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Project Overview

Development of Next Generation Adaptive Seismic Protection Systems

Design of conventional structures specifi ed by the codes is based on the philosophy that the 
structure should withstand seismic loads while sustaining an acceptable level of damage. 
Structures are designed to prevent collapse but their serviceability and functionality in 
the aftermath of  strong earthquake ground motion are not taken into consideration. This 
is achieved by designing structures to be ductile and letting them yield when subjected to 
strong earthquake ground motions. Yielding leads to stiffness and strength degradation, 
increased interstory drifts, and damage with permanent drifts, which render the structure 
non-functional.

Alternatively, the yielding can be emulated in a structural system by adding an adaptive 
“negative stiffness device” (NSD) and shifting the yielding away from the main structural 
system, leading to the new idea of “apparent weakening” that occurs to ensure structural 
stability at all displacement amplitudes. This is achieved through an adaptive negative 
stiffness system, a combination of NSD and a fl uid damper. By engaging the NSD at an 
appropriate displacement (apparent yield displacement that is well below the actual yield 
displacement of the primary structural system), the composite structure-device assembly 
behaves like a yielding structure (while the primary structure remains mostly elastic). 
The concept and the NSD have been developed by the project team. The feasiblity of this 
new concept has been experimetally verifi ed at the University at Buffalo-NEES facility on 
different structures.

Structural weakening and the addition of damping is an approach previously proposed 
to reduce seismic forces and drifts in the retrofi t of structures. It is also used in the design 
of new buildings with damping systems.  While this approach is effi cient, it does not 
signifi cantly reduce and may even amplify inelastic excursions and permanent deforma-
tions of the structural system during a seismic event. A novel negative stiffness device 
(NSD) is developed in this project that can emulate weakening of the structural system 
without inelastic excursions and permanent deformations. The NSD produces yielding by 
engaging at a prescribed displacement and generating negative stiffness, thus reducing 
the stiffness of the combined primary structure and NSD system, and leading to a bilinear 
inelastic system. 

The new transformative ideas of “Negative Stiffness Device” and “apparent weakening” 
have been demonstrated in this project by means of experimental and analytical study. 
The new concept results in signifi cant damage and response reduction.  The system can 
be used in new buildings as well as for retrofi t situations. NSD is the fi rst practical nega-
tive stiffness device implementable in large structures; such a device did not exist prior to 
this project. The NSD is adaptive but passive, and exhibits true negative stiffness behavior 
by possessing predesigned variations of stiffness as a function of structural displacement 
amplitude. The NSD properties can be easily adapted by changing the lever arm to ac-
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commodate any change in the properties of the structure observed over time.  It is likely 
to impact the state of practice of supplemental devices in earthquake protection. Extensive 
analytical modeling has also been developed and validated using the shake table test 
results. The nonlinear analytical models have been incorporated into 3D-BASIS, IDARC 
and Opensees computer programs, thus enabling technology transfer. 

The concept of negative stiffness and apparent yielding/weakening has been experimen-
tally verifi ed in a three-story base-isolated structure and base isolated bridge with the 
NSD at the isolation level and also in a three-story fi xed-base steel structure (moment 
frame) with the NSD in the fi rst story. To accentuate the advantages of incorporating the 
NSD in structures, the responses of different systems including (1) base structure; (2) base 
structure with damper; (3) base structure with NSD; and (4) base structure with NSD and 
damper; are compared for a suite of ground motions. The behavior of all four systems are 
predicted analytically and the predicted results are in excellent agreement with the experi-
ments. Shake table tests confi rmed that by adding the NSD and damper, acceleration, base 
shear and deformations of the structure can be signifi cantly reduced. In bilinear inelastic 
structures, the addition of the NSD and damper will prevent collapse as well as reduce its 
response during severe earthquakes.

This report contains the following: (a) a description of the development and operation of the NSD, 
(b) analytical and computational tools that describe the behavior of the device, (c) experimental re-
sults that represent proof-of-concept for weakening with the use of the Negative Stiffness Device, (d) 
validation of the developed analytical models by comparison of analytical and experimental results, 
and (e) reports of design imperfections and proposed improvements in the design of the device.
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ABSTRACT 
Seismic forces and displacements in existing structures can be effectively reduced in an approach 
where the structure is intentionally weakened (stiffness and strength are reduced) and damping is 
added. However, the approach also results in inelastic excursions and permanent deformation of 
the structural system during a seismic event. A new concept previously proposed by the authors 
simulates weakening by incorporating a mechanical system that produces true negative stiffness 
in the structural system. In doing so, inelastic excursions and permanent deformations may be 
substantially reduced or eliminated.  

The Negative Stiffness Device (NSD) is a device that produces a force which is in the same 
direction as the imposed displacement thus the name “negative stiffness.” The NSD consists of 
(a) a highly compressed spring that produces the negative stiffness, (b) a magnification 
mechanism to magnify the negative stiffness, (c) a self-containment system so that the large 
forces needed for developing the negative stiffness are not resisted by the structure, and (d) a 
"gap spring assembly" (GSA) mechanism which delays the development of negative stiffness 
until the structural system undergoes a prescribed displacement. The prototype of the negative 
stiffness device was designed by researchers at the University at Buffalo (UB), Rice University 
and Taylor Devices Inc., built at Taylor Devices Inc., and was first tested on a shake table by 
researchers at UB and Rice University in a three story structural model isolated with elastomeric 
bearings.  

This report contains the following: (a) a description of the development and operation of the 
NSD, (b) analytical and computational tools that describe the behavior of the device, (c) 
experimental results that represent proof-of-concept for weakening with the use of the Negative 
Stiffness Device, (d) validation of the developed analytical models by comparison of analytical 
and experimental results, and (e) reports of design imperfections and proposed improvements in 
the design of the device. 
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SECTION 1                                                                        
INTRODUCTION 

 
Current practice for designing structures against seismic actions relies on reduced design strength 
with ductile behavior and allows the development of significant inelastic deformations in strong 
earthquakes so that reduction of inertia forces is achieved.  At best, this approach ensures life 
safety in the design earthquake event and collapse prevention in the maximum earthquake event. 
Large drifts, permanent deformations and loss of functionality of the structure are common 
observations of performance after strong seismic events. Reinhorn et al. (2005) and Viti et al. 
(2006) introduced the concept of weakening (reducing further the strength and implicitly 
stiffness) and introduction of supplemental viscous damping to simultaneously reduce structural 
accelerations and inter-story drifts in the retrofit of structures.   

Moreover, the approach described in ASCE 7, Chapter 18 (American, 2010) for the design of 
structures with damping systems is based on the concept of reduced strength and stiffness and 
addition of damping to achieve the same objective for new construction (Ramirez et al., 2001).  
Specifically, new buildings designed with viscous damping systems per minimum criteria of the 
ASCE 7 Standard, Chapter 18 have strength and stiffness approximately half of that of a 
comparable building without the damping system that also meets the drift criteria (Ramirez et al., 
2001).  However, the approach does not reduce inelastic action or improves the performance of 
the structural system unless enhanced viscous damping is used to achieve a higher performance 
level (Ramirez et al., 2001; Pavlou et al., 2006).   

An alternative approach is to “simulate yielding” by introducing true negative stiffness at 
predescribed displacements leading to the concept of “apparent weakening” (Nagarajaiah et al., 
2010 and Pasala et al., 2012). A true negative stiffness system develops forces that assist motion, 
not oppose it as it is in the case of a positive stiffness system.  

The development, construction, modeling and testing of a large scale, practical and passive 
device that generates true negative stiffness (termed Negative Stiffness Device or NSD) is 
presented in this report. Earlier atttempts to achieve “weakening” included active or semiactive 
hydraulic devices that effectively simulated the behavior of negative stiffness devices (Iemura et 
al., 2009). The NSD described in this report is capable of generating true negative stiffness and it 
does not need external power, sensors and controllers to generate the desired forces.  

In order to visualize the effect of adding true negative stiffness to a structure where viscous 
dampers and negative stiffness devices have been added, consider the force-displacement 
relations shown in Figure 1-1(a) (the dashed line is the force-displacement relation for the 
structure, the dotted line is the force-displacement relation for the viscous damper and the solid 
line is the force-displacement relation for the negative stiffness device). By adding the NSD to 
the structure, as schematically shown in Figure 1-1(b), the assembly stiffness reduces from the 
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value 𝐾௘ to 𝐾௔ = 𝐾௘ − 𝐾௡ for displacements beyond the limit 𝑢୷́. If, 𝐹ଶ and 𝑢ଶ are the maximum 
restoring force and maximum displacement of a perfectly-linear system (dashed line in Figure 
1-1(b)) then for the same excitation, the maximum restoring force and the maximum 
displacement of the assembly of the structure and NSD are 𝐹ଷ and 𝑢ଷ, respectively.  Stiffness 𝐾௡ 
is selected to achieve the desired reduction in base shear. Although a reduction in base shear is 
achieved, the maximum deformation of  the system may increase when compared to the system 
without the NSD.  Reduction of displacements to acceptable levels is achieved by adding passive 
damping devices in parallel to the NSD, as schematically shown in Figure 1-1(c). To 
demonstrate the concept, a linear viscous damper is used. The maximum displacement is 
reduced, resulting in 𝑢′ଷ < 𝑢ଶ.   

 
Figure 1-1: True negative stiffness concept (Pasala et al., 2012) 

The concept of negative stiffness was first introduced in the pioneering publication of 
Molyneaux (1957) in several proposals for vibration isolation systems.  This original idea 
recently became reality in the development of highly effective vibration  isolation systems (e.g., 
see US patent 6676101BB2; Platus, 2004).  Thus far the application of negative stiffness devices 
has been limited to vibration isolation of small, highly sensitive equipment and of seats in 
automobiles (Lee et al., 2007).  The reason that this technology has been restricted to small mass 
applications is due to the requirement for large forces in preloaded springs in order to develop 
the necessary negative stiffness.  These preload forces are typically of the order of the weight of 
the isolated structure.  The application of negative-stiffness concept to massive structures, like 
buildings and bridges, requires modification of the existing mechanisms to reduce the demand 
for preload force and to “package” the negative stiffness device in a system that does not impose 
any additional loads on the structure, other than those needed for achieving the goal of seismic 
protection. These requirements led to the development of a true negative system device with the 
following components and characteristics:  
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1) A highly compressed machined spring (CS) that develops a force in the direction of 
motion  (thus, negative stiffness).  The magnitude of the force reduces with increasing 
displacement so that stability of the system is ensured at large displacements. 

2) A double chevron self-containing system to resist the preload in the compressed spring 
and also to prevent the transfer of the vertical component of the preload to the structure. 

3) A double negative stiffness magnification mechanism that substantially reduces the 
requirement for preload so that a practical system is achieved. 

4) A system (called Gap Spring Assembly or GSA) that provides positive stiffness up to a 
predefined displacement such that the combined effective stiffness of NSD and GSA is 
almost zero until a predefined displacement is reached. The GSA is essential to simulate a 
bi-linear elastic behavior with an apparent-yield displacement which is smaller than the 
actual yield displacement of the structure. 

5) Viscous damping devices in parallel to the negative stiffness device in order to reduce 
displacement demands to within acceptable limits. 

 
Note that other negative stiffness concepts have also been developed and tested for structures, 
but they lack the important characteristics that can be achieved using the NSD described above.  
One example is the pseudo-negative stiffness system mentioned earlier (Iemura et al., 2009) 
which makes use of active or semiactive hydraulic devices to develop the negative stiffness.  
Another example is the one described by Iemura et al. (2008) in which a structure is placed on 
top of convex pendulum bearings. Negative stiffness is generated by the structural weight loads 
applied on the convex surface (as opposed to the behavior of Friction Pendulum bearings that 
utilize concave surfaces-see Fenz et al., 2008a,b-and in similarity to the behavior of the uplift-
restraining Friction Pendulum bearing-see Roussis et al., 2006)  while elestomeric bearings are 
placed in parallel to provide positive stiffness. The combined system has low effective stiffness 
that emulates  the behavior of single Friction Pendulum bearings.  Additionally the convex 
bearings  represent  an unstable system which constantly generates negative stiffness for all 
displacement amplitudes-an undesirable feature. 

This report describes the Negative Stiffness Device and its components, presents analytical and 
computational models of its behavior and presents component and shake table experimental 
results that validate the analytical and computational models.  

The experimental study presented in this report is the first of a series of experiments that 
demonstrate the utility of negative stiffness in various structural applications. This study focuses 
on the application to a seismically isolated building.  Future studies will include applications to 
non-isolated yielding structures and to bridges.  The isolated structure of the current study is the 
three-story structure supported by low damping elastomeric bearings shown in Figure 1-2.  It is a 
modification of the six-story structure which was extensively used in the past at the University at 
Buffalo (Reinhorn et al., 1989; Mokha et al., 1990; Wolff and Constantinou, 2004; Fenz and 
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Constantinou, 2008b). Two negative stiffness devices and two linear viscous dampers were 
installed between the shake table and the base of the isolated model.  

 
Figure 1-2: View of 3-story structure with NSD 

The structure was tested in shake table tests in a total of 8 different configurations. Two 
benchmark systems were considered: a) the structure isolated with elastomeric bearings, without 
NSD and without dampers (undamped benchmark system) and b) the structure similar to a) but 
for the addition of dampers (damped benchmark system). When the shake table testing results 
from the two benchmark systems are compared (damped and undamped), the damped case 
showed reductions by an average (for all ground motions tested) of 15% for base shear, 10% for 
inter-story drifts and 36% for base displacements however peak floor accelerations were 
increased by 6%. The NSD was added in each of the two benchmark systems using three 
different configurations. When the results from the NSD configuration that showed the largest 
response reduction (without dampers) is compared to the undamped benchmark system, 
reductions by an average (for all ground motions tested) of 52% for base shear, 41% for inter-
story drifts, 35% for peak floor accelerations and 2% increase for base displacements were 
observed. When the NSD configuration that showed the largest response reduction was added to 
the damped benchmark system and results are compared to the results of the damped benchmark 
system, the NSD reduced the response by an average of 43% for the base shear, 26% for drifts, 
3% for base displacement and 31% for peak floor accelerations. When the results of the same 
configuration are compared to the results of the undamped benchmark system, reductions by an 
average of (for all ground motions tested) 54% for the base shear, 36% for the inter-story drifts, 
27% for base displacements and 39% for peak floor accelerations were observed.  
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This report contains: 
• In Section 2, a qualitative description of operation of the NSD is presented. 
• In Section 3, analytical and computational models of the behavior of the NSD are 

presented. Also this section includes an analytical study that demonstrates the 
advantages of the NSD over other simpler systems.  

• In Section 4, a study is presented that identifies sources of potential sensitivities and 
deviations from ideal behavior of the NSD.  It is shown that these deviations typically 
have negligible effects. In the unlikely case that these sensitivities become important, 
modeling techniques are presented to include them in the NSD analysis. 

• In Section 5, a description of an experimental program is presented.  The experimental 
program includes displacement-controlled tests of individual NSD and shake table tests 
of a model structure equipped with NSD.  

• In Section 6, the results of experiments on individual NSD are presented. Also in Section 
6, the results of shake table experiments of the model structure with or without NSD, 
with or without viscous dampers and for different NSD configurations are presented. 

• In Section 7, results of selected shake table experiments are compared to analytical 
predictions in order to establish the validity and accuracy of the analytical prediction.  
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SECTION 2                                                                              
DESCRIPTION AND OPERATION OF NEGATIVE STIFFNESS DEVICE 

 

2.1 NSD Description and Operation 

The Negative Stiffness Device (NSD) is shown in the photograph of Figure 2-1 and 
schematically in Figure 2-3 (in un-deformed shape) and Figure 2-4 (in deformed shape). The 
negative stiffness device is a device that produces a force which is in the same direction as the 
imposed displacement thus the name “negative stiffness”. The device itself is inherently 
unstable. It can be installed in an isolated structure between the ground and the isolation level or 
in between the floors of any fixed and/ or isolated structure.  Its effect is to reduce the total force 
at its installation level. In effect this is equivalent to reduction of stiffness and strength, which 
results in reduction of acceleration and inertia forces.  

 
Figure 2-1: View of Negative Stiffness Device as installed on the 3-story isolated structure 

In order to ensure a considerable amount of positive stiffness for small displacements and satisfy 
serviceability requirements (e.g., wind loading), a, so called, Gap Spring Assembly mechanism 
(GSA) is included in the NSD.  The GSA is an assembly of springs (shown at the bottom of the 
NSD in Figure 2-1 and in a close view in Figure 2-2) that add stiffness to the negative stiffness 
device for displacements between zero and a predetermined limit.  The GSA exhibits a bilinear 
elastic behavior. In doing so, the combined system has zero or small negative or positive 
stiffness for displacements less than the predetermined limit.  For larger displacements, the 
system has the negative stiffness of the NSD. The NSD (see Figure 2-3) is composed of a pre-
compressed spring shown in the center of the device, the GSA at the bottom, the pivot plate, the 
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lever, the top and bottom chevron braces and the two double hinged columns.  When the device 
deforms as shown in Figure 2-4, the pre-compressed spring rotates and exerts a force in the 
direction of the displacement (introducing negative stiffness or “apparent weakened strength”). 
For small values of displacement, the GSA counteracts the NSD function so that the device 
provides zero or some small negative or positive stiffness until a predetermined value of 
displacement.  The force in the pre-compressed spring reduces as displacement increases so that 
the negative stiffness value reduces with increasing displacement.  At some large value of 
displacement, the NSD provides positive stiffness (stiffening) which is a desirable feature for 
limiting displacement demands in large earthquakes.  

 
Figure 2-2: Gap Spring Assembly Mechanism 

 
Figure 2-3: Terminology used for the elements of the Negative Stiffness Device 
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Figure 2-4: NSD at its deformed configuration 

The NSD behavior is determined by the motion of the pivot plate and pre-loaded spring (thus, 
the motion of points A, B, C, D, E) and by the spring properties of  initial length DE, pre-load 

inP  and stiffness sK .  Consider the motion of the top of the NSD by displacement u towards the 
right as shown in Figure 2-4.   The lever imposes a displacement on the top of the pivot plate 
(point B) making the pivot plate to rotate about point C.  Due to the axial rigidity of the lever and 
its negligible rigid body rotation, the imposed displacement and the displacement of Point B are 
essentially equal. Since the pivot plate rotates about C, point D moves in the opposite direction 
from the imposed displacement. It should be noted that the bottom pin of the pre-compressed 
spring (point E) is rigidly connected to the top of the device via the top chevron brace and 
therefore has a displacement equal to the one imposed on the top. The kinematics of the spring’s 
top and bottom pins cause the pre-compressed spring to rotate. Since the spring is pre-
compressed and rotated in the direction opposite to the imposed displacement, it facilitates the 
motion rather than opposing it.  This gives rise to negative stiffness.  

It can be seen from Figure 2-4 that the spring exhibits its minimum length when the device is un-
deformed. As the device deforms, the spring extends so that its force reduces. Moreover, as the 
device deforms, due to the increase of the spring inclination angle, the horizontal component of 
the force generated by the device reduces. The combination of these two events leads to a 
gradual reduction of the negative stiffness generated by the device which eventually leads to 
positive stiffness. This occurs at larger displacements and it is termed stiffening throughout this 
report. The behavior of the device without and with the GSA is qualitatively depicted in the 
graphs of Figure 2-5. 
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(a) NSD force displacement relation (without GSA) 

 
(b) GSA force displacement relation 

 
(c) Combined force displacement relation of NSD with GSA  

Figure 2-5: Qualitative force-displacement relations of NSD 

us
Stiffening 

Displacement

Negative 
Stiffness 
Region

Positive 
Stiffness 
Region

Pre-loaded 
spring  into     

compression 

Pre-loaded 
Spring into 

Tension

Kn,u=0
Stiffness at 

zero 
displacement N

SD
 F

or
ce

 W
ith

ou
t G

ap
 

Sp
ri

ng
 A

ss
em

bl
y 

M
ec

ha
ni

sm
 

Displacement 

kg2 << ks1

u'y:
GSA 

softening 
displacement/ 

NSD 
engagement 
displacement 

ks1=Kn,u=0

Fo
rc

e 
of

 G
ap

 S
pr

in
g 

A
ss

em
bl

y 
M

ec
ha

ni
sm

 

Displacement 

u'y
NSD 

engagement 
displacement 

us
Stiffening 

Displacement

N
SD

 F
or

ce
 

Displacement 



11 
 

The NSD without the GSA force-displacement relation is elastic nonlinear and it is characterized 
by the initial negative stiffness, the maximum force and the stiffening displacement limit shown 
in Figure 2-5(a). The negative stiffness generated at zero displacement is the maximum stiffness 
that can be generated by the NSD. The stiffening displacement is the displacement at which the 
stiffness becomes zero and thereafter the stiffness is positive. At some large displacement, the 
NSD output force becomes zero and tension initiates in the spring of the NSD. 
Point E has the same displacement as the one imposed on the device so that the GSA deforms by 
the same amount and exerts a force on the NSD that depends on the displacement imposed. The 
GSA has a bilinear elastic force-displacement relation as shown in Figure 2-5(b).  

Figure 2-5(c) shows the NSD plus GSA force-displacement relation. For displacements less than 
yu′  the NSD is essentially inactive.    

2.2 Gap Spring Assembly Description and Operation 

A schematic of the GSA is shown in Figure 2-6 and a photograph is shown in Figure 2-7. 

 
Figure 2-6: Detailed view of Gap Spring Assembly 

Two GSA are located at the bottom of the NSD, each operating in compression. A GSA is 
connected on one side to the bottom of the NSD (through the end plate as shown in Figure 2-6). 
The other side of the GSA bears against the head of the top chevron brace of the NSD (point E in 
Figure 2-3) so that it can only transfer compressive forces. Accordingly, each of the two GSA 
devices operates in one direction but together they provide forces in both directions.  
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Figure 2-7: Photograph of un-deformed GSA installed at the NSD 

The GSA is comprised of two springs, two spring housing plates, the end plate and an adjustment 
rod with three nuts. There is a gap between the end plate and housing plate 1. Spring S2 is pre-
compressed (by a force Pis2 quantified in Section 3.3) and held in place by the rod and the two 
nuts in contact with the two housing plates.  

Consider that an external load is applied to the un-deformed GSA of Figure 2-6 acting from right 
to left on housing plate 2. The assembly of the two housing plates and the pre-compressed spring 
S2 move as a rigid body compressing spring S1. The assembly exhibits the stiffness of spring S1, 
which is high.  This operation continues for displacements less than the limit '

yu -see Figure 

2-5(b). As the external force increases, the displacement eventually becomes equal to the limit 
'
yu and the housing plate 2 moves with respect to the rod resulting in compression of spring S2.  

The combined system of springs S1 and S2 in series (the latter of low stiffness) has very low 
stiffness. Displacement '

yu depends entirely on the properties of the two springs. The gap opening 

gapd  must be larger than '
yu   for proper operation of the assembly.   

The NSD has been tested with and without the GSA.  These two NSD configurations are shown 
in Figure 2-8(a) and Figure 2-8(b) together with idealized force-displacement relations for the 
two configurations. An NSD without the GSA is only a special case of the case with GSA (when 
the engagement displacement of the latter is almost zero).  
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a) NSD without the Gap Spring Assembly and idealized force-displacement relation 

    
b) NSD with Gap Spring Assembly and idealized force-displacement relation 

Figure 2-8: Views of NSD and idealized force-displacement relations with and without the 
gap spring assembly 
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SECTION 3                                                                   
BASIC FORCE-DISPLACEMENT RELATIONS OF NEGATIVE 

STIFFNESS DEVICE 

3.1 Introduction  

In this section basic force-displacement relations for the negative stiffness device are derived. 
These equations of the device are valid for certain conditions or assumptions so that the resulting 
algebraic equations are simple enough for use in analysis and design. The following assumptions 
are made: 

• Frame members are rigid   
• All elements are mass-less  
• Hysteresis in the joints of the device is negligible 

The effect of these assumptions is investigated later in Section 4 where complex models of 
behavior of the device are developed and compared to the simpler model of this section. In 
general, the basic model of this section is sufficient for most practical purposes.  

3.2 Analysis of Negative Stiffness Device  

Analysis of the NSD requires consideration of kinematics and equilibrium of forces in the 
deformed configuration. Consider that the device is installed in a structure and its top is subject 
to a known lateral displacement u as shown in Figure 2-4. The following is a derivation of the 
force produced by the device in the direction of the imposed displacement.  

Consider the free body diagram of the pivot plate shown in Figure 3-1. The forces acting on the 
pivot plate (FB, FC and Fs) are shown. The figure also shows the GSA force Fg which does not 
act on the pivot plate. The free body diagram of the bottom chevron is given in Figure 3-2. 
Additional information on the NSD deformed shape is provided in Figure 2-4. 
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Figure 3-1: Forces acting on pivot plate 

 
Figure 3-2: Free body diagram of bottom chevron  

In addition to the main assumptions listed above, the following assumptions are made: 

• The lever is assumed to have zero rotation and, therefore, the lever force acts in the 
horizontal direction. This assumption also leads to points B and A having the same 
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displacement. In reality, the lever rotates; the rotation being very small when the lever is 
long.    

• The height loss of the device due to its inverted pendulum motion is ignored. This height 
loss, however small, results in small vertical displacement of point E, additional small 
lever rotation and some small loss in the spring pre-load.  

When a displacement u is imposed on the top of the device, the lever causes the pivot plate to 
rotate and point B moves horizontally by the same amount as the imposed displacement. 
Moreover, point E, which is rigidly connected to the top channel through the top chevron, 
undergoes the imposed displacement u. Point D moves horizontally in the direction opposing u. 
These three conditions are written: 
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where 2l  is the distance from point C to point B and 1l  is the distance from point C to point D in 
Figure 3-1.  

Points B and D move down and up, respectively, by: 
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The vertical distance between points E and D is: 
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where lp is the length of the pre-compressed spring in the un-deformed configuration (the 
installed length shown in Figure 2-3).  

The spring length in the deformed configuration is obtained by using Equations(3-1), (3-2) and 
(3-3): 
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Taking moments about point C of the pivot plate in Figure 3-1, one can calculate the force at B 
(this is the axial force in the lever): 

 
2

1
12 2

2 22

cos sin 1s
B s s s

F l uF u F l
l ll u

θ θ
⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥⎜ ⎟= + −⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟− ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

 (3-5) 

where θs is the inclination angle of the spring and sF  is the force of the pre-compressed spring.  
This force varies with displacement and is given by: 

 ( )s in s s pF P K l l= − −  (3-6) 

where inP is the pre-compression force of the spring (a positive value) and sK is the stiffness of the 
pre-compressed spring. Note that the force in the spring maximizes when the lateral 
displacement is zero. 

The sine and cosine of the spring inclination angle are given by: 

 

1

2

2
2 1

1 1
2

sin 1

1cos

s
s

s p
s

lu
l l

ll l l u
l l

θ

θ

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
⎛ ⎞⎛ ⎞⎜ ⎟= + − − ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 (3-7) 

The total force produced by the device, exclusive of the GSA force, is the force acting on point C 
plus the horizontal component of forces in the double hinged columns. From vertical equilibrium 
in Figure 3-2, the vertical component of the axial load in the double hinged columns is equal to 
the vertical component of the spring force. The horizontal component of the axial load in the 
double hinged columns is given by: 

 1 1cos tan cos
2 2Lx s s s s

uF F F
h

θ θ θ= ≈  (3-8) 

where θ is the inclination angle of the double hinged columns as shown in Figure 3-2 and Figure 
2-4. This angle is assumed to be small (so that sinθ θ≈ ) when height h (height of the double 
hinged columns in Figure 2-3) is properly selected. From the free body diagram of Figure 3-2, 
the total force exerted by the NSD, inclusive of the GSA force, is given by: 

 2NSD C Lx gF F F F= − − +   (3-9) 

where Fg is the GSA force and FC is the horizontal force at point C as calculated from horizontal 
equilibrium of the pivot plate and given by: 
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 sinC B s sF F F θ= +  (3-10) 

Substitutions of Equations (3-5) to (3-8) and (3-10) into (3-9) and after some algebra yields the 
total NSD force as: 

 
( ) 2 2

1 1 1 2 21 2
2 2

2 12

2in s p p p
NSD s g

s

P K l l l h l l l l l ul lF K u F
l l l hl u

⎛ ⎞+ + + + − −⎛ ⎞⎛ ⎞⎜ ⎟= − − + + +⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠ ⎝ ⎠
 (3-11) 

The effective stiffness of the NSD, exclusive of the GSA effects, can be obtained by dividing  
force NSDF  by the displacement u and letting Fg=0. 
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 (3-12) 

The force-displacement of the gap spring assembly (GSA) is derived in Section 3.3. In its 
simplest form (elastic bilinear relation) it is given for a desired apparent yield displacement yu ′  

by: 
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g s s
s y y y

s s

is s y

k u u u
F k kk u u u u u

k k
P k u

′≤ ≤⎧ ⎫
⎪ ⎪= ⎨ ⎬′ ′ ′+ − >⎪ ⎪+⎩ ⎭

′=

 (3-13) 

where 1sk is the stiffness of the inner spring S1 in Figure 2-2 and Figure 2-6, 2sk  is the stiffness 
of the outer spring S2 in Figure 2-2 and Figure 2-6, yu ′  is the displacement at which the assembly 

exhibits change in stiffness and 2isP  is the pre-load in spring S2 of the GSA.  

As an example, Table 3-1 presents the nominal properties of the NSD used in the experiments of 
this report. Using these properties, calculations were performed and results are presented as 
follows: Figure 3-3 shows: a) the GSA force-displacement relation based on Equation (3-13), b) 
the NSD force-displacement relation without the GSA based on Equation (3-11) with  Fg=0 and 
c) the NSD force-displacement relation with the GSA based on Equations (3-11) and (3-13).  
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Table 3-1: Nominal NSD properties used in the experimental study 
Quantity Symbol Value Units 
Length BC of pivot plate l1 25.4 cm 
Length CD of pivot plate l2 12.7 cm 

NSD spring length lp 76.2 cm 
NSD spring stiffness Ks 1.4 kN/cm 
NSD spring preload Pin 16.5 kN 

Double hinged column height h 124.5 cm 
Lever length llv 67.3 cm 

NSD engagement displacement yu′   1.65 cm 
GSA spring S1 stiffness ks1 4.9 kN/cm 
GSA spring S2 stiffness ks2 0.3 kN/cm 
GSA spring S2 preload Pis2 8.1 kN 

 

 
Figure 3-3: Force-displacement relations of GSA and of NSD with and without the GSA for 

the properties of Table 3-1 

Figure 3-4 presents graphs of the effective stiffness versus lateral displacement of a) the GSA 
based on Equation (3-13) divided by displacement (i.e., Fg/u), b) the NSD without the GSA 
based on Equation (3-12) and c)  the NSD with the GSA obtained by adding the results of a) and 
b).  
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Figure 3-4: Effective stiffness as function of displacement for GSA and NSD with and 

without the GSA for the properties of Table 3-1 

The instantaneous stiffness of the NSD is the slope of the force-displacement curve and is 
derived as the derivative of the NSD force with respect to the displacement. The stiffening 
displacement (NSD stiffness becomes zero) can be calculated by setting this derivative to zero, 
however the resulting equation cannot be solved explicitly for the stiffening displacement and a 
numerical procedure needs to be employed. Equation (3-14) presents expressions and Figure 3-5 
presents graphs of the instantaneous stiffness of a) the GSA ( gdF du ) and b) the NSD with and 

without the effect of GSA for the device of the properties in Table 3-1.   
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Figure 3-5: Instantaneous stiffness as function of displacement for GSA and for NSD with 

and without the GSA for the properties of Table 3-1 

Equation (3-11) for the NSD force includes the contribution of the horizontal component of the 
axial force in the double hinged columns, which typically is very small.  When this contribution 
is ignored, Equation (3-11) simplifies into: 

 11 2
2 2

2 1 2

2in s p p
NSD s g

s

P K l l ll lF K u F
l l l l u
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 (3-15) 

Note that the GSA force gF  is given by Equation (3-13). Comparison of the force-displacement 

of the NSD without the GSA (Fg=0) and with due consideration of the NSD double-hinged  
column load effect (Equation (3-11)) or without due consideration of the column load effect 
(Equation (3-15)) is presented in Figure 3-7 for the parameters of Table 3-1. The comparison 
demonstrates that ignoring the NSD column axial load effects is sufficiently accurate for 
practical purposes. 

 
Figure 3-6: Effect of the double hinged column axial load on the NSD force-displacement 

relation without the GSA and for the properties of Table 3-1 
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An important property of the NSD is the magnification of the negative stiffness. Equation (3-11) 
or the simpler Equation (3-15) reveals the two mechanisms by which this magnification is 
achieved: (a) the lever ratio 1 2l l and (b) a factor that results from the use of the double inverted 
chevron brace system and the way the components of the device connect to the braces.  

In order to better understand the significance of stiffness magnification in the NSD, consider a 
simplified negative stiffness device that only consists of a pre-compressed spring without the 
magnification mechanisms and the GSA, as shown in Figure 3-7. This basically is the original 
idea for the vibration isolation systems of Molyneaux (1957) but with the addition of the double 
hinged columns so that the system is in self-equilibrium in the vertical direction. Once the top of 
the system in Figure 3-7 displaces by u, the spring exerts a horizontal force component in the 
direction of displacement, thus generating negative stiffness. If the height loss due to the 
pendulum motion of the assembly is neglected, the horizontal force-displacement relation of this 
system is given by: 
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P K l h l
F K u

hl u

⎛ ⎞+ −⎛ ⎞⎜ ⎟= − − ⎜ ⎟⎜ ⎟+ ⎝ ⎠⎝ ⎠
  (3-16) 

 
Figure 3-7: Simple negative stiffness device without magnification 

A comparison of the force-displacement relation generated by Equations (3-15) and (3-16) is 
shown in Figure 3-8(a) and (b). The NSD force is normalized by the spring preload, the length of 
the spring in the un-deformed position lp varies in the range 12.7 to 76.4cm (5 to 30inch) and 
other parameters for the NSD with magnification are as in Table 3-1. The efficiency of the NSD 
with magnification is apparent. To better illustrate the magnification, the stiffness magnification 
factor (SMF) at zero displacement is defined as the force given by Equation (3-15) for 0gF =  

divided by the force given by Equation (3-16), in the limit 0u = . The result is: 
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 (3-17)  

Figure 3-8(c) presents values of the stiffness magnification factor for various values of the lever 
ratio 1 2( / )l l by varying the value of length l1 while all other parameters are as presented in Table 
3-1. Evidently there is significant magnification of stiffness even when the lever ratio is less than 
unity. Also, the SMF increases with increasing spring length. Note that the tested device has 

1 2/ 2l l =  resulting in a value of SMF at zero displacement equal to 48. This significant 
magnification has a desired major consequence: a proportional reduction in the requirement for 
NSD spring preload.  

             
(a) Device without Magnification    (b) Device with Magnification      (c) Stiffness Magnification 
Figure 3-8:  Comparison of normalized force-displacement relations of NSD and negative 

stiffness magnification factor 

The tested prototype of NSD had a provision for adjustment of length l2 so that the magnification 
factor could be modified by approximately ±3cm. This was achieved by connecting the pivot 
plate and the lever with a bolt through a slotted hole as shown in Figure 3-9.   



25 
 

 
Figure 3-9: Adjustable lever arm connection used for negative stiffness magnification 

Figure 3-10 shows the force-displacement relation of the NSD without the GSA as predicted by 
Equation (3-11) with Fg=0 and for the properties of Table 3-1 when length l2 is varied from the 
actual value of 12.7cm (5inch) by ±3.2cm (1.25inch). It may be observed in Figure 3-10 that 
reduction of the lever length (increase in lever ratio 1 2/l l ) results in magnification of negative 
stiffness but also more rapid loss of negative stiffness with increasing displacement.    

 
Figure 3-10: Force-displacement relations of NSD without GSA for various values of length 

l2 
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3.3 Basic Force-Displacement Relations for Gap Spring Assembly 

This section presents the derivation of Equation (3-13) used in the NSD force-displacement 
relation. The principle of operation of the GSA (gap spring assembly) is shown in Figure 3-11.  
The GSA works only in compression and therefore two GSA are needed for each NSD. 

 
Figure 3-11: Free body diagrams of housing plates of gap spring assembly at three 

deformed stages 

Consider the GSA as shown in Figure 3-11(a) in the un-deformed configuration.  Note that dgap is 
the gap between housing plate 1 and the reaction plate of spring S1 in the un-deformed 
configuration (the value of dgap should be large enough so that the gap does not close during the 
operation of the assembly). Spring S2 of stiffness ks2 is pre-compressed by an initial force Pis2 
(positive) and held in place by nuts N1 and N2 attached to a rod passing through housing plates 1 
and 2. Spring S1 of stiffness ks1 is initially unstressed.  

Consider that an external force Fg is applied to the GSA as shown in Figure 3-11(b) resulting in 
displacement u of the assembly.  This displacement is equal to the displacement of housing plate 
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2. Moreover, uh is the displacement of housing plate 1, Fs1 is the force of spring S1, Fs2 is the 
force of spring S2, Fr is the force in the rod connecting housing plates 1 and 2 (note that the force 
in the rod between housing plate 1 and the reaction plate of spring S1 is zero as the rod is freely 
allowed to move through the reaction plate) and kr is the stiffness of the rod. Note that the value 
of kr is orders of magnitude larger than the stiffness of springs S1 and S2 so that its exact value is 
not important for calculating the GSA force. Also, the stiffness of spring S1 is much larger than 
the stiffness of spring S2-typically 10 to 100 times larger.  

Once installed spring S2 is held in place by nuts N1 and N2 of the rod passing through the 
housing plates. Under the action of preload, the rod deforms and the spring pre-load is slightly 
reduced. Although the loss in preload is very small and the preload value effectively still is Pis2, 
the initial rod deformation given by 2in is ru P k= is important in the behavior of the assembly. 
From the free body diagrams of housing plates 1 and 2 of Figure 3-11(b) and (c), the spring and 
rod forces can be expressed as: 

 1 1s s hF k u=  (3-18) 

 ( )2 2 2s is s hF P k u u= + −  (3-19) 
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The two parts of Equation (3-20) correspond to two stages of operation of the gap spring 
assembly depicted in Figure 3-11(b) when 0rF ≠  and Figure 3-11(c) when 0rF = . The first stage 
is defined when the force of the rod is nonzero and therefore nuts N1 and N2 are still in contact 
with housing plates 1 and 2. The second stage initiates when the nuts separate from housing 
plates 1 and 2 and the force of the rod becomes zero. From the free body diagrams of Figure 
3-11, equilibrium of housing plates 1 and 2 requires that: 

 2 0g r sF F F+ − =  (3-21) 

 1 2 0s r sF F F+ − =  (3-22) 

Solution of Equations (3-18) to (3-22) results in the force-displacement relation of the gap spring 
assembly for the first stage: 
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Equation (3-23) shows that the total displacement of the assembly is effectively (due to the very 
large value of stiffness rk by comparison to 1sk  and 2sk ) equal to the deformation of spring S1-
therefore, spring S2 moves almost as a rigid body. This is also evident in Equation (3-24) where 
the stiffness of the assembly depends almost entirely on the stiffness of spring S1.  

The second stage of operation of the GSA (shown in Figure 3-11(c)) initiates when the rod and 
nuts N1 and N2 separate from housing plates 1 and 2. The displacement and force at which this 
occurs can be calculated using Equations (3-18) to (3-22) by setting 0rF =  and yu u′= .  The 

result is: 
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 (3-25) 

Solution of Equations (3-18) to (3-22) for 0rF =  results in the force-displacement relation of the 
GSA during the stage when yu u ′> .  The displacement of housing plate 1 is given by: 
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 (3-26) 

The force-displacement relation is given by: 

 1 1 2
2

1 2 1 2

s s s
g is

s s s s

k k kF P u
k k k k

= +
+ +

 (3-27) 

Equations (3-27) and (3-24) can be cast into the form of Equation (3-13) that was used in the 
NSD force-displacement derivation.   

A typical design of the GSA would call for the stiffness of the GSA for displacement less than 
yu ′  (equal to the force given by Equation (3-24) divided by displacement u) to be equal to the 

negative stiffness generated by the NSD without the GSA (equal to the force given by Equation 
(3-11) for Fg=0 divided by u at the limit 0u = ). This yields the following expression for the 
required stiffness of spring S1:  
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l l h lP l lk
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 (3-28) 

The pre-load of spring S2 is then calculated using the stiffness of spring S1 above and the 
apparent yield displacement yu′  as 2 1is s yP k u′= . In doing so, the stiffness of the NSD (with the 

GSA) is zero at zero displacement and remains nearly so until displacement yu′  is reached.  
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Proper design of the GSA requires that the physical gap opening dgap in Figure 3-11 remains 
open for all displacements of the NSD. Implications in the GSA behavior arise when the physical 
gap is closed at a displacement hu u≈  equal to or less than the displacement limit yu′ . A detailed 

investigation of this case is presented later in Section 4.6. If, however, the physical gap closes at 
a displacement larger than the limit yu′ , the GSA force-displacement relation is minimally 

affected with some minor increase in stiffness. This is due to the fact that when this phenomenon 
occurs, spring S1 stops deforming and only spring S2 is active.  

Therefore for proper behavior, and based on Equation (3-26), dgap should be selected such that: 

 2 2 max

1 2

is s
gap

s s

P k ud
k k
+>
+

 (3-29) 

In Equation (3-29), umax is the maximum NSD expected displacement. 

3.4 Modeling of Negative Stiffness Device in General Purpose Analysis Programs  

The NSD can be modeled in general purpose dynamic analysis programs by (a) direct modeling 
of the geometry of the device and its components and performing large displacement analysis, or 
(b) activating user-defined elements that emulate the force-displacement relations described by 
Equations (3-11) and (3-13) without the need for large displacement analysis. The former 
approach is described in Section 4.7 herein. The latter and simpler approach is described in this 
section and implemented in program SAP2000 (Computers and Structures Inc., 2007).   

Program SAP2000 contains the “nonlinear elastic link” element that can replicate any random 
elastic behavior as shown in Figure 3-12.  The element requires data on force and displacement 
without any restriction other than the behavior has to be elastic.   

 
Figure 3-12: Force-displacement loops that can be produced using the nonlinear elastic 

element in program SAP2000 
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The NSD model in program SAP2000 requires the use of two elements sharing two nodes in a 
parallel arrangement as shown in Figure 3-13. These elements are:  

• A nonlinear elastic element ML1 representing the NSD without the GSA and having a 
force-displacement relation given by Equation (3-11) with Fg=0. 

• A nonlinear elastic element ML2 representing the GSA and having a force-displacement 
relation given by Equation (3-13).  

The use of two elements is not necessary (the NSD with GSA is completely described by 
Equation (3-11)) but is convenient for performing studies with and without the effect of the 
GSA. 

The two elements, ML1 and ML2, overlap and share the same joints on top (J1) and bottom (J2) 
in order to avoid any additional moments that might be introduced if they were to be placed 
apart. Table 3-2 summarizes some secondary properties that need to be used in SAP2000. 

 

Figure 3-13: SAP2000 NSD element with and without GSA 

Table 3-2: SAP2000 NSD element parameters 

 ML1 ML2 
Non-Linear (U2) Equation (3-11) Equation (3-13) 
Rotational Stiffness(R1,R2,R3) 0 0 
Effective Stiffness 0 0 
Vertical Stiffness (U1) 0 0 

 

The model has been implemented in SAP2000 for the parameters of Table 3-1 and subjected to a 
known displacement history at joint J1. Results are compared with the results of Equations 
(3-11) and (3-13) in Figure 3-14. The results produced by SAP2000 are identical to the analytical 
results.  
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Figure 3-14: Comparison of results of program SAP2000 to analytical results for NSD with 

properties of Table 3-1 

3.5 Considerations in the Implementation of NSD in Structures 

Negative stiffness devices are inherently unstable systems.  When added to a structure it is 
apparent that the total stiffness in each principal direction (contributed by the structure and the 
NSD) must be positive and sufficiently large to avoid serviceability problems.  Moreover, the 
placement of the NSD must be such that the structure is torsionally stable.  It is intuitively 
obvious that when positive stiffness elements are added to a structure, the torsional stiffness is 
increased by placing these elements far away from the center of rotation.  The opposite is true for 
negative stiffness elements. Placing NSD far away from the center of rotation reduces the 
torsional stiffness.   

Consider the plan view of a floor or base of a structure shown in Figure 3-15. Elements with 
instantaneous stiffness Kp denote elements with positive stiffness.  These elements may be 
elastomeric bearings or columns with linear or non-linear behavior. Typically these elements 
provide stiffness in both principal directions. Elements with instantaneous stiffness Kn denote 
elements with negative stiffness.  Their force-displacement relation may be linear or non-linear. 
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Figure 3-15: Plan view of a structure with positive and negative stiffness elements 

In order for the structure to be stable, the following conditions must apply at every time instant: 
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SECTION 4                                                                   
ADVANCED FORCE-DISPLACEMENT RELATIONS OF NEGATIVE 

STIFFNESS DEVICE 

4.1 Introduction 

In this section the assumptions of Section 3 are relaxed to arrive at advanced force-displacement 
relations for the NSD. The resulting relations are too complex for use in design.  However, these 
advanced relations are used to demonstrate that the simpler force-displacement relations 
presented in Section 3 are sufficiently accurate for design and analysis purposes.  

Models of behavior of the NSD with due consideration for the following effects are 
independently developed and studied: 

1. Large deformations.  The formulations account for NSD height loss, lever rotation and 
double-hinged column rotation. 

2. Inertia effects. Mass and moment of inertia of the NSD components are considered.  
Also, P-Δ effects resulting from the weight of the device are accounted for. 

3. Hysteresis of the device.  Friction in the joints is considered. 
4. Flexibility in the elements of the device. Flexibility of the top and bottom beams 

connecting the device to the structure and ground is considered. 

4.2 NSD Relations Considering Large Deformation Effects 

The assumptions made in Section 3.2 are relaxed and the force-displacement relations of the 
NSD are re-derived by accounting for the lever rotation, NSD height loss of the device and 
double-hinged column rotation. Figure 4-1 shows the deformed shape of the device, Figure 4-2 
shows the free body diagram of the pivot plate and Figure 4-3 shows the free body diagram of 
the bottom chevron, all with consideration of large deformation effects. Note that on lateral 
displacement of the NSD, the lever rotates so that the displacements of points A and B are not 
equal. Specifically, BEA uuuu ≠== . The displacement of point D is now related to the 
displacement of point B rather than to point A. 
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Figure 4-1: Deformed NSD when considering large deformation effects 

 
Figure 4-2: Free body diagram of pivot plate 

 
Figure 4-3: Free body diagram of bottom chevron 
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The height loss of the device is: 

 2 2h h h uΔ = − −  (4-1) 

Note that h  is the distance between the top and bottom pins of the double-hinged column.  

In order to derive the relation between the displacements of points A and B, consider a reference 
coordinate system centered at point C. Point B moves around a circle which is centered at C and 
has radius l2. Point B follows a trajectory that lies always on the circle R1 shown in Figure 4-1. 
The equation describing R1 is given by: 

 2 2 2
1 1 2x y l+ =  (4-2) 

Moreover, point B moves in a circle centered at A with radius llv (R2 in Figure 4-1). Due to the 
imposed displacement u and the height loss of the device, the center of this circle (point A) 
moves resulting in the following expression to describe circle R2: 

 ( ) ( )2 2 2
2 2 2lv lvx l u y l h l− − + − +Δ =  (4-3) 

where llv is the length of the lever from pin A to pin B. 

In order to find the relation between the horizontal displacements of point A and B, the 
intersection point of the two circles needs to be determined.  This point satisfies Equations (4-2) 
and (4-3)  with 1 2 0y y= > . Note that the coordinates are positive since point B cannot move 
below point C.  These conditions are given by: 
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 (4-4) 

Use of Equations (4-2), (4-3) and (4-4) results in:  
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 ( )2
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The horizontal displacement of point D is related to the displacement of point B by: 
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The angle of rotation of the lever lvθ can then be calculated from any of the following two 
equations: 
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 (4-8) 

The height loss of the device affects the length of the spring.  This length is given by: 
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1s p B B
ll l l l u l h u u
l

⎛ ⎞⎛ ⎞= + − − +Δ + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 (4-9) 

The sine and cosine of the spring angle sθ (see Figure 4-1) are then given by:  
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 (4-10) 

Employing moment equilibrium of the pivot plate in Figure 4-2, the axial force in the lever is: 
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θ θ
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 (4-11) 

where Fs is given by Equation (3-6).  

Using vertical force equilibrium of the pivot plate in Figure 4-2, the vertical force at point C is 
determined to be Cy sy byF F F= − .  The axial load in each double hinged column is then determined 

from the free body diagram of Figure 4-3: 

 cos sin
2cos

s s b llev
L

F FF θ θ
θ

−=  (4-12) 

where θ is the inclination angle of the double hinged columns as shown in Figure 4-3.  This 
angle is given by: 

 ( )arcsin u hθ =  (4-13) 
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The horizontal force at point C is determined from horizontal equilibrium of the pivot plate as 
cos sinC b lv s sF F Fθ θ= + and the total NSD force is then determined as 

2 sinLR
NSD C L gF F F Fθ= − − + to yield the final expression for the NSD force: 

 ( ) ( )cos sin tan sin cos tanLR
NSD b lv lv s s s gF F F Fθ θ θ θ θ θ= − − − + +  (4-14) 

A comparison of the NSD force-displacement relation of the device with the properties of Table 
3-1 with due (Equation (4-14)) and without due (Equation(3-11)) consideration of large 
deformation effects is presented in Figure 4-4 for the case Fg=0 (without GSA). There is very 
small difference between the two relations so that one can conclude that large deformation 
effects are insignificant for practical purposes. The reason for this behavior is that the selected 
lever length and column height are large enough to cancel out any large deformation effects. 

 
Figure 4-4: Comparisons of NSD force without the GSA predicted without due (small 

rotations) and with due (large rotations) consideration of large deformation effects for the 
device with properties of Table 3-1 

Figure 4-5 presents comparisons of force-displacement relations for devices with the properties 
of Table 3-1 but for the lever length varied whereas the column height is set to a large value.  
This combination of parameters explores the effect of lever length while removing any effect of 
the column height.  Evidently, large deformations have insignificant effect even at small lever 
lengths.  
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Figure 4-5: Force-displacement relations of NSD without GSA for varied lever length and 

for very large column height 

Similarly, Figure 4-6 presents comparisons of force-displacement relations for NSD devices 
without the GSA and with the properties of Table 3-1 when the column height is varied whereas 
the lever length is set to a large value. This combination of parameters explores the effect of 
column height while removing any effect of the lever length. Again the large deformation effects 
are small but for very small heights where the effects are pronounced. For the studied device, the 
effects were important when the height was about equal or less than twice the amplitude of the 
imposed displacement (angle θ equal to about 25o), an obviously very small height.   

 
Figure 4-6: Force-displacement relations of NSD without GSA for varied column height 

and for very large lever length 

The behavior of the GSA is not affected by large deformations so that the equations of Section 3 
are valid. Moreover, the SAP2000 model described in Section 3.4 can be implemented with the 
large deformation effects included by simply specifying for element ML1 the force-displacement 
relation given by Equation (4-14) instead of Equation (3-11).  The GSA force, represented by 
element ML2, is still described by Equation (3-13).  In this way, large deformation effects for the 
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NSD are accounted for in program SAP2000 without having to execute large deformation 
analysis. 

4.3 NSD Relations Considering Inertia Effects 

In the derivation that follows large deformations are ignored, members are assumed rigid, 
friction in the joints is disregarded and only the mass and mass moment of inertia effects are 
considered.   

The rigid body dynamics of the NSD are derived using the Lagrangian formulation. Figure 4-7 
shows the location of the center of mass, the mass and the mass moment of inertia of the 
components of the NSD. Frame elements connected to the top channel have mass mf. These 
elements undergo an inverted pendulum motion around the base and their moment of inertia If is 
lumped at point F (that is, the center of mass of the moving elements is located at distance y  
from point E-see Figure 4-7). The double-hinged columns have total mass mh and mass moment 
of inertia for rotation about L1 and L2 equal to Ih. Mass mp and moment of inertia Ip of the pivot 
plate are lumped at point C. The center of mass of the vertical spring undergoes both translation 
and rotation. Its mass ms is lumped at its center of mass.  

 
Figure 4-7: Modeling of NSD for dynamic effects 

The moment of inertia of the spring, Is, is lumped at center of mass, but the location of the center 
and the value of the moment of inertia vary with displacement u as the spring changes length so 
that: 
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 2 12s s sI m l=  (4-15) 

The angles of rotation of the pivot plate θp and of the spring θs are given by:  
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 (4-16) 

where ls is given by Equation (3-4). The horizontal and vertical displacements of the spring’s 
center of mass are given by: 
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 (4-17) 

The Euler-Lagrange equation for the NSD is then derived as follows: 

 
D

NSD
d L L F
dt u u
L K V

∂ ∂⎛ ⎞ − =⎜ ⎟∂ ∂⎝ ⎠
= −

�  (4-18) 

In Equation (4-18), K is the total kinetic energy of the system, V is the total potential energy of 
the system with respect to a reference coordinate system and D

NSDF  is the force generated by the 
NSD as shown in Figure 4-7. The total kinetic and potential energies (with reference to point L1) 
are given by: 

 ( )( )2 2 2 2 2 21 2 p p s s s s s s h fK I m u m v I I Iθ θ θ θ= + + + + +� � � �� �  (4-19) 

 ( ) ( ) ( ) ( )2
1 1 2 11 2 2 cos 1 cos 2f s p h p p SV g m y m l l l u l m h m l l Uθ θ⎡ ⎤⎛ ⎞= + + − − + + + +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

(4-20) 

In (4-20), US is the strain energy of the pre-compressed spring which is given by: 

 ( ) ( )2
1 2S s s p in sU K l l P K= − −  (4-21) 
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In order to include the effects of the horizontal component of force in the double-hinged 
columns, the spring length ls in Equation (4-21) is calculated using Equations (4-9) for Bu u=  
and Equation (4-1). This results in the following expression for the spring length:  
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1 1s p
ll l l l u l h u
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⎛ ⎞⎛ ⎞= + − − +Δ + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 (4-22) 

Using Equations (4-15) to (4-22), the following expression for the NSD force is derived:   
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For simplicity, the simpler expression of Equation (3-4) can be used in Equations (4-23) for the 

spring length ls and its derivatives sdl du  and
22

sd l du . Moreover, Equations (4-23) may be 

further simplified by using the approximation 2 2h u h− ≈ . Finally, term eff
NSDK in Equation (4-

23) is given by Equation (3-12). 

Comparisons of force-displacement relations of the NSD with the geometric and other properties 
of Table 3-1 and the mass properties of Table 4-1 are presented in Figure 4-8.  Harmonic motion 
of the top of the NSD is imposed with amplitude equal to 8cm and varying frequency.  
Evidently, there are effects of inertia forces on the calculated force-displacement relations but 
these effects are of importance for frequencies of 2Hz or larger. Such frequencies are a 
characteristic of very stiff structures.   
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Table 4-1: Masses and mass moment of inertia of elements of NSD with properties of Table 
3-1 

Quantity Symbol Value Units 
Spring mass ms 54.4 kg 

Mass moment of inertia of pivot plate Ip 0.35 Kg-cm2 
Mass of lever, top chevron and channel mf 227 kg 

Mass of double-hinged column mh 44 kg 
Location of center of mass of elements translating by 

displacement u1 y  83.1 cm 
1. These elements consist of the top chevron, the top channel, the lever and all rigid blocks connected to the 

top channel

Additional results are presented in Figure 4-9 where the history of NSD force is presented for the 
case of 1Hz frequency analysis. Finally, Figure 4-10 compares NSD force-displacement relations 
and force histories for NSD displacement input being the history of the NSD displacement 
measured in shake table testing of the analyzed device. Evidently, the inertia effects in these 
cases of realistic NSD motion are insignificant. 

 
Figure 4-8: Force-displacement relations of NSD without GSA with due and without due 

consideration of inertia effects 
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Figure 4-9: Comparison of force histories of NSD without GSA with due and without due 

consideration of inertia effects 

 
Figure 4-10: Comparison of force-displacement relations and force histories of NSD 

without GSA with due and without due consideration of inertia effects for random motion 
measured in shake table test 

The simple two element model of the NSD in program SAP2000 described in Section 3.4 may be 
extended to approximately include inertia effects by assigning mass to element ML1 that 
represents the NSD exclusive of the GSA. To do so, Equation (4-23) is inspected to realize that 
the NSD force includes a component that is velocity dependent ( 2

vM u� ), which cannot be 
accounted for in the simple SAP2000 model. However, this term turns out to be small by 
comparison to the acceleration-related term so it is justifiable to neglect it. For demonstration, 
Figure 4-11 compares the two contributors to the NSD force in Equation (4-23) for the device of 
the properties in Table 3-1 and Table 4-1 subjected to high frequency motion. The figure 
presents time histories of the terms aM u��  (acceleration term) and 2

vM u�  (velocity term) where it 
is apparent that the acceleration term dominates over the velocity term. Accordingly, the velocity 
term in Equation (4-23) is ignored ( 0vM =  ) and u is set equal to zero in the expression for term

aM . The resulting value of aM  is used as a mass m assigned only to link element ML1 (see 
Figure 3-13):  
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To assess the accuracy of this representation, Equation (4-23) is used to predict the exact force-
displacement relation of the NSD for the case of motion of 4Hz frequency in Figure 4-12 and 
compare it to an approximate expression using the same equation but without the contribution of 
term 2

vM u� and the approximate expression for term aM . The comparison is good but the 
stiffening behavior of the NSD is not captured well.  

 
Figure 4-11: Comparison of contributions of acceleration ( aM u��) and velocity ( 2

vM u� ) terms 
in NSD force 

 
Figure 4-12: Comparison of exact and approximate expressions for NSD force-

displacement relation for case of motion with 4Hz frequency 
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4.4 NSD Relations Considering Friction 

4.4.1 Hysteresis due to pin friction 

Pins are not frictionless. Moreover, pins have finite dimensions. Consider the assembly shown in 
Figure 4-13. Let assume that the breakaway force between the pin and the connecting part 2 has 
not been exceeded. Rotation of the pin occurs because connecting part 1 rotates relatively to the 
pin. Equivalently the reverse could have been assumed. Independently of exactly how the 
rotation of the connection takes place, the resultant force acting on the pin is: 

 2 2
p px pyP P P= +  (4-25) 

where pxP is the horizontal force and pyP  is the vertical force exerted by the pin on the rotating 

parts.  

 

Figure 4-13: Pin friction model 

The tangential friction force acting on the perimeter of the pin is given by the following 
expression, where pμ is the friction coefficient: 

 p p pS Pμ≈  (4-26) 

This force always acts tangentially at the perimeter of the pin. Its point of application is of no 
interest.  Rather important is that, regardless of its location, it causes a moment with respect to 
the center of the pin: 

 p p pM r Pμ=  (4-27) 

where r is the radius of the pin. 
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In order to model hysteresis in the device one needs to include the friction moments described by 
Equation (4-27) (acting on every pin) in the equilibrium equations for the NSD. In doing so we 
consider that the friction coefficient is constant (Coulomb model) and the same for all pins of the 
device.  Moreover, we assume that rotations are small.  

The NSD force-displacement relations with the effects of joint friction are derived from the free 
body diagrams of Figure 4-14 (free bodies of pivot plate and double-hinged columns are shown 
in bold in Figure 4-14). Note that these diagrams are the same as those used in Section 3.2 with 
the addition of joint friction moments and an additional force as described below. 

 
Figure 4-14: Free body diagrams (bodies in bold) used for deriving NSD force-

displacement relations with effects of joint friction 

At point B, in addition to the lever’s axial force, a vertical force is acting on the pivot plate.   
This force is the shear in the lever caused by the pin friction and is given by:  

 B A
By

lv

M MF
l
+=  (4-28) 

This force acts in the vertical direction as the rotation of the lever is assumed very small so the 
lever is essentially horizontal. Accordingly, the lever axial force is in the horizontal direction. 
From moment equilibrium of the pivot plate in Figure 4-14 around point C, the horizontal force 
at point B (this is the axial force in the lever) is derived as: 
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BM , CM  and DM  are the friction moments at points B, C and D, respectively, and Fs and θs are 
given by Equations (3-6) and (3-7), respectively. From horizontal equilibrium of the pivot plate, 
the horizontal force at point C is obtained as: 

 sinCx Bx s sF F F θ= +  (4-30) 

From vertical equilibrium of the pivot plate, the vertical force at point C is: 

 coss s ByCyF F Fθ= +  (4-31) 

In the derivations of Sections 3.2, 4.2 and 4.3, the shear in the columns of the NSD was assumed 
zero ( )0LV = since the columns are double-hinged and joint friction was neglected. In the current 

derivation, there are friction moments at the column joints as shown in Figure 4-14.  
Accordingly, there is shear in the columns. This shear is constant throughout the height of the 
column and given by: 

 2 L
Lv

MF
h

=  (4-32) 

FLv is considered to be acting in the horizontal direction since the angle of rotation of the 
columns is assumed to be small. 

The force of the NSD is derived from horizontal equilibrium of the bottom chevron.  This 
diagram is the same as that of Figure 3-2 with the addition of the shear force from the double-
hinged columns: 

 ( )2 2FR
NSD Cx L Lv gF F F u h F F= − − + +  (4-33) 

where FL is the axial force of the double-hinged columns.  Assuming small angle of rotation of 
the double-hinged columns, this force is given by: 

 2L CyF F=  (4-34) 

The total force of the NSD is finally obtained by substituting Equations (4-34), (4-32), (4-30) 
and (4-29) into (4-33) and simplifying: 

 { } ( )
2 2 2 2

2 2

4B AFR D C B L
NSD NSD

v

M MM M M Mu uF F
l h hl u l u

⎧ ⎫⎛ ⎞++ +⎪ ⎪⎜ ⎟= + + + +⎨ ⎬⎜ ⎟− −⎪ ⎪⎝ ⎠⎩ ⎭
 (4-35) 
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In this equation, force FNSD is given by Equation (3-11). The equation above can be decomposed 
into a nonlinear elastic part and a hysteretic part: 

 el plF F F= +  (4-36) 

Fel is given by the first term in the curly brackets and Fpl is given by the second term in the curly 
brackets of Equation (4-35). This decomposition leads to the observation that hysteresis in the 
NSD will always develop around an elastic baseline that is described by component Fel (given by 
Equation (3-11)). When sliding occurs at all pins, the magnitude of the moments is given by: 
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 (4-37) 

The resultant forces in the pins are given by: 
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 (4-38) 

The hysteretic moment is approximated using the Sivaselvan and Reinhorn (2001) hysteretic 
model: 

 ( ) ( )
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1o
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MM k sign M sign u
M

δ δ δθ
⎧ ⎫⎪ ⎪= −⎨ ⎬
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 (4-39) 

In Equation (4-39), δθ is the rotation increment of the pin, uδ is the increment of the imposed 
displacement on the NSD, ok is the elastic stiffness of the pin prior to slipping and yM   is the 

magnitude of the moment given by Equation (4-37). 

The rotations of the pins are: 
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 (4-40) 

Equation (4-39) requires the calculation of pin rotation increments which can be done by a) 
calculating the derivatives /d duθ  of the angles in Equations (4-40) with respect to the 
displacement, b) solving for the rotation differential, and c) approximating the rotation increment 
δθ  with the rotation differential dθ . For example, the rotation increment for joint C is given by 
the equation below (the process repeats for the rest of the pins):  

 
2 2

2

1
C u

l u
δθ δ=

−
 (4-41) 

The result is 27 equations with 27 unknowns. These are Equations (4-28) to (4-32), (4-34), (4-
35), (4-37), (4-38), five more equations for the rotation increments (using Equations (4-40) and 
the procedure described above) and five more equations obtained from Equation (4-39) written 
for each pin. 

Assuming that initially the device is un-deformed, the initial forces and moments are: 
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 (4-42) 

Solution is obtained by an incremental approach in which a very small displacement increment 
δu is applied, increment rotations δθ  are calculated using Equation (4-41) and the like for the 
other angles, Equation (4-39) is then used to calculate the increment in moment Mδ  for each 
pin and the moments at each pin for the next step are finally calculated using: 

 1n nM M Mδ+ = +  (4-43) 

The updated moments from Equation (4-43) and the displacement at the next step 1n nu u uδ+ = + , 
are used in Equation (4-35) to calculate the NSD force at step n+1. Then, Equations (4-28) to (4-
32), (4-34) are used to calculate various quantities, which when used in Equations (4-38) result 
in the pin forces. These are then substituted in Equations (4-37) to obtain the yield moments at 
step n+1.  
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Figure 4-15 compares force-displacement loops of the NSD without the GSA force (Fg=0) for 
the properties of Table 3-1 for a cycle of motion (frequency is not relevant as inertia effects are 
neglected) and for various values of the friction coefficient. The pin radius is r=1.43cm-the 
actual value in the tested device. The top graphs compare loops of the NSD with and without 
friction.  The bottom graphs only show the hysteretic component of the loops.  The results show 
a complex hysteretic component of force, which however, is negligible for pin friction 
coefficient of 0.1.  Noting that friction in the pins typically is about 0.2, the effects of friction 
should generally be small but not necessarily negligible.   

 

 
Figure 4-15: Force-displacement loops of NSD without GSA with properties of Table 3-1 

and various values of pin friction coefficient 

4.4.2 Hysteresis in SAP2000 model of NSD 

The hysteretic behavior of the NSD is complex and the various contributors to hysteresis cannot 
be isolated and measured in experiments. This suggests that an attempt to model the hysteretic 
behavior (and other effects) of the NSD by explicitly modeling every detail in a finite element 
model would still require testing of the device so that the model is calibrated (details of friction 
in the joints still need to be assumed) so that the behavior of the analyzed NSD matches the one 
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observed in experiments.  Alternatively and in much simpler way, hysteresis may be introduced 
in the previously described SAP2000 model of the NSD by introducing a single hysteretic 
element that captures either the exact hysteresis observed in experiments, or a simple constant 
hysteresis produced by a Coulomb friction model that approximates the experimentally observed 
behavior. Approximately, the NSD hysteresis can be captured by assuming that the hysteretic 
force is constant and independent of displacement (equivalent to constant or Coulomb friction).  
This behavior can be easily modeled by adding a hysteretic element in parallel to the element 
assembly described in Section 3.4 and shown in Figure 3-13. A link element (Wen element in 
SAP2000) needs to be added between joints J1 and J2 and overlapping with elements ML1 and 
ML2 in Figure 3-13. Results comparing the analytical derivations that assume non-constant 
hysteresis versus the SAP2000 results with constant hysteresis are shown in Figure 4-16. The 
SAP2000 element was subjected to a prescribed displacement history at joint J1. The analytical 
model was based on the theory of Section 4.4.1 and the NSD had the parameters of Table 3-1.  
The friction coefficient for the pins was set equal to 0.2. The resulting force-displacement loops 
with these parameters were in good agreement with the NSD experimental response. The 
SAP2000 model followed the description in Section 3.4 with an added hysteretic element with 
yield force equal to 0.73kN.  This value is the zero displacement force intercept in the analytical 
model.  Evidently, the simple SAP2000 with hysteresis produces results in good agreement with 
the analytical model. 

 
Figure 4-16: Comparison of force-displacement loops of NSD without GSA produced by 

analytical model and by SAP2000 constant friction model  

A more complex model in SAP2000 employs an assembly of elements as shown in Figure 4-17 
that can generate a hysteretic force proportional to the NSD force. A description and some 
properties of the link elements of the model are presented in Table 4-2. Figure 4-18 shows 
experimental results for the force-displacement relation of the tested NSD (properties of Table 
3-1) without the GSA and identifies quantities that are needed for the model calibration. Note 
that the red line in the figure shows the measured force-displacement relation and the black line 
represents the calculated elastic relation (baseline) of the NSD. This baseline relation was 
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calculated from the measured force-displacement relation after averaging the force values in the 
ascending and descending branches of the loops within sequential windows of displacement.  

The element depicted in Figure 4-17 consists of: 

1) Seven joints of which J1 represent the top of the NSD, J2, J6 and J7 represent the bottom 
of the NSD and J3, J4 and J5 are intermediate joints.  

2) Multi-linear elastic element ML1 that simulates the NSD without GSA force exclusive of 
hysteresis.  The force-displacement relation is calculated using the analytical model of 
Section 3.2 for the NSD without the GSA and imported to program SAP2000. The shear 
deformation location of ML1 is at its bottom joint J2 so that the overturning moment is 
transferred at the top joint J3. The vertical stiffness of ML1 is zero. 

3) Rigid elements FRL and FRR (beam elements of high stiffness) to connect the top of the 
NSD and element ML1 to flat sliders FPL and FPR located at distance b/2 on each side of 
element ML1. Rigid element FRT to connect the top of the NSD to the superstructure. 
Frame element FRT must have releases in the axial, torsional and in plane bending 
deformations at joint J3 so that only a horizontal shear force is developed by element 
FRT at joint J3. FRT must not have releases for out of plane bending in order to provide 
stability of the assembly below; however it needs to be ensured that none of the elements 
below generate forces in the out-of-plane direction of the NSD. Also, the in-plane 
bending moment that is introduced by the assembly and applied to the superstructure at 
joint J1 is dependent on the length of element FRT. This length should be selected such 
that the NSD force develops at the correct location.   

4) Flat sliders FPL and FPR.  Due to the configuration of the sliders with respect to element 
ML1, the overturning moment created by the NSD force in element ML1 results in axial 
compressive forces on either slider FPL or slider FPR depending on the direction of the 
force (e.g., when the force points towards the right, slider FPR is compressed whereas 
slider FPL uplifts and has zero axial force).  This enables the generation of displacement-
dependent friction force with a zero value at zero displacement of NSD. Elements FPL 
and FPR should be active only in the vertical and horizontal degrees of freedom. The two 
elements must have the same vertical stiffness (effective and “nonlinear stiffness” in 
SAP2000) and their elastic stiffness should be large enough compared to the negative 
stiffness of the NSD for small displacements as given by the right hand side of Equation 
(3-28). The two elements are flat sliders so that their radius of curvature should be 
infinite (specified as zero in SAP2000). They should have the same friction coefficient 
given by Equation (4-44) of which the terms have been defined in Figure 4-18. 

 max max

max

el y

el

F F F
F

μ
− −

=  (4-44) 
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5) Element WEN to supplement the displacement-dependent friction force generated by 
elements FPL and FPR.  This is necessary as elements FPL and FPR do not produce a 
hysteretic force at zero displacement as the actual NSD. Element WEN is connected 
directly to joint J1 so that it does not affect the axial loads on FPL and FPR. WEN 
generates a hysteretic force in the horizontal direction with yield force value equal to 
force Fy identified in Figure 4-18 (zero displacement intercept of NSD force). 

6) Elements LINL and LINR which are multi-linear elastic elements that overlap with FPL 
and FPR, respectively. Their purpose is to provide the assembly with constant vertical 
stiffness when the FPL and FPR elements uplift and also to avoid numerical problems. 
The elements generate force only in the vertical direction, have zero stiffness (and force) 
in compression, and their tensile stiffness is constant and equal to the vertical stiffness of 
elements FPL and FPR. 

7) Element ML2 that simulates the GSA force.  It is connected between joints J1 and J2 so 
that it does not affect the axial (overturning) loads on elements FPL and FPR and, 
therefore, it does not contribute to hysteresis (whereas element ML1 is connected to 
joints J2 and J3 in order to cause axial loads on the slider elements and generate 
hysteresis).  The force-displacement relation is calculated using the analytical model of 
Section 3.3 for the GSA and imported into program SAP2000. 

 
Figure 4-17: SAP2000 model of NSD capable of generating complex hysteresis 
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Table 4-2: Description of elements of SAP2000 model of NSD with complex hysteresis 

Element 
ID 

Type of 
Link 

Element 
Simulates Releases2/ 

Inactive DOF’s 

Shear 
Deformation 

Location 
Properties 

ML1 ML1 NSD U1,U3,R2,R3 J2 U23 
ML2 ML1 GSA U1,U3,R1,R2,R3 J1 U23 
FPL FS1 

 Hysteresis U3,R1,R2,R3 J4  FPR J5 
WEN Wen Hysteresis U1,U3,R1,R2,R3 J1 U2
FRT Frame N/A At J3:P,T,M3 N/A Rigid 
FRL Frame N/A None N/A Rigid 
FRR Frame N/A None N/A Rigid 
LINL ML1 N/A U2,U3,R1,R2,R3 Any location as 

it does not affect 
U1 

LINR U1 
1.ML=Multi-Linear Elastic, FS: Flat Slider 

2.The releases for the link elements are applied by not activating the DOF’s in the link element definitions 
3. The force displacement is calculated based on section 3.2 and pasted into the link element definition 

 

 
Figure 4-18: Experimental force-displacement relation of NSD without GSA and quantities 

for model calibration  

The masses of the link elements in this model need to be very small so that they do not affect the 
analysis results. Incorporating mass to capture inertia effects as described in Section 4.3 will 
produce incorrect results as any mass assigned to element ML1 (based on Equation 4-24) will 
result in friction at zero displacement to elements FPL and FPR, which will alter the behavior of 
the assembly.  

Results for the force-displacement loop of the NSD without GSA with the properties of Table 
3-1 obtained by this element are compared in Figure 4-19 to results obtained by the analytical 
model of Section 4.4.1. Results are in good agreement but not identical due to the artificial 
nature of the SAP2000 model. 
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Figure 4-19: Comparison of force displacement loops of NSD without GSA produced by the 

analytical model with hysteresis and the SAP2000 force-proportional hysteresis model 

4.5 NSD Relations Considering Member Flexibility  

In this section, flexibilities in the top and bottom frame elements of the NSD assembly are 
considered. When these elements are considered rigid, as done in the formulation presented so 
far, point C (see Figure 2-3 and Figure 2-4) is motionless (or fixed) with respect to the bottom of 
the device and point E undergoes the motion of the top of the device with respect to the bottom. 
This is only true if the top and bottom chevrons were rigid. The bottom chevron could be 
considered rigid if it was fixed to the ground and the top chevron was connected to a rigid beam. 
The tested device had the top and bottom beams made of channels with their weak axis in the 
direction perpendicular to the plane of the device.  Moreover, the channels were not continuously 
supported so that some flexure could occur in the channel sections. This introduced some limited 
flexibility in the assembly which is investigated herein. 

Figure 4-20 illustrates the model used for consideration of flexibilities. A spring with stiffness kb 
is introduced connecting point C to the ground to represent the combined flexibilities of the 
bottom chevron and its bottom beam (channel). A spring with stiffness kt is introduced at the 
midpoint of the top beam in order to represent the combined flexibilities of top chevron and its 
top beam (channel).  



56 
 

 
Figure 4-20: Model of NSD with top and bottom chevron flexibility 

Two additional degrees of freedom are introduced: the horizontal displacement of point C and 
the horizontal displacement of point E. Note that previously Eu u=  but now the two 
displacements differ so that:  

 fE Eu u u= −  (4-45) 

Where ufE is the deformation of spring with stiffness kt. The rotation of the pivot plate is: 

 
2

arcsin C
p

u u
l

θ
⎛ ⎞−= ⎜ ⎟
⎝ ⎠

 (4-46) 

The vertical displacement of point B is: 

 ( )22
2 2B Cv l l u u= − − −  (4-47) 

Also point D moves horizontally in the opposite direction than displacement ( )Cuu−  by amount 

Du  and vertically by an amount Dv : 

 
( )( )

( ) ( )
1 2

2 22
1 1 1 2

D C C

D C

u u u l l u

v l l u u l l

= − − +

= − − −
 (4-48) 

The length of the spring is now given from Equation (4-49) instead of Equation (3-4): 
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 ( )( )( ) ( )( )
2

222
1 1 1 2 1 2s p C C C El l l l u u l l u u l l u u⎛ ⎞ ⎡ ⎤= + − − − + − − +⎜ ⎟ ⎣ ⎦⎝ ⎠

 (4-49) 

Considering equilibrium of moments about point C for the pivot plate (free body diagram of 
Figure 3-1) the force at B is calculated as: 

 
( )

( ) ( )
2

21 1
122 2 22

cos sins
B s C s C

C

F l lF u u l u u
l ll u u

θ θ
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= − + − −⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠− − ⎢ ⎥⎝ ⎠⎣ ⎦

 (4-50) 

The sine and cosine of the spring inclination angle are now given by: 

 

( )( )

( )( )( )

1 2

22
1 1 1 2

sin

cos

C C E
s

s

p C

s
s

u u l l u u
l

l l l u u l l

l

θ

θ

− − +
=

⎛ ⎞+ − − −⎜ ⎟
⎝ ⎠=

 (4-51) 

The horizontal reaction at point C is obtained from horizontal equilibrium of forces acting on the 
pivot plate as shown in Figure 3-1 and using Equations (4-50), (4-51) and (3-6) for the spring 
force: 

 
( )
( )

( ) ( )11 2
222 12

1 1pin s p
Cx s C E C

s C

l lP K l l lF K u u u u
l l ll u u

⎧ ⎫⎡ ⎤++⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥= − + − + − +⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠ ⎪ ⎪− −⎣ ⎦⎩ ⎭

 (4-52) 

Moreover: 

 Cx b CF k u=   (4-53) 

Also, the force acting at point E in the horizontal direction is related to the displacement of point 
E relative to the top beam by:  

 

( )( )1 2 ( )in s p C C E
s g t E

s s

P K l u u l l u u
K F k u u

l l
+ − − +⎛ ⎞

− − + = −⎜ ⎟
⎝ ⎠

  (4-54) 

The force-displacement relation of the GSA is related to the total displacement of point E and is 
given by: 



58 
 

 
( )

1

2 1
1

2 1

2

1

, 0s E E y

g s s
s y E y E y

s s

is
y

s

k u u u
F k kk u u u u u

k k
Pu
k

′≤ ≤⎧ ⎫
⎪ ⎪= ⎨ ⎬′ ′ ′+ − >⎪ ⎪+⎩ ⎭

′ =

 (4-55) 

Finally, the total NSD force can be obtained from the free body diagram in Figure 3-2: 

 ( )( )( ) ( )22
1 1 1 2

in s p
NSD Cx s p C g

s

P K l
F F K l l l u u l l u h F

l
+⎛ ⎞⎛ ⎞= − − − + − − − +⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
  (4-56) 

The second term in the equation above is the horizontal component of the axial load of the 
double hinged columns. Equations (4-56), (4-55), (4-54), (4-53) and (4-52) represent a system of 
five nonlinear equations with five unknowns ( , , , ,g ECx NSD CF F F u u ), which cannot be explicitly 

solved. The unknowns are collected in a vector x and the equations are arranged in the following 
form:  

 
( )

T

Cx g NSD C EF F F u u⎢ ⎥= ⎣ ⎦
=

x

f x 0
  (4-57) 

In Equation (4-57), f is a function of vector x. The initial conditions at t=0 (or equivalently at 
u=0 ) are xo and the solution of Equations (4-57)  is obtained for each increment of displacement 
u by iteration: 

 ( 1) ( ) ( ) ( )
1 1 1 1( ) ( )j j j j

n n n nD+ −
+ + + += − 1x x f x f x   (4-58) 

The matrix derivative D −1f  in (4-58) is given in Equation (4-59) and can be calculated either 
analytically or numerically. 

 ( )

1 1

5 5

( ) ( )... ... ...

. . .

. . .

. . .
( ) ( )... ... ...

cx E

cx E

f x f x
F u

D

f x f x
F u

−

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥∂ ∂⎢ ⎥
∂ ∂⎢ ⎥⎣ ⎦

1f x   (4-59) 
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where fi is the i-th component of vector f. For each value of displacement u considered, Equation 
(4-58) is employed repeatedly until the following condition is satisfied, where ε  is a specified 
truncation error parameter:  

 ( )
1

( 1) ( )
1 1 j

n

j j
n n ε

+

+
+ + =

− ≤
x x

x x   (4-60) 

Using the NSD properties of Table 3-1, calculations were performed for the NSD force-
displacement relation without the GSA and results are presented in Figure 4-21 for the case 
without flexibilities and three cases with only flexibility for the bottom chevron and beam, 
specified by three values of stiffness kb. Similarly, Figure 4-22 compares results for the NSD 
with GSA when only the top chevron and beam are assumed flexible with three values of 
stiffness kt.  

 
Figure 4-21: Force-displacement relations of NSD without GSA for rigid top and for 

flexible bottom chevron  

 
Figure 4-22: Force-displacement relations of NSD with GSA for flexible top and for rigid 

bottom chevron 
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It can be seen that a flexible bottom chevron (Figure 4-21) increases the negative stiffness 
generated by the device. This is due to the fact that point C now moves and therefore for the 
same imposed displacement on the NSD the pivot plate-spring mechanism rotates more than if 
the frame elements were rigid. However, it should be noted that this requires unrealistically high 
flexibility. 

In the case of a flexible top chevron in Figure 4-22, only the NSD with GSA behavior is affected 
(comparisons not shown here demonstrated that when the NSD without GSA is studied there is 
insignificant effect of the top chevron flexibility on the NSD force).   

In general, the top and bottom beams connecting the chevrons to the structure above and below 
the NSD will have very large stiffness eliminating any effects of the type shown in Figure 4-21 
and Figure 4-22.  However, in the tested device there was requirement to measure the force 
transmitted by the NSD so that the NSD was mounted on two load cells.  This, coupled with the 
use of channels bent about their weak axis (required due to space limitations) resulted in some 
flexibility with undesirable behavior.  This was mitigated by installing the device on four load 
cells as shown in Figure 2-1. The top chevron for the current device properties was sufficiently 
stiff so that it did not affect the device behavior. 

4.6 Advanced Force-Displacement Relation of Gap Spring Assembly 

The GSA should have the gap clearance (see Figure 2-6 and Figure 4-23) large enough such that
2 1gap is sd P k> . This ensures that the gap is open during operation of the GSA. This section 

investigates the case when the gap closes. Particularly, the following cases are investigated: (a) 
the case 2 1gap is sd P k< that results in closing of the gap, and (b) the case in which the gap is 

reduced by adjustment of nut NG in Figure 4-23 so that spring S1 is pre-loaded. It is shown that 
in both cases the behavior of the GSA is abnormal and should be avoided.  Both of these cases 
were also experimentally investigated and the analysis presented herein explains the undesirable 
observed behavior. 
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Figure 4-23: Free body diagrams of housing plates 1 and 2 and rod of GSA 

Assume a case where the GSA (shown in Figure 4-23(a) in the original configuration prior to any 
modifications) is subjected to the following modifications: (a) Nut N2 is adjusted (tightened) by 
a distance '

2d   as shown in Figure 4-23(b) so that the pre-load of spring S2 is increased from 

value 2isP  to value 2isP′ , such that 2 1gap is sd P k′<   and (b) Nut NG is adjusted so that the physical 

gap opening is reduced from gapd to gapd ′ as shown on the left in Figure 4-23(b) so that the pre-

load in spring S1 is now given by ( )1 1is s gap gapP k d d ′= − . The modified GSA in its un-deformed 

shape is shown in Figure 4-23(b). The forces acting on its components are shown in Figure 4-23 
(c) when the GSA deforms by amount u due to the action of force gF   and prior to the gap 

closing.  These forces are related to displacements by:  
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 (4-61) 

In the equations above, the term 2is rP k′  is the initial deformation of the rod due to force 2isP′  and 

1is rP k  is the initial deformation of the rod due to force Pis1 (where for simplicity the length of 
the two segments of the rod passing through S1 and S2 are assumed equal). The expressions for 
forces Frg and Fr2 in the equations above give rise to a variety of behaviors depending on the 
properties of the springs. From the free body diagrams of Figure 4-23(c), the equilibrium 
equations of housing plates 1 (valid prior to the gap closing) and 2 and the rod are given by: 

 
1 1 2

2 2

1 2

0
0

s r s

r g s

r r rg

F F F
F F F

F F F

+ − =
+ − =

= −

 (4-62) 

Substituting Equations (4-61) into Equations (4-62), and considering  Frg>0 and Fr2>0, results in 
the force-displacement relation of the GSA: 
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 (4-63) 

Equation (4-63) is valid until 1h is ru P k= . The first transition in stiffness occurs when 

1h is ru P k=  and the corresponding transition force and displacement can be readily calculated 

from Equation (4-63) by using 1h is ru P k= . The result is: 
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1 1 2
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 (4-64) 

Substituting Equations (4-61) into Equations (4-62), and considering Frg=0 and Fr2>0 leads to 
the force-displacement relation following the first transition: 
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 (4-65) 

The gap will close prior to the rod separating from housing plates 1 and 2 if the displacement 
given by Equation (4-65) for gaphu d ′=  is smaller than 2 r gapisu P k d′ ′= + and force Fr2 will still 

have a nonzero force (Fr2>0). This leads to the following condition: 

 2 2 2

1 1

is r s is
gap

r s s

P k k Pd
k k k
′ ′+< ≈  (4-66) 

If the condition above is violated, the GSA will exhibit a behavior similar to the one described in 
Section 3.3. If the condition of Equation (4-66) is satisfied, the next transition in the force-
displacement relation will occur when the gap closes. Note that the above condition is 
independent of the modification to the physical gap opening. The force and displacement at 
which the gap closes are calculated by substituting gaphu d ′=  into Equation (4-65).  The result is: 

 
1

2 1 1

2 2

g s gap

s r s is
gap

s r s r

F k d

k k k Pu d
k k k k

=

+ + ′= +
+ +

 (4-67) 

After the gap closes, the force-displacement relation of the GSA is determined by solving the 
second of Equations (4-62) for force Fg and using Equation (4-61) for gaphu d ′=  and 

2 r gapisu P k d′ ′≤ + (Frg=0 and Fr2>0).  The result is: 

 ( )( )2g s r gapF k k u d′= + −  (4-68) 

The next transition in the force-displacement relation of the GSA occurs when Fr2=0 (or 
equivalently 2gap risu d P k′ ′− = ) which leads to ( )( )2 2g s r risF k k P k= + ′ . Following this 

transition point, the force-displacement relation of the GSA is determined by combining the 
second expression in Equation (4-62) (the first expression is not valid after the gap closes) with 
Equation (4-61) for Frg=0 and Fr2=0.  The result is: 

 ( )2 2g is s gapF P k u d′ ′= + −  (4-69) 

Figure 4-24 illustrates the force-displacement relation of the GSA as described by Equations 
(4-63) to (4-69) and by considering that the stiffness of the rod is much larger than the stiffness 
of springs S1 and S2 ( 1 2r s sk k k>> > ).  
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Figure 4-24: Force-displacement relation of modified GSA 

The behavior depicted by the dashed line in Figure 4-24 was actually observed for the GSA in 
the shake table testing. The abrupt increase of force at zero displacement of the tested device 
occurred because nut NG was erroneously adjusted in the laboratory so that the physical gap was 
reduced from its original value gapd  to gapd ′ . The abrupt increase of GSA force seen in at 

displacement equal to gapd ′  was also observed in testing and was the result of the gap closing 

(due to spring S2 having a preload different than specified and due to spring S1 having a 
stiffness different than specified leading to 2 1gap is sd P k′< ).   

4.7 Detailed Model of NSD in Program SAP2000 

A detailed, explicit model of the NSD was developed in program SAP2000 to further validate the 
analytical models developed earlier. The model is illustrated in Figure 4-25.  

The pre-compressed spring is modeled as a frame element (member DE in Figure 4-25) with a 
cross section area calculated so that it yields the stiffness of the spring in the axial direction. The 
moment of inertia of the spring should be very small but non zero. Frame elements that are 
perpendicular to the spring axis are connected at joints D and E and shown as ''D D−  and 

''E E− ( ''E E−  is not connected to the top chevron) respectively in Figure 4-25. These elements 
are used for the application of the preload. The preload is applied as external point element load 
(not joint load) in the local coordinate system of the frame elements directly at joints D and E 
without any eccentricity. The reason for using this procedure is that SAP2000 rotates the element 
loads together with the frame elements but it does not rotate joint loads together with the joints in 
large displacement analysis.  

Fo
rc

e

Displacement

Original

Mod 2 yu′
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Figure 4-25: Detailed model of NSD in program SAP2000 

The frame element assembly '' ''D D E E− − −  needs to deform as a rigid body with the rotations 
at all joints being calculated as the rigid body rotation of the spring. In order to achieve zero 
relative rotation between the spring and the supplemental frame elements ( ''D D−  and ''E E− ), 
the supplemental frame elements need to be rigid. Moreover, the spring frame element must have 
small but non-zero bending stiffness so that it allows for unrestricted rotation of the supplemental 
frame elements ( ''D D−  and ''E E− ). To ensure that the joint rotations are equal to the rigid 
body rotation of the spring, special detailing must take place at the connections of the spring on 
top and bottom. At point D free rotation between member CD and member DE must be allowed 
and the rotation at point D must be equal to the rigid body rotation of the spring (member DE). In 
order to achieve this, a moment release must be specified at joint D for member CD but not for 
member DE. The situation is complicated at the bottom of the spring since the spring should also 
be free to rotate with respect to its surrounding elements. This problem cannot be solved by 
specifying moment releases since the frame element is continuous and applying a moment 
release on the spring would make member ''E E−  unstable. In order to resolve this problem, two 
joints are introduced at point E (joints E and 'E ) which coincide but for clarity are shown in 
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different positions in the window at the bottom of Figure 4-25. The two joints are connected 
using zero length springs that have sufficiently large stiffness in order to prevent any relative 
translation between the two joints. Free rotation is allowed between the two joints. 

The pivot plate is modeled as two rigid beam elements that merge into point C. In order to model 
the connection between the pivot plate and the bottom chevron at point C, an additional joint 'C   
is introduced at the location of joint C (the two joints are shown for clarity in different locations 
at the top of Figure 4-25). The two joints are connected with stiff axial springs in order to ensure 
equal translations but independent rotations while the continuity of the bottom chevron is 
maintained. 

In a sample analysis, the model was subjected to a prescribed displacement history at the top 
channel and solution in program SAP2000 was obtained by the direct integration method and by 
activating large displacements capability. The preload was applied as a separate static nonlinear 
load case and the results were used as the initial conditions for the displacement history analysis. 
Joint friction was neglected. Results obtained for the NSD without the GSA are compared in 
Figure 4-26 to the analytical solution with large rotation effects that was presented in Section 
4.2. The two sets of results are nearly identical.  The very small differences seen in Figure 4-26 
are due to the fact that the SAP2000 model accounts for flexibility effects whereas the analytical 
solution neglects flexibility. Evidently, the analytical model in Section 4.2 is very accurate in 
describing the behavior of the NSD. 

 
Figure 4-26:  Comparison of force-displacement relations of the NSD without GSA 

produced by the analytical model with due consideration of large rotation effects and by 
the detailed model in SAP2000 

The complexity of the detailed SAP2000 model and the requirement for large displacement 
analysis and use of direct integration resulted in unacceptably large execution times. This 
demonstrates that while possible to develop accurate and highly detailed models of the NSD in 
commercial software, the much simpler models presented in Sections 3.4 and 4.4.2 are 
sufficiently accurate and preferred.  
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SECTION 5                                                              
EXPERIMENTAL SETUP 

5.1 Introduction 

The NSD was tested in displacement-controlled experiments and as part of a structural system on 
the shake table. This section describes in detail the experimental setup for both tests.  Moreover, 
results are presented that verify the validity of the experimental data by comparing measured 
quantities obtained by different instruments.  

5.2 Specimen Description 

The model structure used in the shake table testing is shown in the photographs of Figure 5-1 and 
Figure 5-2, whereas Figure 5-3 shows schematics of the model structure on the shake table. The 
model structure is a quarter length scale three-story steel model. It is a portion of the 6-story 
legacy model last used by Fenz and Constantinou (2008b) in the testing of a seismic isolation 
system.  The 3-story model is supported on four low damping elastomeric bearings (same as 
those used by Wolff and Constantinou, 2004). The superstructure is a moment resisting frame in 
the longitudinal and braced frame in the transverse direction. Five concrete blocks, each 
weighing 8.9kN, were installed at each floor and two more at the base in order to achieve mass 
similitude.  The total weight of the model (frame, base and added weight) on top of the isolators 
was 196kN (distributed as 53.2kN at the base and 47.6kN at each floor) in the tests without the 
NSD and it was 201kN in the tests with the NSD (the added 5kN was due to the weight of the 
NSD connection components). All beams and columns are S3×5.7 (SI designation S75×8.5) and 
all braces are L1½×1½×¼ (SI designation L38×38×6.4). The beam to column connections are 
fully welded and stiffened so that they are rigid. Horizontal bracing of all floors at all bays 
achieves, together with the concrete blocks, rigid diaphragm behavior. The 3-story structure seats 
on a base-mat that consists of a grid of two longitudinal W14x90 beams (SI designation 
W360x134) and four transverse W12x35 beams (SI designation W310x52), which are located at 
the superstructure’s column locations. Also, the model features two HSS16x8x5/16 (SI 
designation HSS406.4x203.2x7.9) beams in the transverse direction that are connected on the top 
of the W14x90 beams.  These beams were used to connect two NSD to the superstructure at the 
base-mat and to the shake table. 
 
Four isolators were placed below the W14x90 beams on a 122cmx244cm footprint as shown in 
Figure 5-3 and Figure 5-4. The yellow plates seen at the bottom of the isolator-load cell 
assembly in Figure 5-1 and Figure 5-4 were used to level the bearings and to raise them so that 
the gravity loads on each isolator were approximately equal.  
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Figure 5-1: East view of model structure with NSD on shake table 

 
Figure 5-2: North-West view of model structure with NSD on shake table 
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LEVELING 
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FRAME 
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Figure 5-3: Schematics of 3-story base-isolated structure used in testing 

Two linear viscous dampers were installed in the isolation system between the shake table and 
the base of the structure inclined at 36o with respect to the horizontal plane and 28o with respect 
to a vertical plane as shown in Figure 5-4. The dampers could be easily connected and 
disconnected during testing.  Each damper assembly consisted of the damper, a load cell and a 
coupler as illustrated in Figure 5-5.   
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Figure 5-4: Views of viscous dampers and elastomeric bearings in isolation system 

 
Figure 5-5: Viscous damper assembly 

Two NSD were connected to the shake table and to the HSS16x8x5/16 beams of the base-mat.  
The connection to the shake table was through an angle on the side of the table as shown in 
Figure 5-6 and Figure 5-7. Stiffeners were welded to the angle in order to prevent bending 
deformations. Four load cells between the NSD and the angle were used to measure the force of 
the NSD. 

 
Figure 5-6: Angle used to connect the bottom of the NSD to the shake table 
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Figure 5-7: Schematic of connection of bottom of NSD to shake table 

The connection of the NSD to the structure above was complicated as it needed to accommodate   
height loss that the NSD exhibits during lateral deformation. Details of the connection are shown 
in Figure 5-8 and Figure 5-9. The connection allowed motion of the NSD relative to the structure 
in the vertical direction. Also and since the device is unidirectional, the connection allowed for 
unrestricted relative motion between the structure and the device in the transverse direction.  

The top connection was formed by bolting two angles side by side in order to create a channel 
that surrounds the device without being in direct contact. This assembly was designed so that a 
gap of 0.63cm (0.25inch) existed between the NSD and the angles. The assembly also had two 
side plates for connecting the angle to the HSS tubes located at the base of the structure.  The 
NSD force was transferred by four rollers to four triangular reaction blocks (formed by angles 
and stiffeners) which were bolted to the side plates as shown in Figure 5-8.  The use of rollers 
allowed for vertical and transverse movement of the NSD as they only transfer force in the 
longitudinal direction of the NSD.   
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Figure 5-8: Schematic of connection of NSD to superstructure 

  
Figure 5-9: Photographs of NSD connection to superstructure 

The location of the NSD on the perimeter of the model created unstable torsional behavior (for 
small rotations around the un-deformed position of the structure) for the configuration of the 
NSD without the GSA (see Section 3.5).  Ideally the devices should be located as close to the 
center of rotation as possible but space limitations did not allow it. The model was stabilized by 
bracing it in the transverse direction (testing was only conducted with motion in the longitudinal 
direction) using cables that acted as diagonal bracing. Figure 5-10 shows the bracing.  
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Figure 5-10: View of transverse cables used for torsional stability in tests of NSD without 

the GSA 

The NSD displacement-controlled tests were conducted on the shake table by connecting the 
base-mat of the isolated model to a reaction frame adjacent to the shake table so that the top of 
the NSD was motionless while the shake table (and, thus, the bottom of the NSD) was subjected 
to prescribed motion.  This enabled the determination of the force-displacement relations of the 
NSD including the effects of the actual conditions of installation in the model. 

The reaction frame is shown in the schematics of Figure 5-3 and is visible on the right in the 
photograph of Figure 5-1. The connection of the model base-mat to the reaction frame consisted 
of high strength rods within tubes and compression only washer load cells as shown in Figure 
5-11 and Figure 5-12. Since the washer load cells could only measure compression, the 
connectors had to be pre-stressed after connecting them to the structure and the frame by tying 
the bolts on the back of the reaction frame until a load larger than the expected base shear was 
achieved. 

 
Figure 5-11: Connectors of model base-mat to reaction frame 

CABLES 
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Figure 5-12: Reaction frame and connector view 

5.3 Instrumentation 

Figure 5-13 and Figure 5-14 show a list of the potentiometers (displacement transducers) and 
accelerometers installed on the superstructure and shake table. Two accelerometers and two 
potentiometers were installed at each floor, base and the shake table in order to have redundancy 
in the measurements and to measure torsional motion. Vertical accelerometers were installed on 
the shake table and the base at four opposite corners. Transverse accelerometers were also 
installed on the 1st and 3rd floor and the base at the NE and SW corners of the model. 

The elastomeric bearings were installed on top of four 5-component load cells. The load cells 
measured axial force in the vertical direction, shear force in the two orthogonal horizontal 
directions and moments about the two horizontal axes. Details on the load cells and how they are 
calibrated can be found in Bracci et al. (1992). The list of all the measured components 
(channels) for load cell 4 is shown in Figure 5-15. Fifteen more components were measured for 
the other three load cells. A view of loads cells below the elastomeric bearings is shown in 
Figure 5-16. 

The NSD instrumentation included the Krypton advanced camera system. The camera tracked 
and recorded the coordinates of Light Emitting Diodes (LED) that were installed at selected 
points on the NSD. Figure 5-17 shows a photograph of LED installed at six points of one NSD.    
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Figure 5-13: List of potentiometers for superstructure and shake table 

 
Figure 5-14: List of accelerometers for superstructure and shake table 
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Figure 5-15: Five-component load cell channels 

 
Figure 5-16: View of load cells below elastomeric bearings 

 
Figure 5-17: LED installed at four points of the East NSD 

LED 
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Figure 5-18 shows the location of all LED installed on the NSD at the East side of the model. 
Each point shown in Figure 5-18 (A, B, C, D, E, K, B1, L1, L2, L3, L4, JL, JR, FLB, FRB, GR1, 
GR2, GL1, GL2, CHB, LC1, LC2, ANL and ANR) were monitored by the Krypton camera and 
their displacement, velocity and acceleration histories could be obtained in all three directions.  

 
Figure 5-18: Complete LED instrumentation of NSD on East side 

The forces of each NSD were measured using four 5-component load cells installed at the 
bottom of each NSD as shown in Figure 5-19 and Figure 5-20. These loads cells were small size 
replicas of the load cells used under each elastomeric bearing. Initially only load cells LC1 and 
LC2 on the East and load cells LC3 and LC4 on the West were used.  However, flexibility 
problems in the supporting channels of the NSD affected the behavior of the NSD so that 
additional load cells LC5 and LC6 on the East and LC7 and LC8 on the West were added for 
stiffening.   

Accelerometers and displacement transducers (string pots) were also installed on the NSD in 
order to obtain additional data on the NSD motion. A complete list of string pots and 
accelerometers installed on both devices is shown in Figure 5-19 (NSD East) and Figure 5-20 
(NSD West) together with the designation, location and measurement direction of the 
instruments.  Note that the direction of measurement is either the tangential to a point’s trajectory 
or the longitudinal direction. Figure 5-21 shows an accelerometer installed at the NSD pre-
compressed spring top pin that measures the tangential acceleration of the trajectory of point D 
and a string pot installed at the head of the top chevron that measures the displacement of point E 
in the model longitudinal direction. 

     



78 
 

 
Figure 5-19: String pot, accelerometer and load cell instrumentation of NSD East 

 
Figure 5-20: String pot, accelerometer and load cell instrumentation of NSD West 

 
Figure 5-21: Views of accelerometer and string pot installed on NSD  
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Each damper was instrumented with a load cell and a displacement transducer to measure the 
damper change of length as shown in Figure 5-22.  

 
Figure 5-22: Damper instrumentation 

An important part of any experimental study is to have redundancy in the measurements so that 
(a) the accuracy of measurements can be checked, and (b) sufficient data are acquired in case of 
failure of instrumentation. Although rarely reported, load cells often have measurement errors 
due to calibration errors (particularly for complex multichannel cells in which there is channel 
“cross-talk”), manufacturing errors (e.g., due imperfect placement of strain gages), installation 
errors in the test arrangement (e.g., leveling), condition of other supporting equipment (e.g., 
conditioners) and effects of the environmental conditions (e.g., temperature and humidity).  
Deviations of measured force of up to 20% of the actual forces are not uncommon. Figure 5-23 
compares results for the base shear in a shake table test of the isolated model without the NSD 
(only elastomeric bearings) obtained by direct measurement of the shear force (force Fld) and by 
processing of the accelerations obtained at each floor and the base-mat of the structure (force 
Facc). Force Fld was obtained as the sum of the shear forces recorded by all load cells supporting 
the isolators (sum of 1SY+2SY+3SY+4SY in Figure 5-15) and force Facc was calculated as the 
sum of the floor and base-mat inertia forces: 

 ( )1 2 3acc b b fF m u m u u u= + + +�� �� �� ��  (5-1) 

where mb is the mass of the base-mat (weight equal to 53.2kN for tests without NSD and 58.2kN 
for tests with NSD), mf is the mass of one floor (weight equal to 47.6kN), bu�� is the longitudinal 

acceleration of the center of mass of the base-mat and 1 2,u u�� �� and 3u��  are the accelerations of center 
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of mass of the 1st, 2nd and 3rd floors, respectively. The center of mass accelerations were 
calculated as the average of the two accelerometer recordings on each floor.  For example, bu��  is 

the average of the recordings of instruments ASEBL and ASWBL (see Figure 5-14), 1u�� is the 
average of the recordings of instruments ASE-1L and ASW-1L, etc. The data in Figure 5-23 
were obtained in a test designated as E-PS10317 with the isolation system consisting of 
elastomeric bearings only in a test with ground motion PS10317.   

The two sets of results in Figure 5-23 are in very good agreement.  However, to obtain this good 
agreement, the load cell measurement was multiplied by factor of 1.055- a factor found to be 
systematically needed as the load cell measurements were lower than the results obtained from 
processing of acceleration records. It was discovered that the difference was due to load cell 
calibration errors so that the correction could be made for the load cell measurement. The load 
cell calibration procedure is described in Bracci et al. (1992) and utilizes the fixture shown in 
Figure 5-24. The load cells are bolted together and placed on top of two rollers at the edges of 
the two outermost load cells. A loading beam is placed on top of the load cells supported by two 
rollers placed on two of the load cells. A reference load cell is placed at the center and on top of 
the loading beam and load is applied on top of the reference load cell. The two outermost load 
cells are calibrated based on having half the load measured from the reference load cell. This 
however ignores the weight of the loading beam and the weight of the load cells. Each load cell 
with features weighs around 1.8kN and the loading beam, reference load cell and other features 
also weigh around 1.8kN for a total of about 5x1.8=9kN additional unaccountable load. The 
distribution of this load gives rise to shear forces of 4.5kN for the two outer cells which are 
calibrated for the shear force. Given that load cells were calibrated to a shear of about 90kN, this 
leads to a calibration error of the order of 5%.   

  
Figure 5-23: Comparison of base shear-base displacement loops obtained from processing 

of acceleration records (force Facc) and directly measured by load cells (force Fld) in 
structure on elastomeric bearings 
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Figure 5-24: Load cell calibration fixture 

In another comparison of measured quantities, Figure 5-25 compares the damper force directly 
measured by the damper load cells to forces obtained as the difference of the base shear force 
measured by processing of the acceleration records (force transmitted through the isolation 
system consisting of bearings and dampers, Facc given by Equation (5-1)) and the force measured 
by the isolator load cells (force transmitted through the isolators only, Fld). The measurements 
were made in a test designated as ED-PS10317 with the isolation system consisting of 
elastomeric bearings and dampers in a test with ground motion PS10317. To compare the two 
quantities, the sum of the damper load cell forces was multiplied by the direction cosines in order 
to obtain the horizontal component of the damper forces. Again, the agreement between the two 
independent measurements is very good.  However, the damper load cell forces have been 
corrected by factor found only after comparisons like the one shown in Figure 5-25. Further 
investigation showed that the source of the problem was incorrect calibration factors for the 
damper load cells.  

 
Figure 5-25: Comparison of viscous damper horizontal force obtained from processing of 

acceleration records and isolator load cells (Facc-Fld) and from damper load cells (Fvd)  
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Finally, the NSD load cell measurements are compared to acceleration-based measurements in a 
test designated as ENB-PS10317 with the isolation system consisting of elastomeric bearings and 
NSD without GSA in a test with ground motion PS10317. The sum of the NSD load cell direct 
measurement (Fnsd) was compared to the force obtained by subtracting the isolator load cell 
measurement (force transmitted through the bearings) from the base shear force obtained from 
processing of the floor and base-mat acceleration records Facc given by Equation (5-1). Results 
are presented in Figure 5-26.  Evidently, there is some difference in the two independent 
measurements. Accepting that the acceleration-based measurements (dashed dark line) is correct, 
there must be some error originating in the load cell of the NSD. Further investigation 
determined the NSD West load cells had output nonlinearly dependent on the displacement of 
the device and could not be corrected by use of a single correction factor that applies for all 
situations. The load cells were re-calibrated at the conclusion of testing when it was discovered 
that one load cell had cross- coupling of channels and nonlinear behavior. This behavior was 
exacerbated by large out of plane shear forces, axial forces and moments transferred by the NSD. 
Further evidence of problematic measurement of force by the NSD West load cells is provided in 
Figure 5-27 where the NSD East force is compared to the NSD West force for a test conducted in 
displacement control at frequency of 0.02Hz. The NSD was tested without the GSA for which 
the two devices should have identical behavior due to the high precision of manufacturing of the 
assembly and the machined springs (this was not the case for the GSA which were made of 
helical springs). Also, the two NSD were later disassembled and the two machined springs were 
tested to find that they had identical stiffness. Yet, the results of Figure 5-27 show the NSD West 
having an output force about 15% lower than the NSD East force. Moreover, analytical 
investigations based on the models presented in Section 4 cannot explain such differences. That 
is, studies have shown that hysteresis of any kind will not affect the NSD elastic baseline 
(average of loading and unloading branches), that even large flexibilities only lead to increase in 
stiffness without effect on the peak forces (when GSA is not present) and that large rotation 
effects only result in a minor reduction in the peak NSD.   

As an example, a comparison of experimental results to analytical results for the NSD without 
the GSA and for the properties of Table 3-1 is presented in Figure 5-28. Testing was performed 
in displacement-controlled mode.  The analytical model was the one presented in Section 3.2 that 
excluded any flexibility, hysteresis and inertia effects. It is apparent that the experimental NSD 
East force is in good agreement with analytical predictions with a difference between the two of 
not more than 5%.  Such difference is easily explained by considering standard load cell error 
and physical reasons such as tolerances in pre-loading of the machined spring, minor variations 
in length l2 (which was adjusted many times during testing), minor flexing of pins when pre-load 
is released, etc. However, the large differences between experimental and analytical results for 
the NSD West force cannot be explained except by considering gross load cell errors. This 
conclusion is reinforced by verification of the accuracy of the analytical model presented in 
Figure 5-29 for shake table test ENB-PS10317. The force from two NSD (without GSA) was 
measured by processing of acceleration records and use of isolator load cell force measurements.  



83 
 

For this, the sum of the elastomeric bearing load cell recordings (Fld) was subtracted from the 
acceleration based base shear force (Facc). The experimental results were then further processed 
to remove hysteresis by averaging the force values in the ascending and descending branches of 
the loops within sequential windows of displacement. The analytical results are is excellent 
agreement with experimental results.   

Concluding, the NSD force measurement contains errors which are attributed to one load cell for 
NSD West. These errors do not significantly affect global results. For this reason, for the 
remainder of this report, results from NSD West will be shown for the displacement-controlled 
tests with the understanding that they contain some error. However, results for the shake table 
tests will be based on acceleration-based data so that they are considered accurate. 

 
Figure 5-26: Comparison of NSD force-displacement loops (two devices) obtained from 

NSD load cells (Fnsd) and from records of base shear (acceleration-based) and isolator load 
cells (Facc-Fld) 

 
Figure 5-27: Comparison of measured NSD East to NSD West force-displacement loops 
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Figure 5-28: Comparison of NSD East (left) and West (right) force-displacement relations 

based on measurement by the NSD load cells and predicted by analysis for the nominal 
NSD properties of Table 3-1 

 
Figure 5-29: Comparison of experimental and analytical total NSD force-displacement 

relations 
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SECTION 6                                                                        
EXPERIMENTAL RESULTS 

6.1 Introduction 

This section presents the following experimental results: 

1. Force-displacement relations of the elastomeric bearings obtained in testing of the 
bearings in bearing testing machine. 

2. Dynamic response of the fixed-base structure in the shake table testing. 
3. Force-displacement relations of the GSA obtained in testing of each device after removal 

from the NSD.  
4. Force-displacement relations of the isolation system in various configurations obtained in 

displacement-controlled tests on the shake table.  
5. Dynamic response of the isolated structure in various configurations in the shake table 

testing.  

6.2 Experiment Outline 

Two different experimental setups were utilized for the following two phases of testing: 
displacement-controlled tests and shake table tests. 

Some description of the displacement-controlled testing was provided in Sections 5.2 and 5.3. In 
the displacement-controlled tests, the structure was externally restrained at the base as shown in 
Figure 5-11 and Figure 5-12 and sinusoidal motion was imposed by the shake table with various 
combinations of amplitude and frequency of excitation.  

Various configurations were tested in the displacement-controlled and in the shake table tests.  
These configurations are listed in Table 6-1. Two basic groups of tests were conducted: without 
viscous dampers (designation E) and with viscous dampers (designation ED). Three different 
NSD configurations were tested: NSD-A (NSD without the GSA), NSD-B (NSD with lever at 
center and with GSA) and NSD-BLA (NSD with lever at upper position and with GSA).  Also, 
tests were conducted without the NSD. 

Table 6-1: Notation and tested configurations 
 Without dampers With Dampers 

Device E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 
LD         
VD         

NSD-B         
NSD-BLA         

NSD-A         
LD=Low Damping Elastomeric Bearings, VD=Linear Viscous Dampers, NSD-A=NSD with GSA, NSD-B=NSD 
w/out GSA and lever at center (l2=12.7cm), NSD-BLA= NSD w/out GSA and lever at upper position (l2=15.2cm). 
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Table 6-2 presents information on the earthquake motions used in the shake table testing. Note 
that only one-directional excitation was used. For similitude requirements, the original 
earthquake motions were compressed in time by a factor of 2 in consistency with the length scale 
factor of 4. Table 6-3 identifies which earthquake motions were used for each isolation system 
and NSD configuration.  

Table 6-2: Earthquake motions used for shake table testing 
Earthquake/ 

Date 
Station Component 

Notation 
Moment 

Magnitude 
PGA 
(g) 

PGV 
(cm/sec)

PGD 
(cm) 

Denali, Alaska 
3/2002 

Alyeska Ps10 
TAPS Pump 
Station #10 

PS-10317 7.9 0.32 96.1 100.5 

San Fernando 
2/1971 

CDMG 279 
Pacoima Dam, 

Upper Left 
Abutment) 

PUL-254 6.6 1.16 75.6 18.1 

Loma Prieta 
10/1989 

CDMG Station 
47125, Capitola CAP-000 6.9 0.48 34.5 7.1 

Northridge-01 
1/1994 

USGS/VA 637 LA 
- Sepulveda VA 

Hospital 
0637-270 6.7 0.80 74.1 16.3 

Chi-Chi, Taiwan 
9/1999 

CWB 9999936 
TCU129 TCU-129-E 7.6 0.79 47.3 38.7 

Kobe 
1/1995 

JMA 99999 
KJMA KJM-090 6.9 0.71 77.8 18.9 

Northridge-01 
1/1994 

CDMG 24279 
Newhall - Fire 

Station 
NWH-090 6.7 0.70 81.8 26.1 

Kocaeli, Turkey 
8/1999 ERD 99999 Duzce DZC-270 7.5 0.33 55.3 29.6 

  

Table 6-3: Earthquake motions and tested configurations 

Ground 
Motion 

Testing Configuration 
Without Dampers With Dampers 

E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 
PS-10317    
PUL-254    
CAP-000    
0637-270   

TCU-129-E   
KJM-090   
NWH-090   
DZC-270   
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6.3 Testing of Elastomeric Bearings 

The four elastomeric bearings used in the isolation system of the model structure were the 
bearings used in Wolff and Constantinou (2004). The geometry of the elastomeric bearings is 
shown in Figure 6-1. The bearings were individually tested in the bearing testing machine of 
Figure 6-2 (described in Kasalanati and Constantinou, 1999) prior to their installation on the 
shake table. The four bearings were tested at various frequencies and amplitudes of harmonic 
motion. 

 
Figure 6-1:  Section of elastomeric bearing (Wolff and Constantinou, 2004) 

 
Figure 6-2: Schematic of single bearing testing machine (Kasalanati et al, 1999) 

Sample force-displacement loops for the four elastomeric bearings are shown in Figure 6-3 and 
Figure 6-4 for two different frequencies, compressive load of 50kN and shear strain amplitude of 
140%. The results are in good agreement with those reported in Wolff and Constantinou (2004) 
for tests conducted nearly 10 years ago. While the four bearings have nearly identical properties, 
the bearings were placed as follows to minimize eccentricities: bearing LD4 was placed on top of 
load cell LC1, bearing LD1 on top of load cell LC2, bearing LD3 on top of load cell LC3 and 
bearing LD2 on top of load cell LC4 (see Figure 5-15).   
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Figure 6-3:  Recorded force-displacement loops of elastomeric bearings at shear strain of 

145%, compressive load of 50kN and frequency of 0.01Hz 

 
Figure 6-4: Recorded force-displacement loops of elastomeric bearings at shear strain of 

145%, compressive load of 50kN and frequency of 1Hz 
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6.4 Testing of GSA  

The four GSA units were removed from the two NSD and tested in compression as shown in 
Figure 6-5. This was done after the shake table testing was concluded in order to investigate 
features of behavior observed in the shake table testing. A compressive load F was applied to a 
washer load cell that was placed on top of the GSA and a potentiometer measured the GSA 
deformation.   

 
Figure 6-5: Testing arrangement for GSA  

Recorded force-displacement relations for the four GSA are shown in Figure 6-6. The GSA 
designated NE and SE were extracted from the East NSD and the GSA designated NW and SW 
were extracted from the West NSD. Evidently, the devices exhibit bilinear behavior with small 
hysteresis. The GSA NW, SW and NE have nearly identical behavior but the properties of pre-
engagement stiffness (stiffness for displacement less than the NSD engagement displacement) 
and the engagement displacement differ from the nominal properties of Table 3-1 and Figure 
3-3. Specifically in Table 3-1, the engagement displacement is 1.65cm and the pre-engagement 
stiffness is 4.9kN/cm.  The experimental values are about 2.0cm for the displacement and 
3.5kN/cm for the pre-engagement stiffness. GSA SE has correct pre-engagement stiffness, but 
has larger than nominal engagement displacement and post-engagement stiffness.  

The differences are due to differences in the properties of the coil springs used in the GSA.  
Unlike the machined pre-loaded springs of the NSD, these springs can have differences in 
behavior of the order observed due to small differences in geometry (particularly the diameter of 
wire, d, and the mean winding diameter, D-where the spring stiffness, K, is related to these 
quantities by 4 3/K d D∼ ). 
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Figure 6-6: Experimental force-displacement relations of GSA 

Note that the GSA, as tested, did not have the end angle plates (Figure 3-11) so, effectively, the 
physical gap opening dgap was large. Accordingly, the testing of the GSA did not reveal the 
implications of the variability in the stiffness and engagement displacement properties.  
Furthermore, spring S1 (see Figure 3-11) was free of any pre-load in the GSA testing (as it 
should have been in the NSD).  However, when it was installed in the NSD, it was accidentally 
compressed and therefore the behavior changed. Accordingly, the testing of individual GSA did 
not reveal the behavior of the devices observed when tested within the NSD. Nevertheless, the 
testing revealed differences in GSA spring stiffness that are important in understanding the 
behavior of the NSD as observed in the shake table testing and in designing an improved version 
of the GSA.  Observations of the GSA behavior in this experimental study led to a revision in the 
design of the GSA which was implemented in a modification of the device for the second phase 
of the research project. The revised design is shown in Figure 6-7 where the rod running through 
the springs (see Figure 2-6) was replaced by a tube surrounding spring S2. The behavior of the 
revised GSA of Figure 6-7 is still described by the basic theory of Section 3.3 where now 
quantity kr is the axial stiffness of the tube rather than the axial stiffness of the rod. 
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Figure 6-7: Schematic of revised GSA  

The revised GSA design also corrected for additional problems observed in the original design.  
Specifically, the coils of spring S2 were observed to rub against the housing plate as shown in 
the photographs of Figure 6-8 and Figure 6-9. In Figure 6-8, the spring coils are seen deformed 
non-uniformly as a result of friction between the coils and the housing plate.  In Figure 6-9, wear 
marks on the housing plate due to the rubbing of parts are evident. Also, the revised GSA did not 
have the additional friction problem described in the sequel. 

The original GSA experienced some motion perpendicular to its axis so that the threaded rod 
could rub against the hole of the housing plate. To reduce this problem in the original GSA, the 
device was fitted with Teflon sheets where the GSA contacted the NSD and a guide was installed 
as shown in Figure 6-8. Nevertheless, the GSA contributed a friction force to the NSD force that 
could be modeled as:  

    2
fr f gF Fμ=       (6-1) 

In Equation (6-1), Fg is the force of the GSA and μf is the friction coefficient between steel and 
Teflon. The equation arises from the fact that the friction coefficient multiplied by the GSA force 
is equal to the normal load on the Teflon-steel interface of the guide. This normal load multiplied 
by the friction coefficient of the Teflon-steel (guide) interface results in the force in the NSD 
direction. Simple calculations (e.g., 0.05,fμ = ,max 10 ,gF kN=  the added friction force is 

0.025kN) reveal that this force is very small and can be ignored.  
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Figure 6-8: Deformed GSA of West NSD in displacement-controlled test at 2.5in amplitude 

and 0.02Hz frequency (observe uneven coil movement) 

 
Figure 6-9: Wear on housing plate due to friction between housing plate and spring  

6.5 Testing of Linear Viscous Dampers 

The dampers were tested in displacement-controlled tests on the shake table together with the 
NSD. The dampers are linear viscous and have been previously extensively used in shake table 
testing by Kasalanati and Constantinou (1999) and Wolff and Constantinou (2004). The devices 
were sent back to the manufacturer to be re-pressurized prior to the testing for this project.   

Guide 
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In the shake table testing the devices were installed at an angle with respect to the axis of shake 
table motion, referred to here as the horizontal direction. Using the installation geometry 
described in Section 5.2, the horizontal component of each damper force is given by: 

 , cos cosvd x vd x zF F θ θ=  (6-2) 

Angles xθ  and yθ  are equal to 36 and 28 degrees, respectively, resulting incos cos 0.71x zθ θ = .  

However, during seismic testing there was some repositioning of the dampers so that the angles 
slightly changed so that cos cos 0.69x zθ θ = .The damper deformation is related to the isolation 
system (or base) displacement by: 

 cos cosvd b x zu u θ θ=  (6-3) 

Note that Fvd is the force of each damper measured by the load cell on each damper and uvd is the 
damper relative displacement (deformation) obtained from potentiometers SPVD1 and SPVD2 
(see Figure 5-22). The isolation system or base displacement ub is obtained as the average 
relative displacement of the base of the model and the shake table using measurements from 
potentiometers SPSESL, SPSWSL, SPSEBL SPSWBL as shown in Figure 5-13. 

Figure 6-10(a) compares experimental results for the relation between the damper deformation 
and base displacement for a harmonic test at 0.5Hz frequency and 6.58cm amplitude of the shake 
table. Figure 6-10(b) shows the average damper force obtained as the average of load cells LW1 
and LW2 (Figure 5-22) plotted against the average damper deformation obtained as the average 
of the recordings of potentiometers SPVD1 and SPVD2. The total (from two dampers) horizontal 
damper force component versus the base displacement is shown in Figure 6-10(c). It was 
obtained as the sum of recordings of load cells LW1 and LW2 multiplied by factor 0.71 (for
cos cosx zθ θ ).  

It can be seen in Figure 6-10(a) that the damper deformation shows some “hysteresis” with 
respect to the base displacement. This was the result of some small rigid body motion between 
the pins and the holes of the damper connections.  The test results reveal linear viscous behavior 
with a damping constant for individual dampers equal to 0.63kN-sec/cm, which is essentially the 
same as that reported in Wolff and Constantinou (2004). The effective damping constant in the 
longitudinal direction for the two inclined dampers is then equal to 2x0.63x(0.69)2=0.60kN-
sec/cm, where 0.69 is the direction cosine for the dampers. Note that the same result is directly 
obtained from the loops in Figure 6-10(c).   
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         (a)                (b) 

 
(c) 

Figure 6-10: Experimental results for dampers obtained in displacement-controlled tests at 
frequency of 0.5Hz 

6.6 Testing of NSD  

Figure 6-11 shows photographs of the deformed NSD during a displacement-controlled test on 
the shake table. 

Figure 6-12 to Figure 6-18 show results on the histories of motion of points of the NSD obtained 
by the Krypton camera tracking system (see Figure 2-3, Figure 3-1 and Figure 5-18) for the cases 
with and without the GSA (note that configurations ENA, etc. are described in Table 6-1).  
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Figure 6-11: Deformed NSD West (left) and NSD East (right) during displacement-

controlled test at 6.4cm amplitude and 0.02Hz frequency 

The results in Figure 6-12 to Figure 6-18 verify the validity of the assumptions made on the 
kinematics of the NSD for the development of the analytical model in Section 3.  Specifically, 
the displacements of points A, B and E are essentially equal and the displacement of C is 
essentially zero (when assuming rigid members). Also point D has a displacement almost double 
the displacement of point B (same as the ratio l1/l2 for the device).  Also, the motion of the points 
is essentially unaffected by the frequency of testing so that, indeed, the inertia effects have 
insignificant effects on the kinematics of the device. 

The small deviations from perfect behavior are due to a) imperfect positioning of the lever (the 
lever was frequently adjusted up and down and exact re-positioning was impossible), b) the LED 
of the Krypton were not exactly positioned at the center of each pin, and c) large rotation effects 
of the lever that cause small differences in the motion of points A and B.  Moreover, it is 
observed that point E has the same displacement as point A in the case without the GSA 
(configuration ENB) but the two points have slightly different displacements when the GSA is 
added (configuration ENA). The reason is that the GSA causes small deformation of the top 
channel of the NSD (see Section 4.5). Differences are however small as seen, for example, in 
Figure 6-13, and do not affect the device behavior.   

Note that the displacement of point C is nonzero but small.  The theory of Section 4.5 where the 
NSD flexibility is accounted for predicts some small motion of point C as observed in the 
experiments. Nevertheless, this displacement is too small by comparison to that of point A to 
have any effect.  
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Figure 6-12: Displacement histories of points on NSD for configuration ENB (without GSA) 

in test at 0.02 Hz frequency 



97 
 

 
Figure 6-13: Displacement histories of points on NSD for configuration ENA (with GSA) in 

test at 0.02 Hz frequency 
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Figure 6-14: Displacement histories of points on NSD for configuration ENB-LA (with 

GSA) in test at 0.02 Hz frequency 
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Figure 6-15: Displacement histories of points on NSD for configuration ENB (with GSA) in 

test at 1 Hz frequency 
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Figure 6-16: Displacement histories of points on NSD for configuration ENA (with GSA) in 

test at 1 Hz frequency 
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Figure 6-17: Displacement histories of points on NSD for configuration ENB-LA (with 

GSA) in test at 1 Hz frequency 
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Figure 6-18: Displacement histories of additional points on NSD for configuration ENA 

(with GSA) in test at 1 Hz frequency 
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Figure 6-19 presents recorded force-displacement relations of the NSD East and NSD West in 
displacement-controlled tests at the frequency of 0.02Hz for configurations ENB (NSD without 
GSA), ENA (NSD with GSA) and ENB-LA (NSD without GSA and the lever arm modified). 
The latter shows the different behavior generated by the NSD when the lever arm is modified by 
moving the pin in the slotted connection (point B in Figure 3-9) by about 2.5cm. When compared 
to configuration ENB (centered pin), the peak NSD force in the ENB-LA (modified lever arm) is 
reduced and the stiffening displacement is increased.  

Figure 6-20 presents recorded force-displacement relations of the isolation system obtained in 
the tests of which the individual NSD relations are shown in Figure 6-19. The column of graphs 
on the left in Figure 6-20 show loops of force-displacement for the elastomeric bearings as 
directly measured by the load cells (marked LD) and for the NSD (from the data of Figure 6-19 
(marked NSD Total). The graphs on the right of Figure 6-20 show the loops of total force (LD 
plus NSD) denoted as “Base Shear”. The following should be noted in the results of Figure 6-19 
and Figure 6-20: 

1. For cases ENB and ENB-LA (without GSA), the NSD East has slightly larger forces than 
the NSD West. As explained in Section 5.3, there was a measurement error in the NSD 
West. Also, both devices show some hysteresis which is due to pin friction and dependent 
on the pre-loaded spring instantaneous force (see Section 4.4 for details). The NSD West 
shows more friction at large displacements than the NSD East which could, again, be due 
to measurement errors in the load cells.   

2. The non-zero force at zero displacement observed in configuration ENA (with GSA) in 
the two bottom graphs of Figure 6-19 are due to abnormalities in the GSA as explained in 
Section 4.6 and, particularly, the reduction in the gap opening.  

The effect of the frequency of motion is shown in the recorded force-displacement relations of 
the NSD East (without GSA) in Figure 6-21. There is a small effect of frequency in consistency 
with the theoretical predictions on the effect of inertia forces in Section 4.3. It should be noted 
that the results shown in Figure 6-21 were obtained from load cells which, during the testing, 
moved together with the shake table and, therefore, measured the inertia force of the parts 
attached to them in addition to the NSD force. That is, the measurement includes parasitic inertia 
effects that could not be corrected.   
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Figure 6-19: Force-displacement relations of NSD obtained in displacement-controlled test 
at 0.02Hz frequency for configurations ENB and ENB-LA (without GSA) and ENA (with 

GSA) 
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Figure 6-20: Force-displacement relations of isolation system (bearings-LD and NSD) 

obtained in displacement-controlled test at 0.02Hz frequency for configurations ENB and 
ENB-LA (without GSA) and ENA (with GSA) 
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Figure 6-21: Effect of frequency on NSD East force-displacement relation 

6.7 Identification of Properties of Fixed Superstructure  

Prior to testing the isolated structure, the superstructure was identified by directly connecting the 
base, without the elastomeric bearings, on the load cells (see Figure 5-3) and subjecting it to 
shake table motion. For the identification of the superstructure properties, the shake table was 
driven in white noise motion with frequency content of 0 to 50Hz, amplitude of 0.1g and 60 
second duration. The transfer functions were obtained (see Bracci et al., 1992 for description of 
process) using records of acceleration recorded at each floor and the shake table and shown in 
Figure 6-22. The mode shape, period and damping ratio of each of the three translational (testing 
direction) modes of the superstructure were derived from the transfer functions (see Bracci et al., 
1992) and are presented in Table 6-4. 
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Table 6-4: Mode shape, period and damping ratio for three modes of vibration of 
superstructure obtained in low amplitude white noise testing  
Mode 
No. 

Period 
(sec) 

Damping 
Ratio 

Mode Shape 
1st floor 2nd floor 3rd floor 

1st 0.299 0.0862 0.415 0.753 1.000 
2nd 0.077 0.0137 -1.216 -0.816 1.000 
3rd 0.046 0.0078 2.364 -2.199 1.000 

 

 
Figure 6-22: Amplitude of transfer functions (T.F.) of superstructure obtained in low 

amplitude white noise testing 

The structure has a high damping ratio in the first mode, something also observed in previous 
identification of the complete 6-story model (Fenz and Constantinou, 2008b and Wolff and 
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Constantinou, 2004). This is attributed to slippage in the connections of the concrete blocks to 
the steel frame. The damping is dependent on the amplitude of motion, hence to the excitation 
too.  It is largest at small amplitude vibration with rich frequency content. The structure was also 
identified in low amplitude (to prevent yielding) seismic excitation. Results are presented in 
Table 6-5 and Figure 6-23.  Table 6-6  presents the stiffness and damping matrix of the structure 
as obtained from the data of Table 6-4 and Table 6-5 and using the procedures in Bracci et al. 
(1992). The degrees of freedom are the displacements of each floor with respect to the ground. 
There is some difference between the two sets of results, which are typical of the difficulties in 
the identification of models that are not exactly linear elastic and linear viscous.   

Table 6-5: Mode shape, period and damping ratio for three modes of vibration of 
superstructure obtained in low amplitude seismic testing with motion ATL 270 

Mode 
No. 

Period 
(sec) 

Damping 
Ratio 

Mode Shape 
1st floor 2nd floor 3rd floor 

1st  0.277 0.0597  0.385 0.746 1.000 
2nd  0.077 0.0135  -1.217 -0.803 1.000 
3rd  0.045 0.0060  2.528 -2.328 1.000 

 
Figure 6-23: Amplitude of transfer functions of superstructure obtained in low amplitude 

seismic testing with motion ATL 270 

Table 6-6: Stiffness and damping matrices of superstructure constructed from modal data 
in identification tests  

Test  Stiffness matrix (kN/cm) Damping Matrix (kN-sec/cm) 

White noise 

555.5 333.2 26.6
333.2 515.8 233.2
26.6 233.2 185.9

K
−⎡ ⎤

⎢ ⎥= − −⎢ ⎥
⎢ ⎥−⎣ ⎦

0.118 0.018 0.021
0.018 0.123 0.028
0.021 0.028 0.143

C
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 

Seismic motion  
ATL-270 

558.9 330.2 40.3
330.2 520.9 242.5
40.3 242.5 190.1

K
−⎡ ⎤

⎢ ⎥= − −⎢ ⎥
⎢ ⎥−⎣ ⎦

0.101 0.018 0.004
0.018 0.097 0.015
0.004 0.015 0.116

C
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦
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6.8 Shake Table Testing Results 

This section presents results as follows: 

1. A comparison of the 5%-damped acceleration response spectra for all ground motions as 
calculated from the recorded acceleration histories of the table in all tested configurations 
and as calculated from the target acceleration history in Figure 6-24. There are some 
differences in the spectra of the motions but they are sufficiently close to be able to 
compare experimental results for the various configurations. 

2. Peak recorded inter-story drift ratio, floor accelerations, base displacements and base 
shear forces in tabular form in Table 6-7 to Table 6-9 for all tests. 

3. Histories of recorded inter-story drift ratio, floor accelerations and bearing axial loads, 
and force-displacement loops in graphical form for all configurations tested but only for 
one seismic motion (PS10317) in Figure 6-25 to Figure 6-34. Results for all other tests 
are presented in Appendix A. Results in graphical form for floor response spectra of all 
floors and the base are presented in Figure 6-35 to Figure 6-38 for all ground motions and 
all configurations tested.   

4. Comparisons of peak recorded inter-story drift ratio, floor acceleration, base 
displacement and base shear force for all tested configurations and all motions in 
graphical form in Figure 6-39 to Figure 6-41.  

The following comments describe how the results in Table 6-7 to Table 6-9, Figure 6-25 to 
Figure 6-38 and Appendices A and B were obtained: 

1. Displacements and accelerations were directly measured by string pots and 
accelerometers, respectively. Relative displacements were calculated by subtracting the 
records of displacements at two points. 

2. For configurations without dampers (cases ENA, ENB and ENB-LA), the NSD forces 
were calculated as the difference of the base shear force calculated from records of 
acceleration after multiplication by the effective mass and addition over the height of the 
model (Facc as given by Equation (5-1)) and  the elastomeric bearing forces Fld as directly 
measured by the load cells supporting the bearings (see Section 5.3). This approach 
resulted in the most accurate measurement of the NSD forces.  The NSD forces were also 
measured by load cells directly connected to the NSD but their measurements contained 
some error as described in Section 5.3. Appendix B presents comparisons of NSD forces 
obtained by the two procedures. 

3. For configurations with dampers, the NSD forces were directly measured by the NSD 
load cells. The measurement contains some small error. 

4. The viscous damper force component in the longitudinal model direction was calculated 
as the sum of the load cell force measurements from the two dampers multiplied by the 
damper’s direction cosine factor which equals 0.69. For some tests, the data stream from 
the load cell of the East damper was lost due to a loose connector. For those cases, the 
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total damper force was calculated as twice the value obtained from the single functional 
load cell on the West damper times the direction factor 0.69. Appendix A presents in 
Figures A-2 to A-17 comparisons of the viscous damper force component in the 
longitudinal direction obtained from two load cell measurements to the force obtained 
from one load cell and then doubled.  The comparison is excellent so that the loss of data 
from the faulty connection did not result in any important loss of information.  

The effect of the NSD is best observed in the peak response data of Table 6-7 to Table 6-9 and in 
graphical form in Figure 6-39 to Figure 6-41.  In discussing the results, it is important to note 
that configuration E represents a seismically isolated structure with low damping elastomeric 
bearings. The effective period of the isolated structure in the scale of the model is about 0.8sec 
(or 1.6sec in the prototype scale) and its effective damping is about 5-percent. The period is 
relative low but realistic given the loads carried by the bearings and the limitations imposed by 
considerations of stability of the bearings. However, it may be regarded realistic for a light 
weight structure supported by elastomeric bearings. Also, damping is low so that another 
configuration with linear viscous dampers (configuration ED) was tested. Configuration ED had 
an effective period of about 0.8sec and effective damping of about 25-percent, of which 20-
percent was contributed by the dampers and 5-percent by the elastomeric bearings.  Moreover, 
configurations ENA and EDNA included the NSD with GSA, configurations ENB and EDNB 
included the NSD without GSA and configurations ENB-LA and EDNB-LA included the NSD 
with modified lever arm (negative stiffness reduced in absolute value-see Figure 6-19) and 
without the GSA. Direct observations in the results of Tables 6-9 to 6-11, Figure 6-35 to Figure 
6-38 and Figure 6-39 to Figure 6-41 are: 

1. The damped configuration ED outperforms the low-damped configuration E in all 
response measures.  The isolation system (or base) displacement is reduced by 30 to 50-
percent, base shear is less and inter-story drift is less in most cases, whereas the floor 
acceleration is about the same (with some cases a little more and some cases a little less).  
In general, the results are consistent with those of Wolff and Constantinou (2004) and 
confirm the widely accepted position that linear viscous damping offers important 
benefits in seismically isolated structures. 

2. The addition of the NSD with GSA (configurations ENA and EDNA) resulted in some 
reduction of inter-story drift and floor acceleration in the majority of tested cases, and 
some reduction in base shear, which was significant in the case of the configurations 
without dampers. The floor spectra were reduced for all ground motions even in cases 
where the presence of the NSD increased the peak floor accelerations. As discussed 
earlier, the GSA had a larger engagement displacement than needed and especially for 
cases with dampers (where base displacement was smaller) peak quantities occurred prior 
to the NSD engaging. Moreover attempts to adjust the gap opening resulted in unwanted 
behavior and details of its construction (that were later corrected) resulted in parasitic 
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behavior. This behavior essentially reduced the efficiency that the GSA could have 
offered. 

3. The addition of the NSD without the problematic GSA (configurations ENB, ENB-LA, 
EDNB and EDNB-LA) shows drastic reductions in base shear, floor accelerations and 
inter-story drift. The efficiency of the dampers in controlling base displacements is 
particularly demonstrated for ground motions PS10317, NWH-090 and DZC-270 were in 
their absence (configurations ENB and ENB-LA) displacements are significantly 
increased when compared to configuration E, however in their presence (EDNB and 
EDNB-LA) displacements are the same as those exhibited by configuration ED. Note that 
these configurations result in reduced effective stiffness. On the basis of the loops in 
Figure 6-20, the effective stiffness for systems ENB and ENB-LA is about 5kN/cm and 
7kN/cm, respectively, for displacements less than 4cm.  On the basis of this stiffness, the 
effective period is about 1.3sec and 1.1sec, respectively, instead of 0.8sec for the 
configuration without the NSD.  Also, the effective damping is more.     

4. In all configurations without the GSA (configurations ENB, ENB-LA, EDNB and 
EDNB-LA), permanent deformations occurred as depicted in the histories of base 
displacement in Figure 6-27 and Figure 6-28.  No permanent deformations occurred in 
the configurations with GSA (ENA and EDNA). These permanent deformations could be 
eliminated at the conclusion of testing by disconnecting the NSD. The occurrence of 
permanent deformations for case ENB is explained by the force-displacement loops in 
Figure 6-25 for configurations E, ENA and ENB. It is apparent that the low effective 
stiffness of ENB leads to permanent deformations larger than those exhibited by 
configurations E and ENA.  
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Figure 6-24: Target and table motion 5%-damped acceleration response spectra  
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Figure 6-24 (cont’d): Target and table motion 5%-damped acceleration response spectra 
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Figure 6-24 (cont’d): Target and table motion 5%-damped acceleration response spectra 
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Figure 6-24 (cont’d): Target and table motion 5%-damped acceleration response spectra 
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Figure 6-25: Base shear divided by weight and NSD force versus base displacement loops 

recorded for motion PS10317 and configurations without dampers 
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Figure 6-26: Base shear divided by weight, NSD force and viscous damper force versus 
base displacement loops recorded for motion PS10317 and configurations with dampers 
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Figure 6-27: Base displacement histories recorded for motion PS10317 and configurations 

without dampers 
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Figure 6-28: Base displacement histories recorded for motion PS10317 and  configurations 

with dampers 
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Figure 6-29: 2nd story drift ratio recorded for motion PS10317 and configurations without 

dampers 
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Figure 6-30: 2nd story drift ratio recorded for motion PS10317 and configurations with 

dampers 
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Figure 6-31: 3rd floor acceleration histories recorded for motion PS10317 and 

configurations without dampers 
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Figure 6-32: 3rd floor acceleration histories recorded for motion PS10317 and 

configurations with dampers  
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Figure 6-33: Axial load histories (for pair of load cells) for ground motion PS10317 for 

systems without dampers 
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Figure 6-34: Axial load histories (for pair of load cells) for ground motion PS10317 for 

systems with dampers  
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Figure 6-35: Base 5%-damped acceleration response spectra 



127 
 

 
Figure 6-35 (cont’d): Base 5%-damped acceleration response spectra  
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Figure 6-36: First floor 5%-damped acceleration response spectra  
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Figure 6-36 (cont’d): First floor 5%-damped acceleration response spectra  
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Figure 6-37: Second floor 5%-damped acceleration response spectra 
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Figure 6-37 (cont’d): Second floor 5%-damped acceleration response spectra  
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Figure 6-38: Third floor 5%-damped acceleration response spectra 
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Figure 6-38 (cont’d): Third floor 5%-damped acceleration response spectra 
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Table 6-7: Peak recorded inter-story drift ratio  

Motion 
1st story drift ratio (% of story height) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.35 0.29 0.21 0.18 0.27 0.27 0.17 0.18 
PUL-254 0.30 0.29 0.12 0.15 0.30 0.32 0.23 0.23 
CAP-000 0.35 0.29 0.13 0.13 0.31 0.27 0.17 0.20 
0637-270 0.38 0.30 - 0.16 0.36 0.33 - 0.26 

TCU-129-E 0.36 0.27 0.27 0.13 0.27 - 0.22 0.18 
KJM-090 0.28 0.24 0.23 0.16 0.35 0.29 - 0.22 
NWH-090 0.30 - 0.22 0.15 0.35 0.33 0.28 0.28 
DZC-270 0.46 - 0.19 0.17 0.36 - 0.18 0.24 

Motion 
2nd story drift ratio (% of story height) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.45 0.40 0.28 0.31 0.35 0.28 0.27 0.23 
PUL-254 0.45 0.39 0.20 0.17 0.47 0.42 0.28 0.28 
CAP-000 0.42 0.31 0.19 0.19 0.32 0.34 0.25 0.24 
0637-270 0.53 0.46 - 0.23 0.55 0.52 - 0.32 

TCU-129-E 0.42 0.30 0.38 0.31 0.36 - 0.33 0.33 
KJM-090 0.46 0.32 0.31 0.28 0.37 0.36 - 0.27 
NWH-090 0.43 - 0.31 0.30 0.45 0.38 0.32 0.30 
DZC-270 0.58 - 0.25 0.30 0.45 - 0.29 0.30 

Motion 
3rd story drift ratio (% of story height) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.36 0.33 0.25 0.20 0.28 0.32 0.15 0.19 
PUL-254 0.26 0.21 0.12 0.11 0.24 0.27 0.21 0.18 
CAP-000 0.25 0.25 0.13 0.12 0.23 0.24 0.17 0.15 
0637-270 0.32 0.21 - 0.08 0.29 0.24 - 0.21 

TCU-129-E 0.23 0.21 0.20 0.13 0.20 - 0.22 0.17 
KJM-090 0.27 0.20 0.18 0.16 0.29 0.26 - 0.21 
NWH-090 0.30 - 0.14 0.16 0.24 0.24 0.22 0.23 
DZC-270 0.44 - 0.13 0.14 0.27 - 0.17 0.15 
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Table 6-8: Peak recorded floor acceleration  

Motion 
Base Acceleration (g) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.31 0.39 0.19 0.25 0.27 0.29 0.19 0.22 
PUL-254 0.33 0.34 0.24 0.19 0.41 0.33 0.26 0.25 
CAP-000 0.32 0.28 0.21 0.22 0.30 0.32 0.25 0.25 
0637-270 0.37 0.33 - 0.17 0.35 0.28 - 0.21 

TCU-129-E 0.33 0.32 0.28 0.21 0.38 - 0.31 0.26 
KJM-090 0.25 0.25 0.23 0.20 0.28 0.28 - 0.23 
NWH-090 0.28 - 0.22 0.20 0.40 0.36 0.34 0.32 
DZC-270 0.42 - 0.20 0.24 0.34 - 0.22 0.24 

Motion 
1st floor Acceleration (g) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.34 0.33 0.22 0.24 0.32 0.35 0.18 0.20 
PUL-254 0.38 0.40 0.20 0.22 0.39 0.40 0.24 0.26 
CAP-000 0.34 0.29 0.14 0.15 0.31 0.26 0.18 0.24 
0637-270 0.39 0.37 - 0.16 0.44 0.34 - 0.28 

TCU-129-E 0.38 0.31 0.29 0.21 0.40 - 0.29 0.24 
KJM-090 0.29 0.25 0.19 0.17 0.36 0.31 - 0.22 
NWH-090 0.31 - 0.21 0.20 0.32 0.30 0.24 0.23 
DZC-270 0.38 - 0.21 0.23 0.37 - 0.21 0.23 

Motion 
2nd floor Acceleration (g) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.36 0.37 0.22 0.27 0.32 0.35 0.20 0.23 
PUL-254 0.40 0.38 0.22 0.22 0.42 0.38 0.29 0.30 
CAP-000 0.36 0.35 0.13 0.17 0.34 0.31 0.18 0.22 
0637-270 0.43 0.36 - 0.18 0.48 0.38 - 0.28 

TCU-129-E 0.40 0.30 0.35 0.25 0.39 - 0.26 0.23 
KJM-090 0.34 0.30 0.23 0.20 0.36 0.36 - 0.25 
NWH-090 0.33 - 0.24 0.20 0.39 0.31 0.25 0.29 
DZC-270 0.41 - 0.18 0.22 0.35 - 0.23 0.25 

Motion 
3rd floor Acceleration (g) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 0.38 0.43 0.23 0.28 0.34 0.33 0.19 0.26 
PUL-254 0.37 0.43 0.28 0.23 0.56 0.53 0.42 0.37 
CAP-000 0.38 0.41 0.22 0.21 0.37 0.38 0.33 0.29 
0637-270 0.42 0.39 - 0.21 0.50 0.45 - 0.34 

TCU-129-E 0.38 0.33 0.36 0.29 0.45 - 0.37 0.33 
KJM-090 0.34 0.34 0.27 0.26 0.41 0.44 - 0.30 
NWH-090 0.43 - 0.31 0.31 0.50 0.48 0.43 0.41 
DZC-270 0.46 - 0.18 0.25 0.41 - 0.26 0.27 
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Table 6-9: Peak recorded base displacement and base shear force  

Motion 
Base Displacement (cm)1 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 5.80 5.92 7.57 6.89 3.98 4.49 4.15 4.31 
PUL-254 4.97 4.74 3.73 3.84 3.43 3.35 2.88 2.97 
CAP-000 4.93 3.50 3.54 2.75 2.94 2.98 2.43 2.33 
0637-270 6.11 6.52 - 4.46 4.31 4.48 - 3.80 

TCU-129-E 4.77 3.76 4.41 4.38 2.79 - 2.97 2.75 
KJM-090 4.82 4.56 4.87 4.03 3.04 3.16 - 3.04 
NWH-090 5.03 - 6.98 5.34 2.98 2.78 3.05 3.11 
DZC-270 6.68 - 7.17 6.28 4.30 - 4.47 4.22 

Motion 
Base Shear (kN) 

Without Dampers With Dampers 
E ENA ENB ENB-LA ED EDNA EDNB EDNB-LA 

PS-10317 65.6 58.7 38.8 43.3 54.5 49.9 30.4 34.6 
PUL-254 57.0 39.7 16.8 24.0 48.3 44.4 25.7 27.9 
CAP-000 56.6 36.1 14.5 19.3 43.8 40.5 19.7 23.8 
0637-270 67.1 57.9 - 25.8 68.3 63.8 - 44.7 

TCU-129-E 54.8 37.3 39.4 29.3 45.3 - 33.4 30.4 
KJM-090 55.3 38.8 28.4 26.8 49.3 46.5 N/A 33.9 
NWH-090 56.7 - 35.3 30.8 45.9 43.2 29.2 30.2 
DZC-270 73.9 - 29.2 36.3 56.4 - 27.9 33.8 
1. This is the maximum value of base displacement minus initial displacement which was nonzero for tests with 

configurations ENB,EDNB,ENB-LA,EDNB-LA 
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Figure 6-39: Comparison of recorded peak inter-story drift ratio for all configurations and 

tests (left column is for systems without dampers; right column is for systems with 
dampers) 
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Figure 6-40: Comparison of recorded peak floor acceleration for all configurations and 

tests (left column is for systems without dampers; right column is for systems with 
dampers) 
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Figure 6-41: Comparison of recorded peak base displacement and base shear force for all 
configurations and tests (left column is for systems without dampers; right column is for 

systems with dampers) 
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SECTION 7                                                                        
ANALYTICAL PREDICTION OF RESPONSE 

7.1 Introduction 

This section presents details of modeling of the tested model in program SAP2000 and compares 
experimental results to the predictions of the analytical model. The section presents only sample 
results in graphical form. Appendix C presents comparisons of experimental and analytical 
histories of all response quantities and of the floor acceleration spectra for all tests. 

7.2 Modeling of Superstructure in Program SAP2000 

The superstructure, fixed at its base, was modeled in program SAP2000 using linear elastic 
frame elements for all beams, columns and braces. The diaphragm bracing of the superstructure 
was explicitly modeled and therefore no diaphragm constraints have been assigned. The concrete 
blocks were modeled as lumped masses without mass moment of inertia. The self-weight of the 
frame was explicitly captured using the steel density value for the material in SAP2000. 
Additional small masses were added at the base-mat to capture the difference in the total weight 
calculated by the program and the one obtained from measurement by the load cells. This 
additional weight was contributed by elements not accounted for in the model, such as steel 
connecting plates, stiffeners, bolts and connection angles.  Due to the large dimensions of the 
base-mat beams compared to the superstructure elements, rigid beam elements have been used to 
connect the bottom of the columns to the centerline of the W14x90 beams of the base-mat.  Rigid 
offsets have not been used for any beam-to-column connection in the rest of the structure. Table 
7-1 presents results for the modal properties of the model, fixed at the base, as obtained by 
program SAP2000 for the first three modes.  The damping ratio is the value assigned for each 
mode in SAP2000 for the construction of the inherent damping matrix. Note that the assigned 
damping ratio values are between the values identified in the experiments and presented in Table 
6-4 and 6-5. There is reasonably good agreement between the mode shapes and period values 
obtained in the experimental identification (Table 6-4 and 6-5) and the results of the modal 
analysis in SAP2000. 

Analysis of the fixed-base superstructure with seismic motion at its base was conducted and 
results are compared to experimental results in Figure 7-1, which shows histories of inter-story 
drift, in Figure 7-2, which shows histories of floor accelerations and in Figure 7-3, which shows 
5%-damped floor acceleration spectra. Results are in good agreement but the peak values of 
response may be over-estimated or under-estimated by the analytical model.  There are two 
reasons for this: a) The experimental response has not been filtered (except for a filter at 50Hz) 
so that it contains some noise, and b) The analytical model assumes rigidity in the connections of 
masses to floors and of braces to beams and columns, whereas some sliding occurred at these 
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connections during strong shaking. The latter resulted in recordings of spikes in response that 
could not be analytically predicted. 

Table 7-1: Modal characteristics of analytical model in SAP2000 

Mode Period 
(sec) 

Assigned 
Damping Ratio 

Mode Shape 
1st floor 2nd floor 3rd floor 

1st  0.292 0.0650 0.331 0.741 1.000 
2nd  0.092 0.0100 -1.176 -0.808 1.000 
3rd  0.053 0.0078 2.286 -2.397 1.000 

 

 
Figure 7-1: Comparison of analytical and experimental results for inner-story drift of fixed 

structure obtained for ground motion ATL-270 
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Figure 7-2: Comparison of analytical and experimental results for floor acceleration of 

fixed structure obtained for ground motion ATL-270 



144 
 

 
Figure 7-3: Comparison of analytical and experimental results for 5%-damped floor 

acceleration spectra of fixed structure obtained for ground motion ATL-270 

7.3 Modeling of Elastomeric Bearings 

Low damping elastomeric bearings are typically modeled as bilinear hysteretic elements. The 
particular bearing used in the testing exhibited a more complex behavior in which the stiffness 
reduced for displacement larger than about 1.5 to 2cm. Techniques for modeling these two types 
of behavior for elastomeric bearings in programs SAP2000 and 3D-BASIS-ME (Tsopelas et al., 
1994) have been presented in Wolff and Constantinou (2004).   

In this study a more complex model is employed for modeling in program SAP2000 the 
observed multi-linear hysteretic behavior of the bearings. As observed in Wolff and 
Constantinou (2004), this type of modeling improved the quality of prediction of the 
experimental response by comparison to the simpler bilinear hysteretic model. This was 
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particularly evident in the prediction of the floor acceleration response and of the floor 
acceleration response spectra. 

Each elastomeric bearing was modeled using five different elements, combined in parallel as 
illustrated in Figure 7-4. An example of the combined force-displacement relation from the five 
elements is shown in Figure 7-5. The elements share the same joints at top and bottom.  

Table 7-2 presents values of the model parameters for each of the four bearings that were 
identified from tests conducted on individual bearings as described in Section 6.3 and assigned in 
SAP2000. Figure 7-6 presents a comparison of experimental with analytical force-displacement 
loops of the isolation system (force from 4 bearings) in a displacement controlled test at 0.1Hz 
frequency and displacement amplitude that varied between 4 and 6.5cm. The analytical model 
predicts the observed behavior with very good accuracy. 

 
Figure 7-4: Force-displacement relations of five parallel elements representing an 

elastomeric bearing  

 
Figure 7-5: Analytical force-displacement loop of and elastomeric bearings obtained by the 

combination of the five parallel elements of Figure 7-4 
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Table 7-2: Properties of five elements representing each elastomeric bearing 

Property Bearing location on the shake table 
NE NW SE SW 

G1 (Multi-Linear Elastic Element) 
Engagement displacement (cm) 2.36 1.60 1.37 1.83 

Stiffness after engagement (kN/cm) -0.51 -0.53 -0.65 -0.56 
G2( Gap element) 

Engagement displacement (cm) 5.56 5.84 6.10 5.72 
Stiffness after engagement (kN/cm) 0.58 0.39 1.24 0.77 

H1 (Wen Element) 
Elastic stiffness (kN/cm) 175 175 175 175 

Yield force (kN) 0.089 0.089 0.089 0.089 
Yielding exponent 1 1 1 1 

H2 (Wen Element)
Elastic stiffness (kN/cm) 1.52 1.52 1.52 1.52 

Yield force (kN) 1.34 1.34 2.23 1.20 
Yielding exponent 0.27 0.27 0.27 0.27 

S1 (Linear elastic spring) 
Horizontal Stiffness (kN/cm) 2.87 3.00 3.08 3.15 
1. The effective stiffness of all elements is zero except for S1 which should have a very small value 

2. The vertical stiffness of all elements except for H1 is zero. For H1, the vertical stiffness is the vertical stiffness of 
the bearing, equal to 964kN/cm (Wolff and Constantinou, 2004) 

3. Element G1 has negative stiffness value and therefore negative force for positive displacement
 

 
Figure 7-6: Comparison of analytical and experimental force-displacement loops of 

elastomeric isolation system 
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7.4 Modeling of Viscous Dampers 

The dampers had linear viscous behavior with a damping constant measured in the displacement 
controlled tests to be 0.63kN-sec/cm for each damper. Figure 7-7 demonstrates that the dampers 
have this behavior by comparing experimental and analytical damper force-displacement loops 
(force of two dampers; displacement is the average of the displacement measured for the two 
dampers) in a displacement-controlled test at frequency of 0.5Hz. The analytical force was 
determined as twice the value of 0.63kN-sec/cm times the velocity of the damper obtained in the 
experiments. For the analytical prediction, the average velocity of the two dampers was used 
which was numerically calculated as the derivative of the damper displacement as measured by 
the damper potentiometers.  Note that the deviation of the loop shape from the perfect elliptical 
shape is due to waviness in the velocity history during testing. 

 
Figure 7-7: Comparison of analytical and experimental damper force-displacement loops 

In program SAP2000, the linear viscous dampers were modeled as link damper elements 
together with their extenders as inclined elements in space exactly as installed in the model.  The 
elastic stiffness of the damper extender was set to the arbitrarily large value of 1752kN/cm 
(1000kip/in) as it was determined that the stiffness did not affect the behavior of the assembly 
when varied within a range of estimated values (the exact stiffness was not known as the 
extender consisted of many complex parts including the load cell, etc.).  

A sample comparison of experimental and analytical (predicted by response history analysis in 
SAP2000) results is presented in Figure 7-8 which shows the total horizontal (longitudinal) 
component of the damper force versus the base displacement in a shake table test of 
configuration ED (elastomeric bearings and dampers) with ground motion PS-10317 (see Table 
6-2). 
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Figure 7-8: Comparison of experimental and analytically predicted (program SAP2000) 

damper longitudinal component of damper force versus base displacement in test of 
configuration ED and ground motion PS10317 

7.5 Modeling of GSA 

The force-displacement relation of the GSA was derived in Section 3.3 and is described by 
Equation (3-13). The properties of the four GSA units used in the two NSD devices are presented 
in Table 7-3 as obtained from individual GSA testing described in Section 6.4. The stiffness of 
spring S1 (see Figure 3-11), ks1, was identified as the initial stiffness, the pre-load of spring S2, 
Pis2, was identified as the load where softening initiates and the engagement displacement uy’ 
was identified as the displacement where softening initiates.  The stiffness of spring S2, ks2, was 
calculated as the pre-load Pis2 divided by the specified (or nominal) pre-load displacement of 
spring S2 (equal to 27.2cm).  Note that on the basis of Equation (3-13),  the post-softening 
stiffness is given by ( )2 1 2 1psGSA s s s sk k k k k= + . Therefore, stiffness ks2 could be calculated as

( )2 1 1s psGSA s s psGSAk k k k k= − . Stiffness ks2 was calculated both ways and is shown in Table 7-3.  

The two values of stiffness ks2 in Table 7-3 differ substantially. The source of this discrepancy 
was identified and explained in Section 6.4: stiffness ks2 was larger than the theoretical value due 
blockage of coils of spring S2.  

Table 7-3: Properties of individual GSA  
Location of GSA NW SW NE SE 

ks1 (kN/cm)  3.24 3.33 3.49 4.64 
Pis2 (kN)  7.08 7.08 6.45 10.68 
uy

`
 (cm) 2.18 2.13 1.85 2.30 

kpsGSA (kN/cm)  0.44 0.30 0.37 0.58 
ks2 (kN/cm) 

1 0.26 0.26 0.24 0.39 
ks2 (kN/cm) 

2 0.51 0.33 0.41 0.66 
1. Calculated as ks2 =Pis2/(27.2cm).  Value used in analysis of Figure 7-9. 

2. Calculated as ( )2 1 1s psGSA s s psGSAk k k k k= −  



149 
 

A comparison of experimental and analytical force-displacement loops of the four GSA is 
presented in Figure 7-9.  Note that the analytical prediction is based on the value of stiffness ks2 
determined as the spring preload divided by the preload displacement, which does not account 
for the fact that some coils of spring S2 were blocked so that the stiffness was actually larger.  
This is evident in Figure 7-9 where the post softening stiffness is under-predicted by the 
analytical model. Note that the problems with coil blockage and others discussed in Section 6.4 
have been later resolved by redesigning the GSA (see Figure 6-7). 

 
Figure 7-9: Comparison of analytical and experimental force-displacement relations of 

individual GSA  

The force-displacement relations of the GSA in Figure 7-9 were obtained in testing of individual 
GSA removed from the NSD.  When installed in the NSD, the GSA exhibited different behavior, 
as discussed in Section 6.4, due to (a) reduction in the physical gap opening and (b) due to the 
gap closing ( '

gap yd u< ). Under such conditions Equations (4-63) to (4-69) should be used instead 

of Equation (3-13) to model the GSA behavior. Using the identified properties of the GSA in 
Table 7-3, the force-displacement relations of the GSA obtained by (a) Equations (4-63) to 
(4-69) and (b) by Equation (3-13) are compared in Figure 7-10. For the analysis, the following 
values for the physical gap were used: for the original gap 1.65gapd cm=  and for the reduced 

gap 1.27gapd cm′ =  (the reduced gap value was the actual value during the shake table testing). 



150 
 

As a result of the reduction in the gap, spring S1 has a preload equal to ( )1 1is s gap gapP k d d ′= − , 

resulting in a non-zero force at zero displacement for the GSA. This is evident in the force-
displacement relations of Figure 7-10. The deviation of the GSA behavior from ideal is relatively 
small but coupled with other problems (friction and blockage of springs), affected the 
performance of the GSA.  

 
Figure 7-10: Comparison of GSA analytical results using the basic equation of Section 3.2 
(Equation (3-13)) and the detailed equations of Section 4.6 for modeling GSA abnormal 

behavior 

7.6 Modeling of NSD 

Models for the NSD behavior have been presented in Sections 3 and 4. The results produced by 
these models are compared in this section to experimental results for configurations ENA, ENB 
and ENB-LA.  In these configurations without dampers, the total NSD forces could be accurately 
calculated from acceleration records and from the elastomeric bearing load cell measurements 
(accelerometer base shear calculated from acceleration records times the effective mass Facc 
subtracted from the sum of the bearing load cell measurements Fld). The displacement input for 
all analytical predictions was the base displacement obtained in the experiments.  
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Figure 7-11 presents a comparison of experimental and analytical force-displacement relations  
for the total NSD force (sum of forces from two NSD) in a shake table test of configuration ENB 
(without GSA) and earthquake motion DZC-270. The NSD exhibits some hysteresis due to 
friction in its joints.  The elastic baseline (obtained by subtracting friction) agrees very well with 
the analytical prediction based on Equation (3-11) with Fg=0  (multiplied by two for NSD East 
and West) and using the nominal properties of Table 3-1. For the analytical prediction, the 
recorded history of base displacement was used in Equation (3-11).  Note that Equation (3-11) 
does not include any inertia, flexibility or friction effects. 

 
Figure 7-11: Comparison of experimental and basic analytical force-displacement relations 

of NSD in test with configuration ENB (without GSA)  

The effects of inertia of the moving parts of  the NSD are investigated in Figure 7-12 which 
compares the experimental force-displacement relations of the NSD in configuration ENB 
(without GSA) in test with motion DZC-270 to analytical predictions that include inertia effects 
as described in Section 4.3. For the analytical prediction the nominal properties of Table 3-1 and 
the mass and inertia properties of Table 4-1 have been used.  It is evident that the NSD inertia 
has insignificant effects.   

The effects of NSD flexibility are investigated in Figure 7-13 which compares  the experimental 
force-displacement relations of the NSD in configuration ENB (without GSA) in test with 
motion DZC-270 to analytical predictions that include flexibility (but not inertia) effects as 
described in Section 4.5.  For the analytical prediction, the nominal properties of Table 3-1 have 
been used together with a stiffness value of kb=131.4kN/cm for the bottom chevron and a 
stiffness value of kt=26.3 kN/cm for the top chevron. The stiffness value for the bottom chevron 
kb was identified using a) the measured (using the Krypton camera) peak displacement of point C 
in Figure 6-12, b) Equation (4-53) and c) the peak NSD force from Figure 7-11 (divided by two 
for each NSD). It is noted that the so calculated value of stiffness kb is much smaller than the 
value calculated for the bottom chevron when assumed to be rigidly connected to the shake table.  
As tested, the connection details at the bottom of the NSD introduced significant flexibility. The 
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stiffness value for the top chevron kt was conservatively estimated from the Krypton camera data 
in Figure 6-16 and use of Equation (4-54). The results of Figure 7-13 demonstrate that the NSD 
flexibility has no important effects.  

 
Figure 7-12: Comparison of experimental and analytical force-displacement relations with 

inertia effects of NSD in test with configuration ENB (without GSA) 

 
Figure 7-13: Comparison of experimental and analytical force-displacement relations with 

flexibility effects of NSD in test with configuration ENB (without GSA) 

Figure 7-14 compares the experimental force-displacement loops of the NSD in configuration 
ENB (without GSA) in test with motion DZC-270 to analytical predictions that include 
hysteresis (but not inertia and flexibility) effects as described in Section 4.4. For the analytical 
prediction, the nominal properties of Table 3-1 with pin friction coefficient equal to 0.2 and a pin 
radius of 1.43cm were used.  Evidently, the analytical prediction is excellent.  Nearly identical 
analytical results were obtained when a constant hysteretic force was assumed instead of the 
more complex pin friction model. 
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Figure 7-14: Comparison of experimental and analytical force-displacement loops with pin 

friction effects of NSD in test with configuration ENB (without GSA) 

Further comparisons of experimental and analytical results are based on models of the NSD that 
include hysteresis but not inertia and flexibility effects. Figure 7-15 and Figure 7-16 present 
comparisons of experimental force-displacement loops of the NSD with GSA in configuration 
ENA in two shake table tests with motions PS10317 and 0637-270. The analytical model of the 
NSD included pin friction as described in Section 4.4 and the GSA model followed the 
procedures of Section 4.6 and made use of the parameters listed in Table 7-4. Furthermore, the 
small friction force observed in the GSA (see Figure 6-6) was ignored. The results of Figure 7-15 
and Figure 7-16 demonstrate good agreement between experimental and analytical results. It 
should be noted, however, that the analysis is based on using the measured base displacement 
history as input to solve the equations describing the NSD with GSA force-displacement relation 
(dynamic response history analysis of the entire system is addressed later in Section 7.8).  

 
Figure 7-15: Comparison of experimental and analytical force-displacement loops of NSD 

with GSA in configuration ENA in test with motion PS10317 
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Figure 7-16: Comparison of experimental and analytical force-displacement loops of NSD 

with GSA in configuration ENA in test with motion 0637-270 

The GSA properties used in the analytical model for prediction of the response due to seismic 
ground motion that were also used in generating Figure 7-15 and Figure 7-16 are presented in 
Table 7-4 and subject to the following details: 

1. The values of gap opening dgap varied during testing. The original value of the gap was 
1.65cm for all GSA. Adjustments to the gap resulted in pre-loading of spring S1, which 
otherwise should be unloaded. These adjustments occurred because the GSA were 
removed and re-installed in the NSD several times. Also note that all GSA needed to be 
shimmed during re-installation as shown in Figure 7-17 which caused an initial external 
load to the GSA. For tests in configuration ENA and EDNA with motions 0637-270 and 
TCU-129-E, the modified gap opening was as listed in Table 7-4. Subsequently, the GSA 
were modified resulting in a new set of gap opening values as listed in Table 7-4. Also, 
shimming resulted in higher loads applied by the shims to the GSA and this is reflected 
by the different values of Pis2 listed in Table 7-4. The differences between the two sets of 
modified gap openings are small and did not have any important effect on the behavior of 
the GSA.    

2. The value of stiffness of spring S2 ks2 used in analysis of the model structure subjected to 
ground motion  was calculated based on the measured value of the post-softening 
stiffness of each GSA, psGSAk , as reported in Table 7-3, and using 

( )2 1 1s psGSA s s psGSAk k k k k= −  .  This resulting value of ks2 is larger than the theoretical 

spring constant due to the fact that during testing, coils of spring S2  were blocked 
resulting in higher stiffness.   

3. A reduced value for the rod stiffness kr=210kN/cm was used in Equations (4-63) to (4-69) 
in order to approximately account for stiffness reduction due to the series arrangement of 
the rods with reaction plates, shims, etc.  
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Figure 7-17: Shimming of GSA resulting in modified gap opening 

Table 7-4: Properties used in modeling GSA per theory of Section 4.6  

Property Location of GSA 
NW SW NE SE 

ks1 (kN/cm)  3.24 3.33 3.49 4.64 
Pis2 (kN)  7.08 7.08, 6.191 6.45 9.79, 8.92 

Modified gap dgap’(cm) 1.32 1.37, 1.173 1.32 1.27, 1.144 
ks2 (kN/cm) 

5 0.51 0.33 0.41 0.66 
( )1 1is s gap gapP k d d ′= −

 
1.65gapd cm=  

1. This value was 7.08kN for tests ENA_0637-270 and ENA_TCU-129-E; 6.19kN for other tests 
2. This value was 9.79kN for tests ENA_0637-270 and ENA_TCU-129-E; 8.9kN for other tests 
3. This value was 1.37cm for tests ENA_0637-270 and ENA_TCU-129-E, 1.17cm for other tests 
4. This value was 1.27cm for tests ENA_0637-270 and ENA_TCU-129-E; 1.14cm for other tests 

5. The stiffness of spring S2 was based on the value of stiffness kpsGSA  identified from the individual 
GSA testing as ( )2 1 1s psGSA s s psGSAk k k k k= − .   Values are as listed in Table 7-3.  

7.7 Implementation of NSD Model in Program SAP2000 

The NSD was modeled in program SAP2000 using the element described in Section 4.4.2.  This 
element is the most complex at capturing the behavior of the NSD, including displacement-
dependent hysteresis.  It does not account for NSD inertia and flexibility effects, which have 
been demonstrated to be insignificant.   

Based on the definition of parameters in Figure 4-20, the following force parameters have been 
identified for each NSD on the basis of analytical force-displacement loop shown in Figure 7-14 
(which is in very good agreement with the experimental loop of the NSD without GSA): 

 max ,max1.46 ; 36.6 ; 33.9y elF kN F kN F kN= = =  (8-1) 

The coefficient of friction assigned for elements FPL and FPR was calculated using Equation (4-
44) and the values of force in Equation (8-1) to be 0.037μ = . The elastic stiffness of these 

SHIM 
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elements was assigned the value of 175kN/cm and their radius the value zero (flat sliders). The 
yield force for element WEN (Wen Element) was 0.73kN, the exponent was 2, the elastic 
stiffness was 175kN/cm and the post elastic stiffness was zero. The vertical stiffness of elements 
FPL and FPR was 175kN/cm.  Also, the tension-only vertical stiffness of elements LINL and 
LINR was assigned the value 175kN/cm. The height of the elements was 50.8cm. 

For configuration ENA, the force-displacement relation of the NSD exclusive of the GSA was 
constructed using Equations (3-4) and (3-11) with Fg=0 and directly imported into program 
SAP2000 as the force-displacement relation for element ML1 (see Figure 4-17). The relation was 
calculated using the nominal properties of the device listed in Table 3-1.  The force-displacement 
relation of the GSA was calculated using Equations (4-63) to (4-69) using the properties of Table 
7-4 and imported into program SAP2000 as the force-displacement relation for element ML2.  

Figure 7-18 compares experimental and analytical force-displacement loops for the NSD, 
inclusive of the GSA, in a test of configuration ENA with motion 0637-270.  Note that the 
analytical results in Figure 7-18 were obtained in response history analysis of the tested 
structural system in program SAP2000.  The analytical model predicts well the NSD force-
displacement loop.   

For configurations ENB, ENB-LA, EDNB and EDNB-LA (without the GSA), the elements of 
the NSD model in SAP2000 had the properties described above except that element ML2, 
representing the GSA, was removed and element ML1 was assigned properties based on a 
different procedure. Specifically for the configurations lacking the GSA, the NSD (and the 
isolation system) had a non-zero displacement at the start of some experiments and also had 
comparable permanent displacement at the end of the experiment (see Figures 6-27 and Figure 
6-28).  This behavior was found to be important in the analytical prediction of the response so 
that the analysis model required the introduction of a non-zero initial force in the NSD.  

 
Figure 7-18: Comparison of experimental and response history analysis (program 

SAP2000) results for NSD force-displacement loops for configuration ENA in test with 
motion 0637-270  
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To account for initial force in the NSD, it was arbitrarily assumed that the pre-compressed spring 
of the NSD on the East side had permanent curvature due to damage caused by repeated testing 
as shown in Figure 7-19. The behavior of the NSD with initial curvature of the spring can be 
captured by Equations (3-4) to (3-11) except for Equation (3-7) which is replaced by the 
following equation: 

 1

2

sin arcsin 1s
s

lu
l l

θ ψ
⎡ ⎤⎛ ⎞

= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 (8-2) 

In this equation, ψ is a parameter that represents the initial angle of the pre-loaded springs at pins 
D and E as shown in Figure 7-19. When parameter ψ is introduced, the force-displacement of the 
NSD exhibits a shift with a non-zero force at zero displacement as shown in Figure 7-20 for the 
case of ψ=0.07rad. The implementation of this behavior in program SAP2000 requires two 
steps: 

1. Force Fo is subtracted from the calculated force-displacement relation of the NSD and the 
result is imported to the program as the force-displacement relation for element ML1.  

2. A constant force Fo is applied as external load to node J1 (Figure 4-17) during the 
response history analysis. 

Figure 7-21 compares force-displacement loops of the NSD in tests with motion PS10317 for 
configurations ENB and ENB-LA (without GSA) when the analytical model includes the initial 
curvature effects. The analytical results were obtained in response history analysis of the tested 
structure in program SAP2000. The force-offset at zero displacement is apparent in the 
experimental loops and is captured well in the analysis.  

 
Figure 7-19: NSD with initial curvature of the pre-compressed spring 
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Figure 7-20: NSD force-displacement relation with initial spring curvature 

 
Figure 7-21: Comparison of experimental and analytical (program SAP2000 with initial 

curvature of spring) force-displacement loops of NSD without GSA for configurations ENB 
and ENB-LA and motion PS10317   
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7.8 Comparison of Experimental and Analytical Results  

This section presents comparisons of the experimental results obtained  in the shake table testing 
to response history analysis results obtained by program SAP2000 in which the structure, 
elastomeric bearing, viscous damper and NSD models described in Sections 7.2 to 7.7 have been 
implemented.  

Figure 7-22 to Figure 7-29 present selected experimental and analytical results for all tested 
configurations and for earthquake motion PS10317. Appendix C presents comparisons of 
experimental and analytical results for all tested configurations and earthquake motions.  The 
response quantities compared in these figures and Appendix C are: (a) loops of base shear force 
versus base displacement, (b) histories of base displacement and inter-story drift (for the figures 
of this section only the largest second story drift is presented), (c) histories of base acceleration 
and floor acceleration (for the figures of this section only the largest third floor acceleration is 
presented),  (d) histories of elastomeric bearing axial force, and (e) base and floor acceleration 
5%-damped response spectra. It is presumed here that the experimental response is exact.  
However, it should be noted that the experimental data contain noise as only a 50Hz low pass 
filter has been used in the processing of data.  This affected to some extent the measurement of 
peak values.   

The figures in this section and in Appendix C demonstrate that the analytical model predicts well 
the experimental response in terms of frequency content of the response and shape of loops but it 
occasionally over-predicts or under-predicts the experimental peak response. However, the 
predicted peak base displacement and peak base shear force are in very good agreement with the 
experimental peak values. The occasional over or under-prediction of the peak structural 
response was also observed in the analysis of the structure without the isolation system (see 
Figures 7-2 and 7-3). It is believed that this is due to inability of the model of the structural 
system in program SAP2000 to capture sliding and minor impact in the connections of the 
masses of the model to the floors and in the connections of the braces to beams and columns 
during strong shaking.   
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Figure 7-22: Comparison of experimental and analytical results for configuration E and 

ground motion PS-10317 
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Figure 7-22 (cont’d): Comparison of experimental and analytical results for configuration 
E and ground motion PS-10317 
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Figure 7-23: Comparison of experimental and analytical results for configuration ENA and 

ground motion PS-10317 
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Figure 7-23 (cont’d): Comparison of experimental and analytical results for configuration 
ENA and ground motion PS-10317 
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Figure 7-24: Comparison of experimental and analytical results for configuration ENB and 

ground motion PS-10317 
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Figure 7-24 (cont’d): Comparison of experimental and analytical results for configuration 
ENB and ground motion PS-10317 
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Figure 7-25: Comparison of experimental and analytical results for configuration ENB-LA 

and ground motion PS-10317 
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Figure 7-25 (cont’d): Comparison of experimental and analytical results for configuration 
ENB-LA and ground motion PS-10317 
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Figure 7-26: Comparison of experimental and analytical results for configuration ED and 

ground motion PS-10317 
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Figure 7-26 (cont’d): Comparison of experimental and analytical results for configuration 
ED and ground motion PS-10317  
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Figure 7-27: Comparison of experimental and analytical results for configuration EDNA 

and ground motion PS-10317 
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Figure 7-27 (cont’d): Comparison of experimental and analytical results for configuration 

EDNA and ground motion PS-10317 



172 
 

 
Figure 7-28: Comparison of experimental and analytical results for configuration EDNB 

and ground motion PS-10317 
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Figure 7-28 (cont’d): Comparison of experimental and analytical results for configuration 
EDNB and ground motion PS-10317 
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Figure 7-29: Comparison of experimental and analytical results for configuration EDNB-

LA and ground motion PS-10317 
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Figure 7-29 (cont’d): Comparison of experimental and analytical results for configuration 
EDNB-LA and ground motion PS-10317 
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SECTION 8                                                                   
REPORT SUMMARY 

 

This report described the construction, behavior and modeling of a novel Negative Stiffness 
Device (NSD), presented an experimental study of a model seismically isolated 3-story structure 
equipped with various configurations of NSD in an effort to reduce the response of the structure 
and presented comparisons of analytical and experimental results in an effort to validate the 
analytical models of the NSD. Section 1 summarized the Negative Stiffness Concept and the 
beneficial effects in a structure’s response that can be obtained by adding negative stiffness. 
Section 2 presented the description of operation of the NSD and the identification of the most 
important points on the NSD behavior; the apparent yield displacement, stiffening displacement, 
peak force and stiffness at zero displacement. Section 3 presented analytical and computational 
models of the NSD for use in design. Also, an analytical study was also shown that demonstrated 
the advantages of the NSD over other simpler systems. Section 4 presented analytical equations 
that included flexibilities, inertia, large deformations and hysteresis into the NSD equations. 
With the exception of hysteresis, these were shown to be in most cases negligible and therefore 
established the validity of the simpler equations of Section 3. In the unlikely case that these 
sensitivities become important, modeling techniques were presented. Section 5, presented the 
description of an experimental program that included displacement-controlled tests of individual 
NSD and shake table tests of a model structure equipped with NSD. Connection details of the 
NSD to the structure were also presented there. Section 6, presented experimental results from 
the experimental program mentioned above and showed the significant reductions that can be 
achieved in a structure’s response by the addition of the NSD. Section 7 presented result 
comparisons of shake table experiments and analytical predictions in order to establish the 
validity and accuracy of the analytical prediction. 

The three story structure was tested in shake table tests in eight different configurations denoted 
(E, ENA, ENB, ENBLA, ED, EDNA, EDNB and EDNB-LA) with and without dampers and 
with and without NSD. Each configuration was tested in shake table tests at a minimum of 6 and 
maximum of 8 ground motions that were the same for all configurations tested. For each 
configuration with NSD ( ENA, ENB, ENBLA, ED, EDNA, EDNB and EDNB-LA) the average 
of the peak values of several response quantities from these earthquake motions was obtained 
and then compared to the average response quantities obtained for the same motions and for the 
model structure without NSD (E, ED). These comparisons and the characteristics of each 
configuration tested are described herein. 

Configuration E consisted of the isolated structure with elastomeric bearings (no NSD, no 
dampers) with effective stiffness of roughly 12kN/cm, period of roughly 0.8sec and effective 
damping of roughly 5% for displacements less than 4cm. This configuration was tested in a total 
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of 8 ground motions and was used as the benchmark un-damped system, on the basis of which, 
the effect of adding NSD and dampers or NSD without dampers could be studied.  

Configuration ENA consisted of elastomeric bearings and NSD with Gap Spring Assembly 
(GSA) and had the same properties as configuration E for displacements less than 1.7cm, but 
substantially reduced stiffness than configuration E for displacements more than 1.7cm due to 
the engagement of the NSD. The effective damping was about 6% for displacements less than 
1.7cm (1% effective damping was added by the NSD). Results from configuration ENA (tested 
in six ground motions) where compared to results from configuration E, and showed reductions 
in the measured quantities by an average of 25% for the base shear, 17% for the inter-story drifts 
(for all stories) and 4% for the peak floor accelerations (base, 1st,2nd and 3rd floor). In some cases, 
the peak floor accelerations were increased however the floor spectra which are a better 
measurement of the response for these cases were still reduced. Base displacements were 
reduced by 9%. 

Configuration ENB consisted of elastomeric bearings and NSD without GSA (the NSD engages 
at a small perturbation from zero displacement) and had an effective stiffness of 5kN/cm, period 
of roughly 1.3sec and effective damping of roughly 17% (15% from elastomeric bearings and 
2% from friction in the NSD) for displacements less than 4cm. Note that the effective damping 
was increased when compared to configuration E, due to the reduction in the effective stiffness 
caused by the NSD. Configuration ENB was tested in seven ground motions and when compared 
to the results of configuration E, configuration ENB reduced the measured response quantities by 
an average of 52% for the base shear, 41% for inter story drifts and 35% for peak floor 
accelerations. Base displacements were increased by 2% however in the absence of viscous 
dampers this increase could have been substantially higher if other ground motions were selected 
for the shake table tests. 

Configuration ENB-LA consisted of elastomeric bearings and NSD with modified lever and 
without GSA that lead to an effective stiffness of 7kN/cm effective period of roughly 1.1sec and 
effective damping of roughly 12% for displacements less than 4cm. Configuration ENB-LA was 
similar to configuration B but the modified level reduced the negative stiffness generated by the 
NSD and also increased the stiffening displacement (displacement at which the NSD switches 
from negative stiffness to positive stiffness). Configuration ENB-LA was tested in a total of 
eight ground motions same as those used in configuration E. When compared to configuration E, 
this configuration reduced base shear by an average of 52%, inter-story drifts by 51%, peak floor 
accelerations by 39% and base displacements by an average of 12%. 

Configuration ED was identical to configuration E but for the addition of dampers which 
increased the effective damping of this configuration to 25% (5% was the effective damping of 
Configuration E). This configuration was used as the benchmark damped system. It was tested in 
a total of 8 ground motions and when compared to configuration E, this configuration reduced 
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response quantities by an average of 15% for the base shear, 10% for inter-story drifts, and 36% 
for base displacements. Peak floor accelerations were however increased by an average of 6%.  

Configuration EDNA was identical to configuration ENA but for the addition of dampers. The 
effective damping of EDNA was the same as the effective damping of ED for displacements less 
than 1.7cm but was significantly higher for EDNA for displacements larger than 1.7cm due to 
the reduction of stiffness caused by the NSD engagement. This configuration was tested in 6 
ground motions and when compared to configuration ED, reduced the base shear by an average 
of 7%, the inter-story drifts by an average of 4% and peak floor accelerations by an average of 
6%. When this configuration is compared to the original configuration E, response was reduced 
by an average of 20% for the base shear, 11% for inter-story drifts and 33% for base 
displacements. Peak floor accelerations were increased by an average of 1%.  

Configuration EDNB was identical to configuration ENB, but for the addition of dampers which 
increased the effective damping to 65%. The substantially higher effective damping for this 
configuration in comparison to configuration ED, is due to the significant stiffness reduction 
cause by the NSD (the effective damping is inversely proportional to the effective stiffness). This 
configuration was tested in a total of six ground motions and when compared to configuration 
ED, reduced the base shear by an average of 43%, the inter-story drifts by an average of 26%, 
peak floor accelerations by an average of 31% and base displacements by an average of 3%. The 
latter is significant as it shows that the substantial reduction in stiffness, did not affect the base 
displacement since it was accompanied by significant increase of effective damping (65% for 
ENDB and 25% for ED). When this configuration is compared to the original configuration E, 
base shear was reduced by an average of 54%, inter-story drifts by an average of 36%, peak floor 
accelerations by an average of 27% and base displacements by 39%. 

Configuration EDNB-LA was identical to configuration ENB-LA, but for the addition of 
dampers which increased the effective damping to 46%. This configuration was tested in eight 
ground motions and when results from this configuration are compared to the results of 
configuration ED, it reduced the base shear by an average of 37%, inter-story drifts by an 
average of 29%, peak floor accelerations by an average of 30% and base displacements by an 
average of 5%. When compared to the results of configuration E, this configuration reduced base 
shear by an average of 47%, inter-story drifts by an average of 36%, peak floor accelerations by 
an average of 26% and base displacements by an average of 39%. 

The comparisons above show that largest reductions in response for all quantities are achieved 
by configurations EDNB and EDNB-LA (structure with elastomeric bearings, NSD without the 
GSA and viscous dampers). The reason why these configurations were so effective is that the 
NSD was able to reduce the lateral stiffness of the structure, which reduced forces and thus drifts 
and accelerations (similar to the concept of base isolation). The NSD did so without the addition 
of significant friction. Dampers were able to reduce base displacements since the stiffness drop 
caused by the NSD (which usually causes increase in base displacements) was counteracted by 
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the significant increase of effective damping caused by this stiffness reduction. This can be seen 
by inspecting the base displacement obtained by configurations EDNB, EDNB-LA and 
configuration ED. All these configurations have almost the same base displacement despite the 
fact that configurations EDNB, EDNB-LA have significantly lower stiffness than configuration 
ED. 

Significant reductions were also observed for configurations ENA (NSD with GSA without 
dampers) and EDNA (NSD with GSA and with dampers) however these reductions were not as 
large as those for configurations ENB and EDNB since the engagement displacement for the 
NSD that was selected for this study was much larger than needed and therefore the NSD was 
not engaged for a big portion of the excitation. Especially for configurations with dampers 
(where base displacements were reduced significantly) the NSD was engaged only for a small 
portion of the response. Particularly for quantities such as peak floor accelerations, peak values 
occurred prior to the engagement of the NSD. If a smaller engagement displacement was used 
(e.g 0.5cm instead of 1.27cm), then the observed reductions would have been closer to the 
reductions observed when the NSD without the GSA was used. Note that configurations ENB 
and EDNB are simply special cases of ENA and EDNA respectively when the engagement 
displacement is zero.  

Finally, the NSD offers the additional advantage of accurate response prediction. The NSD 
without the GSA is constructed using machined springs and its behavior is based on the 
properties of the springs and geometric nonlinearity. Also due to the very low variability in the 
properties of machined springs and very high precision manufacturing (similar to the one utilized 
in the preloaded springs of the tested NSD), when a large number of NSD are installed in a 
structure they can all have almost identical behavior. The GSA however is comprised of coil 
springs that exhibit higher variability in their properties and therefore the final properties need to 
be determined from testing. This disadvantage can be eliminated by constructing the GSA with 
machined springs as well. Using the analytical equations and computational models developed in 
SAP2000, the response of the structure was simulated in program SAP2000. Peak values for all 
50 ground motions were predicted by an average of 5% error for base displacements, 7% error 
for base shear, 16% error for inter-story drifts and 15% error for peak floor accelerations. The 
last two quantities have lower prediction accuracy due to additional uncertainties involved in the 
modeling of the superstructure.  
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SECTION 9                                                                         
CONCLUSIONS 

 

This report described the construction, behavior and modeling of a novel Negative Stiffness 
Device (NSD) with the following characteristics: 

1. The NSD reduces the structure’s lateral stiffness after a pre-determined displacement 
(engagement displacement).  This is achieved through a system (called Gap Spring 
Assembly or GSA) that provides positive stiffness up to a predefined displacement such 
that the combined effective stiffness of NSD and GSA is almost zero until the 
engagement displacement. The NSD generates negative stiffness through the use of a 
highly compressed machined spring that develops a force in the direction of motion. The 
magnitude of the spring force is magnified through the use of a double negative stiffness 
magnification and therefore the NSD can be constructed using realistic spring stiffness 
and preload. The NSD is nonlinear elastic and the negative stiffness magnitude reduces 
with increasing displacement so that stability of the system is ensured at large 
displacements. The device is self contained and does not add forces in the vertical 
direction of the structure. 

2. When Viscous damping devices are added in parallel to the negative stiffness device their 
effective damping is substantially larger than the equivalent system without the NSD due 
to the stiffness reduction caused by the NSD. This causes substantial reduction of the 
displacements at the level of installation of the NSD. 

 
The efficiency of the NSD in reducing the response was investigated by conducting shake table 
tests on a model seismically isolated 3-story structure with elastomeric bearings equipped with 
various configurations of NSD in a total of eight different configurations. In four configurations, 
linear viscous dampers were added in parallel to the bearings. For each group of tests (with and 
without dampers) the NSD was used in three different configurations; one configuration with the 
GSA and two configurations without the GSA (one configuration exhibited larger negative 
stiffness and smaller stiffening displacement than the other). Each configuration was tested in six 
to eight ground motions. It was concluded that: 

1. The largest reduction in response for all quantities except for base displacements was 
achieved by the configuration that included the NSD without the GSA and without 
dampers (configuration ENB). When dampers were added to this configuration 
(configuration EDNB), similar reductions were observed for all response quantities, with 
the additional advantage of significant base displacement reductions.  

2. Reduction in the response was also observed for configurations of NSD with GSA which 
was much smaller than the reduction observed for configurations of NSD without GSA. 
Also these configurations, in some cases, the addition of the NSD slightly increased peak 
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floor accelerations however floor spectra were still reduced. However, the NSD without 
GSA is a special case of the NSD with GSA when the engagement displacement is zero. 
If a smaller engagement displacement for the NSD with GSA was used, then the 
observed reductions would have been closer to the reductions observed for the NSD 
without the GSA.  

Key conclusions with respect to the analytical modeling and analytical prediction are: 

1. The presented analytical models of the NSD could reliably capture the behavior of the 
NSD as observed in experiments, including hysteresis effects.   

2. The analytical models of the NSD could be implemented in standard computer programs 
used for response history analysis. Details of implementation of the models in program 
SAP2000 have been presented. 

3. The developed analytical model in program SAP2000 predicted well the observed 
experimental response of the tested model structure in a total of eight configurations of 
isolators and NSD, and eight earthquake motions (total of 50 tests-not all motions were 
run for all configurations). The models predicted well the frequency content of the 
response and shape of loops but it occasionally either over-predicted or under-predicted 
the measured peak response but for the peak base displacement and peak base shear 
force, which were in very good agreement with the experimental peak values. It is 
believed that the occasional over or under-prediction of the peak  experimental response 
is due to inability of the model of the structural system in program SAP2000 to capture 
sliding and minor impact in the connections of the model. The analytical model assumes 
rigidity in the connections of masses to floors and of braces to beams and columns, 
whereas some sliding occurred at these connections during strong shaking. The latter 
resulted in recordings of spikes in response that could not be analytically predicted.  

4. The developed analytical models of the NSD were based on fundamental principles.  
They were not phenomenological models calibrated by testing.  Exception was the model 
of the GSA used in the prediction of the shake table test results.  In this case experimental 
results were used to calibrate the analytical model because some GSA exhibited higher 
stiffness than the theory predicted due to blockage of spring coils and the gap 
displacement was accidentally reduced. 

In practical applications the NSD can be used with or without the GSA in the design of new or 
existing isolated or fixed structures in order to achieve systems with low lateral stiffness and 
high vertical stiffness without friction. The GSA is essential to provide the combined system 
with sufficient stiffness for small displacements for service loading especially if the combined 
stiffness of the main structural system and NSD (without GSA) is not sufficient for service 
loading. With appropriate selection of parameters the GSA can also add stiffness to the main 
system around small displacements if the existing system does not have sufficient stiffness for 
service loading. When implemented to seismically isolated structure’s the NSDs have the 
disadvantage of having large size and therefore requiring larger space for installation than the 



183 
 

space that is typically available below the base-mat of the building. Such was the case in the 
current experimental study. This can be accommodated by placing the devices horizontally. In 
fixed structures, the story height in combination with the displacement demands (that controls 
the NSD height) is sufficient for straightforward installation. These two cases will be 
demonstrated in subsequent phases of the project.  
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