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Preface

MCEER is a naƟ onal center of excellence dedicated to the discovery and development of new 
knowledge, tools and technologies that equip communiƟ es to become more disaster resilient in 
the face of earthquakes and other extreme events. MCEER accomplishes this through a system of 
mulƟ disciplinary, mulƟ -hazard research, in tandem with complimentary educaƟ on and outreach 
iniƟ aƟ ves. 

Headquartered at the University at Buff alo, The State University of New York, MCEER was originally 
established by the NaƟ onal Science FoundaƟ on in 1986, as the fi rst NaƟ onal Center for Earthquake 
Engineering Research (NCEER). In 1998, it became known as the MulƟ disciplinary Center for Earth-
quake Engineering Research (MCEER), from which the current name, MCEER, evolved.

Comprising a consorƟ um of researchers and industry partners from numerous disciplines and 
insƟ tuƟ ons throughout the United States, MCEER’s mission has expanded from its original focus 
on earthquake engineering to one which addresses the technical and socio-economic impacts of 
a variety of hazards, both natural and man-made, on criƟ cal infrastructure, faciliƟ es, and society.

The Center derives support from several Federal agencies, including the NaƟ onal Science Founda-
Ɵ on, Federal Highway AdministraƟ on, NaƟ onal InsƟ tute of Standards and Technology, Department 
of Homeland Security/Federal Emergency Management Agency, and the State of New York, other 
state governments, academic insƟ tuƟ ons, foreign governments and private industry. 

This report presents a revised model of  the behavior of the Triple FricƟ on Pendulum bearing in 
which no assumpƟ ons are made on the locaƟ on of the resultant forces at each sliding surface and 
no constraints on the values of the coeffi  cient of fricƟ on are required, provided that all sliding 
surfaces are in full contact.  To accomplish this, the number of degrees of freedom describing the 
behavior of the bearing is increased to include the locaƟ on of the resultant force at each sliding 
surface and equaƟ ons of moment equilibrium are introduced to relate these degrees of freedom 
to forces.   Moreover, the inerƟ a eff ects of each of the moving parts of the bearing are accounted 
for in the derivaƟ on of the equaƟ ons describing its behavior. The model explicitly calculates the 
moƟ on of each of the components of fricƟ on pendulum bearings so that any dependence of the 
coeffi  cient of fricƟ on on the sliding velocity can be explicitly accounted for and calculaƟ ons of heat 
fl ux and temperature increase at each sliding surface can be made.  

In a further extension of this model, the upliŌ  behavior of the Triple FricƟ on Pendulum bearing is 
modeled by explicitly modeling the dynamic response of its internal components and the eff ect of 
the rubber seal sƟ ff ness while saƟ sfying the condiƟ ons of compaƟ bility and equilibrium. Finally, 
an addiƟ onal model is developed that can capture the Triple FricƟ on Pendulum behavior when in 
compression and when in upliŌ . This model is useful in capturing more complicated phenomena 
such as fl ying, overturning, and point contact of the various parts of the isolator. 





ABSTRACT 

Current models that describe the behavior of the Triple Friction Pendulum bearing (Fenz and 

Constantinou, 2008a to 2008e; Morgan, 2007) are based on the assumption that the resultant 

force of the contact pressure acts at the center of each sliding surface. Accordingly, these models 

only rely on equilibrium in the horizontal direction to arrive at the equations describing its 

behavior. This is sufficient for most practical applications where certain constraints on the 

friction coefficient values apply. Moreover, none of the existing models is capable of describing 

the behavior of the bearing under uplift conditions.   

This report presents a revised model of the behavior of the Triple Friction Pendulum bearing in 

which no assumptions are made on the location of the resultant forces at each sliding surface and 

no constraints on the values of the coefficient of friction are required, provided that all sliding 

surfaces are in full contact.  To accomplish this, the number of degrees of freedom describing the 

behavior of the bearing is increased to include the location of the resultant force at each sliding 

surface and equations of moment equilibrium are introduced to relate these degrees of freedom to 

forces.   Moreover, the inertia effects of each of the moving parts of the bearing are accounted 

for in the derivation of the equations describing its behavior. 

The model explicitly calculates the motion of each of the components of friction pendulum 

bearings so that any dependence of the coefficient of friction on the sliding velocity can be 

explicitly accounted for and calculations of heat flux and temperature increase at each sliding 

surface can be made.   

In a further extension of this model, the uplift behavior of the Triple Friction Pendulum bearing 

is modeled by explicitly modeling the dynamic response of its internal components and the effect 

of the rubber seal stiffness while satisfying the conditions of compatibility and equilibrium.  

Finally, an additional model is developed that can capture the Triple Friction Pendulum behavior 

when in compression and when in uplift. This model is useful in capturing more complicated 

phenomena such as flying, overturning, and point contact of the various parts of the isolator.  
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1 
 

          SECTION 1  

  

The behavior of the Triple Friction Pendulum (FP) isolator has been previously described by 

Fenz and Constantinou (2008a to 2008e) and Morgan (2007). The Triple FP isolator exhibits 

multiple changes in stiffness and strength with increasing amplitude of displacement. The 

construction of the force-displacement loop is complex as it may contain several transition points 

which depend on the geometric and frictional properties.  Figure 1-1 shows the geometry of a 

Triple FP bearing and its parameters.  Its behavior is characterized by radii R1, R2, R3 and R4 

(typically R1=R4 and R2=R3), heights h1, h2, h3 and h4 (typically h1=h4 and h2=h3), distances 

(related to displacement capacities) d1, d2, d3 and d4 (typically d2=d3 and d1=d4) and friction 

coefficients 1 , 2 , 3 and 4 (typically 2 3 1 4      ). The force displacement relation of a 

Triple FP bearing subject to the conditions 2 3 1 4       is shown in Figure 1-2 (Fenz and 

Constantinou, 2008a to 2008e). The Triple FP bearing exhibits five regimes of operation. 

Regime I starts at point I when sliding initiates simultaneously on surfaces 2 and 3 and 

terminates at point II when sliding stops on surface 2 and initiates on surface 1. Between points 

II and III (Regime II), sliding occurs only on surfaces 1 and 3. At point III, sliding stops on 

surface 3 and initiates on 4. Between points III and IV, sliding occurs on surfaces 1 and 4. At 

point IV, the displacement capacity of surface 1 is consumed and sliding starts on surface 2. 

Between points IV and V, sliding occurs on surfaces 2 and 4 until the displacement capacity of 

surface 4 is consumed. After point V, sliding continues on surfaces 2 and 3 until the 

displacement capacities of surfaces 2 and 3 are consumed. 

The behavior shown in Figure 1-2 is derived on the assumption that the resultants of tractions at 

each sliding surface act at the center of each sliding surface so that only horizontal equilibrium is 

needed for the derivation of the force-displacement relation. In reality, when a lateral force is 

applied at the top of the bearing, the resultants of surface tractions develop at points away from 

the center so that equilibrium of moments is satisfied.  In effect, this requires that a force larger 

than the friction force at the sliding surface is needed for sliding to initiate.  

INTROCUTION
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Figure 1-1: Schematic of Triple FP bearing and definition of parameters 

 

Figure 1-2: Force-displacement relation of Triple FP 

In order to better explain this phenomenon and demonstrate the effect of moment equilibrium on 

the behavior of the Triple FP bearing, consider the simple examples shown in Figure 1-3.  Figure 

1-3 (a) shows a rigid block on a flat surface under a vertical load W. Consider a lateral force F 
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acting at the top of the block.  Moment equilibrium requires that the contact forces at the sliding 

surface apply at a distance r from the center of the sliding block. Sliding will initiate when the 

friction force S W is equal to the applied force so that F S W  , where µ is the 

coefficient of friction. In this case, the force needed for sliding to initiate is independent of the 

location of the contact forces. Consider now the case of Figure 1-3(b) where the block rests on a 

spherical surface.  Moment equilibrium requires that the normal force is inclined at an angle θs. 

Therefore, a force F equal to sW W   is now needed for sliding to initiate.  Accounting for 

equilibrium of moments, the lateral force at initiation of motion is: 

 
R

F W
R h


  

(1-1)
 

Force F required to initiate motion in Equation (1-1) is larger than the friction force W . Note 

that the values of the coefficient of friction in the model of Fenz and Constantinou (2008a to 

2008e) are determined from experiments of Triple FP bearings so that the values already contain 

the spherical surface effect.  

 

Figure 1-3: (a) Rigid block sliding on flat surface (b) Rigid block sliding on spherical 
surface    

Note that in the free body diagrams of Figure 1-3, the normal force at the sliding surface is 

shown equal to the vertical load W. This is not exact for the spherical surface where the normal 

component of the force actually equals / cos tans sW S  . To arrive at this expression, it is 

necessary to consider equilibrium of forces in the vertical direction in addition to the equilibrium 

equations of forces in the horizontal direction and of moments. However, in the limit of small 
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values of angle s , for which the theory of Fenz and Constantinou (2008a to 2008e) and the 

theory presented herein are based, the normal force is equal to load W within a first order 

approximation.  

The inclusion of moment equilibrium leads to various new features that will be shown 

throughout this report: (a) there are no restrictions on the geometry and properties of any of the 

sliding surfaces, (b) the sliding displacement and velocities can be explicitly calculated at each 

surface, (c) variations of the friction coefficients due to temperature and velocity can be correctly 

captured and (d) concave plate rotations and misalignments can be accounted for. Also as a 

direct consequence of (b) above, the Triple FP model can be extended to capture uplift behavior 

since uplift modeling requires the surface sliding displacements and velocities as initial 

conditions. 

This report contains the following: 

 In Section 2, the mechanics of the single and double friction pendulum bearings with 

consideration of moment equilibrium are discussed. 

 In Section 3, the equations for the mechanics of the Triple Friction Pendulum (TFP) 

bearings with consideration of moment equilibrium are given. These equations are valid 

for any random geometry.  Algebraic solutions for simple cases are presented.  

 In Section 4, a model for use in dynamic analysis of the TFP isolator is presented. This 

model has no restriction on properties and can be used to conduct complex analysis that 

includes rotations of the top and bottom concave plate, temperature calculations and 

variation of friction coefficient values due to temperature at the sliding interfaces and 

velocity. 

 In Section 5, a model that can capture the TFP behavior under uplift conditions is 

described. The combination of the uplift model, with the model presented in Section 4, 

can be used to model the TFP under any state. 

 In Section 6, an additional theory is presented that can capture the TFP behavior under 

any state (compression and uplift) and can model complex phenomena that may occur 

during the isolator’s response, such as flying, overturning, full and point contact of the 

TFP parts.  
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 In Section 7, program 3pleANI, which can be used to conduct dynamic response history 

analysis of buildings and bridges while accounting for the features of the new theory of 

the TFP, is described.  Program 3pleANI can also be used to conduct uplift analysis of 

TFP under specified conditions of motion.  A feature of the program is that it can 

generate animation of motion of parts of the TFP. 

 In Section 8, examples of uplift analysis using program 3pleANI are provided. 

 Appendices contain the user’s and verification manuals of 3pleANI. 
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     SECTION 2   

   SINGLE AND DOUBLE FRICTION PENDULUM  

 

The Single and Double Friction Pendulum bearings are treated first as simpler cases of the Triple 

Friction Pendulum bearing. Consider the Single FP bearing deformed as shown in Figure 2-1. 

Note that the angles are shown large in the figure for clarity but they are presumed to be small so 

that the normal force at each sliding surface is equal to load W within the first order of 

approximation. The top concave plate is considered horizontal.  Angle θ is the “sliding angle” 

defined, for small values, as  u R h    where u is the bearing top displacement. Angle θs is 

the angle formed by the lines connecting the center of curvature of the top concave plate and (a) 

the point of application of the resultant force at the top surface of the slider (point A) and (b) the 

center of the slider (point B). Angle θr is the angle formed by (a) the vertical axis and (b) the axis 

connecting the center of curvature of the bottom surface of the slider and the point of application 

of the resultant force at the bottom surface of the slider (point C). 

The coefficient of friction for sliding on the top concave plate is µ and the coefficient of friction 

for sliding on the bottom of the articulated slider is µr. The corresponding friction forces are:  

 
r rS W

S W




   

(2-1)
 

The forces shown in Figure 2-1 act at the surfaces of the articulated slider (highlighted in the 

figure). The equations of equilibrium considered are for the articulated slider for forces in the 

horizontal direction and for moments about point C, and the equation of equilibrium of forces in 

the horizontal direction of the top concave plate.  Note that equilibrium in the vertical direction is 

already satisfied for small values of the angles since the normal components of force have been 

considered equal to load W.  Moment equilibrium of the articulated slider about point C, force 

equilibrium of the articulated slider in the horizontal direction and force equilibrium of the top 

concave plate in the horizontal direction give the three equations below: 

BEARING BEHAVIOR
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(2-2)
 

 

Figure 2-1: Deformed single friction pendulum isolator 

Solution of the equations above yield the following expressions for angle θs, which defines the 

location of the point of application of the resultant force, and the force displacement relation: 

 

r r
s

r r

R h

R h
R R W

F W u
R h R h

 

 







 
 

 
(2-3)

 

Note that the effective friction coefficient is    r rR R R h    and not µ, which is the 

coefficient of friction for a flat sliding surface as predicted when assuming that the resultant 

forces act at the center of each sliding surface.   Also note that the “effective radius” in Equation 

(2-3), effR R h  is also equal to '
eff rR R R h   . This observation will later be used to 

demonstrate that the single and double FP bearings have behavior described by exactly the same 

equations. 
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Consider now the Double Friction Pendulum bearing with a rigid slider as shown in Figure 2-2. 

Again, the angles are considered small so that the normal components of force are equal to load 

W. 

 

Figure 2-2: Double Friction Pendulum bearing with rigid slider 

Equilibrium of force in the horizontal direction and equilibrium of moments for the rigid slider, 

and equilibrium of forces in the horizontal direction of the top concave plate result in the 

following:  

  
 

2 2 1 1

2 2 1 1 1 1

1 2 2

0
s s

s s s s s

s

W S S W

W R R W h S h

W S F

 
  

 

  

   

  
 

(2-4)
 

Note that the equations above do not require that the top plate is horizontal.  When this constraint 

is imposed so that 1 2  , the result is: 

 

 1 2 1 2
1

1 2

1 1 2 2 1
2

1 2

s
s

s

s
s

s

h R

R R h

R h R

R R h

  


  

  


 
 


 

 
(2-5)

 



10 
 

Considering that the total displacement of the top concave plate is given by  1 1 2 2su R h R     

and substituting Equations (2-5) into Equations (2-4), the force-displacement relation of the 

bearing is determined to be: 

 
1 1 2 2

1 2 1 2s s

R R W
F W u

R R h R R h

 
 

     
(2-6)

 

Note that the above equation is valid during sliding on both concave surfaces and that the 

complete description of the behavior requires additional considerations (see Fenz and 

Constantinou, 2008a for details when moment equilibrium is ignored). 

Equation (2-6) demonstrates that the effective friction coefficient is given by 

   1 1 2 2 1 2 sR R R R h    whereas the theory that ignores moment equilibrium predicts that 

the effective friction is given by    1 1 2 2 1 2( / 2) ( / 2)s s sR h R h R R h       (Fenz and 

Constantinou, 2008a). The difference between the two theories is best illustrated for the common 

case of 1 2     where the Fenz and Constantinou theory predicts the effective friction 

coefficient to be equal to , whereas the current theory predicts the coefficient to be

   1 2 1 2( ) sR R R R h    , which is larger than .   

Also, note that Equation (2-6) predicts that the effective radius of the bearing is 

1 2eff sR R R h   , which demonstrates that the behavior of the Double FP bearing is identical to 

that of the Single FP as previously discussed. 
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  SECTION 3   

TRIPLE FRICTION PENDULUM BEHAVIOR  

 

3.1 General Equations 

Triple Friction Pendulum bearings typically have their geometric and frictional properties satisfy 

the conditions: 1 4 2 3 2 3 1 4 1 4 2 3, , , , ,R R R R h h d d d d       . The theory presented herein is 

not restricted by any of these conditions although at some point, conditions will be imposed to 

develop the rules for constructing hysteresis loops using algebraic equations for two different 

configurations. The construction of hysteresis rules for random properties using the algebraic 

equations is beyond the scope of this report and can be constructed by the reader following the 

procedures presented in this section. Moreover, the theory is restricted by the condition that all 

sliding surfaces are in full contact and that rotations are small (also 0i i  ). The behavior of the 

bearing under uplift conditions is described later in this report. Moreover, an additional theory 

free of any restriction is presented in Section 6. 

Figure 3-1 shows free body diagrams of individual components of a Triple FP bearing and 

Figure 3-2 shows a deformed Triple FP bearing with the sliding angles defined. Note that the 

free body diagrams shown are identical to those of Fenz and Constantinou (2008a) but with the 

resultant force at each sliding surface acting at a point different than the center; the location 

being identified by the value of an offset angle. Specifically, the offset angle of surface i, si , is 

formed by (a) the line extending between the point of application of the resultant force and the 

center of curvature of sliding surface i and (b) the line extending between the center of contact 

surface i (defined as the one of least diameter among the two in contact) and the center of 

curvature of sliding surface i (defined as the one of larger diameter among the two in contact). 

Note that in the Fenz and Constantinou (2008a) model, this angle is zero.  Sliding on any of the 

surfaces is described by angle i  which is formed by (a) the line extending between the center of 

the contact surface and the center of curvature of the sliding surface and (b) the line extending 

between the center of the sliding surface and the center of curvature of the sliding surface. The 

definition of the sliding angles is identical to the Fenz and Constantinou (2008a) model. 

WITH SURFACES IN FULL CONTACT
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The effective radius for each concave surface is defined as (see notation in Figure 1-1): 

 , 1, 2, 3, 4effi i iR R h i    
(3-1)

 

The total displacement of the isolator, u , can be calculated from the geometry of Figure 3-2 as: 

    1 1 4 1 2 2 4 2 3 4 3 3 4 4( )u R h h R h h R h h R            
 

(3-2)
 

Equilibrium is now considered as described below and subject to the condition that angles are 

small. When the effect of the weight of the individual components of the TFP is ignored, 

equilibrium in the vertical direction for the forces shown in Figure 3-1 results in: 

 1 2 3 4W W W W W   
 

(3-3)
 

The effect of the weight of the TFP components will be considered later when an element for use 

in response history analysis will be developed. An additional outcome of the small angle 

approximation is that the vertical distance between the points of application of the resultant 

friction forces of surfaces 1 and 2 is equal to h1-h2, for surfaces 2 and 3 it is h2+h3 and for 

surfaces 3 and 4 is h4-h3. 

Also, horizontal restrainer forces, Fri, develop when contact occurs at restrainers of each surface. 

These forces are not shown in the free body diagrams of Figure 3-1 for clarity. The restrainer 

forces are zero if i id R  and become nonzero when i id R  (see notation in Figure 1-1). 

Their exact value is determined by the solution of the equilibrium equations if contact is made 

with the restrainers. 
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Figure 3-1: Free body diagrams of components of a Triple Friction Pendulum bearing 

 

Figure 3-2: Deformed bearing and definition of sliding angles 
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Equilibrium of moments for the rigid slider about the point of application of forces on surface 3: 

     2 2 3 3 2 2 2 2 30 s s s rW R R W S F h h       
 

(3-4) 

Equilibrium of forces in the horizontal direction for the rigid slider: 

 2 2 2 3 3 3s r s rW S F W S F     
 

(3-5)
 

Equilibrium of forces in the horizontal direction for the bottom sliding plate: 

  2 2 2 2 1 1 1s r s rW S F S W F       
 

(3-6)
 

Equilibrium of moments about the force application point at surface 1 for the bottom sliding 

plate: 

      1 1 2 2 2 2 1 2 2 2 2 20 s s s rW R R R h h W S F               
(3-7)

 

Equilibrium of moments about the force application point at surface 4 for  the top sliding plate: 

      4 4 3 3 3 3 4 3 3 3 3 30 s s s rW R R R h h W S F               
(3-8)

 

Equilibrium of forces in the horizontal direction for the top sliding plate: 

  3 3 3 3 4 4 4s r s rW S F S W F       
 

(3-9)
 

From force equilibrium of the top concave plate: 

  1 2 3 4 4 4s rF W S F        
 

(3-10) 

Restraining the top plate to have zero rotation (top plate is horizontal) requires that: 

 1 2 3 4 0      
 

(3-11) 

Alternatively, if the top of the bearing is connected to a flexible structure with rotational stiffness 

Ks, Equation (3-11) above can be modified to the following after neglecting the effect of the top 

plate thickness: 

  1 2 3 4 4 4 0S sK WR        
 

(3-12)
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Moreover, when misalignment of the top concave plate is considered, Equation (3-11) is 

modified to Equation (3-13) in which angle θc is the known top plate misalignment or deviation 

from the horizontal:  

 1 2 3 4 c       
 

(3-13)
 

Note that the rotation of the bottom concave plate is more complex to include since it has to be 

accounted for in Equation (3-13) and in the equilibrium Equations (3-4) to (3-10). This case is 

omitted in this section for simplicity but is presented later in Section 4.  

 

The procedure followed for the calculation of the Triple FP bearing force-displacement relation 

requires solution of Equations (3-4) to (3-11) during each phase of motion that is characterized 

by either initiation of motion or stop of motion on one or more sliding surfaces. Note that 

depending on the phase, the number of variables to solve varies. The total displacement u can 

either be calculated using Equation (3-2) after all rotations are known or can be included as a 

variable in Equations (3-4) to (3-11) after eliminating one of the sliding angles.  

 

We now proceed to develop algebraic force-displacement relationships for Triple FP bearings for 

some selected combinations of parameters that are of practical interest. The constraints on the 

parameters and the resulting algebraic equations for the behavior of the bearing have similarity to 

those presented by Fenz and Constantinou (2008a to 2008c). Note that with the presented 

formulation, algebraic force-displacement relations for arbitrary TFP combinations of properties 

can be derived.  However, the process is cumbersome, of limited practical interest and beyond 

the scope of this report.  Later in Section 4 we will present a more general formulation that can 

be used for response history analysis but which requires solution of systems of differential 

equations that describe the constitutive relation of the bearing. In the latter case, there are no 

constraints on the values of parameters of the bearing.  

 

Table 3-1 presents two configurations of Triple FP bearings with certain geometric and frictional 

constraints considered in this report.  Note the difference in the constraints of Table 3-1 to those 

in the theory of Fenz and Constantinou (2008a to 2008e), which only involve the coefficient of 

friction of the four sliding surfaces.  By comparison, the constraints of the configurations in 
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Table 3-1 involve products of the coefficient of friction and the related radii of curvature.  

However, there is a difference in what is the coefficient of friction in the two formulations.  As 

explained in Section 1, the current formulation utilizes the actual coefficient of friction at each 

sliding interface.  The model of Fenz and Constantinou (2008a to 2008e) utilizes a coefficient of 

friction obtained in the testing of the bearings, which due to the spherical geometry and the 

requirement for equilibrium of moments, is an effective coefficient of friction i  larger than the 

actual coefficient i  and given by: 

 
i

i i
i i

R

R h
 

  
(3-14)

 

It is the effective friction coefficient that determines the conditions of initiation of sliding and 

transition between regimes. 

Table 3-1: Triple FP configurations analyzed in this report 
Configuration Friction Coefficients 

A 
32 1 4

2 3 1 4
2 3 1 4eff eff eff eff

RR R R

R R R R
       

B 
31 4 2

1 4 2 3
1 4 2 3eff eff eff eff

RR R R

R R R R
       

 

Configuration A is similar to the one considered by Fenz and Constantinou (2008a to 2008e) but 

generalized to have different values of the effective friction coefficient for the two inner surfaces 

(2 and 3). Configuration B describes a case where the inner two surfaces have coefficients of 

friction larger than the two outer surfaces. While this is an unusual configuration that has not 

been implemented, it has been tested and the results will be reported herein.   

3.2 TFP Bearing of Configuration A ( 2 2 eff2 3 3 eff3 1 4 eff4 4 4 eff4μ R R < μ R R < μ R R < μ R R ) 

The force-displacement relation for the bearing is determined for the case when the top concave 

plate is horizontal; that is, Equation (3-11) is valid. 
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3.2.1 Transition Point I 

Surface 2 is the one of least friction.  Accordingly, as lateral load F in Figure 3-1 increases, one 

would expect sliding to initiate on that surface when 2 2 2effF W R R . However, this would 

violate the conditions of compatibility or full contact would be lost.  For motion to initiate, the 

smallest of the friction forces at one of the two bottom surfaces ( 1 1S W  or 2 2S W ) and the 

smallest of the friction forces at one of the top two surface surfaces ( 3 3S W  or 4 4S W ) 

must be reached so that motion on two surfaces can simultaneously occur. Based on the 

conditions for Configuration A (see Table 3-1), motion will first initiate when 2 2S W and

3 3S W . Substituting 2 2 3 3 1 2 3 4, , 0S W S W           in Equations (3-4) to (3-11), 

using Equation (3-2) and solving for unknowns 1 2 3 4 1 4, , , , , , ,s s s sF u S S    , one can determine that 

sliding will initiate when the force and displacement satisfy the conditions: 

 

2 2 3 3

2 3

;

0

I

eff eff

I

R R
F

R R

u

 





 

(3-15)
 

The offset angles that determine the location of the resultant forces on each surface at initiation 

of sliding are given by: 

 
   2 2 2 3 3 3 2 2 3 3

2 3
2 3 2 3

2 2
;I I

s s
eff eff eff eff

h R h R

R R R R

     
 

   
 

   
(3-16)

 

 
   

 
   

 
3 3 2 1 2 2 3 1 2 2 3 4 3 3 2 4

1 4

2 3 1 2 3 4

;
eff eff eff effI I

s s

eff eff eff eff

R R h R R h R R h R R h

R R R R R R

   
 

     
 

   
(3-17)

 

Note that the superscripts in Equations (3-15) to (3-17) denote the transition point in consistency 

with the notation in Figure 1-2.  

Following initiation of motion at a value of force given by Equation (3-15), sliding occurs 

simultaneously on surfaces 2 and 3 and the force-displacement relation of the isolator is given 

by: 

 
2 2 3 3

2 3 2 3eff eff eff eff

R R W
u

R R R
F

R

 


 


 
(3-18)
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Note that the slope of the force-displacement curve (or stiffness) is given by the same term          

( 2 3/ ( )eff effW R R ) as the one predicted by the theory of Fenz and Constantinou (2008a to 

2008e). 

3.2.2 Transition Point II 

Motion on surface 2 and 3 continues until 1 1S W on surface 1. Substituting 

1 1 2 2 3 3 1 4, , , 0S W S W S W         in Equations (3-4) to (3-11), using Equation (3-2) 

and solving for the unknowns 1 2 3 4 4 2 3, , , , , , , ,s s s sF u S      , results in the following expressions 

for the force and displacement at transition point II: 

  

1 1 2 2

1 2

1 1 2 3 2 2 1 2 3 3 1 2

1 2

;

( ) ( )

II

eff eff

eff eff eff eff eff effII

eff eff

R R
F W

R R

R R R R R R R R R
u

R R

 

  






    




 
(3-19)

 

The offset angles that determine the location of the resultant forces on surfaces 2 and 3 at 

transition point II are still given by Equation (3-16), which implies that during sliding these 

angles remain unchanged. The offset angles that determine the location of the resultant forces on 

surfaces 1 and 4 at transition point II are given by: 

 
      

 
1 2 1 2 2 1 1 2 2 3 4 3 3 1 2

1 4
1 2 1 2 4

;
eff eff eff effII II

s s
eff eff eff eff

R h R R R R h R R R

R R R R R

    
 

     
 

   
(3-20)

 

The increase in the offset angles of surfaces 1 and 4 (determined by a comparison of Equations 

(3-17) and (3-20)) is due to the fact that during sliding on surfaces 2 and 3, the force acting on 

surface 1 shifts its point of application in order to satisfy the condition of  moment equilibrium of 

the slide plate. The sliding rotation angles at surfaces 2 and 3 at the transition point II are given 

by: 

 

1 1 3 1 2 2 2 3 2 2 2 3

1 2 2 3

1 1 2 1 2 2 2 2

2

3
3 2 3

1 2 2 3

( ) ( ) 2

2 ( )

eff eff

eff eff eff eff

eff

eff eff eff ef

I

I

f

I

I

R R R R R h

R R R R

R R h h R

R R R R

     

     

    
 

 

   
 

 

 
(3-21)

 



19 
 

The force-displacement relation beyond the transition point II is given by: 

 
1 1 3 3

1 3 1 3eff eff eff eff

R R W
F u

R R R R

 
 

   
(3-22)

 

Note that following transition point II, motion occurs simultaneously on surfaces 1 and 3. 

3.2.3 Transition Point III 

Motion continues on surfaces 1 and 3 until 4 4S W on surface 4. Substitution of 

4 4 1 1 2 2 3 3 4, , , , 0S W S W S W S W         into Equations (3-4) to (3-11), using Equation 

(3-2) and solving for the unknowns 1 2 3 4 1 2 3, , , , , , , ,s s s sF u         , results in the following results 

for the force and displacement at transition point III:  

 

4 4 3 3

4 3

4 4 1 3 1 1 4 3 3 3 4 1

4 3

( ) ( ) ( )

e

II

ff eff

eff eff eff eff eff eff

eff

I

II

e

I

ff

R R
F W

R R

R R R R R R R R

R
u
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 (3-23)
 

The offset angle that determines the location of the resultant force for surface 1 is still given by 

Equation (3-20).  The offset angles that determine the location of the resultant forces for surfaces 

2 and 3 are given by Equation (3-16). The offset angle that determines the location of the 

resultant force for surface 4 at transition point III changes due to motion on surface 3 and is 

given by the following expression: 

 
 4 3 2 4 3 3

4
4 3

III
s

eff eff

R h h R

R R

 


  


  
(3-24) 

The sliding angle of surface 2 is given by Equation (3-21) which demonstrates that motion 

stopped on surface 2 when motion started on surface 1 and, therefore, the increment in 

displacement u described by the difference between Equations (3-23) and (3-19) is due to motion 

on surfaces 1 and 3.  The sliding angles for surfaces 1 and 3 at the transition point III are given 

by: 
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4 1 2 1 1 2 2 4 3 4 3 3
1

1 2 4 3

4 4 3 3 2 2 3 3
3

4 3 2 3

( ) ( )eff eff effIII

eff eff eff eff
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eff eff eff eff
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(3-25)

 

The force-displacement relation beyond the transition point III is given by: 

 
4 4 1 1

1 4 1 4eff eff eff eff

R R W
F W u

R R R R

 
 

   
(3-26) 

Note that beyond transition point III, motion occurs on surfaces 1 and 4. 

3.2.4 Transition Point IV 

Motion continues on surfaces 1 and 4 until the displacement capacity on surface 1 is consumed 

and the moving slider comes into contact with the restrainer of surface 1. Substitution of 

4 4 1 1 2 2 3 3 1 1 1, , , ,S W S W S W S W d R          in Equations (3-4) to (3-11), using 

Equation (3-2) and solving for the unknowns 1 2 3 4 2 3 4, , , , , , , ,s s s sF u        , results in the 

following results for the force and displacement at transition point IV (Fr1 is still zero since 

transition point IV describes the instant at which contact initiates):  

1 1 2 2 1

1 2 1

1 1 2 4 1 4
1 1 2 2 4 4

1 1 2

4

1 2
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eff eff

eff eff eff eff eff

eff eff eff eff
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R R d
F W W

R R R

d R R R R R
R R R

R R R R
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  (3-27) 

The offset angles that determine the location of the resultant forces on each surface do not 

change between stages III and IV and for transition point IV are given by Equation (3-20) for θs1, 

Equation (3-16) for θs2 and θs3 and Equation (3-24) for θs4. The sliding angles of surfaces 2 and 3 

are given by Equation (3-21) for surface 2 and Equation (3-25) for surface 3.  This implies that 

between transition points III and IV, there was no motion on surfaces 2 and 3. The sliding angle 

for surface 4 at transition point IV is given by: 

 
1 1 4 1 2 2 2 3 3 4 4 3

4
1 2 4 3

1

1

( ) ( )eff eff effIV

eff eff eff eff

R R R R R h dR

R R R R R

    


    
  

   
(3-28) 

The force-displacement relation beyond the transition point IV is given by: 
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1 22 2 4 4 1

4 2 4 2 1 4 2

eff eff

eff eff eff eff eff eff

R RR R d W
F W W u

R R R R R R R

  
  

    
(3-29) 

Note that beyond transition point IV, motion occurs on surfaces 2 and 4. 

3.2.5 Transition Point V 

Motion continues on surfaces 2 and 4 until the displacement capacity on surface 4 is consumed 

and the moving slider comes into contact with the restrainer of surface 4. Substitution of 

4 4 1 1 2 2 3 3 1 1 1 4 4 4, , , , ,S W S W S W S W d R d R           into Equations (3-4) to 

(3-11), using Equation (3-2)  and solving for the unknowns 1 2 3 4 1 2 3, , , , , , , ,s s s s rF u F      , results 

in the following results for the force and displacement at transition point V (note that the 

restrainer force of surface 1 is now nonzero and included in the unknown):  
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The offset angles that determine the location of the resultant forces on each surface are given by 

Equation (3-16) for θs2 and θs3 and Equation (3-24) for θs4. Angle θs1 changes and is given by: 
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1 4
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The sliding angle of surface 3 is still given by Equation (3-25) and the sliding angle for surface 2 

is given by: 

 
2 2 3 3 4 4 3 3 1 4

2
2 3 4 3 1 4

V

eff eff eff eff

R R R R d d

R R R R R R
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The force-displacement relation beyond the transition point V is given by: 

 
1 2 4 32 2 3 3 1 4

2 3 2 3 1 2 3 4 2 3

eff eff eff eff

eff eff eff eff eff eff eff eff

R R R RR R d d W
F W W W u

R R R R R R R R R R

   
   

     
(3-33) 

Note that beyond transition point V, motion occurs on surfaces 2 and 3. 
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The displacement capacity of the triple FP bearing is reached when the minimum of the 

displacement capacities of surface 2 or surface 3 is reached. Note that after one of the two 

displacement capacities is reached, three out of four surfaces of the bearing have reached their 

displacement capacities.  This requires that motion stops as sliding on one surface alone would 

violate the conditions of compatibility or full contact will be lost.  

3.2.6 Force-Displacement Relation 

The force-displacement relation for the Triple FP, Configuration A is plotted in Figure 3-3 for 

the special case of 1 4 2 3 2 3 1 4, , ,R R R R h h      for which comparisons to the theory of Fenz 

and Constantinou (2008a to 2008e) can be made.  

The force-displacement relation of the same configuration using the theory of Fenz and 

Constantinou (2008a to 2008e) is shown in Figure 3-4. Note that the two theories produce 

identical force-displacement curves for this case when the friction coefficients in the Fenz and 

Constantinou model are replaced by the effective friction coefficient given by: 

 

2
2 2

2

1 1 2 2
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1 2

4 4 2 2
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eff eff

eff eff

R

R
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(3-34)
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Figure 3-3: Force-displacement of Triple FP bearing of Configuration A with 

1 4 2 3 2 3 1 4, , ,R R R R h h      and based on the current theory 

 

Figure 3-4: Force-displacement of Triple FP bearing of Configuration A with 

1 4 2 3 2 3 1 4, , ,R R R R h h      and based on the theory of Fenz and Constantinou 

3.3 TFP Bearing of Configuration B ( 1 1 eff1 4 4 eff4 2 2 eff2 3 3 eff3μ R R < μ R R < μ R R < μ R R

) 

Sliding initiates when the smallest of the friction forces at one of the two bottom surfaces  

( 1 1S W or 2 2S W ) and the smallest of the friction forces at one of the top two surfaces  

( 3 3S W or 4 4S W ) are overcome. Given the assumptions in Table 3-1, this configuration 

represents a case where motion initiates first on the outer surfaces (1 and 4).   The theory of Fenz 
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and Constantinou (2008a to 2008e) is not applicable in this case since it is restricted to

2 3 1 4      . Analysis for this configuration proceeds along the lines of the analysis for 

Configuration A but with a different sequence of motion on the various surfaces. 

3.3.1 Transition Point I 

Based on the conditions for Configuration B (see Table 3-1), motion will initiate when the 

friction force reaches the value 1 1S W on surface 1 and the value 4 4S W on surface 4. 

Substituting 1 1 4 4 1 2 3 4, , 0S W S W           into Equations (3-4) to (3-11), using 

Equation (3-2)  and solving for the unknowns 1 2 3 4 2 3, , , , , , ,s s s sF u S S    , one determines that at 

initiation of motion (transition point I): 

 

1 1 4 4

1 4

0
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eff eff
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R R
F W
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u

 





 

(3-35)
 

The offset angles are given by: 
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After transition point I, motion occurs simultaneously on surfaces 1 and 4 and the force- 

displacement relation is given by: 

 
1 1 4 4

1 4 1 4eff eff eff eff

R R W
F W u

R R R R

 
 

   
(3-37)

 

3.3.2 Transition Point II 

Motion continues on surfaces 1 and 4 until transition point II, where the lesser of the 

displacement capacities of surfaces 1 and 4 is consumed.  While typically the displacement 

capacities of surfaces 1 and 4 are equal, consider the general case where the displacement 

capacity of surface 1 is smaller than that of surface 4. Substituting for 
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1 1 4 4 1 1 1, ,S W S W d R     into Equations (3-4) to (3-11), using Equation (3-2)  and solving 

for the unknowns 1 2 3 4 2 3 4, , , , , , , ,s s s sF u S S     , the total force and displacement of the bearing at 

transition point II are derived to be: 
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1 4 1
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(3-38)
 

The offset angles are given by Equation (3-36) and they remain unchanged during motion 

between transition points I and II.  The sliding angle of surface 4 is equal to that of surface 1: 
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(3-39)

 

At transition point II and due to the fact that friction has not been exceeded on surfaces 2 and 3,  

Equation (3-11) predicts that the bearing must cease motion and exhibit rigid behavior until the 

lateral force reaches the value of the friction force on surface 2 (which has less friction than 

surface 3). For motion to initiate, this condition would still need to be satisfied even if it was 

assumed that 
2 2 2 3 3 3eff effR R R R  (since it was assumed earlier that 1 4d d ). 

3.3.3 Transition Point III 

At transition point III, motion initiates when the friction force on surface 2 reaches the value of 

1 1S W . Substituting for 1 1 4 4 2 2 1 1 1, , ,S W S W S W d R        into Equations (3-4) to 

(3-11), using Equation (3-2) and solving for the unknowns 1 2 3 4 1 3 4, , , , , , , ,s s s s rF u F S     , the 

force and displacement at transition point II are derived to be: 
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(3-40) 

Note that III IIu u  so that, indeed, the bearing has ceased motion in the interval between 

transition points II and III. As motion ceased, all offset angles change and are given by: 
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Beyond transition point III, motion occurs on surfaces 2 and 4. The force-displacement relation 

is given by: 
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3.3.4 Transition Point IV 

At transition point IV, the displacement capacity of surface 4 is consumed. Substituting for 

1 1 4 4 2 2 1 1 1 4 4 4, , , ,S W S W S W d R d R         into Equations (3-4) to (3-11), using 

Equation (3-2) and solving for the unknowns 1 2 3 4 1 3, , , , , , ,s s s s rF u F S    , the force and 

displacement at transition point IV are determined to be:  
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The offset angles for surfaces 2 and 4 are the same as those at transition point III given by 

Equations (3-41).  The offset angles for surfaces 1 and 3 are given by: 
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Finally, the sliding angle for surface 2 is given by: 
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Since the displacement capacities of both surfaces 1 and 4 are reached at transition point IV and 

the friction force has not been reached on surface 3, the isolator ceases motion again and exhibits 

rigid behavior until transition point V is reached. 

3.3.5 Transition Point V 

At transition point V, the friction force is reached on surface 3 and motion starts.  Substituting 

1 1 4 4 2 2 3 3 1 1 1 4 4 4, , , , ,S W S W S W S W d R d R           into Equations (3-4) to (3-11) 

using Equation (3-2) and solving for the unknowns 1 2 3 4 1 4, , , , , , ,s s s s r rF u F F    , the following are 

determined for transition point V: 
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(3-46) 

The force-displacement relation beyond transition point V is again given by Equation (3-33). 

The displacement capacity of the bearing is consumed when either the displacement capacity of 

surface 2 or of surface 3, whichever is less, is consumed. If the two capacities are the same and 

since for this example some motion has already occurred on surface 2 prior to Regime V, the 

restrainer of surface 2 will be reached first.  For practical applications where 1 4 2 3,d d d d  , the 

restrainers of surfaces 1 and 4 will be simultaneously reached first and the restrainers of surfaces 

2 and 3 will be simultaneously reached next.   

The force-displacement relation for Configuration B is plotted in Figure 3-5 for the case

1 4 2 3 1 4 2 3 1 4, , , ,R R R R h h d d d d     . The assumption 1 4d d , while impractical, allows for 

some more complex behavior.  
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Figure 3-5: Force-displacement of Triple FP bearing of Configuration B with 
1 4 2 3 1 4 2 3 1 4 2 3 1 4R = R ,R = R ,μ < μ < μ μ ,h = h ,d = d ,d < d and based on the current theory 

Figure 3-6 shows the force-displacement of the bearing when the theory of Fenz and 

Constantinou (2008a to 2008e) is used and for 1 4 2 3 1 4 2 3 1 4 2 3, , , , ,R R R R h h d d d d        .  

Note that this theory is not valid for this case since it has been developed for the special case 

where 2 3 1 4 2 3 1 4, ,d d d d        .  The Fenz and Constantinou theory cannot predict the 

sequence of two stops and rather predicts a single stop when the displacement capacity of 

surfaces 1 and 4 are reached simultaneously.  

 

Figure 3-6: Force-displacement of Triple FP bearing of Configuration B with 
1 4 2 3 1 4 2 3 1 4 2 3 1 4R = R ,R = R ,μ = μ < μ = μ ,h = h ,d = d ,d d and based on the Fenz and 

Constantinou theory 
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Note that for the special Configuration B with 1 4 2 3 2 3 1 4, ,d d d d        , the theory of 

Fenz and Constantinou and the current theory can produce identical results if the following 

transformation is made (instead of the one given by Equation (3-34)).  Note that i is the friction 

coefficient of surface i in the Fenz and Constantinou model, whereas i is the friction coefficient 

of surface i in the current model. 

2 2
2 3 2 3

2 2

1 4
1 4 1 4

1 4

eff eff

eff eff

R R

R R

R R

R R

   

   

  

  
     (3-47) 

3.4  Examples of Force-displacement Relations of Triple FP Bearings 

Consider the Triple FP bearings with the properties presented in Table 3-2.  The full scale 

bearing is an actual bearing used in a building application.  The model scale bearing has been 

tested at the University at Buffalo. The friction coefficient values in Table 3-2 have been 

randomly selected for the analysis presented here.  Force-displacement relations for the four 

bearings are presented in Figure 3-7 as predicted by the current theory and the theory of Fenz 

and Constantinou (2008a to 2008e).  For the single case in Table 3-2 for which 2 3  , the 

theory of Fenz and Constantinou was used with 2 3 0.0339   (that is, the average value of 

the two friction coefficients multiplied by the ratio of the radius to the effective radius).  Note 

that for the Fenz and Constantinou theory, the values of the effective coefficient of friction are 

used as given by Equation (3-34) for the Model Scale Configuration A, Full Scale Configuration 

A and Full Scale Configuration B, and as given by Equation (3-47) for the Model Scale 

Configuration B. 

The results of Figure 3-7 demonstrate that the model of Fenz and Constantinou (2008a to 2008e) 

produces results identical to those of the current theory (presumed exact) for all configurations 

provided that the friction coefficient is correctly interpreted.  
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Table 3-2: Analyzed Triple FP bearings 
Geometric and 

Frictional 
Properties 

Model Scale 
Bearing-

Configuration  
A, 2 3μ = μ  

Model Scale 
Bearing-

Configuration  
B, 2 3μ = μ  

Full Scale 
Bearing-

Configuration 
A, 2 3μ μ  

Full Scale 
Bearing-

Configuration 
B, 2 3μ = μ  

1 4R R  (mm) 473 473 3962 3962 

2 3R R  (mm) 76 76 991 991 

32h h  (mm) 21 23 115 115 

1 4h h  (mm) 31 38 165 165 

1 4eff effR R  (mm) 442 435 3797 3797 

2 3eff effR R  (mm)
 55 53 876 876 

1 4dd   (mm) 64 64 406 406 

2 3dd   (mm) 19 19 152 152 
* *

1 4dd   (mm) 59.8 58.9 389.09 389.09 
* *

2 3dd   (mm) 13.75 13.25 134.4 134.4 

1 4b b  (mm) 101 101 762 762 

2 3b b  (mm) 51 51 406.4 406.4 

1  0.1 0.1 0.075 0.075 

4  0.15 0.1 0.125 0.125 

2  0.05 0.1 0.05 0.05 

3  0.05 0.1 0.01 0.05 

1  0.1124 0.1087 0.0848 0.0833 

4  0.1735 0.1087 0.1662 0.1526 

2  0.0691 0.1434 0.0339 0.0566 

3  0.0691 0.1434 0.0339 0.0566 

Friction coefficients 
1 2 3 4
, , ,    are used in the current model  

Friction coefficients 
1 2 3 4
, , ,    are used in the Fenz and Constantinou model 

Actual displacement capacities  in the Fenz and Constantinou model given by * ( ) /
i i i i i

d d R h R     
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Figure 3-7: Force-displacement relation of bearings of Table 3-2 as predicted by two 
theories  

3.5 Additional Results on the Behavior of Triple FP Bearings Based on Considerations of 

Moment Equilibrium  

Consider the case where 2 3 1 4       and the lateral force (also lateral displacement) is 

small enough so that motion only occurs on surfaces 2 and 3 (that is, surfaces 1 and 4 do not 

experience any motion). We investigate the behavior of the bearing after initiation of motion 
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(beyond transition point I) when friction on surfaces 2 and 3 is unequal. The bearing is initially at 

rest and a lateral force is applied.   

If moment equilibrium is disregarded and the resultant forces are assumed to act at the center of 

the contact surfaces, equilibrium of the rigid slider in the horizontal direction (see Figure 3-1 and 

consider θsi=0; see Figure 3-8(a) and (b)) requires that 2 2 3 2S W S W    . Since the friction 

force S2 is less than the friction force S3, a discrepancy arises. Considering full contact between 

the sliding surfaces,  the motion must then start on surface 2 (of least friction) but not on surface 

3 (of higher friction) and therefore it is necessary for the top concave plate to undergo significant 

free rotation as shown in Figure 3-8(c).  This, of course, is not possible as the bearing is 

connected to a structure so that its top rotation is restrained.  

 

Figure 3-8: Triple FP bearing behavior when 2 3S S  and forces are assumed acting at 

center of each surface  

The theory presented in this report predicts that motion will initiate when the lateral force 

reaches the value given by Equation (3-15) ( 2 2 3 3 2 3( ) / ( )eff effF R R R R    ). The value of this 

force is larger than the least friction force S2 and yet the bearing is motionless until the lateral 

force reaches a value larger than S2.  This is possible because the points of application of the 

resultant forces on surfaces 2 and 3 move as lateral force F increases in magnitude (see Figure 

3-9 (a) and (b)) so that equilibrium is possible in the horizontal direction.  When the lateral force 
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reaches the value predicted by Equation (3-15), motion occurs on both surfaces 2 and 3 as shown 

in Figure 3-9(c).  This is possible with the top bearing plate remaining horizontal. 

 

Figure 3-9: Triple FP bearing behavior when 2 3S S  and forces are assumed acting at a 

location determined by moment equilibrium 

Another result of the current theory is that the displacement capacity of each sliding surface is 

smaller than id and given by: 

 
* effi
i i
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R
d d

R


 
(3-48)

 

Note that this was not recognized in Fenz and Constantinou (2008a to 2008e) but it was later 

recognized and corrected in Constantinou et al. (2011).   

For the special case where 1 4 2 3d d d d   , 1 4 2 3R R R R   , the total displacement capacity of 

a Triple FP bearing is given by the sum of the displacement capacities of each sliding surface, 

that is: 
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(3-49)
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However, the total displacement capacity of the TFP bearing is not always the sum of the 

displacement capacities of its individual sliding surfaces. For an arbitrary combination of the 

bearing geometric and frictional properties, the total displacement capacity will be less than or 

equal to the one given by Equation (3-49).  That is, Equation (3-49) provides an upper bound.  

An example is provided in Figure 3-10 where part (b) shows a bearing at maximum 

displacement.  Any attempt to further deform the bearing will result in loss of full contact of the 

sliding surfaces and uplift of components.    

 

Figure 3-10: Triple FP bearing (a) un-deformed and (b) at maximum displacement 

  

(a) Un-Deformed

(b) Deformed
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      SECTION 4   

MODELING TRIPLE FRICTION PENDULUM BEARINGS WITH SURFACES 

IN FULL CONTACT FOR RESPONSE HISTORY ANALYSIS 

4.1 Introduction 

An element is developed that can be used in response history analysis of structures with Triple 

Friction Pendulum bearings. This element is valid for any combination of parameters of 

properties and can explicitly calculate the sliding displacement and velocities for each of the four 

surfaces. The formulation of the element allows for inclusion of the inertia effects of the moving 

parts of the bearing, different vertical load on each sliding surface due to the effect of self-weight 

of the components above each surface and variation in the values  of the friction coefficient (as 

functions of sliding velocity, temperature and other parameters). Moreover, the element allows 

for the top and bottom concave plate to rotate and is capable of performing checks for the 

stability of the various components of the bearing that can facilitate its use for the analysis of 

uplift. Finally, with proper selection of geometry and friction parameters, the element is capable 

of modeling other friction pendulum isolators such as the Double FP with rigid slider, the Double 

FP with an articulated slider and the Single FP with an articulated slider.  The model is restricted 

to isolators with a maximum of four sliding surfaces. 

4.2 Equations of Motion Including Inertia Effects 

The equations of motion of the Triple FP bearing are derived for one-directional motion on the 

basis of the free body diagrams of Figure 3-1 after inclusion of inertia effects.  For clarity, Figure 

3-1 is complemented by Figure 4-1 where the inertia forces, weights and additional parameters 

for the Triple FP parts are shown. Also, the normal force of each surface is now considered 

different and denoted Wi in order to account for the effect of the weight of the individual TFP 

components on the normal force of each surface (as shown in Figure 3-1). The normal force of 

each surface is now given by (assuming small angles of rotation and 0i i  ): 
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1

2

3

4

TCP TSP RS BSP

TCP TSP RS

TCP TSP

TCP

W W m g m g m g m g

W W m g m g m g

W W m g m g

W W m g

    
   
  
 

 (4-1) 

In Figure 4-1, FIBSP, FIRS, FITSP, FITCP are the inertia forces of the TFP individual components that 

act at the center of mass of each body, which is located at distances z1 from surface 1 for the 

Bottom Slide Plate (BSP; see Figure 1-1), z4 from contact surface 4 for the Top Slide Plate (TSP) 

and z2 from contact surface 2 and z3 from contact surface 3 for the Rigid Slider (RS). The inertia 

forces act in the tangential trajectory of each part.  The radial components of the inertia forces 

are ignored (see Equation (4-1)). MIBSP, MIRS, MITSP, MITCP are the mass moments of inertia of the 

rigid parts BSP, RS, TSP and the Top Concave Plate (TCP) with masses , , ,BSP RS TSP TCPm m m m , 

respectively. The mass moments of inertia can be calculated using the rotational mass moments 

of inertia IBSP, IRS, ITSP and the rotational acceleration of each body, which can be calculated 

from double differentiation of rotations  1  for the BSP, 1 2   for the RS, 1 2 3    for the 

TSP and 1 2 3 4       for the TCP. The latter is zero when the TCP is assumed horizontal and 

therefore the moment equilibrium equation for the top concave plate can be substituted with a 

constraint equation 1 2 3 4 0        together with 0ITCPM  . Finally, Figure 4-1 shows the 

restrainer forces Fri which were omitted for clarity in Figure 3-1. 

The equilibrium and kinematic equations are presented in Equations (4-2) for the case of 

horizontal top concave plate (see equation (4-2)(h)).  Note that these equations are combined 

ordinary differential and algebraic equations.  Equations (a), (b), (c) and (g) are the horizontal 

equilibrium equations of the BSP, TSP, TCP and RS, respectively, and equations (d),(e) and (f) 

are the moment equilibrium equations of the RS, BSP, TSP, respectively. The moment 

equilibrium equation of the TCP is substituted by the constraint equation (h). It is noted, 

however, that the same results could have been obtained if moment equilibrium was used for the 

top concave plate assuming it is connected to a rotational spring that represents the stiffness of an 

element to which the bearing is connected. 
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Figure 4-1: Free body diagrams of components of a Triple Friction Pendulum bearing 
including inertia effects 
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(4-2)

 

The solution of combined differential and algebraic equations is complex so that the two 

kinematic equations given by (h) and (j) (both for the case of zero rotation of the bearing top 

plate) are used to eliminate sliding angles θ3 and θ4. Specifically: 

 

1 3 2 3
4 1 2

4 3 4 3 4 3

1 4 2 4
3 1 2

4 3 4 3 4 3

1 eff eff eff eff

eff eff eff eff eff eff

eff eff eff eff

eff eff eff eff eff eff

R R R R
u

R R R R R R

R R R R u

R R R R R R

  

  

      
                   

 
  

  

 (4-3) 

Substitution of Equations (4-3) into Equations (4-2(a)-(g)) results in the following:   
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(4-4)

 

Equations (4-4) can be written in matrix form as: 

 t t g eMθ + Kθ + S + F + F = 0
 

(4-5)
 

In Equation (4-5), θt is a vector containing the sliding and offset angles, and the displacement u 

of the top of the bearing, S is a vector containing the friction forces, Fg is a vector containing the 

restrainer forces and Fe is a vector containing the excitation (input) terms. Vector θt is given 

below together with sub-vectors θs (offset angle vector) and θ arising from partitioning vector θt: 
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(4-6)

 

Following the partitioning of vector θt, Equation (4-5) can be partitioned as follows: 

 
gaaa ab aa ab a ea

gbba bb ba bb b ebs

                             
             s

FM M K K θ S Fθ
0

FM M K K θ S Fθ



  
(4-7) 

Note that matrices abM  and bbM are nil so that Equations (4-7) may be written as: 

 
aa aa ab s a ga ea

ba ba bb s b gb eb

     

     

M θ K θ K θ S F F 0

M θ K θ K θ S F F 0



  
(4-8)

 

The second Equation in (4-8) can be solved with respect to the offset angle vector: 

  1
s bb eb gb b ba ba

     θ K F F S K θ M θ
 

(4-9) 

Substituting Equation (4-9) in the first Equation (4-8), one obtains the condensed equations of 

motion as: 

 
0g e    Mθ Kθ S F F    

 
(4-10) 

Where the condensed vectors and matrices are given by: 
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F F K K F











 
(4-11) 

The friction force iS  at sliding surface i is modeled using the following formulation, which is 

based on a modification of the Bouc-Wen model as implemented in program 3D-BASIS 

(Nagarajaiah et al., 1989) (special case of β=0, γ=1 and η=2):  
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(4-12)

 

Note that parameter Y is a “yield displacement” for use in the visco-plastic representation of the 

friction force.  Y should have a small value, generally equal to or less than 1mm for full size 

bearings. 

The coefficient of friction of surface i is considered to be velocity-dependent and assumed to 

follow the relation (Constantinou et al., 1990): 

   i ia v
i fi fi si e      

 
(4-13)

 

Note that this model also allows for temperature dependence of the friction coefficient to be 

implemented. In that case, the following relation between the friction coefficient i and the 

temperature Ti at the sliding interface is assumed for surface i: 

  min, max, min,
h ia T

i i i i e      
  

(4-14) 

In the above equation, the friction coefficient is equal to μmax when temperature rise is zero and 

decreases exponentially with rising temperature.  It reaches the minimum value μmin when the 

temperature is approximately equal to 1/ah. Quantity ah is the heating rate parameter. 

The heat flux and temperature rise histories at each of the four sliding surfaces of the isolator are 

calculated based on the theory presented in Constantinou et al. (2007). For the calculation of the 

temperature rise, the heat flux is assumed to be supplied at the center of the sliding surface and 

given by: 

 

0 , / 2

( )
, / 2

i i i

i i i i i
i i i

i

R b

Q t W R
R b

A



  


  



  

(4-15)
 

In Equation (4-15), iA  is the area of contact surface i (i=1, 2, 3 or 4) given by  2 4i iA b  , and 

all other terms were previously defined. If a part of the bearing moves away from the center, the 
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heat flux is set to zero so that the heat flux is intermittent.  The temperature rise at the center of 

the each surface is calculated by the following convolution integral (Constantinou et al., 2007): 

 
0

( )1
( )

t
i

i

Q tD
T t d

k t


 


   
(4-16) 

In Equation (4-16), D and k are the thermal conductivity and thermal diffusivity of the material 

(herein assumed to be that of stainless steel), respectively. The convolution integral in Equation 

(4-16) needs to be evaluated numerically and calculated at every integration step in order to 

update the friction coefficient based on Equation (4-14). However, such a procedure results in 

large execution times so that an approximate procedure can be used in which the convolution 

integral is evaluated at selected time steps. 

The restrainer force Fri of surface i is modeled as: 

   
0 , /

sgn / , /
i i i

ri
ri i i i i ri i i i i

d R
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k d R c d R


   

        
  

(4-17) 

In Equation (4-17), kri is the stiffness of the restrainer given from: 
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(4-18)

 

Also, cri is an artificial damping constant assigned to the restrainer using an arbitrary damping 

ratio of 0.01   (for most cases zero damping is recommended for the restrainers): 

 

2

2

4
ri

W
c

gT

 


 
(4-19)

 

Moreover, ryF  is the yield stress of the restrainer in shear (for the typical material used-ductile 

iron-is 172MPa), tri is the thickness of restrainer i shown in Figure 1-1 and si is the diameter of 

the sliding surface which is given by: 
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(4-20)

 

The stiffness value kri above is based on the shear strength of a 60-degree wedge of the restrainer 

ring divided by an arbitrary yield displacement Yr (a value of 2.5mm may be used). 

The restrainers have limited strength so that Equation (4-21) instead of Equation (4-17) may be 

used to model the restrainers. The equation is based on the assumption that brittle failure occurs 

when the shear stress reaches the limit ryF .  Energy dissipation is neglected. Note that Equation 

(4-21) distinguishes between left and right restrainers so that the failure of the restrainer on one 

side does not affect the failure of the restrainer on the opposite side. 
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(4-21) 

In the equation above, tn is the time at the n-th integration step and max (0 )i nt t   denotes the 

absolute of the maximum value of the sliding angle from time zero up to the n-th integration 

step.  

Sliding angles 3  and 4  are required in Equations (4-15), (4-17) and (4-21) but are not directly 

available. Rather, Equations (4-3) are used to calculate these quantities using the known values 

of angles 1 and 2 . Also, velocities 3  and 4 of surfaces 3 and 4 are required in Equations (4-

12) to (4-15) and (4-17), (4-21). These quantities are obtained by differentiation of Equations (4-

3) using the known values of 1 , 2  and u . 

The equations are written in state space form after defining vector 
T

   Q θ θ Z so that 

Equations (4-10) and (4-12) take the form: 

 
1 1 1d d

dt dt
  

  
          
      

θ θ
Q

θ M Kθ M S M F

Z Z



     


  

(4-22) 
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All equations above have been derived assuming that a force is applied at the top of the bearing 

and a ground acceleration history gu  is applied at the bottom of the bearing.  When the element 

is used in the dynamic analysis of a seismically isolated structure, force 0F  and Equation (4-

22) needs to be combined with the equations of motion of the superstructure. In the case that the 

element is used for the analysis of a single bearing under the action of a known lateral force F, 

the ground motion is zero.  

4.3 Triple Friction Pendulum Element for Analysis in Prescribed Motion (Displacement 

Controlled Test) 

An interesting problem is to specify arbitrary geometric and frictional properties of a Triple FP 

bearing, the vertical load on the bearing and the lateral displacement history of the top of the 

bearing, and to calculate the force-displacement relation of the bearing and the motion of its 

components.  In this case, the lateral force F is unknown and needs to be included in the vector 

of unknowns- θ.  Analysis starts with Equations (4-4) and (4-5), a zero ground acceleration 

history gu is used, and the now enhanced vector tθ  is partitioned to remove displacement u and 

include force F: 

 
1 2 1 2 3 4

1 2 1 2 3 4;

t s s s s s

s s s s s

F

F

     

     

       
       

θ θ θ

θ θ   (4-23) 

Note that displacement u and its derivatives are now known and are included in the excitation 

vector Fe.  After partitioning, the condensation procedure and the reduction to state-space 

formulation are performed starting from Equations (4-5) and proceeding to Equations (4-7) to (4-

11) and (4-22), as described in Section 4.2. Note that in the formulation presented above, the 

bearing top rotation is zero (horizontal top concave plate).  

4.4 Analysis for Non-Zero Top Concave Plate and Bottom Concave Plate Rotation 

In this section, we extend the model presented in Section 4.2 to capture the effect of rotations of 

the TCP and BCP. This model will be useful in modeling the effects of misalignments of the top 

and bottom plates, and the effects of rotations caused by elements connected above and below 

the isolator (e.g., a bridge pier). 
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Consider that the top and bottom concave plates are not horizontal but have rotation c for the 

TCP and b for the BCP. These rotations can either be constant (misalignments), or varying with 

time either as imposed excitation or due to the motion of a flexible element connected to the top 

or the bottom of the TFP. The geometry of the deformed isolator with nonzero top and bottom 

concave plate rotations is shown in Figure 4-2 below. 

 

Figure 4-2: TFP isolator with rotated top and bottom concave plates 

Equations (4-4) are extended to account for this new geometry. The compatibility equations are 

now given by: 
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(4-24)
 

 Solution of Equations (4-24) for 3 and 4 , result in: 
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(4-25)

 

The equilibrium equations now have to be re-written by accounting for the rotated BCP and 

TCP.  They are given below after use of Equations (4-25).  
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(4-26)

  

This model can be used in several ways depending on the nature of the BCP and TCP rotations: 
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1. If ,b c   are misalignments (assumed constant), or known histories of time, then all terms 

involving  b and c  should be included in the excitation vector Fe. 

2. If b results from the connection of the BCP to a flexible element below the isolator (e.g., 

a bridge pier), rotation b must be included as a degree of freedom. In doing so, in 

addition to Equations (4-26), horizontal and moment equilibrium equation of the bottom 

concave plate needs to be included in the analysis. Rotation b is then included as a 

degree of freedom in vector θ in Equation (4-6). In this case, the P-Δ moment that is 

transferred by the isolator to the structure below is given by: 

     1 1 1 1 1 1BCP s co g coM W R t F S t     
  (4-27) 

3. If c  results from the connection of the TCP to a flexible element above the isolator, 

rotation c  needs again to be included as a degree of freedom. However, the procedure to 

do this is different than in the case of the bottom concave plate rotation. The first of 

Equations (4-24) needs to be substituted by the moment equilibrium equation of the TCP 

and included together with the remaining TFP equilibrium equations. The moment 

transferred by the isolator to the structure above is given by: 

     4 4 4 4 4 4TCP s co g coM W R t F S t     
  (4-28) 

The condensation procedure and the reduction to state-space formulation is identical to the one 

performed based on Equations (4-7) to (4-11) and (4-22) as described in Section 4.2.  

4.5 Verification of Triple Friction Pendulum Bearing Element 

Examples are presented for the bearing configurations presented in Table 3-2.  Force-

displacement loops and angle-displacement loops obtained by the hysteretic element are 

compared to the results of the algebraic models developed in Section 3.  For the comparison, any 

velocity dependence of the coefficients of friction is ignored and the masses of the moving parts 

of the bearing are made very small so that their inertia and weight effects are effectively 

eliminated.  Note that in the presented results, the lateral force is normalized by the constant 
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vertical load on the bearing (W), the lateral displacement, in some graphs, is normalized by the 

bearing displacement capacity (Equation (4-1)), the offset angles are normalized by the offset 

angle capacities ,maxsi  and the sliding angles are normalized by the sliding angle capacities ,maxi .  

The angle capacities are given by: 

 ,max 2
i

si
i

b

R
    

(4-29)
 

 ,max
i

i
i

d

R
    

(4-30)
 

In these equations, bi is the diameter of contact surface i defined as the one of least diameter out 

of the two in contact (see Figure 1-1). Note that if ,max ,maxsi si  , point contact occurs and the 

reader is referred to the theory presented in Section 6 to better describe this case.   

Figure 4-3 compares results for the case of the model scale bearing of Configuration A (Table 

3-2). Figure 4-4 compares results for the case of the model scale bearing of Configuration B 

(Table 3-2).  Figure 4-5 compares results for the case of the full scale bearing of Configuration A 

with unequal friction at surfaces 2 and 3 (Table 3-2), and Figure 4-6 compares results for the full 

scale Configuration B.  Results are almost identical in all cases. 
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Figure 4-3: Comparison of results obtained using algebraic equations of Section 3 and the 

hysteretic element of Section 4 for model scale bearing-A with 

1 2 3 4μ = 0.1,μ = μ = 0.05,μ = 0.15 
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Figure 4-4: Comparison of results obtained using algebraic equations of Section 3 and the 
hysteretic element of Section 4 for model scale bearing-B with 1 2 3 4μ = μ = μ = μ = 0.1 
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Figure 4-5: Comparison of results obtained using algebraic equations of Section 3 and the 
hysteretic element of Section 4 for full scale bearing-A with 

075 0.05, 1 251 2 3 4μ = 0. ,μ = μ = 0.0 ,μ = 0.1  
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Figure 4-6: Comparison of results obtained using algebraic equations of Section 3 and the 
hysteretic element of Section 4 for full scale bearing-B with 

5 251 2 3 4μ = 0.075,μ μ = 0.0 ,μ = 0.1  
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4.6 Comparison of Current Model to the Fenz and Constantinou Series Model 

The series model (Fenz and Constantinou, 2008d) is capable of modeling the behavior of triple 

FP bearings in all regimes of operation provided that the basic assumptions of the Fenz and 

Constantinou theory ( 2 3 1 4      ) apply.  Herein we compare predictions of the dynamic 

response of a rigid mass supported on Triple FP bearings using the developed hysteretic model 

and the series model.  The series model has been implemented in program SAP2000 (Computers 

and Structures, 2007; Fenz and Constantinou 2008c, Sarlis and Constantinou, 2010).  The current 

model has been programmed in MATLAB.  For proper comparison, the inertia effects and the 

weight of the bearing components have been neglected in the current model (artificially small 

mass and weight values were assigned) as these effects are not accounted for in the series model.  

Also, any velocity effect on the coefficient of friction has not been modeled in either of the two 

models because the series model can only approximately determine the sliding displacement and 

velocity on each surface. The inertia effects are known to have minor or insignificant effects on 

the force-displacement loops provided that the bearing is not close to or experiencing uplift. 

A rigid weight of 1500kN is supported by Triple FP bearings having the geometric and frictional 

properties of the full scale bearing of Table 3-2. The seismic excitation used consists of one-

directional horizontal component the ground motion shown in Figure 4-7. 

 

Figure 4-7: Ground motion used for the analysis of SDOF system isolated with TFP 

Figure 4-8 compares the predictions of the two analyses in terms of the force-displacement loop 

using the two models for the case of the full scale bearing of Table 3-2, case A with

32 0.05, 0.01   .  This case cannot be analyzed by the series model so that a compromise is 
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made and analysis is performed, only for the series model, using 2 3 0.0339   , which is the 

average of the two friction values multiplied by the ratio of radii to effective radii.  Again in the 

case of the series model, the friction coefficient is interpreted as i  in Table 3-2 and 

displacement capacities are defined as * ( ) /i i i i id d R h R  . The results for this case differ but are 

very close.  Figure 4-9 compares the predictions of the two models in terms of the force-

displacement loop for the case of the full scale bearing of Table 3-2, case B with

32 0.05, 0.05   . The results for this case are essentially the same. 

 

Figure 4-8: Comparison of results obtained by the series model in SAP2000 and the 
hysteretic model in MATLAB for the full scale bearing of Table 3-2, case A and 2 3μ μ  

 

Figure 4-9: Comparison of results obtained by the series model in SAP2000 using 

2 3= = 0.03μ μ  and the hysteretic model in MATLAB using 2 3= 0.05, = 0.01μ μ  for the 

full scale bearing of Table 3-2,  case B and 2 3 = 0.05μ =μ  
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4.7 Effect of Initial Offsets on TFP Behavior 

The TFP isolators may exhibit two types of permanent displacements: 

a) Isolation system permanent displacement, in which there is the offset between the top and 

bottom concave plates of the bearing. 

b) Internal component permanent displacements. These permanent displacements always 

occur even in the absence of isolation system permanent displacements.   

The models of Section 4.2 to 4.4 are able to account for initial offsets of the TFP. The TFP 

model makes use of three degrees of freedom (θ1, θ2 and u) when used for response history 

analysis and two degrees of freedom (θ1 and θ2) when used for prescribed displacement applied 

at the TCP (displacement controlled test).  In order to describe the TFP initial conditions, exactly 

three out of five (θ1, θ2, θ3, θ4 and u) variables need to be known.  In case the desired degrees of 

freedom are not directly known, they can be calculated using Equations (4-3) after substituting 

for the known initial conditions. The others are determined by the conditions of compatibility.  

Note that in doing so only compatibility is satisfied but not equilibrium. As a consequence, at the 

first integration step, new values will have to be calculated in order to satisfy equilibrium.  

Figure 4-11 compares the response of a Triple FP bearing having the geometric and frictional 

properties of the Full Scale Bearing-Configuration B shown in Table 3-2 for two different cases 

of initial conditions shown in Figure 4-10. For both cases, the initial TCP displacement is zero. 

The bearing is subjected to two different displacement amplitude motions. The force-

displacement loops of the TFP are only affected during the first quarter cycle when the internal 

parts are re-aligned and, thereafter, the behavior is no longer affected.  Also note that the 

displacement capacity of the isolator is not affected by the offset of the internal components. 

 

Figure 4-10: Two cases of initial offsets of internal components 
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Figure 4-11: Effect of initial offsets of internal components on TFP behavior 

4.8 Effect of top concave plate and bottom concave plate rotation on TFP behavior  

Consider the bearing with the properties shown in Table 3-2 for Full Scale Bearing – 

Configuration B. In this section, the model that was developed in Section 4.4 is used to account 

for misalignment of the top and bottom concave plates. Note that initial misalignments of the 

TCP and BCP lead to corresponding initial offsets of the internal components.  

Consider the case that these misalignments are constant (although the theory of Section 4.4 is not 

restricted to constant rotations). Figure 4-12 compares results for three different values of BCP 

rotation θb and zero θc rotation of the TCP. Figure 4-13 compares results for three different 

values of TCP rotation θc and zero value for θb. Figure 4-14 compares results for three different 

values of rotation for both θb and θc. For all examples, it was assumed that θ1=θ2=u=0 thus θ3≠0 

and θ4≠0. 

The main effect of concave plate rotations is a shift of the loop along the axis of the force 

depending on the sign of the misalignment. These observations are similar to the observations for 

misaligned plates by Fenz and Constantinou (2008a). Another effect is changes in the initiation 

of the TFP five regimes, which can only be predicted by the current theory. 
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Figure 4-12: Comparison of results for various values of rotation of the bottom concave 
plate 
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Figure 4-13: Comparison of results for various values of rotation of the top concave plate 
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Figure 4-14: Comparison of results for various values of rotation of the top and bottom 
concave plate (both plates have equal rotations) 
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4.9 Heating effects on TFP behavior 

This section presents an example of heating analysis of the TFP. Figure 4-15 presents results of 

the analysis of the Full Scale-Configuration B TFP isolator of Table 3-2 when subjected to four 

cycles of sinusoidal displacement history applied at the TCP at frequency with 0.09Hz and 

amplitude of 1040mm. The values of the friction coefficients used in Equation (4-14) were

max1 0.075  , max2 max3 0.05   , max4 0.125  , min1 0.0375  , min4 0.0625  , and

min2 min3 0.025   . The heat rate parameter was set equal to 0.01/oC.  Results are shown for 

the normalized force-displacement loop, for the normalized friction force-sliding displacement of 

each surface and the temperature rise histories of each sliding surface. 

Figure 4-16 compares results of response history analysis of the rigid structure of Section 4.6 for 

three different cases: 

1) With heating effects: The values of the friction coefficients that were used in Equation (4-

14) were max1 0.075  , max2 max3 0.05   , max4 0.125  , min1 0.0375  , min4 0.0625 

and min2 min3 0.025   . 

2) Without heating effects on friction and with friction values equal to the maximum values 

(μ=μmax). That is, the friction coefficient values were

1 2 3 40.075, 0,05, 0.125       . 

3) Without heating effects on friction and with friction values equal to the minimum values 

(μ=μmin). That is, the friction coefficient values were

1 2 3 40.0375, 0.025, 0.0625       . 

The results of Figure 4-16 show that heating can have important effects that warrant 

consideration in analysis. Heating effects also need to be considered when measuring the friction 

coefficient in tests for use in analysis without the effects of heating.   The friction coefficient 

needs to be measured at the sliding surface temperatures expected to develop during the 

controlling seismic event. 
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Figure 4-15: Results of heating analysis of TFP isolator subjected to a four-cycle sinusoidal 
displacement history applied at the TCP with 0.09Hz frequency and 1040mm amplitude 
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Figure 4-16: Comparison of results in dynamic analysis of the structure of Section 4.6 for 
cases with heating effects and without heating effects on the friction coefficient 
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4.10 Inertia Effects of Triple FP Bearing Internal Components 

Consider again the rigid structure analyzed in Section 4.6 supported by the Full Scale Bearing-

Configuration B of Table 3-2 with 2 3 0.05    and subjected to the ground motion of Figure 

4-7. Two analyses are conducted: a) one that considers the inertia and weight effects on the 

isolators using the actual masses of the TFP parts, and b) one that neglects those effects by 

assigning artificially small values for the mass of the parts. Results presented in Figure 4-17 

show that inertia and weight effects are insignificant for practical purposes as they are very small 

by comparison to the restoring and frictional forces acting at each sliding surface. Note that this 

will not be true when the gravity load on the bearing is small - a condition that occurs when 

uplift is imminent. Results for such a case are presented in Figure 4-18 where the same analyses 

(with and without inertia effects) are conducted but the supported weight (and axial load on 

isolators) is reduced to 300kN instead of 1500kN. Now the inertia and weight effects are more 

pronounced. Under uplift conditions, the gravity load is zero and the inertia of the bearing 

components becomes even more important in determining the state of the bearing. 
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Figure 4-17: Comparison of results with and without inertia effects of bearing components 
for the full scale bearing of Table 3-2, case B with 2 3 0.05    and load of 1500kN 
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Figure 4-18: Comparison of results with and without inertia effects of bearing moving 
components for the full scale bearing of Table 3-2, case B with 2 3 0.05   and load of 

300kN 
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4.11 Comparison of Current Model to Becker and Mahin (2011) model 

Recently, Becker and Mahin (2011) and Dao et al. (2013) have developed formulations based on 

plasticity that can model the TFP behavior. These formulations are based on horizontal 

equilibrium and are subject to the constraints d2=d3 and d1=d4, 2 3 1 4      . Under such 

conditions, all models produce essentially the same results as the Fenz and Constantinou 

formulation.  However, Becker and Mahin (2011) claim that their TFP formulation is valid for 

any random geometric and frictional parameters. This is not true as the model is based on 

horizontal equilibrium alone for which the condition μ2=μ3 is necessary (see also Section 3.5).  

Note that Fenz and Constantinou (2008d) also recognized this and used three elements in the 

series model implementation of the TFP in SAP2000 instead of four. It is emphasized again here 

that the complete TFP mechanics that are presented in this report are needed in order to capture 

the TFP behavior for all cases.  

Consider the four sets of TFP geometric and frictional properties presented in Table 4-1, for 

which results for an imposed cycle of motion are presented in Figure 4-19. The results 

demonstrate that the Becker and Mahin model is not valid for any random combination of 

geometric and frictional parameters (although the selected TFP properties are unrealistic and 

impractical). 

Table 4-1: Sets of properties used to investigate the validity of the Becker and Mahin (2011) 
model  

Geometric and 
Frictional 
Properties 

Property  
Set 1 

Property  
Set 2 

Property  
Set 3 

Property  
Set 4 

R1=R4(cm) 381 381 381 381 
R2=R3(cm) 30.48 30.48 30.48 30.48 
h2=h3(cm) 7.62 7.62 7.62 7.62 
h1=h4(cm) 11.43 11.43 11.43 11.43 

d1(cm) 54.86 54.86 54.86 40.64 
d4(cm) 54.86 54.86 54.86 66.04 
d2(cm) 5.72 5.72 5.72 5.72 
d3(cm) 5.72 5.72 5.72 3.18 
μ1 0.8 0.1 0.3 0.5 
μ2 0.1 0.3 0.1 0.7 
μ3 0.1 0.5 0.5 0.3 
μ4 0.8 0.7 0.7 0.1 

Notation is per Fenz and Constantinou (2008a) 
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Figure 4-19: Force-displacement loops produced by the current theory and the Becker and 
Mahin (2011) model 

4.12 Comparison of Current Model to Experimental Results  

Experiments were conducted at the University at Buffalo using a 3-story steel model structure at 

quarter length scale and isolated with Triple FP bearings. Two different configurations of 

bearings were used having the geometric and frictional properties of the scale model bearings in 

Table 3-2.  Note that the bearing of Configuration A with 1 42 3       is a commonly used 

configuration, whereas the bearing of Configuration B with 1 24 3     is highly unusual.  

The results presented herein were obtained in testing of the bearing of Configuration B with 

1 24 3     in a single bearing testing machine under imposed constant vertical load and 

one-directional harmonic lateral displacement.  

Figure 4-20 shows the instrumentation used to monitor the motion of the three internal 

components of the bearing.   Note that two instruments were needed for each component as the 
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parts also exhibited torsional motion which was likely caused by uneven distribution of friction 

tractions, by out-of-plane force offsets due to initial nonzero displacements and by rocking of the 

bearing machine moving top beam. The average value of the two measurements from each pair 

of instruments was used for comparison to analytical results.  

 
Figure 4-20: String-pot instrumentation of Triple FP bearing internal components 

Figure 4-21 compares the experimental normalized force (lateral force divided the vertical load) 

versus displacement (this is the imposed displacement) loops and the analytically determined 

loops (using program 3pleANI that uses the theory of this section and is described later in this 

report). Three cycles of motion were imposed under constant vertical load of 50kN. Note that in 

this case motion is asymmetric with 100mm amplitude in one direction and large enough 

amplitude in the other direction (140mm) to engage the displacement restrainers and to exhibit 

strong stiffening behavior.   
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Figure 4-21: Comparison of numerical and experimental results for bearing A with  

1 42 3μ = = μμ =μ  in motion of 0.02Hz frequency and 140mm amplitude 

The analytical model predicts well the experimental loops but for the following: 

(1) In some cases, as shown in Figure 4-21, the analysis over-predicts the displacement on 

surface 1 for two of the three cycles of motion. It is likely that the experimental 

measurement was affected by significant torsional motion of the internal parts. This 

phenomenon is not predictable by the current theory. 

(2) In the stiffening regime, the analytical model does not predict the existence of the two 

stops experienced by the bearing. However, the existence of the first stop depends on the 

exact values of the initial offsets and friction coefficients which cannot be known in 

experiments. Therefore, results of an additional analysis are presented in Figure 4-22 in 

which slightly different initial offsets were used. The analytical model can now capture 

the existence of the first stop (circled in the figure) although the magnitude of the stop is 
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under-predicted by the model. By experimenting with different values of initial offsets 

and friction coefficients, the magnitude of the stop could have been predicted more 

accurately.  The interested reader is referred to Sarlis et al (2013) for more comparisons 

between the experimental results and analytical predictions using the current model.   

(3) The stiffness exhibited in the last regime of operation of the bearing is slightly different 

than the analytical one. This is most likely due to load cell measurement errors, the 

effects of large bearing rotations, some small rotation of the top loading beam of the test 

machine and the effect of the rubber seal.  The reader is referred to Sarlis et al (2013) for 

more details. 

 

Figure 4-22: Comparison of numerical and experimental results for bearing A with  

1 42 3μ = = μμ =μ  in motion of 0.02Hz frequency and 140mm amplitude-close view 
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  SECTION 5   

TRIPLE FRICTION PENDULUM BEARING BEHAVIOR UNDER 

UPLIFT CONDITIONS AND FULL CONTACT 

5.1 Introduction to Uplift 

Uplift or tension of isolators may occur in slender structures, or in isolators under braced 

columns, or isolators under shear walls and it depends on the level of seismic excitation.  Triple 

Friction Pendulum isolators are capable of accommodating uplift and are often preferred when 

such a phenomenon is likely to occur.  When uplift occurs, the engineer is interested (a) to know 

if the internal components of the bearing have stable characteristics during the uplift episode, (b) 

to know if the bearing behaves properly at the end of the uplift episode (“landing” of the top 

concave plate), (c) to know the amount of free fall, if any, and (d) to have the capability to 

animate the motion of the bearing components during a prescribed horizontal and vertical motion 

with uplift in order to detect problems.   

Currently available commercial software such as SAP2000 and ETABS (Computer and 

Structures, 2007) have the capability to model the behavior of Triple Friction Pendulum bearings 

through the use of the parallel and series models (Fenz and Constantinou, 2008c; Sarlis and 

Constantinou, 2010).  These models consist of elements connected between two nodes and have 

proper hysteretic behavior in any horizontal direction, linear compressive stiffness and zero 

tensile stiffness.  When implemented in commercial software, these models can describe the 

behavior of the bearing in the horizontal directions while in full contact (and provided that the 

constraints of the Fenz and Constantinou, 2008a to 2008e model prevail), and also calculate the 

history of horizontal and vertical displacement of the two nodes representing the bearing from 

the initial position. The availability of these histories of displacement should be sufficient to 

determine the behavior of the bearing and its various components, including uplift, by physical 

real time dynamic testing. This is currently impossible as no machine exists that is capable of 

such performance for large bearings.  The only remaining option is to have the capability (a) to 

analyze the motion of the bearing components given the histories of horizontal and vertical 

motion of the two nodes of the bearing representation, (b) to be able to animate the motion of the 

bearing as if it were observed in testing, and (c) to calculate histories of any relevant response 



72 
 

quantity as if it were possible to measure in testing.  Therefore, it is important to have a model of 

the behavior of the Triple FP bearing that accounts for its behavior in its most complex state, 

including the inertia effects of its moving parts and the stiffness of the rubber seal, and to 

account for uplift.   

A model of uplift behavior is presented in this section.  To start, a model is needed to describe 

the behavior when the bearing is in compression.  The model presented in Section 4 is applicable 

for any combination of geometric and frictional parameters and is suitable for this purpose.  

During uplift, the lateral force-displacement relation is known (zero force) but the motion of the 

bearing components needs to be determined in order to correctly calculate the behavior of the 

bearing at the conclusion of an uplift episode.  A model to describe this behavior is presented in 

this section.   

Figure 5-1 depicts a portion of the horizontal and uplift displacement histories of an isolator in 

three different states as obtained in response history analysis. Figure 5-1 also shows the possible 

theories (developed in this report) that can be used to model each state of the isolator. The three 

states of the isolator depicted in Figure 5-1 are: 

1) The bearing is in compression and all surfaces are in full contact ( 10 t t   and 2t t ).  

For this case, the TFP behavior is fully described by the model presented in Section 4. 

2) The bearing top concave plate uplifts at time t1 and uplift lasts for a duration t2 - t1 (

1 2t t t  ). The uplift state can be analyzed using two different methods: 

(a) Using the derivations of Section 5.3 for which the sliding surfaces 1, 2 and 3 are 

assumed to be in full contact at all times (that is, only the TCP separates from the 

rest).  

(b) Full contact is lost so that point contact, sliding, rocking, free fall and overturning 

of the inner components may occur. This is a very complex problem for which a 

model of behavior is described in Section 6. 

3) The top concave plate comes into contact with the components below (“landing”) at time 

t2. Landing is also a very complex problem that involves point contact, sliding, rocking, 

and free fall of the inner components and it can again be analyzed using two different 

methods: 
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(a) Compatibility and equilibrium of the TFP are restored instantaneously by using 

the ending conditions from the uplift analysis of Section 5.3 as initial conditions 

in the analysis presented in Section 4. This is an approximate procedure and it is 

described in Section 5.4 herein. In this case, t3=t2 in Figure 5-1; that is, landing 

has zero duration. 

(b) Complex phenomena such as bouncing-uplift and point contact of components 

occurs for which landing lasts for a short duration of time until compatibility is 

restored at time t3 (see Figure 5-1). This procedure for modeling landing is 

preferred over the one described in (a) and is described in Section 6. 

4) When landing is complete (time t3), the bearing is in compression and analyzed using the 

model presented in Section 4. 

 

 

Figure 5-1: Horizontal and uplift displacement histories of TFP isolator in three states 
during an earthquake event and theories to perform analysis 
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5.2 Definition of Uplift Displacement 

In commercial software such as SAP2000 and ETABS, the vertical behavior of the TFP is 

modeled using linear elastic springs that represent the isolator stiffness in the vertical direction.  

Accordingly, these models do not account for the vertical displacements of the isolators due to 

the pendulum motion. When uplift occurs, the vertical displacement of the bearing due to 

pendulum motion is very important as it affects any interaction between the TCP and TSP that 

may bring about collapse of the bearing. This section defines the uplift displacement and its 

distinction from the total vertical displacement of the bearing. For this, consider the horizontal 

and vertical displacement history (denoted as vi) of an isolator that exhibits uplift as shown in 

Figure 5-2 and obtained in response history analysis performed in software that does not account 

for the vertical displacement of the TCP due to the pendulum motion. In Figure 5-2, negative 

vertical displacement values indicate compression of the bearing (the vertical springs 

representing the bearing have finite stiffness and exhibit deformations).  

 

 

Figure 5-2: Definition of input displacements for uplift analysis 
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Given the vertical displacement vi (red line in Figure 5-2), the uplift displacement vu is first 

calculated by replacing the small negative values of displacement for times t<t1 and t>t2 with 

zeros.  The resulting uplift displacement history is shown in Figure 5-2 by a blue line.  This is 

not the total vertical displacement of the TCP - rather, is the vertical displacement exclusive of 

the pendulum motion effect.  The vertical displacement due to the pendulum motion is denoted 

as vp and is shown with a green line in Figure 5-2. It can be calculated using the theory presented 

in Section 4 and assuming zero top concave plate rotation as shown in Equation (5-1).   
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The total vertical displacement of the TCP is denoted as vTCP and is shown in Figure 5-2 with a 

black dotted line.  It is given by: 

 

1
1 2

1 2

,

, ,
p

t t
u

TCP
p

v v t t t
v

v t t t t

         
(5-2) 

In Equation (5-2), 1
p

t tv  is the vertical displacement of the isolator at the initiation of uplift. Also 

in Figure 5-2, 2
p

t tv  is the vertical displacement of the TCP due to the pendulum motion of the 

bearing after uplift is completed and after compatibility and equilibrium have been restored in 

the TFP and the bearing is in compression. This value is different than the vertical displacement 

of the TCP at the end of the uplift event (given by 2
TCP

t tv  ) due to the motion of the TFP inner parts 

during uplift. The transition from 2
TCP

t tv  to 2
p

t tv  in Figure 5-2 is termed landing of the TFP and 

modeling techniques for this phase of motion are presented in Sections 5.4 and 6.  The vertical 

displacement difference between 2
TCP

t tv   and 2
p

t tv   represents “free fall” of the TCP. 

5.3 Modeling of Triple FP Bearing during Uplift with Parts in Full Contact 

This section describes the TFP behavior for times t1<t<t2 as shown in Figure 5-2 and assuming 

full contact between surfaces 1, 2 and 3. When uplift occurs (at time t=t1 in Figure 5-2)  and the 

top concave plate (TCP) separates from the bearing components below (bottom sliding plate or 
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BSP, rigid slider or RS and top sliding plate or TSP), equilibrium of parts BSP, TSP and RS 

needs to be considered. The equations of equilibrium of forces in the horizontal direction and of 

moments of these parts are as follows based on the assumption of small rotations: 
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(5-3)

 

The equilibrium equations above are derived using the free body diagrams of Figure 3-1 and 

Figure 4-1 with the following additional considerations: 

1. The rubber seal forces are considered.  The horizontal components of these forces are 

denoted as Fbx,l and Fbx,r and the vertical components as Fby,l and Fby,r. Note that the 

subscripts l and r denote the seal forces on the left and the right, respectively. 

2. Additional vertical forces, Fvg,l and Fvg,r, applied by the top concave plate (TCP) to the 

top slide plate (TSP) are considered. These forces are usually zero for the entire duration 

of uplift and become non-zero only when point contact occurs between the TCP and TSP. 

A more detailed description follows. 
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Since there is no normal force applied to surface 4, the moment equilibrium of the TSP (equation 

(f) in Equations (5-3) above) was considered, for simplicity, about the center of contact surface 

4. It should be noted that, alternatively, Equations (5-3) can be directly derived from Equations 

(4-2) using W4=0 and θs4=0, and by neglecting equations (h), (j) and (c) (since apart from 

restrainer force Fr4 and forces Fvg,l and Fvg,r, the top concave plate is independent of the motion of 

the inner components).  

Loads W1, W2 and W3 in Equations (5-3) are the normal loads on each surface and are dependent 

on the weight of the inner components and the vertical components of force from the rubber seal: 
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Note that in Equations (5-4), the vertical contact forces Fvg,l and Fvg,r could have been neglected. 

As described later in this report, these forces are mostly zero and become nonzero for extremely 

small durations. Including these forces in Equations (5-4) may in some cases cause delay in the 

analysis while they have an insignificant effect on the bearing response.  

Equations (5-3) may be written in matrix form: 

 0t t e g rb vg      Mθ Kθ S F F F F
 

(5-5) 

where θt is a vector containing the sliding and offset angles, S is a vector containing all variables 

related to the friction forces, Fg is a vector containing all variables related to the restrainer forces, 

Fe is a vector containing all variables related to the excitation terms, Frb  is a vector containing all 

variables related to the inner rubber seal forces acting on the top and bottom slide plates and Fvg 

is a vector containing all variables related to forces applied by the TCP to the TSP due to point 

contact. Vector θt is given by: 

 1 2 3 1 2 3s s s         tθ  
(5-6) 

Vector θt, is then partitioned as follows: 
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1 2 3

1 2 3

;t

s s s

  

  





       
    s s

θθ
θ

θ θ  
(5-7)

 

Using the partitioned vectors, the condensation procedure described by Equations (4-7)-(4-11) is 

followed again in order to derive the following equation: 

 
0e g rb vg      Mθ Kθ S F F F F      

 
(5-8)

 

The condensed vectors are again given by Equation (4-11) but based on the partitioning of 

Equation (5-7) and use of Equations (5-3) for matrices Kab, Kbb Mab, etc. The condensed rubber 

seal force vector is given by: 

 
1

rb rba ab bb rbb
 F F K K F

 
(5-9) 

The condensed vertical contact force vector is given in Equation (5-10) - the components will be 

presented later in this section. 

 
1

vg vga ab bb vgb
 F F K K F

  
(5-10)

 

The inner rubber seal is a cylindrical flexible tension-only membrane that is attached on the 

perimeter of the top and bottom slide plates.  The seal keeps the slide plates and the rigid slider 

together and protects the interior from contamination. A rubber seal is shown deformed in the 

photograph of Figure 5-3. Figure 5-4 shows where the seal is attached and how it deforms during 

motion of the slider assembly. The rubber seal stiffness is too small to affect the behavior of the 

bearing when it is under a large vertical load but is large enough to affect the behavior of the 

slider assembly when the bearing is under uplift conditions and the lateral bearing force is zero.  

Accordingly, the seal stiffness is accounted for herein only during an uplift episode. 

Note that the free length of the seal is less than the height of the slider assembly ( 1 4h h  ) but 

on deformation the length that determines the angle of inclination is 
bdl with an initial value inl .  

During motion of the slider assembly, the top and bottom slide plates rotate differently and the 

seal is subjected to tension in some of its body and to compression elsewhere.   
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Figure 5-3: Slider assembly of a deformed Triple FP bearing 
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Figure 5-4: Slider assembly and inner seal forces on top and bottom slide plates  

The inner rubber seal is represented by two springs; one located on the left and one on the right 

of the assembly. Each spring generates a pair of forces located at the restrainer tips of the top and 

bottom slide plates (points B1, B2, B3 and B4 in Figure 5-4). The deformed length of each of 

these springs is given by (where ... represents the magnitude): 

 
, 2 1

, 4 3

bd l B B

bd r B B

l

l

 

 

x x

x x  
(5-11) 

Subscript l denotes the spring on the left while subscript r denotes the spring on the right.  

1 2 3 4, , ,B B B Bx x x x  are 2x1 vectors with the coordinates of points B1, B2, B3 and B4, respectively, 

(shown in Figure 5-4) with respect to a coordinate system having its origin at the center of 

curvature of surface 1 and is positive upwards. These vectors are given by: 
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x x T r

x x T r

x x T r

x x T r

  
(5-12) 

In Equation (5-12), 1 2,O Ox x  are vectors with the coordinates of points O1 and O4 in Figure 5-4 

and are given by the Equation (5-13):  
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(5-13) 

In the equations above, θi are the sliding angles. Also, 1 2 3 4, , ,B B B Br r r r  in Equation (5-12) are 

constant vectors that contain the relative coordinates of points O1 and B1, O4 and B2, O1 and 

B3, and O4 and B4, respectively, and are given by: 

 

 

 

1 4
1 2

1 2 2 1 2 1 3 2 1 2

1 4
3 4

1 2 2 1 2 1 3 2 1 2

22
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r r

r r
  

(5-14) 

where bi is the diameter of the contact surface i, hsi is the height differential between the center 

and the edge of the sliding surface i, hbi is the height differential between the center and the edge 

of the contact surface i (the contact surface is the one of least diameter out of the two surfaces in 

contact and the sliding surface is the one of largest diameter), and hr2 and hr3 are the heights of 

the restrainers of surfaces 2 and 3 as shown in Figure 5-4. Finally, ,BSP TSPT T in Equation (5-12) 

are given by the Equation (5-15): 

 
1 1 1 1

1 1 1 1

cos sin cos sin
;

sin cos sin cosBSP TSP

   
   

   
        

T T
 

(5-15) 

The angles of the springs are given by: 

 
1 1 4 32 1

, ,
, ,

sin ; sin B BB B
b l b r

bd l bd r

x xx x

l l
   

 
 

(5-16)
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The force components of the left and right seal forces in the horizontal and vertical directions are 

given by Equation (5-17). They apply along the lines between points B1-B2 and B3-B4 (Figure 

5-4) as pairs opposing each other.  

 

   

   

, , , , , ,
, ,

, , , , , ,
, ,

sin cos
;

0 0

sin cos
;

0 0

b l bd l in b l b l bd l in b l
bx l by l

b r bd r in b r b r bd r in b r
bx r by r

k l l k l l
F F

k l l k l l
F F

 

 

     
  
     
  

 
(5-17) 

The stiffness of the rubber seal ( , ,,b r b lk k ) can be calculated as half of the tensile stiffness of a 

hollow rubber tube of modulus of elasticity E, thickness st , diameter 1b (see Figure 5-4) and 

length inl  : 

 
1 1

, ,
1 42 2( )

s s
b l b r

in

b t E b t E
k k

l h h

 
  

  
(5-18)

 
 

Equation (5-18) assumes linear elastic behavior for the seal. A more realistic behavior can be 

considered by assuming that the seal is nonlinear elastic due to changes in thickness and length 

during deformation: 
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2
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Eb l
k t
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Eb l
k t
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(5-19)
 

In the equation above, the seal is assumed incompressible so that the seal volume is equal to the 

initial volume prior to deformation. The instantaneous thickness of the seal 't  is assumed to vary 

based on ' in s bdt l t l .  Moreover, the seal stiffness is calculated based on the instantaneous 

length of the seal. Note also that the left and right spring exhibit different values of stiffness as 

they have different deformations.  

The initial length of the seal in Equation (5-17) to (5-19) is given by the following equation: 

 1 4 1 4 2 3 2 3in g b b s s r rl s h h h h h h h h        
 

(5-20) 
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sg is a value of deformation that delays the engagement of the seal. In Figure 5-4, this value is 

shown to be zero as the seal engages from the start of deformation. A nonzero value can be 

specified in order to model bulging of the seal in the un-deformed position of the TFP assembly. 

Figure 5-5 shows a photograph of an un-deformed TFP assembly with a bulge. Figure 5-6 shows 

an example where the seal has an initial circular bulge of radius r. In this case, the seal has to 

deform by an amount 2gs r r   in order to engage and this value should be specified in 

Equation (5-20). When the seal contains a bulge, the initial seal length should be distinguished 

from the seal installed length denoted as lip in Figure 5-6. 

The difference in the behavior between Equation (5-18) (Linear Elastic) and Equation (5-19) 

(Nonlinear Elastic) is significant and the results shown in Figure 5-7 demonstrate this.  

 

 

Figure 5-5: Slider assembly of an un-deformed Triple FP bearing that shows the existence 
of bulging of the seal 

 

Figure 5-6: Schematics of rubber seal with initial bulge 

Seal bulge 
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Figure 5-7: Comparison of seal force-deformation relation based on Equations (5-18) 
(Linear elastic) and (5-19) (Nonlinear elastic) 

The model of the seal presented so far is based on the assumption that the seal is attached over 

the entire height of the perimeter of the TSP and BSP. As a result, it was assumed that the seal 

was attached at points B1, B2, B3 and B4 in Figure 5-4. This may not be the case in practical 

applications as demonstrated in the deformed bearing of Figure 5-3. Accordingly, a more 

complex seal behavior is considered where the seal is assumed to be attached at points different 

than B1, B2, B3 and B4 (see Figure 5-4).  

Consider Figure 5-8(a) where the seal is attached at points C1, C2, C3 and C4 which are located 

at distance 1As  from the edges of contact surface 1 and 4As from the edges of contact surface 4. 

When the seal is deformed as shown in Figure 5-8(b), the left seal inclination angle is defined by 

the location of points B1 and C2, while the right seal inclination angle is defined by the location 

of points C3 and B4. When the seal is deformed as shown Figure 5-8(c), the left seal inclination 

angle is defined by the location of points C1 and B2, while the right seal inclination angle by the 

location of points B3 and C4. 
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Figure 5-8: Seal parameter definitions 

The coordinates of the attachment points are given by: 
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(5-21) 
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In Equation (5-21), vectors 1 2,O Ox x  were given by Equation (5-13), ,BSP TSPT T by Equation (5-15) 

and 1 2 3 4, , ,C C C Cr r r r  are constant vectors given by: 

 
1 4 1 4

1 2 3 4
1 1 4 4 1 1 4 4

; ; ;C C C C
A b A b A b A b

b b b b

s h s h s h s h

        
                      

r r r r
 

(5-22) 

Note that quantities hsi and hbi were defined in Equation (5-14), and quantities 1As  and 4As  were 

defined in Figure 5-8(a).  Let define vectors 1A , 2A , 3A  and 4A  as:  
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(5-23) 

Vectors 1A , 2A , 3A  and 4A  are used to identify the seal “bending” points which in general are 

different from the attachment points C1, C2, C3 and C4 as illustrated in Figure 5-8.  1A , 2A , 3A ,

4A  determine the location of the bending points of the bottom left, the top left, the bottom right 

and the top right part of the seal, respectively. For the example of Figure 5-8(b) at the bottom left 

part of the seal, the attachment point is C1 and the “bending point” is B1 and, therefore,  

1 1BA x . At the top left part of the seal, the attachment and “bending” points coincide at C2 and, 

therefore, 2 2CA x .  At the bottom right part, the attachment and “bending” points coincide at 

point C3 and, therefore, 3 3CA x . For the top right part, the attachment point is C4 and the 

“bending” point is B4 and, therefore, 4 4BA x . In the example of Figure 5-8(c), 1 1CA x

2 2BA x 3 3BA x 4 4CA x . 

The deformed length of the seal is given by the length of the segments shown in red in Figure 

5-8. They are given by: 
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(5-24) 

The inclination angles of the seals are used to calculate the vertical and horizontal components of 

the seal forces and are given by: 

 

1 11 1
1 1 4 32 1

, ,
2 1 4 3

sin ; sinb l b r

A AA A   
 

 A A A A  
(5-25) 

where 1
iA is the x-component of vector iA . 

In summary, the seal forces are given by Equation (5-17), and the stiffness of the seal can be 

obtained either from Equation (5-18) for linear elastic behavior or from Equation (5-19) for 

nonlinear elastic behavior.  

During uplift, the TCP might come into contact with the inner components of the bearing due to 

the curvature of surface 4. This is illustrated in Figure 5-9. For the derivations of this section that 

assume full contact, this event is approximately captured by introducing vertical compression-

only forces, Fvg,l and Fvg,r , as shown in Figure 5-10 and given by the following equation: 
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(5-26) 

In Equation (5-26), 2 2' 4 4', , ,A A A Ay y y y  are the vertical coordinates of the points 2, 2 ', 4, 4 'A A A A

shown in Figure 5-10 with respect to a coordinate system located at the center of curvature of 

surface 1 and positive upwards, and kv is a stiffness of arbitrary and large value in order to 

minimize or eliminate any penetration between the TSP and TCP. The horizontal and vertical 

coordinates of points 2, 4A A  (located on the TSP) are: 
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In Equation (5-27), vectors 1 2,O Ox x  are given by Equation (5-13), TSPT is given by Equation (5-

15) and 2 4,A Ar r  are constant vectors given by: 

 
4 4

2 4
4 4
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b b

b b

h h

   
        

r r
 

(5-28) 

The vertical coordinates of points ', 'A B  (located on the TCP) in Figure 5-10 are given by: 
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(5-29)

 

where TCPv is the total vertical displacement of the TCP defined in Section 5.2 and u is the 

horizontal displacement of the TCP.  

 

Note that for the calculation of the vertical forces in Equation (5-26) and of the seal forces, use is 

made of the actual rotations of the elements which are large, whereas the model for the bearing 

in compression and uplift is based on the assumption of small rotations. Note also that the TCP 

horizontal displacement when considering large rotations ends up being slightly less than the 

excitation displacement u. This leads to some small incompatibility in the calculation of the 

coordinates of points 2, 2 ', 4, 4 'A A A A at the initiation of the uplift event.  This may occasionally 

lead to nonzero initial vertical contact forces. Depending on the value of stiffness kv , these forces 

may become large. This is unrealistic and to be avoided; the TCP displacement vTCP in Equation 

(5-2) is increased by a quantity equal to 1 1 1 1
2 2' 4 4'max( , )t t t t t t t t

A A A Ay y y y     (an extremely small value) 

in order to ensure that there is no penetration at the beginning of the uplift event. 

  

Forces Fvg,l and Fvg,r cannot be simultaneously nonzero since such a case corresponds to the 

bearing being in compression and, therefore, the model presented in Section 4 should be used. If 

simultaneous nonzero values occur during the uplift analysis, the uplift analysis is terminated and 

resumed with the equations of Section 4. This case is described later. 
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It should be noted that contact of the type shown in Figure 5-9 between the TCP and TSP might 

lead to uplifting of the inner components and therefore the modeling described in Section 6 could 

also be used in that case.  

 

Figure 5-9: View of TFP under uplift conditions and contact between the TCP and TSP 

 
Figure 5-10: Vertical contact forces acting on the TSP 

5.4 Modeling of Landing  

Landing of the TFP isolator is a complex phenomenon. This behavior is modeled in two distinct 

methods: (a) a simple method is described in Section 5.4 and (b) another more realistic method, 

capable of analyzing the behavior of rigid bodies experiencing sliding, rocking, contact, 

overturning and free fall, is described in Section 6.   

The simple model is based on the use of the model for the bearing under load and for full contact 

of the sliding surfaces presented in Section 4.2 and described by Equations (4-4) to (4-17) but 

with initial conditions being the values of the angles of the bearing components at the end of the 
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uplift episode as calculated in the analysis of the bearing during uplift with full contact as 

described in Section 5.3 or without full contact as described in Section 6.  

More specifically, consider the isolator at the end of the uplift event shown in Figure 5-11(a) 

with sliding angles given by 2 2 2
1, 2, 3,, ,t t t t t t

u u u     . Equations (4-4) to (4-17) require only two initial 

conditions for displacements (horizontal displacement u is the input; three initial conditions are 

required when the model is used for dynamic analysis).  Rotations 2 2
1, 2,,t t t t

u u    are substituted into 

Equations (4-4) to (4-17) as initial conditions while the sliding rotation 2
3,
t t

u   is ignored. Also, 

two initial conditions for the velocities are required. Accordingly, at the end of the uplift event 

the compatibility Equation (4-3) is not satisfied. At the first integration step of Equation (4-17), 

new rotations ( 2 2
1, 2,,t t t t

c c   and 2 2
3, 4,,t t t t

c c   from compatibility) will be calculated so that equilibrium 

and compatibility are restored as shown in Figure 5-11(b). The top concave plate will also 

exhibit a reduction in its vertical displacement given by 2 2
TCP p

t t t tv v  (see Figure 5-11 and Figure 

5-2). Note that the total vertical displacement at the end of the landing event ( 2
p

t tv   in Figure 5-2) 

is calculated using Equation (5-1) and the final values 2 2 2 2
1, 2, 3, 4,, , ,t t t t t t t t

c c c c       . Therefore, the 

difference 2 2
TCP p

t t t tv v  in Figure 5-2 is the vertical displacement undergone by the TCP during the 

landing event so that compression and full contact is restored in the bearing.  This is “free fall” 

displacement of the TCP. 

 

Figure 5-11: TFP isolator at the end of uplift event and after landing event 
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This model may occasionally produce incorrect results when under extreme conditions; the 

internal components of the bearing are required to abruptly relocate to a very different position in 

order to satisfy the conditions of compatibility upon full contact at the end of the uplift episode. 

For such cases, the more complex model described in Section 6 provides a more realistic 

prediction of response.   

5.5 Additional Considerations for Uplift Analysis 

5.5.1 Landing prior to end of uplift excitation 

Consider (a) Figure 5-12(a) which shows a bearing in uplift and with the vertical contact force 

Fvg,l being nonzero, (b) Figure 5-12(b) which shows the isolator still in the uplift state but the 

inner parts have moved to the right and gained height, and (c) Figure 5-12(c) where the height 

gained by the inner parts is larger than the vertical displacement of the TCP during uplift so that 

the bearing landed although the uplift displacement is still nonzero. Therefore, criteria are 

needed for switching back and forth between the equations of Section 4 (bearing in compression) 

and the equation of Section 5 (bearing in uplift). These criteria are: 

1) Uplift has ended when the vertical contact forces Fvg,l and Fvg,r in Figure 5-10 are both 

nonzero. This condition is written as: 

 2 2' 4 4'0 & 0A A A Ay y y y   
  

(5-30) 

2) Uplift resumes if the TCP displacement, described by Equation (5-2) and assuming uplift, 

becomes larger than the vertical TCP displacement calculated from the geometry of the 

deformed TFP isolator in compression and given by vp in Equation (5-1).  This condition 

is written as: 

 TCP pv v
  

(5-31) 



92 
 

 

 

Figure 5-12: TFP undergoing landing prior to the end of uplift excitation 

5.5.2 Collapse or instability of TFP isolators 

Collapse or instability of the TFP isolator occurs if one of the two following events occurs: 

1) The tip of the restrainer of surface 4 (point D2 or D4 in Figure 5-13) displaces above the 

TSP. This situation is depicted in Figure 5-13. This situation is described by the 

following two equations (the first equation is for the left restrainer while the second 

equation is for the right restrainer; x and y denote coordinates with respect to an arbitrary 

coordinate system): 

 
2 2 2 2

4 4 4 4

&

&
D A D A

D A D A

y y x x

y y x x

 
    

(5-32) 

2) Overturning of TFP inner parts. The theory that was presented in this section cannot 

capture overturning. The reader is referred to Section 6 for modeling of overturning. 

However, the capability of the theory presented in Sections 5 to calculate the contact 

force offset angles can provide information on when point contact occurs, which is a first 

step towards instability. 

Considering the uncertainties involved in an uplift analysis, and in addition to the criteria above, 

the evaluation of collapse of the isolator should be mostly based on judgment after review of the 

analysis results. 
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Figure 5-13: View of deformed TFP isolator when collapse is imminent 

5.6 Summary of Uplift Analysis  

The theory presented in Section 5 makes use of the horizontal and vertical displacement histories 

of the TCP (denoted as u and vi ; see Figure 5-2) and simulates the response of the inner parts 

during the duration of excitation of the TCP. The analysis procedure for a complete uplift 

analysis is schematically shown in Figure 5-14. 
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Figure 5-14: Flow diagram of uplift analysis of TFP isolator 

A typical uplift analysis involves the following steps: 

1) The TFP is initially analyzed in compression using the theory of Section 4 (Equations (4-

4) to (4-17)) until time t1 when uplift occurs (see Figure 5-2).  

2) At time t1, Equations (4-4) to (4-17) provide the values for angles 

1 1 1 1 1 1
1 2 3 1 2 3, , , , ,t t t t t t t t t t t t             to be used as initial conditions in Equations (5-1) to (5-14) 

and carry out the uplift analysis. Also, using the vertical displacement of the TCP at time 

t1, the total vertical displacement of the TCP is calculated using Equation (5-2). If the 

condition given by Equation (5-30) (with the aid of Equations (5-27) and (5-29)) is 

violated at all times during the entire uplift duration, the uplift equations are used until 

time t2 when landing occurs.  Furthermore,  

a) If during the uplift duration the condition given by Equation (5-30) is satisfied at 

specific times only and not during the entire duration of uplift, uplift terminates 
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and compression of the isolator occurs. While in compression, if the condition 

given by Equation (5-31) is not satisfied at any time, uplift will not occur again 

until time t2 so that the compression equations are used for the remainder of the 

excitation.  

b) If the condition given by Equation (5-31) is satisfied at a time instance, uplift is 

resumed at that time. 

c) Steps a) and b) are repeated as many times as needed in the time interval t1 to t2. 

3) After time t2, the theory of Section 4 is used for the remainder of the excitation. 

Note that this procedure and the formulations of this section can be used to model the TFP 

behavior when conducting response history of a structure with the TFP isolators exhibiting uplift. 

In doing so, a vertical compression-only spring needs to be added at surface 4 to connect the 

TCP and TSP.  The motion of this spring is used to detect uplift and to calculate the uplift 

displacement during the analysis. During uplift, the isolator generates zero force and, therefore, 

terms related to the uplifted isolator are removed from the global equations of motion. That is, 

the horizontal and vertical displacements of the isolator can be calculated from the global 

equations of motion independently of the isolator below. The equations of Section 5 can then be 

used to calculate the uplift response of the isolator at every integration time step using the 

calculated horizontal and vertical displacement histories. 

5.7 Verification Examples 

This section presents simple examples of verification of the theory presented in Section 5.  

Consider the example shown in Figure 5-15. Very high values of the friction coefficients are 

assigned for surfaces 2 and 3 so that sliding only occurs on surface 1.  The TSP, the RS and the 

BSP act as a single rigid body sliding on surface 1 below.  Consider now that this rigid body is 

set in free vibration with initial conditions of displacement ou and velocity ou . 
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Figure 5-15: Simple verification example with sliding allowed only on surface 1 

The closed form solution for the history of displacement, assuming Coulomb friction, is given by 

(see Chopra, 2012 for an example of analysis): 
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(5-33)

 

Note that the initial conditions of displacement and velocity are related to the initial conditions of 

the sliding rotation i and rotational velocity 1  by:  

    1 1 1 1 1;o i ou R y u R y    
 

(5-34) 

In Equation (5-34), y1 is the distance of the center of mass of the rigid assembly (BSP, RS and 

TSP) from sliding surface 1.  Also, quantities Fu and  are given by: 

    1 1 1 1 1; /Fu R y g R y    
 

(5-35)
 

Given the initial conditions at t=0, either Equation (5-33a) or Equation (5-33b) is utilized. The 

time at which the velocity becomes zero can be calculated by letting the derivative of the 

selected equation, say (5-33a) to become zero. The displacement and velocity at that time are 

also calculated. Once the motion reverses direction, the other equation (now (5-33b) must be 

used with initial conditions being the final conditions calculated using the previous equation. 

This procedure needs to be repeated as many times as needed until the motion stops. Motion will 

stop when 0u  and 0( )u Fu t u  .  The equations above assume that there is no impact between 

the sliding surface and its restrainer.  
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Figure 5-16 presents a comparison of results of the closed-formed solution to numerical 

calculations based on the theory presented in Section 5 for three different cases of initial 

conditions. The isolator has the geometric properties of the bearing Model Scale-Configuration 

A in Table 3-2 and with the friction coefficient at surface 1 μ1=0.05. In the first graph, an initial 

displacement with zero initial velocity is applied. In the second graph, an initial velocity with 

zero initial displacement is applied.  In the last graph, a very large initial velocity with zero 

initial displacement is applied so that impact with the restrainer of surface 1 occurs.  

Evidently, the results of the theory presented in Section 5 are essentially the same as those of the 

closed-form solution. The small differences are due to the difference in treating friction and the 

restrainer in the two solutions: visco-plastic friction model and elastic restrainer in the theory 

presented in Section 5, and Coulomb friction and rigid restrainers in the closed-form solution. 
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Figure 5-16: Comparison of results obtained by the model presented in Section 5 and closed 
form solution for the verification example of sliding on surface 1 subject to initial 

conditions 

A second verification example is presented in Figure 5-17. This is similar to the example shown 

in Figure 5-15 where now sliding is only allowed on surface 2 with friction coefficient μ2=0.05. 

As a result, for the closed form solution, Equations (5-33) to (5-35) are valid but subscript 1 

needs to be substituted by 2.  Results of the theory presented in Section 5 are compared to the 

closed-form solution in Figure 5-18 for two cases of initial conditions: one of initial 

displacement with zero initial velocity and one of initial velocity with zero initial displacement.  

Again, the two solutions are essentially the same. 

 

Figure 5-17: Simple verification example with sliding allowed only on surface 2 
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Figure 5-18: Comparison of results obtained by the model presented in Section 5 and closed 
form solution for the verification example of sliding on surface 2 subject to initial 

conditions 

Finally, consider the example shown in Figure 5-19 where sliding is allowed only on surface 3. 

This is equivalent to a mass undergoing pendulum motion on a convex surface; an unstable 

system. For simplicity, we assume that the contact forces are applied at the center of the sliding 

surface and friction is ignored, so that the differential equation for free vibration is given by:  

  ( ) ( ) 0effu t g R u t 
 

(5-36)
 

The closed-form solution of this equation for an initial displacement and velocity is given by: 

    1 1
( )

2 2
n nt t

o o o ou t u u e u u e     
 

(5-37)
 

Impact on the restrainer of surface 3 occurs when displacement 3( )u t d . The time and velocity 

at the instance of impact need to be evaluated and then substituted into Equation (5-37) for the 

solution to restart following impact.  The closed-form solution is thus obtained for elastic impact 

on the restrainer.  In the absence of any energy dissipation, motion continues forever.  
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Figure 5-19: Simple verification example with sliding allowed only on surface 3 

Results of the theory presented in Section 5 are compared to the closed-form solution and shown 

in Figure 5-20 for the case of initial velocity with zero initial displacement.  Again, the two 

solutions are essentially the same. 

 

Figure 5-20: Comparison of results obtained by the model presented in Section 5 and closed 
form solution for the verification example of sliding on surface 3 subject to initial velocity 
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 SECTION 6  

 

 

This model is based on a representation of the parts of the bearing as rigid bodies interconnected 

with springs and dashpots that would allow for simulation of bearing uplift and landing and of 

sliding, rocking, overturning, free fall and contact bearing components.  When parts come into 

contact, contact forces are introduced by the use of high stiffness springs that only function in 

compression.  The advantage of this formulation is that one set of equations can be used for any 

possible state of the isolator (see Figure 5-2) without having to switch equations when a change 

in conditions occurs (e.g., uplift, landing, contact of TCP during uplift, etc.). However typically, 

this formulation is more useful when landing occurs where compatibility of the sliding angles 

needs to be restored in a very short duration of time upon the application of the vertical load or 

when there is significant interaction between the TCP and TSP (through contact forces Fr4, Fvg,l 

and Fvg,r in Section 5) and, therefore, likelihood of overturning of internal components. 

6.1 Formulation of Equations of Motion 

Each surface of the bearing is arbitrarily divided in two components: the contact surface and the 

sliding surface as illustrated in Figure 6-1. The contact surface is defined as the part of a sliding 

interface having the smallest diameter, whereas the surface with the largest diameter is termed 

the sliding surface. Note that each sliding surface has a displacement restrainer formed by a 

perimeter ring.  In the notation used, points on a contact surface contain the superscript or 

subscript C and points located on a sliding surface contain the superscript or subscript S. 
 
 
 
 

   MODEL FOR BEARING UPLIFT AND LANDING INCLUDING 
SLIDING, ROCKING, OVERTURNING, FLYING AND CONTACT 
                                  OF BEARING COMPONENTS
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Figure 6-1: Definition of contact and sliding surfaces 

Each contact surface is characterized by its two edges, with the one on the left denoted as L and 

the one on the right edge denoted as R. For each contact edge there is a corresponding point on 

the sliding surface defined as the intersection of the vertical line passing through the contact edge 

and the corresponding sliding surface. Figure 6-2 shows each of these points and their 

designation. For example, for surface 1 the contact edges are located on the bottom sliding plate 

(BSP) and are denoted as CL-1 and CR-1.  The corresponding sliding points are located on the 

bottom concave plate (BCP) and are denoted as SL-1 and SR-1. Each edge has its own pair of 

contact forces and may experience impact with the restrainers of each sliding surface. The 

direction of the contact forces depends on the angle of the sliding surface which is calculated as 

the angle formed by the tangent of the sliding surface at the sliding point that corresponds to the 

contact point and the horizontal line. The relative vertical displacement between the contact 

points and the corresponding sliding points determines whether the two points are in contact 

(when the value is zero) or not in contact. The friction forces depend on the relative velocity of 

the contact edge and its corresponding point on the sliding surface. It is noted that both contact 

surfaces and sliding surfaces displace and rotate and this needs to be taken into account. 
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Figure 6-2: Definition of contact points and corresponding sliding points 

A global coordinate system is defined with its origin located at the center of curvature of sliding 

surface 1 (center of circle), with the y-axis pointing downwards and the x-axis pointing to the 

right.  Rotations are positive when counterclockwise. For the following derivations, all vectors 

denoted by symbol r and shown in Figure 6-2 have to be written at the local coordinate system of 

the rigid body.  The origin of the local coordinate system is located at the center of mass of the 

rigid body that translates and rotates with the rigid body. As a result, these vectors are constant 

and independent of the rigid body’s motion. 
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The vectors that connect the center of mass of each rigid body with the contact points located on 

the rigid body under consideration are defined.  Let these vectors for surface i be , ,,c c
i L i Rr r  as 

shown in Figure 6-2. These vectors are constant and given by:  

 

, ,

, ,

2 2
; ; 1,2

2 2
; ; 3,4

i ic c
i L i R

si si

i ic c
i L i R

si si

b b
i

Z Z

b b
i

Z Z

   
     
   
   

         

r r

r r
 

(6-1) 

In Equation (6-1), quantities Zsi are given by: 

 

2
2 , 1,2,3,4

2
i

si i i i

b
Z z R R i

           
 

(6-2)
 

Quantity zi is the distance of the center of contact surface i to the center of mass of the rigid body 

that surface i is attached to as shown in Figure 4-1.  It has a positive value. Quantities Ri and bi 

are radii and diameters defined in Figure 1-1. 

Since the sliding surfaces translate and rotate together with the rigid bodies, one can define the 

vectors connecting the center of mass of the rigid body to the center of curvature of the sliding 

surface (defined earlier) that translates and rotates with the body. These vectors are constant, 

denoted as o
ir  in Figure 6-2 and are given by (see Figure 1-1 for definition of definition of hi and

cot ):  

 

1 1 5

2 2 1 2 1

3 3 4 3 4

4 4 5

0

0

0

0

To
co

To

To

To
co

R t Z

R h h Z

R h h Z

R t Z

     

      

     

    

r

r

r

r

 
(6-3)

 

The vectors that connect the center of mass to the sliding points are also defined and denoted as

, ,,s s
i L i Rr r , as shown in Figure 6-2. Vectors , ,,s s

i L i Rr r  
are again independent of the translation and 

rotation of the rigid body but are not constant since the location of the sliding points change 
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based on the locations of their corresponding contact points. Free body diagrams of the parts of 

the bearing and definitions of the angles and various displacements are shown in Figure 6-3 to 

Figure 6-6. The degrees of freedom are the horizontal coordinates, ub, ur, ut and utc, the vertical 

coordinates, vb, vr, vt and vtc, the rotations, θb, θr, θt and θtc, of the centers of mass of parts BSP, 

RS, TSP and TCP and their derivatives , , , , ,b r t tc b rdu dt du dt du dt du dt dv dt dv dt , 

,t tcdv dt dv dt , , ,b r t tcd dt d dt d dt d dt    . 
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Figure 6-3: Free body diagram and kinematics of BSP 
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Figure 6-4: Free body diagram and kinematics of RS 
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Figure 6-5: Free body diagram of TSP 
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Figure 6-6: Free body diagram of TCP 
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The motion of each component is described by the horizontal coordinate u and the vertical 

coordinate v of its center of mass and by the rotation θ of its center of mass. The location vectors 

of the center of mass of the bottom slide plate, the rigid slider, the top slide plate and the top 

concave plate are, respectively, given by: 

 
; ; ;b t tcr

b t tcr

u u uu

v v vv

      
          

      
b r t tcu u u u

 
(6-4)

 

In Equation (6-4), ub, ur, ut and utc, are the horizontal coordinates of parts BSP, RS, TSP and 

TCP, respectively, and vb, vr, vt, and vtc are the vertical coordinates of same parts. 

Upon displacement and rotation of the bearing components, the new coordinates of the contact 

points (CL-1, CR-1, CL-2, etc. in Figure 6-2) in the global coordinate system are given by the 

following equations: 

 , , , , 1, 2,3, 4c c c c
i L i i i L i R i i i R i x = u + T r x = u + T r  

(6-5)
 

In Equations (6-5), the displacement vectors ui and transformation matrices Ti are given by: 

 

1 1

2 3 2 3

4 4

;

;

;

b b

r r

t t

 
 

u = u T = T

u u = u T T = T

u u T T
 

(6-6)
 

Also, vectors ub, ur and ut are given in Equation (6-4) and vectors ,
c
i Lr and ,

c
i Rr  were defined in 

Figure 6-2. 

In Equations (6-6), Tb, Tr and Tt are the transformation matrices for parts BSP, RS and TSP, 

respectively.  They relate the position vectors of each part after a rotation to the position prior to 

the rotation.  They are given by: 

 
cos sin cos sincos sin

; ; ;
sin cos sin cossin cos

b b t tr r

b b t tr r

    
    

    
           

b r tT T T
 

(6-7) 
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Parameters θb, θr, and θt are the rotations of parts BSP, RS and TSP, respectively, and are shown 

in Figure 6-3  to Figure 6-6. After the rigid bodies displace and rotate, the new coordinates of the 

center of each sliding surface is given by: 

 , 1, 2, 3, 4o o
i i i i i x = u + T r  

(6-8)
 

In Equation (6-8), displacement vectors iu and transformation matrices Ti are given by Equation 

(6-9) rather than by Equation (6-6): 

 

1 1

2 2

3 3

4

b b

t t

tc tc4

u = 0; T = 0

u = u ; T = T

u = u ; T = T

u = u ; T = T

 
(6-9)

 

Transformation matrices Tb, Tr and Tt are given in Equation (6-7) and matrix Ttc is given by: 

 
cos sin

sin cos
tc tc

c
tc tc

 
 

 
   

tT
 

(6-10) 

Note that θtc is the rotation of the top concave plate. The equation describing the geometry for 

each sliding surface is then transformed to the global coordinate system by the following 

operation after including the translation and rotation of each sliding surface: 

     2o o
i i iRx - x x - x =�

 
(6-11)

 

Note that  � represents the dot product of the two vectors. To determine if an edge of a body is in 

contact with its corresponding sliding point, the vertical coordinates of the two points need to be 

compared. The vertical coordinates of the contact edges can be calculated using vectors ,
c
i Lx  and 

,
c
i Rx  given by Equation (6-5). The components of the vectors obtained from Equation (6-5) are 

explicitly given by: 

 , , , , , ,;
T Tc c c c c c

i L i L i L i R i R i Rx y x y       x x
 

(6-12)
 

The corresponding components of the sliding surface point vectors are given by: 
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 , , , , , ,,
T Ts c s s c s

i L i L i L i R i R i Rx y x y       x x
 

(6-13) 

Note that in Equations (6-12) and (6-13) the x-coordinates of the sliding surface points are equal.  

The y-coordinates of the sliding surface points of surfaces 1 and 2 can be calculated as the first 

root of Equations (6-11), (6-12) and (6-13): 

    2 22 2
, , , ,; ; 1, 2s o c o s o c o

i L i i i L i i R i i i R iy y R x x y y R x x i          
(6-14)

 

For the convex surfaces 3 and 4, the second root of Equations (6-11), (6-12) and (6-13) needs to 

be used, so that: 

    2 22 2
, , , ,; ; 3, 4s o c o s o c o

i L i i i L i i R i i i R iy y R x x y y R x x i          
(6-15)

 

Finally, the inclination of the contact forces shown in Figure 6-3 to Figure 6-6 with respect to the 

global coordinate system is defined by the slope of the sliding surfaces at the location of the 

sliding points.  They are obtained as the derivatives of Equations (6-14) and (6-15) with respect 

to x: 
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(6-16) 

The following vectors that contain the contact forces of each contact point shown in Figure 6-3 

to Figure 6-6 are defined as: 
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, ,

, ,
, ,

; , 1, 2,3, 4i L i R
i L i R

i L i R

S S
i

N N

   
      

   
R R

 
(6-17) 

The normal components Ni for the concave surfaces 1 and 2 are given by: 

 
   , , , , , , , , , ,

, ,

, ,
; , 1,2

0, otherwise 0, otherwise

c s s c c s s c
i L i L i L i L i L i R i R i R i R i R

i L i R

k y y y y k y y y y
N N i

          
  

 
(6-18) 

For the convex surfaces 3 and 4 these forces are given by: 

 
   , , , , , , , , , ,

, ,

, ,
; , 3,4

0, otherwise 0, otherwise

s c s c s c s c
i L i L i L i L i L i R i R i R i R i R

i L i R

k y y y y k y y y y
N N i

        
  

 (6-19) 

The friction forces are given by: 

 , , , , , ,; , 1, 2,3, 4i L i i L i L i R i i R i RS N S N i     
 

(6-20)
 

In Equation (6-20), μi is the friction coefficient of each surface.  It is assumed equal for the left 

and right edges.  Also, Zi is a hysteretic parameter to be defined later.  

Equations (6-18) and (6-19) imply that if the sliding surface projection is located below the 

contact surface edge, the two points are not in contact and the normal force and the friction force 

are zero. In order to develop contact in this model, some small overlap or “penetration” needs to 

be developed between the two points. The amount of penetration depends on the value of the 

vertical stiffness of the springs given by ,i Lk and ,i Rk . If both edge forces are zero  

( , , 0i L i RN N  ), then there is no contact between the bodies. If one of the two forces is nonzero, 

then there is point contact. If both forces are nonzero, then there is full contact. 

In order to transform the contact force vector to the global coordinates, the following 

transformation needs to be performed: 

 , , , , , ,;s s
i L i L i L i R i R i R  R T R R T R  

(6-21)
 

In Equation (6-21), ,
s
i LT  is a transformation matrix that is different for each contact point and is 

given by: 
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, , , ,

, ,
, , , ,

cos sin cos sin
; , 1,2,3,4

sin cos sin cos

s s s s
i L i L i R i Rs s

i L i Rs s s s
i L i L i R i R

i
   
   

   
         

T T
 

(6-22)
 

Where angles ,
s
i L and ,

s
i R are given in Equation (6-16). 

The velocity vectors of the contact points in the global coordinate system are given by: 

 
, ,

, , 1, 2,3, 4
c c
i L i Rc ci i i i

i L i R

d dd d d d
i

dt dt dt dt dt dt


x xu T u T
= + r = + r  

(6-23)
 

In Equation (6-23), the displacement vectors ui and the transformation matrices Ti are given by 

Equation (6-6). The derivative of matrix Ti with respect to time can be calculated from Equation 

(6-7). The velocity vectors of the contact points, written at the local coordinates of the 

corresponding sliding points, are given by: 

 
, , , ,

, ,; 1,2,3,4
c c c c
i L i L i R i Rs s

i L i R

d d d d
i

dt dt dt dt

        
              

       

x x x x
=T =T  (6-24)

 

The relative coordinates of the sliding surface points with respect to the center of mass of the 

rigid body considered are given by:  

    1 1
, , , ,; , 1, 2,3,4s s s s

i L i i L i i R i i R i i     r T x u r T x u
 

(6-25) 

In Equation (6-25), the displacement vectors ui and the transformation matrices Ti are given by 

Equation (6-9). 

The velocity of the sliding surface points are given by (note that ui and Ti are given by Equation 

(6-9)): 

 
, ,

, ,; , 1, 2,3, 4
s s
i L i Rs si i i i

i L i R

d dd d d d
i

dt dt dt dt dt dt
    

x xu T u T
r r  

(6-26)
 

In the local coordinate system, the velocity of the sliding projections is: 
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, , , ,

, ,; , 1,2,3,4
s s s s
i L i L i R i Rs s

i L i R

d d d d
i

dt dt dt dt

    
        

   

x x x x
T T

 
(6-27)

 

The relative velocity of the contact points with respect to the sliding points in the direction 

tangential to the sliding surface at the location of the sliding points is given by: 

 

, , , , ,
, ,

,

, , , , ,
, ,

,

c s c s
i LT i L i L i L i Ls

i L i L
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c s c s
i RT i R i R i R i Rs

i R i R
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v d d d d

v dt dt dt dt

v d d d d

v dt dt dt dt

       
                    

       
                    

x x x x
v T

x x x x
v T

 
(6-28)

 

The hysteretic parameter for each contact point is defined as: 
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Z Y a Z v Z Y a Z v

v Z v Z
a a

v Z v Z

   

  
    

 

 (6-29) 

In Equation (6-29), Y is a “yield displacement” in the visco-plastic representation of friction 

(typically assigned small values of less than 1mm), and ,i LTv and ,i RTv  are defined in Equation (6-

28). 

In order to introduce some damping in the vertical direction, dampers are assigned at each 

contact point. The damping forces of surfaces 1 and 2 are given by: 

 

, , , ,
, , ,

,

, , , ,
, , ,

,

, &

0, otherwise

, &

0, otherwise

c s c s
i L i L i L i L c s
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c s c s
i R i R i R i R c s

i R i R i RD
i R

dy dy dy dy
c y y

N dt dt dt dt

dy dy dy dy
c y y

N dt dt dt dt

  
        



  

        



 
(6-30) 

Note that ,i Lc  and ,i Rc  are arbitrary damping constants assigned for the contact point of surface i. 

For the convex surfaces 3 and 4 the damping forces are given by: 
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(6-31) 

Note that the damping forces act in the vertical direction and are only activated when there is 

overlap or “penetration” between contact and sliding points and only when this “penetration” 

increases in magnitude. They do not affect the vertical displacement due to the pendulum motion 

of the contact surfaces. Also, they do not affect the response in the horizontal direction. 

For convenience, the following vectors are defined: 

 , ,
, ,

0 0
; , 1,2,3,4D D

i L D i R D
i L i R

i
N N

        
   

N N
 

(6-32) 

Figure 6-7 introduces additional notation related to the restrainer forces. Note that this notation is 

identical to the notation that was followed earlier for the contact forces. The following constant 

vectors are defined for the restrainers based on Figure 6-7: 
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(6-33) 
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1 1
1, 1,
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(6-34) 

In these equations, si is the diameter of the sliding surface (given by Equation (4-20)) and hsi and 

hri were defined in Equations (5-14). The restrainer coordinates after translation and rotation of 

the rigid bodies are given by: 

 
, ,

, , , ,
, ,

; 1, 2,3, 4
G G
i L i RG G G G

i L i i i L i R i i i RG G
i L i R

x x
i

y y

           
      

x = u + T r x = u + Tr  
(6-35) 

 
, ,

, , , ,
, ,

; 1, 2,3, 4
GE GE
i L i RGE GE GE GE

i L i i i L i R i i i RGE GE
i L i R

x x
i

y y

           
      

x = u + T r x = u + T r  
(6-36)

 

where the displacement vectors ui and the transformation matrices Ti are given by Equation (6-

9).  
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Figure 6-7: Notation for position vectors of restrainers 

Contact with the restrainers activates spring forces given by: 

 

 

 

,

,

,
, 1, 2

0,

1, 2
0

G c G c
ri i,L i,L i,L i,LG

i L G c GE c
i,L i,L i,L i,L

c G c G
ri i,R i,R i,R i,RG

i R c G GE c
i,R i,R i,R i,R

k x x x x
F i

x x or y y

k x - x x x
F i

x x or y y

   
 

  
 

 
(6-37) 

 

 

 

,

,

,
, 3, 4

0,

3, 4
0

G c G c
ri i,L i,L i,L i,LG

i L G c GE c
i,L i,L i,L i,L

c G c G
ri i,R i,R i,R i,RG

i R c G GE c
i,R i,R i,R i,R

k x x x x
F i

x x or y y

k x - x x x
F i

x x or y y

   
 

  
 

 
(6-38) 

In these equations, kri is the stiffness of the restrainer and is given by Equation (4-17) for linear 

elastic behavior.   
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Vectors containing the restrainer forces are defined and given by: 
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Figure 6-8 introduces additional notation related to the rubber seal forces. Note that notation 

used for the seal is similar to that used in Figure 5-8 with some differences. The general case of 

variable seal attachments is described herein. The procedure is similar to that of Section 5.3 with 

minor changes. The coordinates of the seal attachment points are given by: 

 

1 2
1 1 2 2

2 2

3 4
3 3 4 4

3 4

;

;

C C
C b b C C t t C

C C

C C
C b b C C t t C

C C

x x

y y

x x

y y

   
        
   
   

        
   

x x T r x x T r

x x T r x x T r
  

(6-40) 

The coordinates of the restrainer edges are given by: 

 

1 2
1 1 2 2

2 2

3 4
3 3 4 4

3 4

;

;

B B
B b b B B t t B

B B

B B
B b b B B t t B

B B

x x

y y

x x

y y

   
        
   
   

        
  

x x T r x x T r

x x T r x x T r
  

(6-41) 

In the equations above, vectors Bir  and Cir are given by the expressions below: 
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Given the definitions above, the procedure for analysis is identical to the one described in 

Section 5.3 that involves the calculation of vectors 1A , 2A , 3A  and 4A  . These are now given by: 
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The deformed length of the seal, the stiffness of the seal and the seal forces and angles were 

presented in Section 5.3. The horizontal and vertical components of the seal forces are given by: 
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Figure 6-8: Notation of position vectors of rubber seal 

Consider also the following vectors that contain the external forces applied to the TFP parts: 

 
0 0 00

; ; ;w w w w
b r t tc

b t tcrm g m g m g Wm g

      
                   

F F F F  
(6-46) 



121 
 

where W is the external vertical load applied on the TCP. W=0 when the model is combined with 

a superstructure for dynamic analysis and W>0 if a single isolator is analyzed. 

Finally, for the uplift duration, a friction force is considered to act in the vertical direction as 

shown in Figure 6-9.  The vectors for the friction forces on the left and the right restrainers are:  
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Quantity s  is the friction coefficient between rubber and steel or steel and steel (when there is 

no rubber seal).  The hysteretic variables ,V LZ and ,V RZ are described by the following equations: 
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Figure 6-9: Friction force during uplift and contact between TCP and TSP 

Moment equilibrium requires that: 
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Note that the × symbol denotes the cross product of the vectors. The rotation vectors are given 

by: 
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Equilibrium of forces requires that: 
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The equations of motion have the following degrees of freedom: ub, ur, ut, utc, vb, vr, vt, vtc, θb, θr, 

θt, θtc, bdu dt , rdu dt , tdu dt , tcdu dt , bdv dt , rdv dt , tdv dt , tcdv dt , bd dt , rd dt , td dt  

and tcd dt . Equations (6-51) and (6-49) are combined with Equations (6-29) for the hysteretic 

parameters and written in state space. Collapse of the isolator occurs if the isolator becomes 

unstable during the analysis or if any of the following conditions are satisfied: 
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The model as described above is suitable for response history analysis of seismically isolated 

structures.   

When the model is used in analysis of a single isolator under prescribed motion, some 

modifications are needed.  While the isolator is in compression, quantity utc is prescribed so is 

not a degree of freedom, whereas vtc is a degree of freedom. During uplift, quantities utc and vtc 

are both prescribed and, therefore, both components of the last Equation in (6-51) are ignored 

(these are the equations of horizontal and vertical equilibrium of the top concave plate).  Also, 

the last of Equation (6-49) is ignored (moment equilibrium of the TCP). During landing, the TCP 

exhibits free fall (see difference between 2t t
TCPv   and 2t t

pv  in Figure 5-2) so that vtc is unknown (a 

degree of freedom) with an initial value - the value obtained from the end of the uplift duration. 

As a result, modeling of landing is no different than modeling compression. The initial 

conditions of the remaining components are also calculated using as initial conditions the 

conditions calculated at the end of the uplift episode. Note that the model presented in Section 6 

can be combined with the models of Sections 4 and 5 in order to analyze various stages of 

behavior (i.e., compression, uplift and landing) using different theories.  This may expedite the 

execution of the analysis but differences between the models require care in the calculation of 

the initial conditions for each stage of analysis.  Also, it should be noted that in the model 

presented in Section 6, landing is a phenomenon of finite duration (t3>t2 in Figure 5-1), whereas 

in the model presented in Section 5.3, landing occurs instantaneously (t3=t2 in Figure 5-2). 
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6.2 Model Verification and Demonstration of Analysis Capabilities 

Consider the Full Scale-Configuration B isolator described in Table 3-2 subjected to a 

compressive load of 6675kN and a prescribed horizontal TCP sinusoidal displacement history of 

1000mm amplitude and 0.15Hz frequency. Results are obtained using a) the model presented in 

Section 4, and b) the model presented in Section 6.  Results presented in Figure 6-10 demonstrate 

that the two models produce nearly identical results.  Minor differences may be observed at large 

amplitude of motion and are likely the effect of large rotations which can be accounted for only 

in the model presented in Section 6.  

Figure 6-11 compares results for the same isolator subjected to motion of 1000mm amplitude, 

frequency of 1Hz and vertical compressive load of 1335kN.  Due to the low vertical load and the 

high frequency of motion, the inertia effects are now more pronounced. Results are again in good 

agreement but for some small differences in the force-displacement loops which are attributed to 

numerical errors in the analysis and to differences in accounting for the inertia effects in the two 

models - the model presented in Section 6 being more accurate.  One should note the increase in 

force upon entering Regime IV when the bearing internal parts engage the restrainer of surface 1.  

The increase in force is due to impact of the moving parts on the restrainer.  This force is much 

more pronounced (as a portion of the vertical load) than in the analysis shown in Figure 6-10 due 

to the higher speed of the moving parts and the lower vertical load used in the analysis. 
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Figure 6-10: Comparison of results obtained by model presented in Section 4 and model 
presented in Section 6 for the full scale isolator-Configuration B of Table 3-2 subjected to 

TCP motion of 1000mm amplitude, 0.15Hz frequency and load of 6675kN 
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Figure 6-11: Comparison of results obtained by model presented in Section 4 and model 
presented in Section 6 for the full scale isolator-Configuration B of Table 3-2 subjected to 

TCP motion of 1000mm amplitude, 1Hz frequency and load of 1335kN 
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In order to investigate the effect of large rotations, Figure 6-12 compares results of the models of 

Sections 4 and 6 for the Full Scale-Configuration B isolator of Table 3-2 but with different 

friction properties ( 1 4 2 30.065, 0.045       ) so that that Regime V extends over a larger 

displacement range. The motion is of 1000mm amplitude and frequency of 0.15Hz.  Note that 

the model presented in Section 6 accounts for large rotation effects, whereas the model presented 

in Section 4 does not.  The results of the two models are essentially the same.  Accordingly, large 

rotation effects for this large size isolator are not important.   

 

Figure 6-12: Comparison of results obtained by model presented in Section 4 and model 
presented in Section 6 for the full scale isolator-Configuration B of Table 3-2 with 

1 4 2 3μ = μ = 0.065,μ = μ = 0.045  and subjected to TCP motion of 1000mm amplitude, 0.15Hz 

frequency and load of 6675kN 

Figure 6-13 shows results for the Full Scale-Configuration B isolator described in Table 3-2 and 

subjected to a compressive load of 6675kN and a prescribed horizontal TCP sinusoidal 

displacement history of 0.15Hz frequency and displacement amplitude that was larger than the 

displacement capacity of the bearing. The figure also shows snapshots of the deformed bearing 

when the displacement is close to its maximum value. Notice that the model is capable of 

capturing point contact and overturning that may occur at extreme displacements. The model 

also captures instability of the bearing as indicated by the branch of the force displacement loop 

with negative stiffness. However, it should be noted that the results shown in Figure 6-13 are 

based on the assumption of infinite strength for the restrainers.  In reality, these restrainers have 

limited strength, which affects the behavior of the bearing under the conditions analyzed. 
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Figure 6-13: Force-displacement loops and snapshots of TFP isolator subjected to 
displacement amplitude larger than the displacement capacity  

Figure 6-14 compares force-displacement loop of the Full Scale-Configuration B isolator 

described in Table 3-2 and subjected to a compressive load of 6675kN and a prescribed 

horizontal TCP sinusoidal displacement history of 1000mm amplitude and 0.15Hz frequency 

when the TCP is leveled or is rotated.  The effects of the TCP rotation are to shift the loops along 

the axis of force and to modify the transition points between regimes. 
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Figure 6-14: Comparison of force-displacement loops of TFP isolator with rotation of the 
TCP 

Finally, Figure 6-15 compares results of the Full Scale-Configuration B isolator described in 

Table 3-2 and subjected to a compressive load of 6675kN and a prescribed horizontal TCP 

sinusoidal displacement history of 1000mm amplitude and 0.15Hz frequency when a rotational 

spring is connected to the TCP. Three values of stiffness are considered: a) Infinite so that the 

TCP remains horizontal, b) 302MN-m and c) 101MN-m. Noticeable effects are observed as a 

result of the TCP rotation caused by the overturning moment.  
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Figure 6-15: Comparison of force-displacement loops of TFP isolator with rotational spring 
connected to the TCP  
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      SECTION 7  

  
 

3pleANI is an analysis program developed in MATLAB that is capable of performing two-

dimensional analysis and animation of Triple Friction Pendulum (FP) isolators that cannot be 

performed by commercially available software. The FP isolators are modeled based on the theory 

presented in Sections 4 to 6.  The program offers the capability to analyze and present animation 

of motion of the components of isolators under (a) regular conditions when no uplift occurs and 

(b) uplift conditions that include bouncing of components.  Output quantities include global 

response quantities of the analyzed structural system (total accelerations, total displacements, 

drift, forces, and floor response spectra) and isolator response  quantities (displacements and 

rotations of parts, velocities at the sliding surfaces, forces at the sliding surfaces, heat flux and 

temperature rise  at each sliding surface).   

The program has two analysis options: (a) displacement control analysis and (b) dynamic 

analysis.  The first option allows analysis and animation of motion of the components of sliding 

isolators under specified histories of horizontal and vertical motion (and constant or variable 

vertical load).  The program can calculate all response quantities related to all sliding surfaces for 

any geometric and frictional parameters. Advanced analysis options include heating effects at the 

sliding interfaces, misalignments, non-zero initial conditions, etc. The uplift analysis is the 

centerpiece of this interface since it allows modeling of the behavior of the inner components 

that cannot be performed in commercial software. 

The second option allows for dynamic analysis of plane seismically isolated structures.  Several 

options for the structure exist: 

(a) A rigid single-degree-of-freedom system, 

(b) A multi-story building with shear type representation in which the parameters are story 

stiffness and floor masses, 

(c) A multi-story building with one degree-of-freedom per floor but with the stiffness and 

mass matrices imported, 

PROGRAM 3pleANI



132 
 

(d) A bridge with flexible piers.  In this case, analysis options include consideration of P-Δ 

effects on the pier rotation and consideration of the pier rotation on the behavior of the 

isolator. 

In the dynamic analysis option, the isolators are presumed to be in full contact so that no uplift 

analysis is performed.  A library of ground motion acceleration histories allows the user to select 

and scale for analysis.  Analysis options include (a) calculation of response spectra of input 

motion, (b) calculation of periods, mode shapes and damping ratios of the superstructure (c) 

calculation of response of the non-isolated structure, (d) calculation of response of the 

seismically isolated structure, and (e) display and animation of the calculated response.  

Appendix A presents the “Users Guide and Reference Manual” of program 3pleANI where the 

capabilities of the program are described.  The option of program 3pleANI for “displacement 

controlled analysis” is used for the verification examples of Section 8 that follows. 

Appendix B presents an “Analysis and Verification Examples” document for program 3pleANI 

where predictions of the response of Triple FP bearings and of isolated structures obtained by 

3pleANI are compared to theoretical results and to predictions of commercially available 

programs.  The latter case is restricted to combinations of geometric and frictional parameters 

that can be modeled by existing models in commercial software (see Fenz and Constantinou 

2008a to 2008e).  All of the examples in Appendix B involve cases where the Triple FP bearings 

operate in full contact of the sliding surfaces.  Also, the “Analysis and Verification Examples” 

document presents comparisons of results obtained from uplift analysis against closed form 

solutions that can be obtained for the same cases.  
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SECTION 8  

   

8.1 Introduction 

The calculation of uplift displacement of Triple FP isolators in the response history analysis of 

structures is possible in commercially available software (e.g., programs SAP2000 and ETABS).  

However, the model of the isolator in these programs is generic and does not actually trace the 

motion of the parts of the isolator to be able to obtain information on the state of the isolator, 

including permanent offsets of the internal parts, instability and heating of the components. 

Program 3pleANI is able to provide this information by conducting complex analyses of various 

degrees of complexity.  

An analysis of uplift involves the following steps: 

1. Model the isolated structure in commercially available software such as SAP2000 using 

the series model (Fenz and Constantinou 2008d) or the parallel model (Sarlis and 

Constantinou 2010).  Conduct response history analysis. 

2. Export the horizontal and vertical displacement histories of the top joint of the isolators 

exhibiting uplift. The response histories of all the isolators will be required and not just 

selected isolators that exhibit the largest uplift displacement since the magnitude of uplift 

is significant but is not the sole determining factor in assessing the safety of the isolator. 

3. Import the displacement histories in program 3pleANI and conduct uplift analysis for 

each isolator and assuming various scenarios in the analysis (e.g., analyze the isolator 

with and without the rubber seal, consider different attachment details of the seal, assume 

various values of the friction coefficient when the bearing uplifts). 

4. If unstable behavior is feasible, modify the isolator details (e.g., increase the height of the 

restrainers) or modify the structural system in order to reduce the uplift displacement or 

change the uplift characteristics.  

5. Conduct experiments to validate the behavior of the modified isolator. 

Uplift experiments are difficult to conduct as testing machines with capacity to reproduce 

complex uplift conditions for large bearings do not exist. Typically, testing is conducted under 

EXAMPLES OF TRIPLE FP ANALYSIS WITH UPLIFT
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quasi-static conditions that provide the ability to make visual observations of behavior. Program 

3pleANI can reduce the necessity for physical testing and be used to identify the critical uplift 

cases that should be experimentally investigated.  With increased level of confidence in the use 

of the program, physical testing for uplift may be eliminated but for the most important 

applications. 

This section presents examples of motion of Triple FP bearings under conditions of uplift.  

Program 3pleANI is used to obtain results in terms of force-displacement loops and other 

response parameters.  Also, results of animation of the analyzed bearings are presented. 

8.2 Example 1 

Consider the bearing of Figure 8-1 that is used in the isolation system of the San Bernardino 

Courthouse in California (Sarkisian et al., 2012).  Table 8-1 presents the geometric and frictional 

properties of the bearing used in the analysis. 

 

Figure 8-1: Analyzed Triple FP bearing 

Analysis of the bearing motion was performed in program 3pleANI using the horizontal and 

vertical motions shown in Figure 8-2. These histories of motion are those of the two nodes 

representing one bearing in the ETABS analysis model of the isolated structure in a particular 

seismic motion as reported in Sarkisian et al. (2012).  Note that these motions represent the 

motion, including uplift, of the top node representing the bearing so that the geometric changes 

are not included. The geometric changes are explicitly calculated in the 3pleANI program 

analysis.  Load on the bearing was assumed constant at 6675kN and then converted to zero for 
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the uplift duration, which starts at time of 3.685sec and ends at time of 5.325sec as shown in the 

vertical displacement history of Figure 8-2. Analysis was conducted with friction assumed 

independent of velocity and having the values in Table 8-1 while under the compressive load of 

6675kN.  The values of the friction coefficients were assumed to be twice as much as those of 

Table 8-1 when the bearing uplifts and the load at each sliding interface is only the weight of the 

internal components. For this example, it was assumed that there is no rubber seal. Examples 2 

and 3 study the effect of the rubber seal. 

Table 8-1: Geometric and frictional properties of analyzed bearing 

TFP Properties Value 

1 4R R  (mm) 3962 

2 3R R  (mm) 991 

32h h  (mm) 114 

1 4h h  (mm) 191 

1 4eff effR R  148.5 

2 3eff effR R  (mm) 34.5 

1 4dd   (mm) 406.4 

2 3dd   (mm) 152.4 

1 4b b  (mm) 762 

2 3b b  (mm) 406.4 

1 = 4  0.08 

2 = 3  0.05 
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Figure 8-2: Horizontal (top) and vertical motion (bottom) of top node of one bearing of 
isolated structure calculated in program ETABS (Sarkisian et al., 2012) 

Analysis results using the full contact theory of Sections 4 and 5 are shown in Figure 8-3 and 

Figure 8-4, and analysis results using the advanced theory of Section 6 are shown in Figure 8-5 

and Figure 8-6.  

Figure 8-3 (full contact theory) and Figure 8-5 (advanced theory) present results from program 

3pleANI for the horizontal displacement, vertical displacement and rotation of the center of mass 

(CM) of each part of the isolator (see notation in Figure 1-1 and Figure 8-1).  Also, they present 

force-displacement loops as calculated by program 3pleANI. The graphs compare the vertical 

displacement of the TCP calculated in 3pleANI to the ETABS results (also shown in Figure 8-2 

for the TCP vertical displacement).  

Figure 8-4 (full contact theory) and Figure 8-6 (advanced theory) present captured frames of the 

isolator’s response obtained from 3pleANI for the uplift duration. Note that the two theories 

predict slightly different behavior for the uplift duration.  However, the isolator’s position at 

landing (frames at 5.1446sec and 5.1415sec in Figure 8-4 and Figure 8-6, respectively) is almost 

the same in both analysis methods. The most significant difference between the two methods is 

the ability of the advanced modeling to capture point contact and potential overturning of TFP 

parts. When the seal is not present, the TSP is unstable and uplifts as shown at time 4.6002sec in 
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Figure 8-6.  In this case, the small separation between the TCP and TSP does not allow for 

overturning and, accordingly, the two methods produce similar results. 

          

   

 

Figure 8-3: Program 3pleANI results of analysis of bearing of Example 1 with uplift using 
full contact theory and without rubber seal 
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Figure 8-4: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 1 using full contact theory and without rubber seal 
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Figure 8-5: Program 3pleANI results of analysis of bearing of Example 1 with uplift using 
advanced theory and without rubber seal  
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Figure 8-6: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 1 using advanced theory and without rubber seal 
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8.3 Example 2 

Example 1 was re-analyzed for the same bearing motion (shown in Figure 8-2) but with the 

presence of the rubber seal. For this example, the rubber seal was assumed to be linear elastic 

with behavior given by Equation (5-18) and 1.56st mm and 9.65E MPa . The force-

deformation relation of the rubber seal for this example is shown in Figure 8-7. The isolator was 

analyzed using both the full contact theory (quantitative results are presented in Figure 8-8 and 

animation results in Figure 8-9) and the advanced theory (quantitative results are presented in 

Figure 8-10 and animation results in Figure 8-11). The quantities presented in the results were 

described in Example 1. 

Note that for this example, the full contact theory and the advanced theory produce different 

results for the isolator’s response during the uplift episode. However, the final isolator position 

after landing is essentially the same for the two theories. In this example, the rubber seal is 

strong enough to lift up the TFP parts so that point contact occurs on surface 1 as predicted by 

the advanced theory and shown in Figure 8-11, for example at time=4.7316sec. Such phenomena 

cannot be predicted by the full contact theory. 

 

Figure 8-7: Seal force-deformation relationship for Example 2 
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Figure 8-8: Program 3pleANI results of analysis of bearing of Example 2 with uplift using 
full contact theory and linear elastic rubber seal 
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Figure 8-9: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 2 using full contact theory and linear elastic rubber seal 
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Figure 8-10: Program 3pleANI results of analysis of bearing of Example 2 with uplift using 
advanced theory and linear elastic rubber seal 
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Figure 8-11: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 2 using advanced theory and linear elastic rubber seal 
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8.4 Example 3 

Example 2 was re-analyzed but for a different behavior for the rubber seal. For this example, the 

rubber seal was assumed to be nonlinear elastic with behavior described by Equation (5-19) with 

the same properties as Example 2. Note that this type of behavior is more realistic for the seal. A 

comparison of the seal force-deformation relations used in Examples 2 and 3 is presented in 

Figure 8-12.  

The isolator was analyzed using both the full contact theory (quantitative results are presented in 

Figure 8-13 and animation results in Figure 8-14) and the advanced theory (quantitative results 

are presented in Figure 8-15 and animation results in Figure 8-16). The quantities presented in 

the results were described in Example 1. 

Again the full contact theory and advanced theory produce different results for the isolator’s 

response during the uplift episode.  Also, note the difference with Example 2: the rubber seal 

with variable stiffness is not stiff enough to lift up the TFP parts but is stiff enough to re-center 

the inner parts of the bearing prior to landing. 

 

Figure 8-12: Comparison of seal force-deformation relations used in Examples 2 and 3  
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Figure 8-13: Program 3pleANI results of analysis of bearing of Example 3 with uplift using 
full contact theory and nonlinear elastic rubber seal 
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Figure 8-14: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 3 using full contact theory and nonlinear elastic rubber seal 
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Figure 8-15: Program 3pleANI results of analysis of bearing of Example 3 with uplift using 
advanced theory and nonlinear elastic rubber seal 
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Figure 8-16: Animation of the bearing motion during the uplift duration by program 
3pleANI for Example 3 using advanced theory and nonlinear elastic rubber seal 
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8.5 Example 4 

A San Bernardino Courthouse bearing (shown in Figure 8-1) was tested in combined horizontal 

and vertical motion as shown in Figure 8-17 (Sarkisian et al., 2012). This example compares the 

experimental results in the uplift test to simulation results of program 3pleANI. In this test, the 

TCP was loaded to 6675kN, laterally displaced by 900mm and then lifted up by 100mm in slow 

motion. While in uplifted position, the TCP was moved backwards by 300mm to the 600mm 

displacement position and re-loaded to 6675kN load. In the numerical simulation in 3pleANI, 

time was compressed by a factor of three in order to expedite execution but without otherwise 

altering the dynamic characteristics of the test. Captured frames from the experiments are shown 

in Figure 8-18 (read row by row). Note in this figure that when uplift occurs, sliding occurs on 

surfaces 2 and 3 until the TSP hits the restrainer of surface 4. Sliding does not occur on surface 

1. After the TCP restrainer moves above the TSP, additional sliding occurs on surfaces 2 and 3 

so that the TSP is positioned below the restrainer of surface 4. 

(a) Horizontal excitation

 (b) Uplift excitation 

Figure 8-17: Horizontal and vertical displacement histories in uplift test of San Bernardino 
Courthouse bearing  
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Figure 8-18: Captured frames in uplift experiment at 900mm horizontal displacement and 
100mm uplift displacement (read row by row) 
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The isolator was analyzed in program 3pleANI for the geometry in Table 8-1 and Figure 8-1 and 

using the friction properties in Table 8-2 below. The difference between the friction values of 

Table 8-1 and Table 8-2 is a result of different heating conditions in the uplift experiments and 

the operational conditions of the isolator.  The properties in Table 8-1 are those under high speed 

motion where heating effects significantly affected the friction coefficient values.  The properties 

in Table 8-2 are representative of the uplift test conditions when the bearing was at normal 

temperature and testing did not have any heating effects.  

Table 8-2: Friction coefficient values for load of 6675kN in Example 4 
TFP Properties Value per Fenz 

and 
Constantinou 

Value per 
Sarlis and 

Constantinou 

1  0.12 0.101 

2 = 3  0.06 0.053 

4  0.17 0.137 

The isolator was analyzed for the excitation of Figure 8-17 assuming six different sets of 

parameters that are described in Table 8-3 in order to investigate the effect of the following 

parameters: 

1) Behavior of rubber seal as affected by bulges and the location of the points of attachment.  

2) Friction coefficient during the uplift episode. 

Analyses 1 and 2 in Table 8-3 are based on the assumption of nonlinear elastic seal with stiffness 

given by Equation (5-19) and without any bulges.  The seal is assumed attached on the perimeter 

of the BSP and TSP throughout the height of these elements - from the bottom edge to the tip of 

the restrainers (points 1, 2, 3, 4B B B B in Figure 5-4). Analyses 3 and 4 are based on the same 

behavior for the seal but the seal is at locations attached lower than the restrainer tip.  

Specifically, it is attached at points 1 21, 2, 3, 4; 50A AC C C C s s mm  , (see Figure 5-8). Note that 

the attachment points are located significantly lower that the restrainer tips (points 

1, 2, 3, 4B B B B in Figure 5-8). This is a realistic situation that can be clearly observed in the 

photographs of Figure 8-18. Analyses 5 and 6 have the same seal behavior as analyses 3 and 4 

but for the addition of a bulge in the seal. The existence of a bulge in the actual bearing can be 

seen in the photograph of Figure 5-5. It is also noted that the only difference between analysis 1 
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and 2 (also between analyses 3 and 4, and between 5 and 6) is that for the uplift episode, the 

friction coefficients are assumed to be twice as much in analysis 1 and four times as much in 

analysis 2, as the values of Table 8-2.  

Figure 8-19 compares the seal force-deformation relations in the three groups of analyses 

conducted in program 3pleANI for Example 4.   

Table 8-3: Parameters used in uplift analysis of Example 4 
 Seal Properties 9.65 , 1.52sE M pa t mm  , Equation (5-19) 

ANALYSIS 
NUMBER 

Seal attachment points (see 
Figure 5-8) 

Initial seal 
length 

Initial 
bulge 

Friction 
multiplier  

during uplift 
1 1, 2, 3, 4B B B B  

in 58.3l mm  0gs   2 

2 1, 2, 3, 4B B B B  
in 58.3l mm  0gs   4 

3 
1 21, 2, 3, 4; 50A AC C C C s s mm  in 243.4l mm  0gs   2 

4 
1 21, 2, 3, 4; 50A AC C C C s s mm  in 243.4l mm  0gs   4 

5 
1 21, 2, 3, 4; 50A AC C C C s s mm  in 263.4l mm  20gs mm  2 

6 
1 21, 2, 3, 4; 50A AC C C C s s mm  in 263.4l mm  20gs mm  4 

 

 

Figure 8-19: Seal force-deformation relations in analysis of Example 4 

Figure 8-20 shows comparisons of the isolator position when the TCP is at maximum upper 

position as predicted by program 3pleANI for each of the six cases of Table 8-3 and the 

experiment. Note that analysis 6 results in a configuration of parts that is closest to the 

experimental observation.   
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Experimental 

 

Figure 8-20: Comparison of results on final position of parts following separation of TCP 
from TSP of tested isolator as obtained by 3pleANI and experimental  
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Figure 8-21 compares the isolator positions after landing of the TCP as predicted by program 

3pleANI and compared with experimental observations.  Analysis 6 appears to predict well the 

observed location of the internal parts although good predictions are also made by analyses 4 and 

5.   

Figure 8-22 (for analyses 1, 3 and 5) and Figure 8-23 (for analyses 2, 4 and 6) present histories 

of calculated displacements and rotations of parts, traces of isolator displacements and force-

displacement loops of the bearing analyzed for the uplift motion of Figure 8-17.  It may be 

observed that while the force-displacement loops are essentially unaffected, the motion of the 

internal parts differs in the six analyses. 

A more detailed animation of motion for the case of analysis 6 is presented in Figure 8-24. The 

parameters of analysis 6 appear to be appropriate for the actual conditions of the tested bearing.  

By comparison of Figure 8-18 to Figure 8-24, it can be concluded that 3pleANI predicted the 

observed response during the uplift test of Figure 8-17 very well.  

The results presented demonstrated the significance of friction and seal modeling in the 

prediction of the response of the internal parts of a Triple FP bearing during an uplift episode. It 

is also clear that it is not possible to exactly know the location of the seal attachment points and 

the existence and size of a bulge in the seal of all bearings. Therefore, analysis should consider 

variability in properties and geometry of the seal arrangement along the lines of the analysis 

conducted for this example.   
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Experimental 

 

Figure 8-21: Comparison of results on position of parts of tested isolator after landing as 
obtained by 3pleANI and experimental 
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Figure 8-22: Comparison of analytical results obtained by 3pleANI for analyses 1, 3 and 5 
in Table 8-3 
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Figure 8-23: Comparison of analytical results obtained by 3pleANI for analyses 2, 4 and 6 
in Table 8-3 
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Figure 8-24: Animation of the bearing motion during the uplift episode as calculated in 
3pleANI for analysis case 6 

8.6 Example 5 

This example presents comparisons of 3pleANI simulations for the isolator of Example 4 but for 

a different uplift experiment. In this test, the TCP of the isolator was loaded to 6675kN, laterally 

displaced by 640mm and then lifted up by 100mm in slow motion. While in uplifted position, the 

TCP was moved backwards by 340mm to the 300mm displacement position and re-loaded to 

6675kN load. The histories of horizontal and vertical displacements in the test are shown in 

Figure 8-25. 
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(a) Horizontal excitation 

 

(b) Vertical excitation 

Figure 8-25: Horizontal and vertical displacement of TCP in Example 5 

Captured frames from the experiment are presented in Figure 8-26. Observations of the video of 

the test suggest that during uplift, sliding occurs on surfaces 2 and 3 without sliding on surface 1 

until the TSP hits the restrainer of surface 4. After the TCP restrainer moves above the TSP, no 

additional sliding occurs on any surface and as a result the TSP does not move underneath the 

restrainer ring.  

The bearing was analyzed in program 3pleANI for the displacement histories shown in Figure 

8-25 and the parameters of analysis case 6 of Example 4 (see Table 8-3) since this set of 

parameters accurately predicted the response in Example 4.  Figure 8-27 present snapshots of 

animation of motion of the bearing as predicted by program 3pleANI for a portion of the uplift 

episode. Figure 8-28 compares the position of the internal parts as predicted by 3pleANI and as 

observed in the experiment after uplift and when motion of the inner TFP parts stopped and the 

bearing was reloaded. Note that 3pleANI again predicts the isolator’s response very well.  
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Figure 8-26: Captured frames from uplift experiment of Example 5 (read row by row) 

Figure 8-29 presents histories of calculated displacements and rotations of parts, traces of 

isolator displacements and the force-displacement loop of the bearing analyzed for the uplift 

motion of Figure 8-25.   
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Figure 8-27: Animation obtained by 3pleANI for Example 5 during the uplift episode 

 

  
Figure 8-28: Comparison of analytical and experimental results in Example 5 when motion 

of the inner TFP parts stopped and when the bearing was reloaded 
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Figure 8-29: Histories of calculated displacements and rotations of parts, traces of 
displacements and force-displacement loop of analyzed bearing in Example 5 
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8.7 Example 6 

This example presents comparisons of 3pleANI simulations for the isolator of Examples 4 and 5 

but for an experiment with large amplitude lateral displacement and uplift.  In this test, the TCP 

of the isolator was loaded to 6675kN, laterally displaced by 1000mm (close to displacement 

capacity) and then lifted up by 100mm in slow motion. While in uplifted position, the TCP was 

moved backwards by 200mm to the 800mm displacement position and re-loaded to 6675kN 

load. The histories of horizontal and vertical displacements in the test are shown in Figure 8-30. 

 

(a) Horizontal displacement of TCP 

 

(b) Vertical displacement of TCP 

Figure 8-30: Horizontal and vertical displacement of TCP in Example 6 

Captured frames from the video of the experiment are shown in Figure 8-31 for a significant 

portion of the uplift episode and in Figure 8-32 during landing on re-loading the bearing.  

Observation of these frames reveals the following sequence of events: 
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1) As the TCP moves up, the seal is deformed and pushes against the restrainer of surface 4 

resulting in an upward friction force on the TSP.  This force tends to cause overturning of 

the TSP as shown in the illustrations of Figure 8-33.  

2) The restrainer of surface 3 moves above the sliding surface 3 and the rigid slider slides 

underneath the restrainer of surface 3. 

3) The restrainer of surface 3 lands and rests on top of surface 3 for the entire uplift episode 

as shown in Figure 8-33(b), (c) and (d). 

4) The TCP moves up and the bearing is unloaded. 

5) Sliding occurs on surface 2 as shown in Figure 8-33(c). 

6) Sliding on surface 2 stops, and sliding on surface 1 starts. 

7) The TSP touches the restrainer of surface 1 and as a result motion stops as shown in 

Figure 8-33(d).  

The isolator was analyzed in program 3pleANI for the motion shown in Figure 8-30. The seal 

behavior was the same as in analysis 6 of Example 4 (nonlinear elastic with bulge). The isolator 

was analyzed for four different cases as shown in Table 8-4.  

Table 8-4: Theory and parameters used in analysis of Example 6 in 3pleANI 

ANALYSIS 
NUMBER 

Theory used Restrainer stiffness
Friction multiplier  

during uplift of surface 3 
1 Full Contact Non-zero 4 
2 Advanced Non-zero 4 
3 Advanced Zero 20 

 

Results for analysis case 1 (using the full contact theory) are presented in Figure 8-34. By 

comparing the analytical and experimental results, it can be seen that the full contact theory 

cannot capture the complex events shown in Figure 8-31 and Figure 8-33. The advanced theory 

was then utilized to calculate the motion in the uplift test and results are shown in Figure 8-35. 

The analysis correctly captures uplifting of the TSP as seen in the last few frames of Figure 8-35 

and in most frames of the experimental results in Figure 8-31.  However, the analysis resulted in 

a form of instability as the restrainer of surface 3 has just moved above the RS (see last frame of 

Figure 8-25).    
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Figure 8-31: Captured frames in the uplift experiment of Example 6 during the uplift 
episode (read row by row) 
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Figure 8-32: Captured frames in the uplift experiment of Example 6 during the landing 
episode (read row by row) 
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Figure 8-33: Illustrations of observed behavior of tested isolator during uplift 

To overcome this numerical complexity, the collapse detection option was deactivated and zero 

stiffness was assigned for the restrainer of surface 3 in 3pleANI. This is a realistic assumption 

since, as shown in Figure 8-33, the restrainer actually moved above surface 3 in the test and it 

did not have any contribution during the uplift episode. Also, very high friction was assigned for 

surface 3 in order to model the effect of the restrainer sliding on surface 3. Results from this 

analysis are shown in Figure 8-36, Figure 8-37 and Figure 8-38 for various portions of the uplift 

and landing episodes. The analytical results are now in very good agreement with experimental 

results. 
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Figure 8-34: Animation of motion in case 1 obtained by 3pleANI for Example 6 during 
uplift episode  

 

 



171 
 

 

Figure 8-35: Animation of motion in case 2 obtained by 3pleANI for Example 6 during 
uplift episode 
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Figure 8-36: Animation of motion in case 3 (surface 3 restrainer deactivated) obtained by 
3pleANI for Example 6 during the uplift portion when the TCP moves upward 
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Figure 8-37: Animation of motion in case 3 (surface 3 restrainer deactivated) obtained by 
3pleANI for Example 6 during the uplift portion when the TCP reverses direction of 

motion 
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Figure 8-38: Animation of motion in case 3 (surface 3 restrainer deactivated) obtained by 
3pleANI for Example 6 during the uplift portion when the TCP lands 

8.8 Example 7 (Imperial Units) 

This example illustrates the process of analysis in commercial software of an isolated structure 

with uplift and then analysis of individual isolators in program 3pleANI.  Consider the structure 

shown in Figure 8-39 that was modeled in program SAP2000. It is a slender 16-story braced 

frame specifically selected in order to maximize the amplitude and duration of uplift and, 

generally, result in extreme isolator response. The mass of the structure was lumped at the joint 

locations as shown in Figure 8-39.  The structure is supported by 3 isolators with the properties 

presented in Table 8-5.  Isolator force-displacement loops are presented in Figure 8-40. For 

simplicity, all isolators are assumed to carry an equal load of 5252.7kips. The isolators were 

modeled in SAP2000 using the series model.  The structure was subjected to the ground 

acceleration history shown in Figure 8-41.  
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Figure 8-39: Analyzed slender 16-story isolated structure of Example 7 

Table 8-5: Properties of TFP isolator in Example 7 
Parameters Values for use in SAP2000 

(Fenz and Constantinou model 
implemented as series model) 

Values in 3pleANI 
(moment 

equilibrium model) 

1 4R R  (inch) 156 156 

2 3R R  (inch) 16 16 

Displacement capacity on 
surfaces 1 and 4 (in) 

* *
1 4dd  20.771 1 4dd  21.6 

Displacement capacity on 
surfaces 2 and 3 (in) 

* *
2 3dd   1.6881 2 3dd  2.25 

Friction surface 12 
1 =0.1 1 =0.02 

Friction surfaces 2 and 32 
2 3  =0.05 2 3  =0.01 

Friction surface 42 
4 =0.014 4 =0.065 

1 4h h  (inch) 
6 6 

2 3h h  (inch) 
4 4 

1.  *
i i effi id d R R , effi i iR hR         2.All friction values are for high velocity conditions=fmax 

LEVEL 1-LEVEL16

A=4000
I=19521

in
in

2

4

Columns & Braces:

Beams:
Rigid
Weights:
926.9kips/floor
Equally distributed at
joints

TFP-1 TFP-2 TFP-3
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Figure 8-40: Force -displacement relation of isolator in Example 7 

 

Figure 8-41: Ground motion used for response history analysis in Example 7 

All three isolators (TFP-1, TFP-2 and TFP-3 in Figure 8-39) in SAP2000 exhibited uplift. Only 

TFP-1 and TFP-3 were analyzed in 3pleANI. The horizontal and vertical displacement histories 

of isolators TFP-1 and TFP-3 are shown in Figure 8-42. The two isolators exhibit several uplift 

episodes as indicated in bold red line in Figure 8-42.  Analysis in program 3pleANI was 

conducted using the full contact theory in which the parts of the bearing, other than the TCP, 

remain in contact with each other during the uplift episode. 

Results of program 3pleANI for bearing TFP-1 are presented in Figure 8-43 for the animation of 

the bearing motion (for the most significant uplift portion).  Figure 8-44 presents results on the 

histories of displacement of the isolator parts, history of axial load, force-displacement loops and 

displacement traces as calculated by program 3pleANI.   Note that the axial load is assumed to 

either be constant or zero (during uplift). Figure 8-43 reveals that the bearings exhibit stable 

behavior but it is known that the full contact theory cannot fully model instability of the inner 

components so that the advanced theory needs to be used.  Results of this analysis are presented 
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in Figure 8-45 and Figure 8-46. For this analysis, the rubber seal was removed in order to 

generate a worst case scenario for the stability of the isolator parts. As seen in Figure 8-45, the 

TFP parts uplift and bounce on the sliding surfaces after impact with the restrainer of surface 4 

but they remain stable.  The motion of the parts is very similar (other than some small uplift of 

parts) to those of Figure 8-43 of the full contact theory.   Also, results on histories of 

displacement of the isolator parts, history of axial load, force-displacement loops and 

displacement traces in Figure 8-46 are very similar to those of Figure 8-43 for the full contact 

theory but for the peak shear force which is much less in the advanced theory analysis.  This is 

due to the fact that the advanced theory predicted slightly different motion of parts and less 

loading on the high stiffness restrainer of surface 4. 

Results for the isolator are presented in Figure 8-47 and Figure 8-48 when using the full contact 

theory. It may be seen in Figure 8-47, the restrainer of the TCP moves above the TSP - a 

situation interpreted as instability. Analysis was repeated after the TCP restrainer height was 

increased to prevent this phenomenon.  Results of the modified isolator are shown in Figure 8-49 

and Figure 8-50 using the full contact theory and in Figure 8-51 and Figure 8-52 using the 

advanced theory. Both analyses demonstrate stable operation of the modified isolator. 

 

 

 

 

 

 



178 
 

(a) Horizontal Displacement of TFP-1

(a) Vertical Displacement of TFP-1 

(c) Horizontal Displacement of TFP-3 

 

(b) Vertical Displacement of TFP-3 

Figure 8-42: Displacement histories of isolators as calculated in SAP2000 
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Figure 8-43: 3pleANI animation of TFP-1 isolator based on full contact theory 
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Figure 8-44: Program 3pleANI results of analysis for bearing TFP-1 using full contact 
theory  
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Figure 8-45: 3pleANI animation of TFP-1 isolator without seal using advanced theory 
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Figure 8-46: Program 3pleANI results of analysis for bearing TFP-1 using advanced theory  
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Figure 8-47: 3pleANI animation of TFP-3 isolator based on full contact theory-isolator 
instability 
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Figure 8-48: Program 3pleANI results of analysis for bearing TFP-3 using full contact 
theory-isolator instability 
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Figure 8-49: 3pleANI animation of TFP-3 modified isolator (increased restrainer height) 
based on full contact theory 
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Figure 8-50: Program 3pleANI results of analysis for modified bearing TFP-3 (increased 
restrainer height) using full contact theory 
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Figure 8-51: 3pleANI animation of TFP-3 modified isolator (increased restrainer height) 
based on full contact theory 
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Figure 8-52: Program 3pleANI results of analysis for modified bearing TFP-3 (increased 
restrainer height) using advanced theory  
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        SECTION 9  

  
 

This report presented three new theories for the behavior of the Triple Friction Pendulum 
bearing.  These theories and their main features are: 

1) A theory for the behavior of the bearing under compression and with all parts being in 
full contact.  The theory considers equilibrium of moments so that there are no 
restrictions on the geometric and frictional properties as in the theory of Fenz and 
Constantinou (2008b) and Morgan (2007).  The theory explicitly predicts the motion of 
each part of the bearing so that heating effects and the velocity dependence of friction can 
be accurately considered.  It has been shown that this model predicts results that are 
essentially the same as those of the model of Fenz and Constantinou (2008b) and Morgan 
(2007) provided the coefficient of friction is in these models is properly interpreted.  
Relations to convert the actual friction values used in the presented theory to those in the 
Fenz and Constantinou theory have been derived. 

2) A theory for modeling the behavior of the bearing under uplift conditions in which the 
Top Concave Plate of the bearing uplifts but the other parts of the bearing remain in full 
contact.  The model is useful in obtaining first order results on the behavior of the isolator 
under uplift conditions and to assess its potential for instability.  The main advantage of 
the model over a more advanced model described next is speed in execution. 

3) An advanced theory for modeling the behavior of the bearing under uplift and landing 
conditions in which sliding, rocking, overturning, free fall and contact of the bearing 
components is simulated.  

A computer program, 3pleANI, has been develop in MATLAB to implement these theories and 
conduct analysis of Triple Friction Pendulum isolators under prescribed vertical and horizontal 
motion of the top concave plate, to conduct response history analysis of seismically isolated 
building and bridge structures, to facilitate presentation and interpretation of the analysis results 
and to animate the motion of the analyzed isolator. 

Several examples of analysis and comparisons to experimental results were presented that 
demonstrated the degree of accuracy and the utility of the theories and of the developed 
computer program. 

It has been shown that the internal rubber seal of the bearing is important in predicting the 
behavior of the internal components of the bearing under uplift conditions.  Accordingly, a 
significant effort has been spent in developing models of behavior for the seal and in 
implementing these options in program 3pleANI for ease in their use.   

  

CONCLUSIONS
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3pleANI was developed using MATLAB 2007b, The MathWorks Inc., Natick, MA. 

1 INTRODUCTION 

3pleANI is a structural analysis program capable of performing sophisticated two-dimensional 

analysis and animation of Friction Pendulum (FP) isolators that cannot be performed by 

commercially available software. The FP isolators can be modeled using two different theories 

developed by Sarlis and Constantinou (2013). The first and basic theory accounts for moment 

equilibrium and utilizes a total of eight degrees of freedom (that include horizontal 

displacements and contact force locations which are statically condensed to three) to trace the 

motion of the isolator in a single direction.  The sliding isolators that can be analyzed include any 

isolators with four or less sliding surfaces such as the single FP (two sliding surfaces), the double 

FP with articulated slider (three sliding surfaces), the double FP with a rigid slider (two sliding 

surfaces) and the triple FP isolator (four sliding surfaces). The second and more advanced theory 

is based on rigid body dynamics and allows the user to conduct additional more sophisticated 

analyses of the FP isolator. The software offers the capability to analyze and present animation 

of motion of the components of isolators under (a) regular conditions when no uplift occurs and 

(b) uplift conditions that include bouncing of the isolator components.  Output quantities include 

response quantities of the analyzed structural systems (accelerations, total displacements, relative 

displacements, forces and floor response spectra) and isolator response  quantities (displacements 

of parts, velocities at sliding surfaces, force at sliding surfaces, heat flux and temperature rise  at 

each sliding surface).   

The program has two analysis options. Upon start of the program the interface of Figure 1-1 

allows the user to select one of two options: (a) displacement control analysis or (b) dynamic 

analysis.  Upon selection of option “displacement control analysis”, the interface of Figure 1-2 

allows for input of geometric and frictional parameters, and the motion of the isolator to be 

analyzed. The option allows analysis and animation of motion of the components of a single 

isolator under specified histories of horizontal and vertical displacement (and/or varying vertical 

load). This option includes detailed analysis of the isolator components during normal operation 

and during uplift. The program can calculate all response quantities related to the sliding surfaces 

for any geometric parameters. Advanced analysis options include, among others, heating effects 
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at the sliding interfaces. The uplift analysis is the centerpiece of this interface since it allows 

modeling of the behavior of the inner components which cannot be done by commercial 

software. 

 

Figure 1-1: Interface for selecting analysis options 

 

Figure 1-2: Displacement Controlled Interface (DCI) 
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The second option (interface shown in Figure 1-3) allows for the dynamic response history 

analysis of a plane seismically isolated structure or a plane seismically isolated bridge with 

multiple piers.  Both options allow for multiple isolators of different properties and for linear 

viscous damping devices in the superstructure and the isolation system. The structure is modeled 

as a linear elastic and linear viscous system with the exception of the isolation system which is 

modeled as nonlinear hysteretic.  The superstructure is represented as a shear building or 

explicitly through its mass, stiffness and damping matrices. In the case of the Shear Building 

representation, input parameters include the number of stories, stiffness and weight per story and 

damping ratio (the damping matrix is constructed based on Rayleigh damping using the specified 

damping ratio in the first and last modes of vibration).  A library of ground motion acceleration 

histories allows the user to select and scale input for analysis.  Analysis options include (a) 

calculation of response spectra of input motion, (b) calculation of periods, mode shapes and 

damping ratios of the superstructure (allows for quick selection of structural properties to obtain 

desired modal properties), (c) calculation of response of the non-isolated structure, (d) 

calculation of response of the seismically isolated structure, and (e) display and animation of 

response.  In the case of a bridge, the user can use three modeling options of increasing 

complexity that include calculation of pier rotations, and inclusion of these rotations in the Triple 

FP behavior. 



6 
 

 

Figure 1-3: Dynamic Analysis Interface (DAI) 

The theory used by the program to analyze the isolators, is described in Sarlis and Constantinou 

(2013). A brief overview of the theory is presented in the next section. 
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2  THEORY OVERVIEW 

This section provides an overview of the theory that is used in program 3pleANI. For a complete 

presentation, see Sarlis and Constantinou (2013). Figure 2-1 shows a section of a Triple FP 

isolator with its geometric and frictional parameters defined together with the nomenclature and 

abbreviations used.  The isolator can exhibit three different states during its operation as shown 

in Figure 2-2:  

 Compression. Analysis can be performed in 3pleANI in both the Displacement 

Controlled Interface (DCI) and in the Dynamic Analysis Interface (DAI). 

 Uplift.  Analysis can only be performed in DCI. 

 Landing.   Analysis can only be performed in DCI. 

In DAI, the isolator is assumed to be always in compression and never uplifts. In DCI, the 

isolator may be in any of these three states depending on the specified displacement input. 

 

Figure 2-1: TFP isolator geometric and frictional parameters, and nomenclature 
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Figure 2-2: Horizontal and uplift displacement histories of TFP isolator in three states of 
operation (Sections are in Sarlis and Constantinou, 2013) 

The program has the ability to use two independent theories in order to analyze the behavior of 

the TFP under any of these three states. These theories are: 

 Full contact theory which represents an advancement of the theory of Fenz and 

Constantinou (2008a, b).  This basic modeling technique is used in both DCI and DAI. 

 Rigid body dynamics.  This advanced modeling technique is available only in DCI. 

When full contact theory is used, the equilibrium equations of the isolator are written in the 

deformed shape. This procedure involves horizontal and moment equilibrium of the BSP, RS, 

TSP and TCP (see Figure 2-1). By consideration of moment equilibrium, the resultant contact 

forces at each sliding interface need not be assumed to act at the center of the interface as in the 

theory of Fenz and Constantinou (2008a, b).  As a result, there are no restrictions on the 
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properties of the bearing that can be analyzed.  Also, the displacement and velocity of each 

surface can be explicitly calculated. The equations describing the behavior of the Triple FP in 

two-dimensional motion (one horizontal, one vertical) include eight equations with eight 

unknowns: the four sliding angles θ1, θ2, θ3 and θ4 and the four offset angles θs1, θs2, θs3 and θs4 

as shown in Figure 2-3. Angles θi describe the amount of sliding that has taken place at each 

sliding surface. Angles θsi describe the distance from the center of the surface at which the 

resultant contact forces apply (e.g., θ1 is the angle formed between the lines connecting points 1 

the center of curvature of sliding surface 1, and point 1’ and similarly for the remaining 

surfaces). Note that in Figure 2-3 the BCP and TCP are shown rotated. These rotations are 

assumed constant for this discussion; however dynamic rotation can be included by the program 

as described later in this manual.  

 

Figure 2-3: Definition of degrees of freedom in full contact theory 

Due to the kinematics of the isolator, the total displacement of the TCP is related to the sliding 

angles through: 

 
   

 
1 4 1 2 4 2 3 4 3

4 4 1 4

( )

( 2 )

eff eff co eff co

co co tc co bc

u R h R h t R h t

R t t h h t

  

  

       

        
(2-1)

 

Moreover for compatibility, the sliding angles need to satisfy the following condition: 

 1 2 3 4 0bc tc          
         

(2-2)
 

These two kinematic equations can be substituted into the equilibrium equations to reduce the 

degrees of freedom by one degree to θ1, θ2, u, θs1, θs2, θs3 and θs4.  Following this reduction it 
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can be shown that the Triple FP equations of motion can be written in matrix form and 

partitioned as follows: 

gaaa aa ab a ea sa

gbba ba bb b eb sbs

                                   
               s

FM 0 K K θ S F Fθ
0

FM 0 K K θ S F Fθ




  (2-3) 

Where  1 2 u θ , 1 2 3 4s s s s      sθ , S is a vector containing all terms related to 

friction forces, Fg is a vector containing all terms related to restrainer forces, Fe is a vector 

containing all excitation terms (includes terms related to ground excitation and misalignments) 

and Fs is a vector containing the Triple FP seal forces. The offset angles θsi do not cause inertia 

forces and can be condensed. The final equations of motion of the TFP after condensation are 

given by: 

 
0g e s     Mθ Kθ S F F F     

 
(2-4) 

The condensed vectors and matrices are given by:
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(2-5) 

The friction force iS  at sliding surface i is modeled using the following formulation based on a 

modification of the Bouc-Wen model as implemented in program 3D-BASIS (Nagarajaiah et al., 

1989) (special case of A=1, β=0, γ=1 and η=2):  

 

  2; 1

1, 0

0, 0

i i i i i i i i

i i
i

i i

S W Z Z R Y a Z

Z
a

Z

 




  

  







 

(2-6)
 

Note that parameter Y is a “yield displacement” for use in the visco-plastic representation of the 

friction force.  Y should have a small value, generally less than 0.01in for full size bearings. 
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The restrainer forces Fri of surface “i” are modeled as: 

   
0 , /

sgn / , /
i i i

ri
ri i i i i ri i i i i

d R
F

k d R c d R


   

        
  

(2-7) 

The equations are written in state space after defining vector Q as 
T

   Q θ θ Z so that 

Equations (2-4) to (2-6) take the form: 

 

 
1 1 1d

dt
  

  
         

   
   

θ θ

θ M Kθ M S M F

Z Z


     

   (2-8) 

The equations above are combined with the superstructure or substructure (in the case of a 

bridge) in the Dynamic Analysis Interface.  

In the Displacement Controlled interface and when the bearing is in compression, the 

displacement of the TCP, u, represents the specified excitation. Therefore, all terms involving u 

are included in the excitation vector Fe and the degrees of freedom become 

1 2 1 2 3 4s s s sF         where F is the unknown force applied at the top of the 

isolator. This is not associated with inertia and can be condensed so that in Equation (2-3),

1 2    θ and 1 2 3 4s s s sF       sθ . As a result, Equation (2-4) represents a 2x2 

system of Equations in the DCI instead of a 3x3 in the DAI. 

When uplift occurs (option available only in DCI), the TCP is subjected to a prescribed 

horizontal and vertical displacement and, therefore, the TCP equilibrium equations are not 

included in the Triple FP isolator equations of motion. Moreover, the kinematic equations (2-1) 

and (2-2) are no longer valid since the TCP moves independently to the rest of the isolator parts 

(except for potential short duration contact which is explained later). Therefore, the total number 

of equilibrium equations and unknown reduces to six. For the uplift case, the equations of motion 

are again given by Equations (2-3) with 1 2 3     θ  and 1 2 3s s s     sθ , and with the 

addition of the force vector   
T

vg vga vgbF = F F  to account for forces during possible contact 
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between the TCP and TSP. This force vector is a function of forces Fvg,l and Fvg,r described 

below and shown in Figure 2-4. The final uplift equations are given by: 

 1

0g e s

vg vga ab bb vgb


     

 

Mθ Kθ S F F F

F F K K F

     

  
(2-9) 

Landing is modeled by simply substituting the final conditions at the end of uplift as initial 

conditions in the compression equations.  

Vertical forces Fvg,l and Fvg,r are activated when there is minute penetration between A and A’ 

and B and B’, respectively. Penetration is detected by comparing the coordinates of A with A’ 

and B with B’ and accounting for the horizontal and vertical displacement of the TCP as well as 

the curvature of surface 4. If both forces become simultaneously nonzero then the bearing is in 

compression and the isolator equilibrium equations are described by the compression equations. 

Such a case is depicted schematically in Figure 2-5. While in compression the vertical 

displacement of the TCP is compared to the vertical displacement that the isolator would have 

had if uplift was still occurring. If the latter becomes larger, then uplift initiates again. This back 

and forth switching between uplift and compression equations can occur many times during an 

uplift analysis when the height gained by the isolator parts during the uplift duration is larger 

than the specified uplift excitation. Such a case is usually encountered when the TCP uplift starts 

while the TCP is experiencing increasing lateral displacement.  

 
Figure 2-4: Vertical contact forces acting on the TSP 
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Figure 2-5: Triple FP undergoing landing prior to the end of uplift excitation 

In the case of rigid body dynamics, each Triple FP part is modeled using three independent 

degrees of freedom located at the center of mass of each part (two translations and one rotation). 

These degrees of freedom are shown in Figure 2-6 in red color. The most important feature of 

this modeling is the distinction of each sliding interface into contact surface (surface of least 

diameter out of the two surfaces of the interface) and sliding surface (surface of larger diameter). 

Accordingly at each contact surface, two contact points (CR-i and CL-i) and their corresponding 

sliding points (SR-i and SL-i) are defined. Soft springs are located at contact points CR-i, CL-i. 

Their coordinates are continually updated based on the motion of the rigid body to which they 

are attached. Sliding points SL-i can be calculated as the intersection point of a vertical line that 

passes through each contact point and the corresponding sliding surface. Contact occurs when 

the contact points penetrate (by a minute amount) into the sliding points, which activates the 

spring forces of the contact points. The location of the sliding points and the slope of the sliding 

surface at these points, defines the direction of contact forces.  

When advanced modeling is used, the equations describing uplift, compression and landing are 

the same with the exception that in the uplift case, the TCP is subjected to a prescribed horizontal 

and vertical displacement while for compression and landing, the vertical displacement is an 

additional degree of freedom.  

Complete derivations for this modeling are complex and are presented in Sarlis and Constantinou 

(2013). It is noted that this more general formulation allows for a variety of different analyses to 

be conducted as, unlike the case of the full contact theory, there are no restrictions in the degrees 

of freedom definitions. 
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Figure 2-6: Degree of freedom definition for rigid body dynamics derivations 
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3 DISPLACEMENT CONTROLLED INTERFACE (DCI) 

This interface can be used to analyze a Friction Pendulum (FP) isolator with four or less sliding 

surfaces when a displacement history is applied at the Top Concave Plate (TCP). The user can 

describe the isolator geometry and assign friction properties at each surface. The program can 

simulate the behavior of the FP isolator for any geometric and frictional properties and produce 

output for each surface. Animation of motion of the bearing and plots of response quantities can 

be generated. The program also offers the option to include a vertical displacement history in the 

case that uplift occurs and include, if desired, a variable vertical load (otherwise, the load is 

constant and abruptly reduces to zero when uplift occurs). The displacement histories can either 

be defined in the program or the user can import any displacement history through a “.txt” file 

(for example, the history of bearing motion calculated in analysis in program SAP2000 

(Computers and Structures, 2007).  Figure 3-1 shows the various panels of the DCI. 

 

Figure 3-1: Panels of Displacement Controlled Interface 
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Plotter 1 in Figure 3-1 is used to display animations of the isolator and also draw the isolator 

while inputting parameters before running the analysis. Plotter 2 can only be used after the 

analysis is complete to display the analysis results together with animation of the motion of the 

isolator. Panel 2 is used to input the bearing parameters, while panels 3 and 4 are used to input 

the bearing excitation parameters. Panel 5 is used to define bearing properties if uplift occurs and 

Panel 6 is used to activate the rigid body dynamics theory (see section 2) for modeling the 

isolator behavior. Panel 7 is used to activate advanced options in the analysis such as heating and 

velocity effects on the friction coefficients, specify non zero initial conditions for the isolators, 

etc. 

3.1 Panel 1: Basic selections panel 

A view of panel 1 is shown in Figure 3-2. From this panel one can save the settings (geometric 

properties, excitation selections, etc.), load saved settings and to define the units to be used by 

the program. It consists of the following options: 

 

Figure 3-2: View of panel 1 

Select Units: The first step is to select the units that the program will use in the analysis. All 

quantities that are input into the program should be in these units. Note that if the user selects 

one set of units (e.g., kN and mm) and later changes to another set of units (say kip, inch), this 

action will not transform the input to the new units. The selected units affect the calculation of 

quantities such as acceleration of gravity, steel density, etc.  Units of time are sec. 
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Save: By pressing this button one can save the current state of the program in a separate file. All 

input parameters, imported ground motions, selections, etc. will be saved. If the user saves after 

an analysis is complete, all analysis results are saved. The user can load the saved file into the 

program by pressing the Load button. The parameters are saved in a “.udb” file.  

Load: Loads previously saved files into the program.  

Export Avi: When this button is pressed, the window shown in Figure 3-3 appears. This window 

contains two main options: a) export an “.avi” video and b) massively export “.tiff” images of 

the animation at selected time instances. If the user selects to export in “.avi”, then the video 

window size needs to be specified in inches or full screen. The user also needs to select the 

duration of the response to be included in the video by specifying the start and end time. The 

frames per second control the exported video duration. The Auto Calculate button calculates the 

required number of frames so that the duration of the exported video matches the analysis time 

(video is real time). Different values either slow down or speed up the video duration. Finally, 

the user can create a multi-screen video with different animations at each screen by selecting the 

multiple screens option (maximum is 3 rows and 2 columns). For example, in Figure 3-3, the 

exported video will be divided into a 2x2 grid. The top left screen will display the isolator 

animation, with the axis limits calculated automatically by the program. The bottom left screen 

will display the animation of the TCP displacement history, the bottom right screen will animate 

the force displacement loop while the top right screen will show the isolator animation with user 

defined axis limits (the option auto limits is not selected). The latter can be used to animate a 

zoomed view of the isolator motion (say zoom in to display the TSP behavior). After the OK 

button is pressed, the “.avi” animation is generated in a new window. This window should not be 

interrupted for the animation to be generated successfully. If the window is closed while 

generating the animation then only the portion of the animation that was created prior to closing 

the window will be saved into the “.avi” file. 

If the user selects to export “.tiff” figures as shown in Figure 3-4, snapshots of the animation are 

exported and saved into separate “.tiff” figures, where the first figure to be exported is defined 

by the start time, the last figure by the end time (time instance of last figure) and intermediate 

figures by the increment. For example if OK is pressed in Figure 3-4, 32 “.tiff” files will be 

generated. The axis limits of the exported figures are controlled by the axis limits of plotter 1 
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(automatically calculated by the program or user defined by specifying axis limits at the bottom 

of Panel 9). The exported “.tiff” files are exported into the Exported Frame folder with each file 

name containing the date, time of exporting as well as the animation time of the snapshot. 

 

Figure 3-3: Window displayed when Export Avi is selected 

 

Figure 3-4: Window displayed when Export Avi is pressed and option Export in tiff is 
selected 
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Export Plots: This option can be used to export all plots that appear in Plotters 1 and 2 in Matlab 

figures. When this button is pressed, the window shown in Figure 3-5 appears. The user can 

select the size (in inches) as well as the format of the exported plot. Pressing the View button in 

Figure 3-5 will display the plot in a separate window where the user can further copy and paste 

into Microsoft Word or Excel or further export in tiff, jpg and other formats. Pressing the Export 

button will do the same with the addition that the user can directly save the exported plot on the 

hard drive. The bottom part of Figure 3-5 is used to add title and labels, and to modify the format 

of the plot including font size, font, weight (bold or normal) and angle (italic or normal) of all 

plot components, grid line style and color. Note that the user can also modify the axis limits. 

Leaving the entries title, x-label, y-label empty removes these components from the plots. A 

preview of the plot seen while the user is selecting the formatting options is shown at the bottom 

of Figure 3-5 (Preview Plot). The user can save the selected format into a separate file by 

pressing the Save Template button. The saved files become available by pressing the Load 

Template button. Note that the saved template file is independent of the interface that is running 

and can be loaded in both the DAI and DCI. 
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Figure 3-5: Window that appears when Export Plots is pressed 

Export Data: This becomes available after the analysis is complete. Analysis results (all 

variables that appear in the popup menus for the variable selections of plotter 2) can be exported 

to an Excel file or a Matlab file. In the case of the Excel file, three spreadsheets are created that 

contain: a) analysis results, b) all input parameters for the analysis, and c) a picture of the 

interface. In the case of the Matlab (.mat) file, the user is asked to select the variables to be 

saved. The list of variables is the same as the one appearing in the list boxes of Plotter 2. The 

Matlab file is saved in a format so that it can be directly loaded back into the program by 

pressing Load External File in the Plotter 2 panel. 

Show Tables: Becomes available only after an analysis is complete. A separate window is 

created where a variety of results are displayed in tabular form. A typical window that appears 
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after pressing this button is shown in Figure 3-6. The user can view the complete history for all 

analysis variables. If the Specify time range is selected, then the data for only the specified time 

range is displayed (useful to display results in cases where uplift occurs). Note that the Peak 

value is the maximum of the absolute values of each variable. The displayed variables can be 

copied for pasting into an Excel file by right clicking on the variable names. 

 

Figure 3-6: Window that appears when Show Tables is pressed 

3.2 Panel 2: Isolator properties panel 

Panel 2, shown in Figure 3-7, is used to describe the geometry and frictional characteristics of 

the isolators. The program allows the user to describe the geometry and characteristics of up to 

four sliding interfaces. The interface is constructed based on the geometry of the Triple FP 

isolator. Moreover, by appropriately selecting the geometry and friction coefficients one can also 

model the single FP, the double FP with articulated slider, the double FP with rigid slider, and 

the modified single FP (isolators with less than four sliding surfaces can be modeled by 

specifying large friction coefficients for some of the surfaces). 
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Figure 3-7: View of panel 2 and its components 

The first column of edit boxes in panel 2 is used to assign values for the friction coefficient for 

each of the surfaces (μi in Figure 2-1); the second column to assign values for the radii of 

curvature (Ri in Figure 2-1); the third column to assign values for the height (hi in Figure 2-1), 

and the last column to assign values for the nominal displacement capacities (di in Figure 2-1) of 

each surface.  Note that Figure 2-1 is displayed by the program when the ? button is pressed. It is 

noted that while the user enters values for the isolator geometry, the Triple FP geometry is 

directly drawn in Plotter 1 and it is updated any time a geometric property is changed. The 

vertical load option is used to assign the external normal force applied on the isolator. 

Depending on the excitation type, the axial load may remain constant or the user has the option 

to include variability in the axial load. In the case where axial load variation is included, the 

value assigned here is used as the initial value of the axial load on the isolator. Otherwise, this 

value is assumed to be constant throughout the analysis and becomes zero when uplift occurs. 

Details on this are presented later. 

An important distinction in this program is that the coefficient of friction specified is that at the 

sliding interface as if it were flat.  By comparison when a Triple FP bearing is tested the friction 

values measured are affected by the spherical geometry of the sliding surfaces and the location 

and direction of the resultant of the tractions on each sliding surface.  The frictional parameters 

that describe the behavior of the Triple FP bearing in the models of Fenz and Constantinou 

(2008a to 2008e) and Morgan (2007) ( 1 2 3 4, , ,    , with the following restrictions 
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2 3 1 4      ) utilize the values extracted from experiments of the Triple FP bearings and 

are not fundamental properties of the interfaces. Sarlis and Constantinou (2013) have recently 

shown that the true frictional values ( 1 2 3 4, , ,    without any restrictions on the friction values) 

are related to those in the models of Fenz and Constantinou (2008a to 2008e) by the following 

equations: 
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(3-1)

 

Program 3pleANI makes use of friction values 1 2 3 4, , ,    .  The above equations should be 

used to convert values. The button <-> may be used to specify friction values 1 2 3 4, , ,    , then 

convert them to friction values 1 2 3 4, , ,    and import them to the program.   

Additional: This can be used to input additional parameters to describe the exact geometry of the 

isolator. The menu that appears when the additional button is pressed is shown in Figure 3-8. 

The properties include the “slide plate diameter”, “rigid slider diameter”, the “exterior restrainer 

thickness”, the “BCP restrainer height”, the “TCP restrainer height”, the “interior restrainer 

height” and the “concave plate thickness” (minimum thickness of the top and bottom concave 

plates, assumed to be the same for the two plates). It should be noted that the correct description 

of the geometry of the bearing is important because it is used to calculate the weight of 

individual bearing components and the rubber seal forces, which are important in the calculation 

of response during uplift. Also, the heights of the restrainers are important in assessing collapse 

of the components during uplift. For example, a case that the program identifies as collapse of 

the isolator is shown in Figure 3-9-the possibility of such a case occurring depends on the TCP 

restrainer height. The window contains a plotter on the side that redraws the bearing geometry 

while defining the additional bearing parameters. The notation of the variables that appear here is 

shown in Figure 2-1. This figure is displayed when the ? button is pressed.  
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Figure 3-8: View of window displayed when Additional button is pressed 

 

Figure 3-9: View of deformed TFP isolator when collapse occurs during uplift 

Show: Shows the geometry of the isolator in a separate window that displays additional 

information about the isolator. This includes the sliding angle capacities (displacement capacity 

divided by radii of curvature), total displacement capacity of isolator (assuming infinitely rigid 

restrainers), apparent pressure at each surface, and weight and the location of the center of mass 

of each component. Note that the centers of mass are calculated for the entire three dimensional 

bearing and not for the two dimensional cross section that is displayed. A typical display when 

this button is pressed is shown in Figure 3-10. It is noted that BSP is the bottom slide plate, RS is 

the rigid slider, TSP is the top slide plate, TCP is the top concave plate and BCP is the bottom 

concave plate as shown in Figure 2-1. 
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Figure 3-10: Figure appearing when the show button is pressed 

<->: This is a tool for transforming the friction coefficients from the Fenz and Constantinou 

(2008a) theory to the Sarlis and Constantinou (2013) theory. Figure 3-11 shows the dialogue box 

that appears when this button is pressed. In Figure 3-11, the user can specify friction values 

1 2 3 4, ,     according to Fenz and Constantinou theory in the first column of edit boxes.  The 

program calculates the values 1 2 3 4, , ,     based on Equation (3-1) and displays the values in 

the second column of edit boxes. By pressing the Copy and paste into program button, the 

calculated values in the second column of edit boxes (per Sarlis and Constantinou, 2013) are 

pasted in panel 2 for use by the program. Note that the effective friction value (per Fenz and 

Constantinou) of any surface depends on the actual friction coefficients of other surfaces and 

vice versa. Therefore the user must specify the friction values of all surfaces prior to pressing the 

Copy and paste into program button. Also, the friction coefficients 1 2 3 4, , ,     in Equation (3-

1) depend on the geometry of the bearing. The transformation is done using the effective radii. 

Therefore, this menu should be utilized only after the final geometry of the bearing has been 

specified in panel 2.  
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Figure 3-11: Dialogue box that assists in transforming friction coefficients from the Fenz 
and Constantinou theory to the Sarlis and Constantinou theory 

Save Geometry: The user can save the specified properties of the bearing into a separate file. The 

friction coefficients, radii, heights, displacement capacities, vertical load and other geometric 

properties described through the Additional button are saved and can be later loaded into the 

program. Note that the saved file can be loaded into any of the two interfaces (DAI or DCI). This 

option should be distinguished from the Save option in Panel 1 that saves all the interface 

parameters. 

Load Geometry: Loads all previously saved properties of an isolator into the program. 

3.3 Panel 3: Horizontal excitation 

Panel 3 is used to (a) define the horizontal displacement history that will be applied on the Top 

Concave Plate (TCP) of the isolator, and (b) define if uplifts occurs. If uplift is specified to 

occur, then the program prompts for specification of the uplift displacement history.  Panel 3 for 

horizontal excitation is shown in Figure 3-12. 
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 a) View of panel 3 for sinusoidal excitation         b) View of panel 3 for excitation read from file 

Figure 3-12: Horizontal excitation panel 

Select Excitation This popup menu defines the type of excitation. Options are: 

 Sinusoidal excitation, the program generates a sinusoidal motion of the specified number 

of cycles, amplitude and period.  

 From File: The user imports a history of motion using a “.txt” file. The “.txt” file must 

contain columns of data (separated by spaces and read row by row).   The data in the file 

should represent the displacement values at equal time intervals and must be consistent 

with the units selected in panel 1. If units are not consistent, the amplitude edit box can 

be used to make units consistent. Once one selects From File in the popup menu, the 

option Load becomes available as shown in Figure 3-12.  

Load: Becomes available only when the From File option is selected in the Select Excitation 

menu and it is used to import a “.txt” file. It opens a window for the file selection. After the user 

selects the name of the file to import, a dialogue box will ask for the time step of the file. The 

Plot button can then be used to view the displacement history and verify that it is properly 

imported.  

Plot: Shows the horizontal excitation that was defined by the user in this panel. A typical display 

when this button is pressed is shown in Figure 3-13. Figure 3-13 is obtained from an example 

where the horizontal excitation is From File. The name of the imported file and a plot of the 
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excitation are displayed at the bottom of the window. Also all the imported data are shown in 

tabular form on the “Data Values” panel. When selecting a single or multiple data points from 

the table these points are highlighted on the plot with a blue dot when the Show Data Points is 

selected. If the Copy all data is selected then the data are directly copied and can be pasted in 

Excel. In this window the user can format the plot as wished and export it into a separate window 

from which it can be further copied or saved into any desired format. 

 

Figure 3-13: Window displayed when the Plot button is pressed in the horizontal excitation 
panel 

Period: Is only available when the selected excitation is sinusoidal and defines the period of one 

cycle (it is not the duration of motion). The duration of the motion is equal to the number of 

cycles times the period of the motion. 

Cycles: Is only available when the selected excitation is sinusoidal and defines the number of 

cycles of the motion. It can have any value, including non-integer values. 

Amplitude: Is used to (a) define the maximum displacement or amplitude of the motion in the 

case of a sinusoidal excitation and (b) define a scale factor to be applied to the motion imported 

from a file. This value is automatically set to 1 when importing a file but it can be changed.  The 

value can be positive or negative. 
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Uplift Occurs: This option allows the user to specify that uplift occurs. If the box is left 

unchecked, uplift does not occur. If the box is checked, panels 4 and 5 become available in order 

to define the vertical excitation and additional parameters of the isolator that are relevant to 

capturing its uplift behavior. Note that selecting this option and specifying zero amplitude for the 

vertical excitation allows the user to enable other options in the analysis without occurrence of 

uplift. For example, the user can include variable axial load (even when uplift does not occur). 

3.4 Panel 4: Vertical Excitation 

Panel 4 is used to define the vertical excitation in case the user selects the Uplift Occurs option 

in panel 3. Panel 4 is shown in Figure 3-14 when two different options are selected for the 

horizontal excitation in the Horizontal Excitation panel. 

    

     a) View of panels 3 and 4 for Sinusoidal          b) View of panels 3 and 4 for From File option  

Figure 3-14: View of panels 3 and 4 

The specified uplift displacement history in this panel represents the vertical displacement of the 

TCP with respect to the position when uplift initiates (note that the isolator gains height when is 

laterally deformed).  This is depicted in Figure 3-15 where vu is the uplift excitation defined in 

the vertical excitation panel.  This displacement is added to the vertical displacement of the TCP 

vp at time t1 (when uplift occurs). For animation of the motion of the bearing, the specified 

vertical displacement (uplift) is superimposed to the vertical motion of the bearing components 

due to the pendulum motion and accounting for the conditions of compatibility of displacements 

(i.e., parts cannot overlap, there is no “penetration” of parts, etc.). Compatibility of 
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displacements has to be enforced during landing and that may require free fall of parts, which is 

captured in the analysis and may be animated.  This case is depicted in Figure 3-15 as the 

instance at which there is a difference between vertical displacements vTCP and vp at the end of 

uplift t=t2. 

 

 

Figure 3-15: Definition of input vertical displacement for uplift analysis 

Select excitation: This popup menu defines the type of the excitation. It is always disabled and 

the selected options depend on what is selected for the horizontal excitation as shown in Figure 

3-14.  

 Sinusoidal: If the user has selected a sinusoidal horizontal excitation, then the vertical 

excitation is also sinusoidal. The program generates a file that has zeros everywhere except 

for the duration of the uplift which the user has to define by setting the “up time” t1 and 

“land time” t2 values that are described next. Uplift will occur for the duration between 

times t1 and t2. The program generates a half sine pulse to describe the vertical displacement 

of the top concave plate that has the amplitude defined by the user (in units consistent with 

those selected in panel 1) and frequency equal to  2 1t t  . This guarantees that the top 
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concave plate will separate exactly at time t1 and land exactly at time t2 and that the top 

concave plate will reach the specified maximum displacement at time  2 1 2t t . It should 

be noted that the sinusoidal case allows for uplift to occur only once during the entire 

duration of the horizontal excitation. The vertical excitation input generated by the 

properties shown in Figure 3-14 (a) is presented in Figure 3-16 when the Plot button is 

pressed. The vertical load for this selection is constant and equal to the value set in panel 2. 

When uplift starts, the load is set equal to zero, and when uplift stops the load returns to 

the specified value. Note that although the change of the axial load at the initiation of uplift 

appears as abrupt, in reality it is not as some smooth transition is assumed (see “Note on 

smooth transitions between bearing states” later for more details).  

 From file: This option becomes available only when the horizontal excitation was 

specified using the option From File. The user needs to load a “.txt” file with data points 

in columns that describe the vertical motion to be applied to the top concave plate. The 

imported file needs to contain equal or less number of points as the already imported file of 

the horizontal motion. If data points are less, then zeroes are added at the end of the 

vertical excitation in order for the two files to have equal number of points. Note that the 

horizontal file needs to be imported first and the time step of the horizontal and vertical file 

are the same. The imported file needs to contain positive and negative values. According to 

the software’s sign convention, the positive values represent uplift or upward displacement 

and negative values represent downward displacement as that caused by the application of 

the gravity load. This sign convention is consistent with the default convention in program 

SAP2000 that describes the vertical displacement history of the top joint of the isolator. A 

typical vertical displacement output from SAP2000 is shown in Figure 3-17 after the file 

was imported in 3pleANI and the Plot button was pressed. The program has identified that 

uplift occurs 5 times with durations shown in Figure 3-17 and highlighted in the vertical 

excitation plot (detected by identifying the zero crossing points).  For the intervals of time 

for which uplift does not occur, the isolator is considered to be under compression. If for 

some reason, the imported file uses different sign convention, the user can make the 

conversion by use of amplitude with value of -1 to change the sign. Once the file is 

imported, all negative values are neglected (unless the Axial Load varies option is selected 

in which case the negative values are used for the axial load variation). Unlike the case of 
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sinusoidal, in the option from file there is no restriction on the number of times uplift 

occurs as long as the uplift duration is larger than the time step of the imported horizontal 

excitation file (otherwise, uplift duration is considered short and neglected). The imported 

file cannot start while in uplift (except for the sinusoidal case where uplift can start at time 

zero) and cannot end while in uplift. If a “.txt” file with all negative values is imported, 

uplift will not occur and the program will only consider the imported file if Axial Load 

varies has been selected. In doing so, vertical load variation will be considered but without 

uplift. It should be noted that importing a new file overwrites the previously imported file. 

 

Figure 3-16: Typical vertical excitation for “sinusoidal” case 

 

Figure 3-17: A vertical displacement history imported from SAP2000  
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Up time (t1): The user defines the time at which uplift initiates (the top concave plate separates 

from the remaining components; see Figure 2-2). This option is only available when the 

excitation is Sinusoidal. In the case that the uplift displacement history is imported with the use 

of a file, this option is disabled since the detection of uplift is automatically done by the program. 

Land time (t2): The user defines the time at which uplift ends (contact is re-established between 

the top concave plate and the rest of the bearing; see Figure 2-2). This option is only available 

when the excitation is Sinusoidal.   

Amplitude: Defines the peak value of displacement (see Figure 3-16, the peak value of unity is 

multiplied by the Amplitude value) when the Sinusoidal case is selected.  The Amplitude must 

be positive when the Sinusoidal case is selected.  In the case that the uplift displacement history 

is imported with the use of a file, Amplitude is used as a scale factor, which now can be positive 

or negative. If the amplitude is zero then uplift does not occur regardless of the imported files or 

the specified uplift parameters. A user may select Uplift Occurs in Panel 3 and then specify zero 

amplitude in order to activate other options such as the inclusion of the rubber seal in the 

analysis of the bearing in compression (which may affect the analysis results when the normal 

load on the bearing is small).  

Axial Load varies: This option allows for variability of the axial load. The option becomes 

available only when the option Uplift Occurs is selected in panel 3 and the imported motions are 

from a file. The imported file for the vertical motion needs to contain some negative values. For 

more details see the description for Select Excitation (for Panel 4) earlier in this document. This 

option is useful when the imported file was generated in a commercial software program like 

SAP2000, which also calculates the history of axial load on the isolator.  In such cases, 

fluctuations in vertical load relate to proportional fluctuations of the vertical displacement (e.g., 

prior to uplift the vertical load and vertical displacement are related by the vertical stiffness of 

the isolator). The vertical load is given as: 
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   (3-2) 

Where v(t) is the imported vertical excitation history, v(t=0) is the value at time t=0 and No is the 

vertical load specified in Panel 2. If a “.txt” file with all negative values has been imported, the 
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program will consider axial load variation without uplift. When the user has not selected Axial 

Load varies then the normal load is considered constant and equal to the value that was specified 

in panel 2. Figure 3-18 shows an example of axial load variation when the vertical excitation file 

of Figure 3-17 has been imported and the vertical load in Panel 2 is 1500kip. To display the 

window of Figure 3-18, the ? button next to the Axial Load varies has to be pressed. 

 

Figure 3-18: Axial load variation considered when the file of Figure 3-17 is imported 

Note on smooth transitions between bearing states: Regardless of whether Axial Load varies 

option is selected or not and regardless of the vertical excitation type (Sinusoidal or From File), 

at the initiation of uplift the program ensures that there is a smooth transition in the vertical load 

from a nonzero value to the zero value. In doing so, the compression equations are solved up to 

time t1 when uplift starts. Then using the final conditions as initial conditions, the program solves 

the compression equations with a varying axial load that drops from its previous value (value in 

Panel 2 ,No, if axial load does not vary and value 1 1( ) ( ) ( 0)oN t t N v t t v t     if axial load 

varies) to zero in 0.1sec duration while the horizontal TCP displacement is constant. Only the 

final step of this solution is saved in the results and is used to calculate the initial displacements 

in the uplift equations but not the initial velocities which are calculated from the solution prior to 

the smooth transition.  
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3.5 Panel 5: Uplift Parameters 

Panel 5 (see Figure 3-19) is used to define parameters related to the rubber seal that constrains 

the internal components of the bearing, and friction coefficients values that will be used for 

analysis during uplift. The rubber seal properties are important during uplift since the seal 

provides stability of the inner components and affects the normal load on surfaces 2 and 3. 

 

Figure 3-19: View of panel 5 

No rubber seal: This option removes the rubber seal. The seal is not shown in the animation. 

Include rubber seal: The seal is modeled as a linear elastic element. Two springs are considered 

in the analysis: one spring is connected between the top and bottom slide plate on the left side 

and a second identical spring is connected on the right side. When this option is selected the 

window shown in Figure 3-20 appears. The user has two options, a) include a seal with constant 

stiffness (Figure 3-20) and b) Include a seal with variable stiffness Figure 3-21. In the first case 

the user can either directly specify the value of stiffness of the seal or select Auto Calculate 1 (in 

that case the edit box becomes disabled and just displays the calculated stiffness) which 

automatically calculates the seal stiffness based on the following equation and for seal properties 

E=1400psi (=5MPa), thickness t=0.06in (60mils) and free height x1 (see Figure 2-1): 
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(3-3)

 

Selecting Use Attachments, automatically calculates the seal stiffness based on Equation (3-3) 

and for the same properties but using height x2 (instead of x1)which is automatically calculated 

based on the specified seal attachment points at the bottom of the window and is given by 

Equation (3-4).   
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sA1 and sA2 are the specified distances of the attachment points (can be changed through the two 

sliders located at the bottom of the screen) from the bottom and top edges of the contact surfaces 

1 and 4. Note that specifying different attachment points significantly affects the seal behavior 

and this can be seen by the two plots of the TFP shown at the bottom of the windows in Figure 3-

20 and Figure 3-21.  

In the case of a variable stiffness seal (shown in Figure 3-21), large deformations effects are 

included and as a result, the stiffness is calculated as a function of the seal deformation. The 

expression of the seal stiffness as a function of its deformation us is given by: 
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(3-5)

 

In the equation above, the seal is assumed incompressible so that the seal volume is equal to the 

initial volume prior deformation. On the basis of the assumption of incompressibility, the 

instantaneous thickness of the seal is given by  1 1' st tx x u  , where t is the initial thickness.  

The seal length is automatically calculated from specified seal attachment points.   

If the user selects any of the Auto Calculate or Use Attachments options and then presses OK, 

any change in the geometry of the bearing in Panel 2 that affects any of these quantities will be 

automatically updated.  

Finally the user has the option to delay the engagement of the seal by specifying a “seal gap”. 

This option can be used to model bulging of the seal at its installed position. In that case, for the 

calculation of the seal stiffness, the “seal gap” is added to quantity x1 described earlier in order to 

calculate the initial seal length. Also the x-axis in the displayed plot of Figure 3-20 and Figure 3-

21 refers to the seal deformation with respect to its installed position rather than its initial length. 

The seal stiffness value is used for each of the two springs that extend between the two plates. 

Note that the spring is considered effective only when in tension, the spring force acts in the 

direction of the two points of attachment and is equal to the value of the stiffness K times the 

change of length of the two points of attachment (that is, the program accounts for the rotation of 
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the seal when it is deformed). The option Include rubber seal only during uplift accounts for the 

seal only during the uplift duration and ignores the seal when the bearing is in compression. If 

this option is disabled then the seal is included at all states.  

 

          

Figure 3-20: Window displayed when Include rubber seal option is selected 
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Figure 3-21: Deformed rubber seal 

Friction scale factor: When this option is selected, the window shown in Figure 3-22 appears. 

The values of friction specified in Panel 2 apply for the conditions in which the bearing is loaded 

under the specified vertical load (in Panel 2). Under uplift conditions, the coefficient of friction 

at the sliding interfaces (that are still in contact and subjected only to the weight of the 

components of the bearing above them) is higher due to the low bearing pressure at the sliding 

interfaces.  The friction scale factor is a factor that is used to multiply the friction coefficients of 

the surfaces only during the uplift duration. If no velocity or heating dependency is considered 

(see Panel 7 later) in the analysis, the friction coefficients specified in panel 2 are multiplied by 

the specified scale factor when uplift occurs. When velocity or heating dependency is enabled, 

the instantaneous friction coefficient including the velocity or heating effects (Constantinou et 

al., 2007) are multiplied by the specified scale factor during the uplift episode. In the procedure 

described in “Note on smooth transitions between bearing states” in Panel 4 earlier, when the 

bearing transitions from compression to uplift, the friction scale factor varies linearly from the 

value of 1 to the value specified in Figure 3-22. This ensures continuity of the friction forces. 
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Figure 3-22: Window displayed when Friction during uplift is selected 

Ground Motion (Optional): This is optional and is used in order to import a horizontal and a 

vertical ground acceleration histories that act during the uplift duration simultaneously with the 

displacement histories applied to the TCP and specified in Panels 3 and 4. When this button is 

pressed, the text color becomes green (shown in Figure 3-23(a)) while the dialogue box in Figure 

3-23(b) appears. The user can import a horizontal and a vertical ground excitation. Only the 

portion of the excitation that occurs during the uplift duration will be considered (red region in 

Figure 3-23(b) when the vertical excitation of Figure 3-17 is imported) while the remaining part 

(bearing in compression) will be ignored. When full contact equations are used, vertical 

displacements are not included in the analysis so that the vertical component only affects the 

variation of the normal load on each surface: 

  1 /fi i vgW W u g  
  

(3-6) 

where Wi is the load on each surface due to the weight of the TFP parts (during uplift) and vgu  is 

the vertical acceleration history in units of g. 

Note that this option can be deactivated even after the user has imported the ground motions by 

simply pressing Ground Motion (Optional) button again. When the button is displayed un-press 

as shown Figure 3-19 then any imported ground motion will not be considered. 

Finally in Figure 3-23(b) the user can change the time step and scale factors of the imported 

motions.  
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            (a) View of Panel 5      (b) View of dialogue box for importing ground motion 

Figure 3-23: Import ground motion for uplift duration 

3.6 Panel 6: Advanced Modeling 

The view of the advanced modeling panel is shown in Figure 3-24. This panel is used to activate 

a different set of equations of motion that utilize rigid body dynamics in order to model the 

behavior of the isolator under any state (bearing in compression, uplift and landing as shown in 

Figure 2-2). The isolator parts are allowed to bounce and slide on the sliding surfaces with either 

full or point contact. This modeling is complex and often slow to execute but it allows for a more 

realistic account of local phenomena especially for landing.  This modeling includes large 

rotations and can also be used when the TCP exhibits static or dynamic rotations. Details of this 

modeling are presented in Sarlis and Constantinou (2013) and a summary was presented in 

Section 2 of this report.  

The user can select to use the advanced equations for any desired state with some restrictions. If 

advanced compression modeling is selected, the program will use advanced modeling for uplift 

and landing as well (options advanced uplift and landing become checked and disabled). If 

however only the uplift option is selected (see panel 6 in in Figure 3-24), then the isolator will be 

modeled using the advanced equations only for the uplift interval, whereas during the subsequent 
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landing and compression interval, the simpler equations that assume full contact will be used. 

Similar is the case when only the advanced landing modeling is selected. It is however 

recommended, that the same type of modeling (advanced or full contact) is used for the entire 

duration of the excitation. Advanced landing and advanced compression use the exact same 

equations but they are distinguished as options in order to allow the user to use advanced 

modeling for smaller portions of the analysis. It should be noted that the only difference in the 

formulations between the uplift interval and the compression/landing interval is that for the uplift 

case, the vertical displacement history of the TCP is considered as excitation (specified by the 

user) while for the compression case it is a degree of freedom in the equations of motion. 

 

Figure 3-24: View of panel 6 

Compression: This option is available even when no uplift occurs in the analysis. Activating this 

option means that advanced modeling will be used for all bearing states (see Figure 2-2). When 

this option is selected, then the option Advanced Initial Conditions is enabled (see Figure 3-29) 

which allows the user to apply non-zero initial conditions for the various parts of the isolator. In 

the case where there is no uplift and the excitation displacement is smaller than the isolator 

displacement capacity, use of Advanced Compression produces results that are almost identical 

with the full contact equations (default equations used by the program) except for the effect of 

large rotations that are included in advanced modeling. Advanced Compression can be useful if 

large rotation effects are significant, if the elements connected on top of the TCP are flexible (see 

Options button later), or if the displacement applied on the isolator is larger than the isolator 

displacement capacity. In the latter case, advanced compression modeling can capture point 

contact and possible overturning of components that occurs when contact with all restrainers is 

made. One such example of a 3pleANI analysis is presented in Figure 3-25. For this type of 

analysis, it is recommended that the user enables User Tolerances in order to ensure that the 

stiffness of the surface restrainers is high enough to reduce penetration.  
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Figure 3-25: Example of 3pleANI analysis of isolator with point contact at sliding surfaces 

Uplift: This option becomes available only if Uplift Occurs is selected and is included by default 

if uplift occurs and Advanced Compression modeling was selected. Activating this option results 

in use of advanced modeling when the bearing experiences uplift (for example between 2 and 

3sec in the example of Figure 3-14(a)). Use of this option is particularly useful for the analysis of 

the uplift interval, when contact is made between the TCP and the parts below during uplift and 

when the isolator uplifts at a lateral displacement close to the isolator displacement capacity. 

Landing: This option becomes available only if Uplift Occurs is selected. Activating this option 

results in use of advanced modeling when uplift ends (for example at time of 3sec in the example 

of Figure 3-14(a)) and the TCP is about to land on the components below. Note that typically, at 

the end of the uplift interval and due to the movement of the components below, there will be a 

height differential between the top concave plate and the components below. The advanced 

landing equations can simulate the bearing behavior when the TCP exhibits free fall under the 

action of the carried weight (self-weight plus specified vertical load of panel 2). If the user has 

selected advanced landing but has not activated advanced compression, then advanced 

modeling will be used from the end of the uplift duration and for a time interval of 0.2sec until 

compatibility of displacements and rotations are restored for the isolator. When compatibility is 

restored, the equations for full contact are used.  

Options: When this option is selected, the window shown in Figure 3-26 appears. It allows the 

user to specify the stiffness of a rotational spring (in units of force-length) connected at the top 

concave plate as shown in Figure 3-27. This option can be used to model the rotational flexibility 
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of the structural components that are connected to the TCP. It allows modeling of the induced 

rotations to those elements (and therefore induced rotations to the TCP) due to P-Δ moments of 

the isolator and to account for this rotation on the isolator’s behavior.  

The user can also specify the stiffness and damping values of the artificial vertical springs and 

dampers that are used in the advanced modeling in order to determine when contact between the 

surfaces occurs (see Sarlis and Constantinou, 2013 and Section 2 in this report). Very small 

values of vertical spring stiffness will lead to some penetration between the surfaces. The vertical 

dampers are used to dissipate energy in relative vertical vibration that occurs between the two 

surfaces in near contact (note that the vertical velocity due to pendulum motion of the various 

bearing parts does not cause forces on these artificial vertical dampers). It is noted that the 

advanced modeling uses the artificial springs and dampers, and utilizes the deformed bearing 

geometry to detect contact between different points.  

The Auto Calculate button calculates the stiffness and damping values based on the following 

equations and using a period T=0.1sec and damping ratio ζ=0.005.  
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(3-7)
 

These values are, in most cases, sufficient to produce fast and accurate analysis results. If the 

analysis speed is very slow, different values could be tried as these values significantly affect the 

analysis speed.  

The Seal to steel friction is the friction coefficient that is considered by the program for a 

calculating the vertical friction force that is developed between the TCP and TSP if contact is 

made between the restrainer of surface 4 and the top slide plate (see for example Figure 3-28). 

This friction force is also considered when there is no rubber seal but the specified coefficient of 

friction should then be that of steel to steel. The normal load on the interface is equal to the 

restrainer force of surface 4. 
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Figure 3-26: Window displayed when Options is selected 

 

Figure 3-27: Schematic of model in 3pleANI with rotational spring connected to TCP 

 

Figure 3-28: Vertical friction force developed between TCP and TSP during uplift 
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3.7 Panel 7: Analysis panel 

This is the panel used to conduct the analysis based on the parameters defined in the previous 

panels.   A view of this panel is shown in Figure 3-29. 

 

Figure 3-29: View of analysis panel 

Analyze: When this button is pushed, analysis is conducted. The selection boxes below the 

analysis button are used to define some options that may be included in the analysis.  

Clear: This button clears the analysis results so that the user can conduct a new analysis with 

new parameters. 

Heating effects: This option calculates the heat flux and temperature rise histories at each of the 

four sliding surfaces of the isolator based on the theory presented in Constantinou et al (2007). 

For the calculation of the temperature rise, the heat flux is assumed to be supplied at the center of 

a sliding surface and given by 
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In Equation (3-8), , , ,i i i iW u A  are the friction coefficient, vertical load, sliding velocity and area 

of the i-th surface of the Triple FP isolator (i=1,2,3 and 4), respectively. If a part of the bearing 

moves away from the center, the heat flux is set to zero so that the heat flux is intermittent.  The 
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temperature rise at the center of the each surface is calculated by the following convolution 

integral (Constantinou et al, 2007): 
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In Equation (3-9) D and k are the thermal conductivity and thermal diffusivity of the material 

(herein assumed to be that of stainless steel), respectively. For additional information see Show 

heating effects later in this manual.  

The user has two options related to heating effects: a) Post-calculate the histories of temperature 

rise following analysis without accounting for the effects of heating on friction, and b) Include 

heating effects on the friction coefficient values during the analysis and calculate the temperature 

rise. In the first case-panel is shown in Figure 3-30(a)-the heat flux and temperature rise of each 

surface are calculated after the analysis is completed based on the calculated response quantities. 

The user is prompted to define the thermal conductivity and thermal diffusivity for the material 

stainless steel and a percentage of the total vertical load on the isolator (specified in Panel 2) that 

will be considered for heating effects. This is useful in the DAI where in some cases the 

specified load represents the weight carried by several isolators.  The default values are taken 

from Constantinou et al (2007), are consistent with the units selected and are activated when the 

Auto Calculate button is pressed. In the second case-panel shown in Figure 3-30(b and c)-the 

heat flux and temperature rise are calculated at each time step and the friction coefficient values 

are updated at each step. The user can use two relationships between the friction coefficient and 

temperature. In the case of the linear variation: 
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  (3-10) 

Friction is assumed constant and equal to μmax until a specified temperature Tμmax is reached. 

Then temperature decreases linearly until a specified Tμmin temperature is reached. For larger 

temperature, friction remains constant and equal to a specified value μmin. Note that μmax are the 

friction values specified in Panel 2, whereas μmin is defined by a factor that divides the friction 

coefficients of Panel 2 for each surface. In the example of Figure 3-30 (c) this factor is equal to 2 
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so that μmin= μmax/2.  Also in this example, Tμmax=20oC and Tμmin=100oC.  The user can also use 

an exponential rule for the variation of the friction coefficient with temperature given by 

Equation (3-11) and defined by parameters μmax (specified in Panel 2),  μmin defined by a factor as 

in the linear variation case and heating rate parameter ah. 

  min, max, min,
h ia T

i i i i e      
  

(3-11) 

In the above equation, the friction coefficient is equal to μmax when temperature rise is zero and 

decreases exponentially with rising temperature until approximately T=1/ah when friction 

becomes constant and equal to μmin. 

Finally, when the option Heating effect on friction coefficients is enabled, the user can choose 

to a) update the friction coefficient at every integration time step or at b) upgrade at a user 

specified time step. The first case can significantly delay the analysis execution time due to the 

calculation of the convolution integral given by Equation (3-9) at each time step combined with 

the fact that the program uses adaptive time step. The user has the option to use an approximate 

procedure at which the friction coefficient values are updated only at specified time intervals as 

percentage of the excitation time step (equal to the time step of the imported excitation file or the 

duration of excitation divided by 6000 in the case of sinusoidal excitation). 
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         (a) Post Calculation          (b) Exponential variation                  (c) Linear variation 

Figure 3-30: Window displayed when Heating Effects is selected 

Velocity | Friction: When this option is selected, the window shown in Figure 3-31 appears. It 

allows specification of velocity-dependent friction (see Constantinou et al, 2007 and Sarlis and 

Constantinou, 2010 for details). When this option is selected, the friction coefficient values 

specified in Panel 1 are regarded as the high velocity values (fmax, or “fast” values per 

terminology used in SAP2000) and the user is prompted to define (a) the near zero velocity 

values (fmin or “slow” values per terminology used in SAP2000) and (b) the rate parameter for 

each surface. Depending on the specified parameters, this option may significantly delay the 

execution time.  The user may expedite the analysis by changing the solution parameters using 

the User Tolerances option. The Auto Calculate button automatically sets the slow values as 

half of the specified fast friction values and sets the rate parameters to the default values obtained 

from Constantinou et al. (2007). When Auto Calculate is selected, the edit boxes become 

disabled and are used for display purposes. After pressing OK, any change in the friction 

coefficients in Panel 2 will automatically update the slow friction coefficients without having to 

revisit the menu in Figure 3-31. 
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Figure 3-31: Window displayed when Friction | Velocity option is selected 

Adv Restrainers: When this option is selected, the window shown in Figure 3-32 appears. This 

option allows the user to model the restrainers either as a) linear elastic b) inelastic assuming 

their failure is brittle. For the case of linear elastic restrainers, the option also allows the user to 

specify nonzero viscous damping for the restrainers although a value of zero is recommended for 

this option. The restrainer stiffness and damping values can be specified separately for each 

surface. The Auto Calculate 1 calculates the stiffness of the restrainers as: 
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In Equation (3-12), Noi is the vertical load specified in Panel 2. That is, the stiffness is calculated 

as 100 times the stiffness resulting from the pendulum motion of the surface where the restrainer 

is attached.  Once this option is selected, any change in the specified load will automatically 

update the restrainer stiffness without having to revisit this menu.  

The Auto Calculate 2 option calculates the stiffness of the restrainers as: 
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Also it calculates the damping of the restrainers as: 

 
2ri ri TCPc k m

  
(3-14)

 

In these equations, si is the diameter of the sliding surface given by 2i i is b d  , tri is the 

thickness of the restrainer, Fy is the yield stress of the material, Yr is the yield displacement of the 

restrainer, mTCP is the mass of the top concave plate, T is some arbitrary value of period (0.1sec) 

and ζ is the damping ratio (5%). 

For the case of inelastic restrainers, the restrainer stiffness prior to failure is again given by 

Equation (3-13) but for a yield displacement and an ultimate shear strength that is specified by 

the user. The capacity of the restrainer is assumed equal to 6i ri ys t F .  When this force is 

reached, the restrainer fails and its force drops to zero for the remainder of the excitation. Note 

that failure of the restrainer in one direction does not affect the restrainer in the opposite 

direction, which is assumed to be functional. 

Finally the user has the option in Figure 3-32 to de-activate collapse detection during the uplift 

duration. Deactivating this option is not recommended as it might lead to unrealistic results. The 

user can also assume that restrainers have infinite height instead of the specified values in Figure 

3-8. In this case the restrainers of surface 4 cannot move above the TSP (for the advanced 

modeling this applies to the restrainers of all surfaces). 



51 
 

   

Figure 3-32: Window displayed when Advanced Restrainers option is selected 

Initial conditions: When this option is selected, the window shown in Figure 3-33 is displayed. 

This window allows the user to specify non-zero initial conditions for the displacements of the 

various parts of the bearing assuming that full contact exists between all surfaces. This option is 

disabled if the Advanced Compression modeling is enabled. The user can define 3 out of 5 initial 

conditions for the sliding surfaces while the remaining are calculated by 3pleANI using the 

conditions of compatibility. The window contains checkboxes at the top where the user selects 

the desired surfaces for which nonzero initial conditions will be specified. In order to enable the 

edit boxes located below, the user must first select exactly three checkboxes. The window 

contains a plotter on the side that draws the initial deformed shape of the bearing while the user 

specifies the initial conditions. The initial conditions of the surfaces that are not selected in the 

checkboxes are calculated from the compatibility Equations (2-1) and (2-2). However, the 

specified initial conditions need to also satisfy the conditions of equilibrium under the specified 

starting value of load. If the specified initial conditions do not satisfy equilibrium, the program 
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nevertheless performs the analysis but with an abrupt change in the initial displacements at the 

first integration step as required for equilibrium.  This becomes obvious in the display of results 

when at time zero, the inner components abruptly move to the locations required for equilibrium. 

The specified values should be in units of length, consistent with the units selected in Panel 1. 

The user is also allowed to enter nonzero rotations of the Top concave plate (TCP) and Bottom 

Concave Plate (BCP) as shown in Figure 3-34 in order to analyze a bearing with misaligned 

plates. Note that the misalignments are considered constant throughout the analysis. The input 

for such a case is shown in Figure 3-34. 

 

Figure 3-33: Window displayed when Initial Conditions option is selected 



53 
 

 

Figure 3-34: Initial conditions with misalignments of TCP and BCP 

 
User Tolerances: When this option is selected, the window in Figure 3-35 appears. When the 

option is deactivated, default values are used. This option allows the user to change the 

numerical integration error tolerances, the solver used for the solution of the differential 

equations, the yield displacement for modeling friction of each surface (units are consistent with 

those specified in panel 1). The user is allowed to use a mass for the isolators larger than the 

actual mass (which is automatically calculated by the program) by specifying a value larger than 

1 in the corresponding edit box. This option should never be used for uplift analysis and should 

always be used with caution as a value larger than 1 affects the dynamic behavior of the isolator.  

It also alters the normal load on each surface. 
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Figure 3-35: Window displayed when User Tolerances option is selected 

Advanced Initial Conditions: When this option is selected, the window shown in Figure 3-36 is 

displayed. This option becomes available only if the Advanced Compression modeling is 

selected and becomes disabled otherwise. The reason for this distinction is that the advanced 

modeling option allows for non-conventional simulations as each bearing part is described by 

three independent degrees of freedom (horizontal translation, vertical translation and rotation 

about the center of mass). There are no restrictions on the initial conditions and the parts do not 

necessarily have to be initially in contact. This option also allows for initial rotation of the 

Bottom Concave Plate (BCP) which is considered constant throughout the analysis. However, 

penetrations between the parts should be avoided in the specification of the Advanced Initial 

Conditions as this may lead to numerical errors due to the large contact forces that develop at the 

start of the analysis. It is noted that if the user specifies a nonzero rotation of the Top Concave 

Plate (TCP) this will be considered as a constant misalignment if the rotational spring is not 

activated at the TCP (see Figure 3-26). Otherwise, the rotational spring will instantly cause a 

moment that will realign of the TCP. 
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Figure 3-36: Window displayed when Advanced Initial Conditions option is selected 

3.8 Plotter 1 

Plotter 1, shown in Figure 3-37, is the screen where animations and drawings of the isolator are 

displayed. The panel is controlled by the animation panel (Panel 8) and by the animation options 

panel (Panel 9) shown on the right of Plotter 1 in Figure 3-1. Anything shown in plotter 1 can be 

extracted using Export Plots into a separate window from which the user can further generate 

“jpeg”, “pdf” and other files formats or copy and paste directly into Microsoft Word. Also any 

animation that is viewed in Plotter 1 can be exported into an “avi” file using the Export Avi 

button in panel 1. Prior to the analysis, plotter 1 is used to instantaneously draw the isolator 

geometry while the user inputs properties for the Triple FP isolator. The axis limits are 

automatically calculated by the program but the user may also specify the limits by using User 

Axis Limits in Panel 9. 
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Figure 3-37: View of plotter 1 

3.9 Plotter 2 

Plotter 2 is used to display plots of the analysis results. The plotter is enabled after the analysis is 

completed. Plotter 2 is shown in Figure 3-38. On the top of the plotter 2 panel, the list box menus 

may be used to select the variables to be plotted on the axes shown at the bottom of Figure 3-38. 

The user is allowed to generate four different sets of plots. Each time the user performs an action 

in the list boxes, the plots are automatically updated. The x-axis variable and y-axis variable can 

be different for the four plots. When the animate button is pressed in Panel 8, plotter 2 

generates graphs of the selected quantities that evolve simultaneously with the animation that is 

displayed on plotter 1. This way the user can monitor the visual as well as the quantitative part of 

the isolator response. Also, plotter 2 can be used in conjunction with the manual plotter below 

the animate button in Panel 8 when the user chooses to manually advance frames, using the < 

and > buttons. These buttons also manually advance the plots in plotter 1. 
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Figure 3-38 View of plotter 2 

: Each set of data contains a pushbutton having the color and style of the plotted line that 

corresponds to that data. By pressing this button, the user can set a number of properties for the 

selected set of x-y data. The window that appears when pressing this button is shown in Figure 

3-39. The options selected apply to both the exported plots and the ones displayed in plotter 2. 

The user can select the line style, thickness and color of the line. The user can also specify scale 

factors to multiply the selected x and y data. Note that the last two options are disabled in the 

DCI and are only used in the DAI. 



58 
 

 

Figure 3-39: Window displayed when  button is pressed 

:  This button is available for each set of x-y data. The window that appears when pressing 

this button is shown in Figure 3-40. This window shows the names, peak values and digital data 

for the selected variables. By right clicking on the labels of the digital data, the user can copy the 

data and paste it elsewhere (e.g., in Excel).  

 

 

Figure 3-40: View of window that appears when ? button is pressed 

User Axis Limits: By selecting this option, the user can set his own x and y limits of plotter 2. If 

this option is not selected, the axis limits of plotter 2 are determined automatically by the 
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program based on the maximum and minimum values of the quantities that are selected to be 

plotted with the addition of some margin. 

Show peaks: This option displays on the graph the peak value of the plotted variables. 

Show Legends: This option displays legends in Plotter 2 and in the exported plots. The legend 

names are by default obtained from the name of the variable that is selected for the y-axis. 

However, the user can specify any legend name by pressing the question mark button next to the 

Show Legends checkbox (for every empty entry, the default name is used). Legends are not 

displayed during animation (when animate button is pressed in Panel 8). 

Time Range: The user can select the time range for which variables will be displayed. This 

option is particularly useful when the selected variables do not explicitly involve time (e.g., the 

user can view the force-displacement loop of the isolator that was calculated for the time interval 

0 to 2 sec, whereas the analysis duration is much larger, say 20 sec) 

External File: This panel allows the user to import into the program, data from external files. By 

selecting Load file, the window shown in Figure 3-41 appears where the user has the option to 

import an Excel file or a “mat” file. If the user selects Excel file then the Excel file opens, and 

the program prompts the user to select the region of a spreadsheet of which the data will be 

imported into program 3pleANI. An example of selection is shown in Figure 3-42. When 

selecting the region on the left figure, five variables will be imported into the program defined by 

each of the columns of the data selected, with names A1, A2, A3, A4 and A5. The name of each 

variable is defined by the first row of the selected region. If the region on the right in Figure 3-42 

is selected then the variables imported are the same, however, the variable names will be 

assigned automatically by 3pleANI. After the desired region in Excel is selected, the OK button 

shown in Figure 3-43 must be pressed for the procedure to be complete. The imported variables 

will then appear in the popup menus (see Figure 3-44) of the Import Panel. If the user selects to 

import a Matlab file, then the selected Matlab file must contain two variables. One variable 

named cledata that contains the data in columns (each column is a variable) and another variable 

named hdr that contains the variable names in the form of a cell array of strings. If the variable 

cledata is of size mxn then hdr must be of size 1xn. Loading “mat” files is particularly useful for 

comparing the results of different analyses in 3pleANI. More specifically, after the completion of 
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an analysis, the user may export the analysis results into a “mat” file. This may be done by 

pressing the button Export Data in panel 1 in Figure 3-1. After a new analysis is completed in 

3pleANI, the exported data from the previous analysis can be loaded into the program and 

plotted in plotter 2 together with the results from the second analysis. Note that any file loaded 

into the program is overwritten when the user imports a new file. 

 

Figure 3-41: Window displayed when user selects Load File 
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Figure 3-42: Examples of selected data regions to be imported into 3pleANI from Excel 

 

Figure 3-43: Window displayed in order to complete importing of external Excel data into 
3pleANI 

 

Figure 3-44: External File Panel 

3.10 Panel 7: Animation panel 

The animation panel becomes available when the analysis is completed. It is used for the 

following functions: (a) to automatically create an animation that keeps playing after the 

X-axis variable 

Y-axis variable

Line Properties 
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Animate button is pressed, (b) to display the isolator deformed shape at any desired time, and (c) 

to manually advance the animation (each click of the mouse at the > or < buttons plots the 

subsequent or previous frame from the one already plotted). The animation panel controls both 

plotter 1 and plotter 2. Therefore, if the user has selected quantities to be plotted in plotter 2, then 

the graph in plotter 2 will gradually be drawn together with the animation of plotter 1 based on 

the actions performed in this panel 

 

Figure 3-45: View of Animation panel 

Animate: This button starts animation of the motion of the isolator in plotter 1 with simultaneous 

plotting of the selected variables in plotter 2. The animation starts from zero time and runs until 

the end unless the animation is stopped by the user or a different time range is specified in Panel 

9.  

Speed: This button controls the speed of the animation. Using the slider one can adjust the speed 

from very slow to very fast. The option x1 does not correspond to a real time animation but 

rather to default speed that depends on the computer used. When the animation is exported into 

an “avi” file using the Export Avi, a real time animation can be exported by properly selecting 

the number of frames per second.   

Time: This button is used as a monitor of the time instant if the Animate button is pressed or 

when the < and > buttons are pressed. It can also be used to display deformed shapes at a desired 

instant of time. For example, typing “3” will display the deformed isolator at 3sec and the history 

of the selected quantities in plotter 2 over the time interval of 0sec to 3sec. 

The buttons < and > are used to manually advance the animation while the speed controls the 

number of frames advanced or reversed when the < > buttons are pressed. Every click of the > 
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button will display deformed shapes at subsequent time instances than the one displayed in the 

time monitor. 

3.11 Panel 8: Animation options panel 

This panel is used to include visual effects in the animations displayed in plotter 1. The panel is 

shown in Figure 3-46. 

 

Figure 3-46: View of animation options panel 

Show in full screen: When this option is selected, the animation is shown in full screen in a 

separate window for enlarged viewing.  

Keep frames: This option allows displaying the animation without deleting the previous frames. 

For example, if the animation plots frames every 0.1sec then after 1sec, 10 different deformed 

shapes will be plotted on the screen. This is particularly useful when manual animation is used 

and the user wants to compare the deformed shape at two different times.  To do so, the user 

needs to select Keep frames and then type the time (for example, 1.2) in the time edit box of the 

animation panel. This will plot the deformed shape at the specified time (at 1.2sec in this 

example). After typing 1.2 the user can type 2.1. This will display in plotter 1 the deformed 

shape at 1.2sec and 2.1sec together. 
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Highlight Sliding Surfaces: The option highlights the surfaces where sliding occurs. This is 

based on the value of the sliding velocity-different than zero.  This may provide misleading 

information at initiation of motion or reversal of motion where the velocity instead of being 

exactly zero, is marginally different than zero due to numerical integration errors. 

Show displacements: This option displays a dot on the top concave surface and the displacement 

values on the plotter during animation of motion. 

Show location of forces: This option shows a dot at the location of the resultant contact tractions 

at each sliding surface. Values of the location of resultant contact tractions can be obtained by 

selecting the variables “Offset angle of surface” in Plotter 2. 

Show heating effects: This option is available only when heating effects have been included in 

the analysis. Heating effects in plotter 1 are displayed by using different colors according to the 

surface temperature of each component. Colors vary from blue when the temperature rise is zero 

to red when the temperature reaches its maximum value. In calculating the heat flux and 

temperature rise, it is assumed that the friction material is a perfect insulator so that the generated 

heat is entirely supplied to the bare metal surface in contact with the friction material.  That is, 

(a) the bottom concave plate heats up due to heat flux on surface 1, (b) the top concave plate 

heats up due to heat flux on surface 4, (c) the rigid slider is assumed insulated by the friction 

material on both surface 2 and 3, (d) the top slide plate heats up due to heat flux on surface 3 and 

(e) the bottom slide plate is heated by heat flux on surface 2. A contour bar appears that shows 

the different colors used for the different temperatures. Although in the animation the rigid 

bodies look like changing temperatures, these temperatures correspond to the middle of each 

sliding surface. There is no calculation of the temperature rise over the depth or width of each 

rigid body. 

During uplift:  This option is available if uplift occurs.  It displays the animation only during the 

duration of the uplift when the Animate button is pressed. 

Time Range: The user specifies the start and ending time of the animation to be displayed when 

the Animate button is pressed. If this option is not selected, then when pressing the Animate 

button, the animation will be displayed from the start to the end of the analysis duration. 
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User Limits: The user specifies the x and y axis limits of plotter 1. By default (when this option 

is not selected) these limits are automatically calculated by the program based on the geometry 

and maximum displacement of the isolator. 
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4 DYNAMIC ANALYSIS INTERFACE 

This interface is used to perform response history analysis of two-dimensional isolated 

structures. Most of the panels between this interface and the Displacement Controlled Tests 

interface are common and therefore only the new ones are described below. 

4.1 Panel 1: Triple Properties 

This panel is shown in Figure 4-1 and it is identical to the panel described in the displacement 

controlled interface with the exception of the Multiple Isolators option. Moreover, the Vertical 

Load edit box is only used to display the total vertical load on the isolators (or weight of the 

structure above the isolators). 

 

Figure 4-1: Panel 1: View of Triple Properties panel 

Multiple Isolators: When this option is not selected (default option) the isolation system consists 

of one isolator with constrained rotation on top. This modeling is appropriate when the analyzed 

structure consists of isolators of the same frictional and geometric properties, or when the 

isolators are represented by an equivalent single isolator with weighted average frictional 

properties.  

When this option is selected, the window shown in Figure 4-2 appears and the user can include 

isolators with different frictional properties in the analysis. The geometry of all the isolators is 

the same and is determined by Panel 2 (Figure 4-1). The user then needs to specify the number of 

isolators to be included in the analysis. The minimum number is two isolators (note that each 
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isolator may represent a group of isolators). Then the user can shuffle through the options in the 

list-box of Figure 4-2 and assign the friction coefficient values of each isolator (or group of 

isolators). Note that the user cannot specify the friction coefficients of isolator 1 from this 

window since those are specified in Panel 2 (Figure 4-1). The user can also assign the vertical 

load on each isolator as a percentage of the total supported weight by all the isolators (this is 

displayed in Panel 2). The vertical load on isolator 1 is automatically calculated by the program 

so that the sum of all the percentages equals to 100%. The “<->” button can be used in order for 

the user to transform friction coefficients from the Fenz and Constantinou (2008a) theory to the 

Sarlis and Constantinou (2013) theory and paste the calculated values into the program. Details 

can be found in Section 3 for the DCI. Also, the button Copy from allows the user to copy the 

friction values of any isolator and paste them into another isolator. Note that the Load and Save 

Geometry buttons (explained earlier for the DCI) can only save properties specified in Panel 2 

but cannot save properties specified in the Multiple Isolators. For this the Save button in Panel 1 

should be used.  Enabling the Multiple Isolators option affects the Friction |Velocity and 

Heating Effect button and the Bridge option. Those are discussed later. 

        

Figure 4-2: Window displayed when Multiple Isolators option is selected 
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4.2 Panel 3: Ground Motion 

 

Figure 4-3: View of ground motion panel 

This panel is shown in Figure 4-3 and is used to define the horizontal and vertical ground motion 

to be used for the response history analysis. The program accepts only input excitation from files 

that are loaded with the Load-X and Load-Z buttons. The selected excitations can be plotted with 

the ? button.  Response spectra of the selected motions can be generated with the Spectra button. 

The monitor on top displays the file that is currently loaded.  

Load-X:  When pressing this button, the user can load into the program any “txt” file from the 

hard drive. Every time a new file is loaded, the previous file is overwritten. The “txt” file needs 

to contain columns of data (separated by spaces), which represent the horizontal ground 

acceleration history in units of g. Once the desired file is selected, the user will be prompted to 

input the time step of the excitation.  

The program is supplied together with several historic records and other scaled motions that 

represent particular hazards in various areas of California.  For the supplied ground motions, the 

time step is automatically assigned by the program. The time step can be changed by pressing the 

dt button. 

? :  When pressing this button, the acceleration histories that were imported in the horizontal 

direction (X) and the vertical direction (Z) are plotted. A separate button is used for each one.  If 

no file has been imported, the plot will be null. 
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Load-Z:  Same as for Load-X but for the vertical (Z) direction. Including a vertical excitation is 

optional. The time step of the vertical ground motion is assumed to be the same as that of the 

already imported horizontal motion. If the length of the file imported for the vertical direction is 

different than that of the horizontal, the analysis will be terminated when the horizontal motion 

terminates. If the vertical motion imported has lesser number of points than the horizontal 

motion, zeros are added to the vertical motion in order for the two motions to have the same 

duration. Exception in the latter case is when all values in the imported vertical excitation file are 

equal. In that case, the program assumes that the vertical acceleration is constant and adds the 

same values for the remainder of the excitation (in order to match the length of the horizontal 

excitation). 

X: Removes the already imported vertical component from the memory.  

dt: Button for changing the time step of the excitation. 

Scale by: Button used to specify a scale factor that multiplies the imported ground motions. 

Separate factors can be applied in the X and Z directions. 

Spectra: The spectra button becomes available only after at least one file has been imported. 

When pressed the window shown in Figure 4-4 appears. This window is divided into two parts: 

a) the input panel, and b) the output panel. In the input panel, the user can select the input 

excitation for the spectra. The program automatically recognizes the already imported horizontal 

and vertical excitations from panel 3 and includes them in the list-box. The user can also select 

the damping ratio for the spectra to be calculated. In order to include multiple values of damping 

ratio, the ctrl button on the keyboard must be used.  

 Options: This button allows the user to change parameters in the construction of response 

spectra of the imported motions. These include the following options: (a) specification of 

the minimum and maximum period value and the period step for the spectra calculation, 

and (b) the accuracy in the calculation of the spectra in % (where 1% is more accurate 

than 2%). For the spectra calculation, for each value of period, the program initially 

performs a numerical analysis using the Newmark method with a time step equal to the 

time step of the excitation. Then, the time step is reduced to half and the analysis is 

repeated. If the result is accurate within the user defined accuracy, the results for that 
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period are accepted. If the accuracy is not acceptable, the time step is further reduced to 

half and the process is repeated. The time step will become as small as required for the 

user defined accuracy to be satisfied. This procedure is described in Chopra (2012). 

 

Figure 4-4: View of Spectra window prior to analysis 

By pressing the Calculate button, the response spectra are calculated. After the analysis is 

complete, the output panel becomes available (see Figure 4-5). The user can select from a 

number of variables to be plotted (acceleration, pseudo-acceleration, displacement, velocity and 

pseudo-velocity spectra) and apply different scale factors to the plots. The user can plot the 

selected variables as functions of period or frequency and to use logarithmic scale for the x-axis. 

The display of the lines and of the plot can be changed. Note that the selected variable for 

plotting is also displayed in tabular form on the right of the plots. Any selection from the table is 

highlighted in the graphs when the Show Data Points is selected. The user can directly copy the 

table values into an external program by selecting Copy All. The plots can be exported by 

pressing the Export Plot button. 
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Figure 4-5: View of Spectra window after analysis is complete 

4.3 Superstructure Panel 

This panel is used to specify the properties of the superstructure. Options for SDOF (Single 

Degree of Freedom), Shear building, Explicit and Bridge exist.  The panels when the four 

options are selected are shown in Figure 4-6.  Figure 4-7 to Figure 4-9 show the displays of 

Plotter 1 when some of these options are selected. Depending on the selected superstructure, 

different options become available. These are described later. 
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a) Superstructure panel for SDOF system         b) Superstructure panel for Shear building 

   

          c) Superstructure panel for Explicit  d) Superstructure panel for Bridge 

Figure 4-6: View of superstructure panels for superstructure options 
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Figure 4-7: Drawing shown in plotter 1 when user specifies the properties of Figure 4-6a 

 

Figure 4-8: Drawing shown in plotter 1 when user specifies the properties of Figure 4-6b 

 

Figure 4-9: Drawing shown in plotter 1 when user specifies the properties of Figure 4-6d 
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SDOF: The program will perform a dynamic analysis of a rigid mass on top of an isolator (or 

group of isolators). The rotation of the top of the isolator is restrained. When SDOF is selected, 

the additional required input is shown in Figure 4-6(a) and is described below:  

 Weight: the weight of the mass (in units of force) on top of the isolators. For the SDOF 

option, this specified weight is equal to the vertical load on the isolator(s) and it is 

automatically displayed in panel 2. 

 Damp.: the damping constant of a linear viscous damper that is connected between the 

base and the ground (parallel to the isolators), if a damper  is used. The value should be 

specified zero when there is no damper in the isolation system.  

Shear Building: The user can model a multistory building on top of the isolators. The building is 

modeled with flexible columns and rigid beams. Once the Shear building option is selected, the 

number of stories, damping and period displays become available. Based on the specified 

number of stories selected, an equal number of edit boxes become visible and can be used to 

input the shear story stiffness and reactive floor weight. If the specified number of stories is 

larger than 7 (see Figure 4-6), then the last edit boxes are used to describe the properties of the 

selected story from the popup menu appearing at the same row. The required input when Shear 

building is selected is shown in Figure 4-6 (b) and described below. 

 Stories: The user inputs the number of stories of the Shear Building. 

 Stiffness: The user inputs values of the stiffness of each story in units consistent with 

those selected in panel 1. When the user inputs a stiffness value for the first story, the 

value is copied to all stories.  The user can then assign the proper stiffness values of 

higher stories if different. 

 Weight: The user inputs values for the reactive weight assigned to each floor of the 

superstructure and to the base-mat. The sum of the specified weights is the total vertical 

load on the isolators which is automatically displayed in Panel 2. All weights need to be 

input in units of force. The mass of each floor is calculated using the specified weights 

and dividing with the acceleration of gravity. 

 Include dampers: This option allows the user to include linear viscous dampers between 

the floors and between the base and the ground. Once the box is checked, additional 
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columns of edit boxes appear (Figure 4-10) that allow the user to input values for the 

damping constant of the dampers at each floor and the base. Dampers are assumed to be 

placed horizontally. If the damper is at an angle θ to the horizontal, an effective damping 

constant in the horizontal direction should be specified (equals the damping constant of 

the damper times cos2(θ)). 

 

Figure 4-10: View of superstructure panel when Include dampers is activated 

 

Figure 4-11: Drawing shown in plotter 1 when the user inputs the structure properties 
shown in Figure 4-10 
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 Damp.: Appears only when the Include dampers box is selected. The user can assign a 

damper constant at each floor and between the base and the ground for modeling 

supplemental damping. 

 Damping 1st mode:  This box is used to assign the inherent damping of the 

superstructure. The user inputs the damping ratio that will be assigned to the first and last 

mode of the superstructure. A superstructure damping matrix is calculated using Rayleigh 

damping. Accordingly, all modes will have damping ratio equal to or less than the 

specified value.  The damping matrix resulting from inherent damping is added to the 

supplemental damping matrix in order to form the global damping matrix of the 

superstructure. The total damping ratio for all modes can be displayed by pressing the 

Modes button. 

 Modes: When this button is pressed, complex eigenvalue analysis of the structure is 

performed and the exact damping ratio, period and mode shape of each mode are 

calculated. In the case that a mode is critically or over-critically damped, the period value 

displayed is incorrect and should be ignored (the exact value is infinite).. The modal 

characteristics can also be exported in an Excel file using the Export button next to the 

Modes button. 

 Period: This button is used to display the fundamental period of the superstructure. When 

the user makes a change in the number of stories, the stiffness or the weight of any floor, 

the program performs a real eigenvalue analysis to calculate and display the period. This 

allows the user to easily adjust the properties of the superstructure in order to achieve a 

desired period.  

 Analyze: Allows the user to perform a response history analysis of the fixed 

superstructure with the specified properties of the current panel and the horizontal ground 

motion imported in Panel 3. The vertical ground motion is ignored for this case. This 

allows the user to compare the response of the fixed superstructure to the response of the 

isolated structure. All results are displayed in a separate window. If the result windows 

are closed and the user presses again the analyze button, the results will be displayed 

again without conducting a new analysis. If, however, any of the structural properties or 

ground excitation characteristics are changed and the user presses the analyze button, a 

new analysis will be conducted using the newly specified properties. 
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 Export: Exports all fixed superstructure results to an Excel spreadsheet. 

Explicit: When this option is selected, the user can import the mass, stiffness and damping 

matrices of the superstructure using an Excel file. The procedures for importing Excel files in 

3pleANI were described in the External File Panel. In this case the user has to select rectangular 

regions of data only (for example, 3x3 region in Excel). The user also needs to specify the 

weight of the base-mat and dampers connected between the base-mat and the ground. 

 Import Mass Matrix: When this button is pressed, a dialogue box appears where the user 

can select an Excel file from which the mass matrix is imported. The dimensions of the 

mass matrix determine the number of stories (for example, a 3x3 matrix corresponds to a 

3 story building). The mass matrix must be diagonal.  The sum of the mass matrix 

diagonal elements is used to calculate the weight of the superstructure which is added to 

the specified weight of the base-mat for the calculation of the total weight on the isolators 

that is displayed in Panel 2. 

 Import Stiffness Matrix: When this button is pressed, a dialogue box appears where the 

user can select an Excel file from which a stiffness matrix is imported. The imported 

stiffness matrix must be of the same dimensions as the mass matrix 

 Import Damping Matrix: When this button is pressed, a dialogue box appears where the 

user can select an Excel file from which a damping matrix is imported. The imported 

damping matrix must be the same dimensions as the mass matrix 

 Modify Mass Matrix: Used to modify values of the already imported mass matrix 

 Modify Mass Matrix: Used to modify values of the already imported stiffness matrix 

 Modify Mass Matrix: Used to modify values of the already imported damping matrix 

 X: Used to multiply the imported mass matrix, stiffness or damping matrix by a factor. 

Bridge without advanced modeling: When the bridge option is selected, the user must specify 

the stiffness and weight of the pier and the weight of the deck. If the Multiple Isolators option is 

selected, then the number of isolators is equal to the number of piers. When Advanced Modeling 

is not selected, the bridge is modeled using the simple model shown in Figure 4-12. The piers are 

modeled as springs connected between the bottom of the isolators and the ground. A mass which 

represents the effective weight of the pier is included as shown in Figure 4-12. 
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Figure 4-12: Bridge model used in 3pleANI when Advanced Modeling is not selected 

 Stiffness: Used to specify the pier stiffness. When the Multiple Isolators option is 

selected, the user must specify the stiffness for a number of piers which is equal to the 

number of isolators (see Figure 4-2). When Advanced Modeling is not selected, each pier 

is modeled as a spring connected between the bottom of the isolator and the ground. The 

rotation of the pier and the effects of the moment at the top of the pier are ignored. 

Advanced Modeling allows the inclusion of these effects and it is described later. 

 Weight: Used to specify the total weight of each pier. The use of the pier weight depends 

on the selection of modeling. In case Advanced Modeling is not selected, half of the 

specified weight is lumped at the top of the pier and half at the bottom (bottom half does 

not affect response). For example, in Figure 4-6(d), the user has specified 1500kip as the 

total weight of the pier. In the analysis, 750kip will be lumped at the top (weight 

corresponding to mass mp is 750kip) in Figure 4-12. When the Multiple Isolators option 

is selected, the user must specify the total weight of a number of piers that is equal to the 

number of isolators. The weights assigned here do not affect the weight on the isolators.  

 Include Dampers: Used to include a damper between the deck and each of the bridge 

piers if the Multiple Isolators option is selected. If the Multiple Isolators is not used, a 

single damper is connected between the pier and the deck. The damping constant of each 

damper can be specified using the third column of edit boxes. 

 Damping: This option becomes available only if Include dampers option is enabled. The 

user must specify the damping constant of a damper connected between the deck and the 

pier. If the Multiple Isolators option is selected, then dampers between each pier and the 

deck need to be specified. 

 Damping %: This is the inherent damping ratio that will be used for the piers of the 

bridge. The same damping ratio is used for all the piers if the Multiple Isolators option is 

selected. 
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Bridge with advanced modeling: When advanced modeling is selected as shown in Figure 4-13, 

then the window of Figure 4-14 appears that contains two main options shown with the 

checkboxes. By selecting, P-Delta Effects on Pier rotation, TFP model does not account for 

BCP rotation the analysis will account for the effect of the moment applied at the top of the pier 

by the isolator. This moment is given by Equation (4-1) and is due to P-Δ and any additional 

moment due to the shear forces applied over the height of the bearings and the restrainer forces 

as shown in the free body diagram of Figure 4-15 (horizontal and vertical reactions at the bottom 

are not shown).  

     1 1 1 1 1 1s co g coM W R t F S t     
  (4-1)

 

The equation of motion of the pier is given by: 
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Equation (4-2) after static condensation of the pier rotation results in the following equation: 
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  (4-3) 

In Equation (4-3), kp is the specified lateral stiffness of the pier given by 33pk EI h where h is 

the height of the pier specified in the window of Figure 4-14, mp is the mass at the top of the pier, 

which is equal to half of the specified pier weight in Figure 4-13 divided by the acceleration of 

gravity and 2p p p pc k m  where ζp is the damping ratio of the pier which is specified by the 

user in the Damping % edit box. 
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Figure 4-13: View of Superstructure panel for Bridge with Multiple Isolators/Piers and 
Dampers  

 

Figure 4-14: View of Dialogue Box for Advanced Bridge Properties when the first option is 
selected 
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Figure 4-15: Free body diagram of BCP for calculation of bottom end plate moment 

The formulation above accounts for the effect of the isolator moments on the pier displacement 

but it does not account for the effect of the pier rotation on the isolator behavior.  

The option P-Delta Effects on Pier rotation, TFP model accounts for BCP rotation results in 

analysis that accounts for both the P-Δ moment effects and the pier top rotation on the isolator 

behavior.  When this option is selected, the panel shown in Figure 4-16 is displayed. A schematic 

of the bridge model used by program 3pleANI is shown in Figure 4-17. The rotation of the pier 

is included as a dynamic degree of freedom. The stiffness and mass matrix of a single pier are 

given by: 
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  (4-4) 

Note that the mass matrix above assumes that the specified pier weight in Figure 4-13 is 

distributed along the height of the pier and a consistent mass matrix formulation is used for the 

construction of the mass matrix in Equation (4-4). This is a significant difference in the 

interpretation of the pier weight when compared to previously described analysis cases.  

The damping matrix is constructed using Rayleigh damping and is given by: 
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In Equation (4-5), ω1, ω2 are the natural frequencies of the pier obtained from modal analysis 

using the matrices in Equation (4-4) and ζp is the pier damping ratio (specified in the Damping % 

edit box). The value is assumed the same for both modes of vibration. 

Note that in Figure 4-16 the activation of the option P-Delta Effects on Pier rotation, TFP 

model accounts for BCP rotation allows the user to add additional concentrated weights at the 

top of the pier. The specified weights are included in a 2x2 diagonal mass matrix (with zero for 

the rotational degree of freedom) which is added to the mass matrix of Equation (4-4).  

 

Figure 4-16: View of Dialogue Box for Advanced Bridge Properties when the second option 
is selected 
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Figure 4-17: Bridge model with multiple isolators, P-Δ and pier rotation effects 

4.4 Panel 7: Analysis Panel 

Everything that was described in the Analysis Panel in Section 3 applies here as well with the 

exception that when the Multiple Isolators option is selected, the Friction |Velocity menu is 

different and is shown in Figure 4-18. The user has to input the SLOW friction coefficients for 

each isolator or select Auto Calculate so that the program automatically calculates the friction 

coefficients for all isolators. 
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Figure 4-18: Friction |Velocity menu when Multiple Isolators option is selected 

Moreover, in the Heating Effects window in Figure 3-30, the percentage of the vertical load that 

is considered for heating effects applies to the vertical load that is displayed in Panel 2 when the 

Multiple Isolators option is not selected and to the specified individual isolator load when the 

Multiple Isolators option is selected.  

4.5 Panel 9: Animation Options Panel 

The animation options panel is shown in Figure 4-19 and it was described in Section 3. In the 

case of the Dynamic Analysis Interface some minor changes are made in the animation options 

panel when compared to the same panel in the Displacement Controlled Interface. 

 

Figure 4-19: View of panel 8 in Dynamic Analysis Interface 
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The Zoom in Isolator option is used to hide the superstructure and automatically zoom to view 

the response of the Triple FP isolator. In the case of multiple isolators, the user can zoom in on 

any isolator. The superstructure animation options only affect the drawing of the superstructure. 

They may be used to view the structure drawn with higher stories or larger bay opening.  

4.6 Plotter 2 

The view of the Plotter 2 panel is shown in Figure 4-20. Plotter 2 for this interface is identical to 

that of the DCI with a few additional features: 

 

Figure 4-20: View of plotter 2  
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: This button is visible only if the user has selected the Multiple Isolators option in Panel 2. 

The number shown displays the isolator for which the results in the corresponding list-boxes are 

shown. Note that the selected isolator number only affects the results that apply to the isolator 

response. Quantities related to superstructure (or deck and piers in the case of bridge) will always 

be available in the list-boxes regardless of the selected isolator. For example, Figure 4-20 shows 

the sliding displacement histories of surfaces 1, 2, 3 and 4 for isolator 1. By pressing this button 

the user can select another isolator to display results. The number of the selected isolator will 

appear on the button. Isolators are numbered from left to right of Plotter 1. 

Floor Spectra: Opens the window shown in Figure 4-5. In the input list-box in Figure 4-5, the 

acceleration response histories of the analyzed structure are automatically displayed. As a result, 

the user can generate floor spectra by selecting the appropriate input for spectra calculation. 
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3pleANI was developed using MATLAB 2007b, The MathWorks Inc., Natick, MA. 

1 EXAMPLES OF DYNAMIC ANALYSIS OF A BUILDING 

The four story structure shown in Figure 1-1 is used.  All properties assigned to the structure are 

shown in the figure.  The vertical and horizontal masses assigned to each node are shown in the 

figure in units of kipsec2/in.  The analysis results of this structure are compared to analysis 

results obtained from program SAP2000 (Computers and Structures, 2007). 

 

Figure 1-1: Schematic and properties of 4-story structure used in verification example 1 

The properties of the isolators are shown in Table 1-1. The SAP2000 model consists of three 

isolators located below the columns. In 3pleANI, all isolators are lumped into one isolator that 

carries the total vertical load.  Program 3pleANI does not consider the spatial distribution of the 

isolators and, accordingly, does not account for the vertical load variation due to the overturning 

moment effects. 

It should be noted that the coefficient of friction specified in program 3pleANI is that at the 

sliding interface as if it were flat.  By comparison when a Triple FP bearing is tested, the friction 
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values measured are affected by the spherical geometry of the sliding surfaces and the location 

and direction of the resultant of the tractions on each sliding surface.  The frictional parameters 

that describe the behavior of the Triple FP bearing in the models of Fenz and Constantinou 

(2008a to 2008e) ( 1 2 3 4, , ,    , with the following constraints 2 3 1 4      ) utilize the 

values extracted from experiments of the Triple FP bearings and are not fundamental properties 

of the interfaces.  Sarlis and Constantinou (2013) have recently shown that the true frictional 

values ( 1 2 3 4, , ,     without any constraints) are related to those in the models of Fenz and 

Constantinou (2008a to 2008e) by the following equations: 
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  (1-1) 

Program 3pleANI makes use of friction values 1 2 3 4, , ,    .   

Table 1-1: Properties of TFP isolator  
Parameters Values for use in SAP2000 

(Fenz and Constantinou model 
implemented as series or parallel model) 

Values in 3pleANI 
(moment 

equilibrium model) 

1 4R R  (inch) 156 156 

2 3R R  (inch) 16 16 

Displacement capacity 
on surfaces 1 and 4 (in) 

* *
1 4dd  20.771 1 4dd  21.6 

Displacement capacity 
on surfaces 2 and 3 (in) 

* *
2 3dd   1.6881 2 3dd  2.25 

Friction surface 12 
1 =0.02145 1 =0.02 

Friction surfaces 2 and 
32 2 3  =0.01333 2 3  =0.01 

Friction surface 42 
4 =0.07232 4 =0.065 

1 4h h  (inch) 
6 6 

2 3h h  (inch) 
4 4 

1.  *
i i effi id d R R , effi i iR hR         2.All friction values are for high velocity conditions=fmax 
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1.1 Eigen-analysis of fixed superstructure 

The eigenvalues and eigenvectors of the fixed superstructure as obtained from the two programs 

are shown in Table 1-2 and Figure 1-2. Note that program 3pleANI conducts complex 

eigenvalue analysis that includes the superstructure damping in the modal calculations. Since 

SAP2000 conducts real eigenvalue analysis, and for this case only, the inherent damping in 

3pleANI was set to zero in order to eliminate the effect of damping in the calculated modal 

properties.  Results from the two programs are identical. 

Table 1-2: Comparison of eigenvalues obtained from 3pleANI and SAP2000 
  1st mode 2st mode 3st mode 4st mode 

Period (sec) 
3pleANI 

1.593 0.588 0.401 0.318 

Period (sec) 
SAP2000 

1.595 0.588 0.401 0.318 

 
Figure 1-2: Comparison of eigen-modes obtained from 3pleANI and SAP2000 

1.2 Ground motions used in analysis and response spectra 

The ground motion used for response history analysis in this example is shown in Figure 1-3. 

The response spectra for this ground motion as obtained from 3pleANI for 2% and 10% damping 

ratio are compared in Figure 1-4 with the response spectra obtained from SAP2000. Results are 

identical. 
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Figure 1-3: Ground motion used for response history analysis 

 

Figure 1-4: Comparison of 2-percent and 10-percent damped acceleration response spectra 
obtained from 3pleANI and SAP2000 

1.3 Response history analysis of fixed superstructure  

The superstructure fixed at its base was analyzed in programs 3pleANI and SAP2000.  Structural 

damping was modeled in the two programs using Rayleigh damping with damping ratio of 5% in 

the first and the fourth modes.  The results obtained from programs 3pleANI and SAP2000 are 

compared in Figure 1-5 for the 2nd story drift and the roof acceleration histories. The results of 

the two programs are essentially identical.  Results for other response quantities compared 

equally well.   
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Figure 1-5: Comparison of 2nd story drift and 4th floor acceleration histories of fixed 
structure calculated in programs 3pleANI and SAP2000 

1.4 Response history analysis of fixed superstructure with 5% inherent damping and 

supplemental dampers 

The structure of Section 1.3 (5-percent inherent Rayleigh damping in first and fourth modes) was 

reanalyzed after the addition of linear viscous dampers. Dampers with damping constant 

(effective in horizontal direction) of 500, 300, 200 and 100 seckip in were added to the 1st, 

2nd, 3rd and 4th stories, respectively. Results comparing the 2nd story drift and 4th floor 

acceleration histories are shown in Figure 1-6. The results are nearly identical as were results for 

other response quantities not shown here.   
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Figure 1-6: Comparisons of 2nd story drift and 4th floor acceleration histories of fixed 
structure with added dampers calculated in programs 3pleANI and SAP2000  

1.5 Displacement Controlled Test 

A single isolator with the properties shown in Table 1-1 was subjected to one cycle of sinusoidal 

displacement history with 6sec period and amplitude of 44.2inch. Vertical load was specified to 

be 15796.4kip (the vertical load on each of the three isolators in the model of Figure 1-1 which 

are assumed to equally carry the weight of the structure).  

Figure 1-7 shows the program 3pleANI interface when specifying the parameters for this 

analysis.  Note that the friction coefficient is considered velocity-independent in this analysis.  

3pleANI uses by default 0.01in for the yield displacement for the friction of each surface. In 

program 3pleANI, if needed, the change from the default value can be made from the User 

Tolerances option on the Analysis options panel. Note also that the <-> button in the Triple 

Properties panel can be used to calculate 1 2 3 4, , ,     (see Table 1-1) using 1 2 3 4, , ,    based 

on Equation (1-1). 
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Figure 1-7: View of 3pleANI interface for single isolator analysis 

In program SAP2000 the series model (Fenz and Constantinou, 2008d) was utilized subject to 

displacement controlled excitation and analysis was performed by direct integration. The bearing 

parameters are those of Table 1-1 corresponding to the Fenz and Constantinou model.  When 

implemented in program SAP2000, the series model requires specification of properties for three 

friction pendulum (FP) elements and two gap elements for one-directional motion (Fenz and 

Constantinou 2008d and 2008e).  These properties are presented in Table 1-3 and 1-4.  The 

interested reader is referred to Fenz and Constantinou (2008d and 2008e) and Sarlis and 

Constantinou (2010) for more details of modeling the Triple FP isolator in program SAP2000. 

Note that in Table 1-3, the low velocity (SLOW) and large velocity (FAST) values of friction are 

the same so that friction is modeled as velocity independent. 
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Table 1-3: Values of parameters of the series model of isolators in SAP2000 

 FP1 FP2 FP3 
Element Height (inch) 8 4 8 

Shear Deformation Location 
(in)-(distance from top joint of 

FP element) 
4 2 4 

Element Mass (kip-s2/in) 0.00005 0.00005 0.00005 
Supported Weight (kip) 15796.4 15796.4 15796.4 

Vertical Stiffness (kip/in) 45000 45000 45000 
Elastic Stiffness (kip/in) 21009.3 33881.6 114237.9 

Effective Stiffness (kip/in) 60 11 10 
Friction Coefficient SLOW 0.0133 0.02145 0.0723 
Friction Coefficient FAST 0.0133 0.02145 0.0723 

Radius (inch) 24 138 138 
Rate Parameter (in/sec) 0 0 0 

Rotational/Torsional  Stiffness 
(R1,R2,R3) 

0 Fixed Fixed 

Rotational Moment of Inertia 
(kip-in-sec2) 

0.0005 0 0 

 

Table 1-4: Parameters of gap elements of the series model of Triple FP bearing in SAP2000 

Element 
Gap opening 

(in) 

Stiffness after gap 
closing 
(kip/in) 

GAP1 19.11 96153 

GAP2 19.11 96153 
 

Figure 1-8 compares the calculated force-displacement loop of the isolator by the two programs.  

The results are essentially identical. 
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Figure 1-8: Normalized force (divided by vertical load) versus displacement loop of isolator 

calculated by programs 3pleANI and SAP2000 

1.6 Response history analysis of isolated structure 

For the analysis of the isolated structure, the ground motion shown in Figure 1-3 was scaled up 

by factor 1.25 in order to have a displacement demand close to the isolator’s capacity.  

Figure 1-9 shows the program 3pleANI interface when specifying the parameters for this 

analysis.  Note that velocity dependence of the friction coefficients has not been considered.  

Structural damping was specified as 5-percent in the first and fourth modes using Rayleigh 

damping (see Section 1.3). 

Modeling of the isolators in program SAP2000 was described in Section 1.5. Structural damping 

(or inherent damping) in SAP2000 requires special handling in order to avoid or minimize 

“leakage” of damping in the isolation system (see Sarlis and Constantinou, 2010 for details).  For 

this example, structural damping in SAP2000 was specified using Rayleigh damping with the 

same parameters as in program 3pleANI but with Override activated so that leakage in the 

isolation system is minimized following the procedures described in Sarlis and Constantinou 

(2010).  Analysis was done by the Fast Nonlinear Analysis procedure. 

Figure 1-10 and Figure 1-11 compare various response quantities obtained by programs 3pleANI 

and SAP2000.  There is very good agreement between the results obtained by the two programs 

although the peak floor accelerations and peak story drifts are systematically larger-by a small 

amount-in the SAP2000 analysis.  These differences are likely the results of many contributing 

factors: (a) differences in modeling structural damping (likely the main contributor to 
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differences), (b) modeling of the isolators (3pleANI uses a more advanced model but with 

insignificant differences for the analyzed isolator), (c) inability of 3pleANI to account for 

overturning moment effects, and (d) differences in numerical integration methods and tolerances 

in the two programs and (e) differences in the total elastic stiffness prior to sliding as well as the 

total stiffness upon contact with restrainers in programs 3pleANI and SAP2000. 

 

Figure 1-9: View of 3pleANI interface for analysis of isolated structure 

 

Figure 1-10: Comparison of loops of base shear/vertical load versus displacement 
calculated in programs 3pleANI and SAP2000 for isolated structure 
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Figure 1-11: Comparison of response calculated in programs 3pleANI and SAP2000 for 
isolated structure 
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1.7 Response history analysis of isolated structure with supplemental dampers 

The isolated structure analyzed in Section 1.6 was re-analyzed with linear viscous dampers 

added to each story and the isolation system.  Figure 1-12(a) shows a partial view of the 3pleANI 

interface together with the values of the damping constant (effective in horizontal direction) for 

the added dampers. Figure 1-12(b) shows the display of Plotter 1 in 3pleANI when the properties 

of Figure 1-12(a) are specified. Note that the remaining parameters of the interface that are not 

shown in Figure 1-12 are identical to those in Figure 1-9.  The ground motion used is that of 

Figure 1-3 but scaled up by factor 6.1. 

 

(a) View of Superstructure Panel in 3pleANI                (b) Display in Plotter 1 in 3pleANI 

Figure 1-12: View of 3pleANI interface for analysis of isolated structure with supplemental 
dampers 

Figure 1-13 and Figure 1-14 compare various response quantities obtained by programs 3pleANI 

and SAP2000.  There is very good agreement between the results obtained by the two programs, 

including the peak values of acceleration and drift.  This demonstrates that the differences in the 

peak values of drift and acceleration obtained in the example of Section 1.6 (inherent damping of 

5% and without supplemental dampers) were primarily due to differences in modeling structural 

damping in the two cases. In the example with supplemental dampers, the viscous damping in 

the isolation system is so large that “leakage” from the structural damping description in program 

SAP2000 adds an insignificant component.     
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Figure 1-13: Comparison of force-displacement and shear-drift loops calculated in 
programs 3pleANI and SAP2000 for isolated structure with supplemental dampers 

 

 

Figure 1-14: Comparison of response histories calculated in programs 3pleANI and 
SAP2000 for isolated structure with supplemental dampers 
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1.8 Response history analysis of isolated structure with multiple isolators 

In the example of section 1.6 it was assumed that all three isolators in Figure 1-1 have the same 

frictional properties and accordingly they were “lumped” in one isolator for modeling in 

3pleANI. Here we assume that all three isolators in Figure 1-1 have different frictional properties 

in order to verify the Multiple Isolators option in 3pleANI. The friction properties of each 

isolator for this example are given in Table 1-5 per Fenz and Constantinou (2008a) and Table 1-6 

per Sarlis and Constantinou (2013) while the geometry of all the isolators is the same and 

described in Table 1-1. All isolators are assumed to have the same vertical load. Remaining 

parameters for superstructure and isolators for this example are as described in Section 1.6. For 

this example, the ground motion of Figure 1-3 is scaled by 1.4. 

Table 1-5: Frictional properties of isolators per Fenz and Constantinou (2008a) 

Element Isolator 1 Isolator 2 Isolator 3 

2 3    0.0133 0.05 0.03

1  0.0214 0.08 0.11

4  0.0723 0.11 0.15

Table 1-6: Frictional properties of isolators per Sarlis and Constantinou (2013) 

Element Isolator 1 Isolator 2 Isolator 3 

2 3    0.01 0.0375 0.0225

1  0.02 0.0746 0.0996

4  0.065 0.1012 0.1350

The program 3pleANI interface is shown in Figure 1-15. In 3pleANI, the <-> button can be used 

in order to transform the friction coefficients from the values of Table 1-5 to the values of Table 

1-6. Figure 1-15 also shows (at the bottom) the dialogue boxes that appear when the Multiple 

Isolators option is selected. Also, in Figure 1-15 each isolator carries 33.3% of the total load 

however, if desired, the user has the option to specify a different distribution of axial load to the 

isolators.  
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The parameters in the SAP2000 model are as described in Table 1-3 with the exception of the 

friction coefficients which are now calculated based on Table 1-5.  The elastic stiffness was 

calculated using the new friction coefficients as , 0.01elK W Y Y in  . 

  

 

Figure 1-15: View of 3pleANI interface for response history analysis of isolated structure 
with multiple isolators 

Results obtained from programs 3pleANI and SAP2000 are compared in Figure 1-16 and Figure 

1-17. Note that the differences between the results obtained by the two programs are slightly 
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more noticeable here than the differences in Section 1.6. This is due to some effect of 

overturning moments on the base displacement because of the difference in the frictional 

properties of Isolators 1 and 3 (that cause asymmetry in the structure) combined with the 

inability of 3pleANI to capture overturning moment effects. Note that if isolators 1 and 3 were 

the same, then the differences would have been smaller.  

 

 

Figure 1-16: Comparison of isolator force-displacement and story shear-drift loops 
calculated in programs 3pleANI and SAP2000 for isolated structure with multiple isolators 
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Figure 1-17: Comparison of response histories calculated in programs 3pleANI and 
SAP2000 for isolated structure with multiple isolators 
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each floor (one at a time), (b) constructing the flexibility matrix and (c) inverting the flexibility 

matrix in order to obtain the stiffness matrix. The mass matrix is diagonal and was easily 

constructed from the masses of each floor as shown in Figure 1-1. These matrices are presented 

below: 

 
2

5102.7 2952.1 763.4 99.3 26.1 0 0 0

2952.1 4256.0 2565.9 480.2 0 26.1 0 0
;

763.4 2565.9 3460.4 1511.2 0 0 26.1 0

99.3 480.2 1511.2 1110.9 0 0 0 18.3

kip kip s
K M

in in

    
         
    
       

 (1-2) 

The interface in 3pleANI is shown in Figure 1-18 after the user has imported the mass and 

stiffness matrices above. Importing these matrices is done by pressing Import Mass Matrix and 

Import Stiffness Matrix. To do so, the matrices above have to be first written in an Excel 

spreadsheet and saved on the hard drive. By pressing the aforementioned buttons, the program 

will prompt the user to open any saved spreadsheet from the hard drive. Then the user must 

select the region of cells that encloses the mass and stiffness matrix data (one at a time). Note 

that the mass matrix has to be imported first. Directly after importing, 3pleANI directly 

recognizes the number of floors and also conducts an eigenvalue analysis.  

The damping matrix was calculated so that damping of the first and fourth mode is 5%. From a 

modal analysis of the un-damped fixed structure in 3pleANI (damping matrix has not yet been 

imported and is considered to be zero) or SAP2000, the periods of these modes are 

1 42.81sec, 0.34secT T   so that the damping matrix is: 

 0.199 0.00483C M K    (1-3) 

The damping matrix was calculated in an Excel spreadsheet using Equations (1-2) and (1-3) and 

imported into the program by pressing Import Damping Matrix. From a modal analysis in 

3pleANI, the final damping ratio of modes 2 and 3 was calculated (3pleANI conducts complex 

eigenvalue analysis which allows the calculation of the exact damping ratio of each mode) and 

assigned as a damping override in SAP2000. Note that modal analysis results from 3pleANI and 

SAP2000 of the un-damped system are almost identical, and results are omitted here for brevity. 

Results obtained from programs 3pleANI and SAP2000 are compared in Figure 1-19 and Figure 

1-20. The two sets of results are almost identical. 
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Figure 1-18: View of 3pleANI interface for response history analysis for structure with 
explicit matrix representation 

 

Figure 1-19: Comparison of isolator force-displacement and shear-drift loops calculated in 
programs 3pleANI and SAP2000 from response history analysis of structure with explicit 

representation 

-0.2

-0.1

0

0.1

0.2

-50 -40 -30 -20 -10 0 10 20 30 40

N
or

m
al

iz
ed

 B
as

e 
S

h
ea

r

Base Displacement (in)

3PLEANI

SAP2000

-10000

-5000

0

5000

10000

-4 -3 -2 -1 0 1 2 3

2n
d

 s
to

ry
 s

h
ea

r(
k

ip
s)

2nd story drift (in)

3PLEANI

SAP2000



21 
 

 

 

Figure 1-20: Comparison of response quantities calculated in programs 3pleANI and 
SAP2000 for structure with explicit representation 
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coefficient at each surface given by the following equation in which Ti is the rise in temperature 

of sliding surface i: 

 min, max, min,( ) , 1,2,3,4h ia T
i i i i e i          (1) 

When the temperature rise is zero, friction is equal to μmax. The friction coefficient varies 

exponentially with temperature and drops to a minimum value μmin, where it remains stable (in 

3pleANI the default value is μmin=μmax/2).  The temperature at which the minimum value is 

reached is approximately equal to 1/ah where ah is a specified heat rate parameter. 

The Heating effect options dialogue box with all specified parameters in 3pleANI is shown in 

Figure 1-22 together with a partial view of Panel 2 and the specified friction coefficients. Based 

on Figure 1-22 and Equation (1), the variation of the friction coefficients of all surfaces with 

temperature is plotted in Figure 1-21. Also, it is assumed here that the single isolator used in 

3pleANI represents a total of 20 isolators in the actual structure. Therefore, for heating purposes, 

only 1/20th or 5% of the total vertical load is considered for the calculation of the heat flux (see 

Figure 1-22). Also in order to speed up the analysis, the friction coefficient values were not 

updated at every integration time step but at intervals of one tenth of the imported excitation time 

step. 

Finally, notice that the friction coefficient values specified in Figure 1-22 have double the values 

of those shown in Figure 1-9. The reason for this is that, it was assumed that the friction 

coefficients of Section 1.6 were identified from displacement controlled tests on the isolators 

where each surface was sufficiently heated so that friction coefficients had their minimum value 

μmin in Equation (1) (this can be true for surfaces 1 and 4 but is not true for surfaces 2 and 3). 

Also it was assumed that μmax=2 μmin. 

Results obtained in program 3pleANI are presented in Figure 1-23 and compared against the 

results of Section 1.6 from 3pleANI. Notice that heating effects have a noticeable effect on the 

base displacement. Also, Figure 1-23 shows temperature histories calculated at each surface. 

Note that based on the specified properties, the friction coefficient of each surface reaches the 

value μmin when the temperature becomes approximately equal to 200oC. 
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Figure 1-21: Friction coefficients plotted against surface temperature 

 

Figure 1-22: Specified parameters in program 3pleANI for dynamic analysis of isolated 
structure with heating effects 
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Figure 1-23: 3pleANI results from dynamic analysis of isolated structure with heating 
effects 

Finally, the example of Section 1.8 that includes multiple isolators is reanalyzed after activation 
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0.33x47389.2=15638kips). The remaining parameters were specified based on the principles 

described earlier. 

Results from this analysis in program 3pleANI are compared in Figure 1-26 against the results 

that were obtained in Section 1.8 from 3pleANI without heating effects. The effect is significant 
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the analysis without heating effects that the relevant friction values for use in analysis were the 

lower limit values at large temperature.  Also Figure 1-25 shows a snapshot of the deformed 

structure in which the heating effects on the isolators are depicted by the coloring of the isolator 

surfaces based on the calculated temperature. 

 

Figure 1-24: Specified parameters in program 3pleANI for dynamic analysis of isolated 
structure with multiple isolators and heating effects 

 

Figure 1-25: Snapshot of deformed structure with multiple isolators and heating effects 
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Figure 1-26: 3pleANI results of dynamic analysis of isolated structure with multiple 
isolators and heating effects 

Note in Figure 1-26 that surface 1 is heated more than surface 4 despite the much smaller friction 

coefficient. The reason for this is that once motion starts on surface 1, the friction coefficient 
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1.11 Response history analysis of isolated structure with horizontal and vertical 

acceleration history 

In this example the structure described in Section 1.6 (isolated without supplemental dampers) is 

analyzed with simultaneous excitation in the horizontal and vertical directions.  The history of 

the horizontal and vertical ground accelerations are shown in Figure 1-27 and Figure 1-28, 

respectively. It is noted that the combination of weak horizontal and strong vertical excitation 

has been selected in order to interrogate the isolation system of which the behavior is dependent 

on the instantaneous vertical load.  Analysis was first conducted in program 3pleANI with and 

without the vertical ground acceleration and the results are compared in Figure 1-29. The results 

demonstrate small effects of the vertical ground acceleration that are consistent with 

experimental observations (Fenz and Constantinou, 2008e; Morgan, 2007). 

 

Figure 1-27: Horizontal ground motion used for analysis of isolated structure with vertical 
component 

 

Figure 1-28: Vertical ground motion used for analysis of isolated structure with vertical 
component 
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Figure 1-29: Comparison of response quantities calculated by program 3pleANI with and 

without vertical ground acceleration 
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Figure 1-30 and Figure 1-31 compare various response quantities calculated by programs 

3pleANI and SAP2000 for this example.  Important differences are observed in the calculation of 

the base vertical force (Figure 1-30) which, in turn, affects the horizontal base shear calculation 

(Figure 1-31).  This difference is caused by the vertical flexibility of the isolator model in 

SAP2000 which allows for the development of parasitic vertical acceleration response. Note that 

when the isolators are considered vertically rigid and the superstructure masses are lumped at the 

vertically rigid columns (as depicted in the model of Figure 1-1), the base vertical force should 

fluctuate in exact proportion to the input vertical acceleration.  This is not the case in the 

SAP2000 analysis, resulting in the wavy loops of Figure 1-31 that incorrectly over-predict the 

base shear.  Nevertheless, the isolator displacements and drifts compare very well in the two 

analyses while the horizontal accelerations are somewhat over-predicted by SAP2000 due to (a) 

the vertical vibration effect, and (b) the structural damping specification and “leakage” of 

damping in the isolation system.  

Note that the parasitic response obtained in SAP2000 due the vertical oscillation of the isolators 

cannot be  corrected by increasing the vertical stiffness of the isolator as numerical instability 

occurs or incorrect behavior is calculated (for example, in this case multiple uplift episodes were 

incorrectly predicted when the vertical stiffness was increased).  Solution of this problem 

requires that the analyst utilizes artificial vertical linear viscous dampers in the isolation system 

at each isolator except those that may uplift so that the parasitic oscillations are controlled, 

numerical stability is restored and uplift is not suppressed. 

 

Figure 1-30: Comparison of base vertical force history calculated in programs 3pleANI and 
SAP2000 for isolated structure with combined horizontal/vertical ground acceleration 
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Figure 1-31: Comparison of response quantities calculated in programs 3pleANI and 
SAP2000 for isolated structure with combined horizontal/vertical ground acceleration 
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2 EXAMPLES OF DYNAMIC ANALYSIS OF A BRIDGE 

This section presents analysis and verification examples for a bridge analyzed in 3pleANI and in 

program SAP2000. Program 3pleANI allows the user to model the bridge piers using three 

different methods of increasing complexity as described below: 

a) Piers are modeled as springs-mass-damper systems connected between the ground and 

the bottom of isolators and with only horizontal degrees of freedom.  The pier top 

rotation is not accounted for in the isolator behavior. 

b) Piers are modeled as cantilever beams with the isolator P-Δ moment at the top of the pier 

included in the analysis.  Again, only horizontal degrees of freedom are considered.  The 

pier top rotation effects are not accounted for in the isolator behavior. 

c) Piers are modeled as cantilever beams with pier top rotational degree of freedom (the 

moment of inertia at the pier top is derived on the basis of consistent mass formulation 

and assuming uniform mass distribution for the pier).  The isolator P-Δ moment at the 

top of the pier is included in the analysis.  The pier top rotation effects are accounted for 

in the isolator behavior. 

Of the three options above available in 3pleANI, program SAP2000 can only be used for the first 

method. For the second method, SAP2000 is unable to calculate the P-Δ moment of the isolator 

for the general case of the TFP isolator modeled using the series model. An exception where 

SAP2000 can capture the P-Δ moment of the isolator was presented in Sarlis and Constantinou 

(2010) for the special case isolator ( 1 4  ) modeled using the parallel model. It was shown 

there that the isolator P-Δ effects can be either captured directly using direct integration 

(although this method presents implications related to modeling of damping; see Sarlis and 

Constantinou, 2010 for details) or indirectly by conducting an approximate P-Δ analysis using a 

two stage Fast Nonlinear Analysis. The third option is impossible to model in SAP2000 since the 

series and parallel model are artificial models and cannot capture the effect of the bottom 

concave plate rotation on the mechanics of the isolators. To capture these effects, the theory in 

Sarlis and Constantinou (2013) was implemented in program 3pleANI. 

The bridge used in this example is shown in Figure 2-1. It is based on the bridge presented in 

Constantinou et al. (2011) with some minor modifications. Half of the original bridge is 

analyzed.   The model consists of four isolators, two placed at the abutments and two on top of 

flexible piers. The load on each of the abutment isolators is 336.5kip and the load on each of the 
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pier isolators is 936.5kip. The properties of the isolators are shown in Table 2-1. Each pier has a 

height of 276in and weighs a total of 43.3kip.  The weight is uniformly distributed along its 

height. Also each pier has an additional concentrated weight on its top due to the weight of 

additional elements such as the beam bent cap. 

 

Figure 2-1: Bridge used for verification example 

Table 2-1: Properties of bridge TFP isolator  
Parameters Abutment Pier 

1 4R R  (inch) 88 88 

2 3R R  (inch) 16 16 

Displacement capacity on 
surfaces 1 and 4 (inch) 

1 4 14d ind    1 4 14d ind    

Displacement capacity on 
surfaces 2 and 3 (inch) 

2 3 2d ind    2 3 2d ind    

Friction surface 11 
1 =0.15 1 =0.08 

Friction surfaces 2 and 31 
2 3  =0.144 2 3  =0.05 

Friction surface 41 
4 =0.18 4 =0.11 

1 4h h  (inch) 
4 4 

2 3h h  (inch) 
3 3 

1.All friction values are per Fenz and Constantinou (2008a) and for high velocity conditions=fmax

2.1 Bridge with multiple piers 

Prior to presenting this example, it is noted that 3pleANI offers the capability to model a bridge 

deck on top of a single pier. This model is appropriate when the bridge is supported by many 

piers and isolators with the same properties. In Figure 2-1 the presence of the abutments and 

isolators with different properties requires a different model. Analysis has been performed for the 

single pier model with and without dampers and it was found that programs 3pleANI and 



33 
 

SAP2000 calculated essentially the same results.  These results are omitted for brevity and rather 

we concentrate on the more complex case of multiple piers. 

The interface of 3pleANI that was used for modeling the bridge in Figure 2-1 is shown in Figure 

2-2. Four isolators are specified in the Multiple Isolators option in order to implement the 

different friction properties and generate four piers. In order to model the abutments, high lateral 

stiffness was specified for piers 1 and 4. The total weight at the top of each pier (based on Figure 

2-1) is 0.5 0.157 276 46.8 68.5W x x kip   . Therefore 2 68.5 137W x kips kip  was specified in 

3pleANI as the total weight of the pier. The damping ratio of each pier was 5%. The isolators in 

SAP2000 were modeled using the series model and the calculation of properties follows a similar 

to the one procedure described in Section 1.5. Piers in SAP2000 were modeled as spring-mass-

damper link elements. Details are omitted here for brevity. Figure 2-3 compares results obtained 

from programs 3pleANI and SAP2000 when the bridge was subjected to the ground motion of 

Figure 1-3 scaled by factor 1.65. Results are nearly identical. 
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Figure 2-2: View of 3pleANI interface for analysis of bridge with multiple isolators/piers 
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Figure 2-3: Comparison of response history analysis results calculated in programs 
3pleANI and SAP2000 for bridge with multiple isolators/piers 
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2.2 Bridge with multiple piers and dampers 

The example of section 2.1 is reanalyzed but with the addition of a linear viscous damper with 

damping constant 2.9kipsec/in between each pier and the deck. The superstructure panel in 

3pleANI is shown in Figure 2-4. Figure 2-5 and Figure 2-6 present comparisons of results 

obtained from programs 3pleANI and SAP2000. Results are nearly identical. 

 

Figure 2-4: View of 3pleANI interface for analysis of bridge with multiple isolators/piers 
and dampers 

 

Figure 2-5: Comparison of response history analysis results calculated in programs 
3pleANI and SAP2000 for bridge with multiple isolators/piers and dampers 
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Figure 2-6: Comparison of additional response history analysis results calculated in 
programs 3pleANI and SAP2000 for bridge with triple isolators/piers and dampers 
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2.3 Bridge with advanced modeling 

In Sections 2.1 and 2.2, the bridge piers in 3pleANI were modeled as springs with only 

horizontal degrees of freedom. This did not account for the effect of the moment applied by the 

isolator on the top of pier and the effect of the pier rotation in the isolator behavior. This example 

will demonstrate how to account for these effects in 3pleANI by use of Advanced Modeling. 

Advanced Modeling is a unique feature of 3pleANI that does not exist in commercially 

available software. As a result, verification by comparison with results from SAP2000 is not 

possible. For this example, the results obtained in 3pleANI will be compared to the results of the 

analysis in Section 2.1 where these effects were not included. Two different cases will be 

considered: 

 Isolator P-Δ moment effects are included but the rotation of the pier is ignored. This case 

is denoted as 3pleANI-M. The superstructure panel and the advanced modeling dialogue 

box for this case is shown in Figure 2-7(a) 

 Isolator P-Δ moment effects and rotation of the pier effects are included. This case is 

denoted as 3pleANI-M&R. The superstructure panel and the advanced modeling dialogue 

box for this case is shown in Figure 2-7(b) 

In Figure 2-7(a) the value 136.72kip that was specified includes the pier weight and the 

additional mass at the top of the pier shown in Figure 2-1. The program will assign half of that 

weight at the top of the pier (for this analysis option, the pier rotation is condensed from the 

equations of motion and the pier mass matrix is 1x1). However, in Figure 2-7(b), the rotation of 

the pier is included as a degree of freedom. The mass matrix of the pier for translation and 

rotation is derived using the consistent mass matrix formulation. Therefore the specified weight 

of the pier must be derived entirely from the pier self-weight (from Figure 2-1 this is 

0.157 276 43.3x kip ). The program allows the user to specify additional concentrated weights at 

the top of the pier in the Advanced Modeling dialogue box. The concentrated weight of 46.8kip 

shown in Figure 2-1 is specified there. 
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         (a) Case 3pleANI-M       (b) Case 3pleANI-M&R 

Figure 2-7: View of advanced modeling dialogue box 

      (b) Zoomed view of abutment isolator                 (c) Zoomed view of pier isolator 

Figure 2-10 shows a snapshot of the deformed bridge and isolators. The bottom concave plate of 

the pier isolator is shown rotated however this rotation is small. 
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Figure 2-8: Comparison of force deformation loops calculated in program 3pleANI for 
bridge analyzed with three different methods 
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Figure 2-9: Comparison of additional response history quantities calculated in program 
3pleANI for bridge analyzed with three different methods 
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(a) View of deformed bride 

 

      (b) Zoomed view of abutment isolator                 (c) Zoomed view of pier isolator 

Figure 2-10: Deformed bridge and isolators from case M&R 

2.4 Extreme case of pier rotation 

In order to further demonstrate the analysis capabilities of 3pleANI, consider that the piers of the 

bridge in Figure 2-1 are much more flexible so that their lateral stiffness is 

33 40 /pk EI h kip in   and their height is h=120in. It is noted that in 3pleANI all terms of the 

pier stiffness matrix are calculated based on these two quantities-for example, the term 4EI h  is 

given by 24 3pk h . The results from 3pleANI are shown in Figure 2-12, whereas Figure 2-11 

shows a snapshot of the deformed bridge, abutment and pier isolators.  Evidently, there is 

significant rotation. The implications of the large pier top rotation are seen in the results of 

Figure 2-12 where pier rotation has significant effect on the response. 
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(a) View of deformed bride 

 

      (b) Zoomed view of abutment isolator                 (c) Zoomed view of pier isolator 

Figure 2-11: Deformed bridge and isolators for flexible pier case 
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Figure 2-12: Comparison of response history quantities calculated in program 3pleANI for 
bridge with properties of Section 2.1 (without rotation and moment effects) and Section 2.4 

(with rotation and moment effects) 
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