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PREFACE 

MCEER is a national center of excellence dedicated to the discovery and development of 
new knowledge, tools and technologies that equip communities to become more disaster resilient 
in the face of earthquakes and other extreme events. MCEER accomplishes this through a system 
of multidisciplinary, multi-hazard research, education and outreach initiatives. 

Headquartered at the University at Buffalo, State University of New York, MCEER was 
originally established by the National Science Foundation (NSF) in 1986, as the first National 
Center for Earthquake Engineering Research (NCEER). In 1998, it became known as the 
Multidisciplinary Center for Earthquake Engineering Research (MCEER), from which the 
current name, MCEER, evolved. 

Comprising a consortium of researchers and industry partners from numerous disciplines 
and institutions throughout the United States, MCEER’s mission has expanded from its original 
focus on earthquake engineering to one which addresses the technical and socioeconomic 
impacts of a variety of hazards, both natural and man-made, on critical infrastructure, facilities, 
and society. 

MCEER investigators derive support from the State of New York, National Science 
Foundation, Federal Highway Administration, National Institute of Standards and Technology, 
Department of Homeland Security/Federal Emergency Management Agency, other state 
governments, academic institutions, foreign governments and private industry. 

Existing material models and numerical procedures have been limited to capturing either 
in-plane or out-of-plane behavior of masonry walls. Similarly, most experimental studies have 
focused on two-dimensional behavior of walls and buildings, and there is very little data on the 
interaction of in-plane and out-of-plane response. This report addresses gaps in knowledge 
pertaining to modeling of masonry structures subjected to extreme loadings by developing robust 
constitutive material models and three-dimensional numerical procedures, and validating them 
using experimental data conducted by the authors. The proposed constitutive material models 
use implicit and explicit formulations, and work seamlessly with commercial finite element 
software such as TNO DIANA and ABAQUS. 
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Existing material models and numerical procedures have been limited to capturing either in-

plane or out-of-plane behavior of masonry walls. Similarly, most experimental studies have 

focused on two-dimensional behavior of walls and buildings, and there is very little data on the 

interaction of in-plane and out-of-plane response. This report addresses gaps in knowledge 

pertaining to modeling of masonry structures subjected to extreme loadings by developing robust 

constitutive material models and three-dimensional numerical procedures, and validating them 

using experimental data conducted by the authors. The proposed constitutive material models use 

implicit and explicit formulations, and work seamlessly with commercial finite element software 

such as TNO DIANA and ABAQUS. 
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SECTION 1 

1. INTRODUCTION 

 

1.1 Introduction 

Contrary to steel structures, the development of material models for masonry structures seems to 

be in its early stages. Most of the available material models have been developed to capture 

either the in-plane or out-of-plane deformation of masonry walls. Similar to the development of 

numerical models, most of the experimental studies also have been focused on the two-

dimensional behavior of walls or buildings. Therefore, to better understand the behavior of 

masonry structures, more robust modeling procedures are needed along with a well-documented 

experimental database to validate the new three-dimensional models and constitutive material 

models. This report investigates existing gaps in knowledge pertaining to masonry and presents a 

comprehensive study on numerical, analytical and experimental modeling of masonry structures. 

This study is part of a project that investigates the vulnerability of New York City old masonry 

buildings under possible earthquake excitations. In the rest of the project, the proposed numerical 

procedures in this report will be utilized to develop the fragility functions for the masonry 

buildings in New York City. 

1.2 Research objectives 

The overarching goals of the research documented in this report are to investigate the three-

dimensional behavior of unreinforced masonry walls and study the interaction of in-plane and 

out-of-plane behavior. The most important scholarly achievements of this report are listed below: 
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 Development of a new three-dimensional cyclic material model. 

 Development of interaction curves for the in-plane and out-of-plane deformations. 

 Experimental investigation of the in-plane and out-of-plane deformation of the 

unreinforced masonry walls, and validation of the proposed numerical procedures. 

1.3 Report organization 

This report presents a comprehensive study that focuses on analytical, computational and 

experimental behavior of unreinforced masonry (URM) structures. The report contains nine 

sections. The second section presents an overview of previous numerical and experimental 

studies.  

The third section presents a simplified two-dimensional model for monotonic in-plane 

deformation of masonry walls. In this section, a finite element model is utilized where bricks are 

replaced by rigid elements, connected to each other by interface elements. The interface elements 

are assumed to be representative of all possible elastic and inelastic behavior of the bricks and 

mortar. In this section, a FORTRAN code, representing the material model and numerical 

procedure are developed using an implicit formulation. 

A literature review of the existing constitutive material models reveals that, in many cases, 

the yield surface contains multi-yield surfaces. Similarly, for modeling masonry structures, most 

of the existing material models for interface elements use multi-yield surfaces. The difficulty in 

utilizing these kinds of yield surfaces is the sudden change in the response at the points where 

two yield surfaces meet, while altering the state of stress slightly at the intersection of the yield 

surfaces. In other words, a slight change in the applied forces will change the associated yield 

surface and, consequently, will change the associated flow rule. A methodology is proposed in 
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the fourth section to overcome this problem. Moreover, the material model developed in this 

section is combined with a proposed lattice model to simulate the in-plane monotonic 

deformation of masonry walls. A FORTRAN code has been developed which implements the 

material model and the lattice model in an implicit formulation.  

Due to the use of implicit formulations in the previous section, convergence problems have 

been observed for large deformation cases. To remedy the convergence problems and high 

computational demands, section five discusses a comprehensive three-dimensional dynamic 

model in which the material model is developed based on an explicit formulation. 

Using the material model presented in the fifth section, a numerical investigation has been 

performed in the sixth section on bidirectional behavior of unreinforced masonry walls. In this 

section, an interaction curve has been proposed which shows the yielding point and ultimate 

capacity of URM walls subjected to a range of bidirectional loading conditions. 

Using the finite element method, the computational time is significant to build 

comprehensive interaction curves for unreinforced masonry wall. In the seventh section, an 

analytical procedure has been proposed to build the interaction curves for URM walls. The 

proposed interaction curves play the same role as the yield surface for an element in the plasticity 

theory. In other words, it shows the maximum elastic capacity of the wall when an in-plane (IP) 

and out-of-plane (OP) load are imposed to the wall with different proportions. 

To generalize the investigation and validate the proposed numerical models, in the eighth 

section an experimental investigation on the bidirectional behavior of URM walls has been 

performed. In this section, the results of six experimental walls tested in various combinations of 

in-plane and out-of-plane direction are presented. Moreover, this section describes the validation 
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of the 3-D explicit modeling presented in section five. The last section of this report describes a 

summary of the work, original contributions, conclusions, and future works.  

In conclusion, in this report different computational procedures have been developed and 

the accuracy and computational speed of those approaches have been compared to each other and 

some recommendations have been made for future studies. 
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SECTION 2 

2. BACKGROUND AND LITERATURE REVIEW 

Masonry structures have been used for many years in building construction. The poor behavior 

of masonry buildings under earthquake excitations has been observed over the years; however, 

masonry buildings are still in demand. Although novel structural technologies are utilized in new 

buildings, masonry components are not omitted from structural usage, and masonry components 

are still used, especially for infill walls, as they provide a significant stiffness enhancement to the 

buildings in earthquakes. Whether the masonry structure constitutes the whole structural system 

or is used as infill walls in a concrete or steel building, their complex failure modes often pose a 

significant challenge for any computational framework.  

At the constituent level, a masonry building is a composite structure constructed by bricks 

and mortar. Due to cracking, sliding of the bricks relative to each other, and, consequently, 

formation of new contacts and stress concentration at the corners of bricks, simulating the 

behavior of masonry structures under extreme loadings, such as earthquakes, is one of the most 

complex problems in computational mechanics. Different modeling approaches have been 

implemented for in-plane and out-of-plane behavior of masonry walls. For instance, finite 

element (FE) method is one of the most commonly used approaches; however, the use of 

traditional (FE) methods requires extensive computational resources and significant processing 

time. Therefore, many simplified approaches are presented to decrease the computational time. 

Based on the accuracy level and the computational time, different types of computational 

methods have been utilized to assess the behavior of masonry structures under static and 

dynamic loadings. These computational methods are mainly categorized into three groups- 
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namely, micro-, macro-, and meso-scale. Micro-scale modeling has the highest accuracy level, 

and mainly the accurate response of the structure beside the exact path of cracks is in the point of 

interest. However, in the macro- and meso-scale analysis of masonry buildings, the general 

behavior of the structure is important, and not the detailed behavior of each component. The 

main problem in micro-scale analysis is the high computational effort required to build the 

numerical model and to run the analysis. Therefore, for large structures, it is more reasonable and 

convenient to use meso- and macro-scale analysis. Analysis methods based on meso- and macro-

scale approaches are usually accompanied by some simplification assumptions to improve the 

computational efficiency, and clearly, the accuracy of the analysis is less than the micro-analysis. 

In the following sections, a more detailed description on the micro-, meso- and macro scale 

modeling of unreinforced masonry structures are presented along with some examples. 

2.1 Micro- and meso- scale analysis 

Work on numerical modeling of brittle materials such as concrete and masonry has been 

significant in the past few decades with much of the effort focusing on the micro-, meso- and 

macro-scale. In one of the early studies, the microstructure of concrete was simulated 

numerically by Roelfstra (1988). In Roelfstra‘s model, designated as ―numerical concrete‖, 

mortar, aggregates, and the interface between them are described by many elements much 

smaller than the aggregate pieces. Clearly, it is very difficult to build such a model for a large 

structure and the computational time will be significant. In the mesostructure of Bazant (1991), 

mortar and the aggregate pieces are modeled by continuum elastic elements, which are connected 

by nonlinear interface elements. The mixed-mode generalization of the cohesive crack model is 

assumed for these nonlinear interface elements which represents potential crack lines. 
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Implementation of this modeling approach leads to an extremely large number of degrees-of-

freedom. 

Cundall (1971) came up with an easy and efficient model replacing the continuum elements 

with a system of discrete elements and defining the behavior of the interfaces based on the 

material properties. He was able to significantly reduce the computational effort using his 

proposed model. To simulate the behavior of granular materials such as sand, Cundall (1971) 

used rigid particles which interact only by friction, designated as the discrete element method 

(DEM). 

Zubelewicz (1987) used particle models with nonzero interfacial tensile strength to study 

fracture growth in geomaterials (see Figure 2-1). In geomaterials such as sand, since tensile 

strength is not important, the particle interaction law is very simple and the overall behavior is 

controlled mainly by kinematic restrictions of the particle system. The rigid-body spring model 

(RBSM) (Kawai 1978), which was presented by Kawai (Kawai 1978), uses a similar assumption. 

In this model, the material is divided into a number of rigid elements connected by zero length 

springs placed along their joints. The DEM and the rigid-body spring model (RBSM) are 

computationally less demanding than modeling with continuum elements. 
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Figure 2-1 Fracture Specimen Consisting of an Array of Rigid Particles and Their 

Interfaces (Zubelewicz and Bazant 1987) 

One of the most functional elements in micro- and meso-scale analysis that tackles the 

issue of discontinuity is the interface element (IE), which was utilized by several researchers 

(Beer 1985; Ghabaussi et al. 1973; Schellekens and De Borst 1993). The interface element 

initially behaves elastically until reaching the designated yield surface that is defined specifically 

for each part of structure. Afterward, the IE starts following the plastic behavior. The two parts 

of the interface element are permitted to separate under tensile or shear loading. However, when 

compression is the prevailing state of stress, the contact is modeled by penetration of two 

surfaces into each other. A considerable usage of these IEs has been observed for modeling 

masonry structures (Chaimoon and Attard 2007; Giambanco et al. 2001; Gilbert et al. 2007; 

Lourenco 1996; Mohebkhah et al. 2008; Senthivel and Lourenco 2009; Stavridis 2009). 

As an example of early works on meso-scale modeling of masonry structures, Page (1978) 

suggested using interface elements between bricks. The yield surface in this particular interface 

model is only defined for tensile and shear failure. Lourenco (1996) modified Page‘s model by 

adding a compressive cap to the yield surface. Using the cap in the yield surface, crushing of the 

masonry bricks was also modeled within the joints. Lourenco‘s model consists of elastic 
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elements for bricks and non-linear interface elements to model the joints. Oliveira and Lourenco 

(2004) later generalized Lourenco‘s model to assess the cyclic behavior of masonry walls for in-

plane loading. 

In the model proposed by Lourenco (1996) and Oliveira and Lourenco (2004), bricks are 

modeled using elastic elements and the nonlinear behavior of the interface elements includes the 

tensile, shear and compression failures (Lourenco 1996). In other words, all nonlinearity of the 

model is defined in the interface elements and all other elements in the model are assumed to 

remain elastic. The constitutive material model in these investigations uses multi-yield surfaces, 

which are not connected smoothly. Each yield surface is assigned for a specific failure regime, 

including tensile, shear, and compression failure. Changing from one yield surface to another is 

associated with a jump in the behavior of the material, either in the softening or hardening 

regimes. For example, shifting from tension regime to the shear regime will alter the energy 

associated with softening. However, changing from shear regime to the compression regime will 

be accompanied by a major and significant change from softening to hardening. Based on the 

physics of the problem, jump and discontinuity are not realistic and cause convergence problem 

in the numerical analysis. The discontinuity problem in constitutive material models with multi-

yield surfaces is investigated by Cusatis (Cusatis et al. 2003; Cusatis et al. 2003; Cusatis et al. 

2006; Cusatis and Cedolin 2007) in numerical modeling of concrete. Cusatis (Cusatis et al. 2003; 

Cusatis et al. 2003; Cusatis et al. 2006; Cusatis and Cedolin 2007) presented an interpolation 

function for gradual change from one part to another part of the yield surface while dealing with 

a two-segment yield surface, which was successfully applied to model the behavior of concrete.  

As another example of meso-scale modeling of masonry structures, bricks can be modeled 

by elastic-plastic elements with interface elements to represent the joints. The interface elements 
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are capable of modeling the joint separation in tension and shear (Stavridis 2009). Using such 

interface elements in conjunction with elasto-plastic elements for bricks, Gilbert et al. (2007) 

used LS-DYNA (1998) to investigate the behavior of a masonry wall subjected to impact 

loading. 

In reality, after reaching the maximum value of the shear or tensile strength, the resisting 

force does not abruptly drop to zero. Instead, the loading is associated with a particular softening 

energy (the area under the strain-stress curve or in some cases displacement-stress curve). To 

simplify the problem, some investigators (2008) have neglected this softening energy and 

assumed an abrupt failure in the interface. For instance, Mohebkhah et al. (2008) used this 

simplification when investigating the effect of infill walls with openings by the commercial 

software, UDEC (2004). 

To simulate fracture in a continuum, some investigators have used Lattice modeling. The 

early works regarding lattice modeling refers to Hrennikoff (1941). In Hrennikoff‘s model, the 

material was replaced by truss elements, and for taking into account the inherent heterogeneity of 

materials, different material properties can be assigned for different truss elements. Schlangen 

and Garboczi (Schlangen and Garboczi 1997) developed a two-dimensional lattice model for 

studying fracture in concrete. In Schlangen and Garboczi‘s study and for implementing the 

lattice model, beam elements with three degrees-of-freedom per node were used. Each beam is 

considered to be elastic and after the stress exceeds a certain value, failure takes place and the 

beam is consequently removed. Cusatis (Cusatis et al. 2003; Cusatis et al. 2003; Cusatis et al. 

2006) developed the confinement-shear lattice model (CSLM) for concrete. In Cusatis‘s model, 

each piece of aggregate is connected to the neighboring aggregates by a number of rigid beams 

in which the linear and nonlinear behavior of concrete is taking place in a nodal element between 
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the rigid beams. The rigid beams not only transmit the axial forces but also transmit shear forces. 

For the shear strength case, both friction and cohesion are exhibited and well defined in the 

model (Figure 2-2). 

 

Figure 2-2. (a) Example of two-dimensional tessellation of concrete meso-structure 

(b) Geometry of a connecting strut (Cusatis et al. 2003) 

With respect to the numerical procedures, micro- and meso-scale analysis can be 

categorized mainly into implicit and explicit analysis. Most of the notable research studies that 

address the cyclic behavior of masonry structures use implicit finite element solutions. Modeling 

a masonry structure with an implicit procedure offers some advantages as well as many technical 

challenges. Based on the most fundamental characteristics of implicit procedures, at each time 

step, iterations are required to solve a system of equations. The behavior of masonry structures is 

inherently nonlinear; thus by using implicit procedures it is difficult to achieve a converged 

solution for some cases. Most of the finite element codes used to analyze masonry structures are 

based on implicit formulations (Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and 

Lourenco 2004) that are time consuming when one considers a large displacement domain. The 

convergence of the numerical solution particularly deteriorates at the point of load reversal 
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(Oliveira and Lourenco 2004). For this reason, some researchers (Karapitta et al. 2010) have 

used explicit formulations to remedy the convergence problem. For example, Karapitta 

(Karapitta et al. 2010) used a homogenization technique within an explicit formulation to capture 

the cyclic behavior of in-plane masonry panels. Although the homogenization model captured 

some of the behavior very well, it could not capture the creation and progression of discrete 

cracks. Instead, a damage parameter is used to show the distorted elements (Figure 2-3).  

 

(a) Experimental 
(I) Mesh size (II) Damage index 

(b) Numerical 

Figure 2-3 PAVIA wall: experimental crack pattern and damage index at the end of 

load history (damage areas in black color) (Karapitta et al. 2010) 

 

2.2 Macro-scale analysis 

Due to the high computational demand associated with micro- and meso-scale analysis, macro-

scale analysis is preferred for large structures and particularly for seismic analysis. The macro-

scale analysis is associated with many simplified assumptions to reduce the computational time. 

For example, Pasticier (Pasticier et al. 2008) used a very simple macro-element model to perform 

two-dimensional seismic analysis, where each panel was divided into smaller panels that were 

represented by an equivalent frame. In Pasticier‘s model, a masonry building was modeled with a 

number of equivalent frames with different hysteretic behavior, as shown in Figure 2-4. 
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Figure 2-4. Simulation of a masonry panel with equivalent frame method (Pasticier 

et al. 2008) 

To derive the fragility curve for an unreinforced masonry building, Park (Park et al. 2009) 

used a very simple macro element model. In Park‘s model, masonry panels were divided into a 

number of springs with different hysteretic loops (Figure 2-5). According to the aspect ratio of 

each segment of the wall different hysteresis behavior was assigned for that segment including, 

rocking, sliding and diagonal crack. Clearly, using this method, it is not possible to find the crack 

propagation in the structure. 

 
                (a) URM panel (b) Equivalent composite spring model 

Figure 2-5. Composite spring model of a URM panel (Park et al. 2009) 
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As another example for macro-scale analysis of masonry buildings, Chen (2008) used 

nonlinear shear springs in series with rotational springs to simulate both shear and flexural in-

plane response of masonry walls. The proposed macro-element includes an axial spring, three 

shear springs, and two rotational springs to simulate the behavior of masonry walls (Figure 2-6).  

 

Figure 2-6. Proposed macro-element (Chen et al. 2008) 

 

Using large rigid elements and springs attached between them, Casolo (2004) developed a 

macro-scale model (Figure 2-7). Casolo compared the frequencies and mode shapes of a 

masonry wall using his proposed model and finite element model. Later the model was extended 

to capture the cyclic 2-D behavior of masonry walls and to model masonry walls under 

earthquake excitations (Casolo and Pena 2007). In the model proposed by Casolo, the propagated 

cracks of the wall were identified by a damage parameter. 
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(a) Stone masonry wall (b) Equivalent rigid elements 

Figure 2-7. Scheme of an irregular masonry and the „unit cell‟ defined by four rigid 

elements (Casolo and S. 2004) 

 
(a) (b) 

Figure 2-8. Rigid elements subjected to (a) horizontal and (b) vertical axial loading 

(Casolo and S. 2004) 

 

2.3 Bidirectional modeling of URM walls 

Several numerical and experimental investigations (Haider 2007; Lourenco 1996; Oliveira and 

Lourenco 2004) have focused on either the in-plane (IP) or out-of-plane (OP) behavior of 

masonry walls. Very few studies have investigated the bidirectional behavior of URM walls. As 

a very few examples on the bidirectional investigations, Hashemi and Mosalam (2007) used a 

simple material model to investigate the interaction of an infill URM wall with a steel frame. 

They considered two degrees-of-freedom (DOF) for an infill wall, one DOF for the in-plane 
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displacement of the top plane of the wall and one degree of freedom for the out-of-plane 

displacement of the middle of the infill wall.  Figure 2-9 shows the proposed macro model by 

Hashemi and Mosalam for modeling infill walls. In this figure, the dashed lines represent the 

nonlinear compression-only members (see the insert of the material model of these struts), and 

the solid line in the center represents a tension-only elastic link element. 

 

Figure 2-9. Three-dimensional SAT model of URM infill wall (Hashemi and 

Mosalam 2007) 

Later, Kadysiewski and Mosalam (2009) improved the previous study by proposing a 

simpler macro-element for modeling infill walls (Figure 2-10). In this model the macro element 

is composed of a nonlinear beam-column element. A nonlinear P-M (moment-axial) hinge is 

considered at midspan of diagonal, which is modeled using a fiber section (see Figure 2-10). 

 

Figure 2-10. Infill model using beam-column elements with fiber discretization 

(Kadysiewski and Mosalam 2009) 
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2.4 Experimental studies 

While this literature review revealed several approaches for numerical modeling of masonry 

structures, a significant amount of work has been focused on understanding the micro material 

behavior of masonry components (bricks and mortar) and the macro-behavior of masonry walls 

by conducting experimental studies. Pluijm (Pluijm 1992; Pluijm 1993; Pluijm and Vermeltfoort 

1991) conducted a series of experimental studies to identify the behavior of joints in the 

monotonic tensile and shear displacement. Stavridis (Stavridis 2009; Stavridis and Shing 2010) 

presented a mathematical model for the material behavior of mortar joints and bricks in masonry 

walls, where a wall was comprised of either concrete or clay bricks. The study (Stavridis 2009; 

Stavridis and Shing 2010) presented a typical range for each mathematical parameter.  

De Porto (da Porto et al. 2009) performed a number of in-plane cyclic tests to develop an 

analytical hysteretic model for masonry walls. A number of cyclic testing was performed on the 

out-of-plane direction of unreinforced masonry walls by Griffith (Griffith et al. 2007). He 

showed the effect of the opening on the cyclic behavior of the masonry walls. In addition, the 

work highlighted the influence of the connection of the perpendicular walls in the out-of-plane 

behavior. 

A considerable number of seismic tests have been also performed on either a whole 

masonry building (Bothara et al. 2010; Paquette and Bruneau 2006; Paquette et al. 2004) or on a 

partition wall to investigate the vulnerability of masonry buildings under earthquake excitations. 

Bothara et al. (Bothara et al. 2010) performed a series of experimental tests on a half scale two-

story unreinforced masonry building to identify the dynamic properties of URM buildings. 

Moreover, they applied several ground motions to the building to investigate the propagated 



 

18 

 

damages to the building. Finally, using the experimental results, they developed fragility curves 

for the masonry building.  Paquette and Bruneau (Paquette and Bruneau 2006) tested a one-story 

masonry building  by application of a seismic load on its roof, using an actuator. They 

investigated the effect of flexible wood diaphragm on the seismic behavior of masonry buildings. 

Investigations on the behavior of masonry walls have also been conducted in the 

framework of infill masonry walls (Dolek and Fajfar 2008; Pujol and Fick 2010; Rabinovitch 

and Madah 2011; Tu et al. 2010). Pujol and Fick (Pujol and Fick 2010) tested a three-story 

reinforced concrete building, first without and then with infill walls to investigate the effect of 

infill walls in the seismic behavior of reinforced concrete buildings. Rabinovitch and Madah 

(Rabinovitch and Madah 2011) performed an experimental study on infill masonry walls in the 

out-of-plane direction under earthquake loadings. They also developed a finite element model 

and validated their model using the experimental results. Tu et al. (Tu et al. 2010) tested four 

reinforced concrete frames with different types of infill masonry walls. They concluded that infill 

masonry walls exhibit notable resistance to out-of-plane loads via the arching mechanism; 

however, in the end they collapse under the inertial force caused by their self-weight. 

In summary, very few numerical and experimental studies have focused on the three-

dimensional behavior of unreinforced masonry walls or buildings. It is clear that most of the 

stimulus loadings, like wind or earthquake excitations, are three-dimensionally imposed on 

structures. Therefore, it is necessary to develop new material models and numerical procedures 

that are capable of simulating the three-dimensional behavior of URM structures. Moreover, a 

well-documented experimental database is much needed to validate the three-dimensional 

material models. 



 

19 

 

SECTION 3 

3. TWO-DIMENSIONAL COMPUTATIONAL FRAMEWORK OF MESO-

SCALE RIGID AND LINE INTERFACE ELEMENTS FOR MASONRY 

STRUCTURES 

3.1 Introduction 

In this section, a simplified numerical model is presented for simulating the in-plane deformation 

of the masonry walls. The modeling approach focuses on two dimensions (2-D), whereby the in-

plane behavior of components is represented by rigid elements and nonlinear line interfaces 

instead of modeling by traditional finite elements method. Traditional finite element method is 

indeed capable of predicting the behavior of large scale masonry structures, but the 

computational demand will be very high. In the proposed approach, walls are allowed to crack in 

predefined paths, which based on the experimental tests have more likelihood for propagation. 

The section discusses the model derivation, implementation, and assessment of mesh sensitivity. 

A material model is presented and implemented in a user-defined subroutine that is compiled 

with TNO DIANA (DIANA 2008). The algorithms and material models are validated using well-

documented experimental studies to assess the capabilities of the model to simulate the behavior 

of URM structures. 

3.2 Description of the model 

In this model, bricks are subdivided into a number of rigid blocks and mortar is represented 

using six-node line interface elements as shown in Figure 3-1 (Hohberg 1992) (CL12I). Using a 
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user subroutine (usrifc) in the commercial code TNO DIANA (DIANA 2008), all the elasticity 

of the material is defined at the edge of the rigid blocks.  

 

Figure 3-1. Line interface element 

Figure 3-2 shows the details of rigid blocks, line interface elements model, and two distinct 

mesh choices. As illustrated in Figure 3-2, bricks are expanded by half of the dimension of the 

mortar, and, thus, the interface elements are located at the intersection of the bricks. In 

Figure 3-2 which shows ―Mesh A‖, a block is divided into two rigid elements and an interface 

element is located at the middle of the brick. In Figure 3-2 (Mesh B), a finer mesh is illustrated 

and a block is subdivided into four rigid blocks, and the interface elements are attached to the 

line of the mesh associated with the location of the mortar and at the potential crack positions. 

 

Figure 3-2. Two generated meshes for rigid elements-line interface model 
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The nonlinear behavior of the materials is defined at the interface elements and pass 

through brick-mortar joints or at the middle of the bricks. These joints have the most likelihood 

for cracking and separation (Lourenco 1996). In most cases, for masonry walls, due to weakness 

of mortar, the path of crack matches well with this assumption.  This approach is considered as a 

meso-scale method, and it is applicable for homogeneous material like concrete; because in 

meso-scale the exact path of crack is not important, but rather, the general behavior of structure 

is. The main computational description of the meso-scale model is presented in the following 

sub-sections, which includes: (1) elastic behavior, (2) plastic behavior, and (3) algorithms for 

detecting and updating the contact zones.  

3.3 Elastic behavior 

The behavior of interface elements is initially elastic, i.e        ̅, where t is the traction 

vector and  ̅ is the displacement vector (equations (3-1) to (3-3)).  

  [
   
   

] 
(3-1) 

  {
 
 
} 

(3-2) 

  ̅  {
  
  

} 
(3-3) 

where   is the elastic stiffness of the joints, which can be calculated from the properties of both 

brick and mortar as given by equations (3-4) and (3-5). We note here that for simplifying the 

model, the effect of Poisson's ratio is neglected. Simply stated, due to the comparatively low 

value of the Poisson's ratio for the brick, and the notion that most of the behavior of the masonry 

components is governed by the inelastic behavior of joints, separation of bricks, and sliding at 

the adjacent interfaces, this assumption is deemed appropriate. The inelastic behavior starts at the 
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beginning of application of load at different positions within the mesh and completes by a 

diagonal crack in the wall (for the case of diagonal failure). For determining the stiffness ―k‖, the 

behavior of the brick and mortar are assumed as two springs in series (Figure 3-3).  

 

Figure 3-3. Calculating the stiffness of the interface elements 

The displacement for the combination of brick and mortar system must be equal to the 

displacement for the rigid element-line interface system under the same compressive load. 

Accordingly, the stiffness of the system can be calculated by using equation (3-4) and (3-5). 
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where the parameters appeared in equations (3-1) to (3-5) are described in Figure 3-3 and G is 

the shear modulus of elasticity. 

3.4 Plastic behavior 

The plastic behavior is better represented by a number of zero-length interface elements, where 

at each time step, the stresses associated with the elements are compared with elastic stress limit. 

As the number of the assumed potential cracks is increased, the accuracy of the analysis will be 
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elevated. Therefore, the mesh sensitivity must be checked, as presented in the subsequent 

sections. Based on the observation from experimental tests (Raijmakers and Vermeltfoort 1992; 

Vermeltfoort and Raijmakers 1993), most of the cracks and their propagation paths are often 

located in the mortar or/and the middle of the bricks. Accordingly, three different modes are 

considered for the interface elements, tension, shear and compression (Figure 3-4).  

 

Figure 3-4. Model for interface elements  “interface cap model” (DIANA 2008) 

Tension and shear modes mostly define the behavior of joints and compression mode 

mostly is representative of the crushing of the bricks that are considered rigid. Exponential 

softening is considered for tension and shear mode (Pluijm 1992; Plujim 1993). For tension 

mode, the yield function (Figure 3-5) is as follows, 

   (    )     ̅ (  ) (3-6) 

 ̅         ( 
  

  
 
  ) (3-7) 

 

In equations (3-6) and (3-7),     is the tensile strength of the mortar interface and   
  is the mode I 

fracture energy which shows the area under tensile stress-displacement curve and under net 

normal displacement    is equal to |   
 |. 
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Figure 3-5. Tensile behavior; experimental results from Pluijm (1992),    

     ,     - and   
        ,    - 

For shear mode the yield function is given by (1992):  

  (    )  | |          ̅ (  ) (3-8) 

 ̅        ( 
 

  
  

  ) (3-9) 

where c is the cohesion of the unit-mortar interface,   is the friction angle, and   
   is the mode II 

fracture energy which shows the area under shear stress-displacement curve (Figure 3-6). In this 

model the effect of dilatancy angle is neglected, also the friction angle is considered to remain 

unchanged after cracking. Under a net shear displacement,    is equal to |   
 |. 
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Figure 3-6. Shear behavior; experimental results by Pluijm [15] for different 

confinement levels,        ,     - ;                      ;   
        

     ,    - 

Ellipsoid interface model is considered for cap mode, which was first introduced by Schellekens  

(1992). The yield function, for a 2-D configuration, is illustrated in Figure 3-7 and given by: 

  (    )            
      ( ̅ (  ))

 
 (3-10) 

 

Figure 3-7. Hardening and softening law for cap mode (DIANA 2008) 
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In equation (3-10),     and    control the center of the cap region and     represents the 

contribution of the shear stresses. In this study, we consider        and     .  ̅ (  ) 

represent the compressive strength and the parameters that appear in Figure 3-7 are described as 

(Lourenco 1996). 

 ̅ (  )   ̅  (    ̅ )√
   

  
 

  
 

  
 
 

(3-11) 

 ̅ (  )     ( ̅    ) (
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(3-12) 

 ̅ (  )   ̅  ( ̅   ̅ )    * (
 ̅    
     

)(
     

 ̅   ̅ 
)+   

(3-13) 

where all the variables in equations (3-11)-(3-13) are defined in Figure 3-7. Following 

experimental data for uniaxial compression test, the hardening/softening law for the cap mode is 

defined by the set below as suggested by Lourenco (Lourenco 1996), 

*     +  {(
  
 

    )  (       ) (
  
 

     )  (
  
 

  )} 

Experimental results are not readily available for the shear-tension paths due to the fact that 

brittle behavior leads to instability of the test set-up as reported by Lourenco (Lourenco 1996). In 

the proposed model, isotropic softening is assumed for the coupled behavior between shear and 

tension (Lourenco 1996). As a consequence of the isotropic softening assumption after applying 

tensile force and reducing tensile strength to m% of its initial strength (0<m<100), the shear 

strength is also assumed to be reduced by m% of its initial strength, because in both cases the 

damage is in the cohesion bonds in the mortar (Figure 3-8). 
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Figure 3-8.  Isotropic softening 

For example, in the formulation for the total motion leading to tensile stresses in each step, the 

ultimate shear strength and tensile strength will reduce, which can be defined as 

        
  

 

  
  

 

  
|   

 | (3-14) 

Thus, for both displacement in the shear and tension direction,   and    are defined as, 
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3.5 Algorithms to detect and update the contact zones 

After initiation of the horizontal displacement which leads to shearing of the interface elements, 

the two parts of the interface elements are no longer completely aligned relative to each other 

(Figure 3-9). Thus, the algorithm is designed to update the normal tractions (equation (3-18)), 

and based on the Mohr-Coulomb rules the resultant shear strength (equation (3-19)). 
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                               (3-18) 

                              (3-19) 

where L is the length of the rigid element and u1 is shown in Figure 3-9. The effective 

contact length after application of load ―P‖ is shown in Figure 3-9. In this figure, four rigid 

particles are shown beside each other, under a horizontal (Figure 3-9 (a, b, c)) and vertical load 

(Figure 3-9 (d, e, f)).  

 

Figure 3-9. Updating contact length and detecting new contacts 

In the case of a horizontal loading, after the onset of the transverse displacement, the first 

and third segments are not completely aligned on top of each other, and for large deformations, a 

new contact is initiated between the first and fourth segments (Figure 3-9 (b, c)). Equations 

(3-17) to (3-19) are used to update the normal tractions and shear strength between the first and 
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third elements. For this case and in order to detect new contacts between the first and fourth 

elements, auxiliary interface elements are used (as shown in Figure 3-9 (c)). The updating factor 

for the auxiliary interface elements follows: 

  
  

 〈  〉
 

(3-20) 

where in equation (3-20), 〈  〉 has been used to indicate that the update factor is just applicable 

in the case of existing overlap between neighboring particles. For small overlaps, the value of   

would be infinite, thus a tolerance should be considered by the user to avoid such numerical 

instability. Once new contacts are detected, the shear strength for an auxiliary interface element 

consists of friction force only. For an accurate analysis, auxiliary interface elements should be 

used for all neighboring segments.  Similarly, Figure 3-9 (d, e, f) shows the relation between the 

third particle and the second and forth particles under a vertical load. 

 By using rigid particles at two sides of the interface element, the updating factor ( ) is the 

same for all integration points in a single interface element. It is quite evident that the update 

factor applies to the compressive behavior of the interface. 

3.6 Dynamic equation of motion 

The equation of motion for each constituent of the model (i.e. the rigid blocks, and the interface) 

can be obtained and represented as follows, 

, -* ̈+  , -* ̇+  *  +  ,  -*  +   , -{ ̈ } (3-21) 

where , -, , -, and ,  - represent mass, damping and tangent stiffness matrix, respectively. 

Time integration can be performed using explicit or implicit method with Newton-Raphson 
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iterations at each time step (Zienkiewicz OC 1991) to solve the nonlinear system. In the next 

section, each parameter in the equation of motion is described for the proposed rigid blocks. 

3.7 Displacement vector 

As described earlier, bricks are defined by a number of rigid elements that are connected to each 

other by interface elements. The motion of each rigid element can be defined by three degrees-

of-freedom (DOF) that will be defined at the center of the rigid elements as illustrated in 

Figure 3-10. The vector of the applied load is also defined based on the displacement vector.   

 

Figure 3-10. Kinematics of the rigid elements 

 

* +  *                   + (3-22) 

* +  *                   + (3-23) 

Thus at each time step, the strain of each node in the interface element ( ) at the boundary of 

rigid blocks can be defined by the strain-displacement matrix, [B], 

* +  , -* + 
(3-24) 

𝑢  𝑚  

𝑣  𝑚  

𝜓  𝜄  
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3.8 Mass, viscous and stiffness matrix 

Total mass of each rigid element is concentrated at the center of element; therefore, the mass 

matrix just depends on the density of the material and the dimensions of each block to define the 

total mass and the polar moment of inertia. 

, -      ,                   - (3-25) 

Herein, we consider the damping matrix to be proportional to the mass matrix (, -    , -). 

3.9 Numerical validation 

For validating the proposed model, the experimental results of Raijmakers and Vermeltfoort 

(1992) and Vermeltfoort and Raijmakers (Vermeltfoort 1993) are used (Figure 3-11). They 

constructed a set of walls with the same geometric configuration and tested them with different 

values of compressive load. The width and height of the wall are 990 and 1000   , 

respectively, and it has 16 rows of brick. The dimensions of the brick are               

and 10    thick mortar, built with volumetric cement: lime: sand ratio of 1: 2: 9. 

 
(a) Axial load (b) Lateral load 

Figure 3-11. Step 1 and step 2 for applying the load (Lourenco 1996) 

 

990 mm 
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The wall was subjected to two levels of loading. The total compressive load applied to the 

first and second walls was 30 kN (J4D and J5D), and for the third wall the compressive load was 

120 kN (J6D).  After applying the compressive load in the first stage, a monotonic in-plane 

loading was applied under displacement control.  

Different experimental tests were performed to obtain the properties of mortar and bricks 

by Raijmakers and Vermeltfoort (1992). By using the properties of the mortar and brick and 

according to equations (3-4) and (3-5), the elastic properties of the interface elements can be 

obtained, which are different for various walls and also for different meshes.  

3.9.1 Model #1 - Two rigid blocks per brick model (2PB) under 30 kN load 

In this model each brick in the wall is divided into two rigid elements. Elasticity and plasticity of 

the model are accumulated at the interface elements including the potential cracks and joints 

between the bricks (Figure 3-12). Using equation (3-4) and (3-5), the properties of the interface 

elements are determined and given in Table 3-1 and Table 3-2.  

 

Figure 3-12. 2PB Model 
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Table 3-1. Properties of different types of cracks (J5D/J6D - 2PB) 

(Last two columns are based on the experimental result by Pluijm [14, 15]) 

`    
 

   
        

 

   
       

 

   
   

     
  

  
 

Vertical cracks 53.24/63.78 23.38/28.99 - - 

Horizontal cracks 62.86/78.1 27.60/35.5 - - 

Potential cracks 151.82/151.82 66.66/69 2 0.08 

Table 3-2. Inelastic properties of the joints (J5D/J6D - 2PB) 

(Based on the experimental result by Pluijm [14, 15]) 

Tension  Shear  Cap 

      
 

   
   

     
  

  
       

 

   
        

      
  

  
        

  

        

0.25/0.16 0.018/0.012  0.35/0.224 0.75 0.125/0.05  10.5/11.5 9.0 

According to the selected mesh size, a finite element model was generated in TNO DIANA 

(DIANA 2008) along with a user-defined subroutine that consists of the earlier discussion. In 

these numerical modeling, because deformations were small, there were no use of the auxiliary 

interface elements. Figure 3-13 shows the load versus the displacement atop the wall. In 

Figure 3-13 diagonal crack and the ultimate strength of the wall are clearly indicated.  

 

Figure 3-13. Load-displacement graph for J4D and J5D wall (Based on the model 

2PB) 
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Figure 3-14 shows the crack patterns at different stages of the loading obtained by the 

proposed model (Displacements are magnified in these figures). Note that the deformation while 

considering the points (A-K) marked on the graph of Figure 3-13. 
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Figure 3-14. Crack path in different stages of loading (Based on the model 2PB - 

under 30 kN compressive load) 

As illustrated in Figure 3-13, there is no clear elastic region for the behavior of the wall, 

subjected to 30 kN compressive loading. As distinctly shown in Figure 3-14, from the early 

stages of the loading the top and bottom corners of the wall start to separate from the support. As 

the load continues to increase, bricks located on the diagonal region and in the middle of the wall 

start to crack. At a displacement of 1 mm, the diagonal crack has already propagated through the 

diagonal line. By reaching 2 mm displacement, just the joints between the bricks have started to 

crack and consequently potential cracks at the middle of the bricks start to propagate. As the load 

progresses to produce displacements more than 2.5 mm, the behavior of the wall is mostly 

controlled by frictional forces, because of the sliding of bricks relative to each other, and the 

diagonal crack starts to open more. 

3.9.2 Model #2 - Four rigid blocks per brick model (4PB) under 30 kN load 

In this model each brick is divided into four rigid elements. The potential crack is considered in 

the middle of the brick and two line springs are defined in the quarter of the bricks as shown in 

Figure 3-15. Elasticity of the model is defined in the interface elements including the potential 
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cracks, line springs and joints between the bricks, but plasticity is just allowed to occur in the 

joints between the bricks and the potential cracks.  

 

Figure 3-15. 4PB Model 

Using equation (3-4) and (3-5) the properties of the interface elements are determined and 

presented in Table 3-3 and Table 3-4. 

Table 3-3. Properties of different types of crack (J5D/J6D - 4PB) 

(Last two columns are based on the experimental result by Pluijm [14, 15]) 

Type    
 

   
        

 

   
       

 

   
   

     
 

  
 

Vertical cracks 80.75/63.78 36.70/28.99 - - 

Horizontal cracks 62.86/78.10 27.60/35.50 - - 

Potential cracks 303.64/303.64 133.30/138.00 2 0.08 

 

Table 3-4. Inelastic properties of the joints (J5D/J6D - 4PB) 

(Based on the experimental result by Pluijm [14, 15]) 

Tension Shear Cap 

      
 

   
   

     
 

  
      

 

   
        

      
  

  
       

  

        

0.25/0.16 0.018/0.012 0.35/0.224 0.75 0.125/0.05 10.5/11.5 9.0 

A finite element model was generated using the described mesh in TNO DIANA (DIANA 

2008) and was imposed to the gravity load and in-plane displacement controlled loading. 

Elastic Interface element 

Elastic-Plastic Interface element 
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Figure 3-16 shows the load versus the displacement of the top of the wall. In Figure 3-16, 

diagonal crack and the ultimate strength of the wall are determined.  

 

Figure 3-16. Load-displacement graph for J4D & J5D wall (Based on the model 

4PB) 

Figure 3-17 shows the crack opening at different stages of loading as simulated by the 

proposed model. A snap shot of the deformed shape of the wall is associated with the points A-L 

shown in Figure 3-16. 
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Figure 3-17. Crack path in different stages of loading (Based on the model 4PB-

under 30 kN) 
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3.9.3 Model #1 - Two rigid blocks per brick model (2PB) under 120 kN load (J6D) 

In this case study, the same model described in Figure 3-12 is used using a compressive load of 

120 kN at the top of the wall. The applied load versus the displacement and the crack propagation 

in the wall for both the 2PB- and 4PB-model are given in Figure 3-18 and Figure 3-19, 

respectively. The snap shots in Figure 3-19 are associated with Figure 3-18 by points A-L. 

 

Figure 3-18. Load-displacement graph for J6D wall (Based on the model 2PB and 

4PB) 
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Figure 3-19. Crack path in different stages of loading (Based on the model 2PB-

under 120 kN) 

In this case (J6D wall as designated by Raijmakers and Vermeltfoort (1992; 1993)), the 

elastic region is more visible in comparison with wall J5D and that is attributed to the higher 

compressive load. The separation of the bricks at the top and bottom corner of the wall is hence 
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delayed until the onset of separation of the diagonal joints, which are taking place 

simultaneously at a displacement around 1 mm. In the J4D-model, because of the low 

compressive load, bricks start to separate progressively and gradually, one after the other. We 

note herein that after the diagonal cracks are fully propagated the wall is still in the hardening 

regime (Figure 3-13), but in the J6D model the diagonal crack suddenly starts and after that the 

strength of the wall remains almost the same (Figure 3-18). 

3.10 Comparison of the results 

The comparison of the numerical results of mesh 2PB and 4PB with the experimental results 

associated with two different compressive loads is presented in Figure 3-20.  The two models are 

compared with the results obtained by the experimental results of Raijmakers and Vermeltfoort 

(Raijmakers 1992) and Vermeltfoort and Raijmakers (Vermeltfoort 1993). As it is shown in 

Figure 3-20, even for the two sets of tests with the same material properties and compressive 

loads, the experimental results are different. Clearly, simulation results have shown good 

agreement with the experimental results as illustrated in Figure 3-20.  

 

Figure 3-20. Load-displacement graph for J4D and J5D wall  
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The numerically predicted loads for the diagonal crack and the ultimate strength are within 

15% of the loads obtained by the experimental test. Moreover, by comparing the results from 

two sets of numerical models, it is evident that the rigid blocks and line interface modeling 

approach are not so sensitive to the mesh size. The same comparison was performed on the 

specimen designated as J6D wall with the applied 120 kN compressive load and the results are 

presented in Figure 3-21.  

 

Figure 3-21. Load-displacement graph for J6D wall (numerical and experimental) 

Figure 3-22 and Figure 3-23 present the experimental and numerical propagated diagonal 

cracks. In Figure 3-22, the numerical results for two different mesh sizes are presented, which 

are very similar.  
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Figure 3-22. Comparison between the cracks obtained by the numerical and 

experimental models (J4D and J5D) 
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Wall J6D 

 

Figure 3-23. Comparison between the cracks obtained by the numerical and 

experimental models (J6D) 

In the proposed modeling approach, the effect of Poisson‘s ratio has been neglected, so in 

the elastic range and before cracking, a minor inaccuracy is expected. As depicted in 

Figure 3-21, difference exists between the experimental and numerical results in the elastic 

range. However, in Figure 3-20 this assumption (neglecting Poisson‘s ratio effect) has not 

influenced the results, and that is attributed to the fact that in wall J4D, the compressive load is 

less than J6D and as it has been discussed, from the beginning of the loading the inelastic 

behavior is the dominant behavior, and therefore, there is no discernible elastic region.  

In Figure 3-20 and Figure 3-21, the numerical using elastic elements interface model 

derived by Lourenco (Lourenco 1996) is presented, beside the numerical results obtained with 

the proposed model in this section. In Lourenco‘s proposed model, each brick is simulated with 

eight elastic elements with eight nodes; therefore, each brick has 80 DOF. By utilizing the 

proposed model in this section, the mesh size is significantly lower than the Lourenco‘s model. 

For the 2PB model, the number of DOF is decreased by 92% and in the 4PB model it is 
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decreased by 85%  when comparing to Lourenco‘s model (Lourenco 1996). In Figure 3-20 and 

Figure 3-21 it has been shown that although the number of DOF has been reduced significantly, 

the accuracy of the model has not been reduced. Hence, the proposed model provides an efficient 

and accurate response with a low computational cost. 

3.11 Summary and conclusion 

In this section, by using rigid blocks and line interface elements, a fast computational algorithm 

with accurate response is proposed, to model URM walls under monotonic in-plane loadings. By 

writing a subroutine in the commercial finite element code (DIANA) elasticity and all different 

cracking paths are defined in the interface elements. To achieve more accuracy, the subroutine 

features a rationale for updating the length of contact and consequently the normal traction and 

shear strength at each time step of the analysis.  

Two different mesh sizes have been used to generate the finite element model for an 

experimentally tested wall. In the first and second numerical models, each brick was divided into 

two or four rigid blocks, respectively, and the interface elements were located between the rigid 

blocks. All the linear and nonlinear behavior of the brick and mortar were defined in the 

interface elements. It was shown that the obtained numerical results are very close to the 

experimental results. Moreover, by comparing the numerical results of the two mesh sizes, it was 

concluded that the proposed model is not highly sensitive to the mesh size. 

Comparing to the nodal interface elements derived by other researchers, line interface 

elements prevent the free rotation in the interfaces. Moreover, by using line interface elements, 

contacts in the corner of the bricks after separation of the bricks are accurately modeled. Based 

on the literature review conducted by the author, it is the first time that the idea of the rigid 
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elements with an accurate material model is applied to the meso-scale modeling to simulate the 

cracking of masonry walls. By comparing to other rigid body spring models available in the 

literature, the proposed material models are more accurate. The proposed meso-scale modeling 

approach along with the material models clearly shows high computational efficiency when 

compared with other modeling approaches. 
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SECTION 4 

4. MODIFIED CAP PLASTICITY MODEL FOR INTERFACE 

ELEMENTS WITH APPLICATION IN MESO-SCALE ANALYSIS OF 

MASONRY STRUCTURES 

4.1 Introduction 

Several constitutive material models have been proposed for different types of materials over the 

past decades, which use multiple yield surfaces to simulate the behavior of the materials in the 

nonlinear regime. The main difficulty in using such material models is the abrupt changes in the 

behavior of the material, particularly for brittle materials, while moving from one yield surface to 

another. These abrupt changes lead to convergence problems in the numerical analysis. A set of 

interpolation functions has been introduced in this section that generates smooth transition 

between yield surfaces. 

To make the problem more practical, an existing and widely used material model for 

application of meso-scale modeling of masonry structures has been chosen and the proposed 

interpolation functions in this section have been used to improve the behavior of this material 

model. The available meso-scale yield surface has three distinct yield surfaces, which are 

representative of several cracking modes, associated with tensile, shear, and compression failure. 

The material model is intended specifically for application in the interface elements, either nodal 

or line interface elements, which find much use in modeling discontinuous models as in the case 

of mortar and bricks. 
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Using few examples, it is shown how the application of the proposed interpolation functions 

in this section generates smooth transition between the yield surfaces. Finally the developed 

material model has been utilized in modeling masonry walls using lattice model (Cusatis et al. 

2003; Cusatis et al. 2003; Cusatis et al. 2006; Cusatis and Cedolin 2007; Schlangen 1995; 

Schlangen and Garboczi 1997), and the mesh sensitivity issues of the model have been 

investigated. In the following sections, first the elastic and plastic behavior of the existing 

material model is presented, and then it is shown how the behavior of the material will be 

improved by employing the proposed interpolation. 

4.2 Elastic behavior of the interface elements 

The behavior of an interface element is initially elastic, i.e.,         ̅, where k is the elastic 

stiffness of joints (see equations (4-1), (4-2), (4-3) - Figure 4-1). In this case, the stiffness matrix 

will directly relate the displacement increments to the stress tensor increments. 

 

Figure 4-1. Line interface element  
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where    and    are the normal and transverse stiffness of the interface element, respectively. 

The normal stress is represented with   and   corresponds to the shear stress in equation (4-2). 

4.3 Yield surface for interface elements  

Using the experimental results for tension, shear and compression tests, different yield surfaces 

were suggested by several researchers (Lourenco 1996; Oliveira and Lourenco 2004; Page 1978; 

Stavridis and Shing 2010). Page (1978) suggested using interface elements along with the yield 

surface presented in Figure 4-2, excluding the cap mode. Lourenco (1996) added the cap mode 

and represented the yield surface of Figure 4-2. 

 

Figure 4-2. Material model for interface elements “interface cap model” (DIANA 

2008) 

Figure 4-3 (a), (b) and (c) demonstrate the state of stresses under tensile, shear and uniaxial 

compression stresses, respectively. For example in Figure 4-3 (a) after application of the tensile 

stress (normal stress), the state of stress moves toward the negative direction of the horizontal 

axis until reaching the yield surface. By employing compressive stress, the sign of the normal 

stress changes in Figure 4-3 (c). Figure 4-3 (d) represents the state of stress in the combination of 

shear and high compressive stresses. 
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Figure 4-3. State of stress for different types of loadings 

In the following sections the behavior of the material is presented after reaching the yield 

surface, and the nonlinear behavior of different parts of the yield surface is described. 

4.4 Plastic behavior of interface elements 

Three common experimental tests have been conducted by several researchers on different types 

of brittle materials such as masonry samples (Pluijm 1992; Pluijm 1993; Vermeltfoort 1991). 

The test series include tension, shear and uniaxial compression tests. Based on these 

experimental tests, the following nonlinear behaviors are proposed by different researchers. 

4.4.1 Tension cut-off regime 

In an experimental study, Pluijm (Pluijm 1992; Pluijm 1993) performed a series of tension tests. 

He tried to propose a numerical model for the tensile softening behavior (Figure 4-4). It is 
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reported by Pluijm (Pluijm and Vermeltfoort 1991) that an exponential curve representing the 

softening is in accord with the experimental results, and given by 

   (    )     ̅ (  ) (4-4) 

 ̅         ( 
  

  
 
  ) (4-5) 

where    is the tensile strength of the brick-mortar interface and   
  is the first mode fracture 

energy that represents the area under tensile stress-displacement curve and can be determined by 

experimental data. Under net normal displacement,      is equal to |   
 |. 

                    

Figure 4-4. Tensile behavior; experimental results from Pluijm (1992),    
     ,     - and   

        ,    - 

 

4.4.2 Shear regime 

A number of shear tests in combination with different compressive stresses was performed by 

Pluijm (Pluijm 1992; Pluijm 1993). Again it was shown that the softening behavior is in good 
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agreement with the exponential curve representing softening and the maximum shear strength is 

given by the Mohr-Coulomb plasticity model, which takes the following form, 

  (    )  | |          ̅ (  ) 
(4-6) 

 ̅        ( 
 

  
  

  ) (4-7) 

where c is the cohesion of the brick-mortar interface,   is the friction angle, and   
   is the second 

mode fracture energy (i.e. shear mode – Figure 4-5) which shows the area under shear stress-

displacement curve. Pluijm (Pluijm 1993) reported that in the high confinment pressures the 

dilatancy angle tends to go to zero. Therefore, in this model the effect of dilatancy angle is 

neglected. The friction angle is also considered to remain unchanged after cracking in this model. 

Under a net shear displacement,    is equal to |   
 |.  

                      

Figure 4-5. Shear behavior; experimental results by Pluijm [15] for different 

confinement levels,        ,     - ;                      ;   
         

     ,    - 
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4.4.3 Cap regime for high compressive stresses 

Ellipsoid interface model is considered for the cap mode as shown in Figure 4-2, which was 

originally introduced by Schellekens (Schellekens 1992)  for the first time. The yield function for 

a 2-D model is given by: 

  (    )            
      ( ̅ (  ))

 
 (4-8) 

where     and    control the center of the cap, and     represents the contribution of the shear 

stress, and the compressive strength is shown by  ̅ (  ). For modeling masonry, Lourenco 

(1996) suggested     and      to be 1 and 0, respectively.  

The hardening/softening law for the cap mode is defined using a combination of three functions 

presented by equations (4-9) to (4-11) (Lourenco 1996). In this study, equation (4-11) has been 

modified to tend to zero. The reason for this modification is described in section 4.6.2. In 

equations (4-9) to (4-11), all the parameters are defined in Figure 4-6 except the parameter ―m‖, 

which will be defined later in section 4.8 and equation (4-20). 

 ̅ (  )   ̅  ( ̅   ̅ )√
   

  
 

  
 

  
 
                       (4-9) 

 ̅ (  )   ̅  ( ̅   ̅ ) (
     

     
)

 

                       (4-10) 

 ̅ (  )   ̅     (   (
     

 ̅ 
))                     
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Figure 4-6. Hardening and softening law for cap regime (DIANA 2008) 

4.5 Shortcomings of the existing yield surface 

The three yield surfaces of Figure 4-7 intersect at two corners (marked as corner I and corner II) 

as shown in Figure 4-7. Within a numerical analysis the state of stress in an element continually 

changes and it might move from one yield surface to the other (in either corner I or II), which is 

therefore associated with a sudden change in the behavior of the material. The smooth change 

between the yield surfaces is expected on the basis of the physics of the problem. Furthermore, 

any abrupt change in the behavior of an element causes convergence problems in the numerical 

analysis. This report seeks to provide a new methodology to improve the behavior of this yield 

surface and overcome the adverse effects associated with such sudden jumps. 

Moreover, due to the brittle behavior of a masonry sample, measurement of the load-

displacement under the combination of tension and shear or high compression and shear is 

difficult. Thus, there is paucity of experimental data in such cases. In this study, a set of 

interpolation functions is developed which determines the behavior of the material in the 

combination of tension and shear or compression and shear, knowing the stress-strain curves 
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under shear, tension and compression stresses (which can be determined with the experimental 

tests). The interpolation function facilitates the extraction of the dual mode of either tension and 

shear, or compression and shear. 

4.6 The proposed interpolation functions 

Based on the angle   (see Figure 4-7) at which stresses are approaching the yield surface, the 

interpolation function follows three segments (Figure 4-7). The three segments are: (    

   ), (        ) and (      ). The interpolation function  ( ) is bounded by the 

interval [0, 1], i.e.,    ( )   . 

                                  

Figure 4-7. The angle associated with the state of stress 

For        the plastic behavior is related to the tensile and shear regimes and the 

nonlinear behavior follows softening. Therefore, the interpolation function is directly used to 

change the softening energy between the tensile and shear regimes. Accordingly, the 

interpolation functions ( ( )) for (       ) and (        ) is defined as: 

1. Interpolation between pure tension and pure shear (       ): 

 ( )  .  (
 

 
)/

 

                ( )   ( )   ( ) ( .
 

 
/   ( )) (4-12) 
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where n shows the order of interpolation function and in this study for simplification it is 

assumed to have unit value, which indicates a linear interpolation. Based on equation (4-12), for 

    the softening energy is  ( ) that corresponds to the softening energy of the tensile test 

and is available from the experimental results. For       the softening energy is  (    ) that 

represents the softening energy of the shear test without any confinement pressure, and is also 

available from the experimental results. 

2. Interpolation between pure shear and corner II (        ): 

 ( )  (
  

 
 

   
 
 

)

 

              ( )   .
 

 
/   ( ) ( (  )   .

 

 
/) (4-13) 

where    is the angle associated to the corner II (Figure 4-7). According to equation (4-13), for 

      the softening energy is  (   ) and it gradually changes to  (  ) for the state of stress 

at corner II. 

3. Interpolation between corner II and pure compression (      ): 

The behavior of the existing material model at the corner II for        is 

hardening/softening, and for        the nonlinear behavior is associated with softening 

(where   tends to zero). In other words, a slight change in the state of stress of an element leads 

to a significant change in the material behavior, which is not realistic.  

For       , the interpolation function controls the material behavior in such a way 

that, for         the plastic behavior is completely softening (see Figure 4-8 and the curve 

related to     ), similar to what takes place in the shear regime for       , and as the 

angle of stresses increases to    , gradually hardening takes place and finally for     the 
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nonlinear behavior exactly matches the experimental results for uniaxial compression test (see 

Figure 4-8 and the curve related to    ). This has been done by interpolating the parameters 

that define the stress-strain curve in Figure 4-6, and is shown in equations (4-15) to (4-18) and 

Figure 4-8. In section 4.6.1, it will be shown that by interpolating hardening/softening 

parameters, the energy under hardening-softening curve will be interpolated as well, and that 

leads to a smooth change as the angle tracing the stress values changes. 

                             

Figure 4-8. Modified Cap Plasticity Model for Interface elements 

 ( )  (
| |  |  |

  |  |
)

 

 
(4-14) 

As shown in equations (4-9) to (4-11), five independent parameters define the 

hardening/softening behavior. The interpolation function of equation (4-14) is used to obtain four 

parameters (  ( )   ( )  ̅ ( )      ̅ ( )) which are illustrated in Figure 4-8 and 

equations (4-15) to (4-18). The fifth parameter (m) will be calculated and discussed subsequently 

in equation (4-20), using the known set of parameters. 
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  ( )   ( )     (4-16) 

 ̅ ( )   ̅   ( )  ( ̅    ̅ ) (4-17) 

 ̅ ( )   ̅   ( ) ( ̅    ̅ ) (4-18) 

where          ̅   and  ̅   correspond to the hardening/softening parameters for the uniaxial 

compression test (i.e.,    ,  see Figure 4-8). Interpolation does not apply for  ̅  and this 

parameter is obtained from the experimental stress-strain curve for the uniaxial compression test. 

4.6.1 The area under softening-hardening behavior 

Using the proposed interpolation function in the previous section the material behavior for 

       has changed to softening, similar to the material behavior for       . To 

generate smooth transition from the shear regime to the cap regime, the softening energy for 

      and      should be identical (where   tends to zero). According to Figure 4-8 and 

equations (4-15) to (4-18), hardening does not take place in the plastic behavior of        

and segment   ̅ (  ) is the only function that is activated for the nonlinear response (Figure 4-8). 

The integration of function  ̅ (  ) over its defined domain (      ) gives the softening 

energy as, 

∫  ̅ (  )
 

  

     ̅ (  )    ( 
     

 ̅ 
)   

 ̅ 
 

 
 (4-19) 

To make a smooth transition from the shear phase to the cap phase, this value must be equal 

to   (  ) as shown in Figure 4-9. Thus, with employing such condition, the value of ―m‖ is 

calculated by the following equation. (For     ,  ̅   ̅  ) 
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Figure 4-9. Equalizing the energy at the corners to ensure continuity 

As such, for calculating the energy under uniaxial compression (   ), both  ̅ (  ) and 

 ̅ (  ) functions are active (refer to Figure 4-10 and equations (4-21) to (4-23)). 

∫  ̅ (  )
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By knowing all the parameters except    , this parameter can be calculated by equation (4-23). 
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Figure 4-10. The energy under compression 

For        

  ( )  
  ̅ 

 

 
 (     ) 

  ̅   ̅ 

 
 (4-24) 

By using   ̅       ̅   (Lourenco 1996) for masonry it can be concluded, 

  ̅   ̅    ( ̅   ( ) ( ̅    ̅ ))  ( ̅   ( )( ̅    ̅ )) 

    ̅     ( ) ( ̅    ̅ )   ( ) ( ̅    ̅ ) 

(4-25-a) 

 ̅ 
  ( ̅   ( ) ( ̅    ̅ ))

 
 (4-25-b) 

Therefore, 

   ( )     ( )     ( )    (4-26) 

where a, b and c are constant values. According to equation (4-26) by using the interpolation 

function for   ( ),   ( ),  ̅ ( ) and  ̅ ( ), the softening/hardening energy,   ( ), for 

       will also be interpolated. Figure 4-11 shows the variation of softening energy, 
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while the angle of stresses ( ) changes. This figure indicates that for       the variation of 

softening energy is continuous and no abrupt change takes place in the material behavior. 

                                       

Figure 4-11. Variation of the energy by variation of the angle 

 

4.6.2 Interaction of different yield surfaces 

For monotonic and quasi-static loadings large stress redistribution is not expected, compared to 

cyclic loading. Therefore, throughout an analysis, the state of stress either remains on a particular 

yield surface or moves to a neighboring yield surface. For instance, the state of stress for an 

element that initially reaches the yield surface at the tensile regime by the end on analysis will 

not change to the cap regime. Thus, it is enough to investigate the interaction of the neighboring 

yield surfaces.  

The tensile and shear strength are directly influenced by the cohesion of the mortar at the 

interface of bricks. Therefore, isotropic softening is appropriate for the interaction between shear 

and tension regimes (Lourenco 1996) (Figure 4-12). 
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Figure 4-12. Isotropic Softening (0 ≤ m ≤ 1) 

For        and       , the damage takes place in the cap and shear regimes, 

respectively, and the nonlinear behavior follows softening. Moreover, after the damage occurred 

in the cap regime, the material degenerates into powder form and no shear strength is retained.  

Therefore, isotropic softening is also assumed for interaction between cap and shear regimes. For 

any kind of loading, the associated angles tracing the stress for corner I and II remain constant 

throughout the numerical analysis. These angles are the characteristic properties of a material 

(see Figure 4-12). 

By using a number of examples in the following section, the idea of the interpolation function is 

fully illustrated, and the accuracy and efficacy of the developed material model are assessed. 

4.7 Numerical examples on a single interface element 

Based on the proposed material model by the author, a FORTRAN subroutine has been 

developed in the commercial finite element code TNO DIANA (DIANA 2008). In this section 

and to illustrate the robustness of the material model, a line interface element (CL12I) is 

subjected to a number of loading tests (Figure 3-1). The length of this plane stress element is 100 

mm and its width is 100 mm. To show how the interpolation function in the proposed material 

τ 

σ ft 

c 

m.ft 

m.c 

 

 

𝜔  𝜔  



 

63 

 

model works, the loading conditions have been considered in different regimes. Table 4-1 and 

Table 4-2 show typical material properties of a masonry wall which are considered in the 

following examples. 

Table 4-1. Elastic properties of interface element 

  (     )       (     ) 
82 36 

Table 4-2. Inelastic properties of interface element 

Tension  Shear  Cap 

  
 

   
   

  
  

  
 

 
  

 

   
        

   
  

  
     

  

    
 

      
   

  

  
     

0.25 0.018  0.35 0.75 0.125 10.5  9.0 5.0 0.093 

Figure 4-13 shows the behavior of the element in response to a tensile displacement-controlled 

loading (   ). The nonlinear behavior is associated with softening and according to 

Figure 4-11 it has the lowest softening energy, in comparison to other possible load cases. 

 

Figure 4-13. Response in pure tension 

In the next phase of the numerical assessments (Figure 4-14 and Figure 4-15), the load has 

been applied on a single interface element in two steps. In the first step, a compressive stress has 

been applied followed by the second step in which a shear displacement-controlled loading has 
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been applied. The three compressive stresses are shown in Figure 4-14 and designated as A, B 

and C. The compressive stress for point A is zero and for point B and C are            and 

          , respectively.  

                               

Figure 4-14. Loading path in shear with different compressive stresses 

 

For example, in Figure 4-14 for the highest compressive stress (C), first the compressive 

stress has been applied (     which is the path from point     to point    ). In this part, the state 

of stress is located inside the yield surface and the material behavior is completely elastic. Then 

the transverse load is applied (   , which implies from point ―1‖ to ―2‖). In this region the 

behavior is elastic as well; however, after reaching point ―C‖ the shear strength softens 

(Figure 4-15) until reaching the residual friction line (   , which implies from point ―2‖ to ―3‖). 

As the shear strength softens, the angle of loading changes and consequently the softening 

energy (see equation (4-13)). 
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Figure 4-15. Response in shear with various compressive stresses 

As shown in Figure 4-15 while the compressive stress increases, the slope of the softening 

behavior decreases. This is due to the fact that as the angle associated with the stress level 

increases, the softening energy increases as well. 

 

Figure 4-16. Response of the element to a combination of high compressive and 

shear stresses 

 

Compressive stress 

Compressive stress 

Compressive stress 
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Figure 4-16 shows the nonlinear response of the element for a particular load that follows 

path OB (Figure 4-9). In this case, the shear and normal stresses start from point B (with an angle 

of ω0) and gradually shrink to the origin. This case has the most attainable energy for the 

softening when compared to the other cases shown in Figure 4-15. 

4.8 Numerical validation for a masonry wall 

In this section, the experimental results by Raijmakers and Vermeltfoort, and Vermeltfoort and 

Raijmakers (Raijmakers 1992; Vermeltfoort and Raijmakers 1993) are used to validate the 

developed material model by the author (Figure 4-17). The results of this experimental test have 

been already used in many investigations to validate different material models developed by 

others (Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and Lourenco 2004). In the 

following sections, first the idea of lattice modeling for masonry walls will be proposed along 

with implementations of the material model presented earlier in this section, and then the 

obtained numerical results will be presented and discussed. 

 
(a) Axial load (b) Lateral load 

Figure 4-17. Different steps of loadings (Lourenco 1996) 

 

990 mm 
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4.9 Lattice model 

The early works regarding lattice modeling refers to Hrennikoff  (1941). In Hrennikoff‘s model 

the material was replaced by truss elements. In this model, to take into account the heterogeneity 

of materials, different materials can be assigned for different truss elements. Schlangen 

(Schlangen and Garboczi 1997) developed a two-dimensional lattice model for studying fracture 

in the concrete. In this study for conducting the lattice model, beam elements with three degrees 

of freedom per node were used. Each beam is linearly elastic and after its stress exceeds a certain 

value, failure happens and the beam is removed. Cusatis (Cusatis et al. 2003; Cusatis et al. 2003; 

Cusatis et al. 2006) developed the confinement-shear lattice model (CSLM) for concrete. In his 

model, each aggregate is connected to the neighbor aggregates by some rigid beams in which all 

the linear and nonlinear behavior of concrete are taking place in a nodal element between these 

two aggregates.  

In the lattice model proposed by the author for masonry structures, the in-plane behavior of 

walls is simulated using rigid beams and nonlinear nodal interface elements, instead of modeling 

by continuum models. The rigid beams not only transmit the axial forces but also transmit shear 

forces. For the shear strength, both friction and cohesion are accounted in the model, as 

discussed in earlier sections. 

To build a lattice model for masonry walls, bricks are expanded by the half of the 

dimension of the mortar and nodal interface elements are located at the intersection of the bricks 

and within the bricks (Figure 4-18). Figure 4-18 (a) and (b) show two different meshes for lattice 

model of a brick. 
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Figure 4-18. Two generated meshes for lattice model 

4.9.1 Elastic behavior 

In this method and by substituting continuum elements with rigid beams, the effect of Poisson‘s 

ratio is inherently neglected. The Poisson‘s ratio for materials such as brick and concrete is low 

and mostly the behavior of masonry walls is governed by the inelastic behavior of joints; 

therefore, this assumption is appropriate. In order to calculate the stiffness ―k‖, the brick and 

mortar are assumed to behave as two springs connected in series (Figure 4-19). Under the same 

compressive load, the displacement associated with the combination of the brick and mortar 

system must be equal to the displacement of the lattice model. Therefore, the stiffness of the 

system can be calculated by using equations (4-27) and (4-28). 
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Figure 4-19. Calculating the stiffness of the interface elements 
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(4-28) 

where a corresponds to the active width for each nodal element (Figure 4-19) and b corresponds 

to the thickness of the wall and   is shear modulus of elasticity. 

4.9.2 Description of the lattice models 

One of the issues raised in any numerical simulation is the mesh sensitivity. To study the mesh 

sensitivity of the lattice model, four different meshes have been considered as shown in 

Figure 4-20. In all of these models, the nonlinearity is localized at the nodal interface elements 

located at the outer edge of the brick and on the nodes located in the middle of the brick. In two 

particular models ―2.2-2‖ and ―4.4-2‖, elastic nodal interface elements are also considered at 

quarter point of the brick to have a better distribution of the stresses within the brick.  
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(a) 2.2 Model 

 
(b) 2.2-2 Model 

 
(c) 3.3  Model 

 
(d) 4.4-2 Model 

Figure 4-20. Different mesh sizes for modeling a brick 

 
(a) 2.2 - lattice model 

 
(b) 2.2-2 - lattice model 

 

(c) 3.3 - lattice model 

 

(d) 4.4-2 - lattice model 

  Figure 4-21. Four different mesh sizes for lattice model 
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Figure 4-21 (a) to (d) show four different lattice models with different mesh sizes for the 

masonry wall based on the geometry of the wall tested by Raijmakers and Vermeltfoort  

(Raijmakers and Vermeltfoort 1992; Vermeltfoort 1993). In Table 4-3, 4-4 and 4-5, the material 

properties are adopted for model 2.2 (based on the value of ―a‖ and ―b‖ in Figure 4-19). 

Table 4-3. Properties of vertical cracks for model 2.2 

        
(    ) 

         
(    ) 

    
( ) 

  
    

 (    ) 
165/197.7 72.5/89.9 6200 248 

Table 4-4. Properties of horizontal cracks for model 2.2 

        
(    ) 

         
(    ) 

    
( ) 

  
   

(    ) 

345.7/429.5 151.8/192.3 11000 440 

Table 4-5. Properties of potential brick cracks for model 2.2 

        
(    ) 

         
(    ) 

    
( ) 

  
   

(    ) 

470.6/470.6 206.6/213.9 - - 

Following the experimental data for uniaxial compression test, the hardening/softening law for 

the cap mode is defined by the set {σ3, k3}i = { (fm / 3, 0.0) ;( fm, 0. 09) ; ( fm / 2, 0. 49) ; ( fm / 7, 

) }. 

4.9.3  Comparison of the results 

The numerical results obtained from all mesh sizes of Figure 4-20 are presented in Figure 4-22 

and Figure 4-23 for the compressive loading of 30 kN and 120 kN, respectively. In these figures, 

the numerical results are also compared with the results obtained by the experimental tests (J4D 

and J5D for 30 kN, and J6D for the 120 kN compressive load). As shown in Figure 4-22, even for 

the two sets of tests with the same properties of material and compressive loads, the experimental 

results are different due to the heterogeneous properties of bricks and mortar and construction 



 

72 

 

anomalies. Figure 4-22 and Figure 4-23 clearly show that, the proposed numerical model is 

capable of predicting the load at which the diagonal crack takes place (at about 1 mm 

displacement). By examining the numerical results and comparing to the experimental results 

(Figure 4-22 and Figure 4-23), the mesh sensitivity issue is negligible. Finally the numerical 

simulation terminated at 2 mm deformation due to numerical convergence issue. 

 

 

  Figure 4-22. Load-Displacement graph for J4D and J5D wall (numerical and 

experimental) 

The same procedure was repeated for the wall J6D with 120 kN compressive load and the results 

are shown in Figure 4-23.  
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  Figure 4-23. Load-Displacement graph for J6D wall (numerical and experimental) 

 

Figure 4-24 and Figure 4-25 present the resultant diagonal cracks for wall J4D and J6D at 

the end of loading. In these figures, the propagated diagonal cracks have been compared between 

the experimental tests and numerical models. Moreover, the numerical results of different mesh 

sizes have been compared. In all numerical models, diagonal crack is the dominant failure mode.  
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(I) Model 2.2 (II) Model 2.2-2 

  
 (III) Model 3.3 (IV) Model 4.4-2 

Figure 4-24. Comparison between the cracks obtained by the numerical and 

experimental models (J4D and J5D) 
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 (III) Model 3.3 (VI) Model 4.4-2 

Figure 4-25. Comparison between the cracks obtained by the numerical and 

experimental models (J6D) 
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4.10 Summary and conclusion 

In many numerical analyses, it is necessary to employ two or three yield surfaces in the 

constitutive material models. The main concern is the discontinuity of the yield surface which 

will cause jump in the behavior when state of stress moves from one regime to the other, and 

consequently convergence issues are encountered in the numerical analysis. Using the 

interpolation functions proposed in this report, the nonlinear behavior of an existing material 

model with three distinct yield surfaces is modified. The constitutive material model herein has 

three yield surfaces. Two yield surfaces with softening and one with hardening/softening 

nonlinear behaviors. The interpolation functions were able to remedy the discontinuity problem 

when transition from neighboring yield surfaces with softening nonlinear behavior (tensile and 

shear regimes) occurs, and also in the transition from a yield surface with softening (shear 

regime) to a yields surface with hardening/softening nonlinear behavior (cap regime).  

Using a number of numerical evaluations on a single interface element, it has been shown 

that the developed interpolation functions are indeed capable of building a smooth transition 

between the yield surfaces. A lattice model for simulating the behavior of masonry walls is 

proposed along with the developed material model. It has been shown that the calculated 

numerical results are in good agreement with well-documented experimental results available in 

archival literature. Moreover, by comparing the results of four different mesh sizes, the lattice 

model does not exhibit mesh sensitivity issues.  

Although the developed material model is intended for masonry structures, it can be adopted 

to model other brittle materials. Moreover, the developed interpolation functions can be used in 

other material models with multi-yield surfaces to remedy the discontinuity issue. 
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SECTION 5 

5. THREE-DIMENSIONAL EXPLICIT DYNAMIC PROCEDURES FOR 

MODELING MASONRY STRUCTURES 

5.1 Introduction 

Three-dimensional (3-D) cyclic analysis and constitutive material model are needed to better 

understand the behavior of masonry buildings under earthquake excitations. So far, most of the 

developed constitutive material models in the field of masonry structures have focused on two-

dimensional and monotonic modeling. In addition, most of these studies have used implicit 

dynamic procedures in the time domain. Based on the inherent features of implicit formulations 

for nonlinear problems, a number of iterations are required at each time step for convergence, 

which leads to intensive computations. Moreover, several researchers have reported convergence 

problems, while modeling masonry walls with an implicit procedure, especially for cyclic 

loadings (Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and Lourenco 2004). 

In this section, a 3-D cyclic constitutive material model with an explicit analysis procedure 

is proposed that can be used to model the large deformation behavior of masonry walls. A 

comprehensive study that addresses both static and dynamic 3-D modeling of masonry walls is 

presented. The material model is implemented in a user-defined subroutine that is compiled with 

ABAQUS (Abaqus 2005). The subroutine is then tested by several numerical examples on a 

single element under cyclic normal and transverse forces to illustrate the behavior of the material 

model. Finally, the numerical procedures are used to analyze several masonry walls and 
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validated with well documented experimental results to assess the robustness and predictive 

capabilities of the material model and numerical solution. 

5.2 Description of the finite element model 

To create the finite element model (FEM) of a URM wall, bricks and mortar are distinctly 

defined in the proposed model by two types of elements. Bricks are modeled with solid elements 

(C3-D8R) in ABAQUS (Abaqus 2005) and mortar is modeled with plane interface elements 

(COH3-D8) as shown in Figure 5-1. Based on Figure 5-2, bricks are expanded by half the mortar 

thickness and interface elements are located between the solid elements that represent the mortar.  

 

Figure 5-1. Eight node plane interface element (ABAQUS) 

                    

Figure 5-2. Detailed model of brick and mortar 
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Experimental observations indicate that in majority of test cases most of the cracks pass 

through either the mortar joint or the middle of the bricks. Therefore, to capture an accurate 

behavior of the wall and to guarantee the possibility of crack propagation in the middle of the 

bricks, bricks are divided into two parts and a potential crack is placed in the middle of the 

bricks. The idea of using potential cracks has been employed by many researchers in 2-D 

analysis (Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and Lourenco 2004; Stavridis 

and Shing 2010). A potential crack is an interface element located in the middle of a brick which 

has the same material properties of a brick. Figure 5-3 shows the generated FE mesh for the wall 

and a general view of the wall considered in the subsequent examples presented in this section. 

As indicated earlier, in Figure 5-3 (b) all the bricks are divided into two parts from the middle. 

  
(a) Generated mesh (b) General view of the wall 

Figure 5-3. Numerical modeling of a masonry wall 

Due to the distinct definition of linear and nonlinear behavior for each part (i.e., bricks and 

mortar), the model can be considered as a micro-scale model. However, it can also be considered 

as a meso-scale model because the mortar is not defined in detail and is represented by a zero-
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thickness plane element. In the following sections, the linear and nonlinear behavior of elements 

used in the finite element model are described. 

5.3 Elastic behavior of joints 

The behavior of the interface elements is initially elastic, i.e.,          ̅, where k is the elastic 

stiffness of joints and is calculated from the properties of both the brick and mortar (equations 

(5-1)-(5-3)), and t is the traction vector.  

  *

    
     
     

+ 
(5-1) 

  {

 
  

  

} 
(5-2) 

 ̅  {

 
  

  

} 
(5-3) 

where    is the normal stiffness of the interface element and     and     are the transverse 

stiffness in the x and y directions, respectively. To determine the normal and shear stiffness, the 

brick and mortar are assumed to be elastic springs connected in series. The displacement for the 

combination of the brick and mortar system must be equal to the displacement of the solid 

element-plane interface system under the same compressive and shear loads (for example 

Figure 5-2 under a compressive load). Accordingly, the stiffness of the system is calculated by 

using 

   
 

  
 

     

     
 (5-4) 
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 (5-5) 

where   is the shear modulus and the rest of parameters that appeared in equations (5-4) and 

(5-5) are shown in Figure 5-2. Based on the explicit formulation in each time step, the strain and 

displacement increment are calculated first. Total strains and displacements in the new step (i+1) 

are then generated by adding these increments to the strains and displacements obtained in the 

previous step (step i - equation (5-6)). The trial stress increments are calculated knowing the 

strain increments. However, to calculate the new stresses in step i+1 and before adding the stress 

increments to the stresses of step i, they must be checked to determine whether they are located 

in the elastic region or not (equation (5-7)). Section 5.4 addresses the case when the stresses are 

found to be outside the yield surface. 

          
     

    
    

     
    

    

 
(5-6) 

{

               

  
         

        

  
         

        

 
(5-7) 

 

where  ,    and    are the normal and transverse deformations in the x and y direction, 

respectively    

5.4 Plastic behavior of joints 

Three distinct modes are considered for the interface elements namely, tension, shear, and 

tension-shear intersection (Figure 5-4). After calculating the trial stresses using equation (5-7), 

the status of these trial stresses must be checked with respect to all yield surfaces. If the state of 
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stress in step i+1 falls inside the yield surfaces, the material is in the linear regime and the trial 

stresses are correct. If the stresses fall outside the yield surfaces, the stresses must be modified 

based on the respective plastic domain. 

               

{
 
 

 
 
            ̅ (  )                                                                          

   

    √(  
     )

 
 (  

     )
 

         ̅ (  )                       

 

 

Figure 5-4. Yield surface for the joints 

Each part of the yield surface of Figure 5-4 is defined distinctly for tension, shear, and shear and 

tension regime in the following sections. 

5.4.1 Tension regime 

Exponential softening is considered for monotonic behavior of the joints in the tension domain 

following the work of  Pluijm (Pluijm 1992; Pluijm 1993). In the tension mode, the yield 

function (Pluijm 1992) is. 

   (    )     ̅ (  ) (5-8) 

√𝜏𝑥  𝜏𝑦  

σ ft 

c 



 

83 

 

 ̅         ( 
  

  
 
  ) (5-9) 

In equations (5-8) and (5-9),    is the tensile strength of the brick-mortar interface and   
  is the 

mode I fracture energy, which indicates the area under stress-displacement curve of a body under 

tensile force. Under net normal displacement,      is equal to |   
 |. 

According to the normality rule (Lubliner 1990), at any point of the yield surface the outward 

normal vector is proportional to the plastic strain increments. Moreover, while the material is in 

the nonlinear regime at any time step, the stress state should remain on the yield surface. 

Therefore, equation (5-10) shows the stress corrector factor which modifies the trial stresses in 

the explicit formulation. 

{
 

   
  

  
     

  

   
      

    (   
  

  
)

    
      

  
 

  
    ( 

  
  

   )    

 (5-10) 

By employing   , the new expression for the stresses becomes, 

{

                 

     
   

     

     
   

     

 (5-11) 

 Based on the results of cyclic experimental tests performed on brittle materials such as 

concrete or bricks, following the strength degradation the stiffness will also degrade 

(Gopalaratnam and Shah 1985; Reinhardt 1984). According to the experimental data, at each 

time step the ratio between    and    in  
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Figure 5-5 must remain constant. Typical values for the stiffness degradation parameter 

(Gopalaratnam and Shah 1985; Reinhardt 1984) are presented in Table 5-1. 

 

Figure 5-5. Cyclic tensile loading (Oliveira and Lourenco 2004) 

 

Table 5-1. Stiffness degradation parameter 

Numerical Simulation       

Gopalaratnam and Shah (1985) 0.76 

Reinhardt (1984) 0.73 

 Equations (5-1) to (5-11) have been added in FORTRAN as a plasticity algorithm. To 

better illustrate the axial behavior of the proposed material model, an interface element 

(Figure 5-6 (a)) is subjected to a cyclic axial load (Figure 5-7(a)). The element is considered to 

have a normal stiffness             and tensile strength               with a 

softening energy   
               . The response of this element is shown in Figure 5-7 

(b). As depicted in Figure 5-7 (a), first a monotonic displacement-controlled load is applied up to 

point ―A‖. Consequently, the normal stress reaches the maximum tensile strength of 0.25 

      (see Figure 5-7 (c)) and subsequently the strength degrades following an exponential 

curve. After load reversal takes place at point ―A‖, the stress decreases with a modified (i.e., 

degraded) stiffness. Note that the degraded stiffness is only considered for the positive 

𝜅𝑡 

𝜅  

𝜎 

Δ𝑢𝑛 
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displacement due to the joint closure under the compressive load. Based on the experimental 

tests conducted by Reinhardt (Reinhardt 1984) on brittle materials, such as concrete or mortar, 

the point where the joint closes does not exactly coincide with the zero displacement. However, 

as a simplification it can be considered to be at zero displacement. 

 

Figure 5-6. Interface element under cyclic tension (a) and shear test (b) 

 
(a)  

 
(b)  

(a) Cyclic normal displacement (b) Cyclic normal stress 

 

 

(c) Yield surface  

Figure 5-7. The results of an element under tensile force 
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5.4.2 Shear regime 

The yield surface for the shear regime follows equation (5-12). The yield surface and nonlinear 

behavior in the shear dominated mode is presented in ref. (Pluijm 1993) for 2-D models. Here 

they are extended for 3-D models. 

  (    )  √  
    

          ̅ (  ) (5-12) 

 ̅        ( 
 

  
  

  ) (5-13) 

where c is the cohesion of the brick-mortar interface,   is the friction angle, and   
   is the mode 

II fracture energy (the area under stress-transverse displacement curve) appearing in equations 

(5-12) and (5-13). In equation (5-12), the friction angle is coupled with cohesion softening, 

           (           )
   ̅ 

 
 5-14) 

where    is the initial friction angle and    is the residual friction angle. The flow rule follows 

the non-associated plastic potential of, 

   √  
    

           (5-15) 

where   represents the dilatancy angle. Similar to equation (5-10), by employing the normality 

rule and considering the fact that in the nonlinear regime the state of stress remains on the yield 

surface, the stress corrector factor is calculated by 

   

            
  

√  
    

 
         

 
  

√  
    

 
         

  

  
      ( 

 
  

    )  (          
  

 

  
    

      
  

 

  
    

     )

 (5-16)  

Thus, according to the plasticity rules and following explicit formulations, the modified stresses 

in step i+1 can be calculated using 
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 (5-17) 

 

As an example of the behavior of the proposed material model herein, consider an interface 

element (Figure 5-6(b)) subjected to a transverse cyclic deformation (Figure 5-8(a)). Following 

typical values for masonry, the element is considered to have a transverse stiffness    

         and shear strength              with a softening energy   
             

   . Shear stress has been plotted against cyclic transverse displacement in Figure 5-8(b). As 

expected, as soon as the shear stress reaches the initial yield surface (0.35       
– see 

Figure 5-8(c)), the exponential strength degradation starts to govern the behavior until the 

loading reversal takes place at point ―A‖. In point ―A‖ the shear strength is 0.2      . In the 

load reversal, the absolute value of the stress decreases (with the degraded stiffness) until the 

shear stress intersects the updated yield surface (0.2       – see Figure 5-8(c)). Again, the 

strength degradation continues until the second load reversal at point ―B‖. In Figure 5-8(b), 

stiffness and strength degradation are clear in different stages of loading. 
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(a) Cyclic shear deformation 

 
(b) Cyclic shear stress 

 
(c) Yield surface 

 

Figure 5-8. The results of an element under shear force 

Experimental results indicate no stiffness degradation for frictional resistance when a joint 

is subjected to cyclic transverse loading with the absence of cohesion (Oliveira and Lourenco 

2004) (Figure 5-9). In contrast to tensile strength and according to Mohr-Coulomb rule, the shear 

strength is a combination of cohesion and friction. Therefore, for the formulation of stiffness 

degradation in the transverse cyclic loading, it is assumed that for the portion of the shear 

strength where cohesion is involved, the stiffness degradation is similar to that used for tension 

(Figure 5-5). However, for the portion where friction is involved, no stiffness degradation is 

considered. Hence, for the final value of the stiffness, in each time step the average of the two 

values should be calculated. In other words, for the situation similar to Figure 5-8(b) where no 

compressive load exists, a formulation similar to tension is used. For an element with a high 
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compressive load, where the frictional force is predominant, no stiffness degradation is 

considered.  

 

Figure 5-9. Cyclic frictional resistance (Oliveira and Lourenco 2004) 

5.4.3 Shear and tension interaction regime 

The cohesion behavior of the joint is coupled in tension and shear, since both have the same 

source, which comes from the cementation of the mortar. Brittle results were found with 

potential instability of the test set-up, therefore, experimental results are not available for the 

shear-tension paths (Lourenco 1996).  

In the model presented herein, isotropic softening is assumed for the coupled behavior 

between the shear and tension, similar to the approach adopted by Lourenco (Lourenco 1996). In 

other words, that after applying tensile force and reducing tensile strength to m% of its initial 

strength (0<m<100), the shear strength is also assumed to be reduced by m% of its initial 

strength. Therefore, in the formulation, for the total motion in the tensile direction in each time 

step, along the reduction of the tensile strength, the ultimate shear strength is also reduced. This 

is shown as (Lourenco 1996) 
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Therefore, for deformations in the shear and tensile direction: 
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5.4.4 Cap for the yield surface 

An experimental study has been performed by the author, to identify the necessity of using cap 

regime for the yield surface of the mortar under high compression forces. Two different types of 

bricks have been selected with two different levels of compressive capacities, including a high 

strength brick and a low strength brick, to construct masonry prism samples. In constructing 

masonry prisms, only one type of mortar has been used (type ―N‖) for both types of the bricks. 

The stress-strain curves of uniaxial compression test for high and low strength bricks in addition 

to the cubic mortar samples are presented in Figure 5-10. The high strength brick was about three 

times stronger than the low strength brick and the mortar as shown in Figure 5-10. 

 
(a) high strength brick 

 
(b) low strength brick 

 
(c) mortar 

Figure 5-10. Stress-strain curves  

Figure 5-11 shows a damaged brick prism after uniaxial compression test. For both types of 

bricks, it was observed that even though the bricks (for high strength bricks) were stronger than 

the mortar, only bricks were crushed and the mortar was extracted without any significant 
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damage. The reason for this behavior is attributed to the small thickness of the mortar and the 

high level of confinement of the mortar induced by the adjacent bricks.  

  

Figure 5-11. The damaged specimen after compression test 

The stress-strain curves of the masonry prisms constructed with high and low strength 

bricks are presented in Figure 5-12 (a) and (b), respectively. Based on Figure 5-12 (a) the 

strength of the masonry prism constructed using high strength brick was three times greater than 

the strength of the cubic mortar sample used between the bricks. These observations indicate that 

no cap regime should be defined in the yield surface of the mortar if the brick is modeled using 

elasto-plastic elements. 

  
(a) Masonry prism with high strength bricks (b) Masonry prism with low strength bricks 

Figure 5-12. Stress-strain curves of masonry prism specimens  
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5.5 Plastic behavior of the brick elements 

The concrete damaged plasticity material model in ABAQUS was used to model the nonlinear 

behavior of the bricks. This material model is specifically written for concrete. However, it can 

be used for other brittle materials including bricks. The model assumes that the main two failure 

mechanisms for brittle materials are tensile cracking and compressive crushing. In this material 

model, the position of the yield surface is always controlled by two hardening variables,   
     

  
, 

tensile and compressive plastic strain, respectively. This material behavior is also formulated to 

capture the cyclic behavior of brittle material by considering stiffness degradation (Figure 5-13). 

 

Figure 5-13. Concrete damage material model under uniaxial tension and 

compression test (Abaqus 2005) 

 

5.6 Explicit dynamic analysis 

Explicit analysis has been used to solve the dynamic equations of motion with impulsive loading 

such as blast. However, it can also be used to model quasi-static problems as described in the 

following section. In contrast to the implicit procedures, the explicit procedure requires no 

iterations and no formation of the tangent stiffness matrix. The progress of analysis in the time 
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domain is performed by using many small increments dictated by the stability criterion (Bathe 

1995). 

The explicit dynamic analysis procedure is derived from explicit central difference 

integration scheme. In order to have a stable analysis, the time increment is the only constraint 

that needs to be controlled; and this parameter should be checked with the highest natural 

frequency of the elements. In other words, to have a conditionally stable central difference 

operator, the time increment (  ) should be less than the stability limit (     ). In ABAQUS, 

by using the highest eigenvalue in the system (    ), the time increment is estimated by using 

the following inequality (Abaqus 2005): 

   
 

    
.√      / (5-21) 

where   is the corresponding fraction of the critical damping in the highest mode. Alternatively, 

this limit can be estimated from the element dimension    and the current effective, wave 

velocity    as follows: 

      
  

  
 (5-22) 

where    √
 

 
 ,   is the density and   is the modulus of elasticity. In nonlinear analysis, by 

changing the modulus of elasticity, the stability limit will change. A complete discussion of the 

explicit dynamic function can be found in ABAQUS manual (Abaqus 2005). 

5.7 Numerical validation 

The experimental and well-documented results by Raijmakers and Vermelfoort (Raijmakers and 

Vermeltfoort 1992) and Vermelfoort and Raijmakers (Vermeltfoort and Raijmakers 1993) were 
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used to verify the proposed constitutive material model. Vermelfoort and Raijmakers performed 

an experimental study on three masonry walls with different compressive loads. The walls were 

subjected to two different types of compressive loading; for the first (J4D) and second (J5D) 

walls the compressive load was 30 kN, the load on the other wall was 120 kN. The compressive 

load was increased for the third wall to investigate the influence of compressive load on failure 

mode.  

The height and width of the walls were 1,000 and 990 mm, respectively, and had 16 active 

rows of brick. The dimensions of the bricks were               and the mortar was 10 

mm thick, prepared with a volumetric cement: lime: sand ratio of 1: 2: 9 (Figure 5-14). The 

compressive load was applied first (Figure 5-14(a)) and the vertical displacement of the top 

surface was constrained. A monotonic displacement-controlled load was then imposed 

horizontally on top of the wall (Figure 5-14 (b)).  

Different experimental tests were also performed to obtain the properties of the mortar and 

bricks (Raijmakers and Vermeltfoort 1992; Vermeltfoort 1993). This author did not have 

complete access to the material properties of the bricks used in the concrete damaged material 

model. Typical material properties were selected from a range provided by Stavridis (Stavridis 

2009) for bricks with compressive strength of 10.5 N/mm
2
 (for J4D and J5D walls), and 11.5 

N/mm
2
 (for J6D wall). 



 

95 

 

                          

 

(a) Axial load (b) Lateral load 

Figure 5-14. Step 1 and step 2 for applying the load (Lourenco 1996) 

The FEM of the wall was created according to the description of section 5.2 using the 

material properties given in Table 5-2 and Table 5-3. Vertical/ Horizontal cracks in Table 5-2 

and Table 5-3 represent the properties of the interface elements located in the horizontal and 

vertical mortar joints. After imposing the compressive load on the top plane of the wall, the 

vertical deformation of the top plane of the wall was restrained. 

To impose the horizontal loading in Figure 5-14, two different approaches can be 

considered. Numerical modeling can be performed by using either quasi-static or dynamic 

analysis. In this section, the latter procedure is employed to show the capabilities of the model in 

dynamic simulations. Thus, by applying a constant velocity at the top plane of the wall, the load-

displacement curve in Figure 5-15 was created. In this figure, the dashed line represents the 

solution obtained using the proposed constitutive material model and numerical procedure. The 

two solid lines correspond to the experimental results. In contrast to implicit procedures, the 

proposed model based on the explicit formulation convergences. 

990 mm 
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Table 5-2. Properties of different types of cracks (J4D/J5D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992; Vermeltfoort and 

Raijmakers 1993)) 

Type    (     )     (     ) 
Vertical/ Horizontal cracks 82 36 

Potential cracks 1000 1000 

Table 5-3. Inelastic properties of the joints (J4D/J5D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992; Vermeltfoort and 

Raijmakers 1993)) 

Type Tension Shear 

       
 

   
   

     
    

   
      

 

   
        

      
    

   
 

Vertical/ Horizontal 

cracks 
0.25 0.018 0.35 0.75 0.125 

Potential cracks 2 0.08 2.8 0.75 0.55 

 

 

Figure 5-15. Comparison of numerical and experimental load - displacement results 

for wall subjected to 30 kN compressive load 

Figure 5-16 shows the numerical results for 10 mm of horizontal displacement. As 

expected, after the diagonal crack completed, the wall continued to resist the loading by the 

frictional force at the cracked surfaces, which is evident by the horizontal force remaining almost 

unchanged after 6 mm, as shown in Figure 5-16. Using this method, it is possible to achieve large 

displacements. However, to obtain more accurate results for large displacements, a very fine 
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mesh should be used. Within the analysis new contacts are created and a fine mesh is needed to 

accurately find the new length of contacts. 

 

Figure 5-16. Numerical load - displacement result for wall subjected to 30 kN 

compressive load 

 

The crack pattern at different stages of loading is shown in Figure 5-17. To indicate the 

path of the crack in the early stages of loading, different magnification factors are used for each 

snapshot. In the first three figures, the displacements are magnified 40 times (40×), but in the last 

three figures where the deformations are higher, a magnification factor of five (5×) is used. 

Figure 5-17 shows that initially the crack propagated from the two corners and continued to a full 

diagonal crack.  
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(a) Point A -  (40×)  

(b) Point B - (40×) 

 
(c) Point C - (40×) 

 
(d) Point D - (5×) 

 
(e) Point E - (5×) 

 
(f) Point F -  (5×) 

Figure 5-17. Crack pattern of the wall at different stages of load 
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Figure 5-18 shows the experimental crack pattern at a displacement of 4 mm. It is seen that 

even for two walls with the same material properties and loading, the crack patterns are distinctly 

different, primarily due to the heterogeneity of the mortar and brick materials. However, they are 

in good agreement with the numerical results. 

 
(a) Wall J4D 

 
(b) Wall J5D 

Figure 5-18. Experimental crack pattern at 4 mm displacement (Lourenco 1996) 

As the second phase of numerical modeling, a cyclic loading was applied to the same wall 

used in the first example. To obtain the cyclic loading of Figure 5-20, a varying velocity was 

applied at the top plane of the wall according to Figure 5-19. 

 

Figure 5-19. Cyclic velocity applied at the top of the wall 
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Figure 5-20. Resulting cyclic displacement at the top of the wall 

The result of the cyclic loading along with the result of monotonic loading is shown in 

Figure 5-21. In this figure, strength and stiffness degradation are clearly evident.  As seen in 

Figure 5-21, after a few cycles the frictional force that is associated with some strength 

degradation governs cyclic response. The top plane of the wall is constrained in the vertical 

direction while the horizontal force was applied; therefore, after crushing of the bricks located at 

the corners, the total compressive load decreases and subsequently the resisting frictional force 

decreases. This is one of the reasons that the resisting force decreases in the cyclic loading 

depicted in Figure 5-21. Based on Figure 5-21, the peak in the cyclic loading curve takes place 

sooner and with a slightly higher value when compared to the monotonic loading curve. This 

observation is also reported in the associated experimental work (Haider 2007). 
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Figure 5-21. Cyclic load - displacement diagram for wall subjected to 30kN 

compressive load  

The same numerical analysis has been repeated on a wall with the same geometrical 

configuration of the previous example with 120 kN compressive load (J6D) and the results are 

presented in Figure 5-22. The material properties of Table 5-4 and Table 5-5 provided by 

Vermelfoort and Raijmakers (Raijmakers and Vermeltfoort 1992; Vermeltfoort and Raijmakers 

1993) have been used in the FEM.  

Table 5-4. Properties of different types of cracks (J6D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992; Vermeltfoort and 

Raijmakers 1993)) 

Type    (     )    (     ) 

Vertical/ Horizontal cracks 110 50 

Potential cracks 1000 1000 

Table 5-5. Inelastic properties of the joints (J6D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992) 

Type Tension Shear 

       
 

   
   

     
  

  
      

 

   
        

      
  

  
 

Vertical/ Horizontal cracks 0.16 0.012 0.224 0.75 0.05 

Potential cracks 2 0.08 2.8 0.75 0.55 
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Figure 5-22. Comparison of numerical and experimental load - displacement 

diagram for wall under 120kN compressive load 

 

In Figure 5-22 the solid line represents the experimental results and the dashed line 

corresponds to the numerical analysis. In the linear part, the numerical results are consistent with 

the experimental results. It will be noted that there is some discrepancy between the experimental 

and numerical results in the nonlinear regime even though the gross behavior is virtually 

identical. As mentioned earlier, this author did not have access to the exact properties of the 

brick material, and compressive stress-strain parameters were chosen from typical material data 

for bricks with 11.5 N/mm
2
 compressive strength (Stavridis 2009). A better match between the 

numerical and experimental results would be achieved using measured material properties. 

Figure 5-23 shows the numerical crack propagation in the wall in different stages of loading, 

which shows a diagonal crack in the wall. 
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(a) Point A – (100×) 

 
(b) Point B – (50×) 

 
(c) Point C – (10×) 

 
(d) Point D – (3×) 

Figure 5-23. Crack pattern of the wall (J6D) in different stages of loading 

 

Figure 5-24 presents the propagated crack for the experimentally tested wall that is in good 

agreement to the numerical results in Figure 5-23 (b) and (c). 
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Figure 5-24. Experimental Crack Pattern at 4 mm displacement in wall J6D 

(Lourenco 1996) 

Wall J6D has been subjected to a cyclic loading with the compressive load of 120 kN and 

the results are shown in Figure 5-25. As depicted in Figure 5-25, the cyclic backbone curve 

follows the monotonic curve presented in Figure 5-22. Figure 5-25 shows that after 5 mm 

displacement in the cyclic curve, the behavior of the wall is controlled by the frictional force, 

which is generated in the diagonal cracks. In this example (J6D wall), due to the use of greater 

compressive force, more bricks have entered the nonlinear regime (comparing to J4D wall), 

especially the bricks located in the corners. As mentioned earlier while the cyclic load was being 

applied, the top plane of the wall was constrained. The total compressive load decreases due to 

the crushing and the relaxation of the bricks in the corners. Due to the use of greater compressive 

load in wall J6D, the strength degradation for wall J6D is more than wall J4D. 
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Figure 5-25. Load - displacement diagram for wall under 120 kN compressive load 

(cyclic) 

5.8 Out-of-plane loading on masonry shear walls 

In this section, the masonry wall discussed in the previous section is subjected to a monotonic 

out-of-plane displacement. The boundary conditions are the same as the examples in the previous 

section, except for the top plane which is not constrained in the vertical direction. Figure 5-26 

shows the load-displacement of the wall under monotonic out-of-plane loading. This figure 

illustrates that after a specific out-of-plane deformation (about 100 mm) the wall became 

unstable. 

 

Figure 5-26. Load-displacement for out-of-plane direction loading 
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The deformed configuration of the wall under out-of-plane loading in points ―A‖ and ―B‖ 

of Figure 5-26 is presented in Figure 5-27. Point ―A‖ shows the configuration of the wall when it 

has the most resisting force and point ―B‖ corresponds to the point where the wall will be 

unstable for the larger deformation. Most of the damage is located on the last three rows of the 

mortar in the top and bottom of the wall, as shown in Figure 5-27. The more deformation of the 

wall in point ―B‖ has opened more the existing cracks in point ―A‖. 

  
(a) Point A (5×) (b) Point B (3×) 

Figure 5-27. Deformed shape under out-of-plane loading (notice the openings) 

Figure 5-28 presents the moment diagram of the wall under OP loading. According to 

Figure 5-28 (a), by writing the moment equilibrium equation under point ―O‖, the maximum 

value of the resisting force (R) can be calculated. Note that, based on Figure 5-27 (a) in the 

deformation associated to the maximum OP force (point ―A‖ in Figure 5-26), the top and bottom 

planes are already separated from the supports and mortar cohesion does not contribute in the OP 

resisting force. 

See the openings 
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        (    )  
      

 
          (23) 

where   represents the OP deformation of the wall associated to the maximum OP resisting 

force. According to Figure 5-26 and point ―A‖, for        equation (21) yields           

which is very close to the finite element results presented in Figure 5-26. 

                                   

Figure 5-28. Moment diagram for OP load 

 

As shown in Figure 5-28 (b) after about 100    out-of-plane deformation, the top and bottom 

planes do not have any overlap and the wall losses its stability under the gravity load. This 

conclusion is in accord with the finite element results in Figure 5-26 (point ―B‖). The same wall 

is subjected to the cyclic out-of-plane loading of Figure 5-29. The resultant cyclic load-

displacement curve is shown in Figure 5-30.  
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Figure 5-29. Cyclic out-of-plane load 

Figure 5-30 illustrates the rocking behavior of the wall. This behavior is expected based on 

the low aspect ratio of the wall in the out-of-plane direction. The loss of strength in Figure 5-30 

is a function of the strength degradation in both the mortar and brick. The stiffness degradation 

in the mortar can be controlled by the proposed material model in this report and the stiffness 

degradation in the brick can be controlled by the respective parameters in the concrete damaged 

material model of ABAQUS. In this example, due to the significant damages in the corners of 

the top and bottom bricks under the gravity and cyclic loadings, high strength degradation has 

taken place. 

 
 

Figure 5-30. Out-of-plane cyclic load-displacement 
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Figure 5-31 shows the deformed shape (rocking) of the wall under out-of-plane cyclic load. The 

circular dashed lines in Figure 5-31 show the opening of the mortar at the end of the cycles. This 

figure well indicates the correct functionality of the discussed material model in the simulation of 

opening and closing of the joints.  

  

(a)  (b)  

Figure 5-31.  Deformed configuration of the wall under cyclic out-of-plane loading 

5.9 Conclusion 

This section developed a robust modeling strategy for masonry structures subjected to 3-D 

loadings. A description of the material model was presented first, along with its implementation 

in a user-defined subroutine used with ABAQUS. Then, to show the robustness of the proposed 

model, various walls were modeled and the numerical results were compared with experimental 

results. The numerical results were in a good agreement with the experimental results.  

The most difficult problem in previous investigations of modeling masonry structures was 

convergence of the numerical simulations. Using an explicit formulation, convergence was 

See the openings 
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achieved. The derived constitutive material model in this section is formulated with the 

capabilities to perform three-dimensional analyses of masonry buildings under earthquake 

excitations. In addition, this modeling strategy offers efficient and low computational demand. 

Thus, the algorithm is useful for both research and professional practices. 
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SECTION 6 

6. INTERACTION OF IN-PLANE AND OUT-OF-PLANE 

DISPLACEMENT OF UNREINFORCED MASONRY WALLS – 

NUMERICAL STUDY 

6.1 Introduction 

Most of the studies related to modeling masonry structures have so far investigated either the in-

plane (IP) or out-of-plane (OP) behavior of unreinforced masonry walls. However, earthquake 

excitations mostly cause masonry buildings to simultaneously experience in-plane and out-and-

plane demands, and therefore, there is a need to investigate the three-dimensional and interaction 

behavior of unreinforced masonry walls. Using the validated finite element model of the 

previous section, in this section a set of masonry walls is subjected to 22 different loading 

protocols; of those loading conditions, 19 are monotonic bidirectional loadings, and three 

loadings are cyclic in different directions. Each time, the direction of the load is changed to 

investigate the influence of the loading direction on the behavior of the wall. Moreover, 

deformed shapes are presented for each wall to show the associated failure mode. Finally, the 

results are organized and interaction curves are proposed which show the elastic range and the 

ultimate load in different directions. 
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6.2 Description of the finite element model 

A detail description of the 3-D finite element modeling of unreinforced masonry walls was 

presented in the previous section. In this section, numerical procedures are employed to examine 

the interaction between in-plane and out-of-plane behavior.  

To create the finite element model (FEM) of a URM wall, bricks and mortar are distinctly 

defined in the proposed model by two types of elements. Bricks are modeled with solid elements 

(C3-D8R) in ABAQUS (Abaqus 2005) and mortar is modeled with plane interface elements 

(COH3-D8) as shown in Figure 6-1. 

 

Figure 6-1. Eight node plane interface element (ABAQUS) 

Based on Figure 6-2, bricks are expanded by half the mortar dimension and interface elements 

are located between the solid elements that represent the mortar.  

 

Figure 6-2. Detailed model of brick and mortar 
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Experimental observations indicate that, in majority of cases, most of the crack paths pass 

through either the mortar joint or middle of the bricks. Thereby, to capture the exact behavior of 

the wall and to guarantee the possibility of crack propagation in the middle of the bricks, bricks 

are divided into two parts and a potential crack is placed in the middle of the bricks. The idea of 

using potential cracks has been already employed by many researchers in 2-D analysis 

(Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and Lourenco 2004; Stavridis and Shing 

2010). Figure 6-3 shows the generated FE mesh for the wall and a general view (bricks and 

mortar) of the wall considered in the subsequent examples of this section. In order to assess the 

mesh sensitivity issue, a fine mesh with 95,888 elements has also been used for some analysis 

cases. Since the time of analysis for the fine mesh is much higher than the coarse mesh, for the 

rest of the analysies, only the coarse mesh is used. 
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(a) Generated mesh for the wall (b) General view of the wall 

 

 

(c) fine mesh 

Figure 6-3. Numerical models 

 

6.3 Numerical models 

In order to explore the interaction issue, the wall experimentally tested by Vermelfoort and 

Raijmakers (1992) has been used in this section. The height and width of the walls was 1,000 

and 990 mm, respectively, and had 16 active rows of brick. The dimensions of the bricks were 

Interface element 



 

115 

 

             and 10mm thick mortar, prepared with a volumetric cement: lime: sand 

ratio of 1: 2: 9 (Figure 6-4). In all numerical models, the boundary condition for the bottom plane 

is completely fixed. The top plane is free in the vertical direction and all rotational degrees of 

freedom are restrained for the top plane. The loadings have been applied in two steps, first the 

compressive load was applied (Figure 6-4 (a)), and while keeping the compressive load constant, 

a monotonic displacement-controlled load was applied horizontally on top plane of the wall 

(Figure 6-4(b)).  

   

 

(a) Axial load (b) Lateral load 

Figure 6-4. Step 1 and step 2 for applying the load (Lourenco 1996) 

Different experimental tests were also performed to obtain the properties of the mortar and 

bricks by Vermelfoort and Raijmakers (Raijmakers and Vermeltfoort 1992; Vermeltfoort 1993). 

The author did not have complete access to the material properties of the bricks used in the 

concrete damaged material model. Due to the missing properties, typical material properties were 

selected from a range provided by Stavridis (Stavridis 2009) for bricks with compressive 

strength of 11.5 N/mm
2
. The material properties used in the finite element model are presented in 

Table 6-1 and Table 6-3. 

990 mm 
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Table 6-1. Properties of different types of cracks (J4D/J5D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992; Vermeltfoort and 

Raijmakers 1993)) 

Type  ( ) ( ) 

Vertical/ Horizontal 

cracks 
82 36 

Potential cracks 1000 1000 

Table 6-2. Inelastic properties of the joints (J4D/J5D) 

(Based on the experimental result by (Raijmakers and Vermeltfoort 1992; Vermeltfoort and 

Raijmakers 1993)) 

Type Tension Shear 

Vertical/ Horizontal 

 cracks 
0.25 0.018 0.35 0.75 0.125 

Potential cracks 2 0.08 2.8 0.75 0.55 

6.4 Loading protocols 

The wall was subjected to 22 different loadings, where 19 cases were monotonic. In each case, 

the direction of the load was changed. Three cyclic loadings were also performed in different 

directions to investigate the variation of the cyclic behavior/mechanism as the direction of the 

loading changes. Table 6-3 summarizes the loading protocols used in this study. A simple 

symbol ―IO:x/y‖ is used to facilitate the naming of the loading protocols. In this symbolic 

numbering, x and y represent the proportion of the in-plane and out-of-plane displacement of the 

wall, respectively, in the imposed displacement-controlled loading (Figure 6-5). 
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Figure 6-5. Top view of the wall 

Table 6-3. Loading protocols 

Type Direction 

Monotonic 

I-O:1/0, I-O:4/1, I-O:2/1, I-O:1/1, I-O:1/2

I-O:1/3, I-O:1/4, I-O:1/5, I-O:1/6, I-O:1/7

I-O:1/8, I-O:1/9, I-O:1/10, I-O:1/12, I-O:1/20

I-O:1/30, I-O:1/40, I-O:1/50, I-O:0/1

Cyclic I-O:1/0, I-O:1/3, I-O:0/1

6.5 Numerical results 

In this section the load-displacement curves and the deformed shapes of the wall are presented 

for different loading protocols. The results for the monotonic loading cases are presented first, 

and subsequently, the results for the cyclic loadings. In the load-displacement curves two 

specific points are in the point of interest; the maximum elastic load (yielding point) designated 

by point ―A‖ and point ―B‖ which correspond to the ultimate resisting load. Later the information 

of these two specific points is used to build the interaction curves. 

y 

x 
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(a
) 

IO
:1

/0
  

 

  
                    6 mm (×5) 

(b
) 

IO
:4

/1
  

 

  
  7 mm (×2) 

(c
) 

IO
:2

/1
  

 

  

 7 mm (×3) 

 (I) Deformed shape (II) Load-displacement curve 

Figure 6-6. Deformed shape and load-displacement for IO: 1/0, IO:4/1 and IO:2/1 

 

FEMA 
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Figure 6-6 (a) shows the deformed shape of the wall after 6 mm in-plane deformation. As shown 

in this figure, diagonal crack is the predominant failure mode for this loading case. The ultimate 

capacity of the wall can also be validated using FEMA 356 proposed formulation (ENGINEERS 

2000), 

    
     .      

   

  
/

   
 

(6-1) 

where, 

vme  = Expected shear strength 

PCE = Expected gravity compressive force applied to a wall  

An = Area of net mortared/grouted section of a wall or pier 

vte = Average bed-joint shear strength 

Using equation (6-1) the ultimate in-plane resisting load is 77.5 kN, which is very close to the 

numerical results presented in Figure 6-6 (a). Figure 6-6 (b) and Figure 6-6 (c) clearly show that, 

while the direction of the load is changing, no major change is taking place in the ultimate 

capacity of the wall. Initial stiffness is the only parameter which is evidently changing in model 

IO:4/1 and IO:2/1 and that is due to the participation of the OP deformation. It should be noted 

that, in contradiction to the results of model IO:1/0 and IO:0/1, in the rest of the models with 

participation of both IP and OP deformations, the direction of the load is not necessarily in the 

direction of the deformation, particularly in the nonlinear regime. This is due to the nonlinear 

response of the wall and is similar to the normality rule in the plasticity (Bathe 1995). Therefore, 

in the cases with participation of the IP and OP deformations, the absolute of the total force are 

presented. Later, the variation of the direction of the load is investigated for a specific wall 

(model IO:1/3). 
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(a
) 

IO
:1

/1
 

  
(a)  7 mm (×5) 

(b
) 

IO
:1

/2
 

  
(b)  7 mm (×7) 

(c
) 

IO
:1

/3
  
  

   

(c)  10 mm (×7) 

(d)  (I) deformed shape (II) Load-displacement curve 

Figure 6-7. Deformed shape and load-displacement for IO: 1/1, IO:1/2 and IO:1/3 
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The participation of the in-plane and out-of-plane displacements are equal in the loading 

protocol of model IO:1/1. It is interesting to note that the ultimate capacity of this model is very 

close to the in-plane ultimate load depicted in Figure 6-6 (a). Along with increase of OP 

deformation in model IO:1/2 and IO:1/3, in addition to diagonal crack the top and bottom planes 

of the wall gradually start to separate from the support due to the out-of-plane deformation. 

Another side view has been presented in Figure 6-7(c) for model IO:1/3 to highlight the out-of-

plane deformation.   
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12 mm (×7) 

(b
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IO
:1

/5
 

 

 



 

122 

 

 
16 mm (×7) 

(c
) 

IO
:1

/6
 

 

 

 18 mm (×7)  

 (I) deformed shape (II) Load-displacement curve 

Figure 6-8. Deformed shape and load-displacement for IO: IO:1/4, IO:1/5 and 

IO:1/6 

While the loading is changing from model IO:1/4 to model IO:1/6, the diagonal crack is 

gradually disappearing and separation of the bottom and top planes from the supports is 

dominating the failure mode. By examining the load-displacement curves, it is abundantly clear 

that the maximum elastic load (yielding point) and the ultimate resisting load are decreasing by 

increase of OP deformations; however, the respective deformations are increasing. For instance, 

in Figure 6-8 (c) point ―A‖ has a lower force when compared to Figure 6-7 (a), and it is 

associated with a larger deformation. 
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(a
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IO
:1

/7
  

 

 
 

 

20 mm (×7) 

(b
) 

IO
:1

/8
  

 

 
 

 

24 mm (×7) 

(c
) 

IO
:1

/9
  

 

  

 24 mm (×8) 

 (I) deformed shape (II) Load-displacement curve 

Figure 6-9. Deformed shape and load-displacement for IO:1/7, IO:1/8 and IO:1/9 

 



 

124 

 

Participation of the OP deformation in model IO:1/7, IO:1/8 and IO:1/9 (Figure 6-9) is 

much higher than the IP deformation. In these models, by increase in the participation of OP 

deformation, the diagonal crack has almost disappeared. Therefore, it can be concluded that by 

increasing the participation of the out-of-plane displacement, the dominated failure mode in 

models IO:1/7 to IO:1/9 changes to separation of the bottom and top planes of the wall without 

any visible diagonal crack (Figure 6-9). The generated in-plane load of the wall is much more 

stiffer and stronger than the out-of-plane load, thereby even a low participation of the in-plane 

deformation has generated a large force in models IO:1/7, IO:1/8 and IO:1/9. 
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(c
) 
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/2
0
  

 

  
 60 mm (×5) 

 (I) deformed shape (II) Load-displacement curve 

Figure 6-10. Deformed shape and load-displacement for IO:1/10, IO:1/12 and 

IO:1/20 

 

As shown in Figure 6-10 models IO:1/10, IO:1/12 and IO:1/20 have no visible diagonal crack. In 

these models due to the low participation of the in-plane deformation, still the wall has a high 

ultimate capacity load. 
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(b
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(c
) 
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:1

/5
0
  

 

  

 80 mm (×3) 

 (I) deformed shape (II) Load-displacement curve 

Figure 6-11. Deformed shape and load-displacement for IO:1/30, IO:1/40 and 

IO:1/50 

Figure 6-11 (b) and (c) illustrate that, in models IO:1/40 and IO:1/50 before the load-

displacement curve reaches the highest possible point and before initiation of the softening 

behavior, the wall loses its stability.  In other words, although the in-plane force is still 

increasing, due to the large out-of-plane deformation the wall will be unstable. 
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IO:0/1  deformed shape at 85 mm (×3) 

Figure 6-12. Bidirectional deformations of the wall 

Figure 6-12 presents the out-of-plane force-displacement curve for model IO:0/1. In this model 

since no in-plane deformation has participated, the ultimate load capacity of the wall is 

significantly lower than the previous models. Figure 6-13 shows the same results, obtained from 

the fine mesh (see Figure 6-3 (c, d)). It can be concluded that the results for the fine and coarse 

meshes match and, consequently, the finite element model is not mesh sensitive. In the out-of-

plane load-displacement curve obtained from coarse mesh, some vibrations took place at 60 mm 

deformation. The reason was attributed to the high velocity of the dynamic loading used for this 

model. Moreover, high stress concentration took place at 60 mm deformations, in the corners of 

the bricks, at bottom and top of the wall. These vibrations are almost omitted in the load-

displacement curve using fine mesh, as shown in Figure 6-13. 
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Figure 6-13. IO:0/1, using the fine mesh 

To assess the mesh sensitivity issue for the bidirectional loadings, the load displacement 

curves of model IO:1/3 using the fine and course meshes are present in Figure 6-14. Since 

different loading rates are used for the fine and coarse meshes, a little discrepancy can be seen 

between the results. However, a good agreement exists between the results.  

 

Figure 6-14. Load-displacement for fine and coarse mesh - IO:1/3 model 
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6.6 Cyclic loading 

Three different directions are chosen to perform the cyclic loadings, including models IO:1/0,  

IO:1/3 and IO:0/1. To perform the in-plane cyclic loading, a varying velocity has been applied at 

the top plane of the wall to create the cyclic displacement-controlled loading of Figure 6-15. 

 

Figure 6-15. Displacement-time for the in-plane loading 

Figure 6-16 shows the in-plane cyclic behavior of the masonry wall. As depicted in 

Figure 6-16, in the nonlinear regime frictional force is controlling the general behavior. Stiffness 

and strength degradation are evidently clear in this figure when the amplitude of the load 

increases. 

 

Figure 6-16. Load-Displacement for in-plane loading 
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The next cyclic loading has been performed in the out-of-plane direction as depicted in 

Figure 6-17. In this loading case due to the low aspect ratio of the wall in the OP direction, 

rocking is the dominant failure mechanism.  

 

Figure 6-17. Load-Displacement for out-of-plane loading 

A new direction between in-plane and out-of-plane directions (IO:1/3), which represents a 

loading angle of 71 degree, has been selected to investigate the variation of the cyclic behavior 

as the direction of the loading is changing from the in-plane to out-of-plane. Figure 6-18 

demonstrates the cyclic displacement of the top plane of the wall in the selected direction versus 

time. 

 

Figure 6-18. Total displacement-time for IO:1/3 
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As mentioned earlier, in the nonlinear regime the direction of the load is not necessary in the 

direction of displacement. Therefore, for this model the load displacement results are presented 

in different ways. Figure 6-19 (a) shows the in-plane force versus the in-plane displacement. The 

cyclic out-of-plane force versus the out-of-plane deformation is presented in Figure 6-19 (b). 

 

(a) In-plane 

 

(b) Out-of-plane 

Figure 6-19. Load-displacement for IO:1/3 loading 

By comparing Figure 6-19 (a) and Figure 6-19 (b), it is clear that the IP resisting force is 

significantly higher than the OP resisting force. Moreover, in comparison to IP cyclic 

mechanism, rocking is governing the OP resisting force. The magnitude of the total force versus 

time has been plotted in Figure 6-20, which shows the strength degradation of the wall for large 

deformation. 

 

Figure 6-20. Load-time for IO:1/3 

 

-80

-60

-40

-20

0

20

40

60

80

100

-6 -4 -2 0 2 4 6

In
-P

la
n
e 

L
o
ad

 (
k
N

)

In-Plane Displacement (mm)
-8

-6

-4

-2

0

2

4

6

8

-16 -12 -8 -4 0 4 8 12 16

O
u
t-

o
f-

P
la

n
e 

L
o
ad

 (
k
N

)
Out-of-Plane Displacement (mm)

0

10

20

30

40

50

60

70

80

0 50 100 150

M
ag

n
it

u
d

e 
o

f 
L

o
ad

 (
k

N
)

Time (sec)



 

132 

 

Figure 6-21 presents the same results of Figure 6-19, however, in a different form. In this 

figure, the load displacement curves are presented in the direction of the load (Figure 6-21 (a)) 

and perpendicular to the loading direction (Figure 6-21 (b)). As shown in Figure 6-21 (a), the 

behavior is a combination of the in-plane and the out-of-plane behaviors. 

 

(a) Direction of the loading 

 

(b) Perpendicular to the  direction of loading 

Figure 6-21. Load-Displacement curves for IO:1/3 model 

6.7 Discussion of the results 

In summary, by looking at the deformed shapes of the walls, it is clear that while the load is 

changing from model IO:1/0 (purely in-plane) to model IO:1/1 (45° with respect to in-plane 

direction), the diagonal crack is predominantly controlling the behavior or failure mechanism. 

Starting from model IO:1/2, in addition to diagonal cracking and due to the high out-of-plane 

deformation, some cracks have taken place at bottom and top planes of the wall. As the loading 

angle tends to ―IO:0/1‖ (purely out-of-plane), gradually the diagonal crack disappears and the 

separation of the top and bottom planes of the wall from the supports controls the nonlinear 

behavior. 

Table 6-4 summarizes the maximum elastic and the ultimate capacity of the walls in 

addition to respective deformations, using the information of points ―A‖ and ―B‖ in Figure 6-6 to 
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Figure 6-11. It is clear that, as the contribution of the out-of-plane displacement increases, the 

maximum elastic load (point A) decreases; however, the associated deformations gradually 

increase, especially for the models with a low contribution of out-of-plane displacement. The 

same conclusions are applicable for the ultimate load capacity (point B).  

Table 6-4. Yield and ultimate loading points for different loadings 

Direction 
A 

(Displacement-mm) 
A 

(Load - kN) 
B 

(Displacement-mm) 
B 

(Load - kN) 

I-O-1/0 0.7 64 1.2 73 

I-O-4/1 0.76 65 1.35 77 

I-O-2/1 0.78 65 1.25 75 

I-O-1/1 0.92 61 1.7 72 

I-O-1/2 1.29 55 2.85 71 

I-O-1/3 1.47 50 5 70 

I-O-1/4 1.72 44 7.1 68 

I-O-1/5 1.87 37 9.1 66 

I-O-1/6 2 33 11.2 66 

I-O-1/7 2 30 14 66 

I-O-1/8 2 23 16 65 

I-O-1/9 2 21 17 64 

I-O-1/10 2 20 19 63 

I-O-1/12 2 18 23 62 

I-O-1/20 2 14 42 59 

I-O-1/30 2 13 70 54 

I-O-1/40 2 12 85 49 

I-O-1/50 2 10 92 44 

I-O-0/1 2 8.2 5 10 

Figure 6-22 shows the response of the walls in the in-plane and out-of-plane load space. In 

this figure all the results are presented from the onset of the loading until the yielding point 

(point A). Since all the results are obtained using dynamic analysis with application of relatively 

high velocity at top plane of the wall, some nonlinearity can be seen within the results. The gross 

behavior up to the yielding point is linear. 

A close examination of the results achieved in the numerical section reveals that the 

yielding point for the in-plane and out-of-plane loads are 8200 N and 64000 N, respectively . A 
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trend line shows that an elliptic shape connecting points (64000,0) and (0,8200) can be 

interpreted as the macro yield surface for this wall. 

Yield surface: (
   

     
)
 

 (
   

     
)
 

   (6-2) 

where             show the yielding load when the deformation is in the purely in-plane and 

out-of-plane directions, respectively. 

 

Figure 6-22. Proposed macro yield surface 

The information of Table 6-4 is plotted in a polar coordinate presentation in Figure 6-23, to 

better investigate the maximum capacity of the wall in different load configuration.  In 

Figure 6-23, the distance from the origin to the dashed line shows the magnitude of the applied 

load and the angle with x axis shows the direction of the applied load. In this figure, the solid line 

represents the elastic range (yield surface) and the dashed line corresponds to the ultimate load in 

the respective load direction. The most interesting point in this figure is that the dashed line has 

almost a circular shape. This explicitly means that the ultimate strength of the wall in every 

direction is similar to the resisting force in the IP direction (except for the pure out-of-plane 
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direction). Nevertheless, contrary to the out-of-plane loading, the ultimate strength of the in-

plane loading is taking place in a much smaller deformation (almost one millimeter). Therefore, 

although the participation of the in-plane deformation in the cases similar to model ―IO:1/30‖ is 

very low, the in-plane participation generates a large force. Note that in bidirectional load cases, 

the direction of the load does not remain constant, and in large deformations it changes toward 

the in-plane direction.  

                                     

                          Figure 6-23. Maximum elastic and ultimate capacity of the wall 

 

6.8 Conclusion 

In this section, a set of 22 walls was subjected to different loading protocols, including 

monotonic and cyclic loadings. The main intent of this study is to explore different failure modes 

for various loading directions. It is shown that, for this specific unreinforced masonry wall under 

a compressive load of 120 kN, as the loading direction changes, the associated failure mode 
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changes as well; the diagonal crack is the respective failure mode for the in-plane loading and it 

gradually changes to rocking mode for the out-of-plane loading. For any loading direction 

between the in-plane and out-of-plane directions, the failure mode will be a combination of 

diagonal crack and rocking modes. A macro yield surface was presented that shows the 

maximum elastic capacity of the wall in bidirectional deformations. Furthermore, the ultimate 

load capacity of the wall is depicted in a polar coordinate.  It is shown that, except for the pure 

out-of-plane loading (and angles close to the OP), the ultimate capacity of the wall for the 

bidirectional loadings would be almost similar to the in-plane ultimate capacity, however in a 

much larger deformation for the walls with higher participation of OP deformations. In 

bidirectional loading cases, direction of the load changes toward the IP direction for large 

deformation, if direction of the imposed displacement is constrained. 
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SECTION 7 

7. ANALYTICAL PROCEDURES OF IN-PLANE AND OUT-OF-PLANE 

INTERACTION FOR UNREINFORCED MASONRY WALLS  

7.1 Introduction 

In this section interaction curves for bidirectional loadings imparted on unreinforced masonry 

walls (URM) with different aspect ratios are developed. Interaction curves are generated 

considering various possible failure modes for bricks and mortar-including tensile, crushing and 

a combination of shear and compression/tension failures. Two parameters are repeatedly changed 

to derive the interaction curves for any wall with particular dimensions, which include 

compressive traction atop the wall that represents the gravity loading, and the loading angle that 

represents various stimulus such as earthquake or wind. The derived interaction curves show the 

initiation of the failure in the wall as the compressive traction and loading angle change. 

Moreover, to aid in understanding the effects of various parameters on the derived interaction 

curves, several examples are presented with different aspect ratios. Finally for a specific case, the 

derived interaction curve is compared with the nonlinear finite element results obtained by 

author in section 5. The aim of producing the interaction curves is to ultimately help engineers in 

design and simplified analysis procedures of masonry buildings. This section is organized in four 

major sections. In the first section, a general description of the model is presented, including the 

boundary conditions and applied forces. The second section describes the distribution of stresses 

in the wall based on the applied forces and imposed boundary conditions followed by the third 

section that describes the possible failure modes for different components of URM walls. 
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Finally, in the fourth section, and by using a MATLAB code, interaction curves are generated for 

a set of walls with varying aspect ratios. 

7.2 Geometry and boundary conditions 

A rectangular wall with a thickness, width and height of t, a and h, respectively, has been 

considered to generate the interaction curves in this section (Figure 7-1). The wall is completely 

constrained at the bottom plane. All rotational degrees of freedom are restrained for the top 

plane; however, the top plane is not restrained in the vertical direction. The wall is under a 

compressive traction (q), and simultaneously under an in-plane (IP) and out-of-plane (OP) 

forces,    and    as depicted in Figure 7-1.  

 
 (I) Middle of the wall (II) Top of the wall 

(a) Axial load (b) Out-of-plane load 

Figure 7-1. A URM shear wall under bidirectional loading 

Based on the boundary conditions of a wall in a building and based on the connection 

details between adjacent walls, two different positions could mostly be considered for the out-of-

plane degree-of-freedom. One could be considered at the middle of the wall (Figure 7-1 (a)) and 

the other at the top of the wall (Figure 7-1 (b)). In this study, the concentration will follow the 

latter configuration (see Figure 7-1 (b)). However, by comparing the distribution of the moment 
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diagram, the obtained interaction curves could be easily converted to represent the former 

configuration depicted in Figure 7-1 (a). 

7.3 Distribution of stresses 

In order to consider the issue of stress distribution and clarify the problem, first we consider an 

out-of-plane loading. Following this brief discussion, the results are then extended to the 

bidirectional loading. 

7.3.1 Out-of-plane loading 

According to the described boundary conditions, a URM wall can be considered as a fixed-fixed 

beam with a load at the mid-height. By considering symmetry, half of the geometry and load are 

considered to investigate the problem as shown in Figure 7-2.  

 
(a) OP loading (b) Moment diagram 

Figure 7-2.  (a) Out-of-plane loading of URM shear walls (b) Moment diagram 

According to Figure 7-2, the maximum moment will take place at the supports. Equation (7-1) 

shows the distribution of the compressive/tensile stress at the face of supports.  

   ( )  
      

    
     (7-1) 
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where z is the displacement from the middle of the wall and other parameters appearing in 

equation (7-1) are defined in Figure 7-1. The variation of shear stress within the thickness of the 

wall can be easily represented by equation (7-2). 

   ( )  
  

   
 (

 

 
 

 

  
  ) (7-2) 

The same formulation can be used for the in-plane direction and in a similar fashion. 

7.3.2 Bidirectional loading 

In the case of bidirectional loading, the direction of compressive/tensile stresses caused by the IP 

and OP loadings are in the same direction (y direction). Equation (7-3) shows the distribution of 

the resultant compressive/tensile stress due to bidirectional loading. Note that, in this section the 

concentration is on the stress distribution and not the deformation of the wall. 

   (   )   
          

    
   

          

    
     (7-3) 

where   and   represent the distance to the center of the wall, and the rest of parameters 

appearing in equation (7-3) are introduced in Figure 7-1. Similar to IP and OP loadings, the 

corners of supports have the highest value of compressive/tensile stress in the bidirectional 

loadings. 

 The resultant shear stresses due to IP and OP forces are perpendicular to each other. The 

total shear force will be derived by integrating the perpendicular shear stresses. Equation (7-4) 

shows the variation of shear stress in a plane parallel to the supports, 
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 (7-4) 

Therefore, the stress tensor for a brick element can be written as, 
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    [

         

         

         

]  *

     
         

     
+ (7-5) 

In many finite element analyses of masonry structures, mortar has been represented by the 

interface elements (Lourenco 1996; Oliveira and Lourenco 2004; Oliveira and Lourenco 2004). 

For this type of elements the traction vector has two components, including normal traction 

(compressive or tensile) and shear traction, 

(     √   
     

 ) (7-6) 

Figure 7-3 shows the components of stress tensor described in Equations (7-3)-(7-6) for the brick 

and mortar elements. 

  
(a) brick tractions (b) mortar tractions 

Figure 7-3. State of stress for brick and mortar 

 

7.4 Possible failure modes for masonry walls 

In this section, failure modes for bricks and mortar have been described. Based on the applied 

forces on a wall, the onset of failure can be in either bricks or mortar. In order to derive the 

interaction curves, at each stage and based on the existing compressive traction and loading 

angle, the relevant failure forces for bricks and mortar are calculated and the predominant failure 

mode will follow either one, particularly the controlling one. 
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7.4.1 Failure modes for mortar 

Two distinct failure modes are considered for mortar—namely, tension and shear/tension 

regimes (Figure 7-4). This model has been validated in many experimental investigations (Pluijm 

1992; Pluijm 1993) and has been used in finite element modeling of masonry structures 

(Lourenco 1996; Oliveira and Lourenco 2004).  

(a) Yield surface in 2-D space (b) Yield surface in 3-D space

Figure 7-4. Yield surface for the joints 

In the following sections, first the interaction curve for a wall with an out-of-plane loading 

is described, considering tensile and shear failure of mortar as the only source of failure. Due to 

the simplicity of the problem for the OP loading in comparison to the bidirectional case, the 

interaction curve for OP loading is parametrically described in terms of geometry and material 

properties of the wall. Afterward, the description will be generalized to bidirectional loadings. 

7.4.1.1 Out-of-plane loading 

(a) Tensile mode
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Following the work of  Pluijm (Pluijm 1992; Pluijm 1993), the yield function in the tension 

mode is (tension cutoff) (Pluijm 1992), 

   (    )         (7-7) 

where    is the tensile strength of the brick-mortar interface. Based on equation (7-1) and (7-3) 

the most vulnerable point is located at the corner of the supports, which will cause the mortar to 

separate from the supports. In order to calculate the failure force, the tensile stress due to this 

moment should be compared with the maximum tensile capacity of the mortar. 

 

 
       

       
 

    

 

          
(    )     

   
 (7-8) 

According to equation (7-8), as the compressive traction increases, the failure load 

increases linearly. However, for high compressive traction the failure mode will be dominated by 

the failure in bricks. As a simple case, herein, crushing by compressive stress can be considered 

as the only possible failure mode for bricks. Thus, the opposite side in the corner would be the 

most vulnerable point for bricks. 
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 (7-9) 

where     shows the maximum compressive capacity of bricks before crushing. The out-of-plane 

capacity of the wall for     (no compressive traction) and based on the tensile failure would 

be, 

   
 

 

    

 
   (7-10) 
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For       the wall would have no capacity for any OP loading, 

     

Based on equations (7-8) and (7-9) and considering tensile failure,    increases as q increases, 

however, for compression failure    decreases as q increases (Figure 7-5). Thus, 

   
      

 
 (7-11) 

where    shows the compressive traction which the mode of failure changes from tensile to 

crushing failure (Figure 7-5). 

                              

Figure 7-5. Interaction between tensile and compressive failure for OP loading 

(b) Shear/tension regime 

In the shear/tension dominated mode, the yield function is given by Pluijm  (Pluijm 1993) as 

follows, 

  (    )  √   
     

           (7-12) 

where c is the cohesion of the brick-mortar interface and   is the friction angle. According to 

equation (7-12) and by considering           as a typical value, the shear strength at the 

support faces will be, 
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  ( )        (
     

   
   ) (7-13) 

By comparing equations (7-13) and (7-2), the failure force obtained by shear failure can be 

calculated, 
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Equation (7-15) should be minimized in respect to     in order to find the lowest load which 

causes the shear failure. Therefore, the expression in the denominator gets it highest value at 

             . The optimal value of z is constrained to the boundary conditions below, 

 
 

 
       

 

 
 

For         
 

 
 , by substituting the       in equation (7-15) we get the following value for   , 
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(7-16) 

Equation (7-16) shows that as the compressive traction increases the shear failure force increases 

linearly. Figure 7-6 displays the interaction between shear and compression failures. 

 

Figure 7-6. Interaction curve for shear-compression 
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7.4.1.2 Bidirectional loadings 

The formulations of bidirectional loading are more difficult than OP loading, and parametric 

study in this case is difficult. Most of the descriptions about the variation of the behavior for this 

case will be presented in the numerical examples. 

(a) Failure in tension 

By comparing equation (7-3) and (7-7), tensile failure force for bidirectional loading can be 

calculated as, 

        

   
  

        

   
       (7-17 (a)) 

For    
 

 
    

 

 
 , 

        

    
 

        

    
      (7-17 (b)) 

  Figure 7-7 shows the interaction curve for a URM wall with a constant compressive traction, 

while the direction of load changes from IP to OP. In this case, the tensile failure is considered to 

be the only source of failure.   
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Figure 7-7. Interaction curve governed by tensile failure 

(b) Shear/tension failure 

According to equation (7-12), the shear strength at the support faces will be (         ), 

  (   )        (
       

   
  

       

   
   ) (7-18) 

Comparing equation (7-18) to equation (7-4), the failure force under shear stress can be 

calculated by, 
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(7-19) 

Therefore, the failure force will be, 

   
        

 
 (7-20) 

where, 
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To find the shear failure force, the value of x and z should be calculated in a way that maximize 

the value of W. In the code written for this section a numerical minimization has been performed 

to derive the shear failure force for interaction curves. 

7.4.2 Failure mode for the bricks 

Different yield surfaces are presented for brittle materials such as brick and concrete. For 

representing interaction curves in this study, the yield surface introduced by Lubrilier et al. 

(1989) and extended by Lee and Fenves (Lee and Fenves 1998) has been utilized. This yield 

surface also has been used in ABAQUS (2005). The yield function reads, 

 ̅  
 

   
(     √       〈    〉)      (7-22) 

where,     is the compressive strength of the material,  〈    〉 is the maximum positive principal 

effective stress, and  ,   are dimensionless constants (equations (7-25), (7-26)). 

     ( ) (7-23) 
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 (7-25) 

    is the ratio of initial equibiaxial compressive yield stress to initial uniaxial compressive yield 

stress (the default value is 1.16). 
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where   (in equation (7-23)) represents the principles stresses. Based on the state of stresses 

presented in equation (7-5), the principle stresses would be, 
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A plane cross section of the yield surface in the principal stress space is shown in Figure 7-8. 

 

Figure 7-8. Lubliner's yield function in plane stress space (Abaqus 2005) 

In equation (7-22), the failure force is implicitly involved in the equation. Numerical 

minimization in respect to “x” and ―z‖ should be performed to find the failure force in the bricks. 

 

 
 

 

 

 

 

 

 



 

150 

 

7.5 Implementation in a MATLAB code 

To generate the interaction curves for a particular wall, failure forces should be calculated based 

on the existing compressive traction and loading angle. A MATLAB code is intended to perform 

the analysis (see appendix A). As shown in Figure 7-9, the resultant forces of each failure mode 

— mortar failure (tensile-shear/tensile) and brick failure —should be compared to each other. 

The minimum force will be the failure force for that particular compressive traction and loading 

angle. As described earlier, in each step numerical minimization is performed to find the location 

of the failure in the wall and the respective failure force. 

                              

Figure 7-9. Algorithm for the MATLAB code 

7.6 Examples 

To clarify the possible interaction curves, based on the described failure mechanisms, three 

different examples are presented in this part of the section designated as, regular, wide, and short 

walls with aspect ratios of (h/a) of 1, 1/8, 1/10, respectively. Different aspect ratios have been 

selected to activate different possible failure modes to illustrate the derivations described in the 

previous sections. 

For compressive traction=0:fce 

For loading angle=0:π/2 

f1=failure load in mortar-tensile regime 

f2=failure load in mortar-shear regime 

f3=failure load in brick 

 

Final failure load for this 

step = min (f1, f2, f3)  

End 

End 
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7.6.1 Example I – regular/square wall 

This example explores the interaction curve for a regular wall with the following dimensions, 

h=1000; a=1000; t=100, which represents a regular wall with aspect ratio (h/a) of 1.0.  

The material properties below have been considered for the wall. 

c=0.35; ft=0.25; fce=3.5;           

 

Figure 7-10 shows the variation of the bidirectional load while the compressive traction and 

loading angle change. This figure indicates a sharp drop as the loading angle changes from in-

plane to out-of-plane direction. This drop starts with a sharp slope in the beginning and has lower 

slope for greater values of the loading angle. Figure 7-10 also clearly indicates that for various 

loading angles, by increasing the compressive traction, initially the bidirectional loading 

increases, subsequently, in a specific compressive traction (which is identical for different 

loading angles) the capacity of the wall starts to decline until reaching zero i.e., total loss of 

elastic capacity. 
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Figure 7-10. Variation of bidirectional load as angle and compressive traction 

change 

Figure 7-11 investigates the variation of in-plane and out-of-plane loads while the 

compressive tractions change. In this particular example tensile and compressive failures are 

governing the general behavior of the wall, with no apparent contribution of shear failure. Thus, 

the interaction curve is composed of two planes that intersect each other as shown in 

Figure 7-11. This figure indicates that in the absence of compressive traction the wall has a low 

strength, and, for the maximum value of the compressive traction (fce) the interaction curve has a 

zero value (i.e. no more elastic capacity)  
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Figure 7-11. Interaction curve 

To further clarify Figure 7-11, several cross sections are presented in Figure 7-12 that 

represent slicing the interaction surface at various compressive traction levels. Figure 7-12 

clearly demonstrates that, initially, while compressive traction increases the interaction curve 

expands (Figure 7-12 (a)). However, it starts to shrink after a specific compressive traction that 

exists at the intersection of two planes (Figure 7-12 (b)). For this particular wall, since tensile 

and compressive failures are exclusively controlling the interaction curve, the final interaction 

curve is composed of a set of rhomboidal shapes.   
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(a) Expansion (b) Shrinkage 

Figure 7-12. Expansion and shrinkage of interaction curve by variation of 

compressive traction 

7.6.2 Example II – Wide wall 

The second example in this section investigates the interaction curve for a wide URM wall with 

the following properties;  

h = 1000; a = 8000; t = 100; which gives rise to aspect ratio h/a of 1/8. 

 c = 0.35; ft = 0.25; fce = 3.5;           

Figure 7-13 presents the variation of the magnitude of bidirectional load while the loading angle 

and compressive traction change. As mentioned before, in Figure 7-10 for different loading 

angles a unique compressive traction exists which changes the trend of the bidirectional load. 

However, in Figure 7-13 this compressive traction changes while the loading angle varies.  
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Figure 7-13. Variation of bidirectional load as angle and compressive traction 

change 

Figure 7-14 shows the variation of the in-plane and out-of-plane loads as the compressive 

traction changes (interaction curve). Due to the low aspect ratio of the wall, shear failure has a 

high participation in the shape of the interaction curve, in comparison to the previous example. 

That is why the interaction curve in Figure 7-14 has no longer a rhombus shape. 
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Figure 7-14. Interaction curve for a wide wall 

Several cross sections are presented in Figure 7-15 which represent slicing the interaction 

surface at various compressive traction levels. Contrary to the simple rhombus shape illustrated 

in Figure 7-12, the interaction curve in this case would not have a simple plane shape and varies 

for different level of compressive tractions. Cross sections of Figure 7-15 (a) and Figure 7-15 (b) 

are associated to the failure in the mortar and bricks, respectively. For higher compressive 

tractions the failure force is dominated by the failure in the bricks and the presented cross 

sections in Figure 7-15 (b) have an elliptical shape. 
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(a) Expansion (b) Shrinkage 

 Figure 7-15. Expansion and shrinkage of interaction curve by variation of 

compressive traction 

7.6.3 Example III – short wall 

The third example on this section deals with a short wall with the following dimensions and 

material properties; 

h=200; a=2000; t=100; c=0.35; ft=0.25; fce=3.5;          ; which gives rise to aspect ratio 

h/a of 1/10. 

In order to show the effect of shear stress in the failure of the bricks, interaction curves are 

presented with two assumptions in this example, including and excluding the shear effect. For 

the interaction curves considering the shear effect in the failure of the bricks, the same 

formulations of section 7.4.2 are used. Only compressive failure has been considered for the 

failure of bricks in generation of the interaction curves, excluding the shear effect. Figure 7-16 

(a) and Figure 7-16 (b) show the variation of bidirectional force when the wall is loaded with 

different compressive tractions and when the loading angle changes. In Figure 7-16 (a), the effect 
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of shear stress has been considered in the failure of bricks. However, in Figure 7-16 (b) this 

effect has been neglected. According to Figure 7-16 (a), it is clear that for the region dominated 

by the failure in the bricks, including shear effect has lowered the failure force.  In addition, for 

the lower values of loading angles (close to in-plane) the curve tracing the surface will change 

from a linear shape to a parabolic shape. 

 

(a) 

 
(b) 

Figure 7-16. Variation of bidirectional load as angle and compressive traction 

change (a) including shear failure in the bricks (b) excluding shear failure in the 

bricks 
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Figure 7-17 (a) and Figure 7-17 (b) show the interaction curves including and excluding the 

effect of shear stress for the brick failure, respectively. By examining Figure 7-17 (a) and 

Figure 7-17 (b), it can be concluded that considering shear stress in the failure of the bricks have 

significant effect on the in-plane strength, in comparison to the out-of-plane strength. 

 

(a) 

 
(b) 

Figure 7-17. Interaction curve for a wide wall (a) including shear failure in the 

bricks (b) excluding shear failure in the bricks 
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7.7 Comparison with finite element results 

To validate the obtained analytical curves and also to examine the behavior of the wall after 

intersecting the interaction curves, in this section for a particular case of URM shear walls a non-

linear finite element (FE) investigation has been performed. The utilized finite element model in 

this study is originally developed in the fifth section and has been validated with several well 

documented experimental results. Figure 7-18 shows a general view of the wall which was built 

in ABAQUS (2005) and the generated finite element mesh. The considered wall in this section is 

exactly similar to the first analytical example (regular/square wall) and has the dimensions of 

1000, 1000 and 10 mm in height, width and thickness, respectively, with the same material 

properties of the analytical examples. 

  
(a) Mesh (b) Geometry 

Figure 7-18.  (a) General mesh of the wall and (b) General view of the wall 

Four displacement-controlled loadings have been applied on top of the wall in different 

directions. Due to the fact that the non-linear finite element analysis imposes very high 

computational demand, the loading has been performed only on a particular condition with a 
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constant compressive load of 120 kN. The obtained load-displacement curves are presented in 

Figure 7-19 and are compared with the analytical results. 

 
(a) IO:1/0 

 
(b) IO:1/1 

 
(c) IO:1/3 

 
(d) IO:0/1 

Figure 7-19. Load-displacement results obtained by FE analysis for four different 

loadings 

A simple symbol ―IO:x/z‖ is used in Figure 7-19 to facilitate the naming of the loading 

protocols. In this symbolic numbering, x and z, represent the proportion of the in-plane and out-

of-plane displacement of the wall, respectively. For example in Figure 7-19 (c), IO:1/3 means 

that the applied displacement in the out-of-plane direction is three times of the one in the in-

plane direction. In Figure 7-19, point ―A‖ represents the obtained value from analytical curves 
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which shows the first point that the failure has occurred, and point ―B‖ represents the maximum 

capacity of the wall (based on the finite element results). It is clear that point ―A‖ is located at 

the end of linear response and beyond that point the nonlinear behavior commences. In case of 

either in-plane or out-plane loadings, this point is close to the yielding point obtained from the 

finite element results of the wall (load-displacement curves). However, in the bidirectional 

loading after point ―A‖ the macro behavior of the wall is still close to linear. This is due to this 

fact that, in bidirectional loading after minor cracking in the out-of-plane direction, the wall is 

still generating a large resisting force in the in-plane direction. In addition, by focusing on the 

values of point ―A‖ and point ―B‖, it can be realized that how far/close the obtained interaction 

curve is from the ultimate capacity of the wall. In other words, it shows the additional resistance 

of the wall after initiation of the damage. It should be noted that for bidirectional loadings, after 

initiation of the nonlinear response, the direction of the load changes and it is not necessarily in 

the direction of the imposed displacement. Figure 7-20 shows the variation of the direction of 

load for model IO:1/10 and IO:1/20 as the imposed deformation increases. As shown in 

Figure 7-20, in the nonlinear regime the direction of the load is more toward the IP direction. 

 

Figure 7-20. Variation of the direction of load for IO:1/3 

Figure 7-21 represents the deformed shapes of the wall for case ―IO:1/3‖ and ―IO:0/1‖ obtained 

from FE analysis. 
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(a) IO:1/3 at 10 mm displacement (× 7) (b) IO:0/1 at 85 mm displacement (× 3) 

Figure 7-21. Deformed shape obtained by FE analysis 

 

7.8 Conclusion 

In this section, different possible failure modes have been discussed for URM shear walls. The 

intent of this study is to investigate the initiation of damage while the compressive traction and 

loading angle change. A MATLAB code has been developed which at each stage, based on 

different values of compressive traction and loading direction, calculates the failure forces 

according to the possible failure modes, either in the bricks or mortar. The lowest value has been 

considered for the final and predominant failure mode. Moreover, different examples are 

presented to examine different possible shapes for interaction curves, and to interpret the 

variation of the URM wall capacity in various loading scenarios.  

Interaction curves show a sharp drop as the direction of loading changes from in-plane to 

out-of-plane direction. Furthermore, interaction curves show that for different aspect ratios the 
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capacity of the wall initially increases while the compressive traction increases. After reaching a 

particular value the failure mode changes from mortar failure to brick failure and interaction 

curves start to shrink.  

For a particular case the derived analytical yield surface has been compared with nonlinear 

FE results. It is shown that the analytical results are in a good agreement with the finite element 

prediction for the onset of failure for the particular cases of in-plane or out-of-plane loadings. 

However, in the bidirectional loadings the wall has a significant resistant after initiation of the 

damage. This in fact is a limitation of the analytical solution. 

The derived interaction curves can have a great utility for engineers to assess an initial 

estimate of failure of URM buildings subjected to a combination of in-plane and out-of-plane 

loadings, and more so, the derived procedures can be effectively used for simplified preliminary 

analysis. 
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SECTION 8 

8. BIDIRECTIONAL EXPERIMENTAL STUDY ON MASONRY WALLS 

AND VALIDATION OF NUMERICAL MODELS 

8.1 Introduction 

Many researchers have investigated the experimental behavior of unreinforced masonry (URM) 

walls in the in-plane (IP) or out-of-plane (OP) directions. Very few studies have investigated the 

bidirectional behavior of URM walls, either experimentally or numerically. In this section the 

experimental results of six URM walls are presented. The walls were tested with a combination 

of in-plane and out-of-plane loadings along with monotonic and cyclic loading protocols for 

different walls. Moreover, different boundary conditions were considered for different walls to 

investigate the influence of rotation of top plane of the wall on the failure mechanisms of the 

walls. Different samples were constructed and tested to capture the material properties of the 

brick and mortar for each wall. The results of the tests were recorded with a host of high 

precision data acquisition systems and presented in this section. Finally, using the proposed 

numerical procedure in section 5, along with the material properties obtained from the sample 

tests, a numerical modeling is performed for each wall and the results are compared. 

8.2 Description of the test set-up 

To investigate bidirectional behavior of URM walls, six walls were constructed and tested on the 

strong floor laboratory of University at Buffalo. Two types of bricks were supplied, a high 

strength brick (brown color) and a low strength brick (red color). Five walls were built using a 

high strength brick and one wall was constructed with a low strength brick. In building the walls, 
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type ―N‖ mortar was used and the bricks have the same dimensions of 8‖, 4‖, 2.4‖ in width, 

thickness and height, respectively (20.3×10.1×6.1 cm). Attention was paid to maintaining the 

dimension of the mortar constant at 3/8 inch (about 10 mm) in all horizontal and vertical joints. 

As shown in Figure 8-1, two different geometrical configurations were used for constructing the 

walls. The first configuration had 24 rows of bricks (type I) and the second configuration had 25 

rows of bricks (type II). The first row of brick was buried in the mortar for all walls and the last 

row of the brick was deactivated (Figure 8-2, Figure 8-3) to have a consistent behavior (crack) 

on the entire wall. 

 
                                                                       

                 (a) Masonry wall type I                                                (b) Masonry wall type II 

Figure 8-1. Different geometrical configurations 

Table 8-1 shows the type of bricks and geometrical configurations used in building the six 

walls. As shown in Table 8-1, two walls had configuration of type I and four walls had 

configuration of type II. Moreover, five walls were constructed using the high strength brick and 

a wall (wall 6) was constructed using the low strength brick. 

 

60.8 inch 

67 inch 

63.5  

inch 

67 inch 



 

167 

 

Table 8-1. Types of brick and geometry for different walls 

Wall Type of bricks Geometrical configuration 

Wall 1 and Wall 2 High strength bricks Type I 

Wall 3, Wall 4 and Wall 5 High strength bricks Type II 

Wall 6 Low strength bricks Type II 

 

 

Figure 8-2. Wall type II (the first row of brick is buried into the mortar) 

  

Figure 8-3. Boundary condition for the top plane of the walls 

As shown in Figure 8-4 two vertical actuators applied the axial load to the wall that 

represents the gravity load, and a horizontal actuator applied the deformation-controlled 

horizontal load. The vertical actuators transferred the axial load to the top beam (which was 
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almost rigid and we call it rigid beam). The rigid beam distributed the load to the top of the wall. 

As shown in Figure 8-4 four columns were assigned as an out-of-plane (OP) support to control 

such deformation of the wall. 

 

Figure 8-4. Test setup 

After construction of each wall, nine different samples (see Figure 8-5) were constructed to 

determine the properties of the brick and mortar used in the wall specimens. These specimens 

included three samples for determining the shear properties of the mortar, three masonry prisms 

to capture the uniaxial compressive behavior of the bricks, and three samples to obtain the tensile 

properties of the mortar. Moreover, three cubic samples of mortar were built to measure the 

uniaxial compressive capacity of the mortar. The extracted data from the specimen tests are used 

in the validation of the numerical procedure for modeling the walls, which was discussed in 

section 5. 
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(a) Shear test (b) Compression test 

Figure 8-5. Specimens for material testing 

Figure 8-5 (a) shows a specimen for the shear test of the mortar and Figure 8-5 (b) presents a 

masonry prism for determining the uniaxial compressive properties of the brick. Four transducers 

were used to measure strain of the samples under uniaxial compression test (Figure 8-6). The 

average of the strains was used in the presentation of the stress-strain curves in the following 

sections. 

  
(a) Low strengh brick (red) (b) High strengh brick (brown) 

Figure 8-6. Compression test on bricks 
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The test setup for measuring the shear properties of the mortar is shown in Figure 8-7. Two 

load cells were used for measuring the vertical and confinement loads (see the solid arrow) and a 

transducer was used to measure the vertical displacement of the joint. 

 

Figure 8-7. Test setup for measuring the shear properties 

8.3 Material properties 

As mentioned earlier, different masonry samples were constructed for each wall, to determine 

the material properties of the walls. All tests were conducted using a displacement-controlled 

loading, and the results of the experimental tests on the specimens are presented in this section. 

The density of the low and high strength bricks were 0.0789 lb/in
3
 (2184 kg/m

3
) and 0.0921 

lb/in
3 

(2550 kg/m
3
), respectively. Figure 8-8 and Figure 8-9 show the uniaxial compressive 

behavior of the two different types of brick used for construction of the walls. The first type of 

brick (brown) had a very high stiffness and strength, in contrast to the second type of brick (red). 

In Figure 8-8 and Figure 8-9 (and for the rest of the figures in this section), the modulus of 

elasticity is calculated considering 1/3 of the peak stress.  
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Figure 8-8. Stress-strain curve for the high strength bricks (brown brick) 

 

Figure 8-9. Stress-strain curve for a low strength brick (red brick) 

Figure 8-10 shows a high strength brick after uniaxial compression test. A very brittle behavior 

was observed for this type of brick. 

   

Figure 8-10. A damaged high strength brick after uniaxial compression test 
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Figure 8-11 and Figure 8-12 show the stress-strain curves of the uniaxial compression test 

on the masonry prisms, for the high and low strength bricks, respectively. It is interesting to note 

that the two types of masonry prisms have almost similar modulus of elasticity. The reason is 

attributed to the fact that, in both types of masonry prisms, type ―N‖ mortar was used. Bricks and 

mortar behave like springs in series in the masonry prisms; therefore, the modulus of elasticity 

for the combination is mostly controlled by the lowest modulus of elasticity, which in this case is 

mortar. 

 

Figure 8-11. Stress-strain curve for masonry prisms constructed by high strength 

bricks 

 

Figure 8-12. Stress-strain curve for masonry prisms constructed by low strength 

bricks 
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A damaged masonry prism after uniaxial compression test is shown in Figure 8-13. It was 

observed that the nonlinear behavior was mainly concentrated in the bricks, and the mortar 

remained without any apparent damage. This observation justifies the proposed yield surface of 

the mortar, presented in section 5, that no yield surface should be defined in high compressions 

for mortar if brick is modeled using elasto-plastic elements. 

  

Figure 8-13. A damaged masonry prism after compression test 

The properties of the bricks based on the results of the uniaxial compression test on bricks and 

masonry prisms are presented in Table 8-2 and Table 8-3. The parameters of Table 8-2 and Table 

8-3 are based on the ideal mathematical stress-strain curve described in section 3. This ideal 

curve is represented in Figure 8-14 (Lourenco 1996). 

 

Figure 8-14. Idealized stress-strain curve (Lourenco 1996) 
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As shown in Figure 8-14, a combination of three functions determines the stress-strain curve of 

the brick. Later this stress-strain curve is used as an input data for the numerical modeling, and 

specifically for the concrete damaged material model in ABAQUS. 

Table 8-2. Material properties of high strength brick 

Elastic Compressive Tensile 

E ksi ν     ksi kp km     ksi Gf
I
 kip/in Gf

II kip/in 

3850 

(26500 MPa) 
0.15 

5 

(35 MPa) 
0.0069 0.0115 

0.5 

(3.5 MPa) 

0.00074 

(130 N/m) 

0.0074 

(1300 N/m) 

Table 8-3. Material properties of low strength brick 

Elastic Compressive Tensile 

E ksi ν     ksi kp km     ksi Gf
I kip/in Gf

II kip/in 

1700 

(11700 MPa) 
0.15 

1.4 

(9.6 MPa) 
0.002 0.0035 

0.14 

(0.96 MPa) 

0.00034 

(60 N/m) 

0.0034 

(600 N/m) 

The results of the shear tests under two different confinement pressures of 0.93 ksi and 1.2 ksi 

are presented in Figure 8-15. The shear properties of the joint are calculated based on the stress-

displacement curve of Figure 8-15 and are presented in Table 8-4. Moreover, in Figure 8-15 the 

experimental results are compared with the numerical model of section 5.4.2 (an exponential 

curve), considering the material properties of Table 8-4 and Table 8-5. 

 

Figure 8-15. Joint behavior under shear displacement considering different 

confinement pressures 
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Table 8-4 . Joint properties for walls constructed by high strengh bricks 

Elastic Shear Tension 

kn kip/in
3
 ks kip/in

3
 tan Ø tan ψ c ksi   

   kip/in    ksi   
  kip/in 

228.4 

(62 N/mm
3
) 

99.44 

(27 N/mm
3
) 

0.92 0.0 
0.02 

(0.135 N/mm
2
) 

0.000357 

(0.0625 N/mm) 

0.0145 

(0.1 N/mm
2
) 

0.0000357 

(0.00625 N/mm) 

 

Table 8-5. Joint properties for walls constructed by low strength bricks 

Elastic Shear Tension 

kn kip/in
3
 ks kip/in

3
 tan Ø0 tan ψ c ksi   

   kip/in    ksi   
  kip/in 

283.6 

(77 N/mm
3
) 

121.5 

(33 N/mm
3
) 

0.9 0.0 
0.056 

(0.38 N/mm
2
) 

0.000714 

(0.125 N/mm) 

0.03625 

(0.25 N/mm
2
) 

0.0000714 

(0.0125 N/mm) 

The stress-strain curves of the uniaxial compression test on the cubic mortar samples are 

presented in Figure 8-16. It should be noted that for the numerical simulations the modulus of 

elasticity of the mortar should be extracted from the masonry prism test and not from the uniaxial 

compression test of the cubic mortar samples. The reason is attributed to the fact that, based on 

the complicated state of stresses and also different curing conditions of the mortar in the wall, the 

properties of the mortar in the masonry wall and cubic mortar samples are different. 

 

Figure 8-16. Mortar properties 
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8.4 Loading protocols 

Six different loading protocols were considered for testing the walls. Monotonic quasi-static 

loading was considered for the first and second walls to calibrate the finite element parameters. 

For the rest of the tests, a cyclic loading with the combination of in-plane and out-of-plane forces 

is considered. Table 8-6 summarizes the loading cases for different walls. 

Table 8-6. Loading protocols for the walls 

Number  Loading protocol 

Wall 1 Monotonic – in-Plane 

Wall 2 Monotonic – in-Plane + out-of-plane force 

Wall 3 Cyclic – in-Plane 

Wall 4 Cyclic – in-Plane + out-of-plane force 

Wall 5 Cyclic – in-Plane + out-of-plane deformation 

Wall 6 Cyclic – in-Plane + out-of-plane deformation 

8.5 Experimental results 

8.5.1 Testing of Wall 1 

Figure 8-17 presents the general view of wall 1, in addition to the instrumentation of the wall. As 

shown in Figure 8-17, the wall was instrumented with 40 Krypton LED‘s and four string 

potentiometers. SP2 and SP3 measured the out-of-plane (OP) deformations of the wall and SP1 

and SP4 measured the in-plane (IP) deformations of the top and bottom of the wall, respectively. 

In the first step of loading, the axial load was applied on top of the wall (22 kips (98 kN) 

including the weight of the rigid beam), using two vertical actuators with identical loads. 

Afterward, while keeping the axial load constant, a deformation-controlled load was applied 

horizontally at top of the wall. Due to the imposed boundary conditions, the rigid beam at top of 

the wall was allowed to rotate while the horizontal load was applied. This boundary condition 

represents a URM wall in a building with a flexible diaphragm. 
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(a) 40 LED‘s (Krypton) 

 
(b) Four string pots 

 
Experimental view 

Figure 8-17. Instrumentation of the walls  

As mentioned earlier first an axial load of 16.5 kip (73.4 kN) was applied, using two 

vertical actuators. Figure 8-18 presents deformation of the wall while the axial load was applied 

on the wall, in addition to the initial position of the Krypton LEDs. The deformations in this 

figure were taken using Krypton LEDs and for the purpose of better presentation are 500 times 

magnified. 
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Figure 8-18. Deformation of the wall under the axial load (×500) 

 

 

Figure 8-19. Loading protocol for wall 1 

Figure 8-19 presents the in-plane deformation-controlled loading protocol that was used for the 

first wall. As shown in Figure 8-20, throughout the test the axial load was maintained constant in 

the two vertical actuators.  
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Figure 8-20. Axial loads in vertical actuators 

The vertical actuators in this test were not slaved together and worked independently and 

rotation of the rigid beam was expected within the test. Figure 8-21 presents the axial 

displacement of the vertical actuators. According to Figure 8-21, north actuator is elongated and 

that led to an opening in the north side of the wall (see Figure 8-24). 

 

Figure 8-21. Axial displacement of the north and south vertical actuators 

The load-displacement curve of wall 1 is presented in Figure 8-22. The wall initially started to 
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nonlinear behavior followed a rocking failure mode. In this test the failure was concentrated in 

the first row of the brick and no nonlinearity was observed in the rest of the wall (Figure 8-24). 

 

Figure 8-22. Load - displacement of wall 1 (experimental) 

8.5.1.1 Comparison of the experimental and finite element results of wall 1 

The finite element model of wall 1 is shown in Figure 8-23. As described in section 5, interface 

elements have been located between the bricks and also in the middle of the bricks (potential 

cracks). The obtained material properties of the specimen tests have been used for different 

elements in the FE model. The bottom face of the wall was completely restrained and the axial 

load was applied at two corners of the top plane. In the first step of loading, the axial load has 

been applied on the top plane of the wall and then in the second step of loading, the top plane of 

the wall was subjected to a quasi-static loading, according to the loading protocol of Table 8-6. 
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Figure 8-23. Finite element model of wall 1  

The experimentally obtained crack is compared to the numerical results in Figure 8-24. As 

shown in Figure 8-24, the propagated crack in the numerical model is in good agreement to the 

experimentally obtained crack. The cracks in this figure are highlighted with a white elliptic. 

Both models showed that opening of first or second row of the brick was the governing failure 

mode. 
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(a) Experimentally obtained crack pattern 

after 0.75‖ displacement of the top plane 

 
(b) Numerical results after 0.75‖ displacement 

of the top plane 

 
(c) Experimentally obtained crack pattern 

Figure 8-24. Comparison of the crack propagation in the experimental and 

numerical models 

Load-displacement curves obtained by the numerical and experimental models are 

presented in Figure 8-25. In the linear regime the behavior in the numerical and experimental 

models are identical. In the non-linear regime the peak force in the numerical results is about 



 

183 

 

15% higher than the experimental results. The reason is attributed to the fact that, in the 

experimental model after elongation of the north vertical actuator the horizontal actuator did not 

remain horizontal; however, in the numerical model the in-plane force was horizontally applied 

to the wall throughout the analysis. 

 

Figure 8-25. Load-displacement curves of the numerical and experimental models 

In addition to the numerical comparison, the experimental results could be compared to the 

empirical formulation presented in ASCE 41 (2006). ASCE 41 predicts the stiffness of cantilever 

shear walls as follow: 

  
 

    
 

       
 

    

      

 
(8-1) 

where, 

     = wall height; 

   = shear area  

   = moment of inertia for the gross section representing uncracked behavior  

   = masonry elastic modulus 
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   = masonry shear modulus 

Using the elastic and shear modulus of the masonry prism, the predicted stiffness of the wall 

based on ASCE 41 is 522 kip/inch (91454.4 kN/m), which comparing to the experimental results 

of 257 kip/inch (45026.4 kN/m) is overestimated. ASCE 41 (2006) proposes three formulations 

to calculate the ultimate capacity of the wall based on different failure modes which include (i) 

rocking (ii) shear and (iii) compression failure modes. The failure mode with the lowest value 

shows the predominant failure mode. For rocking failure mode the peak strength follows, 

               

 

    
 (8-2) 

where, 

     = height to resultant of lateral force; 

  = length of wall  

   = superimposed dead load at the top of the wall  

   = strength of wall 

  = factor equal to 0.5 for cantilever wall, or equal to 1.0 for fixed-fixed wall pier 

lower-bound masonry shear strength,    , shall be determined, in accordance with 

    
     .           

  

  
/

   
 

(8-3) 

where, 

   = superimposed dead load at the top of the wall 

   = area of net mortared/grouted section of a wall 

     = lower-bound bed-joint shear strength 
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Using equation (8-2) and (8-3) the peak in-plane resisting load for rocking and shear failure 

modes are 11 kip (49 kN) and 13 kip (57.8 kN), respectively. Based on ASCE 41 the lesser force 

should be considered for the final failure mode of the wall, which for this wall corresponds to the 

rocking mode. For wall 1, ASCE 41 prediction for the failure mode and the peak force is in good 

agreement with the experimental results. 

In the second phase of the experimental study, the damaged wall 1 was tested for the 

second time with modified boundary conditions. In this phase in addition to the constant axial 

load (according to Figure 8-26), the boundary conditions for the rigid beam was imposed in such 

a way that the rigid beam remained level throughout the testing, which was achieved by slaving 

the north vertical actuator to the south vertical actuator. The summation of the vertical loads 

remained constant and the distribution of the vertical load varied between the vertical actuators 

throughout the test (Figure 8-26). As shown in Figure 8-27, in this phase of the test the failure 

mode changed from rocking mode to diagonal crack. 

 

Figure 8-26. Distribution of the axial load in the vertical actuators 
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Figure 8-27. Propagated cracks in wall 1 (experimental) – second phase of the test 

The load-displacement curve for the cyclic loading of wall 1 is presented in Figure 8-28. Some 

vibration can be seen in the results due to the relatively high loading rate used for the test. As 

shown in Figure 8-28, after reaching the maximum elastic load, the resisting force remained 

constant. The constant resisting force was generated by the frictional force created on the 

surfaces located on the diagonal cracks. 

 

Figure 8-28. Load-displacement curve for cyclic testing of wall 1 
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Figure 8-29 presents the comparison between the numerical and experimental load-displacement 

curves. In this figure, the numerical results are presented considering two different values for   

(stiffness degradation factor, see section 5).  The numerical result for ―      ‖ is closer to the 

experimental results than the numerical results for ―   ‖. As discussed in section 5, ―  

    ‖ is a typical value for stiffness degradation in concrete.  

 

Figure 8-29. Comparison of numerical and experimental results 

 

In Figure 8-30 crack propagation obtained from the numerical model is presented, which similar 

to the experimental observations, shows propagation of two perpendicular diagonal cracks in the 

wall. As shown in Figure 8-30 (a), after displacement of the top plane of the wall toward left, a 

diagonal crack has propagated from the top right corner to the left bottom corner of the wall. As 

the direction of the load changed (Figure 8-30 (b)), a new diagonal crack perpendicular to the 

first diagonal crack has propagated.  
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(a) Numerical results at -0.6‖ deformation 

(×2) 

 

(b) Numerical results at the end of loading 

(real scale) 

Figure 8-30. Crack propagation obtained from the numerical modeling 

Using ASCE 41 (2006) proposed equations presented in equations (8-2) and (8-3), the failure 

forces for rocking and shear failure modes are 13 kip (57.8 kN) and 9 kip (40 kN), respectively. 

Based on ASCE 41 the failure mode is shear which is in agreement with the experimental 

observations; however, the predicted failure force of ASCE 41 under predicts the experimental 

results. 

8.5.2 Testing of Wall 2 

Bidirectional behavior of masonry walls could be investigated using two approaches to impose 

the out-of-plane loading, a deformation-controlled loading or a force-controlled loading. In the 

first approach (deformation-controlled loading), two actuators were needed to impose the out-of-

plane deformation-controlled loading that based on the resources of the lab was not chosen. The 

second approach (force-controlled loading) could be performed by hanging a weight in the out-
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of-plane direction (Figure 8-31 (b)) that was more practical and was chosen for the second wall. 

The second wall was tested using a quasi-static monotonic in-plane displacement-controlled 

loading, with contribution of an out-of-plane load of 75 lb. Throughout the test, the south vertical 

actuator was force-controlled, maintaining a constant force of 6.5 kips (28.9 kN); however, the 

north vertical actuator was displacement-controlled in such a way that the rigid beam remained 

level during the test. This boundary condition, in contrast to wall 1, created a confined condition 

for the wall; therefore, more crushed bricks were observed comparing to the rest of the tests. In 

order to apply the out-of-plane load, first the axial load was applied, and then while keeping the 

axial load constant, the out-of-plane force was imposed (equal to 75 lb – see Figure 8-31). 

Afterward, the horizontal monotonic in-plane load was gradually applied. 
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(a) A view of the wall 2 (b) Out-of-plane loading set-up 

 
 

 

(c) Side view (d) Plan view 

Figure 8-31. Experimental set-up for wall 2 

After completion of the diagonal crack, the direction of the monotonic loading was reversed to 

see the behavior of the cracked wall in the opposite direction, as shown in Figure 8-32. 
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Figure 8-32. Loading protocol for wall 2 

 

The load-displacement curve for wall 2 is presented in Figure 8-33. Due to the high confinement 

of the wall in the loading toward the positive direction, the resisting force was three times greater 

than the resisting force in wall 1. Once the direction of the loading changed the total axial load 

on the wall clearly decreased and therefore, the peak resisting force in the load reversal was 

much lower than the peak load in the opposite direction (Figure 8-33). 

 

Figure 8-33. Load-displacement curve for wall 2 

Considering 1/3 of the peak load in Figure 8-33, stiffness of the wall is 240         . Using 

modulus of elasticity and shear modulus of the masonry prism, the predicted stiffness of the wall 
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based on ASCE 41 is 490          (85848 kN/m) which comparing to the experimental results 

of 240          (42048 kN/m) is much higher. 

Figure 8-34 shows the displacement of the south and north vertical actuators versus time. It 

is clear that two actuators moved together and the rigid beam was maintained level throughout 

the test. By comparing Figure 8-32 and Figure 8-34 it can be concluded that, when the loading 

was toward the positive direction, the top rigid beam moved toward bottom, which shows a great 

confinement of the wall. 

 

Figure 8-34. Displacment of the vertical actuators 

Figure 8-35 presents the out-of-plane deformation of the rigid beam in the south and north 

corners of the wall. For the purpose of safety and to stop the wall from collapsing in the out-of-

plane direction, two supports were assigned close to the rigid beam and at a distance of 2.5 inch 

(6.35 cm) from the wall. As shown in Figure 8-35 the north part of the rigid beam came in 

contact with the out-of-plane support while the horizontal load was applied. During the test the 

out-of-plane deformation of the wall was gradually increased and in case of not supporting the 

wall in the out-of-plane direction, the wall would collapse due to the large out-of-plane 

deformation. 
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Figure 8-35.  OP displacement of the north and south side of the top plane of the 

wall 

 

The deformation map of the wall, obtained by Krypton LED‘s, under full cyclic loading is 

presented in Figure 8-36. In this figure the deformations are magnified to better demonstrate the 

deformation map of the wall. Based on Figure 8-36, the right and bottom LED‘s did not have 

much deformation when compared to the rest of the LED‘s. In fact, after propagation of the 

diagonal crack, application of a greater load only led to more opening of the existing diagonal 

crack and not much deformation took place in the bottom right portion of the wall. The peak 

residual opening in the wall, at the end of the test was about 33 mm (1.3 inch), as shown in 

Figure 8-36. In addition, Figure 8-36 shows that throughout the test the right and top portions of 

the wall moved according to the movement of the rigid beam (see Krypton LED 4 and 5). 

Therefore, no sliding occurred between the wall and the top rigid beam. 
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Figure 8-36. In-plane movement of LED's (×10) 

Figure 8-37 presents the deformation of LED‘s in different stages of loading, according to 

the marked points in Figure 8-33. For instance, Figure 8-37 (a) presents the deformation map as 

the loading in Figure 8-33 increases from point 1 to point 2. In this stage of loading the wall was 

entirely elastic and no major damage could be seen in the wall. In Figure 8-37 (b) and (c) LED‘s 

in the top and right side of the wall had much larger deformation comparing to the rest of LED‘s. 

This result is in accord with the observations in the lab and Figure 8-40 which shows propagation 

of a diagonal crack in the wall. 
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(a) Loading from point 1 to point 2 (×50) 

 
(b) Loading from point 2 to point 3 (×50) 

 
(d) Loading from point 3 to point 5 (×20) 

 
(e) Loading from point 5 to point 7 (×20) 

 
(f) Loading from point 7 to point 10 (×10) 

 
(g) Loading from point 10 to point 11(×10) 

Figure 8-37. Deformation of Krypton LED's in different stages of loading 
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Further application of the horizontal load only led to more propagation of the existing 

diagonal crack in Figure 8-37 (c). As the direction of the load changed, first the existing crack in 

the wall was closed (Figure 8-37 (d)), and then followed by a new diagonal crack, perpendicular 

to the existing propagated crack (Figure 8-37 (e)).  

 

Figure 8-38. 3-D movement of LED's (real scale) 

Figure 8-38 presents the three-dimensional deformation of LED‘s throughout the loading, 

according to the marked points in Figure 8-33. As shown in Figure 8-38 the out-of-plane 

deformation of the wall was much greater than the in-plane deformation. As discussed in the 

previous section, in case of not providing an out-of-plane support, the wall would collapse due to 

the large out-of-plane deformation. In Figure 8-38, the smaller square points represent the 

location of the wall in the final stage of loading. Based on Figure 8-38 it can be concluded that a 

relative residual OP deformation has taken place which is mostly clear and visible in the surfaces 

that the diagonal crack took place. 
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(a) Loading from point 1 to point 3 

 
(b) Loading from point 3 to point 5 

 
(c) Loading from point 5 to point 7 

 
(d) Loading from point 7 to point 10 

 
(e) Loading from point 7 to point 11 

 

Figure 8-39. 3-D displacement of LED's in different stages of loading (real scale) 
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to their height. However, according to Figure 8-39 (c) to (e) it is clear that the OP deformation 

did not remain linear and a relative and residual displacement in the OP direction took place 

along the height. Figure 8-40 presents experimental pictures of the wall in different stages of 

loading, according to the marked points in Figure 8-33 that shows propagation of two diagonal 

cracks in the wall. Moreover, due to the high confinement of the wall in this test, a number of 

bricks crushed in the top left corner of the wall (Figure 8-40 (d)). 

 
(a) Point 1 

 
(b) Point 2 

  

Crushed 

bricks 



 

199 

 

(c) Point 3 (d) Point 4 

 
(e) Point 5 

 
(f) Point 6 

 
(g) Point 7 

 
(h) Point 8 
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(i) Point 9 

 
(j) Point 10 

 
(k) Point 11 

 

Figure 8-40. Crack propagation of the wall in different stages of loading 

8.5.2.1 Numerical simulation of wall 2 

In this section the finite element model of wall 2 has been generated and subjected to five 

different loading conditions, including an IP loading with a constant axial load, an IP loading 

with a confined boundary condition, and three simulations including an OP force with different 

magnitudes (50, 100 and 150 lb). 
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To impose the boundary condition for the confined wall, first the axial load has been 

applied (22 kips), second the vertical displacement of the top plane is restrained and then an IP 

load has been applied. For the rest of the models first the axial load, second the OP force, and 

consequently the IP load has been applied while keeping the axial and OP forces constant. In all 

loading protocols the top plane was constrained to remain level throughout the loading.  

 

Figure 8-41. Load-displacement curves obtained by the numerical model 

considering different OP loads 

As shown in Figure 8-41 the confined model (dashed line) has the greatest peak force. All 

the models initially have identical behavior (stiffness and force); however, those models with 

out-of-plane loading collapse after a particular in-plane displacement. Figure 8-42 presents the 

relation between in-plane and out-of-plane displacements for the models with out-of-plane 

loadings. Initially the OP displacement is very small; however, for the larger in-plane 

displacements the out-of-plane displacement significantly increases and finally the wall collapses 

in the out-of-plane direction. For models with more out-of-plane force the collapse takes place in 

a smaller in-plane deformation. 
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Figure 8-42. Proportion of IP and OP deformations  

 

8.5.3 Testing of Wall 3 

The third wall was tested in the in-plane direction and with a cyclic loading protocol. In the first 

step of loading the axial load was applied on the top plane of the wall (12.5 kip+5.5 kip weight of 

the rigid beam), afterward, while keeping the axial load constant, a deformation-controlled cyclic 

loading was applied horizontally at top of the wall (Figure 8-43). The vertical actuators applied 

the axial load while keeping the top rigid beam level.  

 

Figure 8-43. Cyclic loading protocol for the third wall 

 

0

2

4

6

8

10

12

14

0 0.5 1 1.5 2

O
P
 D

ef
o
rm

at
io

n
 (

in
ch

)

IP Deformation (inch)

OP-150 lb

OP-100 lb

OP-50 lb

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 1000 2000 3000

D
ef

o
rm

at
io

n
 (

in
ch

) 

Time (sec) 

8 1 

2 3 

4 5 
6 7 



 

203 

 

The load-displacement curve obtained from the test is presented in Figure 8-44. 

Unfortunately, due to some technical problems the controller did not save the data for the first 

three cycles (two cycles with 0.1 inch displacement and a cycle with 0.2 inch displacement). In 

this figure, the displacement is presented using the Krypton LED 5 data, as shown in 

Figure 8-17. As it is clear in Figure 8-44, the cyclic loading was associated with degradation in 

stiffness and slightly in strength. However, finally the maximum strength of the wall remained 

constant which corresponds to the frictional force. Not much stiffness and strength degradation 

can be seen in the loops with the same displacement amplitude.  

 

Figure 8-44. In-plane load-displacement curve of wall 3 

Figure 8-45 represents the vertical displacement of the north and south vertical actuators. As 

shown in Figure 8-45, throughout the test the north and south vertical actuators moved together 

and the rigid beam remained level. 
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Figure 8-45. Displacement of the north and south vertical actuators 

The rigid beam remained level while maintaining a constant axial load on the top of the 

wall; therefore, at each time increment, the controller distributed the axial load in two vertical 

actuators in such a way that the summation of the axial loads remained constant (12.1 kip). 

Figure 8-46 presents the distribution of the axial load in the north and south vertical actuators. 

For all numerical simulations the weight of the rigid beam should be added to the vertical load 

presented in Figure 8-46 (5.5 kip). The boundary condition for this wall represents a URM wall 

in a building with a rigid diaphragm. 

 
Figure 8-46. Distribution of the axial load in the north and south vertical actuators 
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The deformation map of the wall under the axial load is presented in Figure 8-47. As 

expected, all of the points had an almost vertical deformation. Moreover, based on the elasticity 

theory, upper points had more deformations when compared to the lower points. 

 

Figure 8-47. Deformation of the wall under the axial load (×500) 
 

Figure 8-48 presents the deformation map of the wall under full cyclic loading. According 

to Figure 8-48, after propagation of the diagonal crack, right and left side of the wall increasingly 

separated in each cycle. The peak residual opening in the wall, at the end of the test was about 40 

mm, as shown in Figure 8-48. Throughout the test, the right and top portion of the wall moved 

according to the movement of the rigid beam, which indicates that no sliding took place between 

the wall and support. 

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis  (mm)

Z 
ax

is
 (m

m
)



 

206 

 

 

Figure 8-48. Deformation of the wall under cyclic loading (×10) 

The incremental motion of the wall is presented in Figure 8-49, according to the marked 

points in Figure 8-43.  In Figure 8-49 (a) and (b) almost all of the points moved proportionally to 

their height; therefore, not much nonlinearity has taken place. However, in the rest of the figures 

(Figure 8-49 (e) to (g)) Krypton LED‘s did not move proportionally to their heights and that 

indicates nonlinear behavior and propagation of diagonal cracks. From Figure 8-49 (c), gradually 

the right side of the wall separated from the left side of the wall and the distance increased until 

end of the loading (Figure 8-49 (g)).   

 
(a) Loading from point 1 to point 2 (×30) 

 
(b) Loading from point 2 to point 3 (×30) 
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(c) Loading from point 3 to point 4 (×20) 

 
(d) Loading from point 4 to point 5 (×20) 

 
(e) Loading from point 5 to point 6 (×10) 

 
(f) Loading from point 6 to point 7 (×10) 

 
(g) Loading from point 7 to point 8 (×10) 

 

Figure 8-49. Deformation of the wall in different stages of loading 
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Figure 8-49 (c) to (g) indicates onset of the crack and separation of the bottom right portion of 

the wall, which is in accord to the experimental observations in Figure 8-50. Figure 8-50 presents 

crack propagation obtained from the test in different steps of the loading, according to the 

marked points in Figure 8-43. Propagation of the diagonal crack was observed from Figure 8-43 

(c) and it became more visible in Figure 8-43 (d) to (h). 

 
(a) Point 1 

 
(b) Point 2 
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(c) Point 3 

 
(d) Point 4 

 
(e) Point 5 

 
(f) Point 6 
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(g) Point 7 
 

(h) Point 8 

Figure 8-50. Crack propagation of the wall in different stages of loading 

8.5.3.1 Comparison of the experimental and finite element results of wall 3 

A finite element model using the material model of section 8.2 has been generated to perform the 

numerical comparisons. Based on the experimental observations, not much degradation has been 

seen in the cycles with the same amplitude; therefore, in order to decrease the computational 

effort and analysis time, a cyclic loading without repeated cycles and according to Figure 8-51 

has been used for the numerical loading protocol. 

 

Figure 8-51. Loading-protocol for numerical model 
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It is crucially important to note that the stiffness degradation plays a significant role in the 

behavior of walls with a cyclic loading protocol. Two different parameters have been used for 

the stiffness degradation factor (κ), which was discussed in section 5, and the results are 

presented in Figure 8-52. 

  
(1) κ =1 (2) κ =0.95 

Figure 8-52. Cyclic load-displacement curves considering different values for 

stiffness degradation factor 

In respect to Figure 8-52, it is clear that for ―κ =1‖, no stiffness degradation takes place in the 

response of the wall. However, by choosing ―κ =0.95‖ stiffness degradation is dominating the 

response of the wall, especially for the large deformation regime. 

 

Figure 8-53. Comparison of the experimental and numerical load-displacement 

curves 
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In Figure 8-53 the experimental results are simultaneously plotted with the numerical results, 

considering "kappa =0.95". It is clear that the numerical stiffness degradation is in good 

agreement to the experimentally obtained results. 

The crack propagation in different stages of loading, according to the marked points in 

Figure 8-51, is presented in Figure 8-54. As the top plane of the wall moves toward left or right 

direction, a diagonal crack respective to the direction of the deformation propagates. Similar to 

the experimental observations in Figure 8-50, numerical results show that as the displacement of 

the top plane increases the propagated crack in the diagonal line opens more without any clear 

damage to the rest of the wall. 

 
(a) Point 1 (×15) 

 
(b) Point 2 (×15) 
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(c) Point 3 (×1) 

 
(d) Point 4 (×1) 

Figure 8-54. Numerical simulation of crack propagation in the wall 

Using ASCE 41 (2006) proposed equations (equations (8-2) and (8-3)), the failure forces for 

rocking and shear dominated failure modes are 17 kip and 11 kip, respectively. Based on ASCE 

41 the failure mode is shear which is in accord with the experimental observations; however, the 

proposed equation for failure force of ASCE 41 under predicts the experimental results. 

8.5.4 Testing of Wall 4 

The fourth wall was tested in the in-plane direction using a cyclic loading protocol and with the 

contribution of an OP force. In the first step of loading the axial load was applied on the top 

plane of the wall (16.5 kips plus 5.5 kips weight of the rigid beam), afterward, while keeping the 

axial load constant, an OP force was applied to the top rigid beam (50 lb). After application of 

the axial and OP forces, the cyclic loading protocol in accordance with Figure 8-55 was applied 

to the wall. The load protocol of Figure 8-55 is imposed based on the displacement of the rigid 

beam (SP.1 in Figure 8-17). Later, for presentation of load-displacement curve the displacement 

of the top plane of the wall is modified based on the Krypton LED 5 data. Throughout the test 
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the boundary condition for the rigid beam was imposed in such a way that the rigid beam 

remained level. 

 

Figure 8-55. Loading protocol for wall 4 

The test set-up for application of the OP force is presented in Figure 8-56. For the safety propose 

an out-of-plane support was considered at the distance of 2.1 inch (53 mm) from the wall 

(Figure 8-57). 

 

Figure 8-56. Test set-up for out-of-plane load 
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Figure 8-57. Support for large out-of-plane deformation of the wall 

The experimental load-displacement curves are presented in Figure 8-58. In Figure 8-58 (a) 

the displacement of SP. 1 is used in presentation of load-displacement curve. To make the result 

more reliable and practical, in Figure 8-58 (b) the displacement of Krypton LED 5 is used and 

the results are smoothed. As it is clear in Figure 8-58, the cyclic loading was associated with 

degradation in stiffness, however, not in the strength. Finally the maximum strength of the wall 

remained constant that corresponds to the frictional force. 

 

(a) SP. 1 displacement 

 

(b) Krypton LED 5 displacement 

Figure 8-58. Load-displacement of wall 4 
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As it was mentioned before, the rigid beam remained level throughout the test. Figure 8-59 

shows the axial displacement of the north and south vertical actuators. It is clear that throughout 

the test the north and south side of the rigid beam moved together and the rigid beam remained 

level. 

 

Figure 8-59. Diaplacement of the north and south vertical actuators 

The rigid beam remained level while the total axial load was constant. This goal was 

achieved by distribution of the axial load in the north and south vertical actuators (Figure 8-60). 

At each time increment, the total axial load was distributed in two vertical actuators in such a 

way that the summation of the force remained constant (16.5 kip). Note that, for all numerical 

simulations weight of the rigid beam should be added to the presented vertical load in 

Figure 8-60 (5.5 kip). 
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Figure 8-60. Axial loads in the south and north vertical actuators 

Figure 8-61 shows the OP displacement of the north and south side of the top plane of the wall 

throughout the test. In this figure the information of the second and third linear potentiometers 

(SP.2 and SP.3 in Figure 8-17) is used. According to Figure 8-61, it can be concluded that in 

each cycle the north side of the top plane came in contact with the OP support. Therefore, if the 

OP supports were not provided the wall would collapse due to the large OP deformations. 

 

Figure 8-61. OP displacement of the north and south side of the top plane 

Figure 8-62 presents the deformation map of the wall under full cyclic loading. The 

deformations in this figure are 10 times magnified. Clearly, no nonlinearity took place in the top 

half portion of the wall. Figure 8-62 illustrates that, after propagation of the diagonal crack, right 
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and left side of the wall increasingly separated in each cycle. The peak residual opening of the 

wall at the end of the test was about 29 mm (1.14 inch), as shown in Figure 8-62.  

 

Figure 8-62. Deformation map of the wall under cyclic loading (×10) 

The incremental deformation of the wall is presented in Figure 8-63.  In Figure 8-63 (a) and 

(b) all of the points were moving proportional to their height; therefore no nonlinearity has taken 

place. However, in the rest of the figures the nonlinearity and the propagation of the diagonal 

cracks are clear. Figure 8-63 (c) to (g) clearly shows how the right and left bottom portion of the 

wall separated as the loading increased. 

 
(a) Loading from point 1 to point 2 (×30) 

 
(b) Loading from point 2 to point 3 (×30) 
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(c) Loading from point 3 to point 4 (×30) 

 
(d) Loading from point 4 to point 5 (×20) 

 
(e) Loading from point 5 to point 6 (×20) 

 
(f) Loading from point 6 to point 7 (×10) 

 
(g) Loading from point 7 to point 8 (×10) 

 

Figure 8-63. Deformation of the wall in different stages of loading 

Figure 8-64 presents the crack propagation obtained from the test in different stages of loading 

according to the marked points in Figure 8-55. The advantage of Krypton data in Figure 8-63 
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comparing to the experimental observations in Figure 8-64 is that, the Krypton information can 

be magnified with any magnification factor to detect any minor propagated crack. However, 

major cracks can only be detected using experimental observations. For this wall Krypton data 

(Figure 8-63) and experimental observations show no crack propagation in the top half portion of 

the wall. 

 
(a) Point 1 

 

 
(b) Point 2 

 
(c) Point 3 

 
(d) Point 4 
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(e) Point 5 

 
(f) Point 6 

 
(g) Point 7 

 
(h) Point 8 

Figure 8-64. Crack propagation in different stages of loading 

Figure 8-65 shows the three-dimensional deformation of LED‘s throughout the loading, after the 

axial load was applied. According to Figure 8-65, the OP deformation of the wall was much 

greater than the IP deformation. In fact, as discussed earlier, in case of not providing the OP 

supports, the wall would collapse due to the large OP deformation. In this figure the location of 

LED‘s are not modified along the Y axis. The initial location of LED‘s shows that after 

application of the axial load the wall was not completely flat, especially in the south side of the 
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wall. This could have occurred due to many reasons. For instance, the wall could have been 

constructed not perfectly from the beginning. Moreover, the top plane of the wall was not 

completely flat and after the rigid beam applied the axial load, the wall was deformed non-

uniformly along the Y axis. This non-uniformity cannot be considered in the numerical 

simulations and some discrepancy between the experimental and numerical results are expected. 

 

Figure 8-65. Three-dimensional deformation of the wall under cyclic loading (real 

scale) 

Figure 8-66 presents the motion of LED‘s during different stages of loading, according to 

the marked points in Figure 8-55. During the first stage of loading the north side of the top plane 

had a large displacement in the OP direction and came in contact with the support (Figure 8-66 

(a)). In this stage of loading the wall was still in the linear regime and all points were deforming 

proportional to their height. However, in Figure 8-66 (g) it is clear that the OP deformation did 

not remain linear and some relative motions have taken place in the OP direction along the 

height. This fact is confirmed by the experimental observations as shown in Figure 8-67. 

According to Figure 8-66, it is clear that a significant torsion was imposed to the wall throughout 

the test. 
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(a) Loading from point 1 to point 2 

 
(b) Loading from point 2 to point 3 

 
(c) Loading from point 3 to point 4 

 
(d) Loading from point 4 to point 5 

 
(e) Loading from point 5 to point 6 

 
(f) Loading from point 6 to point 7 
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(g) Loading from point 7 to point 8 

 

Figure 8-66. Three-dimensional deformation of the wall in different stages of 

loading (real scale) 

 

Figure 8-67. Out-of-plane gap in the joints at the end of the test 

8.5.4.1 Comparison of the experimental and finite element results of wall 4 

A finite element model using the material model of section 8.2 has been generated to perform the 

numerical modeling. Based on the experimental observations, not much stiffness/strength 

degradation has been seen in cycles with the same amplitudes. Therefore, a cyclic loading 

according to Figure 8-51 and without repeated cycles has been used for the numerical loading-

protocol, to decrease the computational demand. 
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In Figure 8-68 experimental results is presented along with the numerical results for in-

plane loading. Although a significant torsion was imposed to the wall in the process of the cyclic 

loading, due to the restraining of the wall in the OP direction, the experimental results are very 

close to the numerical results for the IP loading presented in Figure 8-68 (b).   

  
(a) Experimental results (b) Numerical results 

 
(c) Experimental/ Numerical results 

Figure 8-68. Comparison of the numerical and experimental load-displacement 

curves 

In addition to the numerical modeling, the experimental results can be compared with the 

proposed empirical equations of ASCE 41 (2006). Using ASCE 41 formulation for the stiffness 
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The stiffness of the wall based on the experimental data is 410        (71832 kN/m) which is 

about half of the stiffness obtained from ASCE formulation. The wall in this test was subjected 

to out-of-plane deformation and torsion; therefore, discrepancy of the results is expected from 

the in-plane stiffness. However, the difference between the experimental results and ASCE 41 

prediction is significant.  

Using ASCE 41 proposed equations (equations (8-2) and (8-3)), the failure forces for rocking 

and shear failure modes are 22 kip (98 kN) and 13 kip (57.8 kN), respectively. Based on ASCE 

41 the failure mode is shear which is in agreement with the experimental observations; however, 

the predicted failure force of ASCE 41 underestimates the experimental results significantly. 

8.5.5 Testing of Wall 5 

The fifth wall was tested in the in-plane direction with contribution of an out-of-plane 

deformation. According to Figure 8-69 (a) in the first step of loading the axial load was applied 

on the top plane of the wall (16.5 kip+5.5 kip the weight of the rigid beam), afterward, while 

keeping the axial load constant, an OP force was applied to the top plane of the wall (285 lb). 

Application of the OP force caused 0.4 inch displacement of the top plane in the OP direction. 

Then, using two rollers beside the rigid beam the boundary condition was imposed in such a way 

that any OP displacement of the rigid beam was restrained (Figure 8-69 (b)). After application of 

the axial load and imposing the proper boundary condition for the OP displacement, the cyclic 

displacement-controlled loading of Figure 8-70 was applied to the wall. The vertical boundary 
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condition for the rigid beam was imposed in such a way that the rigid beam remained level 

throughout the test. 

   

(a) Surcharge 

(b) OP displacement 

(side view) (c) IP loading 

Figure 8-69. Combination of IP and OP loadings 

 

Figure 8-70. Cyclic loading protocol of wall 5 

The experimental load-displacement curve is presented in Figure 8-71. In this figure the 

deformation of the string potentiometer 1 (SP1 in Figure 8-17) was used for drawing the force-

displacement curve. As it is clear in Figure 8-71, the cyclic loading was associated with a slight 
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degradation in the stiffness. Finally the maximum strength of the wall remained constant which 

corresponds to the frictional resistance. 

 

Figure 8-71. In-plane load-displacement of wall 5 

Measuring the deformation of the wall from the support is not reliable; a more accurate result 

will be achieved if the deformation is measured from the top of the wall. Figure 8-72 presents the 

load-displacement curve of the wall, using the information of Krypton LED 5 shown in 

Figure 8-17.  

 

Figure 8-72. In-plane load-displacement using Krypton 5x data 
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The axial displacement of the north and south vertical actuators are presented in Figure 8-73. It is 

clear that throughout the test the north and south side of the rigid beam moved together and as it 

was intended the beam was remained level. 

 

Figure 8-73. Axial displacement of the north and south vertical actuators 

To keep the top rigid beam level throughout the test, in each increment of loading the 

controller distributed the axial load in two vertical actuators in such a way that summation of the 

axial loads remained constant (16.5 kip), as shown in Figure 8-74. Note that, for all numerical 

simulations weight of the rigid beam should be added to the presented axial load in Figure 8-74 

(5.5 kip). This boundary condition represents a URM wall in a building with a rigid diaphragm. 

 

Figure 8-74. Distribution of the axial load in the north and south vertical actuators 
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The out-of-plane displacement of the south and north side of the top plane is shown in 

Figure 8-75 while the cyclic load was being applied. Figure 8-75 shows that throughout the test 

the imposed OP boundary condition maintained the rigid beam in a constant OP displacement; 

small variations are caused due to the flexibility of the support which is unavoidable. 

 

Figure 8-75. Out-of-plane displacement of the north and south side of the top plane 

Three-dimensional deformation of LED‘s after application of the OP force, and with the 

presence of the axial load is presented in Figure 8-76. The OP displacement of LED‘s was 

proportional to their height, which indicates the linear behavior of the wall in this stage of 

loading. 

 

Figure 8-76. Three-dimensional deformation of the wall under OP loading  
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Figure 8-77 presents the deformation map of the wall under full cyclic loading. Figure 8-77 

shows that, after propagation of the diagonal crack, right bottom portion of the wall increasingly 

separated from the rest of the wall. The peak residual crack opening in the wall, at the end of the 

test was about 56 mm (2.2 inch), as shown in Figure 8-62. Throughout the test the right and top 

portion of the wall moved according to the movement of the rigid beam (Krypton 4x and 5x as 

shown in Figure 8-17). Therefore, no sliding took place between the wall and the boundary 

condition.  

 

Figure 8-77. Deformation of the wall under cyclic loading (×10) 

 

The incremental deformations of the wall are presented in Figure 8-78. The deformations in 

this figure are based on the marked points in Figure 8-70. In Figure 8-78 (a) and (b) almost all of 

the points moved proportional to their height, which indicates the linear behavior of the wall in 

this step of loading. In the rest of the figures the nonlinearity and the propagation of the diagonal 

cracks are clear. Figure 8-78 (c) to (h) illustrates how the right bottom portion of the wall 

increasingly separated from the rest of the wall in each cycle. 
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(a) Loading from point 1 to point 2 (×50) 

 
(b) Loading from point 2 to point 3 (×30) 

 
(c) Loading from point 3 to point 4 (×30) 

 
(d) Loading from point 4 to point 5 (×20) 

 
(e) Loading from point 5 to point 6 (×10) 

 
(f) Loading from point 6 to point 7 (×10) 
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(g) Loading from point 7 to point 8 (×10) 

 

Figure 8-78. Deformation of the wall in different stages of loadings 

Figure 8-79 presents the crack propagation obtained from the test in different stages of loading, 

according to the marked points in Figure 8-70. Similar to the Krypton data, the experimental 

observations in Figure 8-79 shows propagation of a diagonal crack in the wall. Using the 

Krypton data it is much more convenient to measure the openings in the wall in each step of the 

loading, since it is possible to magnify the deformations obtained from the Krypton by any 

appropriate factor. 

 
(a) Point 1 

 
(b) Point 2 
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(c) Point 3 

 
(d) Point 4 

 
(e) Point 5 

 
(f) Point 6 
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(g) Point 6-2 

 
(h) Point 7 

 
(i) Point 7-2 

 
(j) Point 8 

Figure 8-79. Crack propagation in different stages of loading 

8.5.5.1 Comparison of the experimental and finite element results of wall 5 

In this section three numerical investigations have been performed, including monotonic IP 

loading, monotonic IP loading with the contribution of an OP deformation, and cyclic IP loading 

with the contribution of an OP deformation.  
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First the experimental results are compared with the numerical in-plane monotonic loading 

results (Figure 8-80). The numerical simulation shows propagation of the diagonal crack in the 

monotonic IP deformation of the wall (Figure 8-81). By looking at different stages of loading in 

Figure 8-81, it can be concluded that, increase in the magnitude of the displacement only causes 

more opening of the existing crack, without much damage to the rest of the wall (compare 

(Figure 8-81 (c) and (d)). In the nonlinear regime the load-displacement curve remains constant 

which corresponds to the frictional force. 

 

Figure 8-80. Comparison of the experimental results with the in-plane numerical 

results 
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(a) Before start of loading 

 
(b) 0.05 inch displacement (0.12 cm) 

(×70) 

 
(c) 0.2 inch displacement (0.5 cm) 

(×5) 

 
(d) 0.4 inch displacement (1 cm) 

(×5) 

Figure 8-81. Crack propagation obtained from the numerical simulations under 

monotonic IP loading 

In the second phase of the numerical simulation, the in-plane load has been applied while 

the wall was already deformed in the out-of-plane direction (Figure 8-82 (a)). Right after 

application of the axial load, the OP deformation was imposed to the top plane of the wall (0.4 

inch), and afterward the IP deformation-controlled loading was applied. The numerical 
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simulation again shows propagation of the diagonal crack in this phase of the loading 

(Figure 8-82). 

 
(a) 0 in  

(×20) 

 
(b) 0.05 inch displacement (0.12cm)  

(×10) 

 
(c) 0.2 inch displacement (0.5cm)   

(×5) 

 
(d) 0.4 inch displacement (1cm) 

(×5) 

Figure 8-82. Crack propagation obtained from the numerical simulation under 

monotonic OP/IP loading 
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For this specific model a large OP force has been applied (285 lb) to deform the wall 0.4 

inch (1 cm) in the OP direction. In comparison to the results obtained from IP loading, not much 

difference can be seen in the response of the model. As shown in Figure 8-83, stiffness and 

strength of the model with OP deformation are slightly lower than the model without OP 

deformation. 

 

Figure 8-83. Comparison of the experimental and numerical results (monotonic 

loading) 

In the third phase of the numerical simulation, after application of OP deformation, the wall was 

subjected to the cyclic loading protocol of Figure 8-84. 

 

Figure 8-84. Numerical loading protocol 
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Two different values have been considered for the stiffness degradation factor for the numerical 

models (κ=1 and κ =0.76). Figure 8-85 shows that the obtained numerical results considering no 

stiffness degradation (κ =1) is in good agreement to the experimental results. 

 

Figure 8-85. Comparison of the numerical and experimental results 

A more accurate comparison between the numerical and experimental load-displacement curves 

is presented in Figure 8-86, with the complete number of loading cycles. 

 

Figure 8-86. Comparison of the experimental and numerical load-displacement 

curves 
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Figure 8-87 presents propagation of the diagonal crack in different stages of loading 

obtained from the numerical simulation. As shown in Figure 8-87 (b), it is clear that after the 

direction of the load changes the propagated crack in the previous cycle closes and a new 

diagonal crack propagates in the new direction and almost perpendicular to the previous diagonal 

crack.  

  

(a) +0.2 inch deformation (×10) (b) -0.2 inch deformation (×10) 

  
(c) +0.4 inch deformation (×2) (d) -0.4 inch deformation (×2) 

Figure 8-87. Crack propagation under cyclic loading (numerical) 
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As shown in Figure 8-87, in both experimental and numerical analysis diagonal crack is the 

dominant failure mode. We note here that the diagonal crack in the experimental model deviates 

in one aspect and that is the pattern does not reach the corners, but rather at the two-third of the 

height. One possible explanation is that the quality of the mortar in this region is likely to be 

higher, as the wall was not constructed in one working day. One other possible explanation is 

that in the numerical model everything was simulated perfectly and the location of the vertical 

actuators were assumed to be in the centerline of the wall; however in reality this was not the 

case. In other words, the imposed moment on the wall in the experimental model was different 

and more complicated than the numerical model. 

The experimental and numerical results can also be compared with the proposed empirical 

equations of ASCE 41 for stiffness and strength of the wall. Using ASCE 41 formulation for the 

stiffness of walls with full restrain against rotation at its top and bottom, 

  
 

    
 

        
 

    

      

            

The stiffness of the wall based on the experimental data is 400        (70080 kN/m) which is 

about half of the stiffness obtained from ASCE formulation. The wall in this test was deformed 

in the out-of-plane direction and a minor difference is expected from the in-plane stiffness. 

However, the difference between the experimental and code prediction is significant.  

Using ASCE 41 proposed equations (equations (8-2) and (8-3)), the failure forces for rocking 

and shear failure modes are 22 kips (98 kN) and 13 kips (57.8 kN), respectively. Based on ASCE 

41 methodology, the failure mode is shear-dominated, which is in accord with the experimental 

observations; however, the predicted failure force of ASCE 41, underestimates the experimental 

results. 
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8.5.6 Testing of Wall 6  

Similar to wall 5, wall 6 was tested in the in-plane direction with contribution of an OP 

deformation. The only difference between wall 5 and 6 was type of the brick which was used for 

constructing the walls. In contrast to wall 5, for constructing wall 6 low strength brick was used 

to see the influence of brick type in the failure mode of the wall. In the first step of loading the 

axial load was applied on the top plane of the wall (16.5 kip+5.5 kip the weight of the rigid 

beam), afterward, while keeping the axial load constant, an OP force was applied to the wall 

(360 lb) to generate 0.4 inch (1 cm) OP displacement of the top plane of the wall. Then, the 

boundary condition was imposed in such a way that any OP displacement of the rigid beam was 

restrained (see Figure 8-69 (b)). Then the cyclic loading protocol of Figure 8-88 was applied to 

the wall (Figure 8-69 (c)). In other words, the wall was tested in the in-plane direction while it 

was deformed in the OP direction. 

 

Figure 8-88. Loading protocol for wall 6 

The experimental load-displacement curve is presented in Figure 8-89. In this figure the 

displacement of the string potentiometer 1 (SP1 in Figure 8-17) was used for drawing the force-

displacement curve. Based on Figure 8-89, the cyclic loading is associated with a minor 
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degradation just in the stiffness and not in the strength. Finally the maximum strength of the wall 

remained constant that corresponds to the frictional force. 

 

Figure 8-89. Load-displacement of wall 6 

 

Measuring the deformation of the wall from the support or displacement of the rigid beam is not 

reliable; a more accurate result will be achieved if the displacement is measured from the top of 

the wall. Figure 8-90 presents the load-displacement of the wall, using the information of 

Krypton LED 5 shown in Figure 8-17.  

 

Figure 8-90 Modified load-displacment curve using krypton 5x results 
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Figure 8-91 represents the axial displacement of the north and south vertical actuators. As it was 

intended, throughout the test the north and south side of the rigid beam moved together and the 

rigid beam remained level. 

 

Figure 8-91. Axial displacement of the north and south vertical actuators 

Distribution of the axial load in the north and south vertical actuators is presented in 

Figure 8-92. At each time increment the total axial load was distributed in two vertical actuators 

in such a way that the summation of the vertical loads remained constant (16.5 kip). Note that, 

for all numerical simulations the weight of the rigid beam should be added to the presented 

vertical load in Figure 8-92 (5.5 kip). 

 

Figure 8-92. Axial loads in the south and north actuators 
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Figure 8-93 presents the OP displacement of the south and north side of the rigid beam while the 

cyclic load was being applied. Figure 8-93 shows that throughout the testing, the OP 

displacement of the rigid beam was constantly maintained about 0.4 inch (1 cm) from the initial 

plane of the wall; due to the flexibility of the OP supports small variations exist in the OP 

displacements of the rigid beam. 

 

Figure 8-93. OP displacements of the north and south side of the top plane of the 

wall 

The deformation map of the wall under axial load is presented in Figure 8-94. As it is 

expected, all of the points had an almost vertical deformation. It can be seen that based on the 

elasticity theory, the upper points had more deformation when compared to the lower points. 
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Figure 8-94. Deformation of the wall under the axial load (×300) 

Figure 8-95 presents the three-dimensional deformation of LED‘s after application of the OP 

force and with the presence of the axial load. The OP deformations of LED‘s are proportional to 

their height, which indicates the linear behavior of the wall in this phase of loading. 

 

Figure 8-95. Three-dimensional deformation of the wall under OP loading (real 

scale) 

The deformation map of the wall under full cyclic loading is presented in Figure 8-96. 

Figure 8-96 shows that no full diagonal crack was propagated in this wall. However, due to the 
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high compressive forces in the corners of the wall, left bottom portion of the wall was initially 

crushed and then was completely separated from the wall and dropped during the test. 

Throughout the test the right and top portion of the wall moved according to the motion of the 

rigid beam (compare the displacement of Krypton 4 and 5); therefore, no sliding took place 

between the wall and support. 

 

Figure 8-96. Deformation of the wall under cyclic loading (×10) 

The incremental motion of the wall is presented in Figure 8-97.  The information of this 

figure is based on the marked points in Figure 8-88. In Figure 8-97 (a) and (b) almost all of the 

points moved together and proportional to their height; therefore, no nonlinearity has taken 

place. According to Figure 8-97 (c) to (h), diagonal crack was not the dominant failure mode for 

this wall and the nonlinear mechanism was dominated by crushing the bricks in the corners and 

sliding of the wall on the second row of the brick.   
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(a) Loading from point 1 to point 2 (×100) 

 
(b) Loading from point 2 to point 3 (×50) 

 
(c) Loading from point 3 to point 4 (×20) 

 
(d) Loading from point 4 to point 5 (×20) 

 
(e) Loading from point 5 to point 6 (×15) 

 
(f) Loading from point 6 to point 7 (×15) 

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)

0 500 1000 1500 2000

-200

0

200

400

600

800

1000

1200

1400

1600

1800

X axis (mm)

Z
 a

x
is

 (
m

m
)



 

250 

 

 
(g) Loading from point 7 to point 8 (×15) 

 
(h) Loading from point 8 to point 9 (×15) 

Figure 8-97. Deformation of the wall in different stages of loadings 

 

Figure 8-98 presents the crack propagation obtained from the test in different stages of loading 

according to the marked points in Figure 8-88. Experimental observations also show that the 

failure mode of the wall is crushing of the corners of the wall (see Figure 8-98 (e) to (j)). 

 
(a) Point 1 

 
(b) Point 3 
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(c) Point 4 

 
(d) Point 5 

 
(e) Point 6 

 
(f) Point 6-2 
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(g) Point 7 

 
(h) Point 8 

 
(i) Point 8-2 

 
(j) Point 9 

Figure 8-98. Crack propagation in different stages of loading 

8.5.6.1 Comparison of the experimental and finite element results of wall 6 

Figure 8-99 presents the load-displacement curves obtained from the experimental and numerical 

models. In this figure the numerical results are presented considering ―κ=1‖ (no stiffness 

degradation - see section 5). In this wall due to the use of low strength brick, more failure was 

seen in the bricks, in comparison to the other walls. 
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(a) Experimental results (b) Numerical results (κ =1) 

Figure 8-99. Comparison of the experimental and numerical load-displacement 

curves 

 

Figure 8-100 presents the numerical and experimental load-displacement curves on top of each 

other. It is shown that the numerical results are in good agreement with the experimental results. 

 

Figure 8-100. Comparison of the numerical and experimental results 

The experimental and numerical results can also be compared with the proposed empirical 

equations of ASCE 41. Using ASCE 41 formulation for the stiffness of walls with full restrain 

against rotation at its top and bottom,  
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The stiffness of the wall based on the experimental results is 410        (71832 kN/m) which is 

about half of the stiffness obtained from ASCE 41 formulation. The wall in this test was 

deformed in the out-of-plane direction and a minor difference is expected from the in-plane 

stiffness. However, the difference between the experimental and code prediction is significant.  

For this wall, due to the low strength of the bricks crushing of the bricks at the corners is also 

expected. For this failure mode ASCE 41 formulation follows, 

             

 

    
 (  

  
       

) (8-4) 

where, 

    = lower-bound shear strength based on toe compressive stress for wall  

  = axial compressive stress due to gravity loads 

  
  = lower-bound masonry compressive strength   

   = lower-bound axial compressive force  

The failure force based on equation (8-4) is 22 kips (98 kN). Using ASCE 41 proposed equations 

for rocking and shear failure modes (equations (8-2) and (8-3)), the failure forces are 22 kip (98 

kN) and 17 kip (75.6 kN), respectively. Based on ASCE 41, the failure mode is shear which is not 

in accord with the experimental observations; the predicted failure force of ASCE underestimates 

the experimental results. 
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8.6 Evaluation of the cyclic performance 

The idealized bilinear envelope of the load-displacement curves can be used as a simplified 

method for evaluating the stiffness, strength and ductility of the URM walls. In this report, the 

proposed method of  Tomáezevíec (1999) is utilized that is schematically shown in Figure 8-101 

and the results for all tests following this method are presented in Table 8-7. In this method three 

characteristic points should be identified from the experimental load-displacement curve, 

including the crack limit state that corresponds to the formation of the first major crack (
crH ,

crd

), the peak resistance of the wall (
maxH ,

maxHd ), and the peak displacement that is attained during 

the test (
maxdH ,

maxd ). In this report, it is assumed that 
crH  corresponds to 0.7

maxH (Morandi 

and Penna 2008). Presented in Table 8-7, the stiffness of the idealized bilinear curve (
eK ) is 

considered to be the ratio of lateral force (
crH ) and displacement (

crd ) at the crack limit state. It 

can be seen that the stiffness of Wall-1-phaseI is much lower than the other walls, which is 

attributed to the boundary condition used for this wall. The peak resistance of the idealized 

bilinear curve (
uH ) is calculated by equating the dissipated energy of the experimental 

monotonic curve and the idealized curve. In all of the tested walls the ultimate resistance of the 

idealized curve (
uH ) is very close to the peak lateral resistance (

maxH ) since the experimental 

behaviors are similar to elastic-perfectly plastic behavior. The ultimate ductility is defined as 

max / ed d   where in all of the walls 
maxd  was attained due to the experimental displacement 

capacity. As clearly shown in Table 8-7, very high values of ductility are achieved for all walls, 

which is typical for walls with rocking-flexure failure modes. 
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Figure 8-101 Bilinear idealization 

Table 8-7 Characteristic values of the experimental envelopes 

Wall 
Ke de Hu Hmax dHmax dmax Drift ductility 

kips/inch 
(kN/mm) 

inch (mm) kips (kN) kips (kN) inch (mm) inch (mm) (%) μ 

Wall-1-1 243.24 (42.6) 0.04 (1.0) 10.24 (45.5) 10.56 (47.0) 0.52 (13.2) 1.11 (28.2) 1.83 25.71 

Wall-2 401.34 (70.3) 0.11 (2.8) 43.18 (192.1) 43.83 (195.0) 0.23 (5.8) 0.78 (19.8) 1.29 7.07 

Wall-4 410.59 (71.9) 0.06 (1.5) 17.07 (75.9) 17.4 (77.4) 0.15 (3.8) 0.29 (7.4) 0.45 5.04 

Wall-5 401.18 (70.3) 0.05 (1.3) 15.81 (70.3) 18.95 (84.3) 0.13 (3.3) 0.37 (9.4) 0.59 7.24 

Wall-6 420.88 (73.7) 0.04 (1.0) 16.33 (72.6) 17.51 (77.9) 0.12 (3.0) 0.44 (11.2) 0.69 11.49 

Seismic performance of the walls can also be evaluated by comparing the energy dissipation 

capacity. The cumulative dissipated energy 
NE  for Wall-4,Wall-5 and Wall-6 are presented in 

Figure 8-102 that is defined as (Vasconcelos and Lourenço 2009): 

1

1 n

N idiss

iu e

E E
H d 

   (8-5) 

where 
idissE is the area of each hysteresis loop and n  is the load cycle corresponding to a certain 

lateral drift. In Figure 8-102 the cumulative energy of the first cycle and second cycle (repeated 

cycle with the same amplitude-see loading protocols) are presented separately. It is noteworthy 

that although Wall-6 exhibited a different failure mode in comparison with Wall-4 and Wall-5, 

all of the walls have a similar curve that is due to the frictional forces initiated in the layer of 

mortar along which the crack propagated. Moreover, it can be seen that the rate of the energy 
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dissipation increases considerably after reaching the drift corresponding to the peak load (about 

0.2%), which is related to the growth of damage after this point. 

 

Figure 8-102 Variation of cumulative normalized dissipated energy 

 

 

8.7 Comparison of the experimental and numerical results with ASCE 41 

proposed empirical equations  

Comparison between the results obtained by the tests, numerical analysis and ASCE 41 

formulations are presented in Table 8-8. As shown in Table 8-9, the numerical prediction of 

stiffness for all walls is in good agreement to the experimental results. However, the stiffness 

obtained by ASCE 41 (2006) is about 100% higher than the experimental results for all walls. 

ASCE 41 prediction for the respective failure modes is in good agreement with the failure modes 

observed in the experimental tests, except for wall 6; however, the peak resisting force prediction 

of ASCE 41 is in a range of 35% from the experimental results. 
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Table 8-8. Comparison between the results 

Wall 
Stiffness (kips/inch) Peak resisting force (kips) 

Experimental Numerical ASCE 41 Experimental Numerical ASCE 41 

Wall 1 260 270 520 10.7 11.5 10.9 

Wall 3 - 490 930 17 16 10.8 

Wall 4 410 - 930 17 - 13 

Wall 5 400 470 930 20 16 13 

Wall 6 410 450 870 18 15 16.6 

Table 8-9. Differences in the results 

Wall 
Difference in stiffness (%) Difference in peak resisting force (%) 

Numerical ASCE 41 Numerical ASCE 41 

Wall 1 3.9 100 7.5 1.9 

Wall 3 - - -5.9 -36.5 

Wall 4 - 126.9 - -23.6 

Wall 5 17.5 132.5 -20 -35 

Wall 6 9.8 112.2 -16.7 -7.8 

 

8.8 Conclusion 

In this section the results of testing six URM walls have been presented. Two different types of 

bricks have been used for construction of the walls. Five walls were constructed using a high 

strength brick and a wall with a low strength brick. The walls were tested using different 

boundary conditions and with different combination of in-plane and out-of-plane loads or 

deformations. It was observed that restraining the rotation of the top plane of the wall plays a key 

role in the dominant failure mode of the walls. Wall 1 was first tested while the vertical actuators 

imposed the vertical forces independently. Accordingly, the rigid beam at top of the wall rotated, 

and rocking was the dominant failure mode of the wall. Once the vertical actuators were slaved 

together, the rigid beam remained level throughout the test and diagonal crack was the dominant 

failure mode. In the second wall, it was observed that more restraining of the vertical motion of 

the rigid beam, compared to the first wall, caused a significant confinement of the wall and 
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consequently, the resisting force was significantly increased. Diagonal cracking in addition to the 

crushing of the bricks in the corner, was the dominant failure mode for this wall. 

For the walls tested in the presence of OP forces, it was concluded that due to the OP force, 

the wall easily collapses because of the accumulative OP deformations. However, in the case of 

restraining the OP deformation of the wall in a limited range, the peak resisting force would be 

close to the IP peak resisting force. Finally, a numerical simulation using the proposed numerical 

procedure of section 5 was performed for each wall and the numerical results were compared 

with the experimental results. It was shown that the proposed model in the fifth section is 

capable of accurately predicting the behavior of masonry walls in bidirectional cyclic loadings. 

  





 

261 

 

SECTION 9 

9. CONCLUSIONS AND RECOMMENDATIONS 

9.1 Summary 

Very few new URM buildings are constructed nowadays; however, unreinforced masonry 

structures still can be found either as a complete old masonry building or as a part of a new 

building. Therefore, it is necessary to be able to numerically predict the behavior of URM 

buildings or the effect of a URM part on a new building, particularly the effect of URM infill or 

partition walls on the seismic response of buildings. A significant effort of this report is focused 

on developing new material models and numerical procedures for simulation of URM structures 

in a meso-scale analysis framework. A part of this report is also devoted to developing macro-

yield surfaces for macro-scale analysis of URM walls. Finally, an extensive experimental study 

was performed on URM walls using different boundary conditions and different types of bricks. 

A numerical validation was performed for each test and the robustness of the proposed numerical 

procedure has been validated. 

9.2 Conclusions 

In this report, three numerical procedures are proposed to model unreinforced masonry buildings. 

Two of the procedures use an implicit formulation and one uses an explicit formulation. The first 

numerical procedure, which was discussed in section three, is a simplified model for capturing 

the monotonic in-plane behavior of masonry walls. In this model, each brick was divided into a 

number of rigid elements connected together by interface elements. Using interface elements, all 

linear and nonlinear behavior of URM walls are concentrated in the joints. It led to significantly 
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decreasing the number of degrees-of-freedom (DOF) of the system and alleviating the 

computational demand while producing a good agreement with experimentally obtained data. 

In section four, a set of interpolation functions was proposed to remedy the discontinuity 

problem of the constitutive material models with multi-yield surfaces. The interpolation 

functions were employed to the yield surface presented in section three and the functionality of 

these interpolation functions was carefully assessed. Finally, it was shown that using the 

proposed set of interpolation functions, the discontinuity problem can be resolved and the 

transition between the yield surfaces is easily achieved. 

In the first two proposed modeling procedures in section 3 and 4 (in which the material 

models were extended using an implicit procedure) convergence of the numerical procedures, 

especially for large deformations, was a significant challenge for modeling of the masonry 

structures. In the third proposed numerical procedure in section 5, an explicit formulation has 

been used to model URM walls. Besides using an explicit formulation, the constitutive material 

model was extended to capture the cyclic three-dimensional behavior of masonry structures. 

Finally, the proposed constitutive material model was used to model a number of masonry walls 

and the numerical results were compared to the experimental results. It was shown that the 

numerical simulations results are in good agreement with the experimental results and evidently, 

the numerical procedures are capable of predicting different failure modes of URM walls. 

Using the developed material model in section 5 (explicit cyclic material model), a 

numerical investigation has been conducted on the bidirectional behavior of URM walls, in 

section 6. A URM wall has been subjected to various loadings on its top plane, each time in 

different directions. It is shown how the failure mode changes from the diagonal crack for the in-
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plane loading to the rocking mode for the out-of-plane loading. Moreover, the interaction curves 

for URM walls are presented, which show the maximum elastic and ultimate capacity of the 

walls. According to the proposed interaction curves, in the loading cases with an angle between 

the in-plane and out-of-plane directions, the wall tends to gain the in-plane peak resisting load, 

although in a larger deformation compared to the in-plane loading. 

Generation of the interaction curves using the finite element approach is computationally 

very extensive. Therefore, an analytical procedure is proposed in section 7 that illustrates the 

elastic domain of URM walls under combination of in-plane and out-of-plane loads. The 

interaction curves show the maximum elastic capacity of walls under bidirectional loadings 

while the gravity load changes. In the plasticity theory, a yield surface is only a function of 

material parameters; however, the proposed macro-yield surfaces take full account of brick and 

mortar materials, and geometry of the wall. The interaction curves are developed for different 

URM walls with various aspect ratios, including a square and wide wall. 

Finally, in the last section of this report, a comprehensive well-documented experimental 

study on URM walls is presented. Six different URM walls were constructed with two different 

types of brick and were subjected to different types of loading. For testing the walls, different 

boundary conditions were used. It was observed that restraining the rotation of the top plane of 

the wall has a key role in the dominant failure mode of the wall. For instance, rocking was the 

dominant failure mode of wall 1 while the top plane of the wall was allowed to rotate. The 

failure mode changed to diagonal cracking when the top rigid beam was restrained from rotation. 

Moreover, it was observed that type of material used for construction of walls has a great 

influence in the failure mode of URM walls. Walls 5 and 6 were tested using the same loading 
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protocol and boundary conditions. However, due to the use of different types of brick (low and 

high strength bricks), different failure modes were observed. 

A numerical comparison using the proposed material model of section 5 was performed 

with the experimental results for each wall and the robustness of the proposed numerical scheme 

has been verified. Furthermore, the empirical equations of ASCE 41 have been used to derive the 

stiffness and peak resisting load of the walls. It was clearly shown that that the empirical 

equations of ASCE 41 do not predict stiffness of the walls accurately. In most of the cases, the 

prediction of ASCE for the failure mode of the walls was accurate; however, estimation of the 

peak resisting load was in the range of 30% from the experimental results as well as the proposed 

numerical procedures. 

9.3 Recommendations for future research 

A list of future research topics relevant to masonry modeling follows based on the gaps in 

knowledge identified in this study, but not addressed in this report: 

1. The developed three-dimensional cyclic material model in this report can be used in 

development of a comprehensive macro-element which can capture the in-plane and out-

of-plane interaction effects. 

 

2. The developed three-dimensional cyclic material model in this report is capable of 

modeling the behavior of unreinforced masonry structures under earthquake effects. In 

order to fulfill this purpose, some calibration should be performed using the results of 

shaking table tests mentioned in the literature review of this report. Afterward, the model 
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can be used to assess the behavior of any unreinforced masonry building under 

earthquake excitations. 

 

3. The proposed three-dimensional cyclic material model in this report can be used in the 

investigation of unreinforced masonry infill walls, either in concrete or steel buildings. 

This model can also be used to build a comprehensive macro model for investigation of 

reinforced concrete or steel buildings with URM infill walls under earthquake excitations. 

 

4. A comprehensive investigation can be performed on the response of reinforced masonry 

structures under either quasi-static or dynamic loadings, using the proposed three-

dimensional model in this report. 

 

5. The proposed interaction curves in section 7 show the elastic domain (macro-yield 

surface) for the in-plane and out-of-plane forces while the gravity load changes. The 

study should be extended to capture the post elastic behavior (macro flow rule) of the 

wall. 

 

6. In section 8, an experimental investigation has been presented on the bidirectional 

behavior of unreinforced masonry walls using quasi-static loadings. This investigation 

can be extended to study the bidirectional behavior of unreinforced masonry walls under 

any excitation effect rather than a quasi-static load. 
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