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Preface

MCEER is a national center of excellence dedicated to the discovery and development of new 
knowledge, tools and technologies that equip communities to become more disaster resilient in 
the face of earthquakes and other extreme events. MCEER accomplishes this through a system of 
multidisciplinary, multi-hazard research, in tandem with complimentary education and outreach 
initiatives. 

Headquartered at the University at Buff alo, The State University of New York, MCEER was originally 
established by the National Science Foundation in 1986, as the fi rst National Center for Earth-
quake Engineering Research (NCEER). In 1998, it became known as the Multidisciplinary Center 
for Earthquake Engineering Research (MCEER), from which the current name, MCEER, evolved.

Comprising a consortium of researchers and industry partners from numerous disciplines and 
institutions throughout the United States, MCEER’s mission has expanded from its original focus 
on earthquake engineering to one which addresses the technical and socio-economic impacts of a 
variety of hazards, both natural and man-made, on critical infrastructure, facilities, and society.

The Center derives support from several Federal agencies, including the National Science Founda-
tion, Federal Highway Administration, Department of Energy, Nuclear Regulatory Commission, 
and the State of New York, foreign governments and private industry.  
 
The research presented herein was developed to service multiple projects executed at the Univer-
sity at Buff alo’s Structural Engineering and Earthquake Simulation Laboratory (SEESL), which 
required advanced testing capabilities beyond those that currently exist. Based on stringent 
requirements of qualifi cation testing, the research developed tools suitable for investigative and 
qualifi cation purposes. The initiatives from the Suspended Nonstructural Component Systems 
Consortium, the NEES Nonstructural Components Research Project and most recently the 
Bonneville Power Administration projects on the protection and isolation of transformers and 
bushings, triggered the need to improve the controls of the shake tables. These controls have much 
broader applications in the control of structures and critical equipment through active isolation.
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ABSTRACT  

 
Shake table testing is an important tool to challenge integrity and service behavior of structural and 

nonstructural specimens by imposing strong excitations at their base. High fidelity of bare shake tables 

can be achieved through feedback control of actuators’ inner loop with fixed gains, based on table tuning 

procedures. When shake tables are loaded with specimens, the interaction between tables and specimens 

influence the system dynamics that might result in undesired performance. In order to compensate the 

effects of the interaction, open loop feedforward compensation methods have been satisfactorily used in 

the current practice of table controls, assuming that the specimens remain linear and unchanged. On the 

contrary, unsatisfactory signal performances during shake table testing were observed when flexible and 

heavy specimens experience nonlinear behavior. While lack of high fidelity might be acceptable for the 

purpose of research, i.e. to explore responses of specimens subject to random excitations, a high fidelity 

of signal reproduction is necessary for the shake table applications for qualification testing where specific 

target motions are required to challenge the specimens.  

In this study, tracking control schemes are proposed for shake tables in order to simulate target 

motions at specific locations of structural test specimens. The motion applied at the shake table level 

would probably be different than the target motion within the test structure; however, proper design of the 

shake table motion would ensure the desired performance of the controlled structure. The design of such 

controller is dependent on the dynamics of the shake table, dynamics of the test structure and their 

interaction. Additionally, when the specimens change properties due to nonlinearities and yielding caused 

by extreme excitations, the controller must be adaptive in order to account for the changes and 

uncertainties in system models and to ensure the desired tracking.  

Metaphorically, the procedure suggested herein would seem to help the performance of an acrobat, 

who tries to balance a flexible stick on his palm, ensuring that the payload at the upper end of his stick 

will not fall or have undesired movement.  But even for the acrobat, the success will be limited by the 

strength of his palm and the space where he will have to maneuver. Similarly the methodology sought in 

this report attempts to determine the procedures and limitations for real life applications of base 

movements with targeted control in test structures. 
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SECTION 1 

INTRODUCTION 

 

1.1 Seismic Testing of Nonlinear Structures 

Shake table tests allow realistic earthquake motions to be reproduced in order to challenge complex 

specimens and provide valuable knowledge of seismic performance of structures and nonstructural 

systems.  However, the reproduction of dynamic signals is usually imperfect due to the dynamics of the 

shake table and mostly due to the complexity of test specimens. When shake tables are loaded with the 

test specimens, the interaction between tables and such specimens affect the system dynamics and might 

result in undesired performance. In order to compensate for these interaction effects, open loop 

feedforward methods with offline and online error correction methods have been developed and widely 

used in practice. Even though these control methods were proved to be valuable and practical tools to 

challenge linear structures using shake tables, most developments assume that specimens remain linear or 

their nonlinear behavior is negligible. 

However, when flexible and heavy specimens (compared to shake table weight) experience nonlinear 

behavior, the signal reproduction of the shake table can be unsatisfactory; for instance, large differences 

between the target motion and achieved shake table motions with a heavy nonlinear specimen were 

observed by Schachter and Reinhorn (2007). These phenomena might be acceptable for exploratory 

research of structures subjected to random excitations, where no specific forcing motions are required. 

Unlike such exploratory research projects, “qualification testing” designed to verify certain performance 

of test specimens, must have high fidelity of signal reproduction that can challenge the structures by 

specifically required target motions. For example, qualification tests of nonstructural ceiling systems 

demand the reproduction of the required motions at specific locations within specimens mounted on shake 

tables. This can be a challenge for currently existing control methods if specimens experience nonlinear 

behavior that continuously changes their behavior. 

The objective of this study is to develop a controller for shake tables combined with a parameter 

estimator such that an output response y at a specific location in a nonlinear hysteretic test structure (e.g. 

the roof/floor of a specimen) will track a pre-defined desired target response motion ym. The control target 

motions considered in this study include: i) any total floor acceleration history that could be expected in 

the specimen and ii) total floor acceleration defined by a required response spectrum, such as AC156, the 

standard for shake-table testing of nonstructural components (ICC, 2010).  It is noted that in order to 

generate realistic “target floor” motions within structures for (i) above, such motion should be obtained 

from a numerical linear structural model subjected to simple pulse type excitations or real earthquake 
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records.  This kind of model is used herein and is referred to as the “reference model”. However, any 

theoretical target motion, such as recorded floor motions, without the reference model, can also be used. 

This control concept is schematically shown in Figure 1-1 where a test specimen is represented by a 

single degree-of-freedom nonlinear structure whose parameters are not fully known (the table 

displacement with respect to the ground is defined as xt and the relative displacement at the top of the 

structure with respect to the shake table is xs, and other terms are defined in the following sections). The 

motion applied at the shake table level would probably be different than the target motion, ym within the 

structure, but proper design of the table motion will insure the desired performance is achieved. The 

design of such a controller is dependent on the dynamics of the shake table, dynamics of the structure and 

their interactions. Additionally, when the structures change properties due to nonlinearities and yielding, 

the controller would have to be adaptive in order to insure the desired tracking.   

If successful, development of such a controller could be further expanded and used to achieve a 

desired performance at control locations in real structures using a hybrid passive-active isolation system, 

for example. Simple buildings, utility structures such as those used in transportation systems and power 

distribution, or sensitive manufacturing plants can benefit from such solutions.  

Metaphorically, the procedure would seem to help the work of an acrobat that tries to balance a 

flexible stick on his palm insuring that the payload at the upper end of his stick will not fall or have 

undesired movement.  But even the acrobat’ success will be limited by the strength of his palm and the 

space where he will have to maneuver.   The methodology sought in this study will try to determine 

procedures and their limitations for real life applications. 

 

 

Figure 1-1 Schematic of tracking control to simulate the target motion at a test structure 

 

More specifically, the problem can be understood from previous studies and developments.   In order 

to simulate a target motion in a linear structure (specimen), an open-loop (feed forward) compensation 

method using a table-structure system transfer function was developed (Maddaloni, Ryu, and Reinhorn, 
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2010) and implemented at the University at Buffalo (UB – SEESL) by the authors of this report. 

However, when specimens experience nonlinear behavior due to high intensity excitations, the pre-

computed compensation functions are not valid anymore, and the signal reproduction at the specified 

locations can be highly inaccurate. This can cause unreliable responses of a structure and secondary 

systems installed on the system. Therefore, more advanced control algorithms are needed to extend the 

use of shake tables to continuously changing and nonlinear specimens.  

 
Figure 1-2 Schematic of closed-loop compensation procedure 
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Structure 

Nonlinear 
Structure 

(a) Feed-forward tracking control scheme 
using pre-computed excitation (left) and the responses (right) 

(b) Feedback tracking control scheme 
using real-time computed excitation (left) and the response (right) 
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This concept is schematically described in Figure 1-2. For the tracking control problem using a shake 

table, the control excitation input u(t) might be pre-computed using the feed-forward compensation 

control method (described in Section 2.5). The tracking will be satisfactory if the controlled structure is 

linear (i.e. in this study, referring to linear system or linear time invariant system). However, if the 

structure experiences nonlinear behavior, the pre-computed excitation input cannot account for it and 

results in the tracking errors between the target motion [ym(t)] and the achieved response [y(t)] of the 

controlled structure as shown in Figure 1-2 (a). If feedback tracking control methods are introduced as 

shown in Figure 1-2 (b), the control excitation input u(t) can be computed in real time using a feedback 

controller combined with a parameter estimator such that the achieved response could follow a target 

motion. The system properties and more results of this example shown in Figure 1-2 can be found in 

Appendix A.1. 

A feedback tracking control procedure proposed in this study to simulate target motions at nonlinear 

structures using shake table control is presented in Figure 1-3 with the assumption that it is possible to 

provide a real time control excitation input, computed through an outer loop (ex. using a  real time hybrid 

simulation controller (UB-RTHSC) such as one at the University at Buffalo), to the servovalve-actuator 

of the shake table system (which has inner closed-loop feedback control). The control excitation input u(t) 

can be the desired shake table displacement xd(t) (such as used in a typical shake table control), primarily 

driven by stability considerations. When a target motion ym(t) at a structure with its initial condition is 

specified, the control excitation input u(t) is to be determined in real time, which will reduce the tracking 

error between the target motion ym(t) and the output y(t) of the structure, such that y(t) will follow the 

target ym(t). To determine the control excitation input u(t), the system parameters are to be known. In 

order to deal with parameter uncertainties due to hysteretic behavior in nonlinear structures, a real time 

estimator is introduced and combined with the controller.   

 

  

Figure 1-3 Schematic of the feedback tracking control scheme 
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The research problem is stated in Section 1. The current practice for shake table control is reviewed in 

Section 2. Tracking control methods for linear systems are introduced in Section 3, assuming that all 

parameters are known. In Section 4, feedback tracking control methods are extended to nonlinear 

hysteretic systems. Real time parameter estimation methods are introduced in Section 5 for systems with 

unknown parameters. The above control schemes are combined with the real time parameter estimators in 

Section 6 and Section 7 for linear and nonlinear systems, respectively. The developed methods are 

numerically applied to a realistic shake table – structure setup, using their real characteristic values, and 

the results are presented in Section 8. The remarks and conclusions are addressed at the end of this report. 

 

1.2 Tracking Control in Shake Table Testing (Literature Review) 

Shake table systems play a pivotal role in experimental earthquake engineering. The systems provide 

effective ways to subject structural components, substructures, or entire structural systems to dynamic 

excitations, which are similar to those induced by real earthquakes. In general, shake table systems consist 

of mechanical (e.g. platform), hydraulic or electromagnetic actuators (with servovalve), and electronic 

(controller and sensors) components (Ozcelik et al., 2008). The shake table (platform), which supports a 

specimen (structure), is constructed to provide high stiffness with minimum weight and is usually 

controlled by servo-hydraulic actuators. The controller provides the servovalve command to achieve a 

specific position of the actuator such that the platform will follow a pre-defined target motion. However, 

reproduction of a dynamic signal has many challenges involving servovalve actuator dynamics, shake 

table-structure interaction, nonlinear behavior such as compressibility of oil column in the actuator 

chamber and oil leakage through actuator seals, etc. (Ozcelik et al., 2008 and Maddaloni, Ryu and 

Reinhorn, 2010).  

In order to provide a better understanding of the shake table system and to improve its performance, 

mathematical models were developed by researchers (Blondet and Esparza, 1988, Rinawi and Clough, 

1991, Conte and Trombetti, 2000, Trombetti and Conte, 2002, and EFAST, 2009). The models developed 

for shake table systems were represented by transfer functions (in frequency domain) and validated by 

experimental results.  

In general, as addressed above, the objective of a shake table control is to simulate the pre-defined 

target motion such as an earthquake history at a shake table platform; this goal might be achieved by 

“tuning” (i.e. by tuning the inner loop feedback control parameters of servo-actuators) for a bare shake 

table system (Thoen and Laplace, 2004, Luco et al., 2010, and EFAST, 2009) such that the transfer 

function (i.e. the frequency domain ratio) between the target motion and the output of the shake tale has a 

unity gain in the frequency range of interest.  
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However, when a structure (specimen) is mounted on a shake table, the transfer function is distorted 

due to the shake table-structure interaction; i.e. this interaction between shake tables and linear structures 

was addressed by Blondet and Esparza (1988), Rinawi and Clough (1991), and Conte and Trombetti 

(2000). It is noted that the linear system model in the time domain, developed by Rinawi and Clough 

(1991), can be extended to nonlinear system models. In order to compensate for the distortion, a 

feedforward compensation method using the inverse transfer function, assuming the shake table-structure 

system is linear, has been widely used in industry (MTS, 2004) to reduce the tracking error between the 

target motion and the shake table response due to simulator dynamics and servovalve nonlinearities by 

this method, an offline iterative approach can be adopted; a detailed review of this method can be found 

in Spencer and Yang (1998). Recently, the feedforward compensation methods combined with real-time 

feedback loops to reduce the tracking errors were introduced by Nakata (2010) and Phillips and Spencer 

(2012) where outer feedback loops (i.e. “outer” is used to distinguish the feedback loop from the inner 

feedback loop of actuators) are used to reduce the tracking errors instead of the offline iteration approach. 

The methods were verified by experiments showing good agreements between the target and the output.  

More studies in the actuator-structure interaction in structural control applications can be found in 

Dyke et al. (1995) where the results with and without the interaction in control methods were presented 

and quantitatively showed that by considering interaction, better and more stable control methods could 

be established.  

Unlike general shake table testing where it is required to simulate a desired target motion at the shake 

table level, in other applications including the experimental evaluation of architectural or nonstructural 

components such as suspended ceiling systems (Reinhorn et al., 2010) or the qualification testing of 

complex equipment (IEEE, 2006) it is often required to simulate a floor/roof motion at a specific location 

(such as roof corners or mid spans) of a structure mounted on a shake table. In order to simulate a target 

motion at the structure level (instead of the shake table platform), a feedforward compensation procedure 

using a shake table-structure system transfer function with possible offline iteration correction was 

developed (Maddaloni, Ryu, and Reinhorn, 2010); the control method was implemented and 

experimentally verified. 

The key element, for the development of tracking control methods for shake tables discussed above, is 

a feedforward compensation method using the inverse transfer function. It is also noted that for a tracking 

control of a linear shake table-structure system, one may also use an optimal tracking control method 

(Kwakernaak and Sivan, 1972 and Kirk, 2004), which combines a feedforward loop with a feedback loop; 

the feedback loop may be more effective to reduce possible unknown errors and noise (like the methods 

developed by Nakata, 2010 and Phillips and Spencer, 2012). However, if a testing structure has more 

complex, nonlinear behavior (e.g. base-isolated systems) or a linear structure experiences yielding due to 
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high intensity excitation, the transfer function (i.e. which can be defined for a linear time invariant system 

(Chen, 1999)) is not valid anymore; therefore, the feedforward compensation loop, which is conducted 

offline, cannot be used and real time feedback control schemes are needed (Maddaloni, Ryu and 

Reinhorn, 2010).  

In order to reduce the effects of structure (specimen) nonlinearities, various advanced methods have 

been developed: For example, an adaptive control method involving the minimal control synthesis 

algorithm was introduced to reduce the signal distortion due to a linear model assumption (Stoten and 

Gomez, 2001); a disturbance observer-based control approach was developed also to compensate the 

unknown disturbances, caused by structure nonlinearities, in a shake table (Iwasaki et al., 2005); and 

hierarchical control strategy and nonlinear control techniques, utilizing the sliding mode control 

technique, were proposed to compensate structure nonlinearity and uncertainties in experiments (Yang et 

al., 2015).  

While these methods aim to reproduce a target motion at a shake table platform by reducing the effects 

of nonlinear structures, the objective (as discussed in Section 1.1) of this study is to simulate a target 

motion at a specific location in a nonlinear structure mounted on a shake table. To solve this tracking 

control problem for a nonlinear structure using a shake table, the real time feedback control schemes 

including the predictive control method (Lu, 1994 and Lu, 1995) and the feedback linearization method 

(Ioannou and Fidan, 2006) are adopted: For the predictive tracking control scheme, first, the response 

(output) of a nonlinear system is predicted and a control law is developed by minimizing the predicted 

tracing errors between the predicted output and the target motion at every instant; for the feedback 

linearization method, the control law is developed in order to cancel the nonlinear terms in a system such 

that the system behaves as a linear or partially linear system and the output follows the target motion. 

These tracking methods for nonlinear systems can be extended to shake table and nonlinear structure 

applications by reformulating the system governing equations and by analyzing error dynamics and state 

responses.    

Another challenge to control a nonlinear structure is that the system parameters might not be known a 

priori; for example, the change of structure stiffness in hysteretic behavior and/or the yielding force may 

not be accurately known in advance. Therefore, the real time parameter estimation, combined with the 

feedback controller, might be required. In structural applications of the real time (online) parameter 

estimation for nonlinear systems, many advanced methods including the least squares method (Smith et 

al., 1999 and Yang and Lin, 2004), the extended Kalman filter (Yun and Shinozuka, 1980 and Wu and 

Smyth, 2007) and the unscented Kalman filter (Wu and Smyth, 2007, Omrani et al., 2013, Hashemi et al., 

2014, and Song and Dyke, 2014) have been successfully applied numerically and experimentally. For the 

least squares method, a system equation is formulated in a certain way such that the unknown parameters 
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are linearly related to the state of the system and the estimate is updated using the measurements in real 

time: one can show the stability of this method in that the estimate error will be bounded (Ioannou and 

Sun, 2012). However, it might be difficult to apply this method to complex nonlinear systems where the 

nonlinear terms cannot be separated by the parameters and the state (i.e. this issue will be discussed in 

Section 5.1.1.3). Both the extend Kalman filter (EKF) and the unscented Kalman filter (UKF) are 

extensions of the Kalman filter, which is a widely used observer to estimate the state of a linear system 

(Song, 2011); the EKF and UKF are able to estimate the state and system parameters of nonlinear 

systems. For the EKF, the unknown parameters are augmented to the state vector and at each instant the 

nonlinear system matrix is approximated by its Jacobian matrix using the 1st order Taylor series 

expansion; the estimator gain is computed to minimize the length of the estimate error vector (Crassidis 

and Junkins, 2012). Even though the method does not have certain stability properties (unlike the least 

squares method) because of the unknown effects of remaining terms of the Taylor series, this method 

might be applicable to more complex nonlinear systems. Unlike the EKF, the UKF does not require the 

Jacobian matrix and can be applied to non-differentiable functions. However, the UKF typically involves 

more computations than the EKF (Crassidis and Junkins, 2012), which might cause difficulties in real 

time control applications. In this study, the Jacobian matrix of the interested nonlinear hysteretic system 

will be determined; therefore, the EKF is applicable. The nonlinear tracking controllers will be 

reformulated to be combined with the real time estimator using the EKF. 

As addressed above, in this study, the real time feedback controllers using the predictive control 

method and the feedback linearization method are modified and combined with the extended Kalman 

filter as the real time state and parameter estimator in order to develop a methodology to determine the 

excitation of a shake table, such that the response of a nonlinear hysteretic structure will follow a pre-

defined target motion.  

Furthermore, if successful, the proposed methods could be expanded to control real structures using 

base motion controls (although this is not a scope of this study). Similar structural control concepts, 

known as active base isolation that consists of a passive isolation system combined with control actuators 

(Chang and Spencer, 2010), have been developed by many researchers, including Reinhorn et al. (1987), 

Kelly et al. (1987), Inaudi et al. (1992), Nagarajaiah et al. (1992), Yang et al. (1996), Luo et al. (2000), 

Pozo et al. (2006), Chang and Spencer (2010), and Suresh et al. (2012). These linear control methods, 

nonlinear control methods, and nonlinear adaptive control methods (Pozo et al., 2006, and Suresh et al., 

2012) have provided excellent active base isolation control design. Especially, the developed methods of 

Nagarajaiah et al. (1992), Yang et al. (1996), and Chang and Spencer (2010) were experimentally 

verified. While the most methods focus on stabilizing (making zeros of) the system responses, the 

proposed control method in this study could be also used to control system responses to track desired 
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target motions like the controllers by Pozo et al. (2006), providing another possible and flexible control 

scheme to the design engineers.  

 

1.3 Notation 

All symbols used are defined where they first appear in the report, and are also summarized here. The 

principal meanings of the commonly used notations for the tracking control methods are provided below.  

 

Symbols Description 
Index  

(Section) 

x  
True state of controlled (shake table-structure) system; 
State vector x contains the state variables such as the displacement  
and velocity responses, etc. 

2.2, 3 

x̂  Predicted (estimated) values of the true state x 5.2 

x  Estimated error of the true state; i.e. (t) = (t) - (t) 5.2 

mx  State of a reference model 3 

u  Control excitation input 2.2, 3 

r  Excitation input of a reference model 3 

y  
Response output of a controlled system, which is the selected response to track 
the target motion, and is the combination of the state variables; 
i.e. (t) = Cx(t) where C is defined in the context 

2.2, 3 

ŷ Predicted (estimated) response output of the true system y 3.3 

y  Measured output (state variables) of controlled system; 
i.e. (t) = Hx(t) + v(t) where H and v(t) are defined in the context 

5.2 

my  
Target motion, which can be the output of a reference model subjected to the    
reference input r(t) 

3 

e  Tracking error of target ; i.e. e(t) = y(t) - ym(t) 3.3 

  
Error vector of estimated  parameters; i.e. (t) = (t) - ∗;                                  
 ∗ is the true parameter and (t) is the predicted (estimated) parameter vectors 

5.2 
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SECTION 2 

CURRENT PRACTICE FOR SHAKE TABLE CONTROL 

  

A shake table-structure system consists of a platform supported by bearings driven by servo controlled 

actuators with a structure (specimen) mounted rigidly on its surface. The simplified schematic of the 

assembly of a shake table–structure system is shown in Figure 2-1 where actuators’ forces and internal 

stress resultants acting on the system are also presented (i.e. fs,I, fD, fS are the structure inertia, damping, 

and resisting forces; ft,I is the table inertia force; fa is the actuator force). 

 

 

Figure 2-1 Schematic of a shake table-structure system 

 

In order to move the structure sitting on the platform to match a target response, a controlled excitation 

should be applied at its base. The objective of the control system of the shake table–structure is to 

determine the desired excitation input xd(t) such that the response output y(t) of the shake table, or the 

mounted structure will follow the pre-defined target motion ym(t). In order to achieve this goal, a 

mathematical model of the system is used; in this section, the mathematical model for a linear system is 

introduced based on the developments by Rinawi and Clough (1991) and Conte et al. (2000), which will 

be used in the following sections for the development of the tracking control method, for both linear and 

nonlinear systems. 

 

2.1 Servovalve – Actuator Shake Table System 

Figure 2-2 shows a schematic of a typical shake table-actuator system. It consists of a rigid platform 

(table) driven by horizontal actuators that are controlled by servovalves.  
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computed using the error signal between the target (= the desired shake table displacement xd) and the 

actual (measured) shake table displacement xt. Using these subsystems, the system transfer function HT 

between the desired shake table displacement xd and the actual displacement xt is determined.  

 

 

Figure 2-4 Simplified functional diagram of a servovalve-actuator shake table system 

 

Servovalve’s transfer function  

The servovalve controller involves an inner loop feedback and a PID controller (see Figure 2-5). The 

relationship between the input signal Δxc3 (measured in volts), applied to the servovalve and the output 

servovalve’ spool displacement x3s  can be expressed as 

1 2
3 3

3 1 2

( )
( ) ( )

1 ( )

i i
p d

s ci i
s p d

k k k k s
x s x s

k k k k k s


 

 
 (2-1) 

where “s” is a complex variable of the Laplace transform and 

  k1 and k2 are the first and second stage gains 

   and  are the proportional and derivative gains 

  k3s is the gain of the servovalve main stage spool displacement 

In this study, this relationship is assumed to be linear (following the suggestions of  Nachtigal, 1990, 

Rinawi and Clough, 1991, and Conte et al., 2000), so that Eq. (2-1) becomes: 

3 3( ) ( )s sv cx t k x t   (2-2) 

where ksv is the global gain of the servovalve. The servovalve’ spool displacement x3s (in) produces a high 

pressure oil flow rate qs (in
3/s) to the actuator chamber (Blonet and Esparza, 1987), which is also assumed 

to be linearly related: 

3( ) ( )s xq sq t k x t  (2-3) 
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where kxq is the global flow-gain. From Eq. (2-2) and Eq. (2-3) one has the servovalve transfer function 

HV(s) between the input signal Δxc3 (volts) and the output servovalve flow rate qs (in
3/s) 

3

( )
( )

( )
s

V xq sv
c

q s
H s k k

x s
 


 (2-4) 

Figure 2-5 also schematically represents this relationship in a block diagram form (i.e. the outer box 

represents the servovalve transfer function HV(s), shown in Figure 2-4), which is the dynamic response of 

the servovalve system, as described by Eq. (2-1) through Eq. (2-4).  

 

 

Figure 2-5 Block diagram of servovalve system 

 

Actuator’s transfer function  

The total oil flow rate qt (in3/s) applied to the actuator’s chamber is a nonlinear function of the 

servovalve’ spool displacement x3s (in) and the actuator force fa (lbs) (Blonet and Esparza, 1987, Ogata, 

2010, and Rinawi and Clough, 1991); thus qt = f(x3s, fa). This relationship can be linearized about the 

origin (x3s = 0, fa = 0):  

3( ) ( ) ( ) ( ) ( )t s L xq s L aq t q t q t k x t k f t     (2-5) 

The first term on the right hand side qs (in
3/s) represents the flow rate induced by the servovalve spool 

displacement, and the second term qL (in3/s) represents the flow rate due to leakage. The terms kxq and kL 

are the flow-gain and the flow-force (loss) coefficient. With the oil flow input, the governing equation of 

the actuator piston can be expressed as 

 ( ) ( ) ( ) ( ) / 4 ( )t m c t aq t q t q t Ax t V A f t      (2-6) 

where  

  qm (in3/s) is the useful flow rate to the chamber causing piston to move  

  qc (in
3/s) is the equivalent compressibility flow rate  

  A (in2) is the actuator piston area 

  V (in3) is the volume of oil in the actuator 

k1

Δxc3 x2s 

x3s 

1st & 2nd stages ≈ ksv 

PID 
(inner) 

+
	

LVDT 

x3s qs 
k2 kxq 

k3s 
HV



 

15 

 

  β (psi) is the bulk modulus of fluid 

  xt (in) is the shake table displacement  

  fa (lbs) is the actuator force applied to the shake table 

From Eq. (2-5) and Eq. (2-6) it is obtained 

               / 4s m L c t a L aq t q t q t q t Ax t V A f t k f t       (2-7) 

Simply the total flow (qs) is a sum of the flow moving the piston (qm), the flow going to losses (qL), and 

the flow that go to the compression of the fluid (qc). Through this equation one can obtain the actuator 

transfer function HA(s) between the servovalve flow rate qs (in3/s) and the table displacement xt (in) 

considering losses and fluid compression: 

 
( ) 1

( )
( ) / 4 ( ) / ( ) ( ) / ( )

t
A

s a t L a t

x s
H s

q s As V A sf s x s k f s x s
 

 
 (2-8) 

Figure 2-6 also schematically represents this relationship in a block diagram form (i.e. the outer box 

represents the actuator transfer function HA(s), shown in Figure 2-4), which is the dynamic response of the 

actuator system, as described by Eq. (2-7) and Eq. (2-8). The potential interaction due to a mounted 

structure is indicated in the figure by a dot line – this issue is addressed further in Section 2.2. 

 

 

Figure 2-6 Block diagram of actuator system 

 

From Eq. (2-4) and Eq. (2-8), the transfer function HVA(s) between the input signal Δxc3 (volts) and the 

output table displacement xt
1 (in) for the servovalve-actuator system is  

 3

( ) 1
( ) ( ) ( )

( ) / 4 ( ) / ( ) ( ) / ( )
t

VA V A xq sv
c a t L a t

x s
H s H s H s k k

x s As V A sf s x s k f s x s
  

  
 (2-9) 

  

                                                      
1 In this section, for simplicity, for the xd and xt the conversion factors from their physical dimensions (in) to the 

corresponding electrical signals (volts) are assumed to be lumped to the gain constants.  
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Servovalve to Shake Table System Transfer Function 

The servovalve input signal Δxc3 (volts) can be computed as described in Conte et al. (2000): 

3 2( ) ( ) ( ) ( )c c ff dpx t x t x t x t     (2-10) 

 or in more detail:  

   2 ( ) 1/ ( ) ( ) ( ) ( )
o
PID

o o o o
c p i d c PID d t

H

x s k s k k s x s H s x s x s        
 (2-11) 

where Δxc (volts) is the table error signal (Δxc = xd - xt) between the shake table displacement  xt (volts) 

and the target (desired) command signal xd (volts).  is therefore described as the transfer function of 

the actuator controller (PID - proportional-integral-derivative) in which , ,  are the proportional, 

the integral, the derivative control gains, respectively.  The second term xff (volts) in Eq. (2-10) is the feed 

forward component:  

( ) ( )ff ff dx s k sx s  (2-12) 

in which kff is the feed forward control gain. The last term xdp (volts) in Eq. (2-10) is the differential 

pressure component 

 ( ) ( ) ( ) /dp dp dp ax s k P s k f s A    (2-13) 

where kdp is the delta pressure control gain, and ΔP (psi), the differential pressure across the actuator 

piston, is expressed as ΔP = fa/A.  Substituting Eq. (2-11) though Eq. (2-13) into Eq. (2-10),  the  

servovalve input signal is therefore:  

   3( ) ( ) ( ) ( ) ( ) ( ) /o
c PID d t ff d dp ax t H s x s x s k sx s k f s A      (2-14) 

The transfer function between the target displacement xd (in) and the shake table displacement xt (in) is 

obtained from Eq. (2-9) and Eq. (2-14): 

 
  

3 3

3

( ) ( ) ( )
( ) ( ) or

( ) ( ) ( )

( ) ( )
( )

1 ( ) ( ) / ( ) / ( )

c t c
T VA

d c d

o
VA PID ff

T o
VA PID dp a t

x s x s x s
H s H s

x s x s x s

H s H s k s
H s

H s H s k A f s x s

 
  






   

 (2-15) 

Figure 2-7 also schematically represents this relationship in a block diagram form; i.e. the outer box 

represents the system transfer function HT(s), which is the dynamic response of the servovalve-actuator 

shake table system (or “shake table system” for brevity). 
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Figure 2-7 Schematic diagram of a servovalve-actuator shake table system 

 

The transfer function in Eq. (2-15) is presented in the Laplace (complex frequency) domain. For the 

real time control development, the time domain solution is needed, and first the same relationship (shown 

in Eq.(2-15)) between the input target displacement xd and the output shake table displacement xt is 

expressed as: 

 

           
4

o o
xq sv d xq sv p

do
xq sv i

xq sv dpa a to o ot
L t xq sv d t xq sv p t xq sv i

t t

k k k s k k k
x s

k k k s

k k kf s f s x sVm
k m A k k k x s k k k x s k k k

A m A m s

 
  

 

 
      
 




 (2-16) 

It is noted that due to the actuator PID controller  and the feed forward component xff, filtering to xt 

and xd are applied. These filtering effects might be important in real system applications and need to be 

monitored from actual experimental setups; however, in this study, it is assumed that the gains are chosen 

as  =  and kff = 0 (xff = 0); therefore, Eq. (2-16) can be expressed in the time domain:  

         

         2

4

21
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xq sv p d L t t xq sv p t
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f t f t
k x t x t k x t
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 (2-17) 

where  

ωa
2 = 4βA2/Vmt ;  ωa (s

-1) is the natural frequency of the shake table system (i.e. fn,a (Hz) = ωa / 2π), 

which is also known as oil column frequency (Conte et al., 2000).  

ξa = ;  ξa (dimensionless) is the equivalent damping ratio of the shake system 

  ka = kxqksv /A;   ka (s
-1) is the control gain of the shake table system 

In the state space form, this equation can be written (Blondet et al.,1988 and Rinawi and Clough, 1991) 
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 (2-18) 

The equation can be solved using the 4th order Runge-Kutta method for actual implementations. 

 

2.2 Shake Table – Structure System (2DOF System Model) 

When the structure is mounted on the shake table which is mounted on a reaction mass, the dynamics 

of the system is changed and the transfer functions have to be adjusted.  Figure 2-8 shows a schematic of 

a structure mounted on a shake table including the base reaction mass (see also Conte et al., 2000); the 

shaded area represents the effects of movement of the reaction mass (mb), which are assumed to be minor 

in this study as discussed below.  

 

 

Figure 2-8 Schematic of a shake table-structure system with the reaction mass 

 

The governing equations of motion of the system can be expressed as: 

                
                   
             
         

,

,

, , ,

2
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 (2-19) 

Where xs, ẋs, ẍs are the relative displacement, velocity and acceleration of the structure with respect to the 

shake table; ms, cs, ks are the mass, damping coefficient, stiffness of the structure, respectively; xb, ẋb, ẍb 

are the displacement, velocity and acceleration of the reaction mass with respect to the laboratory floor; 

mb, cb, kb are the mass, damping coefficient, the effective stiffness of the reaction mass, respectively. All 
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other terms are explained in the previous section. It is clearly shown from the equations that the actuator 

force fa(t) is coupled with the structure and the reaction mass responses. This shake table – structure & 

reaction mass interaction can be also shown by the Laplace domain equation of the actuator force fa(s) 

(see also Conte et al., 2000): 

         2 1 1a t t B s t Sf s m s x s H s m m H s           (2-20) 

where 

   
 

      
    

2

2 2

/ 1 /

1 / 2

t s t s s t Sb
B

t s s t S b b b

s m m m m m m H sx s
H s

x s s m m m H s s   
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 (2-22) 

where ωb = / ; ξb = cb / 2ωbmb and ωs = /  (the natural frequency of the structure); ξs = cs / 

2ωsms (the damping ratio of the structure). Substituting the actuator force fa in Eq. (2-20) to Eq. (2-15), 

the system transfer function between the target displacement xd and the shake table displacement xt can be 

computed considering the effects of the structure and the reaction mass.  It is assumed for simplicity in 

this study that the reaction mass movement is not significant (as considered also by Rinawi and Clough, 

1991); therefore, xb = 0 and HB = 0, and the actuator force fa becomes: 

       2 1a t t s t Sf s m s x s m m H s      (2-23) 

Without the reaction mass movement, the governing equations of the shake table-structure system in Eq. 

(2-19) can be rewritten in the state space form as 
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 (2-24) 

The output y(t), defined here as the total structure acceleration response ẍs
t(t), can be expressed by the 

“output equation”: 

1 1

( ) ( ),

( ) 0 0 0 ( )s s s s

y t Cx t or

y t m k m c x t 



    
 (2-25) 

The equations can be solved using the 4th order Runge-Kutta method.   
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The shake table with a simple structure, mounted on it as expressed by Eq. (2-24), can be considered 

as a 2DOF shake table-structure system model; i.e. the degree-of-freedoms (DOF) include the lateral 

displacement xs(t) of the structure (defined here also as the test specimen) with respect to the shake table 

and the lateral displacement xt(t) of the shake table with respect to the laboratory ground, as shown in 

Figure 2-1. The control excitation of the shake table is defined as u(t).  If the position of the shake table is 

controlled, then the control excitation u(t) is specified as the desired shake table displacement xd(t), which 

should be computed in real time for the displacement control if the controlled system experiences 

nonlinear behavior (as discussed in SECTION 4). 

In order to facilitate the development of a tracking control method, first, it is considered that only an 

SDOF structure system (denoted as an SDOF system model) is controlled in the next section, assuming 

that the dynamics of the shake table can be ignored. With this simplified model, a new control excitation 

input u(t) is considered as the excitation force -msẍt(t) due to the shake table acceleration ẍt(t) (instead of 

the actual control excitation input xd(t)) as shown in Figure 2-9. In such case, the governing equation of a 

structure shown in the first equation of Eq. (2-19) can be rewritten as: 

         s s s s s s s tm x t c x t k x t m x t or u t        (2-26) 

 

 
Figure 2-9 Schematic of a simplified SDOF system model with a new control excitation  

 

Then, the developed tracking control method using the simplified SDOF system model will be 

extended to the 2DOF system model (shown in Figure 2-1), where the shake table dynamics and the table-

structure interaction are included. Using the 2DOF system model, the actual control excitation input u(t), 

which is the desired shake table displacement xd(t), will be determined in real time, such that the output of 

a controlled structure will follow a specified target motion.   

 

2.3 Shake Table - Structure Interaction  

As shown in the previous section, the relationship (i.e. the transfer function) between the target motion 

xd and the shake table displacement xt changes due to the shake table-structure interaction (Rinawi and 

Clough, 1991, Dyke et al., 1995, and Conte et al., 2000). Two major reasons of the interaction can be 

expressed as following; 

or 
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(1) The actuator force fa applied to the shake table is coupled with the structure response as clearly 

shown in Eq. (2-23) and Eq. (2-24).  

(2) The servovalve systems have nonlinear behavior (Maddaloni, Ryu and Reinhorn, 2010). The 

shake table parameters; ωa, ξa and ka, (which are assumed to be constant) might vary depending on 

structure characteristics (Rinawi and Clough, 1991 and Trombetti et al., 2002). For example, in 

general shake table system parameters, obtained from a bare table, are different with the ones 

estimated after a structure is mounted. 

The table-structure interaction caused by the first reason (1) above is mainly considered in this study, and 

it is assumed that the estimated shake table parameters in preliminary experiments will remain the same in 

the operating range of interest. This might be acceptable since shake table system parameters, as shown 

from experiments by Trombetti et al. (2002), were similar in a wide range of the natural frequencies for 

different structures.  

 The table-structure interaction can be compensated using the transfer function and its inverse transfer 

function, if the structure is linear; this method is presented in Section 2.6. When the structure experiences 

nonlinear behavior due to possibly high intensity excitation, the inverse transfer function compensation is 

not satisfactory and real time control is necessary; this method is presented in SECTION 4.  

 

2.4 Shake Table Actuator Inner Loop Feedback (PID) Control 

The mathematical model of a servovalve-shake table actuator system (a bare table without a mounted 

structure) was described in Section 2.1. The relation between the excitation input u(t) = xd(t) (the desired 

shake table displacement) and the output y(t) = xt(t) (the achieved shake table displacement) can be 

expressed as the transfer function HT in the frequency domain as shown in Eq. (2-15). By choosing the 

target motion ym(t) = xd(t), the control objective of the table-actuator system is to adjust the transfer 

function through the inner-loop feedback control, such that the output y(t) will follow the target motion 

ym(t), which becomes the excitation input u(t) in this case; thus, the desired transfer function is to have 

unity magnitude and a linear phase (i.e. a simple time delay). The block diagram of the shake table-

actuator system is presented in Figure 2-10 (for simplicity the effect of xdp, the differential pressure 

component, is not included; but see Figure 2-4 for the schematic of the system in detail); note that the 

terminology was introduced in Section 2.1.  

 



 

 

For ex

system ha

presented 

The re

the phase 

the operat

which sat

(Chung, S

msec.  

xample, the m

aving selected

in Figure 2-1

Figure 2

esults show th

angle is almo

ting frequency

tisfies the ob

Soong, and R

0
0

0.5

1

1.5

2

M
ag

ni
tu

de

0
-180

-90

0

90

180

Ph
as

e 
(

)

Figure 2-10

magnitude and

d properties a

11.  

2-11 Transfer

hat the unity m

ost linear in th

y range of 0-

bjective. The 

Reinhorn, 198

5

5

u = ym 

0 Block diagra

d the phase an

as fn,a = 30.0 H

r function resp

magnitude of

he 0-30Hz ran

15 Hz with a 

time lag can

9 and Phillip

10

10

+

y 

e

 

22 

am of shake t

ngle of the tra

Hz, ξa = 0.70

ponse of a bar

 

f the transfer 

nge; therefore

constant time

n be compute

s et al., 2012

15
frequency (H

15
frequency (H

HVA

table-actuator

ansfer functio

7, and ka = 7

re shake table

function is o

e, the results 

e lag (i.e. dela

ed by dividin

2); in this exa

20
Hz)

20
Hz)

y =

HT

r system 

on of a bare sh

70, obtained fr

e actuator sys

obtained up to

indicate that t

ay due to the 

ng the phase

ample, the tim

25

25

= ym ? 

T 

hake table-ac

from Eq. (2-1

stem 

o about 15 Hz

the shake tab

control dynam

e by the frequ

me lag is abou

30

30

 

tuator 

8) are 

 

z, and 

le has 

mics), 

uency 

ut -16 



 

23 

 

However, when a structure is mounted on a shake table, the transfer function is affected by the shake 

table-structure interaction, as discussed in Section 2.3. The effects vary depending on the properties of the 

table and the structure. In order to demonstrate the effect of this interaction, the transfer function response 

of a shake table (the same as presented in Figure 2-11) with a structure is presented in Figure 2-12: the 

selected properties for this example are: ms = 1 kips·sec2/in., ks = 987 kips/in., and cs = 1.89 kips·sec/in., 

(fn = 5.0 Hz, ξn = 0.03), μ = ms / mt = 1.5, fn,a = 30.0 Hz, ξa = 0.707, and ka = 70 in Eq. (2-24). The results 

clearly show the effects of the shake table-structure interaction, with both variable amplification and 

phase shift around the resonant frequency of the structure.  
 

 

Figure 2-12 Transfer function response of a shake table – structure system 

 

This example indicates that a more advanced control procedure is needed in order to simulate the 

desired motion at the shake table, or structure, by overcoming the table-structure interaction. Feed-

forward compensation procedure is a well-known shake table control method, which is widely used by the 

most shake table manufacturers (Maddaloni, Ryu and Reinhorn, 2010). 

 

2.5 Feed-Forward Compensation using Inverse Transfer Functions 

The inverse transfer function method (ITF), which is the feed-forward method, can be used for a 

tracking control for a target motion at a shake table (Clark et al, 1970, and Reinhorn, 1985 (class notes), 
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Spencer et al, 1998). The same scheme can be extended to simulate a target motion in a linear structure 

mounted on a shake table; this method was developed at the University at Buffalo including the authors of 

this report (see Ryu, 2009, and Maddaloni, Ryu, and Reinhorn, 2010). The method has been implemented 

by the authors for real applications at the UB-SEESL. The procedure (Ryu, 2009) is explained again in 

this report for the sake of completion, since the method provides an important base for understanding 

further developments of a tracking control for nonlinear systems.  

 

2.5.1 Shake Table System 

As indicated above, the primary use of a shake table is to simulate the base motion. However, the 

reproduction of a dynamic signal, due to several factors (e.g. servovalve’s dynamic response, 

compressibility of the actuator fluid, oil leakage through the actuator seals, influence of the test specimen) 

can be imperfect (Conte et al., 2000). High fidelity responses can be obtained using compensated motions 

as described in (MTS, 2004) and summarized here for practical implementations.  

Assuming that the shake table system is linear, the analytical model represents mathematically the 

input-output relationship between the excitation u(t) and the output y(t). For shake table testing in 

displacement control mode, a typical target motion ym(t) for the shake table is derived from an earthquake 

acceleration while the excitation input u(t) is the desired table displacement xd(t). This can be obtained 

from double integral of the target motion ym(t) (Spencer and Yang, 1998); i.e. it is noted that in order to 

avoid a large drift of a shake table, the target motion is to be high-pass filtered (Phillips and Spencer, 

2012) to remove a very low frequency depending on the target and the displacement capacity of the shake 

table). The output y(t) is the measured (achieved) shake table acceleration response ẍt(t). While the 

analytical model is presented for a uni-axial system, the same procedure can be used for multi-axial 

systems, where matrices of uni-axial models and cross-coupling components would replace the single 

mathematical model (see Eq. (2-33)) 

For a shake table system, the transfer function Ht(ω) between the excitation input u(t) = xd(t) and the 

output y(t) = ẍt(t) can be expressed in the frequency domain as: 

   
 

 
 

t
t

d

y x
H

u x

 


 
 


 (2-27) 

where y(ω) and u(ω) are the Fourier transforms2 of y(t) and u(t), respectively. It is also noted that if a 

built-in shake table controller, such as STEX at the University Buffalo, will generate the excitation input 

                                                      
2 Fourier Transform is an operation that converts one function of a real variable into a complex function. The new 
function, often called the frequency domain representation of the original function, describes which frequencies are 

included in the original function;  = 2πf is the circular frequency (in rad/s) and f is the cyclic frequency (in Hz);  

i = √ 1 
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u(t) by doubly integrating the target (table acceleration) motion ym(t) (i.e. u(t) = ym(t) / (iω)2), the transfer 

function Ht
*(ω) from the relation between the target motion ym(t) (i.e. which is the user excitation input to 

STEX) and output y(t) = ẍt(t) can also be expressed in the frequency domain as: 

   
 

*
t

m

y
H

y





  (2-28) 

and it is noted that the same transfer function can be obtained from Eq. (2-15) by replacing s by iω.  

The transfer function Ht(ω) (or Ht
*(ω)) represents the steady state response, which would represent the 

total response with the zero initial conditions (Rinawi and Clough, 1991), and can be interpreted as the 

degree of “distortion” in signal reproduction of the target motion ym(t) due to the mechanical and servo-

hydraulic system. In order to obtain the best fidelity of the achieved output y(t), a compensated excitation 

uc(t) can be applied.  

Figure 2-13 presents the schematic diagram of this concept. The target motion ym represents the start 

point of the compensation while the achieved output y is the end point. The compensated excitation input 

applied to the table for the shaking is indicated as uc. 

 

 

Figure 2-13 Schematic diagram of shake table simulation of an earthquake record  

(dashed line indicates possible off-line iterations) 

 

According to this scheme and Eq. (2-27), a compensated excitation input uc(t) should be applied in 

order to achieve the output y(t), which will track then the target motion ym(t) as shown in the following 

equation: 
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 (2-29) 

where Ht(ω) and Ht(ω)-1 are the transfer and the inverse transfer functions of the shake table system 

respectively. Therefore, the excitation input uc(ω) is calculated multiplying the target motion ym(ω) by the 

inverse transfer function of the shake table. In practical applications using the compensated excitation 

input uc(t) for the shake table, the achieved motion y(t) could not match perfectly the target motion ym(t) 
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due to non-linearities of the servo-hydraulic system. As shown in Figure 2-13, an error e(t) = y(t) - ym(t) is 

calculated and an offline iteration procedure (dashed line) can be used to improve the compensation. The 

block diagram shows that the iterations are stopped when the error is smaller than a predefined tolerance  

( e  ): it means that this is an acceptable reproduction of the desired motion. In order to reduce the 

tracking error e(t) of the shake table control, Nakata (2010) and Phillips and Spencer (2012) also 

introduced outer feedback compensation loops instead of the offline iteration. 

The method presented above is a well-known feed-forward compensation procedure used by most 

shake table manufacturers (Spencer and Yang, 1998 and Maddaloni, Ryu and Reinhorn, 2010). However, 

when the target is to simulate a desired/target motion at the top of a testing structure mounted on a shake 

table, the procedure should be modified, as described below.  

 

2.5.2 Shake Table-Structure System Control 

In the experimental evaluation of architectural or non-structural components (Reinhorn et al., 2010) or 

in the qualification testing of complex equipment (IEEE, 2006), it is often necessary to produce the target 

motion at a specified position of a structure such as a floor/roof of a structure. The previous compensation 

approach can be generalized for a multi-degree of freedom (MDOF) system (Conte et al., 2000 and 

Maddaloni, Ryu and Reinhorn, 2010), which represents the specimen in a shake table test. For simplicity, 

the MDOF structure is represented in this development as a simple plane frame as shown in Figure 2-14. 

 

 

Figure 2-14 Schematic representation of the transfer functions for the shake table (Ht) and structure (Hs) 

 

The acceleration transfer function defined by the ratio of the output structural total acceleration 

response y(t) = ẍs
t(t) to a shake table motion in the frequency domain can be obtained from the procedure 

described in Maddaloni, Ryu and Reinhorn, (2010); for an SDOF structure, the structure transfer function 

Hs(ω) is expressed as: 
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which is the same equation to Eq. (2-22) after substituting s = iω, and indicates the degree of 

amplification of the base motion due to the dynamic characteristics of the structure. 

The input-output relationship between the shake table excitation input u(t) and achieved (measured) 

motion y(t) at the specified location of a structure in the uniaxial direction, assuming that the system is 

linear and remains linear during excitation, can be represented using the system transfer function, which 

can be computed by multiplying two transfer functions Ht(ω) and Hs(ω) shown in Eq. (2-27) and Eq. 

(2-30): 
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 (2-31) 

In a similar fashion described previously, the concept of signal compensation can be applied in order to 

match the output of a structure to a target motion. Figure 2-15 presents the schematic diagram of this 

concept. The target motion ym represents the start point of the compensation while the achieved output y is 

the end point. The compensated excitation input applied to the table for the shaking is indicated as uc. 

 

 

Figure 2-15 Schematic diagram of ‘open-loop’ compensation procedure (dashed line indicates possible 

off-line iterations) 

 

According to this scheme and Eq.(2-31), a compensated excitation input uc(t) should be applied in 

order to achieve the output y(t) at a structure, which equals to the target motion ym(t) as shown in the 

following equation: 
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 (2-32) 

where H(ω) and H(ω)-1 are the transfer and the inverse transfer function of the shake table-structure 

system, respectively.  

In practical applications, the system transfer function is determined from identification with associated 

uncertainties due to non-linearity in the structure and the shake table and imperfections in identification 
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process. Therefore, the achieved output y(t) cannot perfectly match the target motion ym(t). In this case, as 

shown in Figure 2-15, an off-line iteration (dashed line) can be performed to improve the compensation. 

 
2.5.3 Experimental Verification 

The compensation procedure developed above was implemented experimentally for a 20ft. × 20ft. test 

frame, constructed for suspended ceiling system dynamic testing, mounted on a shake table at the 

University at Buffalo-Structural Engineering and Earthquake Laboratory (UB-SEESL) as shown in Figure 

2-16. The objective was to simulate tri-axial target motions in the longitudinal x, transverse y, and vertical 

z directions at the top corners of the test frame. The target motions were generated to match the AC156-

RRS of SS = 1.0g in each direction. It is noted that the target motions for the three rotational axes (roll r, 

pitch p, and yaw w) are all zeros.  

For a 6 DOF shake table system like the UB-SEESL shake table system, the system transfer function 

can be expressed as a 6 × 6 matrix and each element of the transfer function matrix at each frequency is 

determined as: 

     /ij ij jH = y u    (2-33) 

which is the ratio between the i axis output and the j axis excitation input. Each column of H(ω) can be 

established from each uni-axial test in the longitudinal x, transverse y, vertical z, roll r, pitch p, and yaw w 

axes, respectively. If the system is not coupled, the matrix becomes diagonal and each transfer function is 

explained as a single mathematical model (i.e. which is the same as the transfer function of a uni-axial 

system). If the responses in all different directions are coupled, cross-coupling components have to be 

added and the transfer function matrix H(ω) becomes a full matrix. 

For this application, an uncoupled system in each excitation axis (x, y, and z) was assumed; therefore, 

the 6 × 6 transfer function matrix in Eq. (2-33) was reduced to a 3 × 3 diagonal matrix and each diagonal 

element was determined from the input (the target motion) and output (the uncompensated achieved 

output at the structure, which were computed as the average of the response histories obtained from the 

accelerometers installed at the 4 top corners of the structure as shown in Figure 2-16) in the x, y, and z 

axes respectively.  
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The degrees of distortion between the RRS and the response spectrum (RS) of the achieved structure 

output in signal reproduction can be evaluated by the index: 

2

1

( ) ( )1

( )

N
i i

i i

RRS f RS f

N RRS f




 
  

 
  (2-34) 

The degrees of distortion of the achieved structure outputs in the range of 1 to 30 Hz (with 20 frequencies 

per octave) are shown in Table 2-1. For purpose of comparison, the degrees of distortion in the target 

motions (due to their initial generation) are also presented. The distortions are small (<0.15) in the 

horizontal directions, however, although showing improvement, are large (>0.80) in the vertical.  
 

Table 2-1 Degrees of distortion in signal reproduction (at SW frame top corner) 

 Target 
Uncompensated  
achieved output 

Compensated  
achieved output 

(1) (2) (3) (4) 
Longitudinal 0.08 0.40 0.12 

Lateral 0.09 0.41 0.11 
Vertical 0.17 1.46 0.84 
Average 0.11 0.75 0.35 

 

The errors in the vertical direction are mainly caused by the coupling between the horizontal and 

rotational motions. The coupling between responses is evident from non-zero responses in the vertical 

direction at the top north-west (NW) and north-east (NE) corners, measured from a longitudinal uniaxial 

excitation input test (with the peak longitudinal acceleration of 0.55g measured at the shake table), as 

shown in Figure 2-18. Without coupling, the vertical responses of the corners are supposed to be zero. 

The coupling between the longitudinal-rotational motions at the top of the frame occurred due to the 

flexibility of the cantilevers of the shake table extension (shown in Figure 2-19). 
 

 

Figure 2-18 Undesired corner vertical motions at NW and NE frame top corners 
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Figure 2-19 Shake table and extension at UB-SEESL, Front elevation 

 

The vertical motions in the corners caused by the coupling of the horizontal-rotational motions might 

be compensated using the coupled transfer function matrix as described in the previous section; the 

compensation procedure was numerically implemented and the results were presented in Ryu et al (2013): 

A simplified analytical model showed that the coupling effects could be compensated using the developed 

transfer function matrix. The experimental study was also performed at the UB-SEESL and the results did 

not show much improvement due to the capacity limits of the rotational DOFs (roll r, pitch p, and yaw w) 

of the shake table: the results indicate that the compensation procedure may produce reasonable target 

motions only in the shake table operating frequency bandwidth. 

 

In this section, the current practices for shake table control are reviewed. The feedforward 

compensation method using the system transfer function in the frequency domain can be applied to linear 

systems in order to reproduce a required target motion at any specific location of a specimen; however, 

the method is limited to the linear system applications. The mathematical model of a shake table and the 

governing equation of a shake table and linear structure system are presented. This linear system model 

will be used in the development of the tracking control schemes in the following sections and will be 

revised to be applied to nonlinear system control applications.   
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SECTION 3 

TRACKING CONTROL FOR LINEAR SYSTEMS WITH KNOWN 

PARAMETERS 

 

When the shake table and the test specimens, which need to be challenged by a controlled motion, are 

behaving linearly (such as elastic systems) with known system properties, the control can be derived from 

a classical control theory.  As addressed in Section 1.1, the control problem considered in this study is a 

tracking control problem, whose objective is to minimize the errors e(t) = y(t) - ym(t) between the target 

(desired) motion ym(t) and the achieved output (response) y(t) of the controlled system. This can be 

expressed in the following equations: 

Behavior of the true system that has to be controlled 

       
   

0, 0x t Ax t Bu t x x

y t Cx t

  




 (3-1) 

Behavior of a reference model that provides a realistic target: 

       
   

,0, 0m m m m m m

m m m

x t A x t B r t x x

y t C x t

  




 (3-2) 

Our task (the control objective) is to compute the control excitation input u(t) to drive the table with a 

specific motion in order to simulate the target motion ym(t) at a specific location of a test structure 

mounted on the shake table. For the linear system, various methods can be used in the frequency domain 

or in the time domain. In this section, four well known tracking control methods, which are the 

foundation of this study, are introduced.  

 

3.1 Feed-forward Control (Inverse Transfer Function Methods) 

The inverse transfer function method (ITF), which is the feed-forward method, can be used for a 

tracking control as was discussed previously in Section 2.5. The concept is briefly reviewed and 

reformulated as follows.  

The relationship between the control input u(s) and the structure response y(s) for the true system in 

Eq. (3-1) can be represented in the Laplace domain (complex frequency domain) using the transfer 

functions H(s), and the relationship between the reference input r(s) and the reference model response 

ym(s) in Eq. (3-2) can be represented using the transfer functions Hm(s): 
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where Zt(s) and Rt(s) are polynomials (e.g. sn + a1s
n-1 + ···+ an-1s + an) and kt is a constant, and  

   
 

 
 

m m
m m

m

y s Z s
H s k

r s R s
   (3-4) 

where Zm(s) and Rm(s) are polynomials and km is a constant. According to the inverse transfer function 

method introduced in Section 2.5, the control input u(s) is computed by pre-multiplying the target motion 

ym(s) with (s): 

Control Law  

       
 

 
   1 1 t m

m m
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 (3-5) 

The control input u(t) in the time domain from that of Eq. (3-5) can simply be computed using the inverse 

Fourier transform. By substituting this control input into the system equation in Eq. (3-1) the achieved 

motion y(t) will be the target motion ym(t), or in the Laplace domain the expected achieved response can 

be expressed: 

Expected Achieved Response  
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m t m m
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R s k Z s
    

       
      

 (3-6) 

The main advantages of this method are: (1) the information about the testing system parameters such as 

the mass, the stiffness, and the damping of a structure and the shake table is normally not required 

(Maddaloni, Ryu, and Reinhorn, 2010); i.e. the transfer function involving the system properties can 

easily be obtained by experiments although it can also be computed through the curve fitting method 

(Nakata, 2010), and (2) the feed-forward (open loop) control scheme can be used so that feedback 

(closed) loop is not required. However, as previously addressed, this frequency domain method using the 

system transfer function is limited to linear systems since the pre-computed transfer function is not valid 

anymore if the system parameters change. It is also known that the feed-forward (open loop) control 

suffers from the usual drawbacks of deterioration of performance due to small parameter changes and of 

inexact zero-pole cancellation (Ioannou et al., 2012), which might cause the controlled system to become 

unstable if the original system is unstable. 

 

3.2 Feed-back + Feed-forward Control (Optimal Tracking Control) 

The optimal tracking control (OTC) method, which is the feed-back and feed-forward control as 

explained below, can be also used to solve a tracking problem. As expected, this method like the feed-

forward method can only be applied to linear systems. However, the computed control input and the 
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tracking results give valuable information in this study in order to compare the optimal results with other 

alternative methods; therefore, it is introduced here. It is noted that the optimal tracking control problem 

is a special case of the linear quadratic regulation (LQR) problem (Kwakernaak and Sivan, 1972). The 

control law is obtained using the augmented state equations and the linear quadratic regulation (LQR) 

formulation (Soong, 1990). The thorough derivation in detail can be found in Kwakernaak and Sivan 

(1972).  

The performance index of an optimal tracking control problem can be expressed 

            1

2

f

o

t T T
m mt

J y t y t Q y t y t u t Ru t dt            (3-7) 

where Q is a positive semi-definite weighting matrix and R is a positive definite weighting matrix. This 

criterion expresses that the controlled achieved response y(t) is to track the target motion ym(t) while the 

control input amplitude is restricted. This augmented system of equations from Eq. (3-1) and Eq. (3-2) 

can be written as: 
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 (3-8) 

The performance index subject to the constraint represented by Eq. (3-8) can be re-written 

                     ,
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 (3-9) 

where  
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The Hamiltonian can be written as: 

                 ,
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The necessary conditions for the control input u(t) to minimize the cost function J are: 
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 (3-13) 

For the boundary condition,  

           1
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 (3-14) 

where tf is the terminal time. When the control input is generated by the augmented state vector, one has 
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 (3-15) 

Using Eq. (3-11) to Eq.(3-12), one has the Riccati equation 

         1 T T
a a a a aP t Q P t B R B P t P t A A P t      (3-16) 

By the partitioning this Riccati equation according to the augmented state vector as shown in Eq. (3-15), 

it can be found that P11(t) and P12(t), which are needed to compute the control input in Eq. (3-13), are the 

solution of the matrix differential equations 

           1

11 11 11 11 11 11, 0T T T

fP t C QC P t BR B P t P t A A P t P t       (3-17) 

           1
12 11 12 12 12 12, 0T T T

m m fP t C QC P t BR B P t P t A A P t P t      (3-18) 

These partitioned matrix differential equations are solved backwards in time since they are specified at tf, 

and produces the optimal solution (Soong, 1990 and Kwakernnak and Sivan, 1972). Substituting these 

expressions, the control input in Eq. (3-13) can be expressed: 

Control Law  
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 (3-19) 

where the feedback gain matrix Kfb(t) and the feedforward gain matrix Kff(t) are  
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 (3-20) 

It is noted that in structural engineering applications P11(t) typically remains a constant positive semi-

definite solution (Soong, 1990) and the Riccati equation in Eq. (3-17) becomes the algebraic Riccati 

equation (known also as ARE): 

1

11 11 11 11 0T T TC QC P BR B P P A A P      (3-21) 

Thus, Eq. (3-20) provides a constant gain (Kfb = -R-1BTP11) feedback control, which can be implemented 

in real time (Crassidis and Junkins, 2012).  
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Figure 3-1 presents a schematic of an optimal tracking control. It clearly shows that the feedback link 

is independent of the properties of the reference model while, as expected, the feedforward link is affected 

by both the properties of the reference model and by the true system (controlled).  

 

 

Figure 3-1 Schematic diagram of an optimal tracking control method 

 

By substituting the control excitation input u(t) into the system equation in Eq. (3-1), the expected 

achieved output y(t) of the controlled structure can be expressed: 

Expected Achieved Responses  
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 (3-22) 

where the feedback gain matrix Kfb(t) and the feedforward gain matrix Kff(t) are shown in Eq. (3-20) and 

repeated here: 
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 (3-23) 

Because these gain matrices are derived from the index function J in Eq. (3-7) that is to minimize the 

difference between the achieved output y(t) and the target motion ym(t), it is expected that the output y(t) 

will follow ym(t) to fulfill the control objective. 

Stability of control  

The tracking controller must meet the design criteria such that all responses (output) in the closed-loop 

system are bounded and the controlled achieved output y(t) tracks the target motion ym(t) as close as 

possible (Ioannou et al., 2012).  

The bounded output stability of the linear systems can be checked using the Bounded-Input-Bounded-

Output (BIBO) stability (Crassidis et al., 2012). A system with a relaxed condition3; i.e. x0 = 0, is said to 

                                                      
3 Stability for the zero-input response; i.e. non zero-state response can be also examined using the eigenvalues of the 

closed loop system matrix (Chen, 1999). 

Model
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be BIBO stable if the output is bounded for any bounded input. An excitation input u(t) is said to be 

bounded if u(t) does not grow to positive or negative infinity (Chen, 1999) such that:  

  mu t u    (3-24) 

where um is a positive constant. Assuming the input is bounded, the responses x(t) (therefore, the output 

y(t)) of the linear time invariant (LTI) system in Eq. (3-1) is bounded if all eigenvalues of the system 

matrix have negative real parts (Chen, 1999).  

For the optimal tracking control (OTC), it is expected that the tracking error e(t) = y(t) - ym(t) will be 

minimized by the computed excitation input u(t), fulfilling one of the tracking objectives. The other 

objective, the bounded response, can be ensured if the eigenvalues of the closed loop system matrix ACL = 

[A+BKfb] in Eq. (3-22) have negative real parts and the feedforward input BKff(t)xm(t) is bounded, 

assuming the feedback gain matrix Kfb is a constant matrix (Soong, 1990),.  

First, assuming the feedforward input is bounded, it is desired to show that the eigenvalues of the 

closed loop system matrix ACL are stable (i.e. every eigenvalue has no positive real part), however, it is 

not straightforward to examine the eigenvalues of ACL due to the complex of the solution for P11 from the 

algebraic Riccati equation in Eq.(3-21).  

Instead, the Lyapunov’s direct method4 (Crassidis and Junkins, 2012) can be used to show the stability 

of the OTC system. The close loop dynamics of the OTC in Eq. (3-22), after substituting the feedback 

gain Kfb = -R-1BTP11, is  

     1
11 0, 0x t A BR BP x t x x      (3-25) 

which is the same equation as the linear quadratic regulator (LQR) and the stability of the LQR 

controller is shown using the Lyapunov’s direct method in Crassidis and Junkins (2012). For the 

introduction of the Lyapunov’s direct method, the procedure is presented below. The following candidate 

Lyapunov function is considered 

     11

T
V x t x t P x t     (3-26) 

The time derivative of Eq. (3-26) yields 

         11 11

T T
V x t x t P x t x t P x t        (3-27) 

Substituting Eq. (3-25) into Eq. (3-27) leads to  

                                                      
4 Lyapunov’s direct method (Crassidis and Junkins, 2012): Lyapunov stability is given if a chosen scalar function 

V(x), which is closely related to the energy of a system, satisfies the following conditions: i. V(xe) = 0 where xe = an 

equilibrium point (i.e. ẋ(t) = 0); ii. V(x) > 0 for x ≠ xe; iii. (x) ≤ 0; then, the equilibrium point xe is stable. 

Furthermore, if (x) < 0 for x ≠ xe; then, the equilibrium point xe is asymptotically stable.  



 

39 

 

     1
11 11 11 112

T T TV x t x t A P P A P BR B P x t        
  (3-28) 

By substituting [ATP11+P11A] = [-CTQC + P11BR-1BTP11] from Eq. (3-21), it is obtained 

     1
11 11

T T TV x t x t C QC P BR B P x t        
  (3-29) 

Clearly, if R and CTQC are positive definite matrices, then the Lyapunov condition; i.e. [x(t)] < 0, is 

satisfied and the close loop dynamics is asymptotically stable, which indicates that all eigenvalues of ACL 

have negative real parts. Also, if CTQC is only a positive semi-definite matrix, [x(t)] ≤ 0 and the close 

loop dynamics are marginally stable. 

Secondly, to show the stability of the OTC controller it is required to prove that the feedforward input 

BKff(t)xm(t) is also bounded. The target state xm(t) is known and chosen to be bounded; however, it is 

difficult to show if Kff(t) is bounded due to the complex of the solution for P11 and P12 from the Riccati 

equation in Eq.(3-16). Therefore, the performance of Kff(t) is examined using a simple scalar system 

example where the system equations in Eq. (3-1) and Eq. (3-2) with C and Cm = 1 can be expressed 
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 (3-30) 

where am > 0 for a stable system target response. The value for p11 = P11 in the algebraic Riccati equation, 

Eq. (3-21) can be found using the property p11 ≥ 0 (Crassidis and Junkins, 2012); 

 2 2 2
11p rb a a b q r    (3-31) 

where r = R and q = Q are positive constant. Substituting p11 into the differential equation for p12(t)  = 

P12(t) in Eq. (3-18) yields 

     2 2

12 12 12, 0m fp t a a b q r p t q p t     
 

  (3-32) 

which must be integrated backward in time. To express this equation more conveniently, set τ = tf – t (i.e. 

t = tf – τ). Since dτ = – dt, writing Eq. (3-32) in terms of τ gives 

     2 2
12 12 12 0, 0f m f

d
p t a a b q r p t q p

d
  


           (3-33) 

Clearly, it is shown that the equation is asymptotically stable since [ / ] < 0; therefore, 

p12(t) is bounded as well as kff(t) = -r-1bp11 is bounded; the feedforward input bkff(t)xm(t) is also bounded. 

This simple scalar example demonstrates the stability of the OTC controller.  
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3.3 Feedback Control  

Two tracking control methods using the feedback control scheme are presented. These methods can be 

used for nonlinear systems by computing the control input in real time with available information at every 

instant. The similarity and/or the differences of the two methods are discussed in this section. 

 

3.3.1 Predictive Tracking Control (PTC) 

The discrete predictive control strategy for linear systems was developed and presented by Rodellar et 

al. (1987), where the control objective was mainly to reduce the response of structures under dynamic 

excitations. This method can be used for a target tracking control.  

A general performance index for the prediction horizon [kΔt, (k+n)Δt] is expressed 
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where |  is the predicted output of the controlled system and |  is the target motion at 

instant kΔt for instant (k+j)Δt, and  |  is the corresponding control sequence. Q(j) is a positive 

semi-definite weighting matrix and R(j) is a positive definite weighting matrix. It is noted that if in Eq. 

(3-34) one makes k = 0 and n = N where N is the final instant of the control action, this equation is the 

discrete counterpart of the performance index of the continuous optimal tracking control shown in Eq. 

(3-9) where xa(tf) = 0 chosen. To make the problem simpler and to achieve fast tracking, n is chosen as 1 

(one) with Q(0) = 0 in this study; i.e. a smaller value of n results in a smaller tracking error while it 

demands lager control inputs, as discussed by Soong (1990). The chosen instantaneous performance index 

J (i.e. based on Rodellar et al., 1987) is  

1 , 1 1 , 1

1 1
ˆ ˆ

2 2

T T
k m k k m k k kJ y y Q y y u Ru              (3-35) 

where Q and R are the positive definite and positive semi-definite weighting matrices, respectively, and 

subscript k+1 indicates ‘computed at instant kΔt for instant (k+1)Δt’ like ‘(k+j)|k’ in Eq. (3-34) and 

| , the control input at instant kΔt. The predicted output  and the target motion ym,k+1 can 

be computed using a discrete time state-space models, which are the counterpart of the continuous system 

equations in Eq. (3-1) and Eq. (3-2) 
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where  is the estimate of the true state vector xk at instant kΔt; i.e.  = xk for the systems with known 

parameters and no measurement noise considered; therefore, the predicted output is equal to the true one 

 = y,k+1, and 
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For the linear time-invariant system, the solutions of discrete-time system matrices AD and BD (Am,D and 

Bm,D) can be computed, assuming the input uk (rk) is piecewise constant in a digital controller (Chen, 

1999), 
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and CD is the same as C (Cm,D = Cm). 

The control input uk, which minimizes the performance index J in Eq. (3-35), can be computed by 

imposing the condition / 0; 

Control Law  

1* * * * *

, 1 , 1
ˆ ˆT T

k D D D m k D k m k D ku B QB R B Q y A x y A x


                 (3-39) 

where AD
* = CDAD and BD

* = CDBD. and Γ ∗ ∗ ∗ . The predicted response using this 

calculated control input uk can be obtained by substituting Eq. (3-39) into Eq. (3-36) 

Expected Achieved Responses  

    * *

1 1 , 1 , 1
ˆ ˆ ˆˆ ˆ

k D k D D k D m k D k D D D D k D m kC C A x B y A x C A B A x B yy x                (3-40) 

If BD
* = CDBD is an invertible matrix and R = 0 chosen (i.e. indicating no limit for the control input), then 

Eq. (3-40) becomes  

     * * * 1 1 * * *

1 1 , 1 , 1
ˆ ˆˆ ˆ T T

k D k D k D D D D m k D k m kC A x B B Q B B Q y A x yy x   
         (3-41) 

and the predicted tracking error ,  becomes 0 (zero) as desired.  

Stability 

As discussed, the tracking objectives are to minimize the tracking error and to have the state responses 

in the closed-loop system be bounded. It is shown that the predicted tracking error becomes zero; i.e. 

ek+1→ 0. In order to check if the responses of the state (e.g. the displacements x and velocities ẋ), of the 

controlled system are bounded, one can check the closed loop stability (as discussed in Section 3.2). The 
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closed loop equation can be expressed by substituting the control input uk into the system equation of Eq. 

(3-36): 

,

*
1 , 1

*
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ˆ
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The state responses will be bounded if every eigenvalues of ACL,D has a magnitude less than 1 (Chen, 

1999). This procedure is applied for an example in Ch 3.3.2 where the feedback linearization method is 

used.  

 

Limitation of 2DOF Shake Table-Structure Systems  

When the product C × B, of the output and input matrices in the system equations in Eq. (3-1) and Eq. 

(3-2), is singular, it is required to change the procedure in order to establish a valid control law; for 

example, C × B = 0 for the shake table-structure 2DOF model shown in Equations (2-24) and (2-25) with 

the output y(t) of the total acceleration response ẍs
t(t) at the structure.  

In order to force the control input uk to appear in the output equation, a higher order differentiation of 

the output  in discrete time or (t+h) in continuous time is needed. Even though the equivalent 

control law can be developed in both time formats, the continuous time form (t+h) is preferred in that 

the predicted time interval h is not restricted to be the same as Δt, the sampling time step. Thus, h can be 

chosen by the design engineer as a controller parameter (as discussed in Lu, 1995). The procedure to 

formulate the predictive tracking control law for nonlinear continuous systems was presented by Lu 

(1994). One possible way to predict (estimate) the output is to use the Taylor series expansion (Sauer, 

2006): 

               2ˆ / 2 ... / ! ...nny t h y t hy t h y t h n y t        (3-43) 

For our shake table-structure 2DOF model, the output needs up to three terms; thus, the approximated 

predicted output *(t+h) and target motion ∗ (t+h) are defined  
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where (t) and (t) in the first equation can be expressed using Equations (2-24) and (2-25) 
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It is noted that the control input does not appear in the right side of first equation due to CB = 0 (i.e. scalar 

for this single input single output system) and does appear in the second equation because CAB ≠ 0.  

The control excitation input u(t) can be obtained by minimizing the performance index J in Eq. (3-35) 

by replacing the output (t+h) and the target ym(t+h) to their approximations *(t+h) and ∗ (t+h) after 

substituting Eq. (3-45) in Eq. (3-44); 

Control Law  

     1* * * * * ˆT T

mu B QB R B Q y t h A x tt


           (3-46) 

where A* = [C + hCA + (h2/2)CA2] and B* = (h2/2)CAB. By substituting Eq. (3-46) into the second 

equation of Eq. (3-45), one can establish the error dynamics. For a system having B* is a non-zero scalar 

(i.e. an invertible matrix, size 1 × 1), and R = 0 chosen, 	(t) becomes 

Expected Achieved Responses  
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 (3-47) 

which can be rewritten by introducing the tracking error (e(t) = y(t) - ym,(t)) to show its dynamics  

         22 / 2 / 0e t h e t h e t     (3-48) 

This equation clearly shows the tracking error e(t) → 0 as t → ∞ since h > 0. As addressed above, h is a 

tracking error design parameter and can be selected by the design engineer. The equation indicates that 

the faster tracking can be achieved with smaller h, but it requires larger control efforts.   

To ensure the stability of the control scheme, one needs to check not only the output but also the state 

responses of the controlled system. This can be done by looking at the closed loop stability; this 

procedure is presented in Ch 3.3.2 where the feedback linearization method is presented.  

 

3.3.2 Feedback Linearization Tracking Control (FTC) 

Another possible tracking control scheme is Feedback Linearization Tracking Control (FTC) (Ioannou 

et al., 2006). FTC can be used also for the nonlinear system control (see Section 4.3); however, in this 

section, the method is applied to linear systems, which are the special cases of nonlinear systems. The 

target motion ym(t) can be chosen to be bounded and differentiable; i.e. a more realistic target motion at a 

structure can be generated by using the reference model, which has desired dynamic characteristics and is 

driven by a reference input (as discussed in Section 1.1). The controller can be designed such that, by 

replacing the true system parameters with the desired ones, the output y(t) of the controlled system will 

follow the target motion.  
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In a scalar case; i.e. x(t) = x(t), the equations of the true system and the reference model in Eq. (3-1) 

and Eq. (3-2) can be rewritten: 

True System Behavior 

       
   

0, 0x t ax t bu t x x

y t cx t
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Reference Model Governing Equations 
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where all coefficients are positive constants. The system output y(t) is to be differentiated until the control 

excitation input u(t) appears in the expression of the differentiated output 

       y t cx t cax t cbu t     (3-51) 

The main objective of the tracking control is by using the control excitation input u(t) to reduce the 

tracking error signal e(t) = y(t) - ym(t), which is defined as the difference between the system output y(t) 

and the target motion ym(t). The desired tracking error dynamics can be defined as  

   *
1 0e t k e t   (3-52) 

where ∗ is a design error coefficient, chosen by the engineer, and a positive constant; thus, the tracking 

error e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. Eq. (3-52) can be rewritten using the 

expression e(t) = y(t) - ym(t) as   

       *
1 0m my t y t k y t y t             (3-53) 

Moving all terms in Eq. (3-53) to the right-hand side except (t) gives 

         *
1m my t y t k y t y t or v t        (3-54) 

where a new term v(t) = m(t) – k1
*[y(t) –ym(t)] is introduced for brevity. Equating this equation to the 

right-hand side of Eq. (3-51) yields 

     cax t cbu t v t   (3-55) 

By solving this equation for the control excitation input u(t), the feedback tracking control law is obtained 

as following:  

Control Law  

              *
1

1 1
m mu t cax t v t or cax t y t k y t y t

cb cb
                (3-56) 
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where the first term in the right hand side -cax(t) will cancel the original system dynamics (the first term 

cax(t) in Eq. (3-51)), and the new input v(t), the second term in the right hand side, can be chosen such 

that the tracking objective will be accomplished (as described above).  

Expected Achieved Responses  

By using the determined control excitation input u(t) from Eq. (3-56), it is expected that the tracking 

error e(t) → 0 as t → ∞ as shown in Eq. (3-52). It is also expected that when the error coefficient ∗ in the 

tracking error equation increases, the error will rapidly diminish, but it will require larger control efforts 

(thus, larger actuator forces).  

Stability 

To fulfill the tracking objectives, it is shown that the tracking error goes to zero, e(t) → 0. It is also 

required to check if all the responses of the controlled system are bounded. This can be checked from the 

closed loop system by substituting the control excitation input u(t) from Eq. (3-56) into the true system 

equation (3-49): 
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 (3-57) 

Cleary, the responses x(t) and ẋ(t) will be bounded since ∗  < 0 and the input part 
∗  is bounded (i.e. the target motion  is bounded) according to the Bounded-Input-Bounded-

Output (BIBO) stability (Crassidis and Junkins, 2012), discussed in Section 3.2. It is noted that this 

stability analysis for a first order system is not applicable to higher order systems. However, the stability 

can be checked from the closed loop systems using the same analysis scheme. 

 

Application to SDOF Linear Structures 

The feedback linearization tracking control method is applied to a linear structure (an SDOF system 

model) previously shown in Eq. (2-26) with the output y(t) of the total acceleration response ẍs
t(t) at the 

structure. 

Using the same procedure described above, the control law can be obtained (see detailed Derivation 

3.1 in Appendix 3.1) 

Control Law  

       
12 *

s su t c m y t v t
        (3-58) 

where ∗(t) is defined as 

   * 2 1( ) ( )s s s s s s s s sy t m c c x t k x t m k x t          (3-59) 
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Substituting u(t) from Eq. (3-58) into the equation of the differentiated output (t) (Eq. (B-3) in Appendix 

3.1) leads to 

   y t v t  (3-60) 

This new input v(t) can be chosen as following, to reduce the tracking error signal e(t) = y(t) - ym(t),  

     *
1mv t y t k e t   (3-61) 

that leads to the following tracking error dynamics (as discussed in the previous derivation): 

Expected Achieved Responses  

   *
1 0e t k e t   (3-62) 

where the tracking error signal e(t) → 0 as t → ∞ by selecting ∗ > 0.  

Stability 

It is shown that the tracking error goes to zero, e(t) → 0, indicating that ym(t) = ẍs
t(t) = (ẍs(t) – ms

-1u(t)) 

is bounded; however, checking is needed to find if the responses x(t) of the closed loop system are 

bounded. By substituting the control input u(t) of Eq. (3-58) into the true system equation (2-26): 
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 (3-63) 

Introducing the last known term ∗  from the target motion as the new input 

 and substituting y(t) in Eq. (3-63) lead to the closed loop system equation 

     * * 1
1 1( )s s s s s mx t k x t k c k x t u t      (3-64) 

which can be written in the matrix form with the state vector x(t) = [xs(t)  ẋs(t)]
T 

 
 

 
   * 1 *

1 1

0 1 0

1
s s

m
s s s s

x t x td
u t

x t k c k k x tdt 

      
               

 (3-65) 

The system matrix has all negative real part eigenvalues if ∗cs
-1ks > 0 (i.e. the damping coefficient and 

stiffness of a structure are normally positive and ∗  > 0 selected) and the input part 

∗  is bounded (i.e. the target motion  is bounded); therefore, the responses 

xs(t) and ẋs(t) are bounded according to the Bounded-Input-Bounded-Output (BIBO) stability (Crassidis et 

al., 2012), discussed in Section 3.2. 
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Application to 2DOF Shake Table-Linear Structure Systems 

The same feedback linearization tracking control method is applied to a linear structure mounted on a 

shake table (a 2DOF system model) described in Equations (2-24) and (2-25) with the output y(t) of the 

total acceleration response ẍs
t(t) at the structure.  

Using the same procedure described above, the control law can be obtained (see Derivation 3.2 in 

Appendix B.2) as 

Control Law  

     * 1 *u t a y t v t       (3-66) 

where u*(t) = (ωa
2ka)

-1u(t); u(t) = xd(t); and ∗(t) is defined as 

                     * *
s s a t ty t a a c b x t a b d x t ae f t af x t ag x t                  (3-67) 

in which new notations are introduced for simplification: 
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 (3-68) 

Substituting u*(t) into the equation of the differentiated output (t), shown from Eq. (B-14) in Appendix 

B.2, leads to 

   y t v t  (3-69) 

To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be obtained as: 

       * *
1 2mv t y t k e t k e t     (3-70) 

where ∗ and ∗ are the tracking error design coefficients, which are constant and positive; these lead to 

the tracking error dynamics 

Expected Achieved Responses  

     * *
1 2 0e t k e t k e t     (3-71) 

in which the error signal e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. 

Stability 

It is shown in Eq. (3-71) that the tracking error goes to zero, e(t) → 0; this indicates that ym(t) = ẍs
t(t) is 

bounded; however, checking is needed to find if the responses x(t) of the closed loop system are bounded. 

By substituting the control input u(t) from Eq. (3-66) into the true system equation (2-24) and using the 

notations defined in Eq. (3-68), it is obtained 
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 (3-72) 

By substituting ẍs(t) of Eq. (2-24) and by introducing additional notations for simplification: 

   1 * * 1 * * 1
1 1 2 2; ; ;h a c a b k i b d k a b k j k a b                    (3-73) 

and also introducing the last known term ∗ ∗  from the target motion as a 

new input , Eq. (3-72) can be rewritten 
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 (3-74) 

From this equation and the equations from Eq. (2-24), one has the closed loop system equation, which can 

be written in the matrix form with the state vector x(t) = [xs(t)  ẋs(t)  ∗(t)]T 
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   (3-75) 

One can show that the state vector x(t) = [xs(t)  ẋs(t)  ∗(t)]T will be bounded by showing that the 3 × 3 

closed loop system matrix has all negative real part eigenvalues with given parameters. To show if the 

remaining two state variables: xt(t) and ẋt(t); will be bounded, one can use the fact that ym(t) ≈ ẍs
t(t) (i.e. 

e(t) → 0 as shown in Eq. (3-71)). This indicates that the total displacement (t) = xs(t) + xt(t) and the 

total velocity (t) = ẋs(t) + ẋt(t) tend to be the integrations of the target motion (i.e. ym(t) = ẍs
t(t) = ẍs(t) + 

ẍt(t)), assuming the initial conditions are zeros: 
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 (3-76) 

Therefore, choosing the target motion ym(t) and its integration and double integration to be bounded leads 

to (t) and (t) are bounded. Since xs(t) and ẋs(t) are bounded, xt(t) and ẋt(t) are also bounded. It is noted 

that the boundedness of xt(t), the shake table displacement, might suffer from small tracking errors: e(t) = 

ẍs
t(t) - ym(t); as shown in the second equation of Eq. (3-76). This might be acceptable for the shake table 

control applications in this study where the total control time is relatively short. However, this issue might 

be more critical for applications where much longer control time is required. For these applications, one 
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can reformulate the tracking control law by modifying the original target motion: the total structure 

acceleration; to the total structure displacement through double integrations of the original target motion; 

then, the stability of the controlled system can be examined using the same procedure described above. 

 

3.3.3 Comparisons of Feedback Tracking Control Methods 

It is very interesting to see the similarity and/or differences between the two feedback control methods 

introduced in this section. To compare the two methods, the control law of the feedback linearization 

control method is reformulated in the matrix form using the system equations shown in Eq. (3-1) and Eq. 

(3-2).  

The system output y(t) = Cx(t) is differentiated until the control input u(t) appears in the expression of 

the differentiated output 

       y t Cx t CAx t CBu t     (3-77) 

Assuming the product matrix CB is invertible (i.e. for the SDOF expressed in Eq. (2-26) with the output 

y(t) of the total acceleration response ẍs
t(t) at the structure, CB is invertible), the feedback control is 

       1
u t CB CAx t v t

       (3-78) 

where the new input v(t) = 	 ∗ ; i.e. , is chosen to meet the tracing 

objective, and introducing A* = CA and B* = CB the control law of the feedback linearization becomes 

       * 1 * *
1mu t B y t k e t A x t       (3-79) 

Substituting this control input into Eq. (3-77) leads to  

     *
1my t y t k e t    (3-80) 

which can be rewritten to show the tracking error dynamics 

   *
1 0e t k e t   (3-81) 

that clearly shows the tracking error e(t) → 0 as t → ∞ if ∗ 0.  

It is noted that the control law in Eq. (3-79) is very similar with the control law of the predictive 

tracking control shown in Eq. (3-39), which can be rewritten, assuming R = 0 and BD
* = CDBD is invertible 

as B* = CB is invertible, 

1* * * * * 1 *
, 1 , 1ˆ ˆT T

k D D D m k D k D m k D ku B QB R B Q y A x B y A x
 

                 (3-82) 

For the linear systems, these two equations (3-79) and (3-82) are equivalent by choosing ∗ 1/Δ  

where Δ  is the discrete time interval, and the equations can be seen as the continuous – discrete time 

counterparts of the feedback control inputs.  
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Equivalency of Methods for 2DOF Shake Table-Structure Systems  

One can also show that the two methods are equivalent for the shake table-structure system (where C 

× B is singular) under certain conditions. For example, the predictive tracking control law shown in Eq. 

(3-46) becomes the same as the control law (see Eq. (3-66)) of the feedback linearization tracking control 

method (i.e. see Derivation 3.3 in Appendix B.3), if the controlled system has B(x)* that is a non-zero 

scalar (i.e. an invertible matrix, size 1 × 1), and R = 0 chosen; by selecting the tracking error coefficients 

in Eq. (3-48) as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h 2 = ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h = √2 / ωe.  

 

3.4 Numerical Examples and Comparisons of Tracking Control Methods 

Simple tracking control examples are analyzed in order to examine the performance of the four 

tracking control methods for linear systems introduced in this section. For all examples, the target motion 

is the total acceleration of a structure (specimen) mounted on the shake table although any response; i.e. a 

displacement or velocity response, can be selected as the target motion.   

 

3.4.1 Examples of Linear Structures (SDOF System Model) 

As discussed in Section 2.2, in order to facilitate the development of the tracking control method, first, 

a simplified SDOF system model is used instead of a 2DOF system model for the shake table with an 

SDOF structure system. In this simplified system model (shown in Figure 3-2), the excitation force -

msẍt(t) due to the shake table acceleration ẍt(t) is considered as a new control excitation input u(t). 

However, the actual control excitation input u(t) for the 2DOF system model is the desired displacement 

xd(t) of the shake table, and u(t) shall be computed including the shake table dynamics and the shake 

table-structure interaction (as discussed in Section 2.2) as formulated in the following section (Section 

3.4.2).  

 

 

Figure 3-2 Tracking control of an SDOF system with known parameters 

 

The governing equation of an SDOF linear structure subjected to the shake table excitation is shown in 

Eq. (2-26). The tracking control task for this simplified system is to compute the control excitation input 
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u(t) = -msẍt(t) so that the system output y(t) = ẍs
t(t) (the total acceleration of the structure) follows the 

target motion ym(t) = ẍm
t(t) (the total acceleration of the reference model), and all responses of the 

controlled system are bounded. The initial condition x(0) = 0; i.e. the state of a system (shake table and 

structure) initial condition in this study is always zeros: x(0) = 0, unless otherwise stated. 

 

Example 3.1 : An SDOF Linear System with Known Parameters 

The properties of the example system are selected: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 

kips·sec/in., (fn = 3.0 Hz, ξn = 0.03). Figure 3-3 (a – Target) shows the target motion. The target motion is 

the total acceleration output generated from a reference linear system, subjected to one-cycle sine input, 

whose frequency = 1.0 Hz. The reference input is high-pass-filtered at 0.2 Hz cutoff frequency to remove 

a large drift demand in the target motion. The properties of the reference system are: mm = 1 kips·sec2/in.; 

km = 987 kips/in.; and cm = 6.28 kips·sec/in. (fm = 5.0 Hz, ξm = 0.1). The reference input and the responses 

of the reference model are presented in Appendix A.2. The time step Δt of 0.002 sec is used for the 

simulation.  

Tracking control results are presented in Figure 3-3. The controlled outputs, y(t) = ẍs
t(t) the total 

acceleration of the structure, are shown in Figure 3-3(a) that shows very good agreement with the target 

motion ym(t) [Target]. For comparison purposes, the results of four linear tracking control schemes: 

optimal tracking control [OTC]; inverse transfer function control [ITF]; predictive tracking control [PTC]; 

and feedback linearization tracking control [FTC]; are presented together and show the similarity of their 

performance. Note that for the OTC, a much smaller time step (Δt = 0.00001), which is impractical, is 

used as a benchmark solution; i.e. for other methods Δt = 0.002 sec. The performance can be 

quantitatively measured using the normalized root-mean-square error (ENRMS), which is expressed as 

(Fienup, 1997): 

   2 2

, ,
1 1

N N

NRMS m i i m i
i i

E y y y
 

    (3-83) 

where ym is the target motion and y is the output of the controlled system as addressed. The error of each 

method is computed and shown in Table 3-1; this shows that the performance of the feedback control 

methods (PTC and FTC), which will be used for nonlinear system control, are as good as the feed-

forward method (ITF and OTC). It is noted that the performance of every method is highly affected by the 

control gain, which may have physical limitation in real applications. 

The computed control excitations, u(t) = -msẍt(t), for all four control methods using the control laws 

(i.e. Eq. (3-5) for the ITF method, Eq. (3-19) for the OTC method, Eq. (3-39) for the PTC method, and 

Eq. (3-58) for the FTC method) are shown in Figure 3-3(b) (for comparison purposes with other 

examples, ẍt(t) the shake table acceleration is presented). The achieved displacement and velocity 
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responses of the controlled structure xs(t), ẋs(t) are also presented in Figure 3-3 (c) and (d); it is noted that 

unlike the total acceleration (which was the target of the control design), the displacement and velocity 

responses are different from the ones of the reference because the system properties of the controlled 

system and ones of the reference system are different (the responses of the reference model are presented 

in Appendix A.2). Note that since the responses are very similar to each other, only the responses of the 

PTC method are presented. The relation between the structure resisting force fS(t) and displacement xs(t) 

is also presented in Figure 3-3 (e). As expected, all responses of the controlled system are bounded, 

satisfying the control objectives. 

 

Table 3-1 Comparison of the performance of linear tracking controllers for an SDOF linear system 

 OTC ITF PTC FTC 

ENRMS 0.0002 0.0000 0.0000 0.0000 
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Figure 3-3 Tracking control results of an SDOF linear system 
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3.4.2 Examples of Shake Table-Linear Structures (2DOF System Model) 

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and 

the interaction between the shake table and the mounted structure is to be considered. The same tracking 

control example above is resolved for the 2DOF linear system, expressed in Eq. (2-24) and Eq. (2-25), 

and schematically shown in Figure 3-4.  

 

 

Figure 3-4 Tracking control of the shake table- structure 2DOF system with known parameters 

 

When the target motion at a structure is specified, the required control input u(t) = xd(t), the desired 

shake table displacement, is determined such that the output of the system (y(t) = ẍs
t(t), the total 

acceleration of the structure), follows the target motion ym(t), and all responses of the controlled system 

are bounded. It is noted that the target motion might be required to be high-pass-filtered for the shake 

table applications, as discussed in Section 2.5.1 in order to avoid large drift of the shake table, by 

removing the DC error in the target. The 2nd order Butterworth high-pass filter (Chu, 2005) is used in the 

examples. 

 

Example 3.2 : A 2DOF Linear System with Known Parameters 

Like in example 3.1, the properties of the system are selected as: ms = 1 kips·sec2/in., ks = 355 kips/in., 

and cs = 1.13 kips·sec/in., (fn = 3.0 Hz, ξn = 0.03), μ = ms / mt = 0.1, fn,a = 30.0 Hz, ξa = 0.5, and ka = 25. 

The target motion is shown in Figure 3-5 (a) [Target]; i.e. the target motion is the total acceleration output 

generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1) used for Example 3.1. in Section 

3.4.1 (the reference excitation input and the responses of the reference model are presented in Appendix 

A.2). A time step of 0.002 sec is used for the simulation.  

Tracking control results are presented in Figure 3-5 and Figure 3-6. The controlled outputs, y(t) = ẍs
t(t) 

the total accelerations of the structure, are shown in Figure 3-5 (a), showin a very good agreement with 

the target motion ym(t) [Target]. For comparison purposes, the results of four linear tracking control 

schemes: optimal tracking control [OTC]; inverse transfer function control [ITF]; predictive tracking 
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control [PTC]; and feedback linearization tracking control [FTC]; are presented together; All show very 

good agreement to each other. Note that the OTC requires a much smaller time step (Δt = 0.00001), 

which is impractical; for all other methods the required time step is Δt = 0.002 sec. The error of each 

method is computed using the normalized root-mean-square error (ENRMS), expressed in Eq. (3-83), and 

shown in Table 3-2. The results show that the performance of the feedback control methods (PTC and 

FTC), which will be used also for nonlinear system control, are as good as the feedforward method (ITF 

and OTC). It is noted again that the performance of every method is highly affected by the control gain, 

which may have physical limitation in real applications. 

The computed control excitation inputs, u(t) = xd(t), for all four control methods using the control laws 

(i.e. Eq. (3-5) for the ITF method, Eq. (3-19) for the OTC method, Eq. (3-46) for the PTC method, and 

Eq. (3-66) for the FTC method) are shown in Figure 3-5 (b). The achieved displacement and velocity 

responses, xs(t), ẋs(t),  of the controlled structure are also presented in Figure 3-5 (b) and (c); it is noted 

that unlike the total acceleration (which was the target of the control design), the displacement and 

velocity responses are different from the ones of the reference because the system properties of the 

controlled system and ones of the reference system are different (the responses of the reference model are 

presented in Appendix A.2). The relation between the structure resisting force fS(t) and displacement xs(t) 

is also presented in Figure 3-5 (e). Note that since the responses are very similar to each other, only the 

responses of the PTC method are presented. Figure 3-6 presents the responses of the shake table, the 

achieved shake table actuator force fa(t), shake table acceleration ẍt(t), displacement xt(t) and velocity ẋt(t).  

It is also noted that the achieved shake table acceleration ẍt(t) (Figure 3-6 (b)) might be compared with 

the Example 3-1 table acceleration ẍt(t) (previously presented in Figure 3-3 (b)).  It can be shown that the 

difference is very small. However, the simplified SDOF linear system cannot be used for the real 

applications because the actual control input, u(t) = xd(t) (the desired displacement of the shake table), 

cannot be directly computed from the shake table acceleration ẍt(t). The actual control input u(t) = xd(t) 

should be computed using the coupled system equation (Eq. (2-24)) including the shake table dynamics 

and the shake table-structure interaction, as in this example. As expected, all responses of the controlled 

system are bounded, satisfying the control objectives. 

 

Table 3-2 Comparison of the performance of linear tracking controllers for a 2DOF system 

 OTC ITF PTC FTC 

ENRMS 0.0057 0.0102 0.0070 0.0070 
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Figure 3-5 Tracking control structure responses of a 2DOF linear system 
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Figure 3-6 Tracking control shake table responses of a 2DOF linear system 

 
In this section, the well-known tracking control methods including the feedforward, 

feedforward+feedback, and feedback control methods are reformulated in order to establish control laws 

for shake table and linear structure control applications. The performance of each tracking scheme is 

analytically examined from its expected achieved responses for the feedforward method and closed loop 

system responses for the feedback control methods. The performances of all control methods are also 

quantitatively compared using the numerical simulations. The results show very good and similar tracking 

performances. Especially, the performances of the feedback control methods (PTC and FTC), which will 

be used for nonlinear system controls, are as good as the feed-forward methods (ITF and OTC). It is also 

noted that the performance of every method is highly affected by the control gain, which may have 

physical limitation in real applications.   
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SECTION 4 

TRACKING CONTROL FOR NONLINEAR SYSTEMS WITH KNOWN 

PARAMETERS 

 

Structures (specimens) subjected to strong excitation can experience nonlinear hysteretic behavior due 

to yielding, or due to the nature of the seismically protected structure, such as a base isolated system. A 

class of smooth hysteretic models was originally proposed by Bouc (1967) and modified by several others 

(Wen, Y. K., 1976, Reinhorn et al., 1995, Sivaselvan and Reinhorn, 2000). In this model the restoring 

force fS(x) is modeled as a combination of elastic and hysteretic components as shown in Figure 4-1 (left). 

Even though the model is versatile and capable to simulate stiffness degradation, strength degradation, 

and pinching (Sivaselvan and Reinhorn, 2000), this study focuses only on a simple, bilinear type 

hysteretic behavior in order to facilitate the development of a real time controller; this restriction can be 

removed but it will require a much more elaborated explanation. For this hysteretic system, the model 

parameters include: ks, the elastic stiffness; dy, the yielding displacement (i.e. the yielding force fy = ksdy); 

α the post-yielding stiffness ratio to the elastic stiffness; and N, the power controlling the smoothness of 

the transition from elastic to inelastic range. For the controller development, it is necessary to know these 

parameters; however, in real applications, only initial approximations of the true parameters might be 

available from static tests; in particular, for dy and α, the hysteretic parameters, a real time estimator might 

be necessary. The hysteretic parameter, N, is also unknown (i.e which can be also estimated in real time  

 

 

Figure 4-1 Nonlinear system model: Restoring force model5 and effects of smoothness of transition6 

                                                      
5 (Simeonov et al., 2000); all terms are explained in the following section;  
6 (Constantinou, 2008); only the response in one positive direction is presented 
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as shown in Wu and Smyth, 2008); in this study, it is assumed as a fixed value, N = 3, considering that the 

influence of the smooth transition changes on the entire hysteretic behavior is not significant. Figure 4-1 

(right) shows different transitions due to various N of the hysteretic components. It is also noted that there 

are parameters (η1, η2 in Eq. (4-2)), which control the shape of the hysteretic loop; in this study, η1 = η2 = 

0.5 are chosen also for simplicity.  Feedback controllers are proposed first, in this section, assuming all 

parameters are known a priori. In later sections, real time estimators are introduced to be combined with 

the controllers.   

Four tracking control methods, including (i) a feed-forward control method, (ii) a combined feed-

forward feed-back control method, (iii) a predictive tracking control method and (iv) a feedback 

linearization tracking control method for linear systems, were introduced in the previous section. The two 

feedback control methods, the predictive tracking control and the feedback linearization tracking control, 

can be extended to nonlinear hysteretic systems. In this section, the nonlinear hysteretic model is 

presented first. The formulation of each control method is provided and numerical examples of an SDOF 

nonlinear structure and a 2DOF shake table with a nonlinear structure mounted on it are presented. The 

performances of these methods are compared.  

 

4.1 Nonlinear Hysteretic Structure Model  

Considering a nonlinear hysteretic SDOF system, the equation of motion can be written as (adapted 

from Sivaselvan and Reinhorn, 1999): 

( ) ( ) ( ) ( ) ( )s s s s S s tm x t c x t f x m x t or u t       (4-1) 

where fS(x) is a nonlinear restoring force and the governing equation is 

           1S T s s H sf x k x x t k k x x t       
    (4-2) 

in which kT(x) indicates the instantaneous tangent stiffness; ks is the elastic stiffness; kH(x) is the hysteretic 

stiffness; and α the post-yielding stiffness ratio to the elastic stiffness. In this parallel-spring 

representation, the stiffness of the hysteretic spring kH(x) is expressed as 

        
2 1 *

1 sgn

N

H

H s H s
y

f x
k x k f x x t

f
 

              

  (4-3) 

where the hysteretic force fH(x) = fS(x) – αksx(t); the hysteretic yielding force fy
* = (1 – α) fy with the 

yielding force fy = ksdy where dy is the yielding displacement; N is the power controlling the smoothness of 

the transition from elastic to inelastic range (see Figure 4-1(b)); and η1, η2 are parameters controlling the 

shape of the hysteretic loop, which must satisfy η1 + η1 = 1 (Constantinou and Adane, 1987) i.e. in this 
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study, η1 = η2 = 0.5 are chosen for simplicity. Equations (4-1) and(4-2), can be rewritten in the state space 

form as 

      
 
 
 

 
      

   
 1 1

0
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, 0
s s
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S T s

x t x t u t or

x t x t
d
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In the matrix form, this is 
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 (4-5) 

Considering the structure mounted on the shake table shown in Figure 2-1 is a nonlinear hysteretic SDOF 

system, the equations of motion of the table-structure system can be expressed as 
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 (4-6) 

where ωa (i.e. fn,a (Hz) = ωa / 2π), ξa, and ka are the natural frequency, the equivalent damping ratio, and 

the control gain of the shake table system as defined in Eq. (2-17). All parameters are previously defined. 

Eq. (4-6) can be written in the state space form as 
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In the matrix form, this is 
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 (4-8) 

and for the output y(t) of the total acceleration response ẍs
t(t) at the structure, the output equation is 

1 1

( ),

0 0 0 0 ( )s s s

y Cx t or

y m c m x t 



    
 (4-9) 

The equations can be solved using the 4th order Runge-Kutta method.  

 

4.2 Predictive Tracking Control (PTC) 

For a tracking control of a nonlinear system, the predictive feedback control method introduced in 

Section 3.3.1 for a linear system can be applied. While the procedure is similar, for nonlinear systems it is 

required to update the system matrices in every instant, because of system variations.  

Assuming that the instant stiffness kT(x) in Eq. (4-2) is piecewise constant at every instant, the 

equation can be rewritten between two consecutive instants k∆t and (k+1)∆t as 

( ) ( ) ( ), ( 1)kx A x Bu k t k t           (4-10) 

Also, assuming that the control input u(t) is piecewise constant at every instant, the equation can be 

expressed in the discrete-time domain as 

1 , ,k D k k D k kx A x B u    (4-11) 

where AD,k and BD,k are computed from Eq. (3-38) by replacing AD with AD,k. The predicted output 

response  at instant k∆t can be expressed 

   
1 , ,

* *
1 1 , , , ,

ˆ ˆ

ˆ ˆ ˆ ˆ

k D k k D k k

k D k D D k k D D k k D k k D k k

x A x B u

y C x C A x C B u A x B u



 

 

    
 (4-12) 

where  is the estimate of the true state vector xk at instant kΔt; i.e.  ≈ xk for the systems with known 

parameters and no measurement noise considered as ∆t is sufficiently small such that the error due to the 

piecewise constant assumption of the nonlinear restoring force is negligible; therefore, the predicted 

output response is close to the true one  ≈ yk+1. Given a target ym, the control force uk to minimize the 



 

63 

 

instantaneous performance index J in Eq. (3-35) (i.e. / 0) can be defined based on Eq. 3-38 as 

follows:  

Control Law  

1* * * * *
, , , , 1 , , 1 ,ˆ ˆT T

k D k D k D k m k D k k k m k D k ku B QB R B Q y A x y A x


                 (4-13) 

where ,
∗  = CDAD,k and  ,

∗  = CDBD,k. and Γ ,
∗

,
∗

,
∗ . The true system responses 

will be measured at every instant k∆t by sensors in real experiments: the measurement responses are 

expressed as k = xk + vk (the true responses xk with measurement noise vk - see Eq. (5-51)). For 

numerical simulations, the true responses without noise (i.e. measurement noise will be present from 

SECTION 5 trough SECTION 8) can be computed by substituting the control input uk from Eq. (4-13) 

into the true system equation in Eq. (4-4) and using the following equation; 

 1

1

1 1

f ( ),
k

k

t

k k kt

k D k

x x x u d

y C x

 



 

 




 (4-14) 

where xk+1 and yk+1 are the true state vector and output at instant time (k+1)Δt, and f(x, uk) is the system 

differential equation defined in Eq. (4-4). For the numerical integration, the 4th order Runge-Kutta method 

(Sauer, 2006) with very small time step is used assuming that the control excitation input uk is piecewise 

constant. 

 However, in order to check the effectiveness of the proposed control scheme analytically, it is assumed 

that the instant stiffness kT(x) in Eq. (4-2) is piecewise constant at every instant. With this assumption, the 

error dynamics with the control scheme can be shown as following. Substitution of the control input uk 

from Eq. (4-13) into the approximated system equation shown in Eq. (4-12) leads to 

Expected Achieved Responses  

    * *

1 1 , , , 1 , , , , , , 1
ˆ ˆ ˆˆ ˆ

k D k D D k k D k k m k D k k D D k D k k D k k D k k m kC C A x B y A x C A B A x B yy x                (4-15) 

If BD,k
* = CDBD,k is an invertible matrix and R = 0 chosen (i.e. indicating no limit for the control input), 

then Eq. (4-15) becomes  

     * * * 1 1 * * *

1 1 , , , , , 1 , , 1
ˆ ˆˆ ˆ T T

k D k D k D k D k D k D k m k D k k m kC A x B B Q B B Q y A x yy x   
         (4-16) 

and the predicted tracking error ,  becomes zero as desired.  

To ensure the stability of the control scheme, one needs to check not only the output, but also the state 

responses of the controlled system. This can be done by tracing the closed loop stability. Note that the 

study of the closed loop stability of a feedback tracking control for a nonlinear structure is presented in 

Ch 4.3 where the feedback linearization method is used.  
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Limitation of 2DOF Shake Table-Structure Systems  

As discussed in Section 3.3.1, if the product of the output and input matrices C × B, in the equations 

Eq. (3-1) and Eq. (3-2), is singular, it is required to change the procedure in order to establish a valid 

control law. In order to force the control input uk to appear in the output equation, a higher order 

differentiation of the output  in discrete time or (t+h) in continuous time is needed.  As discussed in 

Section 3.3.1, it is preferred to formulate the control law in continuous time format. The procedure to 

formulate the predictive tracking control law for nonlinear continuous systems was presented by Lu 

(1994). For the shake table-structure 2DOF model, the output needs up to three terms. The approximated 

predicted output *(t+h) and target motion ∗ (t+h) are presented in Equation (3-44) where (t) and (t) 

in the first equation can be expressed using Equations (4-8) and (4-9) for the nonlinear hysteretic system 

as: 

             

                     2

ˆ ˆ

ˆ ˆ

ˆ

ˆ ˆ

y Cx C A x t Bu t C

y C C C x C A x CA Bu

t t x A x x t

d d
t x t A x x t A x t A x x t x t

dt dt

   

   

  
    



   (4-17) 

It is noted that the control excitation input u(t) appears in the second equation because CA(x)B ≠ 0.  

The control excitation input u(t) can be obtained by minimizing the performance index J in Eq. (3-35) 

by replacing the output (t+h) and the target ym(t+h) to their approximations *(t+h) and ∗ (t+h) after 

substituting Eq. (4-17) for *(t+h) as follows: 

Control Law  

             
1

** * * * ˆ
TT

mu B x QB x R B Q y t h A x x tt x


          (4-18) 

where A*(x) = [C + hCA(x) + (h2/2)C{d/dtA(x) + A(x)2}] and B*(x) = (h2/2)CA(x)B.  

 By substituting Eq. (4-18) into the second equation of Eq.(4-17), one can establish the error dynamics. 

For a system having B*(x) is a non-zero scalar (i.e. an invertible matrix, size 1 × 1), and R = 0 chosen, 

	(t) becomes:  

Expected Achieved Responses  

                 

             

2 * *
1*

2

ˆˆ

2 /

m

m mm

y C A CA B B y t h A x x t

y h

d
t A x x x t x x

dt

t h y t y t y t y t


  



           
     



  
 (4-19) 

which can be rewritten by introducing the tracking error (e(t) = y(t) - ym(t)) to show its dynamics as 

         22 / 2 / 0e t h e t h e t     (4-20) 

This equation clearly shows the tracking error e(t) → 0 as t → ∞ since h > 0, where h, the predicted time 

interval, is not restricted to be the same as Δt, the sampling time step. Thus, h can be chosen by the design 
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engineer as a controller parameter (as discussed in Section 3.3.1). It is noted that this is the same tracking 

error dynamics achieved for the linear system shown in Eq. (3-48); this indicates that the control 

excitation input cancels the system nonlinearity and drives the system to fit the target motion.  

To ensure the stability of the control scheme, one needs to check not only the output, but also the state 

responses of the controlled system. This can be done by looking at the closed loop stability; this 

procedure is presented in Ch 4.3 where the feedback linearization method is used.  

 

4.3 Feedback Linearization Tracking Control (FTC) 

As discussed in Section 3.3.2, the controller can be designed such that the true system properties 

involving the nonlinear behavior are replaced to new ones that will lead to the desired linear behavior, and 

the output response of the controlled system will follow the target motion. 

 

Application when the Target Motion is the Structure Displacement Response 

This method is developed and applied to a nonlinear hysteretic system expressed in Eq. (4-1) using the 

structure displacement response xs(t) as the target motion; i.e. although feasible the formulation becomes 

more complex when the target motion is the total structure acceleration ẍs
t(t); therefore, for simplicity, the 

displacement response is considered first.  

Equations for the True System 

         
   

1 1 1
0, 0s s s s s S s

s

x t m c x t m f x m u t x x

y t x t

      



 
 (4-21) 

Equations for the Reference Model 

         
   

1 1 1
,0, 0m m m m m m m m m m

m m

x t m c x t m k x t m r t x x

y t x t

      



 
 (4-22) 

The system output y(t) is to be differentiated until the control input u(t) appears in the expression of the 

differentiated output 

   
    1 1 1( ) ( ) ( )

s

s s s s s S s

y t x t

y t x t m c x t m f x m u t  



    

 

  
 (4-23) 

In order to achieve the desired response, the feedback control law can be defined as: 

Control Law  

   1 1( ) ( )s s s s s Su t m m c x t m f x v t       (4-24) 

that leads to: 

   y t v t  (4-25) 
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To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be described as: 

       * *
1 2mv t y t k e t k e t     (4-26) 

where ∗ and ∗ are the tracking error design coefficients, which are constant and positive; these lead to 

the tracking error dynamics as follows: 

Expected Achieved Responses  

     * *
1 2 0e t k e t k e t     (4-27) 

in which the error signal e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. In this second order 

error differential equation, the error coefficients ∗ and ∗ can be considered as ∗ = 2ξeωe and ∗ = ωe
2. 

In general when the coefficients increase, the error will be rapidly reduced while it will require larger 

control inputs (therefore, larger actuator forces).  

Stability 

It is shown in Eq. (4-27) that the tracking error goes to zero, e(t) → 0. This indicates that the responses 

x(t) of the closed loop system are bounded since the target motion is y(t) = x(t). 

 

Application when the Target Motion is the Structure’s Total Acceleration Response 

If the target motion is the total structure acceleration ẍs
t(t), although the procedure is the same as 

above, more computations are involved to construct the control law. The procedure is as follows; the 

system output in Eq. (4-21) and the target motion in Eq. (4-22) become:  

       1 1t
s s s s s Sy t x t m c x t m f x       (4-28) 

       1 1t
m m m m m m m my t x t m c x t m k x t       (4-29) 

The system output function y(t) is to be differentiated until the control excitation input u(t) appears in the 

expression of the differentiated output 

     
        

1 1

2 1 2 ( )

s s s s S

s s s s S s T s s s

y t m c x t m f x

m c c x t f x m k x x t c m u t

 

  

  

     

 

 
 (4-30) 

which leads to the feedback control law: 

Control Law  

            1 2 2 1
s s s s s s S s T su t c m m c c x t f x m k x x t v t          (4-31) 

By substituting this control excitation input u(t) into Eq. (4-30), it is obtained that 

   y t v t  (4-32) 

The new input v(t) can be selected such that the error signal e(t) = y(t) - ym(t) will be reduced as shown in 

the previous example (see Eq. (3-61)). Again, the tracking error dynamics can be written: 
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Expected Achieved Responses  

   *
1 0e t k e t   (4-33) 

in which the tracking error signal e(t) → 0 as t → ∞ by selecting ∗ > 0.  

Stability 

It is shown in Eq. (4-33) that the tracking error goes to zero, e(t) → 0. This indicates that the output 

ym(t) = ẍs
t(t) is bounded; however, one still needs to check if the state responses x(t) of the closed loop 

system are bounded.  

By substituting the control input u(t) from Eq. (4-31) into the true system equation (4-21) the total 

acceleration is: 

          
     
         

 

1 1 1 1 1 2

1 1

1 * 1 1 *
1 1

( ) ( ) ( )

m

s s s s S s s s S s s T s s s

s T s s s

s T s s s s s m m

u t

x t m c x t m f x m c x t f x c m k x x t c m v t

c k x x t c m v t

c k x x t k c m y t c m y t k y t
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By introducing the last known term ∗  from the target motion ym(t) as a new 

input um(t) and substituting y(t) from Eq. (4-28), it leads to the closed loop system equation: 

       1 * 1 *
1 1( )s s T s s S mx t c k x k x t c k f x u t          (4-35) 

which is a nonlinear equation due to the variation of kT(x). The eigenvalue test of the system matrix is not 

applicable. The input-output stability of this nonlinear system can be checked using the Lp norm definition 

(Ioannou and Sun, 2012). This procedure is presented for the Application to 2DOF Shake Table-

Nonlinear Structure Systems shown below.  

For a special case, a stabilization problem, where the target motion ym = 0; i.e. the structure should 

have nil output (i.e. thus, um(t) = 0), the stability of this nonlinear equation can be shown by using the 

Lyapunov’s indirect method7 (Crassidis et al., 2012), assuming the nonlinear hysteretic terms involving 

the instantaneous stiffness kT(x) is differentiable. The procedure is presented in the work of the author 

(Ryu, 2015). However, since the input-output stability analysis shows the desired bounded responses of 

the controlled closed loop system, the approximated method using the Lyapunov’s indirect method is not 

included in this report.  

  

                                                      
7 The Lyapunov’s indirect method (Crassidis et al., 2012) gives the following stability condition: The equilibrium 

point of the actual nonlinear system is asymptotically stable if the linearized system has all eigenvalues of negative 

real parts. 
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Application to 2DOF Shake Table-Nonlinear Structure Systems 

The same tracking control method (feedback linearization method) can be applied to a nonlinear 

hysteretic structure mounted on a shake table (2DOF system model), expressed in Eq. (4-8) and Eq. (4-9) 

with the output y(t) of the total acceleration response ẍs
t(t) at the structure and the equations are repeated 

here for convenience. 

Equations of the True System 
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, 0
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 (4-36) 

Equations of a Reference Model 

 
       

1 1 1
,0

1 1

( ) ( ) ( ) ( ), 0m m m m m m m m m m

t
m m m m m m m m

x t m c x t m k x t m r t x x

y t x t m c x t m k x t
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Using the same procedure described above, the control law can be obtained (see Derivation 4.1 in 

Appendix B.4) as following: 

Control Law  

     * 1 *u t a y t v t       (4-38) 

where u*(t) = (ωa
2ka)

-1u(t); u(t) = xd(t); and ∗(t) is defined as 

               
           

* 1 1 1 1

*

s T s s T s t T s

a t t

y t a a c m k x x t m k x a m m k x x t

ae f t af x t ag x t
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in which notations are introduced for simplification: 

           

1 1

2 2

* * 2

; ;

2 ; ; ;

/ ; ,

s s t s

a a a a a

a a t a a d d

a m c c m c

e f g k

f t f t m u t k x t u t x t

   



  

  

  

 (4-40) 

Substituting u*(t) into the equation of the differentiated output (t) shown in Eq. (B-35) in Appendix B.4  

leads to 

   y t v t  (4-41) 

To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be  

       * *
1 2mv t y t k e t k e t     (4-42) 
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where ∗ and ∗ are the tracking error design coefficients, which are constant and positive, these lead to 

the tracking error dynamics: 

Expected Achieved Responses  

     * *
1 2 0e t k e t k e t     (4-43) 

in which the error signal e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. 

Stability 

It is shown in Eq. (4-43) that the tracking error goes to zero, e(t) → 0. And this indicates that y(t) = 

ẍs
t(t) ≈ ym(t) is bounded; however, one still needs to check if the state responses x(t) of the closed loop 

system are bounded. By substituting the control excitation input u(t) from Eq. (4-38) into the true system 

equation (4-36) and using the notations defined in Eq. (4-40), one has 
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 (4-44) 

By substituting ẍs
t(t) from Eq. (4-36) and by introducing additional notations for simplification: 

     

         

1 1 *
1

1 1 1 1 * 1 1 * * 1 1
1 2 2

;

; ;

s T

s T s t T s T s

h x a c a m k x k
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and also introducing the last known term ∗ ∗  from the target motion as a 

new input , Eq. (4-44) can be rewritten 

             
                 

*

* 1 1

a s s s m

a s s t S m

f t h x x t i x x t jx t u t

h x f t h x a c i x x t h x m m j f x u t 

   

               

  


 (4-45) 

which is a nonlinear equation due to kT(x); therefore, the eigenvalue test of the system matrix is not 

applicable. The input-output stability of this nonlinear system can be checked as following.  

The tracking error equation in Eq. (4-43) can be rewritten 

   
   * *

2 1

0 1
e

e t
e t or A e t

e tk k

  
       




 (4-46) 

where Ae is a constant 2 × 2 matrix, whose real part eigenvalues are all negative with ∗, ∗ >0; i.e. a 

constant matrix having all negative real part eigenvalues is called a stable matrix. Using the Lyapunov’s 
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direct method introduced in Section 3.2, one can show that the tracking error e(t) is bounded (i.e. e ∈ L∞; 

Lp norm8 definition is adopted from Ioannou and Sun, 2012). Furthermore, it can be shown that e ∈ L2; 

therefore, e ∈ L∞ ∩ L2 (see Derivation 4.3 in Appendix B.6). Now, by choosing the target motion ym(t) ∈ 

L∞ ∩ L2 and from the tracking error equation e(t) = y(t) - ym(t), it can be shown that y(t) ∈ L∞ ∩ L2. 

It is noted that y(t) = ẍs
t(t), the total acceleration of the structure, which can be considered as the input 

to the structure. The first system equation in Eq. (4-36) can be rewritten using the notations in Eq. (4-40) 

         1
s s S t sax t m f x x t x t or y t           (4-47) 

and multiplying the instantaneous stiffness kT(x) leads to  

           
           

1

1 1 1

T s s T S T

T s s T S T

ak x x t m k x f x k x y t or

k x x t a m k x f x a k x y t



  

  

  




 (4-48) 

where kT(x) ẋs(t) = s(x) as shown in the third system equation in Eq. (4-36), and it gives  

         1 1 1
S s T S Tf x a m k x f x a k x y t      (4-49) 

where the instantaneous stiffness kT(x) is a positive bounded function (i.e. kT(x) ∈ L∞) as 

 s T sk k x k    (4-50) 

where the post-yielding stiffness ratio to the elastic stiffness, α, considered in this study has the following 

property: 0 < α < 1. It is noted that kT(x) shown in Eq. (4-6) can be expressed in two parts: the initial 

elastic stiffness ks and the inelastic part kin(x) 
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 (4-51) 

where kin(x) is a bounded function (i.e. kT(x) ∈ L∞), having  

   0 1in sk x k    (4-52) 

Using Eq. (4-51), Eq. (4-49) can be rewritten as   

         1 1 1
S s s in S Tf x a m k k x f x a k x y t        
  (4-53) 

                                                      
8 For functions of time, the Lp norm is defined as (Ioannou and Sun, 2012) 

  1/

0

p
p

p
x x d 


   

for p ∈ [1, ∞) and it is said that x ∈ Lp when ‖ ‖p is finite. The L∞ norm is defined as 

 
0

sup
t

x x t



  

and it is said that x ∈ L∞ when ‖ ‖∞ is finite. Note that x(t) can be a scalar or a vector function, and |x(t)| denotes the 
absolute value if x is a scalar function, and |x(t)| denotes the vector norm in Rn (i.e n = the vector size) at each time t .  
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where a-1, ms
-1 are positive constant scalars (i.e. a-1, ms

-1 > 0), and since kT(x) ∈ L∞ and y(t) ∈ L∞ ∩ L2, one 

can simplify the right-hand-side of the equation as following: ‒a-1kT(x)y(t) = (t) where the new input 

term (t) ∈ L∞ ∩ L2. Thus, Eq. (4-53) becomes 

         1 1 1 1
S s s S s in Sf x a m k f x a m k x f x u t       (4-54) 

Now, from this equation one can show that fS(x) ∈ L∞ ∩ L2 and S(x) ∈ L∞ ∩ L2 (see Derivation 4.4 in 

Appendix B.7); therefore, fS(x) → 0 as t → ∞ (refer to Lemma 3.2.59 in Ioannou and Sun, 2012), if the 

following condition is satisfied 

 s ink k x  (4-55) 

and in fact this condition is always met since the maximum value of kin(x) = (1‒ α)ks < ks with 0 < α < 1 in 

this study (see Eq. (4-52)). Since the restoring force fS(x) ∈ L∞ and fS(x) → 0 as t → ∞, it is known from 

the restoring force and structure displacement relationship (shown in Figure 4-1) that the structure 

displacement xs(t) is bounded (i.e. xs(t) ∈ L∞) and xs(t) → a constant value as t → ∞ 

Also, from Eq. (4-47), it can be shown that ẋs(t) ∈ L∞ ∩ L2 since fS(x), y(t) ∈ L∞ ∩ L2. Furthermore, the 

boundedness of the actuator force ∗(t) can be checked as follows. Using that ẋs(t), fS(x) ∈ L∞ ∩ L2, and 

choosing the new input  = ∗ ∗  ∈  L∞ ∩ L2, Eq. (4-45) can be 

expressed  

                   
 

* * 1 1
a a s s t S m

m

f t h x f t h x a c i x x t h x m m j f x u t

u t

                
 


 (4-56) 

where in the right-hand-side the new input term m(t) is introduced for simplicity and m(t) ∈ L∞ ∩ L2 

since (x), (x) are bounded functions (i.e. (x), (x) ∈ L∞). From this equation one can show that ∗(t) ∈ 

L∞ ∩ L2 and ∗(t) ∈ L∞ ∩ L2 (see Derivation 4.5 in Appendix B.8); therefore, ∗(t) → 0 as t → ∞ (refer to 

Lemma 3.2.5 in Ioannou and Sun, 2012), if the following condition is satisfied 

* 1 1
1 s T sk a m k k a c     (4-57) 

and this condition can be easily met by choosing the design coefficient ∗ in Eq. (4-42) to be larger than 

(a + c).  

From this stability analysis for the closed loop state responses, it has been shown that with the 

bounded target and output response (i.e. ym(t), y (t) ∈ L∞ ∩ L2), the state variables xs(t), ẋs(t), fS(x), ∗(t) 

are bounded and ẋs(t), fS(x), ∗(t) → 0 as t → ∞. From this results and the second system equation in Eq. 

(4-36), one can also show that the shake table acceleration ẍt(t) is bounded and ẍt(t) → 0 as t → ∞. 

However, in order to show the boundedness of the shake table displacement xt(t) and velocity ẋt(t), one 

                                                      
9 Lemma 3.2.5 (Ioannou and Sun, 2012): if f,  ∈ L∞ and f ∈ Lp for some p ∈ [1, ∞), then f(t) → 0 as t → ∞. 
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needs to modify the tracking control law (Eq. (4-42)), and one possible way is to add the following extra 

term to Eq. (4-42) 

         * *
3 40 0 0

t tt t
s m s mk x t y d k x t y d d


           (4-58) 

where ∗ and ∗ are the positive constant tracking error design coefficients, the total displacement (t) = 

xs(t) + xt(t) and the total velocity (t) = ẋs(t) + ẋt(t), and the integration and double integration of the 

target motion ym(t) are also chosen to belong to L∞ ∩ L2 and their initial values are zeros. With the 

modified control excitation input, (t) and (t) are bounded, and also xs(t) and ẋs(t) are bounded as 

shown above; therefore, xt(t) and ẋt(t) are bounded. In this study, this additional term in Eq. (4-58) is not 

included for simplicity. This might be acceptable for the shake table control applications in this study 

where the total control time is relatively short. However, this issue might be more critical for applications 

where much longer control time is required. For these applications, one is to consider the extra term 

shown in Eq. (4-58); it is noted that the new control law with the extra term is equivalent to the control 

law that is obtained by modifying the original target motion (= the total structure acceleration) to the total 

structure displacement through double integrations of the original target motion. 

 

4.4 Comparisons of Feedback Tracking Control Methods 

As discussed in Section 3.3.3, it is very interesting to see the similarity and/or differences between the 

two feedback control methods introduced in this section.  

One can show that the two methods are equivalent for the controller of a structure having nonlinear 

hysteretic behavior, under certain conditions. For example, for the shake table-structure system the 

predictive tracking control (PTC) law shown in Eq. (4-18) becomes the same as the control law (see Eq. 

(4-38)) of the feedback linearization tracking control (FTC) method (i.e. see Derivation 4.2 in Appendix 

B.5) if the controlled system has B*(x) = a non-zero scalar (i.e. an invertible matrix, size 1 × 1), and R = 0 

chosen, and by selecting the tracking error coefficients in Eq. (4-20) as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 

= ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h = √2 / ωe. Here h is a tracking error design parameter and can 

be selected by the design engineer, not restricted to be the same as the sampling time step.  

 

4.5 Numerical Examples and Comparisons of Tracking Control Methods 

Simple tracking control examples (like the linear system cases) are analyzed in order to examine the 

performance of the two feedback tracking control methods introduced for nonlinear systems. The results 

obtained from the numerical simulations are presented. For all examples, the target motion is the total 

acceleration of a structure (specimen) mounted on the shake table although any response; i.e. a 

displacement or velocity response, can be selected as the target motion.  
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4.5.1 SDOF Nonlinear Hysteretic Structures  

As discussed in Section 2.2 and in the previous section, to facilitate the development of the tracking 

control method, first, a simplified SDOF system model is used instead of a 2DOF system model for the 

shake table with the SDOF structure system. In this simplified system model (shown in Figure 4-2), the 

excitation force msẍt(t) due to the shake table acceleration ẍt(t) is considered as a new control input u(t) 

(instead of the actual control input u(t) = xd(t), the desired shake table displacement, for the 2DOF system 

model). The governing equation of an SDOF nonlinear structure subjected to the shake table excitation is 

shown in the first equation of Eq. (4-1). 

 

 

Figure 4-2 Tracking control of an SDOF nonlinear system with known parameters 

 

For this simplified system, the tracking control task is to compute the control input u(t) = -msẍt(t) so 

that the system output y(t) = ẍs
t(t) (the total acceleration of the structure) follows the target motion ym(t) = 

ẍm
t(t) (the total acceleration of the reference model). For the shake table-structure system, however, the 

actual control input is the desired displacement xd(t) of the shake table and u(t) shall be computed 

including the shake table dynamics and the shake table-structure interaction (as discussed in Section 2.2), 

and will be reconsidered in the following section (Section 4.5.2).  

 

Example 4.1 : An SDOF Nonlinear System with Known Parameters 

The properties of a given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 kips·sec/in., 

(fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3, dy = 0.11 in. (fy = 39 kips), and α = 0.1; i.e. all terms are 

explained in Eq. (4-2) and Eq. (4-3). The target motion is shown in Figure 4-3 (a) [Target]: i.e. the target 

motion is the total acceleration output generated from the same reference linear system (fm = 5.0 Hz, ξm = 

0.1) used for Example 3.1. in Section 3.4.1 (the reference excitation input and the responses of the 

reference model are presented in Appendix A.2). The time step used for the simulation is 0.002 sec.  

Tracking control results using the predictive tracking control (PTC) method are presented in Figure 

4-3. The selected control parameters for the PTC in this example are R = 0 and Δt = 0.002. The controlled 

output, ẍs
t(t) the total acceleration of the structure, is shown in Figure 4-3 (a) [Controlled] and shows very 
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good agreement with the target motion. The computed control excitation input, u(t) = -msẍt(t), using the 

control law in Eq. (4-13) is shown in Figure 4-3 (b). xs(t), ẋs(t) the achieved displacement and velocity 

responses of the controlled structure are also presented in Figure 4-3 (c) and (d); it is noted that unlike the 

total acceleration, the displacement and velocity responses are different from ones of the reference 

because the system properties of the controlled system and ones of the reference system are different (the 

responses of the reference model are presented in Appendix A.2). The relation between the structure 

resisting force fS(t) having hysteretic behavior and displacement xs(t) is also presented in Figure 4-3 (e). 

As desired, all responses of the controlled system are bounded. 

The tracking control results using the feedback linearization tracking control (FTC) method are 

presented in Figure 4-4. The controlled output ẍs
t(t) is shown in Figure 4-4 (a) [Controlled] and shows 

very good agreement with the target motion. The computed control excitation input, u(t) = -msẍt(t), using 

the control law in Eq. (4-31) is shown in Figure 4-4 (b). The selected control parameter in this example 

for the FTC is ∗ 1/Δ . It is noted that by choosing the control parameters carefully to satisfy the 

tracking objective, the control excitation inputs of the two methods (PTC and FTC) are very similar; 

therefore, as expected, the control results of two methods are also very similar as shown in Figure 4-3 and 

Figure 4-4. 
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Figure 4-3 Predictive tracking control results of an SDOF nonlinear system 
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Figure 4-4 Feedback linearization tracking control results of an SDOF nonlinear system 
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4.5.2 2DOF Shake Table - Nonlinear Hysteretic Structure Systems 

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and 

the interaction between the shake table and the mounted structure is to be considered. The same tracking 

control example above is resolved for the 2DOF nonlinear system, expressed in Eq. (4-8) and Eq. (4-9), 

and schematically shown in Figure 4-5.  

 

 

Figure 4-5 Tracking control of the shake table- structure 2DOF nonlinear system with known parameters 

 

When a target motion at a structure is specified, the required control input u(t) = xd(t), the desired 

shake table displacement, is determined in order that the output of the system (y(t) = ẍs
t(t) the total 

acceleration of the structure) follows the target motion ym(t).  

 

Example 4.2 : A 2DOF Nonlinear System with Known Parameters 

The properties of a given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 kips·sec/in., 

(fn = 3.0 Hz, ξn = 0.03 before yielding); N = 3, dy = 0.11 in. (fy = 39 kips), and α = 0.1 for the hysteretic 

system (i.e. all terms are explained in Eq. (4-2) and Eq. (4-3)); and μ = ms / mt = 0.1, fn,a = 30.0 Hz, ξa = 

0.5 and ka = 25 for the shake table. Figure 4-6 (a) [Target] shows the target motion, which is the total 

acceleration generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1) used for Example 

3.1. in Section 3.4.1. The reference input and the responses of the reference model are presented in 

Appendix A.2. The time step of 0.002 sec is used for the simulation.  

Tracking control results using the predictive tracking control (PTC) method are presented in Figure 

4-6 and Figure 4-7. The selected control parameters in this example R = 0 and h = √2 / ωe where ωe = 

100. The controlled output, ẍs
t(t) the total acceleration of the structure, is shown in Figure 4-6 (a) 

[Controlled] and shows very good agreement with the target motion. The control excitation input u(t) = 

the desired table displacement xd(t), computed using the control law in Eq. (4-18) is shown in Figure 4-6 

(b). The shake table acceleration ẍt(t) due to the control excitation input u(t) is presented in Figure 4-7 (b); 

xs(t), ẋs(t) the achieved displacement and velocity responses of the controlled structure are also presented 
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in Figure 4-6 (c) and (d); it is noted that unlike the total acceleration (which was the target of the control 

design), the displacement and velocity responses are different from ones of the reference because the 

system properties of the controlled system and ones of the reference system are different. The relation 

between the structure resisting force fS(t) having hysteretic behavior and displacement xs(t) is also 

presented in Figure 4-6 (e). Figure 4-7 presents the responses of the shake table; the achieved shake table 

actuator force fa(t), shake table acceleration ẍt(t), displacement xt(t) and velocity ẋt(t). These shake table 

responses are presented to show the feasibility and the stability of the control scheme; for example, in real 

applications, the capacity of actuators’ force, displacement, and velocity are limited. This capacity limit of 

a shake table is examined in Ch 8 for a realistic application. As desired, all responses of the controlled 

system are bounded. 

The tracking control results using the feedback linearization tracking control (FTC) method are also 

presented in Figure 4-8 and Figure 4-9. The controlled output ẍs
t(t) is shown in Figure 4-8 (a) [Controlled] 

and shows very good agreement with the target motion. The computed control excitation input, u(t) = 

xd(t), using the control law in Eq. (4-38) is shown in Figure 4-9 (b). As discussed in Section 4.4, the 

control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the tracking 

error coefficients as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h = √2 / 

ωe; (in this example, ωe = 100, ξe = 0.707 for the both methods); note that here h is a tracking error design 

parameter as discussed in Section 3.3.1 and it can be selected by the design engineer. As expected, the 

control results of the two methods are equivalent as shown in Figure 4-6 through Figure 4-9.   
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Figure 4-6 Predictive tracking control structure responses of a 2DOF nonlinear system 
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Figure 4-7 Predictive tracking control shake table responses of a 2DOF nonlinear system 
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Figure 4-8 Feedback linearization tracking control structure responses of a 2DOF nonlinear system 
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Figure 4-9 Feedback linearization tracking control shake table responses of a 2DOF nonlinear system 

 
In this section, the two tracking control algorithms: the predictive tracking control (PTC) and the 

feedback linearization tracking control (FTC); are reformulated in order to apply the methods to nonlinear 

hysteretic systems using shake table control. With assumption that all parameters are known, the 

performances of the controllers are analytically analyzed using their tracking error dynamics and closed 

loop system responses, and the boundedness of the state responses are shown by the input-output stability 

analyses. The performances of the tracking control methods are also examined using numerical 

simulations for examples where the target motion is a specific floor motion at the top of a nonlinear 

specimen. Very good tracking results are achieved. 
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SECTION 5 

PARAMETER IDENTIFICATION METHODS FOR TRACKING 

CONTROL 

 

When system properties are not fully known, it is essential to identify and quantify these system 

parameters for the tracking control problem. Two well-known online parameter identification methods 

(i.e. which are also called “parameter adaptive methods”) are reviewed here: the least squares method 

(LS) and the Extended Kalman filter (EKF). The effects of the selection of the initial guess of parameters 

and of covariance matrices are examined. The least squares method has been used for the online system 

identification of nonlinear hysteretic systems without hardening (Smyth et al., 1999); in this study this 

method is extended to nonlinear hysteretic systems with hardening. The two methods are compared in this 

section and the EKF scheme is adopted for further development of the tracking control method with 

unknown parameters in the following sections.  

 

5.1 Identification of a Linear Parametric Model using the Least Squares Method 

The least-squares method is to fit a mathematical model to a sequence of observed data by minimizing 

the sum of the squares of the difference between the observed and computed data. The method has been 

used in parameter estimation for the structural applications (Smyth et al., 1999 and Yang et al., 2004). 

The method is simple to apply if the model parameters appear in a linear form (Ioannou et al., 2012): 

   *Tz t t   (5-1) 

where z(t) (scalar) and ϕ(t) (vector) are the signals available for measurement (i.e. such as the state 

variables x, ẋ, ẍ and the excitation input u, and their filtered values), and θ* is the vector with all unknown 

parameters. Eq. (5-1) is known as the linear parametric model, which can represent a linear or nonlinear 

dynamic system. The linear or nonlinear dynamics in the original system are hidden in the selected 

signals z and ϕ, which include the measurements and their filtered values.  

The estimate error ε(t) is defined as the difference between the true signal z(t), obtained from the 

measurements, and an estimated signal ̂(t), computed using the least-squares method: 

     ˆt z t z t    (5-2) 

One can establish that the least-squares method guarantees that the estimation error ε(t) goes to zero when 

time goes to infinity; i.e. ε(t) → 0 as t → ∞ (Ioannou et. al, 2012 and Smyth et al., 1999), which is a very 

important and desired stability property of an online parameter identification method.  

Unfortunately, it will be shown that the nonlinear hysteretic system cannot be modeled in the form of 

the linear parametric model, if there is hardening after yielding (α > 0). 
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5.1.1 Formulation 

5.1.1.1 Estimate of Linear Structures with Unknown Parameters 

A linear SDOF system expressed in Eq. (2-26) can be rewritten with two unknown constant 

parameters for the stiffness ks and the damping cs, by placing the parameters to the right side of the 

equation (Ioannou et al., 2012) 

       
T

s st tmx u k c x t x t           (5-3) 

where the unknown parameters [ks  cs] appear linearly to the known signal vector. It is assumed that in 

this section the excitation input u(t) is known and bounded and a system is stable; thus, the responses are 

bounded (i.e. this assumption is relaxed in the following sections where the excitation input u(t) is not 

known a priori). It is also assumed that the displacement x(t) and velocity ẋ(t) can be measured; however, 

the acceleration response ẍ(t) is not available for measurement. In this case, in order to express Eq. (5-3) 

in the form of the linear parametric model (Eq. (5-1)), each side of Eq. (5-3) is divided by a first order 

stable filter 1/Λ(s) = (s+λ)-1, in which λ is the first order filter parameter (i.e. in a case, if only the 

displacement x(t) is measurable, a second order stable filter 1/Λ(s) (s+λ)-2 could be used to establish the 

linear parametric model for this problem); thus, Eq. (5-3) is expressed in the Laplace domain as 

        1 1T
s s

s
mx s u s

s s s
k c x s x s

  
          
    (5-4) 

where “s” is a complex variable of the Laplace transform. Using Eq. (5-4), the unknown parameters [ks  

cs] can be expressed in the form of Eq. (5-1) (repeated) in time domain and the Laplace domain as 

follows: 

       * *T Tz zt t or s s      (5-5) 

in which  

            

             

1 2

*

1 2

1
,

,

, , .
1 1

T
s s

T
T

s
z s mx s u s or z t t t

s s

s x s x s or t

k c

t t
s s

 
 



   
 

    
 

   

           





 

In order to estimate the unknown parameters in real time, each term in Eq. (5-4) is needed to be 

determined in every instant. Therefore, it is desired to represent Eq. (5-4) in a state-space form. The state-

space representation of Eq. (5-4) can be expressed by introducing augmented vectors ϕa(t) = [φ1(t)  φ2(t)  

ϕ1(t)  ϕ2(t)]
T and ua(t) = [mẋ(t)  -u(t)  -x(t)  -ẋ(t)]T: 

       
     

, 0 0a a a a

a a a

t A t B u t

t C t D u t

 

 

  

 

  

 



 (5-6) 
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where the additional state vector a(t), which is different with ϕa(t), is introduced for this formulation and 

     
         

4 4 4 4

1 2 3 4

, , 1 1 1 , 1 0 0 0 ,

.
T

a

A I B I C diag D diag

t t t t t

    

    

      

   
 

Eq. (5-6) can be solved using any integration method such as the 4th order Runge-Kutta method with the 

known signals ua(t) from measurements at every instant and the signals ϕa(t) can be obtained. Using the 

signals ϕa(t), z(t) and ϕ(t) in Eq. (5-5) can be computed. 

The estimate ̂  of z  at time t can also be generated by modifying Eq.(5-5) as  

              1 2
ˆ ˆˆˆ

T T

s sz k t c t t tt t t        (5-7) 

where  is the estimate of θ* at time t. The estimation error ε(t) as in Eq. (5-2) is defined  

        ˆˆ ( ) ( )Tt z t z t z t t t       (5-8) 

A performance index function J( ) in order to reduce the estimate error ε(t) in Eq. (5-8) is defined as 

     
2

0 ,0 00

1 1ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
2 2

Tt t T t
EJ e z t d e t Q t                             (5-9) 

where β ≥ 0 is the selected forgetting factor (i.e. as time t increases the effect of the old signals at time τ < 

t is reduced), and a penalty on the initial estimate 0 of θ*. The index J( ) is a convex function of  since 

∂2J / ∂ 2 > 0. The estimated parameter vector  to minimize the index J( ) with respect to  satisfies 

the following condition 

     ,0 0 0

ˆ ˆ ˆ( ) ( ) ( ) ( ) 0
ˆ

t tt T
E

J
e Q t e z t d          


                (5-10) 

which leads to the following equation known as the continuous-time non-recursive least squares 

algorithm  

       ,0 0 0

ˆ ˆ ( )
t tt T

Et P t e Q e z d                (5-11) 

where  

     
1

,0 0
( )

t tt T
EP t e Q e d      


          (5-12) 

which is also known as the covariance matrix and can be rewritten in a recursive form, in which the 

calculation of the inverse in this equation can be avoided. The continuous-time recursive least squares 

algorithm with forgetting factor can be derived from Eq. (5-11) and Eq. (5-12) (see Derivation 5.1 in 

Appendix B.9) with the definition of the estimation error ε(t) in Eq. (5-8) and expressed 
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ˆ( ) ( )

( ) ( )T

t P t t t

P t P t P t t t P t

  

  



 




 (5-13) 

where the covariance matrix P(t) and the parameter estimate  are obtained by solving the differential 

equations with the initial guess of 0  and P(0) = P0 = QE,0
-1. For implementation, the algorithm in 

Eq. (5-13) is developed in discrete time, known as the discrete-time recursive least squares algorithm 

with forgetting factor (Ioannou et al., 2006):  

1 1

1

ˆ ˆ

1

k k k k k

T
k k k k

k k T
d d k k k

P

P P
P P

P

   

 
   

 



 

 
    

 (5-14) 

where βd is the forgetting factor 0 < βd ≤ 1 in the discrete time form. This algorithm with the initial guess 

of 0  and P(0) = P0 is used in the following applications. It is shown in Ioannou et al. (2012) 

using the Lyapunov’s method that the stability properties of the least squares method include the 

estimation error ε(t) → 0 as t → ∞ and the rate of parameter estimation  → 0 as t → ∞. It is noted 

that the parameter estimate  might not approach the true values θ*. However, without requiring the 

parameters to converge to their true values, the least squares method for unknown parameter estimation 

combined with the tracking control method, such as the feedback linearization method described in 

Section 3.3.2, can achieve the tracking control objective making the tracking error e(t) → 0 as t → ∞. 

This is very important and powerful property of the least squares method; however, the method is limited 

to the system which has constant parameters θ* as appear in a linear form shown in Eq. (5-1).  

 

Example 5.1 : Parameter estimation for an SDOF linear system 

In order to examine the performance of the least-squares (LS) method, the system identification to 

estimate unknown parameters of an SDOF linear system (shown in Figure 5-1) is numerically performed. 

It is noted that unlike the feedback tracking control methods, the control excitation input u(t) = -msẍt(t) is 

pre-defined and not updated in real time  

 

 
Figure 5-1 Parameter estimation of an SDOF system 
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The properties of the system are the same as the ones in Example 3.1; ms = 1 kips·sec2/in., ks = 355 

kips/in., and cs = 1.13 kips·sec/in., (fn = 3.0 Hz, ξn = 0.03). Two unknown parameters: cs the damping 

coefficient and ks the elastic stiffness; are selected and estimated in real time. The selected excitation 

input u(t) to the system is the sinusoidal motion (the forcing frequency ff = 1.0 Hz) and presented in 

Figure 5-2 (a) (for comparison purposes with other examples, ẍt(t) = -u(t)/ms, the shake table acceleration 

is presented). For the parameter estimation, it is chosen that the filter factor λ = 0.01; the forgetting factor 

βd = 1; the initial parameter estimate  = 0.5 × θ*; and the initial covariance matrix P0 = diag( 2). The 

time step = 0.002 sec. The relation between the structure resisting force fS(t) and displacement xs(t) is also 

presented in Figure 5-2 (b). 

 

 

Figure 5-2 Excitation and structure response: Real time parameter estimation using the LS 

 

The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters: 

ks the elastic stiffness and cs the damping coefficient; and the estimated parameters are shown in Figure 

5-3 and the results show that the agreements are reasonably good. The errors in the estimation might be 

attributed to the assumption that the augmented vector ua(t) in Eq. (5-6) is piecewise constant between k∆t 

and (k+1)∆t for the numerical implementation; i.e. as the time step becomes smaller, the estimated error 

between the true and the estimated parameters becomes smaller. It is also noted that the estimation 

performance is affected by various conditions that are discussed in Section 5.1.2. 
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Figure 5-3 Real time parameter estimation results using the LS for an SDOF linear system 

 

5.1.1.2 Estimate of Nonlinear Hysteretic Structures with Unknown Parameters 

For a nonlinear hysteretic SDOF system expressed in Eq. (4-1), four unknown constant parameters 

have to be estimated, i.e. the stiffness ks, the damping cs, the yielding displacement dy and the post-

yielding stiffness ratio α to the elastic stiffness. Unfortunately, the method is appropriate only for a linear 

equation in the parameter vector θ* from Eq. (4-1), only when α = 0 (no hardening). This is due to the 

function involving sgn(fH(x)ẋs(t)) where the hysteretic force fH(x) = fS(x) – αksxs(t) is unknown and it is 

impossible to separate the unknown parameters α, ks from the known functions of xs(t) and fS(t), which are 

to be measured. Only for a system without hardening after yielding, where α = 0 (i.e. elastic-ideal plastic 

system), fH(x) is the same as fS(x), which is measurable, and the governing equation of the restoring force 

in Eq. (4-2) can be rewritten (Smyth et al., 1999) as: 

               0.5 1 sgn
TNN

S S SS s s s s sf x k k f x f x x f x xt t t       
     (5-15) 

A nonlinear hysteretic SDOF system in Eq. (4-1) to estimate three unknown parameters of the stiffness ks, 

the damping coefficient cs and the yielding displacement dy can be expressed by placing the parameters to 

the right-hand side of the equation in the Laplace domain: 

       

               

 *

0.5 1 sgn
TN N

y

T
a

s s s S

s s s s s S s S s

smx s su s sc x s f x

c k k f sx s x s f x x s f x x s

x s

   

      
  

 

   


 (5-16) 

which is linear in θ* = [cs  ks  ks/(fy)
N]T and it is assumed that the relative displacement xs(t), velocity ẋs(t), 

acceleration ẍs(t) and the restoring force fS(x) are measurable. Dividing each side of Eq. (5-16) by a first 

order stable filter 1/Λ(s) = (s+λ)-1, Eq. (5-16) can be expressed as 
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      * 1T
s a

s
mx s u s x s

s s


 
 

 
  (5-17) 

and this equation can be expressed in the form of Eq. (5-1) (repeated) as following 

       * *T Tz zt t or s s      (5-18) 

where 
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 (5-19) 

A state-space representation of Eq. (5-19) by introducing augmented vectors ϕa(t) = [φ1(t)  ϕ1(t)  ϕ2(t)  

ϕ3(t)]
T and ua(t) = [(mẍs(t)-u(t))  xa(t)

T]T is obtained 

       
     

, 0 0a a a a

a a a

A B u

C D u

t t t

t t t

 

 

  

 

 

 



 (5-20) 

where the additional state vector a(t), which is different with ϕa(t), is introduced for this formulation and 

     
         

4 4 4 4

1 2 3 4

, , 1 1 , 1 1 0 0

.
T

a

A I B I C diag D diag

t t t t t

     

    

       

   
 

By solving Eq. (5-20), the signals ϕa(t) can be obtained at every instant. Using the signals ϕa(t), z(t) and 

ϕ(t) in Eq. (5-19) can be computed. The unknown parameters θ* can be estimated in real time using the 

discrete-time recursive least squares algorithm shown in Eq. (5-14).  
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Example 5.2 : Parameter estimation for an SDOF nonlinear hysteretic system 

The LS method is used for the system identification to estimate unknown parameters of an SDOF 

nonlinear hysteretic system (see Figure 5-1); in this example the structure experiences nonlinear behavior 

due to yielding. It is noted that unlike the feedback tracking control methods, the control excitation input 

u(t) = -msẍt(t) is pre-defined and not updated in real time.  

The properties of the system are the same as the ones in Example 4.1 (except the post-yielding 

stiffness ratio to the elastic stiffness α = 0); ms = 1 kips·sec2/in.; ks = 355 kips/in.; and cs = 1.13 

kips·sec/in.; (fn = 3.0 Hz, ξn = 0.03 before yielding); N = 3 and dy = 0.11 in. (fy = 39 kips). Three unknown 

parameters: cs the damping coefficient; ks the elastic stiffness; and dy the yielding displacement; are 

selected and estimated in real time. The selected excitation input u(t) to the system is the sinusoidal 

motion (the forcing frequency ff = 1.0 Hz) and presented in Figure 5-4 (a) (for comparison purposes with 

other examples, ẍt(t) = -u(t)/ms, the shake table acceleration is presented). For the parameter estimation, it 

is chosen that the filter factor λ = 0.01; the forgetting factor βd = 1; the initial parameter estimate  = 0.5 

× θ*; and the initial covariance matrix P0 = diag( 2). The time step = 0.002 sec. The relation between the 

structure resisting force fS(t) and displacement xs(t) is also presented in Figure 5-4 (b). 

 

 

Figure 5-4 Excitation and structure responses: Real time parameter estimation using the LS 

 
The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters: 

kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is computed using the estimates of ks and dy); cs 

the damping coefficient; ks the elastic stiffness; and dy the yielding displacement; and the estimated 

parameters are shown in Figure 5-5; the agreements are reasonably good although there are large errors in 

the beginning of the estimation procedure, which might become challenges to the tracking control. 
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Figure 5-5 Real time parameter estimation results using the LS for an SDOF nonlinear system  
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5.1.1.3 Estimate of Nonlinear Hysteresis Structures with Hardening  

As mentioned above, it is not possible to directly formulate a linear equation in the constant parameter 

vector θ* from Eq. (4-2), which is the governing equation of the restoring force in nonlinear hysteresis 

systems. However, by introducing the following approximation in the governing equation, a linear 

parametric model for hysteretic systems can be obtained (i.e. the effects of this approximation on the 

responses are discussed below – see Eq. (5-30)):  

                   
* * *

1 sgn sgn sgn
sgn ,

2 2

N N N

HH s H s H H
s

y y y

f xf x x t f x x t f x f x
x t N odd
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 (5-21) 

which leads to the approximated governing equation of the restoring force, which is linear in the constant 

parameters (i.e. a very similar form of this approximate equation can be found in Constantinou, 2008) 
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 (5-22) 

where N = 3 (i.e. chosen for this study), p0 =  1 / {(1 α)2ks
2(dy)

3} and p1 =  αks. Thus, a nonlinear 

hysteretic SDOF system in Eq. (4-1) to estimate four unknown parameters of the stiffness ks, the damping 

cs, the yielding displacement dy and the post-yielding stiffness ratio α to the elastic stiffness can be 

expressed by placing the parameters to the right-hand side of the equation in the Laplace domain 

       
                 

                 

 

3 3

2 2

3 2

0 0 1 0 1 0 1

*

sgn sgn

sgn sgn

3 3s s

T

a

s s s S

s s s s S s s s

T

s s S s s s S s

sx s x s x s x s f x x s x s x s

x s x s f x x s x s x s f x x s

smx s su s sc x s f x

c k p p p p p p p

x sor 

   

      



     

   

 

 (5-23) 

which is linear in θ* = [cs  ks  p0  p0p1
3  3p0p1  3p0p1

2]T and it is assumed that the relative displacement 

xs(t), velocity ẋs(t), acceleration ẍs(t) and the restoring force fS(x) are measurable. Dividing each side of 

Eq. (5-23) by a first order stable filter 1/Λ(s) = (s+λ)-1, Eq. (5-23) is expressed as 

  * 1
( ) ( ) ( )T

s a

s
mx s u s x s

s s


 
 

 
  (5-24) 
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and this equation can be expressed in the form of Eq. (5-1) (repeated) as following 

       * *T Tz zt t or s s      (5-25) 

where 
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in which p0 =  1 / {(1 α)2ks
2(dy)

3} and p1 =  αks and xa(s) are defined in Eq. (5-23).  

A state-space representation of Eq. (5-25) by introducing augmented vectors ϕa(t) = [φ1(t)  ϕ1(t)  ϕ2(t)  

ϕ3(t)  ϕ4(t)  ϕ5(t)  ϕ6(t)]
T and ua(t) = [(mẍs(t)-u(t))  xa(t)

T]T is 
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 (5-26) 

where  

     7 7 7 7, , 1 1 1 1 1 , 1 1 0 0 0 0 0A I B I C diag D diag              

The signals ϕa(t) can be obtained at every instant by solving Eq.(5-26). Using these signals ϕa(t), z(t) and 

ϕ(t) in Eq. (5-25) can be computed. The unknown parameters θ* can be estimated in real time using the 

discrete-time recursive least squares algorithm expressed in Eq. (5-14).  

 

Errors in the approximated model 

The approximate model of hysteretic systems with hardening after yielding (α > 0) in order to 

formulate a linear parametric model for the least squares system identification introduces errors. The 

effects are examined by comparing the response of the original model (the model introduced by 

Sivaselvan and Reinhorn, 1999) and that of the approximate model. In the original model the rate form of 

the plasticity relation of the restoring force fS(x) is shown in Eq. (4-2) and the elastic-ideal plastic force 

fH(x) (hysteretic force) in the equation involves two Heaviside step functions H1(x) and H2(x) as 

(Sivaselvan and Reinhorn, 1999) 

          2 11 1H s sf x k H x H x x t     (5-27) 

where H1(x) signifies yielding and H2(x) signifies unloading from the yield surface 
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In order to separate unknown parameters (α, ks, dy) from the measured signals (xs(t), ẋs(t), fs(x)) in (5-27), 

it is necessary to introduce an alternate form of sgn(fH(x)); and sgn(fH(x)) might be approximated as 

sgn(ẋs(t)) if N = odd. The effects can be seen in three regions of the hysteresis behavior (see in Figure 5-6)  
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 (5-29) 

 

Figure 5-6 Schematic of a hysteresis behavior (elastic-ideal plastic) of fH(x) 

 

The difference (error) is introduced in the region iii where sgn(fH(x)) ≠ sgn(ẋs(t)) and at which 

unloading occurs as shown in Figure 5-6 in dot circles: i.e. at the transition fH(x) ≈ fy
*, the instant stiffness 

kT(x) of the original system and kT
*(x) of the approximate system can be expressed  
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 (5-30) 

The maximum error is kT
*(x) - kT(x) = (1 - α) ks at the transition where unloading starts and the error 

rapidly decreases as (fH(x) / fy
*)N goes to zero. Also noted that if N ≈ ∞, the error becomes zero since (fH(x) 

/ fy
*)N ≈ 0 (fH(x) ≠ fy

*).  

 

Example 5.3 : Parameter estimation for an SDOF nonlinear hysteresis system with hardening 

The LS method is used for the system identification to estimate unknown parameters of an SDOF 

nonlinear hysteretic structure like the previous example (Example 5.2); however, in this example the 

hysteretic resisting force of the structure experiences hardening after yielding. It is noted that unlike the 

feedback tracking control methods, the control excitation input u(t) = -msẍt(t) is pre-defined and not 

updated in real time  

s

s 
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The properties of the system are the same as the ones in Example 4.1; ms = 1 kips·sec2/in.; ks = 355 

kips/in.; and cs = 1.13 kips·sec/in.; (fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3; dy = 0.11 in. (fy = 39 

kips); and α = 0.1; i.e. all terms are explained in Eq. (4-2). Four unknown parameters: cs the damping 

coefficient; ks the elastic stiffness; dy the yielding displacement; and α the post-yielding stiffness ratio to 

the elastic stiffness; are selected and estimated in real time. The selected excitation input u(t) to the 

system is the sinusoidal motion (the forcing frequency ff = 1.0 Hz) and presented in Figure 5-7 (a) (for 

comparison purposes with other examples, ẍt(t) = -u(t)/ms, the shake table acceleration is presented). For 

the parameter estimation, it is chosen that the filter factor λ = 0.01; the forgetting factor βd = 1; the initial 

parameter estimate  = 0.5 × θ* (50% error in the initial guess); and the initial covariance matrix P0 = 

diag( 2) × I6×6. The time step = 0.002 sec. The relation between the structure resisting force fS(t) and 

displacement xs(t) is also presented in Figure 5-7 (b). 

 

 

Figure 5-7 Excitation and structure responses: Real time parameter estimation using the LS 

 
The estimated parameters are updated using Eq. (5-14). The comparisons between the true parameters: 

kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is computed using the estimates of ks and dy); cs 

the damping coefficient; ks the elastic stiffness; dy the yielding displacement; and α the post-yielding 

stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure 5-8. The errors in 

estimation of kT(x) at the transition in Figure 5-8 (a) are attributed to the approximated model as discussed 

in this section; and the errors in the model seems to affect the estimation of other parameters such as cs as 

shown in Figure 5-8 (b). Although the damping error is large in Figure 5-8 (b), since this damping 

represents the inherent damping, which is very small in hysteretic systems less important than the 

hysteretic energy dissipation, such error should not affect the tracking problem.  However, these above 
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errors in the parameter estimation might become challenges to the tracking control implementation as 

discussed in Section 5.3.  

 

 

Figure 5-8 Real time parameter estimation results using the LS for an SDOF nonlinear system  
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5.1.2 Effects of Initial Guesses of Unknown Parameters and Covariance Matrices 

The performance of the parameter estimation might be influenced by various conditions including the 

initial guess of the unknown parameters and by the covariance matrices, measurement noise, model 

errors, etc. The effects of the initial guesses of the unknown parameters and covariance matrices are 

numerically investigated below. The same SDOF linear model described in Example 5-1 is used where 

two parameters θ* = [ks  cs]
T : ks the elastic stiffness and cs the damping coefficient; are selected and 

estimated in real time. The excitation input u(t) to the system is the same sinusoidal motion (the forcing 

frequency ff = 1.0 Hz), shown in Figure 5-2 (a). The time step = 0.002 sec. 

 

Example 5.4 : Effects of initial guess of unknown parameters on the LS estimator performance 

The effects of the initial guess of the unknown parameters are investigated numerically. Three 

different initial guesses  are made as the 10%, 50% and 200% of the true parameters;  = 0.1 × θ*;  

= 0.5 × θ*;  = 2.0 × θ*. The initial covariance matrix P0 = diag([0.5 × θ*]2) for all cases. The 

comparisons between the true parameters: ks the elastic stiffness and cs the damping coefficient; and the 

estimated parameters are shown in Figure 5-9 (the initial guess factors: 0.1, 0.5, 2.0; are shown in the 

figure); the results show that the overall agreements are reasonably good while the speed of convergence 

might be affected by the initial guess. As discussed in Example 5-1, the estimate error between the true 

and the estimated parameters becomes smaller as the time step becomes smaller.  

 

 

Figure 5-9 Real time parameter estimation results using the LS for an SDOF linear system  
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10%, 50% and 200% of the true parameters; P0 = diag([0.1 × θ*]2); P0 = diag([0.5 × θ*]2); P0 = diag([2.0 × 

θ*]2). The initial guesses of the unknown parameters  = 0.5 × θ* for all cases. The comparisons between 

the true parameters: ks the elastic stiffness and cs the damping coefficient; and the estimate of the true 

parameters are shown in Figure 5-10 (the selected initial covariance matrix factors: 0.1, 0.5, 2.0; are 

shown in the figure); the results show that the lager covariance matrix might leads faster estimation, but 

might occur larger overshooting at the beginning of estimation while the overall agreements are 

reasonably good. As discussed in Example 5-1, the estimate error between the true and the estimated 

parameters becomes smaller as the time step becomes smaller.  

 

 

Figure 5-10 Real time parameter estimation results using the LS for an SDOF linear system  
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5.2 Identification of System Parameters using the Extended Kalman Filter (EKF) 

Another well-known system identification method, which has been used in the structural applications 

for numerical studies (Yun and Shinozuka, 1980, and Wu and Smyth, 2007), is the extended Kalman filter 

(EKF). It is known that the EKF can be used as the online parameter estimation for linear and nonlinear 

systems including the systems having hysteretic behavior (Wu and Smyth, 2007). The main concept of 

the EKF assumes that the true state is sufficiently close to the estimated state; therefore, the error 

dynamics can be represented fairly accurately by a linearized first-order Taylor series expansion 

(Crassidis and Junkin, 2012). Because the effects of the remaining terms in the series expansion are 

difficult to determine, it is very difficult to show a certain stability property of the EKF. Even so, 

Crassidis and Junkin (2012) addressed that the performance of the EKF method can be verified through 

simulation and this method has been successfully and widely used in practice, and they presented the 

application to the real time aircraft parameter estimation. 

First, the general formulation of the extended Kalman filter is reviewed. The method is applied to the 

online parameter estimations for nonlinear hysteretic structures mounted on the shake table. The effects of 

the initial guess of the parameters and the selection of the covariance matrices are examined.  

 

5.2.1 Formulation 

5.2.1.1 KF and EKF review 

The extended Kalman filter (EKF) method is the extension of the Kalman filter (KF), which is well 

known state estimator for linear systems. Unlike the KF, the EKF can be used to estimate state variables 

of nonlinear systems and also unknown parameters of linear and nonlinear systems.  

The KF (Crassidis and Junkin, 2012) is a “sequential state estimator”, which is used to not only 

reconstruct state variables x (size n × 1) from limited measurements  (size m × 1, where m ≤ n), but also 

“filter” noisy measurement processes. Assuming that the errors in measurements and in system models 

are a zero-mean Gaussian noise process10 , the KF determines the ‘optimal’ estimate gain with the 

information of the covariance matrices of the measurement noise and process noise, such that the KF 

provides the ‘optimal’ estimation of true state variables.  

Before presenting the applications; first, the KF method and the EKF formulation using a linearized 1st 

order Taylor series expansion are briefly described as following; i.e. the thorough mathematical 

derivation of the methods in detail can be found in elsewhere, such as Crassidis and Junkin (2012). 

 

                                                      
10 Gaussian noise process (Crassidis and Junkin, 2012) is the noise process having the normal distribution, which is 

defined by mean and variance. A zero-mean Gaussian noise process has its mean = 0.  
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Brief Review of the Kalman Filter 

The truth model of a linear system in continuous time is expressed 

       x Bux t A t t Gw t   (5-31) 

     xt t ty H v   (5-32) 

where A and B are the system matrices and G is the matrix, defined based on processing noise w(t), 

indicating possible errors in the model, and H is the measurement matrix. x(t) is the n × 1 state vector, u(t) 

is a control excitation input, (t) is the m × 1 measurement output vector, and v(t) is measurement noise 

and w(t) is process noise (or errors in the model). The KF structure for the state estimate (t) and output 

estimate (t) is expressed 

           ˆ ˆ ˆx x ut A t B t K t t ty y       (5-33) 

   ˆˆ xt ty H  (5-34) 

where K(t) is the Kalman gain matrix (size n × m), indicating that if K(t) is large, the estimator relies on 

measurements and if K(t) decreases, the estimator relies more on the model. By defining the state error 

(t) = (t) - x(t) (i.e. the estimate state - the true state) and using Equations (5-31) through (5-34), the 

estimate state error dynamics are given by 

           x xt A K t H t G t K t tw v        (5-35) 

By selecting the ‘best’ gain K(t), the error (t) will diminish and the estimator will be stable. Thus, (t) 

will be close to x(t). This concept can be expanded for parameter estimation by augmenting unknown 

parameter vector θ to the state vector; i.e. xa(t) = [xT(t)  θ T]T, which will be discussed later in the subject 

of the EKF.  

For practical applications, the further development of the KF is described in discrete time form. The 

truth model (shown in Eq. (5-31) and Eq. (5-32) in continuous time) is rewritten in discrete time 

1k D k D k D kx x B uA G w    (5-36) 

k k kxy H v   (5-37) 

where AD and BD are the system matrices and GD is the processing noise matrix, and H is the measurement 

matrix (i.e. H is the same as that in continuous time form). vk and wk are measurement and process noise 

(or errors in the model), respectively, and they are assumed to be zero-mean Gaussian white-noise 

processes;  i.e. white-noise means that the errors are not correlated forward or backward in time, so that  
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 (5-38) 

where E{·} is the expected value11 or “average value” of a given function. It is further assumed that vk and 

wk are uncorrelated so that E{vk wk
T} = 0 for all k. In this study, both noise covariance matrices RE,k and 

QE,k are assumed to be constant at all time; thus RE,k = RE and QE,k = QE. The measurement noise 

covariance matrix RE (size m × m) is usually well known, derived from the properties of the instruments; 

but, the processing noise covariance QE (size n × n) is usually not well known and is often derived from 

experience by the design engineer based on the knowledge of the particular system (Crassidis and Junkin, 

2012).  

The estimator structure shown in Eq. (5-33) in continuous time can be expressed in two stages 

equations in discrete time as 

1ˆ ˆk D k D kx x B uA 
   (5-39) 

ˆ ˆ ˆk k k k kx x K y Hx        (5-40) 

where Kk is the estimator gain (size n × m) and Eq. (5-39) with sign ‘-’ is known as the prediction 

equation, and Eq. (5-40) with sign ‘+’ is known as the update equation. The estimate error covariance 

matrices are defined as 

 1 1 1
T

k k kP E x x  
      (5-41) 

 T
k k kP E x x      (5-42) 

where the estimate state errors are   ≡  and  ≡  (i.e. the current estimate state - 

the true state). Substitutions of Equations (5-39) and (5-36) in  ≡  give 

1k D k D kx x G wA 
     (5-43) 

Then,  is defined by substituting this equation into Eq. (5-41) and using that E{wk 
T} = 0: 

                                                      
11 The expected value of a function f (x) of a discrete random variable x is expressed (Crassidis and Junkin, 2012) 

        
j

E f x f x j p x j   

where p(x(j)) is a probability mass function 0 ≤ p(x(j)) ≤ 1 and ∑p(x(j)) = 1. For example, the expected values of x 

and (x – μ)2 are the mean (μ) and variance (σ2) of x: 

      

        22 2

j

j

E x x j p x j

E x x j p x j



  

 

   




 



 

102 

 

1
T T

k D k D D E DP P QA A G G 
    (5-44) 

For the update stage, substitution of Eq. (5-40) with Eq. (5-37) for  in  ≡  gives 

 k k k k kx I K H x K v      (5-45) 

Then,  is defined by substituting this equation into Eq. (5-42) and using that E{vk 
T} = 0: 

   T T
k k k k k E kP I K H P I K H K R K      (5-46) 

The optimal estimator gain Kk is determined by minimizing the trace of Pk
+, which is equivalent to 

minimize the length of the estimation error vector. The index function is expressed as: 

   Trk kJ K P   (5-47) 

By taking the partial derivative with respect to the gain: / 0, and solving this equation for Kk, it 

results in: 

1T T
k k k EK P H HP H R

      (5-48) 

Substitution of Eq. (5-48) in Eq. (5-46) leads to  

 k k kP I K H P    (5-49) 

Therefore, with the initial guess of the state  and the error covariance matrix , the Kalman filter 

update stage defined in Eq. (5-40) and Eq. (5-49) and the prediction stage defined in Eq. (5-39) and Eq. 

(5-44) can be implemented using instant measurements. This optimal estimator for linear systems can be 

expanded for nonlinear systems not only to estimate the state variables, but also unknown parameters.  

 

Expansion to the Extended Kalman Filter 

The truth model of a nonlinear system in continuous time is expressed 

 ( ) f ( ), ( ), ( ) ( )x t x t u t t G t w t   (5-50) 

     ( ),ht x t t ty v   (5-51) 

where f(x(t),u(t),t) is a nonlinear system differential equation, such as one shown in Eq. (4-4), and G is the 

matrix, defined based on processing noise w(t), indicating possible errors in the model, and h(x(t),t) is a 

nonlinear equation for measurements (t), and other terms are previously defined in the KF model shown 

in Eq. (5-31) and Eq. (5-32). In the EKF, it is assumed that the true state x(t) is sufficiently close to the 

estimated state (t); therefore, the error dynamics can be represented fairly accurately by a linearized 

first-order Taylor series expansion (Crassidis and Junkin, 2012). Using the Taylor series expansion about 

the current estimate (t) (i.e. assuming that the true state (t) is sufficiently close to the estimated state 

(t), which is used for the nominal state), the f(x(t),u(t),t) can be written as: 
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 (5-52) 

Also, the measurement function in Eq. (5-51) can also be approximated as 

    
 

    
 ˆ

ˆ
hˆ, ( ),h h

x t
x t

t x t x t
x

x t x t t


  





 (5-53) 

The EKF structure for the state estimate (t) and output estimate (t) is expressed  

       ˆ ˆ( ) f ( ), ( ), ˆx t x t u t t K t t ty y 
     (5-54) 

   ˆ ( ),ˆ ht x t ty   (5-55) 

From the definition of the estimate state error (t) = (t) - x(t), its derivative is (t) = (t) - ẋ(t). The 

estimate state error dynamics can be expressed by substituting (t) from Eq. (5-54) with Equations (5-53), 

(5-51), and Eq. (5-55), and substituting ẋ(t) from Eq. (5-50) with Eq. (5-52) as:  

                 x xt F t K t t t G t t K t tH w v        (5-56) 

where F(t) and H(t) are introduced for the Jacobian matrices, shown in Eq. (5-52) and Eq. (5-53), for 

brevity 

     ˆ ˆ,

( ) , ( )
f h

x t u t x t

F t H t
x x

 
 
 

 (5-57) 

The estimate state error dynamics in Eq. (5-56) of the EKF (i.e. the linearized error equation at instants 

using the Jacobian matrices in Eq. (5-57)) has the same structure as that of Eq. (5-35) of the KF. 

Therefore, through the same procedure presented above for the KF, the EKF update equations for  and 

 and the EKF prediction equations for  and  can be obtained (see Derivation 5.2 in Appendix 

B.10). The extended Kalman filter in discrete time form is expressed as following (which can be also 

found in other references such as Yun et al., 1980). 

In the update state, the estimate state  and its error covariance matrix  are computed as: 

 ˆ ˆ ˆhk k k k kx x K y x        (5-58) 

 T
k k k k k kP E x x I K H P          (5-59) 

The optimal gain Kk is determined by minimizing the trace of Pk
+, which is equivalent to minimize the 

length of the estimation error vector:  

1T T
k k k k k k EK P H H P H R

      (5-60) 
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where Hk (size m × n) is obtained from the linearization of the Kalman filter using the first-order Taylor 

series expansion about the selected nominal state, which is the current estimate , (i.e. as mentioned, the 

EKF assumes that the true state (t) is sufficiently close to the estimated state (t); thus the current 

estimate  is used for the nominal state estimate) of the output in Eq. (5-55) and is expressed as:   

ˆ

h ( )

k

k
k

k x

x
H

x 





 (5-61) 

In the predicted state, the estimate state  and its error covariance matrix  can be approximated 

as: 

    1

1 ,ˆ ˆ ˆf ,
k

k

t

k k t
t t tx x x u dt

 
     (5-62) 

 1 1 1
T T T

k k k k k k k E kP E x x P Q   
           (5-63) 

where Фk (size n × n) the state transition matrix and ϒk (size n × n) can be approximated as:  

 
ˆ

ˆ
f ( ), ( ),

( )
( )

k

k kk

x

x
x t u t t

I t or I tF
x t 


     


 (5-64) 

 k tG t    (5-65) 

where the matrix ∂f / ∂x = Fk( ) is obtained from the linearization of the Kalman filter using the first-

order Taylor series expansion about the current estimate . The predicted state in Eq. (5-62) is evaluated 

using the Runge-Kutta 4th order method in this study. With the initial guess of the state  and the error 

covariance matrix  and instant measurements k, the EKF update and prediction stages defined above 

can be implemented. 

 

5.2.1.2 Estimate of Nonlinear Hysteresis Structures using the EKF 

The nonlinear extended Kalman filter (EKF) method is used in order to estimate the state and the system 

parameters of the nonlinear hysteretic system, described in Section 4.1 (see Eq. (4-4)).  

 

System State Estimation 

First, it is desired to estimate the true state x(t) = [xs(t)  s(t)  fS(x)]T from the discrete state 

measurements k = [ s,k  s,k  S,k]
T, obtained from instruments, in which measurement noise vk are added 

as shown in Eq. (5-51). The 3 × 3 measurement noise covariance matrix RE is chosen as a diagonal matrix 

assuming measurements are not correlated to each other. The 3 × 3 process noise covariance matrix QE is 

chosen as a matrix whose all elements are zeroes, assuming there is negligible error in the system model.   
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The Jacobian matrix (shown in Eq. (5-57)) of the system equations is required for the EKF method. 

The 3 × 3 Jacobian matrix F(t) can be expressed by defining the state [xs(t)  s(t)  fS(x)]T ≡ [x1  x2  x3]
T: 

1 1

3 1 3 3

0 1 0
f

( ) 0

f ( ) f
s

T

F t c m m
x

x k x x

 

 
      

     

 (5-66) 

where  

   

     

2
*

*

( )1 sgn ( )
( ) 1 ( ) ( )

2

0.5 1 ; ( ) 1 sgn ( ) ; ( ) ( )

N

HH
T s s s

y

N N

s y H s H

f xf x x
k x k k or k x x

f

k f x f x x x f x

   

   


 
       

 

     

 (5-67) 

in which fH(x) = fS(x) – αksxs(t), fy
* = (1 – α) fy with fy = ksdy as defined earlier, and by defining that δ(x(t)) 

× x(t) ≡ 0 (i.e. that is indeterminate if x(t) = 0 since δ(x(t)) × x(t) = ∞ × 0; in this study the relation δ(x) × x 

= 0 (Dannon, 2012) (i.e. δ(x) is the Dirac delta function) is used)  

  13
2 2

1 1 1 1

f ( ) ( ) ( )
( ) ; ( ) sgn ( )

NT
H H s

k x x x
x x x N f x f x k

x x x x
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 3
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k x x x
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 (5-70) 

It is noted that the δ(x2) in the last equation indicates that the function kT(x) has a jump at the unloading 

instant (where x2 = 0) from the hardening stiffness to the initial stiffness as shown in the hysteretic loop 

(Figure 4-1 (left)).  

For the selected measurements k = [ s,k  s,k  S,k]
T, the output vector h(xk) and the linearized matrix Hk 

in Eq. (5-61) are expressed as: 

,

3 3,

ˆ
,

h( )
h( ) and

k

s k
k

k s k k k
k x

S k

x
x

x x x H I
x
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  (5-71) 

 

State and Parameter Estimation 

In addition to the true state estimation, one can estimate the system parameters using the EKF. In order 

to estimate the parameters, new states are augmented to the state vector. The covariance matrix QE in Eq. 

(5-63) is selected to consider the errors in these states as well as the errors in the model due to the system 

uncertainty. In order to identify four parameters cs, ks, α, and dy shown in Eq. (4-6), the 7 × 1 augmented 
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state vector and the 7 × 7 matrix QE (i.e. QE is chosen as a diagonal matrix assuming each state is not 

correlated, and its first three elements are chosen as zeroes assuming the system model has no errors) are 

defined as:  

5 71 2 3 4 6( ) ( ) ( ) ( )s s

T T
s s ySx t x t x t f t c k d or x x x x x x x        (5-72) 

 44 55 66 770 0 0
T

EQ Q Q Q Q  (5-73) 

The augmented deferential equations of the system is 
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where the last four state derivatives are zeros since the unknown parameters are constant. The 7 × 7 

Jacobian matrix F(t) shown in Eq. (5-57) can be expressed as: 

 

1 1 1
4 2

3 1 3 3 3 5 3 6 3 7

4 7

0 1 0 0 0 0 0

0 0 0 0f
( )

f ( ) f 0 f f f

0
T

m x m m x
F t

x k x x x x xx

  



 
      
          
 
  

 (5-75) 

where kT(x) is the instantaneous stiffness and expressed in Eq. (5-67), repeated here for convenience, 
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and by defining that δ(x(t)) × x(t) ≡ 0 (i.e. that is indeterminate if x(t) = 0 since δ(x(t)) × x(t) = ∞ × 0) 

  13
2 2 3 6 5 1 3 6 5 1 6 5

1 1 1 1

f ( ) ( ) ( )
( ) ; sgn

NTk x x x
x x x N x x x x x x x x x x

x x x x
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For the selected measurements k = [ k  k  S,k]
T, the output vector h(xk) and the linearized matrix Hk in 

Eq. (5-61) are expressed as: 

,

3 3, 3 4
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Example 5.6 : Parameter estimation for an SDOF linear system 

The EKF12 method is used for the system identification to estimate unknown parameters of an SDOF 

linear system (as shown in Figure 5-1). It is noted that the formulation unlike the feedback tracking 

control methods, the control excitation input u(t) = -msẍt(t) is pre-defined and not updated in real time. 

The properties of the system are the same as the ones in Example 3.1; ms = 1 kips·sec2/in., ks = 355 

kips/in., and cs = 1.13 kips·sec/in., (fn = 3.0 Hz, ξn = 0.03). The measurement noise, a zero-mean Gaussian 

white-noise process of 1% RMS noise-to-signal, are added to the measurements k = [ s,k  s,k]
T. Two 

unknown parameters: cs the damping coefficient and ks the elastic stiffness; are selected and estimated in 

real time. The selected excitation input u(t) to the system is the sinusoidal motion (the forcing frequency ff 

= 1.0 Hz) and presented in Figure 5-11 (a) (for comparison purposes with other examples, ẍt(t) = -u(t)/ms, 

the shake table acceleration is presented). For the parameter estimation, the initial parameter estimate  

                                                      
12 Although the only EKF formulation for nonlinear systems is presented above, the formulation for linear systems is 

very similar. Only analysis results are presented in this example for comparison purposes to the LS in Example 5.1.). 
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= 0.5 × θ*; and the initial covariance matrix is chosen as P0 = diag([0  0  ,
2  ̂ ,

2]T × 0.001). The 

covariance matrices QE and RE are chosen as follows: QE = 0 × I4×4 (all zeroes) and the RE = diagonal 

matrix, whose elements; i.e. noise variance = 1% × corresponding signal variance (noise variances are 

assumed to be known from the instruments information). The time step = 0.002 sec. The relation between 

the structure resisting force fS(t) and displacement xs(t) is also presented in Figure 5-11 (b). 

 

 

Figure 5-11 Excitation and structure responses: Real time parameter estimation using the EKF 

 

The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the 

true parameters: ks the elastic stiffness and cs the damping coefficient; and the estimated parameters are 

shown in Figure 5-12 and the results show that the agreements are very good. It is noted that the 

estimation performance is affected by various conditions and will be discussed in Section 5.2.2. 

 

 

Figure 5-12 Real time parameter estimation results using the EKF for an SDOF linear system  
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Example 5.7 : Parameter estimation for an SDOF nonlinear hysteresis system with hardening  

The EKF method is used for the system identification to estimate unknown parameters and the state of 

an SDOF nonlinear hysteretic structure (as shown in Figure 5-1; but, in this example the structure 

experiences nonlinear behavior due to yielding). It is noted that unlike the feedback tracking control 

methods, the control excitation input u(t) = -msẍt(t) is pre-defined and not updated in real time . 

The properties of the system are the same as the ones in Example 4.1; ms = 1 kips·sec2/in.; ks = 355 

kips/in.; and cs = 1.13 kips·sec/in.; (fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3; dy = 0.11 in. (fy = 39 

kips); and α = 0.1; i.e. all terms are explained in Eq. (4-2). The measurement noise, a zero-mean Gaussian 

white-noise process of 10% RMS noise-to-signal, are added to the measurements k = [ s,k  s,k  S,k]
T. 

Four unknown parameters: cs the damping coefficient; ks the elastic stiffness; dy the yielding 

displacement; and α the post-yielding stiffness ratio to the elastic stiffness; are selected and estimated in 

real time. The selected excitation input u(t) to the system is the sinusoidal motion (the forcing frequency ff 

= 1.0 Hz) and presented in Figure 5-13 (a) (for comparison purposes with other examples, ẍt(t) = -u(t)/ms, 

the shake table acceleration is presented). For the parameter estimation, it is chosen that the initial 

parameter estimate  = 0.5 × θ* (50% error in the initial guess); and the initial covariance matrix P0 = 

diag([0  0  0  ̂ ,
2  ,

2  2  ,
2]T × 1). The covariance matrices QE and RE are chosen as follows: QE = 

0 × I7×7 (all zeroes) and the RE = diagonal matrix, whose elements; i.e. noise variance = 10% × 

corresponding signal variance (noise variances are assumed to be known from the instruments 

information). The time step = 0.002 sec. The relation between the structure resisting force fS(t) and 

displacement xs(t) is also presented in Figure 5-13 (b). 

 

 

Figure 5-13 Excitation and structure responses: Real time parameter estimation using the LS 
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The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the 

true parameters: kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is computed using the estimates 

of ks, dy and α); cs the damping coefficient; ks the elastic stiffness; dy the yielding displacement; and α the 

post-yielding stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure 

5-14: the results show very good agreements. In addition to the parameter estimation, the EKF is used to 

estimate the state responses; i.e. the state x = [xs(t)  s(t)  fS(x)]T is estimated from the selected 

measurements k = [ s,k  s,k  S,k]
T, which are contaminated by measurement noise as explained in Eq. 

(5-51). Figure 5-15 shows the results of the state estimation; the comparisons between the measured and 

the truth and between the estimated and the truth are presented for the state x: the structure displacement 

xs(t), velocity s(t), and the resisting force fS(x); the estimated state show very good agreements to the true 

state. However, it is noted that the estimation performance can be sensitive to various conditions 

involving the selected parameters and measurement noise; the effects will be discussed in Section 5.2.2. 
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Figure 5-14 Real time parameter estimation results using the EKF for an SDOF nonlinear system  
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Figure 5-15 Real time state estimation results using the EKF for an SDOF nonlinear system  
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5.2.1.3 Estimate of Nonlinear Hysteresis Structures on Shake Tables  

The nonlinear extended Kalman filter (EKF) method is now applied to the shake table-structure system 

considering their interaction, which are modeled as the 2DOF system, described in Section 4.1 (see Eq. 

(4-6)) in order to estimate the state and the unknown system parameters in real time.  

 

State Estimation 

First, it is desired to estimate the true state x(t) = [xs(t)  s(t)  fS(x)  xt(t)  t(t)  fa(t)/mt]
T from the discrete 

state measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, obtained from instruments, where noise are 

added. The 6 × 6 covariance matrix R is chosen as a diagonal matrix assuming measurements are not 

correlated to each other and the 6 × 6 covariance matrix QE is chosen as a matrix whose all elements are 

zeroes, assuming there is no error in the system model.   

The 6 × 6 Jacobian matrix of the system equations is, by defining the state vector [xs(t)  s(t)  fS(x)  xt(t)  

t(t)  fa(t)/mt] ≡ [x1  x2  x3  x4  x5  x6]
T: 
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 (5-83) 

where kT(x), ∂f3/∂x1, and ∂f3/∂x3 are expressed in Equations (5-67), (5-68), and (5-69). 

For the selected measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, the output vector h(xk) and the 

linearized matrix Hk in Eq. (5-61) are expressed as: 

6 6, , , , , ,

ˆ

h ( )
h ( ) and

k

T
k

tk s k s k S k t k t k a k k k
k x

x
x x x f x x f m x H I
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   (5-84) 

State and Parameter Estimation 

In addition to the true state estimation, one can estimate the system parameters using the EKF. In order 

to estimate the parameters, new states are augmented to the state vector. The covariance matrix QE in Eq. 

(5-63) is selected to consider the errors in these states as well as the errors in the model due to the system 

uncertainty. It is assumed that the system parameters, ωa, ξa, and ka, of the servo-valve and actuator of the 

shake table system are known before the shake table tests and remain the same during the tests (as 

discussed in Section 2.3). In order to identify four parameters cs, ks, α, and dy of the nonlinear hysteretic 

structure in Eq. (4-6), the 10 × 1 augmented state vector and the 10 × 10 matrix QE (i.e. QE is chosen as a 
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diagonal matrix assuming each state is not correlated, and its first six elements are chosen as zeroes 

assuming the system model has no errors) are defined as:  

5 71 2 3 4 6 8 9 10

( ) ( ) ( ) ( ) ( ) ( ) ( ) /
T

s s t t a t s s yS

T

x t x t x t f t x t x t f t m c k d or

x x x x x x x x x x

  

  

  
 (5-85) 

 77 88 99 1010( 0 0 0 0 0 0 )EQ diag Q Q Q Q  (5-86) 

The augmented deferential equations of the system is 
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where the last four state derivatives are zeros since the unknown parameters are constant. The 10 × 10 

Jacobian matrix F(t) shown in Eq. (5-57) can be expressed as: 
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where kT(x), ∂f3/∂x1, ∂f3/∂x3, ∂f3/∂x8, ∂f3/∂x9, and ∂f3/∂x10 are expressed in Equations (5-76), (5-77), (5-78), 

(5-79), (5-80), and (5-81), respectively, by replacing the unknown state numbers from x4, x5, x6, x7 of the 

SDOF system to x7, x8, x9, x10 of the 2DOF system. 

For the selected measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, the output vector h(xk) and the 

linearized matrix Hk in Eq.(5-61) are expressed as: 

 , , , , , , 6 6 6 4
ˆ

h ( )
h ( ) and 0

k

T k
k s k s k S k t k t k a k t k k

k x

x
x x x f x x f m x H I

x 

 

         
   (5-89) 
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Example 5.8 : Parameter estimation for a 2DOF nonlinear hysteresis system with hardening  

The EKF method is used for the system identification to estimate unknown parameters and the state of 

a 2DOF nonlinear hysteretic structure (as shown in Figure 5-16). It is noted that unlike the feedback 

tracking control methods, the control excitation input u(t) = xd(t) ), the desired shake table displacement, 

is pre-defined and not updated in real time. 

 

 

Figure 5-16 Parameter estimation of a 2DOF system 

 

The properties of the system are the same as the ones in Example 4.2; ms = 1 kips·sec2/in.; ks = 355 

kips/in.; and cs = 1.13 kips·sec/in.; (fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3; dy = 0.11 in. (fy = 39 

kips); and α = 0.1; i.e. all terms are explained in Eq. (4-2), for the hysteretic system and μ = ms / mt = 0.1, 

fn,a = 30.0 Hz, ξa = 0.5 and ka = 25 for the shake table. The measurement noise, a zero-mean Gaussian 

white-noise process of 10% RMS noise-to-signal, are added to the measurements k = [ s,k  s,k  S,k  t,k  

t,k  a,k/mt]
T. Four unknown parameters: cs the damping coefficient; ks the elastic stiffness; dy the yielding 

displacement; and α the post-yielding stiffness ratio to the elastic stiffness; are selected and estimated in 

real time. The selected excitation input u(t) = xd(t) is the sinusoidal motion (the forcing frequency ff = 1.0 

Hz) and presented in Figure 5-17 (a). For the parameter estimation, it is chosen that the initial parameter 

estimate  = 0.5 × θ* (50% error in the initial guess); and the initial covariance matrix P0 = diag([0  0  0  

0  0  0  ̂ ,
2  ,

2  2  ,
2]T × 1). The covariance matrices QE and RE are chosen as follows: QE = 0 × 

I10×10 (all zeroes) and the RE = diagonal matrix, whose elements; i.e. noise variance = 10% × 

corresponding signal variance (noise variances are assumed to be known from the instruments 

information). The time step = 0.002 sec. The relation between the structure resisting force fS(t) and 

displacement xs(t) is also presented in Figure 5-17 (b). 
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Figure 5-17 Excitation and structure responses: Real time parameter estimation using the EKF 

 
The estimated parameters are updated using Eq. (5-58) and Eq. (5-62). The comparisons between the 

true parameters: kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is computed using the estimates 

of ks, dy and α); cs the damping coefficient; ks the elastic stiffness; dy the yielding displacement; and α the 

post-yielding stiffness ratio to the elastic stiffness; and the estimated parameters are shown in Figure 

5-18: the results show very good agreements. In addition to the parameter estimation, the EKF is used to 

estimate the state responses; i.e. the state x(t) = [xs(t)  s(t)  fS(x)  xt(t)  t(t)  fa(t)/mt]
T is estimated from the 

selected measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, which are contaminated by measurement 

noise as explained in Eq. (5-51). Figure 5-19 and Figure 5-20 show the results of the state estimation; the 

comparisons between the measured and the truth and between the estimated and the truth are presented 

for the state x: the structure displacement xs(t), velocity s(t), and the resisting force fS(x) and the shake 

table displacement xt(t), velocity t(t), and the actuator force fa(x); the estimated state shows very good 

agreement to the true state. However, it is noted that the estimation performance can be sensitive to 

various conditions involving the selected parameters and measurement noise; the effects will be discussed 

in Section 5.2.2. 
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Figure 5-18 Real time parameter estimation results using the EKF for a 2DOF nonlinear system  
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Figure 5-19 Real time state estimation (EKF) - structure responses for a 2DOF nonlinear system 
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Figure 5-20 Real time state estimation (EKF) – shake table responses for a 2DOF nonlinear system  

  

0 1 2 3 4 5
-2

-1

0

1

2

..t (sec)

(a) Measured state (xt)

x t (
in

)

 

 
measured

True

0 1 2 3 4 5
-2

-1

0

1

2

..t (sec)

(b) Estimated state (xt)

x t (
in

)

 

 
estimate

True

0 1 2 3 4 5

-10

-5

0

5

10

..t (sec)

(c) Measured state (   )

v t (
in

./s
ec

)

 

 
measured

True

0 1 2 3 4 5

-10

-5

0

5

10

..t (sec)

(d) Estimated state (   )

v t (
in

./s
ec

)

 

 
estimate

True

0 1 2 3 4 5
-1000

-500

0

500

1000

..t (sec)

(e) Measured state (fa)

f a 
(k

ip
s)

 

 
measured

True

0 1 2 3 4 5
-1000

-500

0

500

1000

..t (sec)

(f) Estimated state (fa)

f a 
(k

ip
s)

 

 
estimate

True

t 

t 

t 

t 



 

120 

 

5.2.2 Effects of Initial Guesses of Unknown Parameters and Covariance Matrices 

As discussed in Section 5.2, it is very difficult to show a certain stability property of the EKF 

(Crassidis and Junkin, 2012) due to a possible error in a linearized first-order Taylor series expansion. 

Therefore, the robustness of the EKF is examined through numerical simulations. Two factors, which 

play important roles on the performance of the EKF; are considered: first, the effects of initial guess of 

unknown parameters; and secondly, the effects of the selection of the covariance matrices. It is noted that 

the estimation performance can be also affected by other conditions involving modeling errors, 

measurement noise, different excitation, etc. The same SDOF linear model described in Example 5.1 and 

Example 5.6 are used where two parameters θ* = [ks  cs]
T : ks the elastic stiffness and cs the damping 

coefficient; are selected and estimated in real time. The excitation input u(t) to the system is the same 

sinusoidal motion (the forcing frequency ff = 1.0 Hz), shown in Figure 5-11 (a). The time step = 0.002 

sec. 

 

Example 5.9 : Effects of initial guess of unknown parameters on the EKF estimator performance 

The effects of the initial guess of the unknown parameters are investigated numerically. Three 

different initial guesses  are made as the 10%, 50% and 200% of the true parameters;  = 0.1 × θ*;  

= 0.5 × θ*;  = 2.0 × θ*. The initial covariance matrix is chosen as P0 = diag([0  0  ,
2  ,

2]T × 0.0005) 

for all cases. The comparisons between the true parameters: ks the elastic stiffness and cs the damping 

coefficient; and the estimated parameters are shown in Figure 5-21 (the initial guess factors: 0.1, 0.5, 2.0; 

are shown in the figure); the results show that the overall agreements are reasonably good while the speed 

of convergence might be affected by the initial guess.  

 

 

Figure 5-21 Real time parameter estimation results using the EKF for an SDOF linear system  
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Example 5.10 : Effects of selection of the covariance matrices on the EKF estimator performance  

The effects of the selection of the covariance matrices are investigated numerically. Three different 

initial covariance matrices P0 are selected as the diagonal matrix whose elements are the square of the 

0.005%, 0.05% and 50% of the true parameters; P0 = diag([0  0  ,
2  ,

2]T × 0.00005;  P0 = diag([0  0  

,
2  ,

2]T × 0.005; P0 = diag([0  0  ,
2  ,

2]T × 0.5). The initial guesses of the unknown parameters 

 = 0.5 × θ* for all cases. The comparisons between the true parameters: ks the elastic stiffness and cs the 

damping coefficient; and the estimate of the true parameters are shown in Figure 5-22 (the selected initial 

covariance matrix factors: 0.005%, 0.05% and 50%; are shown in the figure); the results show that the 

lager covariance matrix might lead faster estimation, but might occur larger overshooting at the beginning 

of estimation while the overall agreements are reasonably good.  

 

 

Figure 5-22 Real time parameter estimation results using the EKF for an SDOF linear system  

 

5.3 Comparison between the Least Squares Method and Extended Kalman Filter  

The least squares method (LS) and the extended Kalman filter (EKF) are introduced as real time 

parameter estimation methods for the tracking control of nonlinear hysteretic systems with unknown 

parameters. Even though both methods can be used, each one has different advantages over the other one 

as summarized below.  

One of the most important features of the LS is that it can be shown the estimation error converges to 

zero ε(t) → 0 as t → ∞ with proper design of the estimator for systems whose unknown parameters vary 

linearly (Ioannou et al., 2006). However, the nonlinear hysteretic system with hardening after yielding (α 

> 0) cannot be modeled in the form of the linear parametric model as shown in Section 5.1.1.3.  
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Unlike the LS, it is very difficult to show a certain stability property of the EKF estimator due to the 

approximation error in the first order Taylor expansion (Crassidis et al., 2012). Nevertheless, the EKF has 

important advantages; (i) the method can be applied to more complex nonlinear systems including the 

nonlinear hysteretic system with hardening after yielding as shown in 5.2.1.2; (ii) the EKF requires less 

measurements, which is more realistic and might make the EKF more practical than the LS; for example, 

the parameter identification can be performed using only the total accelerations (Wu and Smyth, 2007) 

while the LS requires more measurements, and (iii) in addition the EKF can be used not only to estimate 

the unknown parameters, but also to estimate the true state vector from the measurements with associated 

noise (as discussed in Section 5.2); i.e. both estimates of the true state vector and unknown parameters are 

required for the tracking control schemes.  

Therefore, the EKF is adopted in this study, as the real time parameter estimator for further 

development of the adaptive tracking control.   
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SECTION 6 

TRACKING CONTROL FOR LINEAR SYSTEMS WITH UNKNOWN 

PARAMETERS 

 

The feedback tracking control methods and the real time parameter identification method, which were 

separately presented in the preceding sections, are combined herein, and new adaptive tracking control 

schemes are introduced. The two feedback tracking control methods; namely, the predictive tracking 

control (PTC) and the feedback linearized tracking control methods (FTC), combined with the extended 

Kalman filter (EKF) for the real time parameter estimation, are applied to linear systems control in this 

section. The methods are then extended to the nonlinear hysteretic systems in the following section.  

 

6.1 Predictive Tracking Control with Real-time Parameter Estimation 

In Section 3.3.1, the predictive control method was used to develop the control law for linear system 

tracking problems with known parameters. The control excitation input uk to reduce the predicted tracking 

error (i.e. ) is shown in Eq. (3-39). When there are unknown parameters in a given 

system to be controlled, the parameters can be estimated in real time using the system parameter estimator 

such as the extended Kalman filter, introduced in the previous section. The estimated parameters  at 

instant k∆t are used instead of known constant parameters θ*
. The control law equation with the estimated 

parameters at instants becomes 

Control Law  

1
* * * * *

, , , , 1 , , 1 ,
ˆ ˆˆ ˆ ˆ ˆˆ ˆT T

k D k D k D k m k D k k k m k D k ku B QB R B Q y A x y A x


 
               (6-1) 

where the hat ^ indicates that the system matrix uses the estimated parameters , and 

1 ˆ ˆ* * * * *
, , , , , , , , , , , 0

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆˆ , , , ,k k
tA t AT T

k D k D k D k D k D k D k D k D k D k D k D k kB QB R B Q A C A B C B A e B e d B 
            

and the system matrices ,  and ,  and the output matrix ,  (i.e. ,  = ) are updated at every 

instant k∆t with estimated parameters,  = [ ,   ̂ , ]T of the true parameters θ* = [ks  cs]
T; for example, 

the continuous-time system matrices of the linear SDOF system shown in Eq. (2-26) with estimated 

parameters are  

, ,

0 1 0ˆ ,ˆ 1/ˆ/ /
k

s k s k

A B
mk m c m

   
         

 

and the output matrix  is defined according to the target motion. For example, if the target motions are 

the displacement and velocity ym = [xm  ẋm]T, the matrix ,  that is an identity (constant) matrix, 
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and if the target is the total acceleration ym = ẍm
t, the matrix ,  [- , /m  - ̂ , /m]T. The control 

excitation input uk can be calculated using Eq. (6-1). The predicted response can be obtained by 

substituting the computed control input uk into Eq. (3-36): 

Expected Achieved Responses  

 1

*
, , 1

ˆˆ ˆˆ ˆ
k D D D k D k k D k m kCy A B A x B y         (6-2) 

where Γ  and ,
∗  are defined in Eq. (6-1). If BD

* = CDBD is an invertible matrix, and R = 0 and Q = I (i.e. 

I = identity matrix) are chosen, then Eq. (6-2) becomes  

   * * * 1 * * * 1

1 , , , , 1
ˆˆ ˆˆˆ

k D D D k D k k D D k m kA B B A x B By y 
      (6-3) 

where AD
* = CDAD and BD

* = CDBD are the true system matrices. 

Stability 

The predicted tracking error equation might be obtained from Eq. (6-3) by collecting the tracking error 

term ek+1 = k+1 - ym,k+1  in the left-hand side and the estimate error terms in the right-hand side: 

 1 1 , 1ˆ, ,k k k k m kg xe y     (6-4) 

where the function gk+1 indicates some residual error caused by parameter estimate error  = ∗. 

The tracking error  will decrease when the estimated parameters error  becomes smaller. As 

discussed in Section 5.3, the stability of the error dynamics cannot be analyzed analytically because of the 

lack of knowledge of the stability properties of the extended Kalman filter (EKF), so the performance of 

the adaptive tracking control method introduced is examined using the numerical simulation in Section 

6.4.  

 

Limitations of Shake Table-Structure Systems 

As discussed in Section 3.3.1, for the shake table-structure 2DOF model, the predicted output  in 

discrete time or (t+h) in continuous time might be approximated including higher order differentiations 

when the product of the output and input matrices C × B is singular. Using the approximated predicted 

output *(t+h) and the target motion ∗ (t+h) (shown in Eq. (3-44)), the control law is established as 

shown in Eq. (3-46). When some parameters are unknown, the control input u(t) can be computed using 

the estimated parameters (t) at instant time as following: 

Control Law  

             
1

* * * * *ˆ ˆ ˆ ˆˆ ˆ ˆˆˆ
TT

mu B QB R Q y t h A x tt B  


          (6-5) 
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where ∗ = [  + h 	 	 + (h2/2)	 	 2] and ∗ = (h2/2) 	 . By substituting 

Eq. (6-5) into the second equation of Eq. (3-45), one can establish the error dynamics. For a system 

having ∗  as a non-zero scalar (i.e. an invertible matrix, size 1 × 1) and R = 0 chosen, (t) becomes as 

described below: 

 
Expected Achieved Responses  

           2 * *
1

* ˆ ˆ ˆˆˆˆ
my CA CAB y t h A x tt x t B 



        
  (6-6) 

which can be rewritten introducing the tracking error (e(t) = y(t) - ym(t)) to show its dynamics  

                2 *ˆ2 / 2 / , , me t h e t h e t g t x t y t h      (6-7) 

where the function g(·) indicates some residual error, which are caused by the parameter estimation error 

(t) = 	 ∗ . The tracking error e(t) will decrease when the estimated parameters error (t) is 

reduced. As discussed in Section 5.3, the performance of the adaptive tracking controller is examined by 

means of the numerical simulations in Section 6.4. 

 
6.2 Feedback Linearization Tracking Control with Real-time Parameter Estimation 

Another possible tracking control scheme introduced in Section 3.3.2 is the Feedback Linearization 

Tracking Control (FTC) (Ioannou and Fidan, 2006). FTC can be also used for systems with unknown 

parameters by using the real time estimator such as the extended Kalman filter (EKF).  

For the simplest case with a first order system as first presented in Section 3.3.2, the equations of the 

true system and the reference model are shown in Eq. (3-49) and (3-50). In order to achieve the tracking 

control objective, the tracking control law is established as shown in Eq. (3-56). With unknown 

parameters; for example if the parameter a in Eq. (3-49) is unknown, the possible control law is  

Control Law  

          *
1

1
ˆ mu t ca t x t y t k e t

cb
       (6-8) 

where (t) is the estimate of the true parameter a in real time, and the tracking error e(t) = y(t) - ym(t). By 

substituting this control input u(t) into Eq. (3-51), it is obtained: 

          *
1my t ca t x t y t k e t      (6-9) 

where the parameter estimate error (t) = (t) – a. From this equation, the tracking error dynamics can be 

shown below 

Expected Achieved Responses  

       *
1e t k e t ca t x t    (6-10) 
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One may establish an adaptive law for the real time parameter estimation using the Lyapunov method or 

the least squares method (Ioannou and Sun, 2012), such that the tracking error signal e(t) goes to zero as 

time goes to infinity. However, this approach is not applicable to the nonlinear hysteretic system as 

discussed in Section 5.3. Therefore, the EKF is used as the real time estimator, and the performance of the 

adaptive tracking control method introduced is examined using the numerical simulation, presented in 

Section 6.4. 

 

Application to SDOF Linear Structures  

For a linear structure (the SDOF system model) expressed in Eq. (2-26) with the output y(t) of the total 

acceleration response ẍs
t(t) at the structure, the tracking control law is established as shown in Eq. (3-58) 

for known parameters. With unknown parameters, the possible control law using the estimate (t) = [ (t)  

̂ (t)]T of the true parameters θ* = [ks  cs]
T; becomes 

Control Law  

        12 *
ŝ su t c t m y t v t

        (6-11) 

where ∗(t) is defined as 

               * 2 1ˆ ˆˆ ˆs s s s s s s s sy t m c t c t x t k t x t m k t x t         (6-12) 

and v(t) is selected to reduce the tracking error as 

     *
1mv t y t k e t   (6-13) 

in which e(t) = y(t) - ym(t) and y(t) = -ms
-1[ ̂ (t)	 (t)+	 (t)	 (t)]. Substituting u(t) from Eq. (6-11) into 

the equation of the differentiated output (t) (shown in Eq. (B-3) in Appendix 3.1) and collecting the 

tracking error terms e(t) to the left-hand side and residual error terms due to estimation error to the right-

hand side leads to the following tracking error dynamic equation: 

Expected Achieved Responses  

          *
1 , , mg t x t y te t k e t    (6-14) 

where the function g(·) indicates some residual error caused by parameter estimate error (t) = 	

∗. The tracking error e(t) will decrease when the estimated parameters error (t) becomes smaller. The 

performance of this adaptive tracking controller is examined using the numerical simulation in Section 

6.4. 

 

Application to 2DOF Shake Table-Linear Structure Systems  
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For a linear structure mounted on a shake table (the 2DOF system model) expressed in Equations 

(2-24) and (2-25) with the output y(t) of the total acceleration response ẍs
t(t) at the structure, the tracking 

control law is established as shown in Eq. (3-66) for known parameters. With unknown parameters, the 

possible control law using the estimate (t) = [ (t)  ̂ (t)]T of the true parameters θ* = [ks  cs]
T becomes 

Control Law  

       1* *ˆu t a t y t v t
       (6-15) 

where u*(t) = (ωa
2ka)

-1u(t); u(t) = xd(t); and ∗(t) is defined as 

                     
              

*

*

ˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆ

s s

a t t

y t a t a t c t b t x t a t b t d t x t

a t e f t a t f x t a t g x t

      
     

  


 (6-16) 

in which several functions are clustered  for simplification: 

               

           

1 1 1 1

2 2

* * 2

ˆ ˆˆ ˆ ˆ; ; ; ;

2 ; ; ;

/ ; ,

s s s s t s t s

a a a a a

a a t a a d d

a t m c t b t m k t c t m c t d t m k t

e f g k

f t f t m u t k x t u t x t

   



      

  

  

 (6-17) 

v(t) is selected to reduce the tracking error as 

       * *
1 2mv t y t k e t k e t     (6-18) 

in which e(t) = y(t) - ym(t) with y(t) = - [ ̂ (t)	 (t)+	 (t)	 (t)]; and (t) = (t) - m(t) with (t) = -

 [ ̂ (t)	 (t)+	 (t)	 (t)]. Substituting u*(t) from Eq. (6-15) into the differentiated output equation (t) 

(shown in Eq. (B-14) in Appendix B.2) and collecting the tracking error terms e(t) to the left-hand side 

and residual error terms due to estimation error to the right-hand side gives the tracking error dynamic 

equation: 

Expected Achieved Responses  

            * *
1 2 , , mg t x t y te t k e t k e t      (6-19) 

where the function g(·) indicates some residual error, which are caused by parameter estimate error (t) = 

	 ∗. The tracking error e(t) will diminish when the estimated parameters error (t) is reduced. As 

discussed in Section 5.3, the performance of this adaptive tracking controller using the EKF is examined 

by means of the numerical simulations in Section 6.4. 

 

6.3 Comparisons of Feedback Tracking Control Methods 

As discussed in Section 3.3.3, one can show that the two tracking control methods are equivalent for 

the shake table-structure system under certain conditions and with known parameters. For the unknown 

parameters, the formulations of the control laws for the two tracking control methods have not changed; 



 

128 

 

therefore, one can also show that the predictive tracking control law shown in Eq. (6-5) is the same as the 

control law (shown in Eq. (6-15)) of the feedback linearization tracking control method with the same 

conditions applied to the known parameter controllers; i.e. the controlled system has B(x)* = a non-zero 

scalar (i.e. an invertible matrix, size 1 × 1), and R = 0 chosen, and the tracking error coefficients in Eq. 

(4-20) are ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h = √2 / ωe. 

 
6.4 Numerical Examples and Comparisons of Tracking Control Methods 

Simple tracking control examples (as demonstrated in Section 3.4 and Section 4.5 for the systems with 

known parameters) are analyzed in order to examine the performance of the introduced two feedback 

tracking control methods combined with the real time parameter estimation for linear systems with 

unknown parameters. The results are presented herein. For all examples, the target motion is the total 

acceleration of a structure (specimen) mounted on the shake table. 

 
6.4.1 Examples of Linear Structures (SDOF System Model) 

As discussed in Section 2.2, to facilitate the development of the tracking control method, first, a 

simplified SDOF system model is used instead of a 2DOF system model for a shake table with an SDOF 

structure system. In this simplified system model (shown in Figure 6-1), the excitation force -msẍt(t) due 

to the shake table acceleration ẍt(t) is considered as a new control input u(t). However, the actual control 

excitation input u(t) for the 2DOF system model is the desired displacement xd(t) of the shake table, and 

u(t) shall be computed including the shake table dynamics and the shake table-structure interaction (as 

discussed in Section 2.2) as formulated in the following section (Section 6.4.2). 

 

 
Figure 6-1 Tracking control of an SDOF nonlinear system with unknown parameters 

 
The governing equation of an SDOF linear structure subjected to the shake table excitation is shown in 

Eq. (2-26). The tracking control task for this simplified system is to compute the control excitation input 

u(t) = -msẍt(t) at every instant using the real time estimated parameters so that the system output y(t) = 

ẍs
t(t) (the total acceleration of the structure) follows the target motion ym(t) = ẍm

t(t) (the total acceleration 

of the reference model).   
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Example 6.1 : An SDOF Linear System with Unknown Parameters using PTC 

The properties of the given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 

kips·sec/in., (fn = 3.0 Hz, ξn = 0.03), the same as the ones in Example 3.1. In order to examine the effects 

of measurement noise, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are added 

to the measurements k = [ s,k  s,k  S,k]
T, which are described in Section 5.2.1.2 (i.e. the EKF estimator is 

developed for a nonlinear system in Section 5.2.1.3, but, of course, this is capable for this linear system as 

well since a linear system is a special case of nonlinear systems having kT(x) → ks; thus fS(x) = ksx(t)). 

Two unknown parameters: cs the damping coefficient and ks the elastic stiffness; are selected and 

estimated in real time using the extended Kalman filter. 

The target motion is shown in Figure 6-3 (a) [Target]. The target motion is the total acceleration 

output generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1), used for Example 3.1. in 

Section 3.4.1. The reference model is subjected to high-pass-filtered one-cycle sine input, whose 

frequency is 1.0 Hz. The reference excitation input and the responses of the reference model are presented 

in Appendix A.2. For the parameter estimation, the initial parameter estimate  is chosen as  = 0.5 × θ* 

(50% error in the initial guess), and the initial covariance matrix is chosen as P0 = diag([0  0  0  ̂ ,
2  ,

2  

0  0]T × 0.01). The covariance matrices QE and RE are chosen as follows: QE = 0 × I7×7 (all zeroes) and the 

RE = diagonal matrix, whose elements; i.e. noise variance = 3% × corresponding signal variance (noise 

variances are assumed to be known from the instruments information). The time step of 0.002 sec is used 

for the simulation. 

The tracking control results using the predictive tracking control (PTC) method with the real time 

parameter estimations are presented in Figure 6-2 and Figure 6-3. The selected control parameters for the 

PTC in this example are R = 0.0003 and Δt = 0.002. Figure 6-2 shows the comparisons between the 

estimated parameters: ks the elastic stiffness and cs the damping coefficient; and the true parameters, and 

they show very good agreements. The controlled output, ẍs
t(t) the total acceleration of the structure, is 

shown in Figure 6-3 (a) [Controlled] and also shows very good agreement with the target motion. The 

computed control excitation input, u(t) = -msẍt(t), using the control law in Eq. (6-5) is shown in Figure 6-3 

(b). xs(t), ẋs(t) the achieved displacement and velocity responses of the controlled structure are also 

presented in Figure 6-3 (c) and (d); it is noted that unlike the total acceleration, the displacement and 

velocity responses are different from ones of the reference because the system properties of the controlled 

system and ones of the reference system are different. The relation between the structure resisting force 

fS(t) having hysteretic behavior and displacement xs(t) is also presented in Figure 6-3 (e). As desired, all 

responses of the controlled system are bounded. 
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The tracking control results using the feedback linearization tracking control (FTC) method are 

presented in Figure 6-4 and Figure 6-5. Figure 6-4 presents the results of the parameter estimation in real 

time. The controlled output ẍs
t(t) is shown in Figure 6-5 (a) [Controlled]; it shows very good agreement 

with the target motion. The computed control excitation input, u(t) = -msẍt(t), using the control law in Eq. 

(6-11) is shown in Figure 6-5 (b). The selected control parameter in this example for the FTC is ∗

Δ
/100 (i.e. the smaller value of ∗ than that of the system with the known parameter case in Section 

3.4.1 is chosen due to the uncertainty and indicates that the tracking error will decrease slowly). It is 

noted that if the control parameters are carefully chosen to satisfy the tracking object, the control 

excitation input for the two methods (PTC and FTC) are very similar; therefore, as expected, the control 

results of two methods are very similar as shown in Figure 6-2 through Figure 6-5. 

 

 

Figure 6-2 Real time parameter estimation results of the PTC for an SDOF linear system
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Figure 6-3 PTC - structure responses for an SDOF linear system with real time estimation 
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Figure 6-4 Real time parameter estimation results of the FTC for an SDOF linear system 
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Figure 6-5 FTC - structure responses for an SDOF linear system with real time estimation 
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6.4.2 Examples of Shake Table - Linear Structures (2DOF System Model)  

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and 

the interaction between the shake table and the mounted structure has to be considered. The same tracking 

control example (described in Section 6.4.1) is resolved for the 2DOF linear system considering the 

interaction, as expressed in Eq. (2-24) and Eq. (2-25), and schematically shown in Figure 6-6. 

 

 

Figure 6-6 Tracking control of the shake table- structure 2DOF linear system with unknown parameters 

 

When a target motion is specified for the specimen, the required control excitation input u(t) = xd(t), 

the desired shake table displacement is determined at every instant using the real time estimated 

parameters such that the output of the system (y(t) = ẍs
t(t), i.e. the total acceleration of the structure) 

follows the target motion ym(t).  

 

Example 6.2 : A 2DOF Linear System with Unknown Parameters 

The properties of a given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 kips·sec/in., 

(fn = 3.0 Hz, ξn = 0.03) for the mounted structure, and μ = ms / mt = 0.1, fn,a = 30.0 Hz, ξa = 0.5 and ka = 25 

for the shake table, the same as the ones in Example 3.2. In order to examine the measurement noise 

effects, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are added to the 

measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, which are described in Section 5.2.1.3 (i.e. the EKF 

estimator is developed for a nonlinear system in Section 5.2.1.3, but, of course, this is capable for this 

linear system as well since a linear system is a special case of nonlinear systems having kT(x) → ks; thus 

fS(x) = ksx(t)). Two unknown parameters: cs the damping coefficient and ks the elastic stiffness; are 

selected and estimated in real time using the extended Kalman filter. 

The target motion is shown in Figure 6-8 (a) [Target]. The target motion is the total acceleration 

output generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1), used for Example 6.1. in 

Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix 

A.2). For the parameter estimations, the initial parameter estimate  is chosen as  = 0.5 × θ* (50% 
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error in the initial guess), and the initial covariance matrix is chosen as P0 = diag([0  0  0  0  0  0  ̂ ,
2  

,
2  0  0]T × 0.01). The covariance matrices QE and RE are chosen as follows: QE = 0 × I10×10 (all zeroes) 

and the RE = diagonal matrix, whose elements; i.e. noise variance = 3% × corresponding signal variance 

(noise variances are assumed to be known from the instruments information). The time step of 0.002 sec 

is used for the simulation. 

The tracking control results using the predictive tracking control (PTC) method with the real time 

parameter estimations are presented in Figure 6-7 and Figure 6-9. The selected control parameters in this 

example R = 0 and h = √2 / ωe where ωe = 100. Figure 6-7 shows the comparisons between the estimated 

parameters: cs the damping coefficient and ks the elastic stiffness; and the true parameters, and they show 

very good agreements. The controlled output, ẍs
t(t) the total acceleration of the structure, is shown in 

Figure 6-8 (a) [Controlled] and also shows very good agreement with the target motion. The computed 

control excitation input, u(t) = xd(t), using the control law in. Eq. (6-5) is shown in Figure 6-8 (b). xs(t), 

ẋs(t) the achieved displacement and velocity responses of the controlled structure are also presented in 

Figure 6-8 (c) and (d); it is noted that unlike the total acceleration (which was the target of the control 

design), the displacement and velocity responses are different from ones of the reference because the 

system properties of the controlled system and ones of the reference system are different. The relation 

between the structure resisting force fS(t) and displacement xs(t) is also presented in Figure 6-8 (e). Figure 

6-9 presents the responses of the shake table; the achieved shake table actuator force fa(t), shake table 

acceleration ẍt(t), displacement xt(t) and velocity ẋt(t). As desired, all responses of the controlled system 

are bounded.  

The tracking control results using the feedback linearization tracking control (FTC) method with the 

real time parameter estimations are also presented in Figure 6-10 and Figure 6-12. Figure 6-10 presents 

the results of the parameter estimation in real time. The controlled output ẍs
t(t) is shown in Figure 7-11 (a) 

[Controlled] and shows very good agreement with the target motion. The computed control excitation 

input, u(t) = xd(t), using the control law in Eq. (6-15) is shown in Figure 6-11 (b). As discussed in Section 

6.3, the control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the 

tracking error coefficients as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h 

= √2 / ωe; (in this example, ωe = 100, ξe = 0.707 for the both methods). As expected, the control results of 

two methods are equivalent as shown in Figure 6-7 through Figure 6-12.  
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Figure 6-7 Real time parameter estimation results of the PTC for a 2DOF linear system 
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Figure 6-8 PTC - structure responses for a 2DOF linear system with real time estimation 
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Figure 6-9 PTC - shake table responses for a 2DOF linear system with real time estimation 
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Figure 6-10 Real time parameter estimation results of the FTC for a 2DOF linear system 
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Figure 6-11 FTC - structure responses for a 2DOF linear system with real time estimation 
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Figure 6-12 FTC - shake table responses for a 2DOF linear system with real time estimation 

 

In this section, the two feedback tracking control algorithms: the predictive tracking control (PTC) and 

the feedback linearization tracking control (FTC) introduced in SECTION 3; are expanded to the 

applications of linear systems whose parameters are not fully known a priori. In order to deal with the 

uncertainties in the system models, the real time estimators using the extended Kalman filter (EKF) 

introduced in SECTION 5 are combined with the tracking control methods. The tracking control laws are 

reformulated in order to adapt the estimated parameters. Because of the lack of the knowledge of stability 

properties of the EKF, the performances of tracking and the boundedness of controlled system responses 

are examined through numerical simulations. The results show that very good tracking performances can 

be obtained with fairly good initial guess of unknown parameters (i.e. 50% errors in the initial guess are 

used in the examples).    
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SECTION 7 

TRACKING CONTROL FOR NONLINEAR SYSTEMS WITH UNKNOWN 

PARAMETERS 

 

The adaptive tracking control schemes, which combine the predictive tracking control (PTC) and the 

feedback linearized tracking control methods (FTC) with the extended Kalman filter (EKF) for the real 

time parameter estimation, formulated and applied to linear systems in SECTION 6 are extended to 

nonlinear hysteretic systems in this section. The performance of each method is examined using the 

numerical simulation. 

 

7.1 Predictive Tracking Control with Real-time Parameter Estimation 

The predictive control method was used in Section 4.2 in order to develop the control law for 

nonlinear system tracking problems with known parameters. The control input uk to minimize the 

instantaneous performance index J in Eq. (3-35) is shown in Eq. (4-13). When there are unknown 

parameters in a given system to be controlled, the parameters can be estimated in real time using the 

system parameter estimator such as the extended Kalman filter (EKF).  

Control Law  

The control excitation input can be computed using the same equation shown in Eq. (4-13) (repeated 

here for convenience) by using the estimated parameters ̂ , 		 	 T at instant k∆t instead of the 

true parameters ∗ = [cs  kT(x)]T
: 

1
* * * * *

, , , , 1 , , 1 ,
ˆ ˆˆ ˆ ˆ ˆˆ ˆT T

k D k D k D k m k D k k k m k D k ku B QB R B Q y A x y A x


 
                (7-1) 

where the hat ^ indicates that the system matrix uses the estimated parameters , and  

1
* * * * *

, , , , , , , , ,
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ , ,T T

k D k D k D k D k D k D k D k D k D kB QB R B Q A C A B C B


        

and the true system matrices in discrete-time AD,k and BD,k and the true output matrix CD (i.e. CD = C) are 

defined in Section 4.2 (see Eq. (4-10) to Eq. (4-12)), and their estimate matrices , ,  , , and ,  (i.e. 

,  = ) are updated at every instant k∆t with estimated parameters . For numerical simulation, the 

true responses are computed by substituting the control excitation input uk from Eq. (7-1) into the true 

system equation in Eq. (4-4) and using Eq. (4-14) for numerical integration, while in real experiments the 

true system responses will be measured at every instant k∆t by sensors: the measurements using sensors 

are expressed as k = xk + vk (the true responses xk with measurement noise vk - see Eq. (5-51)).  
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 However, as discussed in Section 4.2, it is assumed that the instant stiffness kT(x) in Eq. (4-4) is 

piecewise constant at every instant in order to examine the effectiveness of the proposed control scheme 

analytically. With this assumption, the error dynamics with the control scheme can be shown as 

following.  

 Expected Achieved Responses 

 Substitution of the control excitation input uk excitation Eq. (7-1) into the approximated system in Eq. 

(4-12) leads to 

 1

*
, , , , , 1

ˆˆ ˆˆ ˆ
k D D k D k k D k k D k k m kCy A B A x B y         (7-2) 

where Γ .and ,
∗  are defined in Eq. (7-1). If ,

∗ = CDBD,k is an invertible matrix, and R = 0 and Q = I 

(i.e. I = identity matrix) are chosen, then Eq. (7-2) becomes  

   * * * 1 * * * 1

1 , , , , , , , 1
ˆˆ ˆˆˆ

k D k D k D k D k k D k D k m kA B B A x B By y 
      (7-3) 

where ,
∗  = CDAD,k and ,

∗  = CDBD,k are the true system matrices. 

Stability 

The predicted tracking error equation can be obtained from Eq. (7-3) by collecting the tracking error 

term ek+1 = k+1 - ym,k+1 in the left-hand side and the estimate error terms in the right-hand side: 

 1 1 , 1ˆ, ,k k k k m kg xe y     (7-4) 

where the function gk+1 indicates some residual error due to parameter estimate error  = ∗. The 

tracking error  will decrease when the estimated parameters error  becomes smaller. As discussed 

in Section 5.3, because of the lack of knowledge of the stability properties of the extended Kalman filter 

(EKF), the performance of the adaptive tracking control method introduced is examined using the 

numerical simulation in Section 7.4.1.  

 

Limitations of Shake Table-Structure Systems  

As discussed in Section 4.2, if the product of the output and input matrices C × B is singular for the 

shake table-structure 2DOF model, the predicted output  in discrete time or (t+h) in continuous 

time might be approximated including higher order differentiations. Using the approximated predicted 

output *(t+h) and target motion ∗ (t+h) (shown in Eq. (3-44)), the control law is established as shown 

also in Eq. (4-18). When some parameters are unknown, the control input u(t) can be computed using the 

estimated parameters (t) of the true parameters θ* at instant time as following: 
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Control Law  

             
1

* * * * *ˆ ˆ ˆˆ ˆ ˆˆˆ
TT

mu B QB R Q y t h A x x tt B  


          (7-5) 

where *(x) = [ 	 + h 	 (x) + (h2/2)	 	{d/dt (x) + (x)2}] and ∗  = (h2/2) 	 (x)B.  

 By substituting Eq. (7-5) into the second equation of Eq. (4-17), one can establish the error dynamics 

for the nonlinear system. For a system having ∗  as a non-zero scalar (i.e. an invertible matrix, size 1 

× 1) and R = 0 chosen,  becomes:  

Expected Achieved Responses  

                 2 * *
1

* ˆˆ ˆˆˆ
my C A CA B B y t h A x x t

d
t A x x x t x

dt




              
  (7-6) 

which can be rewritten by introducing the tracking error (e(t) = y(t) - ym(t)) to show its dynamics are: 

                2 *ˆ2 / 2 / , , me t h e t h e t g t x t y t h      (7-7) 

where the function g(·) indicates some residual error, which are caused by the parameter estimate errors 

(t) = 	 ∗. The tracking error e(t) will decrease when the estimated parameter error (t) is reduced. 

The performance of the adaptive tracking controller is examined using the numerical simulation in 

Section 7.4.2.  

 
7.2 Feedback Linearization Tracking Control with Real-time Parameter Estimation 

The Feedback Linearization Tracking Control (FTC) (Ioannou and Fidan, 2006) formulated in Section 

4.3 can also be used for the tracking control of nonlinear hysteretic systems with unknown parameters 

with some modifications. The controller is designed such that the true system properties involving the 

nonlinear behavior are replaced to new ones that will lead to the desired linear behavior, and the output 

response of the controlled system will follow the target motion. For the real time parameter estimation the 

extended Kalman filter (EKF) is used.  

 

Application to SDOF Linear Structures  

The tracking control procedure for the nonlinear hysteretic structure was introduced in Section 4.3 for 

known parameters. The equations of the true system and the reference model are shown in Eq. (4-21) and 

Eq. (4-22) and for the total acceleration as the target motion the output equations are shown in Eq. (4-28) 

and Eq. (4-29). In order to achieve the tracking control objective, the tracking control law is established as 

shown in Eq. (4-31). However for unknown parameters; i.e. the structure damping cs and the 

instantaneous stiffness kT(x) are unknown;  the possible control law can be formulated as: 
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Control Law  

                  1 2 2 1 ˆˆ ˆ ˆs s s s s S s Tu t c t m m c t c t x t f x m k x x t v t
          (7-8) 

where a function v(t) = [ m - ∗{y(t) - ym(t)}] is selected to reduce the tracking error, and ̂s(t) and T(x) 

are the estimates of the true parameters cs and kT(x) respectively. It is noted that the estimate T(x) of the 

instantaneous stiffness kT(x) is computed using the estimates of constant parameters ks, α, and dy as shown 

in Section 5.2.1.2. By substituting this control input u(t) into Eq. (4-30), it is obtained 

                  

                  

12 2

1 11 1 *
1

ˆ ˆ ˆ

ˆˆ ˆ( )

s s S s s s s S

T s s T s s m m

y t m c c x t f x c c t m c t c t x t f x

m k x x t c c t m k x x t c c t y t k y t y t

 

  

    
 
         

  

  
 (7-9) 

From this equation, the tracking error dynamics might be determined using the defined tracking error 

terms: e(t) = y(t) - ym(t) and (t) = (t) - m(t); as presented below: 

Expected Achieved Responses  

            *
1 , , ,m me t k e t g t x t y t y t     (7-10) 

where the function g(·) indicates some residual error caused by the parameter estimate errors (t) = 

	 ∗ , in which (t) = [ ̂s(t)  T(x)]T is the estimate of the true parameters θ*(t)  = [cs  kT(x)]T. The 

tracking error e(t) will decrease when the estimated parameters error  =  becomes smaller. As 

discussed in Section 5.3, the performance of the adaptive tracking controller with the extended Kalman 

filter(EKF) is examined using a numerical simulation in Section 7.4.1. 

 

Application to 2DOF Shake Table-Nonlinear Structure Systems  

For a nonlinear structure with known parameters mounted on a shake table (the 2DOF system model) 

expressed in Eq. (4-8) and Eq. (4-9) with the output y(t) of the total acceleration response ẍs
t(t) at the 

structure, the tracking control law is established as shown in Eq. (4-38). However, with unknown 

parameters the possible control law is using the only the estimate (t) = [ ̂ s(t)  T(x)]T of the true 

parameters θ*(t)  = [cs  kT(x)]T:  

Control Law  

       1* *ˆu t a t y t v t
       (7-11) 

where u*(t) = (ωa
2ka)u(t); u(t) = xd(t); and ∗(t) is defined as 

                     

              

* 1 1 1 1

*

ˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆ

s T s s T s t T s

a t t

y t a t a t c t m k x x t m k x a t m m k x x t

a t e f t a t f x t a t g x t

               
     


  


 (7-12) 
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in which abbreviated parameters are introduced for simplification: 

       

           

1 1

2 2

* * 2

ˆ ˆ ˆ; ;

2 ; ; ;

/ ; ,

s s t s

a a a a a

a a t a a d d

a t m c t c t m c t

e f g k

f t f t m u t k x t u t x t

   



  

  

  
 (7-13) 

v(t) is selected to reduce the tracking error as 

       * *
1 2mv t y t k e t k e t     (7-14) 

in which e(t) = y(t) - ym(t) with y(t) = - [ ̂ (t)	 (t)+	fS(x)]; and (t) = (t) - m(t) with (t) = -  

[ ̂ (t)	 (t)+	 (t)	 (t)]. Substituting u*(t) from Eq. (7-11) into the differentiated output equation (t) 

(shown in Eq. (B-35) in Appendix B.4) and collecting the tracking error terms e(t) to the left-hand side 

and residual error terms due to estimation error to the right-hand side gives the tracking error dynamic 

equation: 

Expected Achieved Responses  

            * *
1 2 , , me t k e t k e t g t x t y t      (7-15) 

where the function g(·) indicates some residual error, which are caused by parameter estimate error (t) = 

	 ∗ . The tracking error e(t) will diminish when the estimated parameters error (t) becomes 

small. The performance of this adaptive tracking controller is examined by means of a numerical 

simulation in Section 7.4.2. 

 

7.3 Comparisons of Feedback Tracking Control Methods 

As discussed in Section 4.4, one can show that the two tracking control methods are equivalent for the 

shake table-structure system, having nonlinear hysteretic behavior, under certain conditions and with 

known parameters. For the unknown parameters, the formulations of the control laws for the two tracking 

control methods have not changed; therefore, one can also show that the predictive tracking control law 

shown in Eq. (7-5) is the same as the control law of the feedback linearization tracking control method 

shown in Eq. (7-11) with the same conditions applied to the known parameter controllers; i.e. the 

controlled system has B*(x) = a non-zero scalar (i.e. an invertible matrix, size 1 × 1), and R = 0 chosen, 

and the tracking error coefficients in Eq. (4-20) are ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe = 

√2 / 2 ≈ 0.707 and h = √2 / ωe. 

 
7.4 Numerical Examples and Comparison of Tracking Control Methods 

Simple tracking control examples (as demonstrated in Section 6.4 for linear systems) are analyzed in 

order to examine the performance of the introduced two feedback tracking control methods combined 
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with the real time parameter estimation for nonlinear systems with unknown parameters. The obtained 

results are presented. For all examples, the target motion is the total acceleration of a structure (specimen) 

mounted on the shake table. 

 
7.4.1 SDOF Nonlinear Hysteretic Structure 

As discussed in Section 2.2, to facilitate the development of the tracking control method, first, a 

simplified SDOF system model is used instead of a 2DOF system model for a shake table with an SDOF 

structure system. In this simplified system model (shown in Figure 7-1), the excitation force -msẍt(t) due 

to the shake table acceleration ẍt(t) is considered as a new control input u(t) However, the actual control 

excitation input u(t) for the 2DOF system model is the desired displacement xd(t) of the shake table, and 

u(t) shall be computed including the shake table dynamics and the shake table-structure interaction (as 

discussed in Section 2.2) as formulated in the following section (Section 7.4.2). 

 

 

Figure 7-1 Tracking control of an SDOF nonlinear system with unknown parameters 

 

The governing equation of an SDOF nonlinear structure subjected to the shake table excitation is 

shown in Eq. (4-1). The tracking control task for this simplified system is to compute the control 

excitation input u(t) = -msẍt(t) at every instant using the real time estimated parameters so that the system 

output y(t) = ẍs
t(t) (the total acceleration of the structure) follows the target motion ym(t) = ẍm

t(t) (the total 

acceleration of the reference model). 

 
Example 7.1 : Tracking A SDOF Nonlinear System with Unknown Parameters using the PTC 

The properties of a given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 kips·sec/in., 

(fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3, dy = 0.11 in. (fy = 39 kips), and α = 0.1 (i.e. all terms are 

explained in Eq. (4-2) and Eq. (4-3)), the same as the ones in Example 4.1. In order to examine the 

measurement noise effects, a zero-mean Gaussian white-noise process of 3% RMS noise-to-signal are 

added to the measurements k = [ s,k  s,k  S,k]
T, which are described in Section 5.2.1.2. Four unknown 

parameters: cs the damping coefficient; ks the elastic stiffness; α the post-yielding stiffness ratio to the 
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elastic stiffness; and dy the yielding displacement; are selected and estimated in real time using the 

extended Kalman filter.  

The target motion is shown in Figure 7-3 (a) [Target]. The target motion is the total acceleration 

output generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1), used for Example 6.1. in 

Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix 

A.2). For the parameter estimation, the initial parameter estimate  is chosen as  = 0.8 × θ* (20% error 

in the initial guess), and the initial covariance matrix is chosen as P0 = diag([0  0  0  ̂ ,
2  ,

2  2  

,
2]T × 0.05). The covariance matrices QE and RE are chosen as follows: QE = 0 × I7×7 (all zeroes) and 

the RE = diagonal matrix, whose elements; i.e. noise variance = 3% × corresponding signal variance 

(noise variances are assumed to be known from the instruments information). A time step of 0.002 sec is 

used for the simulation. 

The tracking control results using the predictive tracking control (PTC) method with the real time 

parameter estimations are presented in Figure 7-2 and Figure 7-3. The selected control parameters for the 

PTC in this example are R = 0.0001 and Δt = 0.002. Figure 7-2 shows the comparison between the true 

and the estimated parameters: kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is computed using 

the estimates of ks, α, and dy); cs the damping coefficient; ks the elastic stiffness; α the post-yielding 

stiffness ratio to the elastic stiffness; and dy the yielding displacement; and they show very good 

agreements. The controlled output, ẍs
t(t) the total acceleration of the structure, is shown in Figure 7-3 (a) 

[Controlled] and also shows very good agreement with the target motion. The computed control 

excitation input, u(t) = -msẍt(t), using the control law in Eq. (7-1) is shown in Figure 7-3 (b). xs(t), ẋs(t) the 

achieved displacement and velocity responses of the controlled structure are also presented in Figure 7-3 

(c) and (d); it is noted that unlike the total acceleration, the displacement and velocity responses are 

different from ones of the reference because the system properties of the controlled system and ones of 

the reference system are different. The relation between the structure resisting force fS(t) having hysteretic 

behavior and displacement xs(t) is also presented in Figure 7-3 (e). As desired, all responses of the 

controlled system are bounded. 

The tracking control results using the feedback linearization tracking control (FTC) method are 

presented in Figure 7-4 and Figure 7-5. Figure 7-4 presents the results of the parameter estimation in real 

time. The controlled output ẍs
t(t) is shown in Figure 7-5 (a) [Controlled] and shows very good agreement 

with the target motion. The computed control excitation input, u(t) = -msẍt(t), using the control law in Eq. 

(7-8) is shown in Figure 7-5 (b). The selected control parameter in this example for the FTC is ∗

Δ
/100 (i.e. the smaller value of ∗ than that of the system with the known parameter case in Section 

4.5.1 is chosen due to the uncertainty and indicates that the tracking error will decrease slowly). It is 
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noted that by choosing the control parameters carefully to satisfy the tracking object, the control 

excitation inputs of the two methods (PTC and FTC) are very similar; therefor, as expected, the control 

results of two methods are very similar as shown in Figure 7-2 through Figure 7-5. 

 

 

Figure 7-2 Real time parameter estimation results of the PTC for an SDOF nonlinear system
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Figure 7-3 PTC - structure responses for an SDOF nonlinear system with real time estimation 
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Figure 7-4 Real time parameter estimation results of the FTC for an SDOF nonlinear system 
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Figure 7-5 FTC - structure responses for an SDOF nonlinear system with real time estimation 
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7.4.2 2DOF Shake Table – Nonlinear Hysteretic Structure Systems 

As discussed in Section 2.2, the shake table dynamics affect the performance of the control system and 

the interaction between the shake table and the mounted structure is to be considered. The same tracking 

control example demonstrated in Section 7.4.1 is resolved for the 2DOF nonlinear system, expressed in 

Eq. (4-8) and Eq. (4-9), and schematically shown in Figure 7-6. 

 

 

Figure 7-6 Tracking control of the shake table- structure 2DOF nonlinear system with unknown 

parameters 

 

When a target motion at a structure is specified, the required control input u(t) = xd(t), the desired 

shake table displacement, is determined at every instant using the real time estimated parameters in order 

that the output of the system (y(t) = ẍs
t(t) the total acceleration of the structure) follows the target motion 

ym(t).  

 
Example 7.2 : A 2DOF Nonlinear System with Unknown Parameters 

The properties of a given system are: ms = 1 kips·sec2/in., ks = 355 kips/in., and cs = 1.13 kips·sec/in., 

(fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3, dy = 0.11 in. (fy = 39 kips), and α = 0.1; i.e. all terms are 

explained in Eq. (4-2), for the hysteretic system and μ = ms / mt = 0.1, fn,a = 30.0 Hz, ξa = 0.5 and ka = 25 

for the shake table. In order to examine the measurement noise effects, a zero-mean Gaussian white-noise 

process of 3% RMS noise-to-signal are added to the measurements k = [ s,k  s,k  S,k  t,k  t,k  a,k/mt]
T, 

which are described in Section 5.2.1.3. Four unknown parameters: cs the damping coefficient; ks the 

elastic stiffness; α the post-yielding stiffness ratio to the elastic stiffness; and dy the yielding 

displacement; are selected and estimated in real time using the extended Kalman filter.  

The target motion is shown in Figure 7-8 (a – Target). The target motion is the total acceleration 

output generated from the same reference linear system (fm = 5.0 Hz, ξm = 0.1), used for Example 6.1. in 

Section 6.4.1 (the reference input and the responses of the reference model are presented in Appendix 

A.2). For the parameter estimations, the initial parameter estimate  is chosen as  = 0.8 × θ* (20% 



 

155 

 

error in the initial guess), and the initial covariance matrix is chosen as P0 = diag([0  0  0  0  0  0  ̂ ,
2  

,
2  2  ,

2]T × 0.01). The covariance matrices QE and RE are chosen as follows: QE = 0 × I10×10 (all 

zeroes) and the RE = diagonal matrix, whose elements; i.e. noise variance = 3% × corresponding signal 

variance (noise variances are assumed to be known from the instruments information). The time step of 

0.002 sec is used for the simulation. 

The tracking control results using the predictive tracking control (PTC) method with the real time 

parameter estimations are presented in Figure 7-7 and Figure 7-9. The selected control parameters in this 

example R = 0 and h = √2 / ωe where ωe = 100. Figure 7-7 shows the comparisons between the true 

parameters and the estimated parameters: kT(x) the instantaneous stiffness (i.e. the estimate of kT(x) is 

computed using the estimates of ks, α, and dy); cs the damping coefficient; ks the elastic stiffness; α the 

post-yielding stiffness ratio to the elastic stiffness; and dy the yielding displacement; and they show very 

good agreements. The controlled output, ẍs
t(t) the total acceleration of the structure, is shown in Figure 

7-7 (a) [Controlled] and also shows very good agreement with the target motion. The computed control 

excitation input, u(t) = xd(t), using the control law in Eq. (7-5) is shown in Figure 7-8 (b). xs(t), ẋs(t) the 

achieved displacement and velocity responses of the controlled structure are also presented in Figure 7-8 

(c) and (d); it is noted that unlike the total acceleration (which was the target of the control design), the 

displacement and velocity responses are different from ones of the reference because the system 

properties of the controlled system and ones of the reference system are different. The relation between 

the structure resisting force fS(t) having hysteretic behavior and displacement xs(t) is also presented in 

Figure 7-8 (e). Figure 7-9 presents the responses of the shake table; the achieved shake table actuator 

force fa(t), shake table acceleration ẍt(t), displacement xt(t) and velocity ẋt(t). As desired, all responses of 

the controlled system are bounded. 

The tracking control results using the feedback linearization tracking control (FTC) method with the 

real time parameter estimations are also presented in Figure 7-10 and Figure 7-12. Figure 7-10 presents 

the results of the parameter estimation in real time. The controlled output ẍs
t(t) is shown in Figure 7-11 (a) 

[Controlled] and shows very good agreement with the target motion. The computed control excitation 

input, u(t) = xd(t), using the control law in Eq. (7-11) is shown in Figure 7-11 (b). As discussed in Section 

7.3, the control excitation inputs of the two methods (PTC and FTC) are the same if one chooses the 

tracking error coefficients as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe = √2 / 2 ≈ 0.707 and h 

= √2 / ωe; (in this example, ωe = 100, ξe = 0.707 for the both methods). As expected, the control results of 

two methods are equivalent as shown in Figure 7-7 through Figure 7-12.  
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Figure 7-7 Real time parameter estimation results of the PTC for a 2DOF nonlinear system 
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Figure 7-8 PTC - structure responses for a 2DOF nonlinear system with real time estimation 
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Figure 7-9 PTC - shake table responses for a 2DOF nonlinear system with real time estimation 
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Figure 7-10 Real time parameter estimation results of the FTC for a 2DOF nonlinear system 
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Figure 7-11 FTC - structure responses for a 2DOF nonlinear system with real time estimation 
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Figure 7-12 FTC - shake table responses for a 2DOF nonlinear system with real time estimation 
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in order to adapt the estimated parameters. Numerical simulations are performed and the results show 

very good agreements between the target motion and the selected output of the controlled system. All 

responses of controlled systems are bounded and the estimated parameters converge to their true values 

with fairly good initial guess of unknown parameters (i.e. 20% errors in the initial guess are used in the 

examples).    
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SECTION 8 

NUMERICAL SIMULATIONS FOR A SHAKE TABLE – STRUCTURE 

SYSTEM 

 

The feedback tracking control method combined with the real time parameter estimator is applied to a 

realistic shake table and structure system whose characteristics are obtained from the real systems in the 

Structural Engineering and Earthquake Simulation Laboratory (SEESL) at the University at Buffalo (UB). 

Numerical simulations are performed for practical target motions generated from the selected excitation 

motions including real earthquake motions. The results will show the feasibility and the limitations of the 

proposed tracking control method in real applications.  

 

8.1 Test Setup 

The selected system for the simulation study consists of a shake table and an SDOF structure.  The 

shake table consists of one uniaxial actuator having the maximum horizontal actuator force = 5.5 kips and 

4 × 3 ft. platform as shown in Figure 8-1 (a) (Stefanakis and Sivaselvan, 2015). The structure in this 

simulation, shown in Figure 8-1 (b), is a three-story steel frame shear building rigidly braced in the top 

two floors to simulate an SDOF system (Chung, Reinhorn, and Soong, 1989). The weight of the structure 

is 6.4 kips.  The model was previously used in multiple studies of control, either active or passive (Chung, 

Reinhorn, and Soong, 1989, Soong, 1990, Symans and Constantinou, 1997, Dyke et al., 1994, Stefanakis 

and Sivaselvan, 2015, etc.) and can be considered as a benchmark model for control studies. 

 

 
Figure 8-1 UB uniaxial shake table and an SDOF structure  

(a) Uniaxial shake table 
(after Stefanakis and Sivaselvan, 2015)

(b) SDOF steel frame structure 
(after UB-SEESL, 2015) 



 

164 

 

The properties of the shake table and the SDOF test structure are summarized in Table 8-1. It is noted 

that in real life experiments after mounting the structure on the shake table, the properties presented here 

are subject to change because of the shake table-structure interaction.  Therefore it is necessary to identify 

them again using quasi-static (e.g. impact hammer and snap-back tests) and/or dynamic (e.g. white noise 

tests - the curve fitting methods using the obtained transfer functions) system identification procedures as 

described in Bracci et al., (1992) and Rinawi and Clough (1991). In this study, however, the properties 

presented in Table 8-1 are used for the numerical simulations.  

 

Table 8-1 Properties of the UB uniaxial shake table and the SDOF structure 

System Item Description 
(1) (2) (3) 

Shake table 

Platform size 4.0 ft × 3.0 ft 

Base plate size (for structure installation) 4.5 ft × 4.5 ft 

Maximum specimen weight 33.6 kips 

Maximum overturning moment 82.0 kip-ft 

Frequency of operation 0.1~30 Hz 

Maximum actuator force; fa,max  5.5 kips 

Stroke (X axis); xt,max 3.0 in. 

Platform weight (with base plate); mt × g 3.5 kips 

Fundamental frequency; fn,a  30 Hz 

Equivalent damping ratio; ξa 50* % 

Control gain factor; ka 25ǂ 

SDOF structure 

Weight; ms × g 6.5 kips 

Elastic stiffness; ks 8.0 kips/in. 

Damping coefficient; cs 0.0091 kips·sec/in. 

Fundamental frequency; fn,s (before yielding) 3.47 Hz 

Inherent damping ratio; ξs 1.24 % 

Yielding force§; fy 5.6 kips 

Post-yielding stiffness ratio  
to the elastic stiffness; α 

0.1 

* Equivalent damping ratio of the shake table in open-loop conditions is  ξa = 10%; the damping ratio 
can be increased by feedback (Rinawi and Clough, 1991) to ξa = 50 %, as assumed in this numerical 
study. 
ǂ Control gain factor can be identified from the test setup; in this study ka = 25 assumed.  
§ Different yielding forces are selected for different tests in order to demonstrate the hysteresis 
behavior effects on the tracking control. 

 

Figure 8-2 shows the schematic of the tracking control test setup for the shake table-structure. The 

target motion ym(t) is pre-defined according to test objectives. The control excitation input u(t) = xd(t) is 
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computed by using a tracking control method (i.e. the predictive tracking control (PTC) method or 

feedback linearization tracking control (FTC) method) introduced in the previous sections with the 

measurements from instrument sensors. In order to examine the measurement noise effects, a zero-mean 

Gaussian white-noise process of 3% noise-to-signal RMS are added to the measurements k = [ s,k  s,k  

S,k  t,k  t,k  a,k/mt]
T, which are described in Section 5.2.1.3. Four unknown parameters: cs the damping 

coefficient; ks the elastic stiffness; α the post-yielding stiffness ratio to the elastic stiffness; and dy the 

yielding displacement; are selected. The extended Kalman filter (EKF) is used to estimate the system 

responses from contaminated responses with measurement noise and the unknown parameters as the 

procedure is described in the previous sections.  

 

 

Figure 8-2 Tracking control of an SDOF nonlinear system using a shake table with unknown parameters 

 

8.2 Test Protocol and Loading 

The control objective of this study is to compute the control excitation input u(t) to drive the shake 

table in order to simulate a target motion ym(t) at any specific location in the test structure.  For this 

numerical simulation, the target motion is the total acceleration of a structure (specimen) mounted on the 

shake table although any response; i.e. displacement or velocity response, can be selected as the target 

motion. In this testing program, several target motions ym(t) are selected to examine the tracking control 

performance.  

 

Target ym 

u = xd 

 = [ ̂s  s    y]
T 

a = [ T   T]T fa 

Measurements  

 
Output y = ẍs

t 



 

166 

 

First, for Test #1 through Test #3 the target motions are the total acceleration outputs generated from a 

reference linear system, whose properties are: mm = 6.5 kips/g, km = 16.6 kips/in., and cm = 0.053 

kips·sec/in. (fm = 5.0 Hz, ξm = 0.05), subjected to one-cycle sine excitation input whose frequency = 1.0 

Hz, 5.0 Hz, and 10.0 Hz and which is high-pass filtered at 0.2 Hz cutoff frequency. The purpose of these 

one-cycle sine motion tests where the lengths of the excitation time are relatively short is to check the 

feasibility of the control algorithm and to calibrate the design parameters of the tracking controller and 

estimator such as the tracking error dynamic coefficients ∗  and ∗  for controllers and the initial 

estimator guesses of  and P0 as defined in the previous sections. After ensuring that the controller can 

simulate these simple motions, more complex target motions are given to be tracked.   

Second, for Test #4 to Test #5 the target motions are the total acceleration outputs generated from the 

same reference linear system, subjected to a real earthquake motion, Elcentro N-S, 1940 (Vibrationdata, 

2015) 100% and 80%, which are high-pass filtered at 0.3 Hz cutoff frequency. These tests are performed 

to verify if the tracking controller can produce the realistic target floor motion at the top of the structure. 

It is expected that at the beginning the tracking error might be large due to the estimate error in unknown 

parameters, but the tracking error will diminish as the estimate error is reduced by the estimator.    

Third, for Test #6 to Test #7 the target motions are the random floor motions generated to match the 

required response spectrum (RRS) per the ICC-ES AC156 (ICC, 2010), which are high-pass filtered at 

0.2 Hz cutoff frequency and low-pass filtered at 25 Hz cutoff frequency to meet the shake table operation 

capacity. These tests are also performed to verify if the tracking controller can produce the realistic, 

general target floor motion at the top of the structure. It is noted that no reference model is used to 

generate the target floor motion, since the floor motion is directly defined according to the AC156. 

Similar performances with Test #4 and #5 are expected.          

The testing program is summarized in Table 8-2.  

 
Table 8-2 Testing program of the tracking control of the shake table-structure system 

Test No. Target motion* description 

(1) (2) 
1 Reference model response subjected to one-cycle sine excitation whose freq. = 1.0 Hz 
2 Reference model response subjected to one-cycle sine excitation whose freq. = 5.0 Hz 
3 Reference model response subjected to one-cycle sine excitation whose freq. = 10.0 Hz 
4 Reference model response subjected to Elcentro N-S 100% excitation 
5 Reference model response subjected to Elcentro N-S 80% excitation 
6 Floor motion to match the RRS 100% per AC156 
7 Floor motion to match the RRS 30% per AC156 

* All excitations are filtered as explain in the text to meet the shake table operation capacity.  
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8.3 Simulation Results              

The tracking control results using the feedback linearization tracking control (FTC) method combined 

with the extended Kalman filter (EKF) estimator are obtained through numerical analyses; some of the 

interesting results are presented herein.   

 As discussed above, the purpose of Test #1 to #3 are to check the feasibility of the control algorithm 

and to calibrate the parameters of the controller and estimator; therefore, only the tracking performances 

between the target motion ym and output y of the controlled structure are presented in Figure 8-3 (more 

results of Test #2 can be found in Appendix A.3). From the results of these pre-tests, it is ensured that the 

unknown parameters can be fairly accurately estimated at the beginning of the procedure, and the output 

follows the target motion very well and all responses are bounded in the interested time range, as desired.  

 

 

Figure 8-3 Tracking performances: Controlled (y) vs. Target motions (ym) (Test #1 to #3) 
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 The selected control parameters for the FTC are ∗ = 2ξeωe and ∗ = ωe
2 where ωe = 25, ξe = 0.707. 

For the parameter estimations using the EKF, the initial parameter estimate  is chosen as  = 0.8 × θ* 

(20% error in the initial guess), and the initial covariance matrix is chosen as P0 = diag([0  0  0  0  0  0  

̂ ,
2  ,

2  2  ,
2]T × 0.01). The error covariance matrices QE and RE are chosen as follows: QE = 0 × 

I10×10 (all zeroes) and the RE = diagonal matrix, whose elements; i.e. noise variance = 3% × corresponding 

signal variance (noise variances are assumed to be known from the instruments information). The time 

step of 0.002 sec (sampling rate = 500 sec-1) is used for the simulations. The tracking control results of 

Test #4 and #5 are presented in Figure 8-4 through Figure 8-8. The target motion and the controlled 

output of Test #4 are compared in Figure 8-4 (a) and show very good agreements. Figure 8-4 (b) presents 

the control excitation input u(t). The structure responses: the relative displacement xs(t) of the structure 

and the relation between the resisting force fS(x) and the relative displacement xs(t), are shown in Figure 

8-4 (c) and (d), respectively. Figure 8-6 presents the parameter estimation results and show fast 

convergence to the true values.  
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Figure 8-4 Tracking control - structure responses (Test #4)  
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Figure 8-4 (Cont’d) Tracking control - structure responses (Test #4) 
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Figure 8-5 Tracking control – shake table responses (Test #4) 
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Figure 8-6 Real time parameter estimation results of tracking control (Test #4) 
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Although the tracking performance is very good and all responses of the controlled system are 

bounded, Figure 8-5 shows that the actuator force fa(t) and table displacement xt(t) operating capacities 

(shown in Table 8-1) of the shake table are exceeded. This limitation might be overcome by adjusting the 

target motion and/or the properties of the structure and shake table. In this study, the reference excitation 

is reduced by 20% (as usually done for practical purposes in laboratory when the equipment has 

limitations) such that the target motion is generated from the reference model subjected to Elcentro N-S 

80% excitation, which is used for the target motion in Test #5.  

The results of Test #5 are shown in Figure 8-7 and Figure 8-8. Figure 8-7 (a) shows the comparison 

between the target motion and the controlled output and show very good agreement. Figure 8-7 (b) 

presents the control excitation input u(t). As expected, using the reduced amplitude of the target motion, 

the actuator force fa(t) and table displacement xt(t) responses of the shake table are within the limits as 

shown in Figure 8-8. It is noted that the reduced demand (the target motion) requires smaller resisting 

force and structural deformation as shown in Figure 8-7 (c) and (d), such that less nonlinear hysteresis 

behavior occurs and results in smaller responses of the shake table.  
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Figure 8-7 Tracking control - structure responses (Test #5)  
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Figure 8-7 (Cont’d) Tracking control - structure responses (Test #5) 
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Figure 8-8 Tracking control – shake table responses (Test #5) 
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The tracking control results for qualification testing obtained from Test #6 and #7 are presented in 

Figure 8-9 through Figure 8-13. For Test #6 and #7, the yielding force fy = 3.4 kips used (instead of 5.6 

kips in Table 8-1, but all other values in the table are the same); i.e. if the same yielding force was used, 

only mild hysteresis behavior would have occurred with this target motion. The decrease insured 

possibility to emphasize performance in a nonlinear structure.  The selected control parameters for the 

FTC in Test #6 and #7 simulations are ∗ = 2ξeωe and ∗ = ωe
2 where ωe = 25.6, ξe = 0.707. The time step 

of 0.002 sec (sampling rate = 512 sec-1) is used. The target motion and the controlled output of Test #6 are 

compared in Figure 8-9 (a) and show very good agreements. Figure 8-9 (b) presents the control excitation 

input u(t). The structure responses: the relative displacement xs(t) of the structure and the relation between 

the resisting force fS(x) and the relative displacement xs(t), are shown in Figure 8-9 (c) and (d), 

respectively. Figure 8-11 presents the parameter estimation results and show fast convergence to the true 

values.  
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Figure 8-9 Tracking control - structure responses (Test #6) 
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Figure 8-9 (Cont’d) Tracking control - structure responses (Test #6) 
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Figure 8-10 Tracking control – shake table responses (Test #6) 
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Figure 8-11 Real time parameter estimation results of tracking control (Test #6) 
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Although the tracking performance is very good and all responses of the controlled system are 

bounded, Figure 8-10 shows that the actuator force fa(t) and table displacement xt(t) operating capacities 

(shown in Table 8-1) of the shake table are exceeded. This limitation might be overcome by adjusting the 

target motion and/or the properties of the structure and shake table. In this study, the target motion is 

reduced by 70% such that the target motion is the 30% RRS matching motion, which is the target motion 

of Test #7.  

The results of Test #7 are shown in Figure 8-12 and Figure 8-13. Figure 8-12 (a) shows the 

comparison between the target motion and the controlled output and shows very good agreements. Figure 

8-7 (b) presents the control excitation input u(t). As expected, using the reduced amplitude of the target 

motion, the actuator force fa(t) and table displacement xt(t) responses of the shake table are within the 

limits as shown in Figure 8-13. It is noted that the reduced demand (the target motion) requires smaller 

resisting force and structural deformation as shown in Figure 8-12 (c) and (d), such that the structure does 

not yield and only linear responses are observed in this test.  
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Figure 8-12 Tracking control - structure responses (Test #7)  

0 5 10 15 20 25 30 35
-4

-3

-2

-1

0

1

2

3

4

..t (sec)

(b) Control excitation input (u)

x d (
in

)

0 5 10 15 20 25 30 35
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

..t (sec)

                                                      (a) Controlled (y) vs. Target motions (ym)

a st  (
g)

 

 
Controlled

Target

4 4.5 5 5.5 6
-0.2

-0.1

0

0.1

0.2

..t (sec)

 

 

 



 

184 

 

 

 

Figure 8-12 (Cont’d) Tracking control - structure responses (Test #7) 
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Figure 8-13 Tracking control – shake table responses (Test #7) 
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The numerical simulations using the realistic test setup prove that the proposed tracking control 

algorithm works for nonlinear structures experiencing hysteretic behavior as shown in especially the 

results of Test #4 and Test #6. However, the results indicate that the performance of the tracking control 

depends on the capabilities of the equipment (i.e. especially, the force capacity and the stroke length of 

actuators). For example, if the test structure would be mounted on a larger shake table such as the UB 

6DOF shake table (whose capacities are presented in Table 8-3), then test #4 and test #6 would be 

realistic, where the maximum forces (8.6 kips and 31.5 kips) and the maximum table displacements (3.4 

in and 3.0 in) are smaller than the ones of the shake table capacities (50.7 kips and 5.9 in.).     

 
Table 8-3 Performance data for six degrees-of-freedom (6DOF) shake table at UB (Reinhorn et al., 2011) 

Item Description 
(1) (2) 

Platform size 11.8 ft × 11.8 ft 
Usable testing surface 23.0 ft × 23.0 ft 

Maximum specimen mass 110.2 kips/g max.; 44.1 kips/g nominal 
Maximum overturning moment 332 kip-ft 

Frequency of operation 0.1~50 Hz nominal; 100 Hz max. 
Maximum actuators force in X axis*; fa,max 50.7 kips 

Stroke (X axis, Y axis, Z axis) ±5.9 in,  ±5.9 in, ±3.0 in 
Velocity (X axis, Y axis, Z axis) ±49.2 in/sec, ±49.2 in/sec, ±49.2 in/sec 

Acceleration (X axis, Y axis, Z axis) 
±1.2 g, ±1.2 g, ±1.2 g  

(with 44.1 kips specimen) 
* fa,max is computed by 44.1 kips/g × 1.15 g ≈ 50.7 kips 

 
In this section, the performance of the proposed tracking control scheme combined with the real time 

estimator is examined by means of numerical simulations of realistic shake table nonlinear system 

applications. The results show that not only simple target motions (in Test #1 to #3), but also realistic 

floor motions including that induced by an earthquake (in Test #4 to #5) and code required floor motion 

(in Test #6 to #7) can be reproduced using the proposed control method. The control performance is 

dependent on the degree of knowledge on unknown parameters (e.g. 20% errors in the initial guess are 

used for the simulations) for the real time estimators and the capacities of control equipment. The effects 

and limitations of these control parameters could be more clearly revealed through actual experimental 

studies.  
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SECTION 9 

REMARKS AND CONCLUSIONS  

 

High fidelity of bare shake table controls can be obtained through actuator control methods and table 

tuning. When shake tables are loaded with specimens, the interaction between shake tables and specimens 

influence the system dynamics and might result in undesired performance of shake tables. In order to 

compensate for the interaction and to simulate desired target motions using shake tables, open loop 

feedforward methods with offline iterative error correction have been widely used in practice (Spencer 

and Yang, 1998 and Maddaloni, Ryu, and Reinhorn, 2010). More recently, researchers developed more 

advanced methods to provide high quality of shake table motions using feedback closed loop controls, 

combined with the feedforward control methods (Nakata, 2010 and Phillips and Spencer, 2012). Even 

though these methods were verified to be valuable, practical tools to test linear structures, most 

developments assume that specimens remain linear or their nonlinear behavior is not significant. When 

flexible and heavy specimens (compared to shake table weight) experience nonlinear behavior, the signal 

reproduction can be unsatisfactory (e.g. large differences between the target and achieved shake table 

motions with a heavy nonlinear specimen were observed by Schachter and Reinhorn, 2007). These 

phenomena might be acceptable for the purpose of research exploring responses of structures subjected to 

random excitations where it is important to challenge the structures to their maximum capacity or 

collapse. Note that researchers have also developed several methods to compensate the nonlinear behavior 

of specimens, but the efforts were focused on simulating target motions at the shake table level (Stoten 

and Gomez, 2001, Iwasaki et al., 2005, and Yang et al., 2015), not within the tested specimens. 

Unlike research projects, for qualification tests to verify certain performance of test structures or 

equipment, it is important to challenge the specimens by the required target motions; therefore, the 

fidelity of signal reproduction becomes more important. For example, qualification tests of nonstructural 

ceiling systems demand the reproduction of the required motions at certain levels of specimens; i.e. the 

required target motion is defined at the floor of a specimen (not the base) for ceiling system shake table 

tests per AC156 (ICC., 2010).  

In this study, tracking control schemes are proposed to simulate target motions at specific locations of 

specimens, which experience nonlinear behavior due to possible extreme excitations. To account for the 

uncertainties in system parameters, real time estimators are also introduced and combined with the 

proposed control methods. Furthermore, the proposed methods can be expanded in order to control real 

structures using base motion controls. Similar structural control concepts, known as active base isolation 

that consists of a passive isolation system combined with control actuators (Chang and Spencer, 2010), 
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have been developed by many researchers, including Reinhorn et al. (1987), Inaudi et al. (1992), 

Nagarajaiah et al. (1992), Yang et al. (1996), Luo et al. (2000), Pozo et al. (2006), Chang and Spencer 

(2010), and Suresh et al. (2012). These control methods have provided excellent active base isolation 

control design. While most methods focus on stabilizing (making zeros of) the system responses, the 

proposed control method in this study can be also used to control system responses to track desired target 

motions like the controllers by Pozo et al. (2006), providing another possible and flexible control scheme 

to the design engineers.  

 

9.1 Concluding Remarks 

The main results of this study are summarized as follows:  

 Feedback tracking controllers are proposed in order to simulate target motions within nonlinear 

hysteretic structures mounted on shake tables. The tracking controllers can be used for nonlinear 

systems whose parameters are known or unknown a priori. Moreover, the controllers can be expanded 

to other applications to achieve desired performance during extreme seismic events.  

 For shake table applications, two system models are introduced with and without the consideration of 

the shake table–structure interaction. In the first model, to facilitate the development of control 

methods, only structures are modeled, assuming that the effects of shake table dynamics can be 

ignored. The developed control methods are extended to the shake table–structure system models 

where their interactions are explicitly included in the governing equations. As discussed, since the 

responses of the controlled system are influenced by the shake table–structure interaction, it might be 

necessary to use the shake table–structure system models for real tracking control applications.  

 For linear systems, four tracking control methods are introduced and the performances are 

qualitatively and quantitatively compared through numerical simulations. The results show that the 

performance of the feedback tracking control methods are as good as that of the optimal tracking 

control method, which involves the feedforward loop. It is also noted that the performance of any 

controller depends on the control gain, which is related to actuator capacities.  

 When there are unknown parameters, adaptive tracking control schemes where feedback tracking 

controllers are combined with real time estimators are proposed. For the selection of a real time 

estimator, the least squares method (LS) and the extended Kalman filter (EKF) are considered. In this 

study, the EKF is adopted as the real time parameter estimator because of its important advantages as 

follows; (i) the method can be applied to the nonlinear hysteretic system with hardening after yielding; 

(ii) the EKF requires fewer measurements, which is more practical; and (iii) the EKF is used not only 

to estimate the unknown parameters, but also to estimate the true state vector from the measurements 



 

189 

 

with measurement noise; i.e. both estimates of the true state vector and unknown parameters are 

required for the tracking control procedure.  

 Assuming all parameters are known, the stability of the controller is analytically examined and the 

stability properties are shown. For systems with unknown parameters and with measurement noise 

present, numerical simulations are conducted, and the tracking results including the differences 

between the target and output motions and the performances of all system responses are examined.  

 The proposed tracking control scheme with the real time estimator is applied to a realistic test setup 

for a structural test specimen and a shake table at the University at Buffalo by means of numerical 

simulations. The results verify that realistic floor motions including one induced by an earthquake and 

a code required floor motion can be tracked using the proposed control method. The results also show 

that control performance depends on the capacities of shake table actuators and the degree of 

knowledge on unknown parameters.   

 Although the developments are limited to unidirectional motions, the extension to multidirectional 

motions will follow the same equations with larger matrices, but with the same convergence 

properties.   

 

9.2 Discussion 

 The proposed methods can be expanded to control real building structures having complex nonlinear 

behavior such as isolated buildings (i.e. active base isolation systems) subjected to high intensity 

earthquakes. 

 Experimental study will be very beneficial in order to solve possible implementation issues and to 

explore the effects of other uncertainties.  

 While systems having one control excitation input in order to simulate one output target motion (i.e. 

Single-Input-Single-Output systems) are presented in this study, the proposed control methods can be 

extended to simulate more than one output target motion using one control excitation input (i.e. 

Single-Input-Multi-Output systems) and using several control excitation inputs (i.e. Multi-Input-Multi-

Output systems). In order to deal with the excitation input and the output target vectors, a matrix 

format of the predictive tracking control method with weighting matrices should be used. 

 For simplicity, it is assumed that all state responses are measurable with noise. Measurement output 

feedback through the proposed estimator using limited measurements such as total acceleration 

responses for measurement are to be considered for more practical applications.   

 Although an approximately defined model of nonlinearity (bilinear hysteretic behavior) has been 

considered, the proposed control methods can be expanded to more complex nonlinear structures, 

formulated by more advanced models that can capture stiffness and strength degradation and/or bond-
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slip effects. Additionally, modeless procedures can be developed using more complex real time 

identification techniques at the expense of loss of some fidelity due to intense computational effort.  
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APPENDIX A.  ADDITIONAL EXAMPLES 

 

A.1 Shake Table - Nonlinear Hysteretic System (2DOF System Model) 

The tracing control results of the example shown in Figure 1-2 are shown in this Appendix. The 2DOF 

shake table and a nonlinear structure system is schematically shown in Figure A-1.  

 

 

Figure A-1 Tracking control of the shake table- structure 2DOF nonlinear system with known parameters 

 

When a target motion at a specimen is specified, the required control input u(t) = xd(t), the desired 

shake table displacement, is determined in order that the output of the system (y(t) = ẍs
t(t) the total 

acceleration of the structure) follows the target motion ym(t).  

 

Example A-1 : A 2DOF Nonlinear System with Known Parameters 

The properties of a given system are the same as ones of Example 4-2: ms = 1 kips·sec2/in., ks = 355 

kips/in., and cs = 1.13 kips·sec/in., (fn = 3.0 Hz, ξn = 0.03 before yielding). N = 3, dy = 0.11 in. (fy = 39 

kips), and α = 0.1, for the hysteretic system and μ = ms / mt = 0.1, fa = 30.0 Hz, ξa = 0.5 and ka = 25 for the 

shake table. The target motion is shown in Figure A-1 (a) [Target]; i.e. the target motion is the total 

acceleration output generated from a reference linear system, whose properties are: mm = 1 kips·sec2/in., 

km = 987 kips/in., and cm = 6.28 kips·sec/in. (fm = 5.0 Hz, ξm = 0.1), subjected to one-cycle sine input 

whose frequency = 3.0 Hz and which is filtered at 0.2 Hz cutoff frequency (the reference input and the 

responses of the reference model are presented in Appendix A.2). The time step of 0.002 sec is used for 

the simulation.  

The tracking control results using the feedback linearization tracking control (FTC) method are 

presented in Figure 4-8 and Figure 4-9 (i.e. it is noted that although the system used in this example is the 

same as the one of Example 4-2, the range of the responses are different due to the different excitation; 

thus, the scales of figures are different with the ones from Example 4-2). The controlled output ẍs
t(t) is 

shown in Figure 4-8 (a) [Controlled] and shows very good agreement with the target motion. The 

computed control excitation input, u(t) = xd(t), using the control law (i.e. Eq. (4-31)) is shown in Figure 
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4-8 (b). The tracking error coefficients are chosen as ∗ = 2 / h = 2ξeωe and ∗ = 2 / h2 = ωe
2; therefore, ξe 

= √2 / 2 ≈ 0.707 and h = √2 / ωe; (in this example, ωe = 25, ξe = 0.707 for the both methods).  

 

 

Figure A-2 Feedback linearization tracking control structure responses of a 2DOF nonlinear system 
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Figure A-3 Feedback linearization tracking control shake table responses of a 2DOF nonlinear system 

 

Example A-2 : A 2DOF Nonlinear System with Known Parameters  

(The control excitation input is pre-computed using the feedforward tracking control method, 

assuming the system remained linear without yielding) 

In order to demonstrate the limit of the feedforward tracking control method, the same nonlinear 

hysteretic system described above in Example A-1 is subjected to a pre-computed excitation input (see 

Figure A-4 (b)) using the feedforward tracking control method: i.e. the excitation input is pre-computed 

for the same system but assuming the system remained linear without yielding.   

The results are presented in Figure A-4 and Figure A-5. Figure A-4 shows the discrepancies between 

the controlled output ẍs
t(t) and the target motion ym(t); the discrepancies are caused by the nonlinear 

hysteretic behavior in the structure, which cannot be captured by the pre-computed control excitation as 

discussed in SECTION 1.  
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Figure A-4 Feedforward tracking control - structure responses of a 2DOF nonlinear system 
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Figure A-5 Feedforward tracking control - shake table responses of a 2DOF nonlinear system 
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A.2 Reference Model and Its Responses (SDOF Linear System) 

In order to generate a realistic target motion at a structure, an SDOF reference structure model is 

selected as shown in Figure A-6; the characteristics of the reference model and the reference excitation 

input r(t) = -mmẍg(t) can be selected such that the target motion can be designed as desired.  

 

 

Figure A-6 Schematic of an SDOF reference model subjected to a ground excitation 

 

The selected properties of the reference model (used in Examples 3.1, 3.2, 4.1, 4.2, 6.1, 6.2, 7.1, and 

7.2) are: mm = 1 kips·sec2/in., km = 987 kips/in., and cm = 6.28 kips·sec/in. (fm = 5.0 Hz, ξm = 0.1) and 

subjected to one-cycle sine excitation input r(t) whose frequency = 1.0 Hz and which is highpass filtered 

at 0.2 Hz cutoff frequency as shown in Figure A-7 (b) (for comparison purposes with other examples, 

r(t)/- mm the ground excitation acceleration input is presented): i.e. the excitation input is highpass filtered 

in order to avoid large draft in the displacement and the velocity excitation, which is required for the 

shake table applications. The time step of 0.002 sec is used for the simulation. 

The responses of the reference model are presented in Figure A-7: ẍm
t(t) the total acceleration response 

is shown in Figure 4-8 (a); xm(t), ẋm(t) the displacement and velocity responses are presented in Figure 

A-7 (c) and (d). The relation between the structure resisting force fS,m(t) and displacement xm(t) is also 

presented in Figure A-7 (e).  
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Figure A-7 The responses of the SDOF linear reference model 
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A.3 Numerical Simulations for Shake table-Structure Systems 

In SECTION 8 the developed tracking control method combined with the real time estimator was 

applied to a realistic shake table and an SDOF nonlinear system. The schematic of the control scheme was 

shown in Figure 8-2. The performance of the control method was examined through numerical 

simulations; the list of testing is presented in Table 8-2. In this Appendix, the results of Test #2 in which 

the target motion was generated from a reference model subjected to one-cycle sine excitation whose freq. 

= 5.0 Hz. All system parameters were explained in Section 8.2. 

The tracking control results are presented in Figure A-8 through Figure A-10. The selected control and 

estimator parameters for the FTC (feedback tracking control) in Test #2 simulations are the same as the 

ones of Test #4 explained in Section 8.2.  

Figure A-8 presents the parameter estimation results and show fast convergence to the true values. The 

target motion and the controlled output are compared in Figure A-9 (a) and show very good agreements. 

Figure A-9 (b) presents the control excitation input u(t) = the desired shake table displacement xd(t). The 

structure responses: the relative displacement xs(t) and velocity ẋs(t) of the structure and the relation 

between the resisting force fS(x) and the relative displacement xs(t), are shown in Figure A-9 (c) to (e), 

respectively. Although the tracking performance is very good, Figure A-10 presents the shake table 

responses; the achieved shake table actuator force fa(t), shake table acceleration ẍt(t), displacement xt(t) 

and velocity ẋt(t) in order  to show the feasibility and the stability of the control scheme. Although all 

state responses are bounded, Figure A-10 (a) shows that the actuator force fa(t) operating capacity (shown 

in Table 8-1) of the shake table is exceeded. This limitation might be overcome by adjusting the target 

motion and/or the properties of the structure and shake table as discussed in Section 8.2. 

  

  



 

205 

 

 

 

Figure A-8 Real time parameter estimation results of tracking control (Test #2) 
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Figure A-9 Tracking control - structure responses (Test #2) 
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Figure A-10 Tracking control – shake table responses (Test #2) 
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APPENDIX B. DERIVATIONS 

  

B.1  [Derivation 3.1] 

Control law for a linear structure - SDOF system model using the FTC method 

Equations for the True System 

       
       

1 1 1
0

1 1

( ), 0s s s s s s s s

t
s s s s s s s

x t m c x t m k x t m u t x x

y t x t m c x t m k x t

  

 

    

   

 

 
 (B-1) 

Equations for the Reference Model 

         
       

1 1 1
,0

1 1

, 0m m m m m m m m m m

t
m m m m m m m m

x t m c x t m k x t m r t x x

y t x t m c x t m k x t

  

 

    

  

 

 
 (B-2) 

The system output y(t) is to be differentiated until the control input u(t) appears in the expression of the 

differentiated output 

     
 

1 1

2 1 2( ) ( ) ( )

s s s s s s

s s s s s s s s s s s

y t m c x t m k x t

m c c x t k x t m k x t c m u t

 

  

  

      

 

 
 (B-3) 

which leads to the feedback control law 

Control Law  

       12 *
s su t c m y t v t

        (B-4) 

where ∗(t) is defined from Eq. (B-3) as 

   * 2 1( ) ( )s s s s s s s s sy t m c c x t k x t m k x t          (B-5) 

Substituting u*(t) in Eq. (B-3) leads to 

   y t v t  (B-6) 

To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be  

     *
1mv t y t k e t   (B-7) 

where ∗  is the tracking error design coefficient, which is constant and positive, which leads to the 

tracking error dynamics 

Expected Achieved Responses  

   *
1 0e t k e t   (B-8) 

in which the tracking error signal e(t) → 0 as t → ∞ by selectin ∗ > 0.  
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B.2 [Derivation 3.2] 

Control law for a shake table – linear structure - 2DOF system model using the FTC method 

Equations for the True System 

       
          
         

       

0

2

1 1

, 0

21

s s s s s s s t

t t s s s s a

a a ta
a t a d

a t a t

t
s s s s s s s

m x t c x t k x t m x t

m x t c x t k x t f t x x

f t f t dx t
k x t k x t

m m dt

y t x t m c x t m k x t


 

 

   

   

   

   

  

 



 

 (B-9) 

Equations for the Reference Model 

         
       

1 1 1
,0

1 1

, 0m m m m m m m m m m

t
m m m m m m m m

x t m c x t m k x t m r t x x

y t x t m c x t m k x t

  

 

    

  

 

 
 (B-10) 

By introducing notations for simplification: 

           

1 1 1 1

2 2

* * 2

; ; ; ;

2 ; ; ;

/ ; ,

s s s s t s t s

a a a a a

a a t a a d d

a m c b m k c m c d m k

e f g k

f t f t m u t k x t u t x t

   



      

  

  
 (B-11) 

Eq. (B-9) can be rewritten,  

       
        
         

 

     

*
0

* * *

, 0

s s s t

t s s a

a a t t

s s

x t ax t bx t x t

x t cx t dx t f t x x

f t ef t fx t gx t u t

y t ax t bx t

    


   
    

  

  

 

 



 (B-12) 

The system output y(t) is to be differentiated until the control input u(t) appears in the expression of the 

differentiated output 

     
         *

s s

s s a

y t ax t bx t

a a c b x t a b d x t af t

  

        

  


 (B-13) 

         
             * *

s s

a t t

y t a a c b x t a b d x t

ae f t af x t ag x t au t

       
      

  


 (B-14) 

which leads to the feedback control law 

Control Law  

     * 1 *u t a y t v t       (B-15) 

where u*(t) = (ωa
2ka)

-1u(t); u(t) = xd(t); and ∗(t) is defined from Eq. (B-14) as 
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                     * *
s s a t ty t a a c b x t a b d x t ae f t af x t ag x t                  (B-16) 

Substituting u*(t) in Eq. (B-14) leads to 

   y t v t  (B-17) 

To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be  

       * *
1 2mv t y t k e t k e t     (B-18) 

where ∗ and ∗ are the tracking error design coefficients, which are constant and positive, these lead to 

the tracking error dynamics 

Expected Achieved Responses  

     * *
1 2 0e t k e t k e t     (B-19) 

in which the error signal e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. 

 

B.3 [Derivation 3.3] 

Comparisons of Feedback Tracking Control Methods: PTC vs FTC for a 2DOF linear system 

For a the shake table-structure 2DOF system, the control law of the predictive tracking control (PTC) 

shown in Eq. (3-46) becomes the same as the control law of the feedback linearization tracking control 

(FTC) method in Eq. (3-66) (or (B-15)) under certain conditions (i.e. R = 0 and the chosen tracking error 

coefficients). 

For convenience, the control law of the PTC shown in Eq. (3-46) is repeated here (i.e. (t) = x(t) for 

the systems with known parameters) 

     1* * * * *T T

mu B QB R B Q y t h A x tt


           (B-20) 

where A* = [C + hCA + (h2/2)CA2] and B* = (h2/2)CAB; i.e. here h is a time interval for prediction, 

which is a tracking error design parameter and can be selected by an engineer, not restricted to be equal to 

the sampling time step. The system matrices A, B and C in Eq. (2-24) can be expressed as, by using the 

notations in (B-11),  

   

 

2

0 1 0 0 0 0

0 0 1 0

;0 0 0 1 0 0

0 0 1 0

0 0 1

0 0 0

a a

b d a c

A B k

d c

g f e

C b a



   
          
    
   
   
        

  

 (B-21) 

Using these matrices, A*x(t) and B* (size = 1 × 1) in Eq. (B-20) are computed  
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             * 2 2 2 2[ / 2 ] / 2A x t C hCA h CA x t Cx t hCAx t h CA x t       (B-22) 

which can be rewritten using y(t)  = Cx(t) and (t)  = CAx(t) (see Eq. 3-44):  

         * 2 2/ 2A x t y t hy t h CA x t    (B-23) 

Substituting this equation and ∗ (t+h) in Eq. (3-43) in Eq. (B-20) leads to 

                   

             

* * 2 2 2

2 2 2

/ 2 / 2

/ 2 2/ 2/

m m m

m

my t h A x t y t hy t h y t y t hy t h CA x t

h y t h e t h e t CA x t

                
     

  

 
 (B-24) 

where e(t) = y(t) - ym(t). If one chose the tracking error coefficients: ∗ = 2 / h and ∗ = 2 / h2 like the ones 

in the FTC (see Eq. (B-18)), Eq. (B-24) becomes 

         * * 2 2/ 2my t h A x t h v t CA x t          (B-25) 

in which CA2x(t) can be expressed 

           
    

2CA x t b a a c b d a b d b a a c a c

ag af b a a c ae x t

                
        

 (B-26) 

One can show that this equation is the same as ∗(t) in Eq. (B-16) by substituting ẍs(t) of Eq. (B-12): 

                

              

*

*

s s

t t a

y t a a c b a c a b d x t a a c b b d x t

af x t ag x t a a c b ae f t

                     

            

 


 (B-27) 

B* (size = 1 × 1) in Eq. (B-20) is also computed 

     * 2 2 2/ 2 / 2 a aB h CAB h a k    (B-28) 

which is a non-zero scalar (i.e. an invertible matrix, size 1 × 1); thus ∗ ∗ ∗  = ∗ . 

By substituting the equations (B-25) and (B-28) in Eq. (B-20), the control law of the PTC can be 

expressed 

             1* 1 2 2 1 2 */ 2 a au t B h v t CA x t a k y t v t
             (B-29) 

which is the same as the control law of the FTC shown in Eq. (B-15) (where u*(t) = (ωa
2ka)

-1u(t)).  
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B.4 [Derivation 4.1] 

Control law for a shake table – nonlinear structure - 2DOF system model using the FTC method 

Equations for the True System 

       
        

     
         

 

       

0

2

1 1

, 0

21

s s s s S s t

t t s s S a

S T s

a a ta
a t a d

a t a t

t
s s s s s S

m x t c x t f x m x t

m x t c x t f x f t

x xf x k x x t

f t f t dx t
k x t k x t

m m dt

y t x t m c x t m f x


 

 

    


  
 

    


   

  

 

 



 

 (B-30) 

Equations for the Reference Model 

         
       

1 1 1
,0

1 1

, 0m m m m m m m m m m

t
m m m m m m m m

x t m c x t m k x t m r t x x

y t x t m c x t m k x t

  

 

    

  

 

 
 (B-31) 

By introducing notations for simplification: 

           

1 1 1

2 2

* * 2

; ; ;

2 ; ; ;

/ ; ,

s s s s t s

a a a a a

a a t a a d d

a m c b m k c m c

e f g k

f t f t m u t k x t u t x t

   



    

  

  
 (B-32) 

Eq. (B-30) can be rewritten,  

       
        
     
         

 

     

1

1 *

0

* * *

1

, 0

s s s S t

t s t S a

S T s

a a t t

s s S

x t ax t m f x x t

x t cx t m f x f t
x x

f x k x x t

f t ef t fx t gx t u t

y t ax t m f x







    

   




    
  

  

 

 

 



 (B-33) 

The system output y(t) is to be differentiated until the control input u(t) appears in the expression of the 

differentiated output 

     
         

1

1 1 1 *( )

s s S

s T s s t S a

y t ax t m f x

a a c m k x x t a m m f x af t



  

  

       

 


 (B-34) 

               
             

1 1 1 1

* *

s T s s T s t T s

a t t

y t a a c m k x x t m k x a m m k x x t

ae f t af x t ag x t au t

              
      

  


 (B-35) 

where (x) is expressed as, by defining the state [xs(t)  s(t)  fS(x)]T ≡ [x1  x2  x3]
T: 

         
1 2 3

1 2 3

T T T T
T

dk x k x k x k x
k x x x x

dt x x x

  
   

  
     (B-36) 
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where each term is defined in Section 5.2.1.2 (i.e. Eq. (5-68) through Eq. (5-70)) and repeated here for 

convenience: 

  1

1 1 1

( ) ( ) ( )
( ); ( ) sgn ( )

NT
H H s

k x x x
x N f x f x k

x x x

    
  

  
 (B-37) 

  1

3 3 3

( ) ( ) ( )
( ); ( ) sgn ( ) 1

NT
H H

k x x x
x N f x f x

x x x

    
 

  
 (B-38) 

 2
2 2 2

( ) ( ) ( )
( ); 2 ( )sgn ( ) .T

H

k x x x
x x f x

x x x

    
 

  
 (B-39) 

where the relation δ(x) × x = 0 (Dannon, 2012) (i.e. δ(x) is the Dirac delta function) is used, and the δ(x2) 

in the last equation indicates that the function kT(x) has a jump at the unloading instant (where x2 = 0) 

from the hardening stiffness to the initial stiffness as shown in the hysteretic loop (Figure 4-1 (left)). This 

δ(x2) in (x) is multiplied by x2 as (x) × x2 in Eq. (B-41); thus, it does not affect the control law in Eq. 

(B-40).  

The differentiated output equation in Eq. (B-35) leads to the feedback control law 

Control Law  

     * 1 *u t a y t v t       (B-40) 

where u*(t) = (ωa
2ka)

-1u(t); u(t) = xd(t); and ∗(t) is defined from Eq. (B-35) as 

               
           

* 1 1 1 1

*

s T s s T s t T s

a t t

y t a a c m k x x t m k x a m m k x x t

ae f t af x t ag x t

              
     

  


 (B-41) 

Substituting u*(t) in Eq. (B-35) leads to 

   y t v t  (B-42) 

To reduce the tracking error signal e(t) = y(t) - ym(t), the new input v(t) can be  

       * *
1 2mv t y t k e t k e t     (B-43) 

where ∗ and ∗ are the tracking error design coefficients, which are constant and positive, these lead to 

the tracking error dynamics 

Expected Achieved Responses  

     * *
1 2 0e t k e t k e t     (B-44) 

in which the error signal e(t) goes to zero as time goes to infinity; e(t) → 0 as t → ∞. 
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B.5 [Derivation 4.2] 

Comparisons of Feedback Tracking Control Methods: PTC vs FTC for a 2DOF nonlinear system 

As shown for a the shake table-structure 2DOF linear system, for a 2DOF nonlinear system one can 

also show that the control law of the predictive tracking control (PTC), shown in Eq. (4-18), becomes the 

same as the control law of the feedback linearization tracking control (FTC) method in Eq. (4-38) with 

certain conditions (i.e. R = 0 and the chosen tracking error coefficients). 

For convenience, the control law of the PTC shown in Eq. (4-18) is repeated here (i.e. (t) = x(t) for 

the systems with known parameters) 

             
1* * * **T T

mu t B x QB x R B x Q y t h A x x t


           (B-45) 

where A(x)* = [C + hCA(x) + (h2/2)C{d/dtA(x) + A(x)2}] and B(x)* = (h2/2)CA(x)B; i.e. here h is a time 

interval for prediction, which is a tracking error design parameter and can be selected by an engineer, not 

restricted to be equal to the time step of the controller or estimator. The system matrices A(x), B and C in 

Eq. (4-8) and Eq. (4-9) can be expressed as, by using the notations in (B-32),  

   
 

1 1

2

1

1

0 1 0 0 0 0 0

0 0 0 1 0

00 0 0 0 0 ;
00 0 0 0 1 0
00 0 0 1
10 0 0

0 0 0 0

s t

T
a a

t

s

a c m m

k xA B k

c m

g f e

C a m



 





   
          
   
    
   
   
   
        
   

 (B-46) 

Using these matrices, A(x)*x(t) and B(x)* in Eq. (B-45) are computed  

              * 22[ / 2 / ]A x x t C hCA x h C d dtA x A x x t     (B-47) 

which can be rewritten using y(t)  = Cx(t) and (t)  = CA(x)x(t) (see Eq. (4-17)):  

              2* 2 / 2 / ]A x t y t hy t h C d dtA x A x x t     (B-48) 

Substituting this equation and ∗ (t+h) of Eq. (3-44) in Eq. (B-45) leads to 

                        * 2* 2 2/ 2 2/ 2/ /mmy t h A x x t h y t h e t h e t C d dtA x A x x t           
 

 (B-49) 

where e(t) = y(t) - ym(t). If one chose the tracking error coefficients: ∗ = 2 / h and ∗ = 2 / h2 like the ones 

in the FTC (see Eq.(B-43)), Eq. (B-49)becomes 

              2* * 2 / 2 /my t h A x t h v t C d dtA x A x x t          (B-50) 
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in which C{d/dtA(x) + A(x)2}x(t) can be expressed 

                  

            

2 1 1 1 1

1 1 1 1

/ 0 s T s t T s T

s T s t s T

C d dtA x A x x t m k x a m m k x a a c m k x a c

a a c m k x m m ag af a a c m k x ae x t

   

   

            

              



 (B-51) 

One can show that this equation is the same as ∗(t) in Eq. (B-41) by substituting ẍs(t) of Eq. (B-33): 

                

           

            

* 1 1 1 1

1 1 1

1 *

s T s T s t T s

s T s t S t

t s T a

y t a a c m k x a c m k x a m m k x x t

a a c m k x m m f x af x t

ag x t a a c m k x ae f t

   

  



             

        

         

 

  (B-52) 

B(x)* in Eq.(B-45) is also computed 

         * 2 2 2/ 2 / 2 a aB x h CA x B h a k    (B-53) 

which is a non-zero scalar (i.e. an invertible matrix, size 1 × 1); thus 	∗ 	∗ 	∗  = 

	∗ . 

By substituting the equations (B-50) and (B-53) in Eq.(B-45), the control law of the PTC can be 

expressed 

                  1* 1 22 1 2 */ 2 / a au B x h v t C d dtA x A x a k y t v tt 
              (B-54) 

which is the same as the control law of the FTC shown in Eq. (4-38) (where u*(t) = (ωa
2ka)

-1u(t)).  

 

B.6 [Derivation 4.3] 

Lp property of the state with a stable matrix  

For a following LTI (linear time invariant) system with a n × n stable matrix A,  

   x t Ax t  (B-55) 

it can be shown that a n × 1 state vector x belongs to L2 as well as L∞ (i.e. x ∈ L∞ ∩ L2) as following. Since 

A is a stable matrix, the following Lyapunov function (i.e. a chosen scalar function V(x) > 0 for x ≠ xe) 

can be found (i.e. refer to the Lyapunov direct method introduced in Section 3.2) 

   TV x t Px t  (B-56) 

where P is a n × n positive definite matrix (P > 0) and a unique solution of the following Lyapunov 

matrix equation 

TA P PA Q    (B-57) 

where Q is a n × n positive definite matrix (Q > 0). The time derivative of Eq. (B-56) yields 
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    0
T

V x t Qx t    (B-58) 

(for x ≠ xe). Therefore, the equilibrium point xe = 0 is asymptotically stable. From Eq. (B-56) and Eq. 

(B-58) we also know that x is bounded (i.e. x ∈ L∞) (refer to Theorem 3.4.3 in Ioannou and Sun, 2012), 

and V(t) is bounded from below (V(t) ≥ 0) and is nonincreasing with time ( (t) ≤ 0), which indicates that 

limt→∞ V(t) = V∞ (finite). In addition, since Q > 0, we have 

       2 2

min max

T
Q x x t Qx t Q x    (B-59) 

It is noted that in this study the following notation is adopted unless stated otherwise: |x| ≡ |x(t)|2 and ‖ ‖ 

≡ ‖ ‖2, representing the Euclidean norm and the induced Euclidean norm respectively. Substituting Eq. 

(B-59) into Eq. (B-58) leads 

      2

min

T
V x t Qx t Q x    (B-60) 

Now one can show that  

           1 12

min min0 0
0x d Q V d Q V V    

  
            (B-61) 

which is finite (i.e. x ∈ L2). Therefore, it is shown that x ∈ L∞ ∩ L2 for the LTI system with a stable matrix 

A shown in Eq. (B-55). 

 

B.7 [Derivation 4.4] 

Lp property of the restoring force of the nonlinear hysteretic system 

The nonlinear hysteretic system shown in Eq. (4-54) is repeated here for convenience 

         1 1 1 1
S s s S s in Sf x a m k f x a m k x f x u t       (B-62) 

where a-1, ms
-1, ks are positive constant scalars (i.e. a-1, ms

-1, ks > 0), the inelastic part kin(x) is bounded as 0 

≤ kin(x) ≤ (1‒ α)ks < ks with 0 < α < 1 in this study (see Eq. (4-52)), and the input term (t) ∈ L∞ ∩ L2. 

From this equation, one can show that fS(x) ∈ L∞ ∩ L2 and S(x) ∈ L∞ ∩ L2 as following.  

For simplicity, introducing new notations: fS(x) ≡ x(t); a-1ms
-1ks ≡ s; and a-1ms

-1kin(x) ≡ in(t); Eq. 

(B-62) becomes 

         s inx t k x t k t x t u t    (B-63) 

The solution of this equation can be expressed 

       

     

0

0 0

0

0 0

( ) ( ) ( )
0

0

s s s

s s s s s s

t tk t t k t k t
int t

t tk t k t k t k k t k
int t

x t e x e k x d e u d

e e x e e k x d e e u d

 

 

    

    

     

  

  

  

 

 
 (B-64) 

where x0 = x(t0) and by multiplying each side by exp( st) one has 

       0

0 0
0

s s s s
t tk t k t k k

int t
e x t e x e k x d e u d          (B-65) 
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Hence, the following inequality can be expressed 

       0

0 0
0

s s s s
t tk t k t k k

int t
e x t e x e k x d e u d          (B-66) 

which can be rewritten as 

       
0

t

int
x t t k x d       (B-67) 

where  

       0

0
0, .s s s

tk t k t k

t
x t e x t t e x e u d        

Applying the Bellman-Gronwall Lemma II (refer to Lemma 3.3.813 in Ioannou and Sun, 2012) with k(t) = 

in(t), one has 

   
 

   
0

0
0

t t
in int s

k s ds t k d

t
x t t e s e ds

 
       (B-68) 

where  

     0
0 0 , .s sk t k st x e s e u s    

Therefore, using that the maximum of kin(x) ≡ kin,m = (1‒ α)ks with 0 < α < 1, 

 
 

   

     

0 0

0

, 0 ,0
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t t
in ints s s
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k s ds t k dk t k s
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tk t t k t sk t k
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x t x e e e u s e ds
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 (B-69) 

By multiplying each side by exp(‒ st), one has 

           
       

, 0 ,0

0

, 0 ,

0

0

0

in m in ms s

s in m s in m

tk t t k t sk t t k t s

t

tk k t t k k t s
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x t x e e e e u s ds

x e e u s ds

    

     

 

 




 (B-70) 

where the right-hand-side is bounded if ( s ‒ in,m) > 0, and it is always satisfied in this study since 0 < α 

< 1; thus, ( s ‒ in,m) = α s = c1αks > 0. Furthermore, the right-hand-side belongs to L2 because the first 

term belongs to L2 (i.e. the L2 norm is finite) and the second term also belongs to L2 according to Theorem 

                                                      
13 Lemma 3.3.8 (Ioannou and Sun, 2012): Let λ(t), k(t) be nonnegative piecewise continuous function of time t and 

let λ(t) be differentiable. If the function y(t) satisfies the inequality  

       
0

0, 0
t

t
y t t k y d t t         

then 

   
 

   
0

0
0 0, 0.

t t

t s
k s ds t k d

t
y t t e s e ds t t
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3.3.214 (refer to Ioannou and Sun, 2012) where h(t ‒ τ) = exp[‒( s ‒ in,m)(t ‒ τ)], which belongs to L1 

since ( s ‒ in,m) > 0, and u(t) ∈ L∞ ∩ L2. Therefore, it is shown that x(t) ∈ L∞ ∩ L2 since the right-hand-

side of Eq. (B-70) belongs to L∞ ∩ L2.  

 

B.8 [Derivation 4.5] 

Lp property of the actuator force of the nonlinear hysteretic system 

The nonlinear system equation of the actuator force shown in Eq. (4-56) is repeated here for convenience 

                   
 

* * 1 1
a a s s t S m

m

f t h x f t h x a c i x x t h x m m j f x u t

u t

                
 


 (B-71) 

where in the right-hand-side the new input term m(t) is introduced for simplicity, and m(t) ∈ L∞ ∩ L2 

since ẋs(t), fS(x), um(t) ∈ L∞ ∩ L2 (as discussed for (4-56) in Section 4.3). Also, (x), (x) are bounded 

functions (i.e. (x), (x) ∈ L∞) as shown in Eq. (4-44): 

     

         

1 1 *
1

1 1 1 1 * 1 1 *
1 2

;

;

s T

s T s t T s T

h x a c a m k x k

i x a m k x m m k x k a m k x k

 

     

      
        


 

where all terms are positive constants except kT(x) and T(x), and kT(x) ∈ L∞ (as shown in (4-51)). T(x) is 

expressed, by defining the state [xs(t)  s(t)  fS(x)]T ≡ [x1  x2  x3]
T, in Eq. (B-36): as repeated here for 

convenience 

         
1 2 3

1 2 3

T T T T
T

dk x k x k x k x
k x x x x

dt x x x

  
   

  
     (B-72) 

where each term is defined in Section 5.2.1.2 (i.e. Eq. (5-68) through Eq. (5-70)) and all terms are 

bounded except the following term 

 2
2 2 2

( ) ( ) ( )
( ); 2 ( )sgn ( )T

H

k x x x
x x f x

x x x

    
 

  
 

                                                      
14 Theorem 3.3.1 (Ioannou and Sun, 2012):  

The reference considers an LTI (linear time invariant) system described by the convolution of two functions u, h : R+ 

→ R (i.e. t ≥ 0) defined as 

     
0

t
y t u h h t u d       

where h(t) is the impulse response of the system.  

The reference says that the following results hold for the system above. If u ∈ Lp and h ∈ L1 then 

1p p
y h u  

where p ∈ [1, ∞]. 
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where the relation δ(x) × x = 0 (Dannon, 2012) (i.e. δ(x) is the Dirac delta function) is used, and the δ(x2) 

in the last equation indicates that the function kT(x) has a jump at the unloading instant (where x2 = 0) 

from the hardening stiffness to the initial stiffness as shown in the hysteretic loop (Figure 4-1 (left)). This 

δ(x2) in (x) is multiplied by x2 as (x) × x2 in Eq. (B-71); thus, it does not affect the stability of the 

system and it concludes that (x) ∈ L∞. 

Now, from Eq. (B-71) one can show that ∗ (t) ∈  L∞ ∩ L2 and ∗ (t) ∈  L∞ ∩ L2 using the same 

procedure shown in Derivation 4.4 in Appendix B.7. The function (x) in the left-hand-side of Eq. (B-71)

can be expressed in two parts: an elastic part  and inelastic part in; 

         
 

1 1 * 1 1 * 1 1
1 1s T s s s in

in

h x a c a m k x k a m k k a c a m k x

k k t

                         
 (B-73) 

Thus, Eq. (B-71) can be rewritten as 

         * * *
a a in a mf t kf t k t f t u t    (B-74) 

which is the same form as Eq. (B-63); therefore, it can be shown that ∗(t) ∈ L∞ ∩ L2 if (  ‒ in,m) > 0 

where  

     1 1 * 1 1 1 1 *
, 1 11in m s s s s s sk k a m k k a c a m k a m k k a c                        (B-75) 

and this condition can be easily met by choosing the design coefficient ∗ in Eq. (4-42) to be larger than 

(a + c). Since (x) ∈ L∞ and ∗(t), um(t) ∈ L∞ ∩ L2, from Eq. (B-71) ∗(t) ∈ L∞ ∩ L2. 

 

B.9 [Derivation 5.1] 

Derivation of the recursive least squares algorithm with forgetting factor 

The continuous-time non-recursive least squares algorithm is given in Eq. (5-11) and Eq. (5-12), 

which are repeated for convenience: 

       ,0 0 0

ˆ ˆ ( )
t tt T

Et P t e Q e z d                (B-76) 

where  

     
1

,0 0
( )

t tt T
EP t e Q e d      


          (B-77) 

Since QE,0 > 0 (selected) and ϕ(t)ϕT(t) ≥ 0, P(t) is a positive definite matrix and invertible. Using the 

identity,  

           1 1 1 0
d

P t P t P t P t P t P t
dt

       
   (B-78) 

(t) is expressed 
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       1P t P t P t P t    (B-79) 

where -1(t) can be obtained by taking inverse of P(t) in Eq.(B-77), then differentiating it with respect to t   

        
   

1
,0 0

1

( ) ( )

( )

t tt T T
E

T

P t e Q t t e d

t t P t

         

  

  



     

 



 (B-80) 

Substitution of this equation into Eq. (B-79) gives  

         ( )TP t P t P t t t P t     (B-81) 

with P(0) = P0 = QE,0
-1. Similarly, by differentiating  in Eq. (B-76) with respect to t, one has 
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t tt T
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 (B-82) 

which can be simplified using Eq. (B-81) and Eq. (B-76) 
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 (B-83) 

which can be further simplified using the definition of the estimation error ε(t) in Eq. (5-8) 

       ˆ t P t t t  
 (B-84) 

This equation with Eq. (B-81) is known as the continuous-time recursive least squares algorithm with 

forgetting factor, which are the same as Eq. (5-13). 

 

B.10 [Derivation 5.2] 

Derivation of the EKF in discrete time for implementation  

The truth model of a nonlinear system (shown in Eq. (5-50) and Eq. (5-51) in continuous time) is 

rewritten in discrete time 

      1

1 ,f ,
k

k
k k

t

t
x x t t t t tx u Gw d



     (B-85) 

 hk kkxy v   (B-86) 

where all terms are explained in Section 5.2.1.1. vk and wk are measurement and process noise (or errors 

in model), respectively, and they are assumed to be zero-mean Gaussian white-noise processes. In this 

study, both noise covariance matrices RE,k and QE,k are assumed to be constant at all time; thus RE,k = RE 

and QE,k = QE.  



 

222 

 

The estimator structure shown in Eq. (5-54) in continuous time can be expressed in two stages 

equations in discrete time as 

    1

1 ,ˆ ˆ ˆf ,
k

k

t

k k t
t t tx x x u dt

 
     (B-87) 

 ˆ ˆ ˆhk k k k kx x K y x        (B-88) 

where Kk is the estimator gain and Eq. (B-87) with sign ‘-’ is known as the prediction equation, and Eq. 

(B-88) with sign ‘+’ is known as the update equation. The estimate error covariance matrices are defined 

as 

 1 1 1
T

k k kP E x x  
      (B-89) 

 T
k k kP E x x      (B-90) 

where the estimate state errors are  ≡  and  ≡ . Using the Taylor series 

expansion about the current estimate (t) (i.e. assuming that the true state (t) is sufficiently close to the 

estimated state (t), which is used for the nominal state), the f(x(t),u(t),t) and h(x(t),t) were expressed in 

Eq. (5-52) and Eq. (5-53) and repeated here: 
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x t u t
x t

t t t t x t x t
x

x u t x u t



  





 (B-91) 

    
 

    
 ˆ

ˆ
hˆ, ( ),h h

x t
x t

t x t x t
x

x t x t t



  





 (B-92) 

The estimate state errors are  ≡  is given by using Eq. (B-87) for  and Eq. (B-85) 

for , after substituting Eq. (B-91) for f(x(t),u(t),t):  

       1

1

k

k
k k

t

t
x x F t x t G t w t dt

 
       (B-93) 

where F(t) is introduced for the Jacobian matrix of f(x(t),u(t),t) as shown in Eq. (5-57), evaluated at the 

current estimate (t). Using the first order approximation of the integral part, Eq. (B-93) can be rewritten 

as 

 
   

1 ˆ

ˆ

k k k k k k k

k k k k k k k k k

k
k

x x tF x x tG w

I tF x x tG w x w

   


  

    

        


  

 


 (B-94) 

where Fk( ) is the same Jacobian matrix of f(x(t),u(t),t), evaluated at the current estimate . It is noted 

that Eq. (B-94) is the same structure of the estimate state error  equation of the KF, shown in Eq. 

(5-43). Then,  is defined by substituting Eq. (B-94) into Eq. (B-89) and using that E{wk 
T} = 0: 
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1
T T

k k k k k E kP P Q 
        (B-95) 

For the update stage, substitution of Eq. (B-88) with Eq. (B-92) for  in  ≡  gives 

 
 

ˆk k k k k k k

k k k k k

x x K H x x v

I K H x K v

   



 
    

  

  


 (B-96) 

where Hk( ) (or Hk for brevity) is introduced for the Jacobian matrix of h(x(t),t) as shown in Eq. (5-57), 

evaluated at the current estimate . Then,  is defined by substituting Eq. (B-96) into Eq. (B-90) and 

using that E{vk 
T} = 0: 

   T T
k k k k k k k E kP I K H P I K H K R K      (B-97) 

The optimal estimator gain Kk is determined by minimizing the trace of Pk
+, which is equivalent to 

minimize the length of the estimation error vector. The index function, the same as that of the KF shown 

in Eq. (5-47), is repeated here: 

   Trk kJ K P   (B-98) 

By solving / 0 for Kk, it results in: 

1T T
k k k k k k EK P H H P H R

      (B-99) 

Substitution of Eq. (B-99) in Eq. (B-97) leads to  

 k k k kP I K H P    (B-100) 

The EKF update stage defined in Eq. (B-88) and Eq. (B-100) with the optimal gain Kk in Eq. (B-99) and 

the EKF prediction stage defined in Eq. (B-87) and Eq. (B-95) are presented in Section 5.2.1.1. 
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