0.
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Brief Review of the Kalman Filter
The truth model of a linear system in continuous time is expressed
x(t)=Ax(t)+ Bu(t)+Gw(t) (5-31)
y(1)=Hx(1)+v(r) (5-32)
where 4 and B are the system matrices and G is the matrix, defined based on processing noise w(t),

indicating possible errors in the model, and H is the measurement matrix. x(z) is the n x 1 state vector, u(?)

is a control excitation input, y(¢) is the m x 1 measurement output vector, and y(f) is measurement noise
and w(?) is process noise (or errors in the model). The KF structure for the state estimate X(¢) and output
estimate i(z‘) is expressed

i(6)= 42(0)+ Bu()+ K (1) 7(1)- ¥ ()] (5-33)

y(t)=Hi(r) (5-34)
where K(?) is the Kalman gain matrix (size n X m), indicating that if K(¢) is large, the estimator relies on
measurements and if K(f) decreases, the estimator relies more on the model. By defining the state error
X(f) = X(?) - x(¢) (i.e. the estimate state - the true state) and using Equations (5-31) through (5-34), the
estimate state error dynamics are given by

$(1)=[A-K(t)H |%(t)- Gw(t)+ K (1)v(1) (5-35)
By selecting the ‘best’ gain K(#), the error X(¢) will diminish and the estimator will be stable. Thus, £(7)
will be close to x(#). This concept can be expanded for parameter estimation by augmenting unknown
parameter vector & to the state vector; i.e. x,(f) = [x'(1) ']", which will be discussed later in the subject
of the EKF.

For practical applications, the further development of the KF is described in discrete time form. The

truth model (shown in Eq. (5-31) and Eq. (5-32) in continuous time) is rewritten in discrete time

X = Apx, + By + Gow, (5-36)

7, = Hx, +v, (5-37)
where Ap and B) are the system matrices and Gy, is the processing noise matrix, and H is the measurement
matrix (i.e. H is the same as that in continuous time form). v, and wy are measurement and process noise

(or errors in the model), respectively, and they are assumed to be zero-mean Gaussian white-noise

processes; i.e. white-noise means that the errors are not correlated forward or backward in time, so that
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0, k#j

E{ELT}:{REk’ k:J

and (5-38)
0, k+j

el 1={,.. 1)

where E{-} is the expected value'' or “average value” of a given function. It is further assumed that v; and
wy are uncorrelated so that E{v,w,’} = 0 for all k. In this study, both noise covariance matrices Rz and
Qg are assumed to be constant at all time; thus Rg; = Rg and Qg = Qp. The measurement noise
covariance matrix Ry (size m x m) is usually well known, derived from the properties of the instruments;
but, the processing noise covariance Qg (size n x n) is usually not well known and is often derived from
experience by the design engineer based on the knowledge of the particular system (Crassidis and Junkin,
2012).

The estimator structure shown in Eq. (5-33) in continuous time can be expressed in two stages

equations in discrete time as

X =A% + By, (5-39)
il::ik_—i_KkI:J__/k_Hik_] (5-40)

where K is the estimator gain (size n x m) and Eq. (5-39) with sign ‘-’ is known as the prediction

)

equation, and Eq. (5-40) with sign ‘+’ is known as the update equation. The estimate error covariance

matrices are defined as

Pk:—l = E{XI;IXI;HT} (5'41)
Pr = E{if 5"} (5-42)

where the estimate state errors are Xy,q = Xp4q — Xx41 and X = 25 (i.e. the current estimate state -

Xk
the true state). Substitutions of Equations (5-39) and (5-36) in X, = X;,11 — Xp4+1 glve
Yoo =Ap% -Gy, (5-43)

Then, Py, , is defined by substituting this equation into Eq. (5-41) and using that E{w; %} '} = 0:

" The expected value of a function f'(x) of a discrete random variable x is expressed (Crassidis and Junkin, 2012)
E{f(x)) =2 7 (x(D))p(x(4))
J

where p(x(j)) is a probability mass function 0 < p(x(j)) < 1 and Y p(x(j)) = 1. For example, the expected values of x

and (x — ) are the mean (1) and variance (¢”) of x:
Elxy =2 x()r(x()=u
Ee-u)'} =X (x(1)- ) p(x(1) =0

J
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P =A4A,R A, +G,0,G)f (5-44)
For the update stage, substitution of Eq. (5-40) with Eq. (5-37) for £ in X = £ — x gives

5 =(I-KH)% +K (5-45)
Then, P is defined by substituting this equation into Eq. (5-42) and using that E{v; X}, h=o:

P =[I-KH|P[I-K,H] +K.R,K," (5-46)
The optimal estimator gain Kj is determined by minimizing the trace of P, which is equivalent to
minimize the length of the estimation error vector. The index function is expressed as:

J(K)="Tr(R) (5-47)
By taking the partial derivative with respect to the gain: d/ /0K, = 0, and solving this equation for K, it

results in:

K =R H'[HEH +R,] (5-48)
Substitution of Eq. (5-48) in Eq. (5-46) leads to

B =[I-K.H|E (5-49)
Therefore, with the initial guess of the state X, and the error covariance matrix P, , the Kalman filter
update stage defined in Eq. (5-40) and Eq. (5-49) and the prediction stage defined in Eq. (5-39) and Eq.

(5-44) can be implemented using instant measurements. This optimal estimator for linear systems can be

expanded for nonlinear systems not only to estimate the state variables, but also unknown parameters.

Expansion to the Extended Kalman Filter

The truth model of a nonlinear system in continuous time is expressed

x(0) = £ (x(0),u(0),t)+ G()w(r) (5-50)

y(t)=h(x().t)+v(r) (5-51)
where f(x(7),u(?),f) is a nonlinear system differential equation, such as one shown in Eq. (4-4), and G is the
matrix, defined based on processing noise w(¢), indicating possible errors in the model, and h(x(¢).?) is a
nonlinear equation for measurements Z(Z), and other terms are previously defined in the KF model shown
in Eq. (5-31) and Eq. (5-32). In the EKF, it is assumed that the true state x(¢) is sufficiently close to the
estimated state X(¢); therefore, the error dynamics can be represented fairly accurately by a linearized
first-order Taylor series expansion (Crassidis and Junkin, 2012). Using the Taylor series expansion about
the current estimate X(f) (i.e. assuming that the true state x(¢) is sufficiently close to the estimated state

X(f), which is used for the nominal state), the f(x(¢),u(?),f) can be written as:
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(x(1)-2(1)) (5-52)

Also, the measurement function in Eq. (5-51) can also be approximated as

h(s()-h(EO)+ ] ()-30) -5

B (1)

The EKF structure for the state estimate X(¢) and output estimate i(t) is expressed

2() = £(2(Ou(),0)+ K (O] ¥(0)= V(1)) (5-54)

y(t)=h(£(0).1) (5-55)
From the definition of the estimate state error X(f) = £(¢) - x(¢), its derivative is X(¢) = 2(1) - x(¢). The
estimate state error dynamics can be expressed by substituting i‘(t) from Eq. (5-54) with Equations (5-53),
(5-51), and Eq. (5-55), and substituting x(¢) from Eq. (5-50) with Eq. (5-52) as:

£(0)=[F ()~ K (0 H (1)) 2(0)- G (1) w(0)+ K (1) (1) (5-56)
where F(f) and H(f) are introduced for the Jacobian matrices, shown in Eq. (5-52) and Eq. (5-53), for
brevity

of ch
Fy=— , Ht)=— (5-57)
() o

(1)

The estimate state error dynamics in Eq. (5-56) of the EKF (i.e. the linearized error equation at instants
using the Jacobian matrices in Eq. (5-57)) has the same structure as that of Eq. (5-35) of the KF.
Therefore, through the same procedure presented above for the KF, the EKF update equations for £ and
P and the EKF prediction equations for X, ; and Py, can be obtained (see Derivation 5.2 in Appendix
B.10). The extended Kalman filter in discrete time form is expressed as following (which can be also
found in other references such as Yun et al., 1980).

In the update state, the estimate state £ and its error covariance matrix P5 are computed as:

X =% +K, [Zk _h(ick_)] (5-58)
Pr=E{5 5"V =[1-K,H P (5-59)

The optimal gain K; is determined by minimizing the trace of P;’, which is equivalent to minimize the

length of the estimation error vector:

-1

K, =B H|HEH'+R,| (5-60)
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where H, (size m % n) is obtained from the linearization of the Kalman filter using the first-order Taylor
series expansion about the selected nominal state, which is the current estimate X, (i.e. as mentioned, the
EKF assumes that the true state x(7) is sufficiently close to the estimated state X(¢); thus the current

estimate X, is used for the nominal state estimate) of the output in Eq. (5-55) and is expressed as:

g, =) (5-61)

0x,

b7y

In the predicted state, the estimate state X, and its error covariance matrix P, can be approximated

as:
Xea =%+ Lt‘ F(£(e),u(r),t )t (5-62)
Py = E{EI;HX/;IT} = q)kP;f‘D/f + YkQEYkT (5-63)

where @, (size n % n) the state transition matrix and Y’ (size n X n) can be approximated as:

®k=1+Atw or I+AtF.(3) (5-64)
ox(t)

i

Y, =AG(¢) (5-65)
where the matrix of / 0x = Fi(X;7) is obtained from the linearization of the Kalman filter using the first-
order Taylor series expansion about the current estimate £;'. The predicted state in Eq. (5-62) is evaluated
using the Runge-Kutta 4th order method in this study. With the initial guess of the state X, and the error
covariance matrix P, and instant measurements Zk’ the EKF update and prediction stages defined above

can be implemented.

5.2.1.2 Estimate of Nonlinear Hysteresis Structures using the EKF
The nonlinear extended Kalman filter (EKF) method is used in order to estimate the state and the system

parameters of the nonlinear hysteretic system, described in Section 4.1 (see Eq. (4-4)).

System State Estimation

First, it is desired to estimate the true state x(f) = [x(?) %,(¢) fs(x)]" from the discrete state
measurements y; = [X, . Z,k ]_CS k]T , obtained from instruments, in which measurement noise v; are added

as shown in Eq. (5-51). The 3 x 3 measurement noise covariance matrix Ry is chosen as a diagonal matrix
assuming measurements are not correlated to each other. The 3 x 3 process noise covariance matrix QO is

chosen as a matrix whose all elements are zeroes, assuming there is negligible error in the system model.
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The Jacobian matrix (shown in Eq. (5-57)) of the system equations is required for the EKF method.
The 3 x 3 Jacobian matrix F(7) can be expressed by defining the state [x,(f) %,(f) fs(x)]" = [x1 x> x3]":
0 1 0
F@)= % = 0 —m’ —-m” (5-66)
= |ofJox, Kk (x) of,/ox,

where

b (x) =k, —(1-a)k,

1+ sgn(é’ﬂ (z)xz)[|f1;éﬁ)|] or k,+a-p(x)-7(x)

a=-05(1-a)k(f)": B =l+sen(f,(05); 7@ =|f@)|"
in which fi(x) = fs(x) — akx(?), fy* = (1 — a) f, with f, = k.d, as defined earlier, and by defining that &(x(¢))

(5-67)

x x(f) = 0 (i.e. that is indeterminate if x(¢#) = 0 since 8(x(¢)) % x(f) = oo x 0; in this study the relation d(x) x x
= 0 (Dannon, 2012) (i.e. d(x) is the Dirac delta function) is used)

of, Ok, (x 0 _ P

071:{ a()} { L )} LB =N sen (3 @)(ak.) (5-68)
ofy _ | Ok (x) o7 (x) 7 (x) 569
P [T TRl s o) s

o _ {M} Xk (2) = {@oﬁ(z)}xz hy(x) = ky (2); @ = 25(x,)sgn (f, (x)

0x, 0x, X, X,
(5-70)
It is noted that the J(x;,) in the last equation indicates that the function k7(x) has a jump at the unloading
instant (where x, = 0) from the hardening stiffness to the initial stiffness as shown in the hysteretic loop
(Figure 4-1 (left)).
For the selected measurements Z’f =[xk Z,k ]_‘S,k]T , the output vector A(x;) and the linearized matrix H;

in Eq. (5-61) are expressed as:

xs,k
h(x,)=| %, |=x, and H, =

Is

=1, (5-71)

State and Parameter Estimation

In addition to the true state estimation, one can estimate the system parameters using the EKF. In order
to estimate the parameters, new states are augmented to the state vector. The covariance matrix O in Eq.
(5-63) is selected to consider the errors in these states as well as the errors in the model due to the system

uncertainty. In order to identify four parameters ¢, &, a, and d, shown in Eq. (4-6), the 7 x 1 augmented
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state vector and the 7 x 7 matrix Qg (i.e. Qg is chosen as a diagonal matrix assuming each state is not

correlated, and its first three elements are chosen as zeroes assuming the system model has no errors) are

defined as:
x(t) = [xs(t) (1) f5@) ¢, k, « dyJT or [x x, x5 x; x5 X x7]T (5-72)
QE = [0 0 0 Q44 st Qes Q77 ]T (5-73)

The augmented deferential equations of the system is

x(7) :ﬁ()_c(t),u(t)) or

EXG] x,(1)
@O |- ek O+ f5(Of —m u()
150 ke (x) %, (2)
ab e |z 0 - (5-74)
dt
k 0
o 0
L dy _ L O a

where the last four state derivatives are zeros since the unknown parameters are constant. The 7 x 7

Jacobian matrix F(¢) shown in Eq. (5-57) can be expressed as:

0 1 0 0 0 0 0
of 0 -m'x, -m' -mx, 0 0 0
F()=—-= (5-75)
ox |of;/ox,  ky(x) Of,/ox, 0 of,/ox, of,/ox, of,/ox,
[0]4><7

where k7(x) is the instantaneous stiffness and expressed in Eq. (5-67), repeated here for convenience,

or x+a(x) f(x)-7(x)
1

(1 - X )Nfl x5N71X7N

a(x)=-0.5 5 E(E) :1+Sgn{(x3 —x6x5x1)x2}; 7(x) :|x3 _x6x5x1|N

(5-76)
and by defining that 6(x(¢)) x x(¢) = 0 (i.e. that is indeterminate if x(#) = 0 since 6(x(¢)) % x(¢) = oo x 0)

L ={M}x2 ={87 @) &B(z)}xz; 7 _ N, — x| s (3, — 3 ) (—xp) - (5-77)

ox, ox, o, ox,
of. Ok, (x) oy (x) > 07 (x) -
a { a, }{ o “ﬂ@}"* LN ] sl ) () 57)
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of, {5"T(£)}x2={1 (a‘;‘(’”ﬁ( () + LD ﬁ(—) a7+ L2 —<x)ﬂ(x)]}

8x5 Ox;
oa(x) 0.5(N-1) 0B (x) 67(1)
Oxs (1 - X )N_l x, "V xs x5 Oxs |X3 X6XSXI| {( X6x1)sgn(X3 xsxSXI)}

(5-79)

ofy _ | Ok (x) oa(x) = /,7( ) _ 07 (x) _
0x6_{ ox, }XZ { ox, ,H( )V (x)+——=a(x)y(x)+—= . (x)ﬂ(x)}xz,

oa -0.5(N -1 P P -
gx(f) = x5N1x7N((1 _xz )N > g}ff) =0; gif) - N|x3 —x6x5x1| {(—xsxl)sgn (x, —xéxsxl)}
(5-80)
f
%{—a’;jx@} . {5‘;‘”)ﬂ< o7+ L awrw + L a0 )/z(x)}xp
7 7 " 5-81
oa(x) _ 0.5N _ 6/3(1)_0_ 57(1)_0 (5-81)
ox, _XSN—I(I_XG)N—I x7N+1’ ox, R ox, -

For the selected measurements ¥, = [x; ?k )_‘S,k]T, the output vector A(x;) and the linearized matrix H; in
Eq. (5-61) are expressed as:

xs,k

. oh(x
h(ik) = xs,k = Kk and Hk = % = |:I3><3 |:O:|3><4j| (5-82)
Ssx ol

Example 5.6 : Parameter estimation for an SDOF linear system

The EKF'? method is used for the system identification to estimate unknown parameters of an SDOF
linear system (as shown in Figure 5-1). It is noted that the formulation unlike the feedback tracking
control methods, the control excitation input u(z) = -m¥(¢) is pre-defined and not updated in real time.

The properties of the system are the same as the ones in Example 3.1; m, = 1 kips-sec’/in., k; = 355
kips/in., and ¢, = 1.13 kips-sec/in., (f, = 3.0 Hz, &, = 0.03). The measurement noise, a zero-mean Gaussian
white-noise process of 1% RMS noise-to-signal, are added to the measurements yk [k xgk] Two
unknown parameters: ¢, the damping coefficient and ; the elastic stiffness; are selected and estimated in
real time. The selected excitation input u(?) to the system is the sinusoidal motion (the forcing frequency f;
= 1.0 Hz) and presented in Figure 5-11 (a) (for comparison purposes with other examples, X(¢) = -u(f)/m;,

the shake table acceleration is presented). For the parameter estimation, the initial parameter estimate 8,

12 Although the only EKF formulation for nonlinear systems is presented above, the formulation for linear systems is

very similar. Only analysis results are presented in this example for comparison purposes to the LS in Example 5.1.).
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= 0.5 x §"; and the initial covariance matrix is chosen as P, = diag([0 0 IES,02 65,02]T % 0.001). The
covariance matrices Or and Ry are chosen as follows: Oz = 0 x I4.4 (all zeroes) and the Ry = diagonal
matrix, whose elements; i.e. noise variance = 1% % corresponding signal variance (noise variances are
assumed to be known from the instruments information). The time step = 0.002 sec. The relation between

the structure resisting force fs(¢) and displacement x,(¢) is also presented in Figure 5-11 (b).

0.2
50
0.1+
= 8,
CH 2 0
= \\(O
-0.1¢
-50
_0‘2 1 1 1 1 -
0 1 2 3 4 5 -0.5 0. 0.5
t (sec) x, (in)

(a) Predefined excitation input (1) (b) Response of structure (/g vs. x)

Figure 5-11 Excitation and structure responses: Real time parameter estimation using the EKF

The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the
true parameters: k; the elastic stiffness and ¢, the damping coefficient; and the estimated parameters are
shown in Figure 5-12 and the results show that the agreements are very good. It is noted that the

estimation performance is affected by various conditions and will be discussed in Section 5.2.2.

600! Estimate | | 2 Estimate |
True True
L.5¢
. 4007 : .
~= J Q 1 f
2 4
00 0.57
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 1 2 3 4 5 0 1 2 3 4 5
t (sec) t (sec)
(a) Estimated parameter & (b) Estimated parameter ¢_

Figure 5-12 Real time parameter estimation results using the EKF for an SDOF linear system
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Example 5.7 : Parameter estimation for an SDOF nonlinear hysteresis system with hardening

The EKF method is used for the system identification to estimate unknown parameters and the state of
an SDOF nonlinear hysteretic structure (as shown in Figure 5-1; but, in this example the structure
experiences nonlinear behavior due to yielding). It is noted that unlike the feedback tracking control
methods, the control excitation input u(f) = -mgx(f) is pre-defined and not updated in real time .

The properties of the system are the same as the ones in Example 4.1; m, = 1 kips-sec’/in.; ks = 355
kips/in.; and ¢, = 1.13 kips-sec/in.; (f, = 3.0 Hz, &, = 0.03 before yielding). N = 3; d, = 0.11 in. (f, = 39
kips); and o = 0.1; i.e. all terms are explained in Eq. (4-2). The measurement noise, a zero-mean Gaussian

white-noise process of 10% RMS noise-to-signal, are added to the measurements y;, = [x fs,k )_‘S,k]T.

Four unknown parameters: ¢, the damping coefficient; k; the elastic stiffness; d, the yielding
displacement; and a the post-yielding stiffness ratio to the elastic stiffness; are selected and estimated in
real time. The selected excitation input u(¢) to the system is the sinusoidal motion (the forcing frequency f;
= 1.0 Hz) and presented in Figure 5-13 (a) (for comparison purposes with other examples, X,(¢) = -u(¢)/m;,
the shake table acceleration is presented). For the parameter estimation, it is chosen that the initial
parameter estimate QO = 0.5 x 8" (50% error in the initial guess); and the initial covariance matrix P, =
diag([0 0 O 55,02 Esyoz a,’ dy,oz]r x 1). The covariance matrices Oy and R are chosen as follows: Qg =
0 % I« (all zeroes) and the Rp = diagonal matrix, whose elements; i.e. noise variance = 10% X
corresponding signal variance (noise variances are assumed to be known from the instruments
information). The time step = 0.002 sec. The relation between the structure resisting force f¢(f) and

displacement x(¢) is also presented in Figure 5-13 (b).

0.2
50
0.1
= 8,
= 2 0
B3 \:)
-0.1¢
-50
_0.2 1 1 1 1 -
0 1 2 3 4 5 -0.5 0. 0.5
t (sec) x (in)

(a) Predefined excitation input (u) (b) Response of structure (/g vs. x)

Figure 5-13 Excitation and structure responses: Real time parameter estimation using the LS
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The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the
true parameters: k7(x) the instantaneous stiffness (i.e. the estimate of k7(x) is computed using the estimates
of k,, d, and a); ¢, the damping coefficient; k, the elastic stiffness; d, the yielding displacement; and o the
post-yielding stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure
5-14: the results show very good agreements. In addition to the parameter estimation, the EKF is used to
estimate the state responses; i.e. the state x = [x,(f) X,(?) f«x)]" is estimated from the selected
measurements zk = [Xsx Z,k ]_fsyk]T, which are contaminated by measurement noise as explained in Eq.
(5-51). Figure 5-15 shows the results of the state estimation; the comparisons between the measured and
the truth and between the estimated and the truth are presented for the state x: the structure displacement
x(?), velocity x,(¢), and the resisting force fs(x); the estimated state show very good agreements to the true
state. However, it is noted that the estimation performance can be sensitive to various conditions

involving the selected parameters and measurement noise; the effects will be discussed in Section 5.2.2.
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(a) Estimated parameter &, (b) Estimated parameter c_
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(e) Estimated parameter «

Figure 5-14 Real time parameter estimation results using the EKF for an SDOF nonlinear system
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Figure 5-15 Real time state estimation results using the EKF for an SDOF nonlinear system
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5.2.1.3 Estimate of Nonlinear Hysteresis Structures on Shake Tables
The nonlinear extended Kalman filter (EKF) method is now applied to the shake table-structure system
considering their interaction, which are modeled as the 2DOF system, described in Section 4.1 (see Eq.

(4-6)) in order to estimate the state and the unknown system parameters in real time.

State Estimation

First, it is desired to estimate the true state x(f) = [x,(f) X,(f) f{(x) x(f) XA?) fi(¢)/m;]" from the discrete
state measurements zk = [Xsx 75,1( j_fs,k Xk ?,,k ]_Ca,k/m,]T, obtained from instruments, where noise are
added. The 6 x 6 covariance matrix R is chosen as a diagonal matrix assuming measurements are not
correlated to each other and the 6 x 6 covariance matrix Qg is chosen as a matrix whose all elements are
zeroes, assuming there is no error in the system model.

The 6 x 6 Jacobian matrix of the system equations is, by defining the state vector [x,(f) X,(?) fs(x) x/(?)

xA0) ft)m]=[x1 x2 x3 x4 x5 xg]":

0 1 0 0 0 0
0 —(m;1 +m;1)cs —(ms’1 +m;1) 0 0 -1
F(t) _of _|of,/ox, ky (x) of, / éx, 0 0 0 (5-83)
23 0 0 0 0 1 0
0 m'c, m 0 0 1
| 0 0 0 —k,0. - 2L,

where k1(x), 0f;/0x,, and Of3/0x; are expressed in Equations (5-67), (5-68), and (5-69).
For the selected measurements Xk =[xk Z,k 75,1( Xk ?,,k ]_fa,k/m,]r, the output vector A(x;) and the

linearized matrix H; in Eq. (5-61) are expressed as:

. . T oh -
h(lk):[xs,k Xooo Ssu Xk Xk fa,k/mt:| =Xy and  H, = (%) = Ies (5-84)

0x,

i
State and Parameter Estimation

In addition to the true state estimation, one can estimate the system parameters using the EKF. In order
to estimate the parameters, new states are augmented to the state vector. The covariance matrix O in Eq.
(5-63) is selected to consider the errors in these states as well as the errors in the model due to the system
uncertainty. It is assumed that the system parameters, w,, &, and k,, of the servo-valve and actuator of the
shake table system are known before the shake table tests and remain the same during the tests (as
discussed in Section 2.3). In order to identify four parameters cy, k;, a, and d, of the nonlinear hysteretic

structure in Eq. (4-6), the 10 x 1 augmented state vector and the 10 x 10 matrix Qg (i.e. Ok is chosen as a
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diagonal matrix assuming each state is not correlated, and its first six elements are chosen as zeroes

assuming the system model has no errors) are defined as:

x0=[x,0) 1) [0 x@0 5@ f(O/m e ko d] or

[xl

r
Xy X3 Xy X5 Xg Xy Xgo X9 xlO]

QE:diag([o 00 0 0 0 O Ok 0y QIOIO])

The augmented deferential equations of the system is

X(0)=£(x(0),u(?))

[ x,(0) ]
x,(7)
Ss(0)
x, (1)

d| x@)

dr| f,/m,

s
k
o

N

dy

or
%, (0)
—(m, ] e x (O + (O} —m £, (2)
kT ()_C) ‘xs ®)
%,(1)

_ m ek, O+ f;(O)+ 1, /m,

0

0
0
0

k2%, (1) - %, () = 26,0, f, | m, + K, x, (1) |

x(0)=x,

(5-85)

(5-86)

(5-87)

where the last four state derivatives are zeros since the unknown parameters are constant. The 10 x 10

Jacobian matrix F(¢) shown in Eq. (5-57) can be expressed as:

of
F(t)===
(0 o

0 1 0 0 0 0 0

0 —(m;l + mf])x7 —(m;' + m[l) 0 0 -1 —(m;] + m[')x2
of, /ox, k(x) of, /ox, 0 0 0 0

0 0 0 0 1 0 0

0 m;'x, m! 0 0 1 m;'x,

0 0 0 -k} -0 -2¢0, 0

0
0

of, /o,

0
0
0

0 0
0 0
of, Jox, of,/ax,
0 0
0 0
0 0
(5-88)

where k(x), 0f3/0x,, O0f3/0x3, Of3/0xs, Of3/0x9, and Ofs/0xo are expressed in Equations (5-76), (5-77), (5-78),

(5-79), (5-80), and (5-81), respectively, by replacing the unknown state numbers from x,, x5, x4, x7 of the

SDOF system to x7, xs, X9, X;9 of the 2DOF system.

For the selected measurements y; = [x, Z‘k fs‘k Xk ?,,k ]_Ca'k/mt]T, the output vector A(x;) and the

linearized matrix H, in Eq.(5-61) are expressed as:

h(&):[xs,k Yoo Ssu Xp X fa,k/m:]rzlk

and
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Example 5.8 : Parameter estimation for a 2DOF nonlinear hysteresis system with hardening

The EKF method is used for the system identification to estimate unknown parameters and the state of
a 2DOF nonlinear hysteretic structure (as shown in Figure 5-16). It is noted that unlike the feedback
tracking control methods, the control excitation input u(f) = x4(¢) ), the desired shake table displacement,

is pre-defined and not updated in real time.

s s
Pre-defined ‘—‘>

Structure Parameter
(Specimen) Estimation

Xt

M'T’mt —

a

Figure 5-16 Parameter estimation of a 2DOF system

The properties of the system are the same as the ones in Example 4.2; m, = 1 kips-sec’/in.; ks = 355
kips/in.; and ¢, = 1.13 kips-sec/in.; (f, = 3.0 Hz, &, = 0.03 before yielding). N = 3; d, = 0.11 in. (f, = 39
kips); and o = 0.1; i.e. all terms are explained in Eq. (4-2), for the hysteretic system and u = m; / m, = 0.1,

fna =30.0 Hz, & = 0.5 and k, = 25 for the shake table. The measurement noise, a zero-mean Gaussian

white-noise process of 10% RMS noise-to-signal, are added to the measurements y; =[x, )._cs,k /75,;{ Xk

?,,k ]_Ca_k/mt]T. Four unknown parameters: ¢, the damping coefficient; k; the elastic stiffness; d, the yielding
displacement; and a the post-yielding stiffness ratio to the elastic stiffness; are selected and estimated in
real time. The selected excitation input u(f) = x,(?) is the sinusoidal motion (the forcing frequency f;= 1.0
Hz) and presented in Figure 5-17 (a). For the parameter estimation, it is chosen that the initial parameter
estimate Qo = 0.5 x § (50% error in the initial guess); and the initial covariance matrix P, = diag([0 0 0
000 65,02 IES,OZ @,’ ciyj]T x 1). The covariance matrices QOr and Ry are chosen as follows: Qg = 0 x
Lip<10 (all zeroes) and the R; = diagonal matrix, whose elements; i.e. noise variance = 10% Xx
corresponding signal variance (noise variances are assumed to be known from the instruments
information). The time step = 0.002 sec. The relation between the structure resisting force fy(¢f) and

displacement x,(¢) is also presented in Figure 5-17 (b).
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(a) Predefined excitation input (u) (b) Response of structure (f; vs. x,)

Figure 5-17 Excitation and structure responses: Real time parameter estimation using the EKF

The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the
true parameters: k7(x) the instantaneous stiffness (i.e. the estimate of k;(x) is computed using the estimates
of k,, d, and a); c, the damping coefficient; , the elastic stiffness; d, the yielding displacement; and a the
post-yielding stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure
5-18: the results show very good agreements. In addition to the parameter estimation, the EKF is used to
estimate the state responses; i.e. the state x(f) = [x,(f) %,(?) fs(x) xA?) xAt) f(t)/m,]" is estimated from the
selected measurements zk =[5k )._cs,k ]_fs & Xik )'_ct,k ]_Ca,k/mt]T, which are contaminated by measurement
noise as explained in Eq. (5-51). Figure 5-19 and Figure 5-20 show the results of the state estimation; the
comparisons between the measured and the truth and between the estimated and the truth are presented
for the state x: the structure displacement x,(¢), velocity x,(¢), and the resisting force fs(x) and the shake
table displacement x,(7), velocity x(#), and the actuator force f,(x); the estimated state shows very good
agreement to the true state. However, it is noted that the estimation performance can be sensitive to
various conditions involving the selected parameters and measurement noise; the effects will be discussed

in Section 5.2.2.
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Figure 5-18 Real time parameter estimation results using the EKF for a 2DOF nonlinear system
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Figure 5-19 Real time state estimation (EKF) - structure responses for a 2DOF nonlinear system
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Figure 5-20 Real time state estimation (EKF) — shake table responses for a 2DOF nonlinear system
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5.2.2 Effects of Initial Guesses of Unknown Parameters and Covariance Matrices

As discussed in Section 5.2, it is very difficult to show a certain stability property of the EKF
(Crassidis and Junkin, 2012) due to a possible error in a linearized first-order Taylor series expansion.
Therefore, the robustness of the EKF is examined through numerical simulations. Two factors, which
play important roles on the performance of the EKF; are considered: first, the effects of initial guess of
unknown parameters; and secondly, the effects of the selection of the covariance matrices. It is noted that
the estimation performance can be also affected by other conditions involving modeling errors,
measurement noise, different excitation, etc. The same SDOF linear model described in Example 5.1 and
Example 5.6 are used where two parameters 9 = [&, cS]T : k; the elastic stiffness and ¢, the damping
coefficient; are selected and estimated in real time. The excitation input u(#) to the system is the same
sinusoidal motion (the forcing frequency f; = 1.0 Hz), shown in Figure 5-11 (a). The time step = 0.002

SEC.

Example 5.9 : Effects of initial guess of unknown parameters on the EKF estimator performance
The effects of the initial guess of the unknown parameters are investigated numerically. Three
different initial guesses 8 are made as the 10%, 50% and 200% of the true parameters; 8, = 0.1 x §; B
=0.5% 0" 8,=2.0 x §. The initial covariance matrix is chosen as P, = diag([0 0 ks‘o2 CS'OZ]T % 0.0005)
for all cases. The comparisons between the true parameters: k; the elastic stiffness and ¢, the damping
coefficient; and the estimated parameters are shown in Figure 5-21 (the initial guess factors: 0.1, 0.5, 2.0;
are shown in the figure); the results show that the overall agreements are reasonably good while the speed

of convergence might be affected by the initial guess.
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(a) Estimated parameter & (b) Estimated parameter ¢_

Figure 5-21 Real time parameter estimation results using the EKF for an SDOF linear system
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Example 5.10 : Effects of selection of the covariance matrices on the EKF estimator performance
The effects of the selection of the covariance matrices are investigated numerically. Three different
initial covariance matrices P, are selected as the diagonal matrix whose elements are the square of the
0.005%, 0.05% and 50% of the true parameters; P, = diag([0 0 ks,02 CS'OZ]T % 0.00005; Py = diag([0 0
ks_o2 CS,OZ]T % 0.005; Py = diag([0 0 ks,02 CS,OZ]T % (0.5). The initial guesses of the unknown parameters
Qo =0.5 x Q* for all cases. The comparisons between the true parameters: 4; the elastic stiffness and ¢, the
damping coefficient; and the estimate of the true parameters are shown in Figure 5-22 (the selected initial
covariance matrix factors: 0.005%, 0.05% and 50%; are shown in the figure); the results show that the
lager covariance matrix might lead faster estimation, but might occur larger overshooting at the beginning

of estimation while the overall agreements are reasonably good.
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(a) Estimated parameter k_ (b) Estimated parameter ¢

Figure 5-22 Real time parameter estimation results using the EKF for an SDOF linear system

5.3 Comparison between the Least Squares Method and Extended Kalman Filter

The least squares method (LS) and the extended Kalman filter (EKF) are introduced as real time
parameter estimation methods for the tracking control of nonlinear hysteretic systems with unknown
parameters. Even though both methods can be used, each one has different advantages over the other one
as summarized below.

One of the most important features of the LS is that it can be shown the estimation error converges to
zero &(f) — 0 as t — oo with proper design of the estimator for systems whose unknown parameters vary
linearly (Ioannou et al., 2006). However, the nonlinear hysteretic system with hardening after yielding («

> 0) cannot be modeled in the form of the linear parametric model as shown in Section 5.1.1.3.
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Unlike the LS, it is very difficult to show a certain stability property of the EKF estimator due to the
approximation error in the first order Taylor expansion (Crassidis et al., 2012). Nevertheless, the EKF has
important advantages; (i) the method can be applied to more complex nonlinear systems including the
nonlinear hysteretic system with hardening after yielding as shown in 5.2.1.2; (ii) the EKF requires less
measurements, which is more realistic and might make the EKF more practical than the LS; for example,
the parameter identification can be performed using only the total accelerations (Wu and Smyth, 2007)
while the LS requires more measurements, and (iii) in addition the EKF can be used not only to estimate
the unknown parameters, but also to estimate the true state vector from the measurements with associated
noise (as discussed in Section 5.2); i.e. both estimates of the true state vector and unknown parameters are
required for the tracking control schemes.

Therefore, the EKF is adopted in this study, as the real time parameter estimator for further

development of the adaptive tracking control.
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SECTION 6
TRACKING CONTROL FOR LINEAR SYSTEMS WITH UNKNOWN
PARAMETERS

The feedback tracking control methods and the real time parameter identification method, which were
separately presented in the preceding sections, are combined herein, and new adaptive tracking control
schemes are introduced. The two feedback tracking control methods; namely, the predictive tracking
control (PTC) and the feedback linearized tracking control methods (FTC), combined with the extended
Kalman filter (EKF) for the real time parameter estimation, are applied to linear systems control in this

section. The methods are then extended to the nonlinear hysteretic systems in the following section.

6.1 Predictive Tracking Control with Real-time Parameter Estimation

In Section 3.3.1, the predictive control method was used to develop the control law for linear system
tracking problems with known parameters. The control excitation input u; to reduce the predicted tracking
error (i.€. €xyq1 = Yr+1 — VYi+1) 1 shown in Eq. (3-39). When there are unknown parameters in a given
system to be controlled, the parameters can be estimated in real time using the system parameter estimator
such as the extended Kalman filter, introduced in the previous section. The estimated parameters 8, at

instant kAt are used instead of known constant parameters 8 The control law equation with the estimated

parameters at instants becomes

Control Law
U, = I:é;,kTQB;),k + R]il B;,kTQ[ym,kH - Ia;,ki&k :| = fk |:ym,k+1 - ‘21;,1{3_%1( } (6-1)

~

where the hat ” indicates that the system matrix uses the estimated parameters 8, and

A A A A

Po=[B,708, +R| B, 0. ), =Cposr Byy=CoiBpyr Ay, =, B, = cdch
v = Bow DBpi + ok D App =Cpidpys Bpy=Cp By, Apy=e"", B, = , € athy
and the system matrices AD‘k and ED,k and the output matrix C px (e C Dk = Cy) are updated at every

instant kAt with estimated parameters, Qk = [lAcs,k ésjk]T of the true parameters 8" = [k, ¢,]"; for example,

the continuous-time system matrices of the linear SDOF system shown in Eq. (2-26) with estimated
parameters Qkare

. 0 1 0
A4 =] . ) , B=
~k,, /m —c , Im 1/m

and the output matrix C), is defined according to the target motion. For example, if the target motions are

the displacement and velocity y,, = [x,, %,]’, the matrix C bk = Ix that is an identity (constant) matrix,
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and if the target is the total acceleration y,, = X,/, the matrix CAD,k = [-I?S,k/m -ésjk/m]T. The control
excitation input u; can be calculated using Eq. (6-1). The predicted response can be obtained by
substituting the computed control input u; into Eq. (3-36):

Expected Achieved Responses
V=G, [{ 4, _BDFkAD,k } X +BDFkym,k+1i| (6-2)

where [}, and AB,k are defined in Eq. (6-1). If By = CpBp is an invertible matrix, and R = 0 and Q =1 (i.e.

I = identity matrix) are chosen, then Eq. (6-2) becomes

A * AT S | o3 A A% ]

Yin = |:AD _(BDBD,k )AD,k i|lck +(BDBD,/c )ym,k+1 (6-3)
where AD* = Cpdp and By = CpB), are the true system matrices.
Stability

The predicted tracking error equation might be obtained from Eq. (6-3) by collecting the tracking error

term ey = Yie1 - Ymi+1 10 the left-hand side and the estimate error terms in the right-hand side:

€. =8u( 03 Vi) (6-4)

where the function g, indicates some residual error caused by parameter estimate error 8, = 8, — 8*.
The tracking error ey, will decrease when the estimated parameters error ) becomes smaller. As
discussed in Section 5.3, the stability of the error dynamics cannot be analyzed analytically because of the
lack of knowledge of the stability properties of the extended Kalman filter (EKF), so the performance of
the adaptive tracking control method introduced is examined using the numerical simulation in Section

6.4.

Limitations of Shake Table-Structure Systems

As discussed in Section 3.3.1, for the shake table-structure 2DOF model, the predicted output y;,; in
discrete time or y(#+4) in continuous time might be approximated including higher order differentiations
when the product of the output and input matrices C x B is singular. Using the approximated predicted
output $°(++h) and the target motion ¥, (+h) (shown in Eq. (3-44)), the control law is established as
shown in Eq. (3-46). When some parameters are unknown, the control input u(f) can be computed using
the estimated parameters A() at instant time as following:

Control Law

u(t)=] B (8) 0B (8)+r] B(8) o[y (r+m)-4 (8)i(1)] (6-5)
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where A*(0)=[C(0) + hC(8) A(B) + (W'/2) C(B) A(6)’] and B*(8)= (h’/2)C(8) A(H)B. By substituting
Eq. (6-5) into the second equation of Eq. (3-45), one can establish the error dynamics. For a system
having B*(0) as a non-zero scalar (i.e. an invertible matrix, size 1 x 1) and R = 0 chosen, j(#) becomes as

described below:

Expected Achieved Responses

N [ A - * N A\ A
y(t):CAzy_Q(t)+CAB[B (Q)} [ (e+h) -4 (8)3(r)] (6-6)
which can be rewritten introducing the tracking error (e(z) = y(¢) - y.(?)) to show its dynamics
e(e)+(2/h)e(e)+(2/ 1 )e(t)=g(0(r).2(¢). v, (t+h)) (6-7)

where the function g(-) indicates some residual error, which are caused by the parameter estimation error
8(t) =0(t) —0*. The tracking error e(f) will decrease when the estimated parameters error 8 (f) is
reduced. As discussed in Section 5.3, the performance of the adaptive tracking controller is examined by

means of the numerical simulations in Section 6.4.

6.2 Feedback Linearization Tracking Control with Real-time Parameter Estimation

Another possible tracking control scheme introduced in Section 3.3.2 is the Feedback Linearization
Tracking Control (FTC) (Ioannou and Fidan, 2006). FTC can be also used for systems with unknown
parameters by using the real time estimator such as the extended Kalman filter (EKF).

For the simplest case with a first order system as first presented in Section 3.3.2, the equations of the
true system and the reference model are shown in Eq. (3-49) and (3-50). In order to achieve the tracking
control objective, the tracking control law is established as shown in Eq. (3-56). With unknown
parameters; for example if the parameter a in Eq. (3-49) is unknown, the possible control law is

Control Law
1

(1) =— | ~ca(0)x(0)+{7, (1) Ke(1)} (6-8)
where d(?) is the estimate of the true parameter a in real time, and the tracking error e() = y(¢) - y.(?). By

substituting this control input u(¢) into Eq. (3-51), it is obtained:
3(t)=—ca(t) () +{ 3, (1) ~ke(t), (69)
where the parameter estimate error d@(z) = d(¢) — a. From this equation, the tracking error dynamics can be

shown below

Expected Achieved Responses

&(t)+ke(t)=—ca(t)x(¢) (6-10)
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One may establish an adaptive law for the real time parameter estimation using the Lyapunov method or
the least squares method (Ioannou and Sun, 2012), such that the tracking error signal e(¢) goes to zero as
time goes to infinity. However, this approach is not applicable to the nonlinear hysteretic system as
discussed in Section 5.3. Therefore, the EKF is used as the real time estimator, and the performance of the
adaptive tracking control method introduced is examined using the numerical simulation, presented in

Section 6.4.

Application to SDOF Linear Structures

For a linear structure (the SDOF system model) expressed in Eq. (2-26) with the output y(¢) of the total
acceleration response X,'(f) at the structure, the tracking control law is established as shown in Eq. (3-58)
for known parameters. With unknown parameters, the possible control law using the estimate 8(7) = [k(?)
¢s(0)]” of the true parameters 8 = [k, c¢,]"; becomes

Control Law

u(t)=(=2,(6)m )" [ (e) +v(1)] (6-11)

where y*(¢) is defined as

7 (0)=m 2 ()] () (0)+ £, (0)x, (6)] - 8, (05, (1) 612)
and v(?) is selected to reduce the tracking error as

v(t)=,(t)—ke(?) (6-13)
in which e(f) = y(¢) - yu(f) and y(t) = -m, ' [E5(£) %s(1)+ kg() x5(£)]. Substituting u(¢) from Eq. (6-11) into
the equation of the differentiated output y(¢) (shown in Eq. (B-3) in Appendix 3.1) and collecting the
tracking error terms e(¢) to the left-hand side and residual error terms due to estimation error to the right-

hand side leads to the following tracking error dynamic equation:

Expected Achieved Responses
é(t)+ke(t)=g(0().x(r).2, (1)) (6-14)

where the function g(-) indicates some residual error caused by parameter estimate error 8(¢) = 8(t) —

6*. The tracking error e(f) will decrease when the estimated parameters error §(¢) becomes smaller. The
performance of this adaptive tracking controller is examined using the numerical simulation in Section

6.4.

Application to 2DOF Shake Table-Linear Structure Systems
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For a linear structure mounted on a shake table (the 2DOF system model) expressed in Equations
(2-24) and (2-25) with the output y(¢) of the total acceleration response ¥,(¢) at the structure, the tracking
control law is established as shown in Eq. (3-66) for known parameters. With unknown parameters, the
possible control law using the estimate Q(t) = [ky(?) E5(£)]" of the true parameters 8 = [k, c;]” becomes

Control Law

u'(t)=a(t)" [ (1) +v(1)] (6-15)

where u (1) = (0. ko) 'u(?); u(f) = xf); and ¥*(¢) is defined as

A

7 (1) =[ alr)(a(r) +e(r)) - b(f)}'é (f) +at )(b( )+d ( ) (1
+(=a()e) £; (1) +(=a(0) )% (1) +(=a(e) g)x(
in which several functions are clustered for simplification:
a()=m7a (1) b(O)=m7 k() e()=m () d()=m7E ()
e=25,m; f=w; g=wk; (6-17)
FO=£0)ms () =k, (1), u(t)=x,()
v(?) is selected to reduce the tracking error as
v(t) =5, (t)—ke(t)-ke(r) (6-18)
in which e(t) = ¥(¢) - yu(t) with y(6) = -m5 [&5() %5(1)+ Rs(t) x5(0)]; and &(t) = y(0) - Yut) with (1) = -
my 1 [s(f) Xs(£)+ ks(f) %5(£)]. Substituting u(¢) from Eq. (6-15) into the differentiated output equation j(7)

(6-16)

(shown in Eq. (B-14) in Appendix B.2) and collecting the tracking error terms e(?) to the left-hand side
and residual error terms due to estimation error to the right-hand side gives the tracking error dynamic
equation:

Expected Achieved Responses
E(0)+kie(t)+he(t)=g(0(1).x(1). 7, (1)) (6-19)

where the function g(-) indicates some residual error, which are caused by parameter estimate error 6(f) =

O(t) — 6. The tracking error e(f) will diminish when the estimated parameters error 8(7) is reduced. As
discussed in Section 5.3, the performance of this adaptive tracking controller using the EKF is examined

by means of the numerical simulations in Section 6.4.

6.3 Comparisons of Feedback Tracking Control Methods
As discussed in Section 3.3.3, one can show that the two tracking control methods are equivalent for
the shake table-structure system under certain conditions and with known parameters. For the unknown

parameters, the formulations of the control laws for the two tracking control methods have not changed;
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therefore, one can also show that the predictive tracking control law shown in Eq. (6-5) is the same as the
control law (shown in Eq. (6-15)) of the feedback linearization tracking control method with the same
conditions applied to the known parameter controllers; i.e. the controlled system has B(x) = a non-zero

scalar (i.e. an invertible matrix, size 1 X 1), and R = 0 chosen, and the tracking error coefficients in Eq.

(4-20) are k; =2/ h=2¢w, and k3 =2/ B’ = »,°; therefore, & = V2/2=0.707 and h =2 / w..

6.4 Numerical Examples and Comparisons of Tracking Control Methods

Simple tracking control examples (as demonstrated in Section 3.4 and Section 4.5 for the systems with
known parameters) are analyzed in order to examine the performance of the introduced two feedback
tracking control methods combined with the real time parameter estimation for linear systems with
unknown parameters. The results are presented herein. For all examples, the target motion is the total

acceleration of a structure (specimen) mounted on the shake table.

6.4.1 Examples of Linear Structures (SDOF System Model)

As discussed in Section 2.2, to facilitate the development of the tracking control method, first, a
simplified SDOF system model is used instead of a 2DOF system model for a shake table with an SDOF
structure system. In this simplified system model (shown in Figure 6-1), the excitation force -m(¢) due
to the shake table acceleration X(¢) is considered as a new control input u(f). However, the actual control
excitation input u(#) for the 2DOF system model is the desired displacement x,(¢) of the shake table, and
u(?) shall be computed including the shake table dynamics and the shake table-structure interaction (as

discussed in Section 2.2) as formulated in the following section (Section 6.4.2).

s s =~y ?
Controller Y=Vm
U= Linear Estimator
Structure

Figure 6-1 Tracking control of an SDOF nonlinear system with unknown parameters

The governing equation of an SDOF linear structure subjected to the shake table excitation is shown in
Eq. (2-26). The tracking control task for this simplified system is to compute the control excitation input
u(t) = -mx(f) at every instant using the real time estimated parameters so that the system output y(¢) =
%,/(1) (the total acceleration of the structure) follows the target motion y,,(f) = %,,'(¢) (the total acceleration

of the reference model).
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Example 6.1 : An SDOF Linear System with Unknown Parameters using PTC
The properties of the given system are: m, = 1 kips-sec’/in., k, = 355 kips/in., and ¢, = 1.13
kips-sec/in., (f, = 3.0 Hz, &, = 0.03), the same as the ones in Example 3.1. In order to examine the effects

of measurement noise, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are added
to the measurements y; = [x; Z‘k ngk]T, which are described in Section 5.2.1.2 (i.e. the EKF estimator is

developed for a nonlinear system in Section 5.2.1.3, but, of course, this is capable for this linear system as
well since a linear system is a special case of nonlinear systems having kr(x) — k;; thus fs(x) = kx(?)).
Two unknown parameters: ¢, the damping coefficient and 4, the elastic stiffness; are selected and
estimated in real time using the extended Kalman filter.

The target motion is shown in Figure 6-3 (a) [Target]. The target motion is the total acceleration
output generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1), used for Example 3.1. in
Section 3.4.1. The reference model is subjected to high-pass-filtered one-cycle sine input, whose
frequency is 1.0 Hz. The reference excitation input and the responses of the reference model are presented
in Appendix A.2. For the parameter estimation, the initial parameter estimate 8, is chosen as 8, = 0.5 x 0
(50% error in the initial guess), and the initial covariance matrix is chosen as P, = diag([0 0 0 55,02 I?S_oz
0 0]” x 0.01). The covariance matrices QO and Ry are chosen as follows: Oz = 0 x .7 (all zeroes) and the
R = diagonal matrix, whose elements; i.e. noise variance = 3% x corresponding signal variance (noise
variances are assumed to be known from the instruments information). The time step of 0.002 sec is used
for the simulation.

The tracking control results using the predictive tracking control (PTC) method with the real time
parameter estimations are presented in Figure 6-2 and Figure 6-3. The selected control parameters for the
PTC in this example are R = 0.0003 and Az = 0.002. Figure 6-2 shows the comparisons between the
estimated parameters: k; the elastic stiffness and ¢, the damping coefficient; and the true parameters, and
they show very good agreements. The controlled output, X,(f) the total acceleration of the structure, is
shown in Figure 6-3 (a) [Controlled] and also shows very good agreement with the target motion. The
computed control excitation input, u(¢) = -mX(f), using the control law in Eq. (6-5) is shown in Figure 6-3
(b). x,(?), x,(¢) the achieved displacement and velocity responses of the controlled structure are also
presented in Figure 6-3 (c) and (d); it is noted that unlike the total acceleration, the displacement and
velocity responses are different from ones of the reference because the system properties of the controlled
system and ones of the reference system are different. The relation between the structure resisting force
fs(¢) having hysteretic behavior and displacement x,(¢) is also presented in Figure 6-3 (e). As desired, all

responses of the controlled system are bounded.
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The tracking control results using the feedback linearization tracking control (FTC) method are
presented in Figure 6-4 and Figure 6-5. Figure 6-4 presents the results of the parameter estimation in real
time. The controlled output X,'(¥) is shown in Figure 6-5 (a) [Controlled]; it shows very good agreement
with the target motion. The computed control excitation input, u(¢) = -mgx(¢), using the control law in Eq.

(6-11) is shown in Figure 6-5 (b). The selected control parameter in this example for the FTC is k] =
Ait /100 (i.e. the smaller value of kj than that of the system with the known parameter case in Section

3.4.1 is chosen due to the uncertainty and indicates that the tracking error will decrease slowly). It is
noted that if the control parameters are carefully chosen to satisfy the tracking object, the control
excitation input for the two methods (PTC and FTC) are very similar; therefore, as expected, the control

results of two methods are very similar as shown in Figure 6-2 through Figure 6-5.
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Figure 6-2 Real time parameter estimation results of the PTC for an SDOF linear system
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Figure 6-3 PTC - structure responses for an SDOF linear system with real time estimation
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6.4.2 Examples of Shake Table - Linear Structures (2DOF System Model)

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and
the interaction between the shake table and the mounted structure has to be considered. The same tracking
control example (described in Section 6.4.1) is resolved for the 2DOF linear system considering the

interaction, as expressed in Eq. (2-24) and Eq. (2-25), and schematically shown in Figure 6-6.

‘ Target, y,, }—1 Controller Li
u=x, ucture

Xy

Actuator f m; *’—D
a

Figure 6-6 Tracking control of the shake table- structure 2DOF linear system with unknown parameters

When a target motion is specified for the specimen, the required control excitation input u(f) = x,(t),
the desired shake table displacement is determined at every instant using the real time estimated
parameters such that the output of the system (y(f) = X//(¢), i.e. the total acceleration of the structure)

follows the target motion y,,(%).

Example 6.2 : A 2DOF Linear System with Unknown Parameters

The properties of a given system are: m, = 1 kips-secz/in., ks = 355 kips/in., and ¢, = 1.13 kips-sec/in.,
(f, = 3.0 Hz, &, = 0.03) for the mounted structure, and ¢ = m, / m, = 0.1, f,, = 30.0 Hz, &, = 0.5 and &, = 25
for the shake table, the same as the ones in Example 3.2. In order to examine the measurement noise

effects, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are added to the
measurements y; = [Xx Z,k j_fs,k Xk ?,,k j_fa,k/m,]T, which are described in Section 5.2.1.3 (i.e. the EKF

estimator is developed for a nonlinear system in Section 5.2.1.3, but, of course, this is capable for this
linear system as well since a linear system is a special case of nonlinear systems having k7(x) — k;; thus
fs(x) = kx(f)). Two unknown parameters: ¢, the damping coefficient and k; the elastic stiffness; are
selected and estimated in real time using the extended Kalman filter.

The target motion is shown in Figure 6-8 (a) [Target]. The target motion is the total acceleration
output generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1), used for Example 6.1. in
Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix

A.2). For the parameter estimations, the initial parameter estimate 8 is chosen as = 0.5 x 4" (50%
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error in the initial guess), and the initial covariance matrix is chosen as Py = diag([0 0 0 0 0 O és,oz
125,02 0 O]T % 0.01). The covariance matrices Qr and R are chosen as follows: Or = 0 X [y« (all zeroes)
and the Ry = diagonal matrix, whose elements; i.e. noise variance = 3% % corresponding signal variance
(noise variances are assumed to be known from the instruments information). The time step of 0.002 sec
is used for the simulation.

The tracking control results using the predictive tracking control (PTC) method with the real time
parameter estimations are presented in Figure 6-7 and Figure 6-9. The selected control parameters in this
example R = 0 and & =2 / w, where . = 100. Figure 6-7 shows the comparisons between the estimated
parameters: ¢, the damping coefficient and £; the elastic stiffness; and the true parameters, and they show
very good agreements. The controlled output, %/(¢) the total acceleration of the structure, is shown in
Figure 6-8 (a) [Controlled] and also shows very good agreement with the target motion. The computed
control excitation input, u(f) = x,(¢), using the control law in. Eq. (6-5) is shown in Figure 6-8 (b). x,(?),
X(¢) the achieved displacement and velocity responses of the controlled structure are also presented in
Figure 6-8 (c) and (d); it is noted that unlike the total acceleration (which was the target of the control
design), the displacement and velocity responses are different from ones of the reference because the
system properties of the controlled system and ones of the reference system are different. The relation
between the structure resisting force f(¢) and displacement x,(¢) is also presented in Figure 6-8 (e). Figure
6-9 presents the responses of the shake table; the achieved shake table actuator force f,(¢), shake table
acceleration X,(¢), displacement x,(¢) and velocity X/(¢). As desired, all responses of the controlled system
are bounded.

The tracking control results using the feedback linearization tracking control (FTC) method with the
real time parameter estimations are also presented in Figure 6-10 and Figure 6-12. Figure 6-10 presents
the results of the parameter estimation in real time. The controlled output %,'(7) is shown in Figure 7-11 (a)
[Controlled] and shows very good agreement with the target motion. The computed control excitation
input, u(f) = x4(¢), using the control law in Eq. (6-15) is shown in Figure 6-11 (b). As discussed in Section
6.3, the control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the

tracking error coefficients as k; =2/ h = 2,0, and k3 =2/ W = w.’; therefore, & =2 /2 ~0.707 and &
=2/ w.: (in this example, w. = 100, &, = 0.707 for the both methods). As expected, the control results of

two methods are equivalent as shown in Figure 6-7 through Figure 6-12.
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Figure 6-7 Real time parameter estimation results of the PTC for a 2DOF linear system

136



0.2 4
Controlled
0.1t —— — Target i 21
C) e
= <0
:}é’} ;;Q
20
'0.2 _4 1 1 | |
0 1 2 3 4 5 0 1 2 3 4
t (sec) t (sec)
(a) Controlled (y) vs. Target motions (v, ) (b) Control excitation input (1)
0.2 1 2
. 0.1¢ ] %\ 1t
= 2
\; 0 g 0 bt
= Z
—01 B ‘RV) _1 L
-0.2 1
20
0 1 2 3 4 5 0 ) ) 3 4
? (sec) t (sec)
(¢) Response of structure (x) (d) Response of structure (X;)
50
£
Z 0 *
NG
-50

-0.2 -0.1 0 0.1 0.2
X (in)
(¢) Response of structure (f vs. x)

Figure 6-8 PTC - structure responses for a 2DOF linear system with real time estimation
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Figure 6-10 Real time parameter estimation results of the FTC for a 2DOF linear system
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Figure 6-11 FTC - structure responses for a 2DOF linear system with real time estimation
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Figure 6-12 FTC - shake table responses for a 2DOF linear system with real time estimation

In this section, the two feedback tracking control algorithms: the predictive tracking control (PTC) and
the feedback linearization tracking control (FTC) introduced in SECTION 3; are expanded to the
applications of linear systems whose parameters are not fully known a priori. In order to deal with the
uncertainties in the system models, the real time estimators using the extended Kalman filter (EKF)
introduced in SECTION 5 are combined with the tracking control methods. The tracking control laws are
reformulated in order to adapt the estimated parameters. Because of the lack of the knowledge of stability
properties of the EKF, the performances of tracking and the boundedness of controlled system responses
are examined through numerical simulations. The results show that very good tracking performances can
be obtained with fairly good initial guess of unknown parameters (i.e. 50% errors in the initial guess are

used in the examples).

141



“This Page Intentionally Left Blank”

142



SECTION 7
TRACKING CONTROL FOR NONLINEAR SYSTEMS WITH UNKNOWN
PARAMETERS

The adaptive tracking control schemes, which combine the predictive tracking control (PTC) and the
feedback linearized tracking control methods (FTC) with the extended Kalman filter (EKF) for the real
time parameter estimation, formulated and applied to linear systems in SECTION 6 are extended to
nonlinear hysteretic systems in this section. The performance of each method is examined using the

numerical simulation.

7.1 Predictive Tracking Control with Real-time Parameter Estimation

The predictive control method was used in Section 4.2 in order to develop the control law for
nonlinear system tracking problems with known parameters. The control input u; to minimize the
instantaneous performance index J in Eq. (3-35) is shown in Eq. (4-13). When there are unknown
parameters in a given system to be controlled, the parameters can be estimated in real time using the
system parameter estimator such as the extended Kalman filter (EKF).
Control Law

The control excitation input can be computed using the same equation shown in Eq. (4-13) (repeated
here for convenience) by using the estimated parameters 8, = [Csk kr(x)]" at instant kAt instead of the

true parameters 05 = [c, ki(x)]".

ug =] By 0B 4R By Ol v = A& | =T i — A | (7-1)

~

where the hat ” indicates that the system matrix uses the estimated parameters 8, and

Ax A

fk :[él*),kTQé;,k +R]_l B;,kTQa ‘211*),1{ = éD,k;lD,ks By = éD,kBD,k
and the true system matrices in discrete-time Apand Bp and the true output matrix Cp (i.e. Cp = C) are
defined in Section 4.2 (see Eq. (4-10) to Eq. (4-12)), and their estimate matrices A D.k> BD,R, and C px (i.e.
C Dk = Cy) are updated at every instant kAz with estimated parameters 8. For numerical simulation, the
true responses are computed by substituting the control excitation input u; from Eq. (7-1) into the true
system equation in Eq. (4-4) and using Eq. (4-14) for numerical integration, while in real experiments the

true system responses will be measured at every instant kA¢ by sensors: the measurements using sensors

are expressed as y; = Hx; + v (the true responses x; with measurement noise v; - see Eq. (5-51)).
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However, as discussed in Section 4.2, it is assumed that the instant stiffness k7{(x) in Eq. (4-4) is
piecewise constant at every instant in order to examine the effectiveness of the proposed control scheme
analytically. With this assumption, the error dynamics with the control scheme can be shown as
following.

Expected Achieved Responses

Substitution of the control excitation input u; excitation Eq. (7-1) into the approximated system in Eq.

(4-12) leads to

]

V=G, [{ Apy =B LA, } X+ By UiYia } (7-2)

where [.and AB,R are defined in Eq. (7-1). If E;,k= CpBpy 1s an invertible matrix, and R =0 and Q =/

(i.e. I = identity matrix) are chosen, then Eq. (7-2) becomes

~ * * Ak ] ~w A el Ax ]

Vi :|:AD,I< _(BD,kBD,k )AD,k :|lck +(BD,kBD,k )ym,k+1 (7-3)
where A}, , = CpAp and By, , = CpBp are the true system matrices.
Stabilit

The predicted tracking error equation can be obtained from Eq. (7-3) by collecting the tracking error

term eg+1 = Yjr1 - Ymoi+1 in the left-hand side and the estimate error terms in the right-hand side:

€. =8u(0-25 ) (7-4)

~ ~

where the function g, indicates some residual error due to parameter estimate error ), = 6;, — 6;,. The

tracking error ey, 1 will decrease when the estimated parameters error 8, becomes smaller. As discussed
in Section 5.3, because of the lack of knowledge of the stability properties of the extended Kalman filter
(EKF), the performance of the adaptive tracking control method introduced is examined using the

numerical simulation in Section 7.4.1.

Limitations of Shake Table-Structure Systems

As discussed in Section 4.2, if the product of the output and input matrices C X B is singular for the
shake table-structure 2DOF model, the predicted output $,4 in discrete time or y(z+4) in continuous
time might be approximated including higher order differentiations. Using the approximated predicted
output § (++h) and target motion y;5,(++h) (shown in Eq. (3-44)), the control law is established as shown
also in Eq. (4-18). When some parameters are unknown, the control input u(f) can be computed using the

estimated parameters 9(7) of the true parameters 6 at instant time as following:
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Control Law

u(t) =] B(8) 0B (0)+R] B(8) 0Ly (r+1) -4 (x)3(0)] (3-5)
where A"(x) = [C(8) +hC(0) A(x) + (h/2) C() {d/dtA(x) + A(x)’}] and B*(8) = (*/2)C (6) A(x)B.

By substituting Eq. (7-5) into the second equation of Eq. (4-17), one can establish the error dynamics
for the nonlinear system. For a system having B*() as a non-zero scalar (i.e. an invertible matrix, size 1
x 1) and R = 0 chosen, J(t) becomes:

Expected Achieved Responses

510 =C| G A(x) 49 |i0)+ Ao # (8] [0 )= (2)300] 6

t

which can be rewritten by introducing the tracking error (e(¢) = y(f) - y,.(¢)) to show its dynamics are:
é(e)+(2/h)e(e)+(2/ 1 )e(t)=g(0(r).2(¢). v, (t+h)) (7-7)

where the function g(-) indicates some residual error, which are caused by the parameter estimate errors

8(1)=8(t) — 0*. The tracking error e(f) will decrease when the estimated parameter error 8(7) is reduced.

The performance of the adaptive tracking controller is examined using the numerical simulation in

Section 7.4.2.

7.2 Feedback Linearization Tracking Control with Real-time Parameter Estimation
The Feedback Linearization Tracking Control (FTC) (Ioannou and Fidan, 2006) formulated in Section
4.3 can also be used for the tracking control of nonlinear hysteretic systems with unknown parameters
with some modifications. The controller is designed such that the true system properties involving the
nonlinear behavior are replaced to new ones that will lead to the desired linear behavior, and the output
response of the controlled system will follow the target motion. For the real time parameter estimation the

extended Kalman filter (EKF) is used.

Application to SDOF Linear Structures

The tracking control procedure for the nonlinear hysteretic structure was introduced in Section 4.3 for
known parameters. The equations of the true system and the reference model are shown in Eq. (4-21) and
Eq. (4-22) and for the total acceleration as the target motion the output equations are shown in Eq. (4-28)
and Eq. (4-29). In order to achieve the tracking control objective, the tracking control law is established as
shown in Eq. (4-31). However for unknown parameters; i.e. the structure damping ¢, and the

instantaneous stiffness k7(x) are unknown; the possible control law can be formulated as:
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Control Law
A -1 2 N A . _an .
u(t)=¢,(¢) " m?| m2 (1)(. () (1) + £ (2) = () 5(0) (1) (7-8)
where a function v(£) = [y, - k; {0(f) - yu(£)}] is selected to reduce the tracking error, and é,(f) and k (x)
are the estimates of the true parameters ¢, and k(x) respectively. It is noted that the estimate k(x) of the

instantaneous stiffness k7(x) is computed using the estimates of constant parameters &, a, and d, as shown

in Section 5.2.1.2. By substituting this control input u(#) into Eq. (4-30), it is obtained
50 me e 1(0)+ 5 () ~{e, ()%, (06, (0)5(0) £, )
|y () [ (0) e () () |+ (e (0 | (0K {3(0) -, (1)

From this equation, the tracking error dynamics might be determined using the defined tracking error

(7-9)

terms: e(f) = y(t) - y.(t) and é(¢) = y(¢) - y.(?); as presented below:

Expected Achieved Responses
&(t)+ke(t)=g(8(t).x(1),3, (). 5, (1)) (7-10)

where the function g(-) indicates some residual error caused by the parameter estimate errors 8(f) =

4(t) — 6*(t), in which () = [¢4(r) k:(x)]" is the estimate of the true parameters 6" (f) = [c, k7(x)]". The
tracking error e(f) will decrease when the estimated parameters error 8, = 8, — 6 becomes smaller. As
discussed in Section 5.3, the performance of the adaptive tracking controller with the extended Kalman

filter(EKF) is examined using a numerical simulation in Section 7.4.1.

Application to 2DOF Shake Table-Nonlinear Structure Systems

For a nonlinear structure with known parameters mounted on a shake table (the 2DOF system model)
expressed in Eq. (4-8) and Eq. (4-9) with the output y(f) of the total acceleration response X,/ (¢) at the
structure, the tracking control law is established as shown in Eq. (4-38). However, with unknown
parameters the possible control law is using the only the estimate Q () = [64) kx)]" of the true
parameters 0 (¢) = [c, kn(x)]":

Control Law

u' (1) =a(t)" [ 5 (1) +v(1)] (7-11)

where u(f) = (w7 ka)u(t); u(f) = x,(f); and ¥*(¢) is defined as

(7-12)



in which abbreviated parameters are introduced for simplification:

a(t)y=m¢ (1);  c(t)=m7'¢,(1);

e=2%0; [=a; g=ak; (7-13)

LO=£0)m: () =azkn (o). u(t)=x,(1)
v(?) is selected to reduce the tracking error as

V(1) =5, () =k é(t) ~he() (7-14)
in which e(t) = y(t) - yu(t) with y(6) = -m5 {[E5(0) %s(D)*+ f5)); and é(6) = J(@) - Puld) with y(5) = -m5?
[64(7) %5(0)+ kr(2) %5(1)]. Substituting u'(¢) from Eq. (7-11) into the differentiated output equation ()
(shown in Eq. (B-35) in Appendix B.4) and collecting the tracking error terms e(f) to the left-hand side
and residual error terms due to estimation error to the right-hand side gives the tracking error dynamic
equation:

Expected Achieved Responses
&(t)+hye(t) +he(t) = g(8(1),x(1), 3, (1)) (7-15)

where the function g(-) indicates some residual error, which are caused by parameter estimate error §(f) =

4(t) — 0*(t). The tracking error e(r) will diminish when the estimated parameters error §(f) becomes
small. The performance of this adaptive tracking controller is examined by means of a numerical

simulation in Section 7.4.2.

7.3 Comparisons of Feedback Tracking Control Methods

As discussed in Section 4.4, one can show that the two tracking control methods are equivalent for the
shake table-structure system, having nonlinear hysteretic behavior, under certain conditions and with
known parameters. For the unknown parameters, the formulations of the control laws for the two tracking
control methods have not changed; therefore, one can also show that the predictive tracking control law
shown in Eq. (7-5) is the same as the control law of the feedback linearization tracking control method
shown in Eq. (7-11) with the same conditions applied to the known parameter controllers; i.e. the
controlled system has B*()_c) = a non-zero scalar (i.e. an invertible matrix, size 1 x 1), and R = 0 chosen,

and the tracking error coefficients in Eq. (4-20) are k{ =2/ h=2fw.and k5 =2/ K = w,/’; therefore, &, =
V2/2=0.707 and h =2 / w,.

7.4 Numerical Examples and Comparison of Tracking Control Methods
Simple tracking control examples (as demonstrated in Section 6.4 for linear systems) are analyzed in

order to examine the performance of the introduced two feedback tracking control methods combined
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with the real time parameter estimation for nonlinear systems with unknown parameters. The obtained
results are presented. For all examples, the target motion is the total acceleration of a structure (specimen)

mounted on the shake table.

7.4.1 SDOF Nonlinear Hysteretic Structure

As discussed in Section 2.2, to facilitate the development of the tracking control method, first, a
simplified SDOF system model is used instead of a 2DOF system model for a shake table with an SDOF
structure system. In this simplified system model (shown in Figure 7-1), the excitation force -mxX,(f) due
to the shake table acceleration X(¢) is considered as a new control input u(f) However, the actual control
excitation input u(f) for the 2DOF system model is the desired displacement x,(¢) of the shake table, and
u(?) shall be computed including the shake table dynamics and the shake table-structure interaction (as

discussed in Section 2.2) as formulated in the following section (Section 7.4.2).

S ~ 9
Controller 4‘_‘> Y=Vn
u=-mx, Nonlinear Estimator
Structure

Figure 7-1 Tracking control of an SDOF nonlinear system with unknown parameters

The governing equation of an SDOF nonlinear structure subjected to the shake table excitation is
shown in Eq. (4-1). The tracking control task for this simplified system is to compute the control
excitation input u(t) = -mX,(¢) at every instant using the real time estimated parameters so that the system
output y(¢) = %,(¢) (the total acceleration of the structure) follows the target motion y,,(f) = %,,'(¢) (the total

acceleration of the reference model).

Example 7.1 : Tracking A SDOF Nonlinear System with Unknown Parameters using the PTC

The properties of a given system are: m, = 1 kips-sec’/in., ks = 355 kips/in., and ¢, = 1.13 kips-sec/in.,
(f» = 3.0 Hz, &, = 0.03 before yielding). N = 3, d, = 0.11 in. (f, = 39 kips), and a = 0.1 (i.e. all terms are
explained in Eq. (4-2) and Eq. (4-3)), the same as the ones in Example 4.1. In order to examine the

measurement noise effects, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are
added to the measurements y;, = [X; ?s,k ]_‘S,k]T, which are described in Section 5.2.1.2. Four unknown

parameters: ¢, the damping coefficient; k; the elastic stiffness; o the post-yielding stiffness ratio to the
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elastic stiffness; and d, the yielding displacement; are selected and estimated in real time using the
extended Kalman filter.

The target motion is shown in Figure 7-3 (a) [Target]. The target motion is the total acceleration
output generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1), used for Example 6.1. in
Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix
A.2). For the parameter estimation, the initial parameter estimate 8, is chosen as 8, = 0.8 x 8" (20% error
in the initial guess), and the initial covariance matrix is chosen as P, = diag([0 0 0 CAS,O2 lAcs’oz @,’
dyloz]T % 0.05). The covariance matrices Q¢ and Ry are chosen as follows: Oz = 0 x [7; (all zeroes) and
the Ry = diagonal matrix, whose elements; i.e. noise variance = 3% X corresponding signal variance
(noise variances are assumed to be known from the instruments information). A time step of 0.002 sec is
used for the simulation.

The tracking control results using the predictive tracking control (PTC) method with the real time
parameter estimations are presented in Figure 7-2 and Figure 7-3. The selected control parameters for the
PTC in this example are R = 0.0001 and Az = 0.002. Figure 7-2 shows the comparison between the true
and the estimated parameters: k7(x) the instantaneous stiffness (i.e. the estimate of k7(x) is computed using
the estimates of &, a, and d,); ¢, the damping coefficient; &, the elastic stiffness; a the post-yielding
stiffness ratio to the elastic stiffness; and d, the yielding displacement; and they show very good
agreements. The controlled output, X,(f) the total acceleration of the structure, is shown in Figure 7-3 (a)
[Controlled] and also shows very good agreement with the target motion. The computed control
excitation input, u(f) = -mx(t), using the control law in Eq. (7-1) is shown in Figure 7-3 (b). x,(?), X,(¢) the
achieved displacement and velocity responses of the controlled structure are also presented in Figure 7-3
(c) and (d); it is noted that unlike the total acceleration, the displacement and velocity responses are
different from ones of the reference because the system properties of the controlled system and ones of
the reference system are different. The relation between the structure resisting force fs(f) having hysteretic
behavior and displacement x,(¢) is also presented in Figure 7-3 (e). As desired, all responses of the
controlled system are bounded.

The tracking control results using the feedback linearization tracking control (FTC) method are
presented in Figure 7-4 and Figure 7-5. Figure 7-4 presents the results of the parameter estimation in real
time. The controlled output %,(¢) is shown in Figure 7-5 (a) [Controlled] and shows very good agreement
with the target motion. The computed control excitation input, u(¢) = -mgx(¢), using the control law in Eq.

(7-8) is shown in Figure 7-5 (b). The selected control parameter in this example for the FTC is kj =
Ait /100 (i.e. the smaller value of kj than that of the system with the known parameter case in Section

4.5.1 is chosen due to the uncertainty and indicates that the tracking error will decrease slowly). It is
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noted that by choosing the control parameters carefully to satisfy the tracking object, the control

excitation inputs of the two methods (PTC and FTC) are very similar; therefor, as expected, the control

results of two methods are very similar as shown in Figure 7-2 through Figure 7-5.
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Figure 7-2 Real time parameter estimation results of the PTC for an SDOF nonlinear system
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Figure 7-3 PTC - structure responses for an SDOF nonlinear system with real time estimation
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Figure 7-4 Real time parameter estimation results of the FTC for an SDOF nonlinear system

152




0.2 ‘ ‘ ‘ ‘ 0.2
Controlled
0.1¢ —  Target B 0.7
— 3
L) [ 0
?Ru) Eva
S~
0.1 T 01
_0'2 L L L L _ . . . .
0 1 2 3 4 5 0'20 1 2 3 4 5
t (sec) t (sec)
(a) Controlled (v) vs. Target motions (y, ) (b) Control excitation input (1)
0.2! 2]
. 0.1+ > 1t
g Z
~. 0 s 0 A
. &
-0.1¢ W
-0.2¢
20
0 1 23 4 5 0 ) ) 3 4 5
t (sec) ¢ (sec)
(¢) Response of structure (x,) (d) Response of structure (x;)
50
=
= 0
SNg
-50

-0.2 -0.1 0 0.1 02
x_(in)
(¢) Response of structure (f, vs. x)

Figure 7-5 FTC - structure responses for an SDOF nonlinear system with real time estimation
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7.4.2 2DOF Shake Table — Nonlinear Hysteretic Structure Systems

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and
the interaction between the shake table and the mounted structure is to be considered. The same tracking
control example demonstrated in Section 7.4.1 is resolved for the 2DOF nonlinear system, expressed in

Eq. (4-8) and Eq. (4-9), and schematically shown in Figure 7-6.

s Y=Y, ?

Nonlinear .
Estimator
Structure

Controller

u=Xx,

Actuator
Ja

Figure 7-6 Tracking control of the shake table- structure 2DOF nonlinear system with unknown

parameters

When a target motion at a structure is specified, the required control input u(f) = x(¢), the desired
shake table displacement, is determined at every instant using the real time estimated parameters in order

that the output of the system ()(f) = %,/(¢) the total acceleration of the structure) follows the target motion
V1)

Example 7.2 : A 2DOF Nonlinear System with Unknown Parameters

The properties of a given system are: m, = 1 kips-secz/in., ks = 355 kips/in., and ¢, = 1.13 kips-sec/in.,
(f» = 3.0 Hz, &, = 0.03 before yielding). N = 3, d, = 0.11 in. (f, = 39 kips), and a = 0.1; i.e. all terms are
explained in Eq. (4-2), for the hysteretic system and u = m,/ m,= 0.1, f, , = 30.0 Hz, &, = 0.5 and k, = 25

for the shake table. In order to examine the measurement noise effects, a zero-mean Gaussian white-noise
process of 3% RMS noise-to-signal are added to the measurements y; = [X, Z,k ]_Cs‘k Xik J'c_t,k j_fa,k/m,]T,

which are described in Section 5.2.1.3. Four unknown parameters: ¢, the damping coefficient; k; the
elastic stiffness; a the post-yielding stiffness ratio to the elastic stiffness; and d, the yielding
displacement; are selected and estimated in real time using the extended Kalman filter.

The target motion is shown in Figure 7-8 (a — Target). The target motion is the total acceleration
output generated from the same reference linear system (f,, = 5.0 Hz, &, = 0.1), used for Example 6.1. in
Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix

A.2). For the parameter estimations, the initial parameter estimate 8, is chosen as f, = 0.8 x 4" (20%
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error in the initial guess), and the initial covariance matrix is chosen as Py = diag([0 0 0 0 0 O és,oz
125,02 a,’ ay‘oz]r % 0.01). The covariance matrices QO and Ry are chosen as follows: O = 0 X 15«10 (all
zeroes) and the R = diagonal matrix, whose elements; i.e. noise variance = 3% X corresponding signal
variance (noise variances are assumed to be known from the instruments information). The time step of
0.002 sec is used for the simulation.

The tracking control results using the predictive tracking control (PTC) method with the real time

parameter estimations are presented in Figure 7-7 and Figure 7-9. The selected control parameters in this

example R = 0 and & =2/ w, where w, = 100. Figure 7-7 shows the comparisons between the true
parameters and the estimated parameters: k;(x) the instantaneous stiffness (i.e. the estimate of kr(x) is
computed using the estimates of k;, a, and d,); ¢, the damping coefficient; k; the elastic stiffness; a the
post-yielding stiffness ratio to the elastic stiffness; and d, the yielding displacement; and they show very
good agreements. The controlled output, %,(7) the total acceleration of the structure, is shown in Figure
7-7 (a) [Controlled] and also shows very good agreement with the target motion. The computed control
excitation input, u(f) = x,(¢), using the control law in Eq. (7-5) is shown in Figure 7-8 (b). x,(¢), X,(¢) the
achieved displacement and velocity responses of the controlled structure are also presented in Figure 7-8
(c) and (d); it is noted that unlike the total acceleration (which was the target of the control design), the
displacement and velocity responses are different from ones of the reference because the system
properties of the controlled system and ones of the reference system are different. The relation between
the structure resisting force fi(f) having hysteretic behavior and displacement x,(¢) is also presented in
Figure 7-8 (e). Figure 7-9 presents the responses of the shake table; the achieved shake table actuator
force f,(f), shake table acceleration X(7), displacement x,(¢) and velocity x,(¢). As desired, all responses of
the controlled system are bounded.

The tracking control results using the feedback linearization tracking control (FTC) method with the
real time parameter estimations are also presented in Figure 7-10 and Figure 7-12. Figure 7-10 presents
the results of the parameter estimation in real time. The controlled output () is shown in Figure 7-11 (a)
[Controlled] and shows very good agreement with the target motion. The computed control excitation
input, u(f) = x,(t), using the control law in Eq. (7-11) is shown in Figure 7-11 (b). As discussed in Section
7.3, the control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the

tracking error coefficients as k1 =2/ h = 2w, and k5 =2/ W = w.’; therefore, & =2 /2 ~0.707 and h
=2/ w.: (in this example, w, = 100, &, = 0.707 for the both methods). As expected, the control results of

two methods are equivalent as shown in Figure 7-7 through Figure 7-12.
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Figure 7-7 Real time parameter estimation results of the PTC for a 2DOF nonlinear system
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Figure 7-8 PTC - structure responses for a 2DOF nonlinear system with real time estimation
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Figure 7-10 Real time parameter estimation results of the FTC for a 2DOF nonlinear system
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Figure 7-12 FTC - shake table responses for a 2DOF nonlinear system with real time estimation

In this section, the two tracking controllers, combined with the real time estimators using the extended
Kalman filter (EKF), proposed in the previous section are expanded to the control applications of
nonlinear hysteretic specimens using the shake table motion. The tracking control laws are reformulated
in order to adapt the estimated parameters. Numerical simulations are performed and the results show
very good agreements between the target motion and the selected output of the controlled system. All
responses of controlled systems are bounded and the estimated parameters converge to their true values

with fairly good initial guess of unknown parameters (i.e. 20% errors in the initial guess are used in the

examples).
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SECTION 8
NUMERICAL SIMULATIONS FOR A SHAKE TABLE — STRUCTURE
SYSTEM

The feedback tracking control method combined with the real time parameter estimator is applied to a
realistic shake table and structure system whose characteristics are obtained from the real systems in the
Structural Engineering and Earthquake Simulation Laboratory (SEESL) at the University at Buffalo (UB).
Numerical simulations are performed for practical target motions generated from the selected excitation
motions including real earthquake motions. The results will show the feasibility and the limitations of the

proposed tracking control method in real applications.

8.1 Test Setup

The selected system for the simulation study consists of a shake table and an SDOF structure. The
shake table consists of one uniaxial actuator having the maximum horizontal actuator force = 5.5 kips and
4 x 3 ft. platform as shown in Figure 8-1 (a) (Stefanakis and Sivaselvan, 2015). The structure in this
simulation, shown in Figure 8-1 (b), is a three-story steel frame shear building rigidly braced in the top
two floors to simulate an SDOF system (Chung, Reinhorn, and Soong, 1989). The weight of the structure
is 6.4 kips. The model was previously used in multiple studies of control, either active or passive (Chung,

Reinhorn, and Soong, 1989, Soong, 1990, Symans and Constantinou, 1997, Dyke et al., 1994, Stefanakis

and Sivaselvan, 2015, etc.) and can be considered as a benchmark model for control studies.

) A b ;
(a) Uniaxial shake table (b) SDOF steel frame structure
(after Stefanakis and Sivaselvan, 2015) (after UB-SEESL, 2015)

Figure 8-1 UB uniaxial shake table and an SDOF structure
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The properties of the shake table and the SDOF test structure are summarized in Table 8-1. It is noted
that in real life experiments after mounting the structure on the shake table, the properties presented here
are subject to change because of the shake table-structure interaction. Therefore it is necessary to identify
them again using quasi-static (e.g. impact hammer and snap-back tests) and/or dynamic (e.g. white noise
tests - the curve fitting methods using the obtained transfer functions) system identification procedures as
described in Bracci et al., (1992) and Rinawi and Clough (1991). In this study, however, the properties

presented in Table 8-1 are used for the numerical simulations.

Table 8-1 Properties of the UB uniaxial shake table and the SDOF structure

System Item Description
0] 2 (€)
Platform size 4.0 ft x 3.0 ft
Base plate size (for structure installation) 4.5 ft x 4.5 ft
Maximum specimen weight 33.6 kips
Maximum overturning moment 82.0 kip-ft
Frequency of operation 0.1~30 Hz
Shake table Maximum actuator force; f;, s 5.5 kips
Stroke (X axis); X, max 3.0 1n.
Platform weight (with base plate); m, x g 3.5 kips
Fundamental frequency; f, ., 30 Hz
Equivalent damping ratio; &, 50" %
Control gain factor; &, 25'
Weight; m, x g 6.5 kips
Elastic stiffness; k; 8.0 kips/in.

Damping coefficient; ¢y 0.0091 kips-sec/in.

SDOF structure Fundamental frequency; £, ; (before yielding) 3.47Hz
Inherent damping ratio; & 1.24 %
Yielding force'; e 5.6 kips

Post-yielding stiffness ratio 0.1

to the elastic stiffness; a
* Equivalent damping ratio of the shake table in open-loop conditions is &, = 10%; the damping ratio
can be increased by feedback (Rinawi and Clough, 1991) to &, = 50 %, as assumed in this numerical
study.
# Control gain factor can be identified from the test setup; in this study &, = 25 assumed.
§ Different yielding forces are selected for different tests in order to demonstrate the hysteresis
behavior effects on the tracking control.

Figure 8-2 shows the schematic of the tracking control test setup for the shake table-structure. The

target motion y,(f) is pre-defined according to test objectives. The control excitation input u() = x,(¢) is
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computed by using a tracking control method (i.e. the predictive tracking control (PTC) method or
feedback linearization tracking control (FTC) method) introduced in the previous sections with the

measurements from instrument sensors. In order to examine the measurement noise effects, a zero-mean

Gaussian white-noise process of 3% noise-to-signal RMS are added to the measurements y; = [X 75,1{

]_Cs,k Xk ?,,k ﬁ,;{/m,]T, which are described in Section 5.2.1.3. Four unknown parameters: ¢, the damping
coefficient; k; the elastic stiffness; a the post-yielding stiffness ratio to the elastic stiffness; and d, the
yielding displacement; are selected. The extended Kalman filter (EKF) is used to estimate the system
responses from contaminated responses with measurement noise and the unknown parameters as the

procedure is described in the previous sections.

Output y = X’

<
| > —
! Measurements y

AV4
D/—D Estimator
fa =] Im o _ 1ol BTT
Actuator > > =[x 8]
J ~ PP
ONINO G-re b @ dy
U = X4

Controller j} Target ym

Figure 8-2 Tracking control of an SDOF nonlinear system using a shake table with unknown parameters

8.2 Test Protocol and Loading

The control objective of this study is to compute the control excitation input u(¢) to drive the shake
table in order to simulate a target motion y,(f) at any specific location in the test structure. For this
numerical simulation, the target motion is the total acceleration of a structure (specimen) mounted on the
shake table although any response; i.e. displacement or velocity response, can be selected as the target
motion. In this testing program, several target motions y,(¢) are selected to examine the tracking control

performance.
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First, for Test #1 through Test #3 the target motions are the total acceleration outputs generated from a
reference linear system, whose properties are: m,, = 6.5 kips/g, k, = 16.6 kips/in., and ¢, = 0.053
kips-sec/in. (f,, = 5.0 Hz, &, = 0.05), subjected to one-cycle sine excitation input whose frequency = 1.0
Hz, 5.0 Hz, and 10.0 Hz and which is high-pass filtered at 0.2 Hz cutoff frequency. The purpose of these
one-cycle sine motion tests where the lengths of the excitation time are relatively short is to check the
feasibility of the control algorithm and to calibrate the design parameters of the tracking controller and
estimator such as the tracking error dynamic coefficients ki and k; for controllers and the initial
estimator guesses of A, and P, as defined in the previous sections. After ensuring that the controller can
simulate these simple motions, more complex target motions are given to be tracked.

Second, for Test #4 to Test #5 the target motions are the total acceleration outputs generated from the
same reference linear system, subjected to a real earthquake motion, Elcentro N-S, 1940 (Vibrationdata,
2015) 100% and 80%, which are high-pass filtered at 0.3 Hz cutoff frequency. These tests are performed
to verify if the tracking controller can produce the realistic target floor motion at the top of the structure.
It is expected that at the beginning the tracking error might be large due to the estimate error in unknown
parameters, but the tracking error will diminish as the estimate error is reduced by the estimator.

Third, for Test #6 to Test #7 the target motions are the random floor motions generated to match the
required response spectrum (RRS) per the ICC-ES AC156 (ICC, 2010), which are high-pass filtered at
0.2 Hz cutoff frequency and low-pass filtered at 25 Hz cutoff frequency to meet the shake table operation
capacity. These tests are also performed to verify if the tracking controller can produce the realistic,
general target floor motion at the top of the structure. It is noted that no reference model is used to
generate the target floor motion, since the floor motion is directly defined according to the ACI156.
Similar performances with Test #4 and #5 are expected.

The testing program is summarized in Table §8-2.

Table 8-2 Testing program of the tracking control of the shake table-structure system

Test No. Target motion” description

2
Reference model response subjected to one-cycle sine excitation whose freq. = 1.0 Hz
Reference model response subjected to one-cycle sine excitation whose freq. = 5.0 Hz

Reference model response subjected to one-cycle sine excitation whose freq. = 10.0 Hz
Reference model response subjected to Elcentro N-S 100% excitation

Reference model response subjected to Elcentro N-S 80% excitation

Floor motion to match the RRS 100% per AC156

Floor motion to match the RRS 30% per AC156

* All excitations are filtered as explain in the text to meet the shake table operation capacity.

U NI S VO \C R
R
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8.3 Simulation Results

The tracking control results using the feedback linearization tracking control (FTC) method combined
with the extended Kalman filter (EKF) estimator are obtained through numerical analyses; some of the
interesting results are presented herein.

As discussed above, the purpose of Test #1 to #3 are to check the feasibility of the control algorithm
and to calibrate the parameters of the controller and estimator; therefore, only the tracking performances
between the target motion y,, and output y of the controlled structure are presented in Figure 8-3 (more
results of Test #2 can be found in Appendix A.3). From the results of these pre-tests, it is ensured that the
unknown parameters can be fairly accurately estimated at the beginning of the procedure, and the output

follows the target motion very well and all responses are bounded in the interested time range, as desired.

1 1
Controlled Controlled
0.5} —— — Target i 05! —— — Target
~ ~
=10} =11}
~ 0 ~
=0 ‘:‘ 1%]

i
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0 1 2 3 4 5 0 1 2 3 4 5
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(a) Test #1 (b) Test #2
1
Controlled

05! —— — Target
20
e
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_ 1 1 1 1 1
0 1 2 3 4 5
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(c) Test #3

Figure 8-3 Tracking performances: Controlled () vs. Target motions (y,,) (Test #1 to #3)
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The selected control parameters for the FTC are ki = 2.0, and k; = .. where w, = 25, &, =0.707.
For the parameter estimations using the EKF, the initial parameter estimate QO is chosen as QO =0.8x0"
(20% error in the initial guess), and the initial covariance matrix is chosen as P, = diag([0 0 0 0 0 O
63,02 123,02 @’ czy,oz]T % 0.01). The error covariance matrices Or and Ry are chosen as follows: O = 0 x
Tox10 (all zeroes) and the R = diagonal matrix, whose elements; i.e. noise variance = 3% x corresponding
signal variance (noise variances are assumed to be known from the instruments information). The time
step of 0.002 sec (sampling rate = 500 sec) is used for the simulations. The tracking control results of
Test #4 and #5 are presented in Figure 8-4 through Figure 8-8. The target motion and the controlled
output of Test #4 are compared in Figure 8-4 (a) and show very good agreements. Figure 8-4 (b) presents
the control excitation input u(f). The structure responses: the relative displacement x,(¢) of the structure
and the relation between the resisting force fi(x) and the relative displacement x,(¢), are shown in Figure
8-4 (c) and (d), respectively. Figure 8-6 presents the parameter estimation results and show fast

convergence to the true values.
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Although the tracking performance is very good and all responses of the controlled system are
bounded, Figure 8-5 shows that the actuator force f,(¢) and table displacement x,(f) operating capacities
(shown in Table 8-1) of the shake table are exceeded. This limitation might be overcome by adjusting the
target motion and/or the properties of the structure and shake table. In this study, the reference excitation
is reduced by 20% (as usually done for practical purposes in laboratory when the equipment has
limitations) such that the target motion is generated from the reference model subjected to Elcentro N-S
80% excitation, which is used for the target motion in Test #5.

The results of Test #5 are shown in Figure 8-7 and Figure 8-8. Figure 8-7 (a) shows the comparison
between the target motion and the controlled output and show very good agreement. Figure 8-7 (b)
presents the control excitation input u(¢). As expected, using the reduced amplitude of the target motion,
the actuator force f,(¢) and table displacement x,(¢) responses of the shake table are within the limits as
shown in Figure 8-8. It is noted that the reduced demand (the target motion) requires smaller resisting
force and structural deformation as shown in Figure 8-7 (¢) and (d), such that less nonlinear hysteresis

behavior occurs and results in smaller responses of the shake table.
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The tracking control results for qualification testing obtained from Test #6 and #7 are presented in
Figure 8-9 through Figure 8-13. For Test #6 and #7, the yielding force f, = 3.4 kips used (instead of 5.6
kips in Table 8-1, but all other values in the table are the same); i.e. if the same yielding force was used,
only mild hysteresis behavior would have occurred with this target motion. The decrease insured
possibility to emphasize performance in a nonlinear structure. The selected control parameters for the
FTC in Test #6 and #7 simulations are k; = 2&,w, and k3 = w,” where v, = 25.6, &, =0.707. The time step
of 0.002 sec (sampling rate = 512 sec™) is used. The target motion and the controlled output of Test #6 are
compared in Figure 8-9 (a) and show very good agreements. Figure 8-9 (b) presents the control excitation
input u(¢). The structure responses: the relative displacement x,(¢) of the structure and the relation between
the resisting force fs(x) and the relative displacement x,(f), are shown in Figure 8-9 (¢) and (d),
respectively. Figure 8-11 presents the parameter estimation results and show fast convergence to the true

values.
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Although the tracking performance is very good and all responses of the controlled system are
bounded, Figure 8-10 shows that the actuator force f,(¢) and table displacement x,(¢) operating capacities
(shown in Table 8-1) of the shake table are exceeded. This limitation might be overcome by adjusting the
target motion and/or the properties of the structure and shake table. In this study, the target motion is
reduced by 70% such that the target motion is the 30% RRS matching motion, which is the target motion
of Test #7.

The results of Test #7 are shown in Figure 8-12 and Figure 8-13. Figure 8-12 (a) shows the
comparison between the target motion and the controlled output and shows very good agreements. Figure
8-7 (b) presents the control excitation input u(f). As expected, using the reduced amplitude of the target
motion, the actuator force f,(¢) and table displacement x,(¢) responses of the shake table are within the
limits as shown in Figure 8-13. It is noted that the reduced demand (the target motion) requires smaller
resisting force and structural deformation as shown in Figure 8-12 (c) and (d), such that the structure does

not yield and only linear responses are observed in this test.
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The numerical simulations using the realistic test setup prove that the proposed tracking control
algorithm works for nonlinear structures experiencing hysteretic behavior as shown in especially the
results of Test #4 and Test #6. However, the results indicate that the performance of the tracking control
depends on the capabilities of the equipment (i.e. especially, the force capacity and the stroke length of
actuators). For example, if the test structure would be mounted on a larger shake table such as the UB
6DOF shake table (whose capacities are presented in Table 8-3), then test #4 and test #6 would be
realistic, where the maximum forces (8.6 kips and 31.5 kips) and the maximum table displacements (3.4

in and 3.0 in) are smaller than the ones of the shake table capacities (50.7 kips and 5.9 in.).

Table 8-3 Performance data for six degrees-of-freedom (6DOF) shake table at UB (Reinhorn et al., 2011)

Item Description
@) 2
Platform size 11.8 ft x 11.8 ft
Usable testing surface 23.0 ft x 23.0 ft
Maximum specimen mass 110.2 kips/g max.; 44.1 kips/g nominal
Maximum overturning moment 332 kip-ft
Frequency of operation 0.1~50 Hz nominal; 100 Hz max.
Maximum actuators force in X axis*; Somax 50.7 kips
Stroke (X axis, Y axis, Z axis) +5.91in, £5.9 in, £3.0 in
Velocity (X axis, Y axis, Z axis) +49.2 in/sec, +49.2 in/sec, +49.2 in/sec
Acceleration (X axis, Y axis, Z axis) (wiitllizélé%jlilliﬁsgs,pieiifrl%n)

* fomax 18 computed by 44.1 kips/g x 1.15 g = 50.7 kips

In this section, the performance of the proposed tracking control scheme combined with the real time
estimator is examined by means of numerical simulations of realistic shake table nonlinear system
applications. The results show that not only simple target motions (in Test #1 to #3), but also realistic
floor motions including that induced by an earthquake (in Test #4 to #5) and code required floor motion
(in Test #6 to #7) can be reproduced using the proposed control method. The control performance is
dependent on the degree of knowledge on unknown parameters (e.g. 20% errors in the initial guess are
used for the simulations) for the real time estimators and the capacities of control equipment. The effects
and limitations of these control parameters could be more clearly revealed through actual experimental

studies.
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SECTION 9
REMARKS AND CONCLUSIONS

High fidelity of bare shake table controls can be obtained through actuator control methods and table
tuning. When shake tables are loaded with specimens, the interaction between shake tables and specimens
influence the system dynamics and might result in undesired performance of shake tables. In order to
compensate for the interaction and to simulate desired target motions using shake tables, open loop
feedforward methods with offline iterative error correction have been widely used in practice (Spencer
and Yang, 1998 and Maddaloni, Ryu, and Reinhorn, 2010). More recently, researchers developed more
advanced methods to provide high quality of shake table motions using feedback closed loop controls,
combined with the feedforward control methods (Nakata, 2010 and Phillips and Spencer, 2012). Even
though these methods were verified to be valuable, practical tools to test linear structures, most
developments assume that specimens remain linear or their nonlinear behavior is not significant. When
flexible and heavy specimens (compared to shake table weight) experience nonlinear behavior, the signal
reproduction can be unsatisfactory (e.g. large differences between the target and achieved shake table
motions with a heavy nonlinear specimen were observed by Schachter and Reinhorn, 2007). These
phenomena might be acceptable for the purpose of research exploring responses of structures subjected to
random excitations where it is important to challenge the structures to their maximum capacity or
collapse. Note that researchers have also developed several methods to compensate the nonlinear behavior
of specimens, but the efforts were focused on simulating target motions at the shake table level (Stoten
and Gomez, 2001, Iwasaki et al., 2005, and Yang et al., 2015), not within the tested specimens.

Unlike research projects, for qualification tests to verify certain performance of test structures or
equipment, it is important to challenge the specimens by the required target motions; therefore, the
fidelity of signal reproduction becomes more important. For example, qualification tests of nonstructural
ceiling systems demand the reproduction of the required motions at certain levels of specimens; i.e. the
required target motion is defined at the floor of a specimen (not the base) for ceiling system shake table
tests per AC156 (ICC., 2010).

In this study, tracking control schemes are proposed to simulate target motions at specific locations of
specimens, which experience nonlinear behavior due to possible extreme excitations. To account for the
uncertainties in system parameters, real time estimators are also introduced and combined with the
proposed control methods. Furthermore, the proposed methods can be expanded in order to control real
structures using base motion controls. Similar structural control concepts, known as active base isolation

that consists of a passive isolation system combined with control actuators (Chang and Spencer, 2010),
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have been developed by many researchers, including Reinhorn et al. (1987), Inaudi et al. (1992),
Nagarajaiah et al. (1992), Yang et al. (1996), Luo et al. (2000), Pozo et al. (2006), Chang and Spencer
(2010), and Suresh et al. (2012). These control methods have provided excellent active base isolation
control design. While most methods focus on stabilizing (making zeros of) the system responses, the
proposed control method in this study can be also used to control system responses to track desired target
motions like the controllers by Pozo et al. (2006), providing another possible and flexible control scheme

to the design engineers.

9.1 Concluding Remarks
The main results of this study are summarized as follows:

e Feedback tracking controllers are proposed in order to simulate target motions within nonlinear
hysteretic structures mounted on shake tables. The tracking controllers can be used for nonlinear
systems whose parameters are known or unknown a priori. Moreover, the controllers can be expanded
to other applications to achieve desired performance during extreme seismic events.

o For shake table applications, two system models are introduced with and without the consideration of
the shake table—structure interaction. In the first model, to facilitate the development of control
methods, only structures are modeled, assuming that the effects of shake table dynamics can be
ignored. The developed control methods are extended to the shake table—structure system models
where their interactions are explicitly included in the governing equations. As discussed, since the
responses of the controlled system are influenced by the shake table—structure interaction, it might be
necessary to use the shake table—structure system models for real tracking control applications.

e For linear systems, four tracking control methods are introduced and the performances are
qualitatively and quantitatively compared through numerical simulations. The results show that the
performance of the feedback tracking control methods are as good as that of the optimal tracking
control method, which involves the feedforward loop. It is also noted that the performance of any
controller depends on the control gain, which is related to actuator capacities.

e When there are unknown parameters, adaptive tracking control schemes where feedback tracking
controllers are combined with real time estimators are proposed. For the selection of a real time
estimator, the least squares method (LS) and the extended Kalman filter (EKF) are considered. In this
study, the EKF is adopted as the real time parameter estimator because of its important advantages as
follows; (i) the method can be applied to the nonlinear hysteretic system with hardening after yielding;
(i1) the EKF requires fewer measurements, which is more practical; and (iii) the EKF is used not only

to estimate the unknown parameters, but also to estimate the true state vector from the measurements
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with measurement noise; i.e. both estimates of the true state vector and unknown parameters are
required for the tracking control procedure.

e Assuming all parameters are known, the stability of the controller is analytically examined and the
stability properties are shown. For systems with unknown parameters and with measurement noise
present, numerical simulations are conducted, and the tracking results including the differences
between the target and output motions and the performances of all system responses are examined.

o The proposed tracking control scheme with the real time estimator is applied to a realistic test setup
for a structural test specimen and a shake table at the University at Buffalo by means of numerical
simulations. The results verify that realistic floor motions including one induced by an earthquake and
a code required floor motion can be tracked using the proposed control method. The results also show
that control performance depends on the capacities of shake table actuators and the degree of
knowledge on unknown parameters.

o Although the developments are limited to unidirectional motions, the extension to multidirectional
motions will follow the same equations with larger matrices, but with the same convergence

properties.

9.2 Discussion

e The proposed methods can be expanded to control real building structures having complex nonlinear
behavior such as isolated buildings (i.e. active base isolation systems) subjected to high intensity
earthquakes.

e Experimental study will be very beneficial in order to solve possible implementation issues and to
explore the effects of other uncertainties.

e While systems having one control excitation input in order to simulate one output target motion (i.e.
Single-Input-Single-Output systems) are presented in this study, the proposed control methods can be
extended to simulate more than one output target motion using one control excitation input (i.e.
Single-Input-Multi-Output systems) and using several control excitation inputs (i.e. Multi-Input-Multi-
Output systems). In order to deal with the excitation input and the output target vectors, a matrix
format of the predictive tracking control method with weighting matrices should be used.

e For simplicity, it is assumed that all state responses are measurable with noise. Measurement output
feedback through the proposed estimator using limited measurements such as total acceleration
responses for measurement are to be considered for more practical applications.

e Although an approximately defined model of nonlinearity (bilinear hysteretic behavior) has been
considered, the proposed control methods can be expanded to more complex nonlinear structures,

formulated by more advanced models that can capture stiffness and strength degradation and/or bond-
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slip effects. Additionally, modeless procedures can be developed using more complex real time

identification techniques at the expense of loss of some fidelity due to intense computational effort.
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APPENDIX A. ADDITIONAL EXAMPLES

A.1 Shake Table - Nonlinear Hysteretic System (2DOF System Model)
The tracing control results of the example shown in Figure 1-2 are shown in this Appendix. The 2DOF

shake table and a nonlinear structure system is schematically shown in Figure A-1.

Known
Parameters ms.xs x; =V, ?
_ Nonlinear
U=xgy Structure
X t
wﬁ? m, —
2 C )

Figure A-1 Tracking control of the shake table- structure 2DOF nonlinear system with known parameters

When a target motion at a specimen is specified, the required control input u(¢) = x,(¢), the desired
shake table displacement, is determined in order that the output of the system (y(f) = X,(¥) the total

acceleration of the structure) follows the target motion y,,(f).

Example A-1 : A 2DOF Nonlinear System with Known Parameters

The properties of a given system are the same as ones of Example 4-2: m, = 1 kips-sec*/in., k; = 355
kips/in., and ¢, = 1.13 kips-sec/in., (f, = 3.0 Hz, &, = 0.03 before yielding). N = 3, d, = 0.11 in. (f, = 39
kips), and a = 0.1, for the hysteretic system and u = m; / m, = 0.1, f, = 30.0 Hz, &, = 0.5 and k, = 25 for the
shake table. The target motion is shown in Figure A-1 (a) [Target]; i.e. the target motion is the total
acceleration output generated from a reference linear system, whose properties are: m,, = 1 kips-sec’/in.,
k, = 987 kips/in., and ¢,, = 6.28 kips-sec/in. (f,, = 5.0 Hz, &, = 0.1), subjected to one-cycle sine input
whose frequency = 3.0 Hz and which is filtered at 0.2 Hz cutoff frequency (the reference input and the
responses of the reference model are presented in Appendix A.2). The time step of 0.002 sec is used for
the simulation.

The tracking control results using the feedback linearization tracking control (FTC) method are
presented in Figure 4-8 and Figure 4-9 (i.e. it is noted that although the system used in this example is the
same as the one of Example 4-2, the range of the responses are different due to the different excitation;
thus, the scales of figures are different with the ones from Example 4-2). The controlled output X,'(¢) is
shown in Figure 4-8 (a) [Controlled] and shows very good agreement with the target motion. The

computed control excitation input, u(¢) = x4(¢), using the control law (i.e. Eq. (4-31)) is shown in Figure
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4-8 (b). The tracking error coefficients are chosen as ki =2/ h = 2w, and k5 =2/ W=w ; therefore, &,

=+/2/2=0.707 and h =2 / w.; (in this example, w, = 25, & = 0.707 for the both methods).

0.2+ Controlled |7
----- Target
0.1} ] 05
CI E
W s
-0.1¢ .
v -0.5
-0.2¢ ]
0o 1 2 3 4 5 1 1 R 4 5
t (sec) t (sec)

(a) Controlled (v) vs. Target motions v,) (b) Control excitation input (1)

1 ‘ ‘ ‘ ‘ 20
0.57 . 10+
. )
= Z
\/h 0 7 a 0 N
= —~ =
-0.5¢ ] o -10
-1 . : . : 220 . . . .
0 1 2 3 4 5 0 1 2 3 4 5
t (sec) t (sec)
(¢) Response of structure (x ) (d) Response of structure (&; )
100
4 50 L
] 0
B
e 0
&
| -50 ¢
- ‘ ‘ ‘ ‘ -100 ‘ ‘ ‘
1'50 1 2 3 4 5 -1 -0.5 0 0.5 1
t (sec) X (in)

(¢) Response of structure (¥s) (f) Response of structure (f vs. x)

Figure A-2 Feedback linearization tracking control structure responses of a 2DOF nonlinear system
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Figure A-3 Feedback linearization tracking control shake table responses of a 2DOF nonlinear system

Example A-2 : A 2DOF Nonlinear System with Known Parameters
(The control excitation input is pre-computed using the feedforward tracking control method,
assuming the system remained linear without yielding)

In order to demonstrate the limit of the feedforward tracking control method, the same nonlinear
hysteretic system described above in Example A-1 is subjected to a pre-computed excitation input (see
Figure A-4 (b)) using the feedforward tracking control method: i.e. the excitation input is pre-computed
for the same system but assuming the system remained linear without yielding.

The results are presented in Figure A-4 and Figure A-5. Figure A-4 shows the discrepancies between
the controlled output X,(f) and the target motion y,(f); the discrepancies are caused by the nonlinear
hysteretic behavior in the structure, which cannot be captured by the pre-computed control excitation as

discussed in SECTION 1.
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Figure A-4 Feedforward tracking control - structure responses of a 2DOF nonlinear system
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Figure A-5 Feedforward tracking control - shake table responses of a 2DOF nonlinear system
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A.2 Reference Model and Its Responses (SDOF Linear System)
In order to generate a realistic target motion at a structure, an SDOF reference structure model is
selected as shown in Figure A-6; the characteristics of the reference model and the reference excitation

input 7(f) = -m,X,(¢) can be selected such that the target motion can be designed as desired.

m X .t
m =
o
Linear
Structure

«—» i, =r/-m,

Figure A-6 Schematic of an SDOF reference model subjected to a ground excitation

The selected properties of the reference model (used in Examples 3.1, 3.2, 4.1, 4.2, 6.1, 6.2, 7.1, and
7.2) are: m,, = 1 kips-secz/in., k, = 987 kips/in., and ¢, = 6.28 kips-sec/in. (f,, = 5.0 Hz, &, = 0.1) and
subjected to one-cycle sine excitation input r(f) whose frequency = 1.0 Hz and which is highpass filtered
at 0.2 Hz cutoff frequency as shown in Figure A-7 (b) (for comparison purposes with other examples,
r(f)/- m,, the ground excitation acceleration input is presented): i.e. the excitation input is highpass filtered
in order to avoid large draft in the displacement and the velocity excitation, which is required for the
shake table applications. The time step of 0.002 sec is used for the simulation.

The responses of the reference model are presented in Figure A-7: %,/(¢) the total acceleration response
is shown in Figure 4-8 (a); x,.(¢), X.(?) the displacement and velocity responses are presented in Figure
A-7 (c) and (d). The relation between the structure resisting force fs,(f) and displacement x,,(¢) is also

presented in Figure A-7 (e).
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Figure A-7 The responses of the SDOF linear reference model
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A.3 Numerical Simulations for Shake table-Structure Systems

In SECTION 8 the developed tracking control method combined with the real time estimator was
applied to a realistic shake table and an SDOF nonlinear system. The schematic of the control scheme was
shown in Figure 8-2. The performance of the control method was examined through numerical
simulations; the list of testing is presented in Table 8-2. In this Appendix, the results of Test #2 in which
the target motion was generated from a reference model subjected to one-cycle sine excitation whose freq.
= 5.0 Hz. All system parameters were explained in Section 8.2.

The tracking control results are presented in Figure A-8 through Figure A-10. The selected control and
estimator parameters for the FTC (feedback tracking control) in Test #2 simulations are the same as the
ones of Test #4 explained in Section 8.2.

Figure A-8 presents the parameter estimation results and show fast convergence to the true values. The
target motion and the controlled output are compared in Figure A-9 (a) and show very good agreements.
Figure A-9 (b) presents the control excitation input u(f) = the desired shake table displacement x,(¢). The
structure responses: the relative displacement x,(¢) and velocity x,(¢) of the structure and the relation
between the resisting force fg(x) and the relative displacement x,(¢), are shown in Figure A-9 (¢) to (e),
respectively. Although the tracking performance is very good, Figure A-10 presents the shake table
responses; the achieved shake table actuator force f,(¢), shake table acceleration x,(¢), displacement x(¢)
and velocity x(¢) in order to show the feasibility and the stability of the control scheme. Although all
state responses are bounded, Figure A-10 (a) shows that the actuator force f,(f) operating capacity (shown
in Table 8-1) of the shake table is exceeded. This limitation might be overcome by adjusting the target

motion and/or the properties of the structure and shake table as discussed in Section 8.2.
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Figure A-8 Real time parameter estimation results of tracking control (Test #2)
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APPENDIX B. DERIVATIONS

B.1 [Derivation 3.1]
Control law for a linear structure - SDOF system model using the FTC method

Equations for the True System

553(1‘)=—m C.X, ( ) Tk, (2 ( )+m’1u(t), 1(0)=§0

(B-1)
y(t)=% () =-m’ cx() sk (1)
Equations for the Reference Model
)'c'm(t)——mm ¢, X ( ) 'k x ( )+m _lr(t), gcm(O)zgcmo
’ (B-2)

Vu(t) =%, (6)=-m,’ %%() ko (1)

The system output y(¢) is to be differentiated until the control input u(¢) appears in the expression of the

differentiated output

y(t)=-m ek (t)=m kx (1)
2 : g 5 (B-3)
=m. ¢, [csxs (t)+kx, (1) ] -m_ kx (t)—cm u(t)

which leads to the feedback control law

Control Law

u(t)=(-em) [ (1) +¥(1)] (B-4)

where y*(¢) is defined from Eq. (B-3) as

(1) =m e ek (0 +kx, (1) ] = m, ki, (1) (B-5)
Substituting u (7) in Eq. (B-3) leads to

y(1)=v(¢) (B-6)
To reduce the tracking error signal e(f) = y(f) - y,(f), the new input v() can be

v(t) =, (t)-ke(r) (B-7)

where k7 is the tracking error design coefficient, which is constant and positive, which leads to the
tracking error dynamics

Expected Achieved Responses

é(1)+ke(r)=0 (B-8)

in which the tracking error signal e(f) — 0 as ¢t — o by selectin k7 > 0.
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B.2 [Derivation 3.2]
Control law for a shake table — linear structure - 2DOF system model using the FTC method
Equations for the True System
mj (1) +cx, (t)+kx (1)=—m5 (1)
m,%, (1)~ {e. %, (1) +hox, (6)) = 1,(1) . x(0)=x,
f() 2§ f() ()+kx():kaxd(t) (B-9)
@ m, @, m, dt
() =% () =—m ek (6)=m kx (1)
Equations for the Reference Model
X (t) -m, e x ( ) 1k X ( )+m _lr(t), X (O)zx

Vu(t)=5,(()=-m, cmxm() k% ()

By introducing notations for simplification:

(B-10)

a=mc; b=mk; c=mc; d=mk;

e=250,; f=w; g=wk,; (B-11)
C=h)m: )=tk (1), u()=x()
Eq. (B-9) can be rewritten,

¥ (1) + ax, (1) +bx, (1) =%, (1)

5 (0 -{ex () +ax () =£(0) . x2(0)=x
S (e)+ef, (1) + fi, (1) + g, (1) =u’ (1)
y(1)==a () -bx (1)

The system output y(¢) is to be differentiated until the control input u(¢) appears in the expression of the

(B-12)

differentiated output

i(t) =, () =3, (1)

[a(a+c)-b5 (1) +a(b+d)x, (1) +af (1) (B-13)
z[a(a+c)—b])’és(t)+a(b+d))'cs(t) B-14)
+(—ae)f: (t) +(—af))'ct (t) +(—ag)xt (t) +au (t)
which leads to the feedback control law
Control Law
u*(t)ch1 [—j}*(t)+v(tﬂ (B-15)

where u'(1) = (0. ka) ' u(?); u(f) = xf); and ¥*(¢) is defined from Eq. (B-14) as
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b (t)= [a(a +c)- b])’és (t)+a(b+d)x, (1)+ (—ae)fa* (t)+(—=af)x, (t)+(—ag)x, (1) (B-16)
Substituting u (7) in Eq. (B-14) leads to

#t)=v(1) (B-17)
To reduce the tracking error signal e(f) = y(¢) - y.(?), the new input v(¢) can be
v(t)= 3, (1)~ ke() - Ke() (B-18)

where kj and k; are the tracking error design coefficients, which are constant and positive, these lead to
the tracking error dynamics

Expected Achieved Responses

é(t)+ke(t)+he(r)=0 (B-19)

in which the error signal e(f) goes to zero as time goes to infinity; e(f) — 0 as t — oo.

B.3 [Derivation 3.3]
Comparisons of Feedback Tracking Control Methods: PTC vs FTC for a 2DOF linear system

For a the shake table-structure 2DOF system, the control law of the predictive tracking control (PTC)
shown in Eq. (3-46) becomes the same as the control law of the feedback linearization tracking control
(FTC) method in Eq. (3-66) (or (B-15)) under certain conditions (i.e. R = 0 and the chosen tracking error
coefficients).

For convenience, the control law of the PTC shown in Eq. (3-46) is repeated here (i.e. £(#) = x(¢) for

the systems with known parameters)

£3 E3 -1 £3 ® *
“(f){B 'OB +R] BTQ[ym(Hh)—A )_C(f)] (B-20)
where 4° = [C + hCA + (W’/2)CA’] and B* = (h’/2)CAB; i.e. here h is a time interval for prediction,
which is a tracking error design parameter and can be selected by an engineer, not restricted to be equal to

the sampling time step. The system matrices 4, B and C in Eq. (2-24) can be expressed as, by using the

notations in (B-11),

0 1 0O 0 0 0
(-b-d) (-a-c) 0 0 -1 0
A= 0 0 0 1 0} B=|0lke
d c 0 0 0 (B-21)
0 0 -g —f —e] 1]

C=[-b —a 0 0 0]

Using these matrices, 4 x(¢) and B” (size = 1 x 1) in Eq. (B-20) are computed
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Ax(t) =[C+hCA+(I 1 2) CA Tx(t) = Cx(¢) + hCAx(¢) +( 1 1 2) CA x(1) (B-22)
which can be rewritten using y(f) = Cx(¢) and y(f) = CAx(¢) (see Eq. 3-44):
Ax(t)=y(t)+hi(e)+(F* 12) CAx(2) (B-23)
Substituting this equation and y;,(#+4) in Eq. (3-43) in Eq. (B-20) leads to
i ()= A x(0) =, () + 4, () + (11 2) 3, (1) | = o (6) + i)+ (1 1 2) () |
= (1 12)| 3, (0)~(2/ h)é(e) ~(2/ ) e() ~CAx(r)

where e(f) = y(£) - y(f). If one chose the tracking error coefficients: k; =2/ h and k3 =2 / h’ like the ones
in the FTC (see Eq. (B-18)), Eq. (B-24) becomes

[y;(t+h) —/fk;c(t)}:(hz /2)[v(t)—CAzgc(t)} (B-25)
in which C4°x(¢) can be expressed
CAx(t)=|{-b-a(-a~c)}(-b-d) -a(-b—d)+{-b-a(-a—c)}(-a—c)
~ag -af —{-b-a(-a—c)|-ae]x(t)
One can show that this equation is the same as *(¢) in Eq. (B-16) by substituting %,(¢) of Eq. (B-12):

y*(t) ={[—a(—a—c)—b](—a—c) —a(—b—d)} X, (t)+[—a(—a—c)—b](—b—d)xs (t)

(B-24)

(B-26)

_ i (B-27)
+(—af )%, (1) +(—ag)x, (1) + {—[—a(—a —c) —b] + (—ae)} 1, (1)
B (size =1 x 1) in Eq. (B-20) is also computed
B =(h2 /2)CAB=(h2 /2)a(kaa)f) (B-28)

which is a non-zero scalar (i.e. an invertible matrix, size 1 x 1); thus [B*TQB* + R]"*B*TQ = B*71.
By substituting the equations (B-25) and (B-28) in Eq. (B-20), the control law of the PTC can be

expressed

u(t)=B" (K 12)[v(1)~CAx(1) |=a” (k,e} ) [ -5 (¢)+v(1)] (B-29)

which is the same as the control law of the FTC shown in Eq. (B-15) (where u'(f) = (w0, ka) ' u(?)).
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B.4 [Derivation 4.1]
Control law for a shake table — nonlinear structure - 2DOF system model using the FTC method

Equations for the True System

mx, (t) +c,X, (t) + fs (5) =-mJX, (t)

m %, (1) ={e %, (1) + £ (x)} = £,(1)

S5 (x) =k (x)%, (1) ’
RIRAG R AOICIG DR

@ m, @, m, dt
y(0)=5,(t)=-m"c.x, (t)—m" fs(x)
Equations for the Reference Model

X (t):—m ¢, X () 1kx ()+m _lr(t), X, (0):x

Vu(t)=%,(6)=-m,’ cmxm() ko (1)

By introducing notations for simplification:

|=
—~
e
~—
Il
1=

(B-30)

(B-31)

a=m’c; b=mk; c=m’c;
e=2m; [f=w; g=ak,; (B-32)
L@)=1t)/m;  u (t)=alkx,(t), u(t)=x,(1)
Eq. (B-30) can be rewritten,
5, () +ax, () +m, fy (x) = =% (¢)
SOl ml=r0
J5 ()= (x)%,(1) (B-33)
J(e)+ef, (0)+ 15, (1) + g (1) =u (1)
v(t)==as, (1) =m " fs ()

The system output y(¢) is to be differentiated until the control input u(¢) appears in the expression of the
differentiated output

y(6)=—ai (t)-m ' fs(x)
=[a(a+c)=m Mk (x) ] (1) +alm +m™)  (x)+af; (1)

#(e)=[a(a+ec)=m ey (x) 5, (6)+[ =m ke (x)+ a(m, " +m7 Y (x) |5, (¢)
+ (—ae)f;= (t) + (—af)xl (Z) + (—ag)x, (t) +au (Z)
where kr(x) is expressed as, by defining the state [x,(r) %,(?) fs(x)]" = [x1 x, x3]":

i ()= (x) _ Ok (x) Ok (x) . Ok (x),
T \& dt 6x1 1 axz 2 8)63 3

(B-34)

(B-35)

(B-36)
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where each term is defined in Section 5.2.1.2 (i.e. Eq. (5-68) through Eq. (5-70)) and repeated here for

convenience:
aka;(z) _ ag}(cz) FB(0): 62)(Cx) NI, (x)| sen(f,, (x))(—ak,) (B-37)
81;(1) :8};&;) % ag;X) NIf @ sen (£, )(1) (B-38)
azch(zz) ) ag)f) 7 () %(z—x) = 25(x,)sgn (f (). .39

where the relation d(x) x x = 0 (Dannon, 2012) (i.e. d(x) is the Dirac delta function) is used, and the d(x;)
in the last equation indicates that the function k7(x) has a jump at the unloading instant (where x, = 0)
from the hardening stiffness to the initial stiffness as shown in the hysteretic loop (Figure 4-1 (left)). This
5(x,) in kp(x) is multiplied by x; as k(x) % x5 in Eq. (B-41); thus, it does not affect the control law in Eq.
(B-40).

The differentiated output equation in Eq. (B-35) leads to the feedback control law
Control Law

() =a [ (t)+v(1)] (B-40)
where u'(f) = (0. k) 'u(?); u(t) = xt); and y*(¢) is defined from Eq. (B-35) as

()= a(a+e)=m, hep (x) |5, (0)+ [ =m, Fer (x) + a(m, " +m 7 ) lep (2) ], (2)

(B-41)
+(=ae) £, (1)+(=af ), (1) + (-ag) %, (1)
Substituting u (7) in Eq. (B-35) leads to
P(1)=v(¢) (B-42)
To reduce the tracking error signal e(?) = y(¢) - y.(?), the new input v(¢) can be
V(1) =3, (1) = kié(t)—koe() (B-43)

where kj and k; are the tracking error design coefficients, which are constant and positive, these lead to
the tracking error dynamics

Expected Achieved Responses

é(t)+hke(t)+he(r)=0 (B-44)

in which the error signal e(¢) goes to zero as time goes to infinity; e(f) — 0 as t — .
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B.5 [Derivation 4.2]
Comparisons of Feedback Tracking Control Methods: PTC vs FTC for a 2DOF nonlinear system
As shown for a the shake table-structure 2DOF linear system, for a 2DOF nonlinear system one can
also show that the control law of the predictive tracking control (PTC), shown in Eq. (4-18), becomes the
same as the control law of the feedback linearization tracking control (FTC) method in Eq. (4-38) with
certain conditions (i.e. R = 0 and the chosen tracking error coefficients).
For convenience, the control law of the PTC shown in Eq. (4-18) is repeated here (i.e. £() = x(¢) for

the systems with known parameters)

* * -1 * % *
u(t)=| B(x)" 0B(x) +R| B(x)" 0|y, (r+h)-A(x) x(r)] (B-45)
where A(x)" = [C + hCA(x) + (W12)C{d/dtA(x) + A(x)’}] and B(x)" = (h’/2)CA(x)B; i.e. here h is a time
interval for prediction, which is a tracking error design parameter and can be selected by an engineer, not
restricted to be equal to the time step of the controller or estimator. The system matrices A(x), B and C in

Eq. (4-8) and Eq. (4-9) can be expressed as, by using the notations in (B-32),

0 1 0 0 0 O 0]
0 (—a—c) —(ms_l +m,_1) 0 0 -1 0
4|0 K (x) 0 0 0 . B= Okawa
0 0 0 0 1 0 (B-46)
0 ¢ m” 0 0 0
0 0 0 -g —f —| L]
Cc=[0 —a m' 0 0 0]
Using these matrices, A(x) x(7) and B(x) " in Eq. (B-45) are computed
A(x) x(t)=[C+hCA(x)+ (R’ /2)c{d / did(x)+ A()_c)z}]g(t) (B-47)
which can be rewritten using y(f) = Cx(¢) and y(¢) = CA(x)x(¢) (see Eq. (4-17)):
A x(0)= () +hi (1) + (1 2) C{d / dea(x) + A(x) ]l (1) (B-48)

Substituting this equation and y;,(¢+4) of Eq. (3-44) in Eq. (B-45) leads to

[ (k)= A(x) x(e) | =(#° /z)[ym(z) —(21W)e(t)~(2/1)e(2) —C{d/th(;c)+A(gc)2};c(t)J
(B-49)
where e(f) = y(f) - yu(f). If one chose the tracking error coefficients: k; =2/ h and k3 =2 / h’ like the ones
in the FTC (see Eq.(B-43)), Eq. (B-49)becomes

[y (e+h) = A x() )= (0 12)| ()~ C{a/ dua(x) + ()} x(1) | (B-50)
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in which C{d/dtA(x) + A(x)’}x(f) can be expressed
C{d / dtA( x) +A()_c)2};c(t) =[O —m "'k (x) —a(—m;1 —m )kT (x) +{—a(—a —c)—m, 'k, (J_C)} (—a—c)
{—a(—a —c)—m, 'k, ()_c)}(—m;1 —m;l) —ag —af —{—a(—a —c)-m'k; (5)} —ae};c(t)

(B-51)
One can show that this equation is the same as y*(¢) in Eq. (B-41) by substituting X(¢) of Eq. (B-33):

i (0)={[ala+e)=m ey (x) ) (~a =) +[ -m ky (x) + alm " +m Vi (x) ] (1)
+[a (a+c)=m 'k, (z)](—m{l —m,” )fs (x)+(=af)% () (B-52)
+(-ag)x,(r)+{-[a(a+c)-m;1kT ()_c)}+(—ae)} ()
B(x)" in Eq.(B-45) is also computed
B(x) =(//2)CA(x)B=(I" /2)a(k,e7) (B-53)
which is a non-zero scalar (i.e. an invertible matrix, size 1 x 1); thus [B(x) *TQB(x) * + R]7'B(x) *TQ =
B(x)* L.

By substituting the equations (B-50) and (B-53) in Eq.(B-45), the control law of the PTC can be

expressed

ult)=B(x)” (/2 (0)~Cla tax) - AxY ) | d) [ (6) (0] 554

which is the same as the control law of the FTC shown in Eq. (4-38) (where u (7) = (w, k) 'u(?)).

B.6 [Derivation 4.3]
L, property of the state with a stable matrix
For a following LTI (linear time invariant) system with a n x n stable matrix A4,

x(t)=4x(t) (B-55)
it can be shown that a n x 1 state vector x belongs to L, as well as L., (i.e. x € L,, N L,) as following. Since
A is a stable matrix, the following Lyapunov function (i.e. a chosen scalar function ¥(x) > 0 for x # x.)
can be found (i.e. refer to the Lyapunov direct method introduced in Section 3.2)

V=x"(t)Px(t) (B-56)
where P is a n X n positive definite matrix (P > 0) and a unique solution of the following Lyapunov
matrix equation

A"P+PA=-Q (B-57)

where Q is a n x n positive definite matrix (Q > 0). The time derivative of Eq. (B-56) yields
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V=-x(1) 0x(t)<0 (B-58)
(for x # x.). Therefore, the equilibrium point x, = 0 is asymptotically stable. From Eq. (B-56) and Eq.
(B-58) we also know that x is bounded (i.e. x € L) (refer to Theorem 3.4.3 in loannou and Sun, 2012),
and V({) is bounded from below (¥(£) > 0) and is nonincreasing with time (V(¢) < 0), which indicates that
lim,_,., ¥(¢) = V., (finite). In addition, since Q > 0, we have

Aoin ()] < x(t) Qx () < Ay (O)]af (B-59)
It is noted that in this study the following notation is adopted unless stated otherwise: |x| = |x(¢)|, and ||A]|

= ||A||,, representing the Euclidean norm and the induced Euclidean norm respectively. Substituting Eq.

(B-59) into Eq. (B-58) leads

V=x(t) 0x(t)< Ay, Q)] (B-60)
Now one can show that
[laldr < (2, (2)) " [V (£)d7 = ~(20a (0)) [V () -V (0)] (B-61)

which is finite (i.e. x € L,). Therefore, it is shown that x € L,, N L, for the LTI system with a stable matrix
A shown in Eq. (B-55).

B.7 [Derivation 4.4]
L, property of the restoring force of the nonlinear hysteretic system

The nonlinear hysteretic system shown in Eq. (4-54) is repeated here for convenience

fo(x)+a'm 'k fo(x)+a'm 'k, (x)fs (x)=i () (B-62)
where a'l, ms'l, ky are positive constant scalars (i.e. a'l, ms'l, k> 0), the inelastic part k;,(x) is bounded as 0
< k() < (1— a)ks < ks with 0 < a < 1 in this study (see Eq. (4-52)), and the input term u(¢) € L, N L,.
From this equation, one can show that fs(x) € L, N L, and f s(x) € L, N L, as following.

For simplicity, introducing new notations: fs(x) = x(¢); a'mk, = ES; and a'lms'lkin()_c) = Ei,,(t); Eq.

(B-62) becomes

x(t)+kx(t)+k, (t)x(t)=u(t) (B-63)
The solution of this equation can be expressed

x(1)= Ry 4 J-; ek (z)x(7)dz + J:) e"z‘("’)ﬁ(r)dr

o o o (B-64)
=e ety +e L Mk, (z)x(7)dr + e’k""jt ek"TL_l(f)dT
where xy = x(#;) and by multiplying each side by exp(Es.t) one has
e’;“’x(t) = e’;“"’xo + I: e’;“’l;in (z)x(7)d7 + J.: e’;“rﬁ(z')dr (B-65)
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Hence, the following inequality can be expressed

(1)) < €, + j 'k, (7)) (c)|dr + ¢ |ir(v)|dr (B-66)
which can be rewritten as

HOEIGE j k, (7)|7 (7)|dz (B-67)
where

[T (0)]=e[x(r)] . A(r)=e"x, + j ¢ [ (r)|dz.

Applying the Bellman-Gronwall Lemma II (refer to Lemma 3.3.8" in Ioannou and Sun, 2012) with k() =

E,-n(t), one has
RO A [ A as (B-68)

where

Alty)= X, A(s)= &

L_l(S)|.

Therefore, using that the maximum of k;,(x) = ki, = (1— @)k, with 0 < o < 1,

|)_C(t)|S xoe;x"‘ef’”/;"(sw +[ et |”_’(S)|ej\ Eﬂ(r)drds
o (B-69)
- = _ [ -5)|—
< xyel gl o) 4 6 e a(s) ds
By multiplying each side by exp(—k,f), one has
(O 5 T [ D
(F o) ! tozz 3 o
(k.- -t K=Ky N1=5) | —
RN [

where the right-hand-side is bounded if (ks — E,«,,,m) > 0, and it is always satisfied in this study since 0 < a

< 1; thus, (ES - E,-n,m) = aES = cjaks; > 0. Furthermore, the right-hand-side belongs to L, because the first

term belongs to L, (i.e. the L, norm is finite) and the second term also belongs to L, according to Theorem

" Lemma 3.3.8 (Ioannou and Sun, 2012): Let A(¢), k() be nonnegative piecewise continuous function of time 7 and

let A(7) be differentiable. If the function y(¢) satisfies the inequality
y(0)<A(0)+ [ k(o) (z)dz, Viz4,20
then

p(0)= () [ A P as, iz, 20,
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3.3.2" (refer to Ioannou and Sun, 2012) where A(t — 7) = exp[—(Es —Ein,m)(t — 7)], which belongs to L,
since (ES —E,«,,,m) > 0, and u(f) € L, N L,. Therefore, it is shown that x(¢) € L., N L, since the right-hand-
side of Eq. (B-70) belongs to L, N Lj.

B.8 [Derivation 4.5]
L, property of the actuator force of the nonlinear hysteretic system

The nonlinear system equation of the actuator force shown in Eq. (4-56) is repeated here for convenience

@+ R (@) £ ()=~ ~h(x)(a+e)+i(x) 5, ()= [ () (m, " +m™ )+ [ (x) 4, (1) B-7)
(1)

where in the right-hand-side the new input term u,,(¢) is introduced for simplicity, and u,(¢) € L, N L,

since X (), fs(x), un(t) € L, N L, (as discussed for (4-56) in Section 4.3). Also, E()_c), i(x) are bounded
functions (i.e. E(}_c), i(x) € L) as shown in Eq. (4-44):

h(x)=—[(a+e)=a'm 'k (x)-k ;

i(g) = —[—a‘lmj_lléT (g) + (ms"1 +m”! )kT (g) —ka”'m 'k, (g) — k;};
where all terms are positive constants except k7(x) and k#(x), and k7(x) € L., (as shown in (4-51)). kx(x) is

expressed, by defining the state [x,(f) %) fs(x)]" = [x1 x> x3]", in Eq. (B-36): as repeated here for

convenience

_ dk; (x) _ Ok, (x) i+ Ok; (l)x + Ok, (x) (B-72)

k
r(2)== ox, o, 2 ox,

where each term is defined in Section 5.2.1.2 (i.e. Eq. (5-68) through Eq. (5-70)) and all terms are

bounded except the following term

Ok (x) _0B(x) . 0P _
T aw, W o 25(x,)sgn (f, (x))

' Theorem 3.3.1 (Ioannou and Sun, 2012):
The reference considers an LTI (linear time invariant) system described by the convolution of two functions u, & : R"

— R (i.e. t > 0) defined as

y(t)=ux*h EJ.Oth(t—z')u(z')dr

where A(7) is the impulse response of the system.

The reference says that the following results hold for the system above. If u € L, and / € L, then

[0, <[l e,

where p € [1, «].
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where the relation Jd(x) x x = 0 (Dannon, 2012) (i.e. d(x) is the Dirac delta function) is used, and the d(x;)
in the last equation indicates that the function k7(x) has a jump at the unloading instant (where x, = 0)
from the hardening stiffness to the initial stiffness as shown in the hysteretic loop (Figure 4-1 (left)). This
5(x,) in kp(x) is multiplied by x as k(x) x x, in Eq. (B-71); thus, it does not affect the stability of the
system and it concludes that i(x) € L.

Now, from Eq. (B-71) one can show that £(f) € L, N L, and f;(¢) € L, N L, using the same
procedure shown in Derivation 4.4 in Appendix B.7. The function h(x) in the left-hand-side of Eq. (B-71)
can be expressed in two parts: an elastic part k and inelastic part Kin;

h(x)= —[(a +c)—a'm 'k (x)- k:} = [a’lms’lks +hk —(a+ c)] + [a’lms’lkm (g)] (B-73)

ki (1)

1

Thus, Eq. (B-71) can be rewritten as
Fa(0)+ K (0)+ ke, () 12 (1) =2, (¢) (B-74)
which is the same form as Eq. (B-63); therefore, it can be shown that £;(¢) € L., N Ly if (k — ki) > 0

where

k -k, = [a’lins,’lkY +k —(a+ c)] - [a’lms’1 (1- a)kJ =a"'mak +k —(a+c) (B-75)

and this condition can be easily met by choosing the design coefficient k; in Eq. (4-42) to be larger than
(a + ¢). Since h(x) € L., and f;(¢), tun(f) € L., N Ly, from Eq. (B-71) £;(1) € L, N L.

B.9 [Derivation 5.1]
Derivation of the recursive least squares algorithm with forgetting factor
The continuous-time non-recursive least squares algorithm is given in Eq. (5-11) and Eq. (5-12),

which are repeated for convenience:

()= P(t)[e‘ﬂtQE,Oéo + j;e*/’(“’) [2(z)¢" (] dr} (B-76)
where

P(t)= [eﬂ’QE,O + I; e i) [Q(r)f(r)]dt}l (B-77)
Since Opy > 0 (selected) and ¢(1)g’(z) > 0, P(f) is a positive definite matrix and invertible. Using the
identity,

%[P(f)ff (6) [=P(e) P (1) + (1) P (1) =0 (B-78)

P(#) is expressed
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P(t)=-P(¢) P (¢)P(¢) (B-79)

where P™'(f) can be obtained by taking inverse of P(f) in Eq.(B-77), then differentiating it with respect to ¢

P (1) =P 0y, +{ 900 0 P, [9(0) @) ]|

(B-80)
=4(1)¢" - pP" (1)
Substitution of this equation into Eq. (B-79) gives
P(t)=pP(t)-P(1)g(1)¢" () P(¢) (B-81)
with P(0) = Py= Qg,". Similarly, by differentiating Q (t) in Eq. (B-76) with respect to ¢, one has
0(0)=P(1)] 70, + [ () (r)]dr}
(B-82)
«P(0) ()80 B 0,8+ [ " [ (5) ¢ (0 Jar |
which can be simplified using Eq. (B-81) and Eq. (B-76)
d , T —pt ) L _pli-r
“00)=-P() ()8 (VP(1)| Qs + [ " [2()g ()] |+ P(1)=(0) g1
a) (B-83)

= (1] 2()-¢' (9011) (o)

which can be further simplified using the definition of the estimation error &(¢) in Eq. (5-8)
0(t)=P(1)e(1) (1) (B-84)
This equation with Eq. (B-81) is known as the continuous-time recursive least squares algorithm with

forgetting factor, which are the same as Eq. (5-13).

B.10 [Derivation 5.2]
Derivation of the EKF in discrete time for implementation
The truth model of a nonlinear system (shown in Eq. (5-50) and Eq. (5-51) in continuous time) is

rewritten in discrete time

=+ [ (x(0),u(e).0)+ Guw(r)dr (B-85)

k
ye=h(x)+y (B-86)
where all terms are explained in Section 5.2.1.1. v, and w; are measurement and process noise (or errors
in model), respectively, and they are assumed to be zero-mean Gaussian white-noise processes. In this

study, both noise covariance matrices Rg; and Qg are assumed to be constant at all time; thus Rg; = Rg

and Qg = Ok.
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The estimator structure shown in Eq. (5-54) in continuous time can be expressed in two stages

equations in discrete time as

Sp = & [ (20 ().t (B-87)
& =& +K 7 -h(&)] (B-88)

where K is the estimator gain and Eq. (B-87) with sign ‘-’ is known as the prediction equation, and Eq.

(B-88) with sign ‘+’ is known as the update equation. The estimate error covariance matrices are defined

as
b, =E {XJ;HXI;IT} (B-89)
P E {5 (B-90)

where the estimate state errors are Xgyq = Xj4q — Xk41 and X3¢ = £ — x;. Using the Taylor series
expansion about the current estimate £(¢) (i.e. assuming that the true state x(¢) is sufficiently close to the
estimated state X(f), which is used for the nominal state), the f(x(¢),u(?),f) and h(x(¢),f) were expressed in

Eq. (5-52) and Eq. (5-53) and repeated here:

)0 ) 10 )+ (x0)-300) @91
D s
h(x(1).1) ~h(50.0)+ 22 (x()-3(1) B2

The estimate state errors are X, = X411 — Xx+1 1S given by using Eq. (B-87) for X, and Eq. (B-85)

for xy.+1, after substituting Eq. (B-91) for f(x(?),u(?),?):
=&+ [ (0X(1) -G (0)w(epr (B-93)
where F(¢) is introduced for the Jacobian matrix of f(x(¢),u(?),f) as shown in Eq. (5-57), evaluated at the

current estimate X(#). Using the first order approximation of the integral part, Eq. (B-93) can be rewritten

as

X =X +ALF, (&:)&: - A1Gw,

= {1+ AF (& )} & - MG w, =0, & -, (B-94)
- - —_
D, X,

where Fi(X;) is the same Jacobian matrix of f(x(#),u(?),t), evaluated at the current estimate £; . It is noted
that Eq. (B-94) is the same structure of the estimate state error X;,, equation of the KF, shown in Eq.

(5-43). Then, Py, is defined by substituting Eq. (B-94) into Eq. (B-89) and using that E{w, %"} = 0:
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B, =0, D +Y,0,Y,] (B-95)

For the update stage, substitution of Eq. (B-88) with Eq. (B-92) for £ in X = &7 — x) gives

§:§+Kk[_Hk(i;)i1;+Xk}

=(I—Kka)§,: +K,v,

(B-96)

where Hi(X),) (or H; for brevity) is introduced for the Jacobian matrix of h(x(¢),f) as shown in Eq. (5-57),
evaluated at the current estimate £, . Then, P is defined by substituting Eq. (B-96) into Eq. (B-90) and
using that E{ykg,;T} =0:

P =[I-KH, P [I-KH,] +KRK, (B-97)
The optimal estimator gain Kj is determined by minimizing the trace of P, which is equivalent to
minimize the length of the estimation error vector. The index function, the same as that of the KF shown
in Eq. (5-47), is repeated here:

J(K)="Tr(R) (B-98)

By solving dJ /0K, = 0 for K}, it results in:

-1
K, =B H'|HEH'+R,| (B-99)

Substitution of Eq. (B-99) in Eq. (B-97) leads to
B=[1-KH,]P] (B-100)

The EKF update stage defined in Eq. (B-88) and Eq. (B-100) with the optimal gain K in Eq. (B-99) and
the EKF prediction stage defined in Eq. (B-87) and Eq. (B-95) are presented in Section 5.2.1.1.
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