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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a na-
tional center of excellence in advanced technology applications that is dedicated to the 
reduction of earthquake losses nationwide. Headquartered at the University at Buffalo, 
State University of New York, the Center was originally established by the National Sci-
ence Foundation in 1986, as the National Center for Earthquake Engineering Research 
(NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses 
through research and the application of advanced technologies that improve engineer-
ing, pre-earthquake planning and post-earthquake recovery strategies. Toward this 
end, the Center coordinates a nationwide program of multidisciplinary team research, 
education and outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies, the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Signifi cant support is also derived from the Federal Emer-
gency Management Agency (FEMA), other state governments, academic institutions, 
foreign governments and private industry.

The Center’s Highway Project develops improved seismic design, evaluation, and 
retrofi t methodologies and strategies for new and existing bridges and other highway 
structures, and for assessing the seismic performance of highway systems.  The FHWA 
has sponsored three major contracts with MCEER under the Highway Project, two of 
which were initiated in 1992 and the third in 1998.  

Of the two 1992 studies, one performed a series of tasks intended to improve seismic 
design practices for new highway bridges, tunnels, and retaining structures (MCEER 
Project 112).  The other study focused on methodologies and approaches for assessing 
and improving the seismic performance of existing “typical” highway bridges and other 
highway system components including tunnels, retaining structures, slopes, culverts, 
and pavements (MCEER Project 106).  These studies were conducted to:

• assess the seismic vulnerability of highway systems, structures, and components;
• develop concepts for retrofi tting vulnerable highway structures and components;
• develop improved design and analysis methodologies for bridges, tunnels, and retain-

ing structures, which include consideration of soil-structure interaction mechanisms 
and their infl uence on structural response; and

• develop, update, and recommend improved seismic design and performance criteria 
for new highway systems and structures.
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The 1998 study, “Seismic Vulnerability of the Highway System” (FHWA Contract 
DTFH61-98-C-00094; known as MCEER Project 094), was initiated with the objective 
of performing studies to improve the seismic performance of bridge types not covered 
under Projects 106 or 112, and to provide extensions to system performance assessments 
for highway systems.  Specifi c subjects covered under Project 094 include:

• development of formal loss estimation technologies and methodologies for highway 
systems;

• analysis, design, detailing, and retrofi tting technologies for special bridges, in-
cluding those with fl exible superstructures (e.g., trusses), those supported by steel 
tower substructures, and cable-supported bridges (e.g., suspension and cable-stayed 
bridges);

• seismic response modifi cation device technologies (e.g., hysteretic dampers, isola-
tion bearings); and

• soil behavior, foundation behavior, and ground motion studies for large bridges.

In addition, Project 094 includes a series of special studies, addressing topics that range 
from non-destructive assessment of retrofi tted bridge components to supporting studies 
intended to assist in educating the bridge engineering profession on the implementation 
of new seismic design and retrofi tting strategies.

This report presents a comprehensive investigation of the effects of lead core heating and cumu-
lative travel on the behavior of lead-rubber bearings. A literature review and an experimental 
study of the effects of temperature on the mechanical properties of lead are presented. A theory 
for predicting the temperature rise of the lead core in lead-rubber bearings subjected to lateral 
motion is developed based on principles of mechanics. The theory reduces the complex three-
dimensional thermo-mechanical problem into a numerically solvable initial value problem on 
the history of temperature of the core and the strength of the bearing. The accuracy of the theory 
is verifi ed through comparison to experimental results and results of fi nite element analysis of 
several bearings. The theory is then used to establish principles of similarity and scaling that can 
be used in reduced scale testing of lead-rubber bearings. Furthermore, a model of the behavior of 
lead-rubber bearings that can be incorporated in dynamic response history analysis programs 
is described and validated through experiments. Studies on the dynamic response of seismically 
isolated structures using the proposed model demonstrate the importance of accounting for 
the effects of lead core heating in calculating the peak seismic response of seismically isolated 
structures.
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ABSTRACT 

The lead-rubber bearing has been extensively used as a seismic isolation device in both 

seismic retrofit and new construction of buildings and bridges. Its behavior is markedly 

affected by heating of its lead core during cyclic motion. The phenomenon is 

characterized by reduction of the characteristic strength of the bearing with increasing 

number of cycles and has been observed in numerous experimental studies; however, it 

has not been analytically described so that predictions of behavior can be made for 

analysis and design. Moreover, a previous study demonstrated that large cumulative 

travel resulting from service loadings has effects on the characteristic strength of the 

bearing but the conditions that affect these changes are not well understood.  

This work presents a comprehensive investigation of the effects of lead core heating and 

cumulative travel on the behavior of lead-rubber bearings. First, a literature review and 

an experimental study of temperature effects on the mechanical properties of lead are 

presented. Then, a theory for the prediction of the lead core temperature when the bearing 

undergoes cyclic motion is developed on the basis of principles of mechanics. The theory 

accomplishes a reduction of the complex three-dimensional thermo-mechanical problem 

to an initial value problem on the history of temperature of the core and strength of the 

bearing that can be numerically solved. An explicit approximate solution is also 

presented. The accuracy of the theoretical solution is verified by comparing its results to 

those of experiments and complex finite element analyses of several bearings. The 

theoretical solution is used to establish principles of similarity and scaling that can be 

used in the reduced scale testing of lead-rubber bearings. Moreover, a model of behavior 
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of lead-rubber bearings for incorporation in dynamic response history analysis programs 

is described. The model is capable of describing the lateral force-displacement relation of 

lead-rubber bearings including the lead core heating effects. Experiments conducted in 

cyclic and random motions are used to demonstrate the validity of the model. The model 

is used to conduct analyses of a representative seismically isolated structure and to 

demonstrate the significance of accounting for lead core heating in the prediction of the 

peak response. 

Finally, the effect of cumulative travel on the characteristic strength of lead-rubber 

bearings is investigated through the evaluation of existing experimental results and the 

conduction of a new series of tests. The results show that, depending on its amplitude, the 

cumulative motion may indeed affect the strength of the bearings and this should be 

considered in analysis and design. 
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SECTION 1 

INTRODUCTION 

Numerous studies have demonstrated the benefits of seismic isolation for the mitigation 

or elimination of damage in structural systems and nonstructural components during 

strong earthquake shaking. Among the various types of seismic isolation bearings, lead-

rubber isolators have been extensively used both in seismic retrofit and new construction 

of buildings and bridges either exclusively or along with other devices (damping devices 

or other types of seismic isolators).  

The lead-rubber bearing was invented in 1975 by W. H. Robinson in New Zealand 

(Skinner et al., 1993). It consists of a steel reinforced elastomeric bearing with a core of 

lead. Figure 1-1 shows the internal construction of a lead-rubber bearing. Note that the 

top and bottom (flange) plates of the bearing are connected to the end plates of the rubber 

bearing through countersunk bolts. This type of construction allows for confinement of 

the lead core. The core is typically cut longer than the height of the rubber bearing and is 

compressed upon bolting of the flange plates to the end plates. The lead core expands 

laterally and wedges into the rubber layers between the shim plates. Under such 

(confined) conditions, the lead core provides excellent energy dissipation capacity (with a 

magnitude dependent on the diameter of the lead plug). A detailed contemporary 

description of the behavior of lead-rubber bearings may be found in Constantinou et al. 

(2007b).  
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FIGURE 1-1 Internal Construction of a Lead-Rubber Bearing (Courtesy of DIS)  
 
 
Lead-rubber bearings have also been constructed using multiple lead cores. There are a 

few applications of multiple core lead-rubber bearings in Japan and one in California, all 

in bridges. Figure 1-2 shows a schematic of a multiple core lead-rubber bearing used for 

bridge applications in Japan. The figure also shows lateral restrainers that were employed 

in Japan for the seismic isolation of bridges, where bridges were isolated only in the 

longitudinal direction. Such practice is not used in the United States (Constantinou et al., 

2007b). 
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FIGURE 1-2 Multiple-Core Lead-Rubber Bearing Used in Japan (Constantinou et 
al., 2007b) 
 
 
Lead-rubber isolation bearings are assumed to have the idealized behavior shown in 

Figure 1-3. The critical parameters are the characteristic strength dQ  and the post-elastic 

stiffness dK . These two parameters are related to the geometric and material properties 

of the bearing as follows: 

 YLLd AQ σ=  (1-1) 

 
r

r
Ld T

GAfK =  (1-2) 
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where Lf  is a parameter that accounts for the effect of the lead core on the post-elastic 

stiffness (expected to be close to unity), G  is the effective shear modulus of rubber, YLσ  

is the effective yield strength of lead, rT  is the total rubber thickness, rA  is the bonded 

rubber area, and LA  is the area of the lead core. Equation (1-1) neglects the contribution 

of rubber towards the characteristic strength of the bearing. This contribution is small 

under normal conditions and is typically indirectly accounted for in the value of effective 

yield stress of lead. However, this contribution becomes important in low temperature 

conditions and needs to be separated from that of the lead in order to more accurately 

predict the behavior of lead-rubber bearings. This approach is followed in this work.  
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Qd 
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FIGURE 1-3 Idealized Force-Displacement Loop of a Lead-Rubber Bearing 
 
 
The characteristic strength of lead-rubber bearings is responsible for the capability of the 

bearings to dissipate energy. This strength is dependent, apart from the aforementioned 

confinement of the lead core, on the rate of strain of shear deformation of the lead core 

and the history of loading in terms of (a) the cumulative slow movement of large travel 



 5

due to traffic and thermal loadings, and (b) the number, amplitude and frequency of high 

speed seismic motion cycles due to heating effects.  

Test data presented in Constantinou et al. (2007b) on lead-rubber bearings show 

substantial increases in the characteristic strength at low speeds following cumulative 

travel of 1.6 km at small amplitude of slow cyclic motion. However, the origin of the 

phenomenon could not be identified, leading to speculation that the effect is not only 

dependent on the cumulative travel but also on the amplitude of imposed deformation and 

on heating effects due to the inevitable accelerated fashion of conducting such tests 

(motion representing several years of in-service conditions was imposed over a period of 

about one month).  

The effect of lead heating on the characteristic strength of lead-rubber bearings is best 

illustrated with the example bearing of Figure 1-4 for which the measured energy 

dissipated per cycle (directly related to the characteristic strength) in high speed, large 

amplitude motion is shown in Figure 1-5. In this example, the energy dissipated per cycle 

drops to about 60% of the starting value within five cycles. More data presented in 

Constantinou et al. (2007b) show a complex dependency of the strength on the conditions 

of motion but which can be directly related to the temperature of the lead core and the 

dependency of the mechanical properties of lead on temperature. Although this 

phenomenon has been known for many years (e.g., see Tyler and Robinson, 1984), there 

has been no attempt to analytically describe it.  
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FIGURE 1-4 Tested Large Scale Lead-Rubber Bearing (1 inch=25.4 mm) 
(Constantinou et al., 2007b) 
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FIGURE 1-5 Energy Dissipation per Cycle in the Lead-Rubber Bearing of Figure 1-
4 (Constantinou et al., 2007b) 
 
 
Analytical prediction of the characteristic strength of lead-rubber bearings is important in 

many respects because it permits (a) development of models for dynamic analysis which 

account for this important phenomenon; (b) determination of bounds on the characteristic 

strength values for use in simplified analysis; (c) development of scaling principles in the 

testing of lead-rubber bearings, either at smaller scale or at different loading histories in 

consistency with the capability of available testing machines; (d) evaluation and use of 

available test data for different geometries of bearings and test conditions (i.e., allows the 

development of principles of “similarity”). 

This report seeks to develop a scientific understanding of the effects of heating and load 

history on the mechanical behavior of lead-rubber bearings. It focuses on the following 

issues: (i) investigation of the material properties and behavior of lead, and the effect of 

heating on the mechanical properties of lead through a literature review and testing of 
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lead specimens at various temperatures and speeds, (ii) theoretical prediction of the lead 

core temperature and of the strength of a lead-rubber bearing undergoing cyclic motion, 

(iii) verification of the aforementioned predictions by comparing them with experimental 

results and finite element analysis results, (iv) development of scaling principles for the 

testing of lead-rubber bearings, (v) development of a simple model for dynamic analysis 

of lead-rubber bearings that accounts for strength reduction due to lead core heating and 

that is used for investigating its effects on the seismic response of isolated structures, and 

(vi) further study of the effects of cumulative travel on the characteristic strength of lead-

rubber bearings and investigation of the effects of amplitude of cyclic motion.  

The document consists of nine sections. Section 1 provides a brief review of the lead-

rubber isolation device. Information on how it was invented is given and its internal 

construction is briefly described. Reference is made to previous representative research 

studies involving this type of isolation hardware, its properties and behavior are briefly 

described and an introduction to the phenomena of lead core heating and cumulative 

travel effect is provided.  

Section 2 includes a literature review on the behavior and properties of lead, a description 

of testing of lead specimens and an attempt to establish a link between strength and 

temperature of lead based on testing and literature data. Rate effects are discussed.  

Section 3 describes a mathematical model for the prediction of lead core heating of lead-

rubber bearings under cyclic motion of large amplitude.  
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Section 4 provides a series of experimental results on lead-rubber bearings of various 

geometries and at various initial temperatures and subjected to periodic motion of several 

amplitudes and frequencies for verification of the results of Section 3. Results of finite 

element heat transfer analyses for the same cases are presented for comparison.  

Section 5 proposes an updated hysteretic model for lead-rubber bearings to account for 

the effects of lead core heating. The model is verified by comparing analytical and 

experimental results for harmonic and random motion tests.  

Section 6 describes an analytical investigation of the effects of lead core heating on the 

seismic response of structures isolated with lead-rubber bearings. The model presented in 

Section 5 is utilized for this purpose.  

Section 7 presents the current state of understanding of the effects of cumulative travel on 

the properties of lead-rubber bearings through the presentation of tests conducted in the 

past. This is followed by presentation of the results of a new series of tests conducted to 

further investigate these effects.  

Section 8 summarizes the document and presents conclusions.  

Section 9 provides a list of references.  
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SECTION 2  

THE MECHANICAL BEHAVIOR OF LEAD 

2.1 Introduction  

Lead (Pb) is in the Fourth Group of the Periodic Table and has an atomic number of 82. It 

is a member of the cubic crystal system and its crystal structure is face-centered cubic 

(FCC) of the A1 type (Hofmann, 1970). This means that it is expected to remain ductile 

even at very low temperatures; it does not experience the “ductile-to-brittle transition” 

like, for instance, metals/alloys with BCC (body-centered cubic) or HCP (hexagonal 

close-packed) crystal structures (Callister, 1999) which become brittle at low 

temperatures. The melting point of lead is 3270C for purity larger than 99.94% (corroding 

lead) and 3260C for purity larger than 99.90% (chemical lead) (American Society for 

Metals, 1979). The coefficient of linear expansion is 29.1x10-6/0C for temperatures 

between 200C and 1000C. The elastic modulus at room temperature may be assumed 

around 17 GPa. The shear modulus is between 5.4 and 7.6 GPa and may be assumed to 

be about 6 GPa. Poisson’s ratio is 0.44 (Hofmann, 1970). Note that the elastic properties 

cannot be exactly known even for pure lead because of the difficulty in defining elastic 

behavior for a material like lead. Also, the mechanical properties are affected by 

impurities, even at very small concentrations. The chemical composition of the impurities 

is important as well. For example, a lead-antimony alloy of 99.1% purity may have 

almost twice the tensile strength of a lead-tin alloy of 99% purity (for more details, see 

the tensile strength diagrams on p. 198 of Hofmann, 1970). 
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Although lead is an extensively used material, there are only few sources of data about its 

mechanical behavior. Most of the material is either old or incomplete. This section 

attempts to provide a review of those characteristics that are related to the mechanical 

behavior of lead, and, consequently, of lead-rubber bearings. The review is based on data 

collected from the literature and is supplemented by experimental data obtained in lead 

specimen testing conducted at the University at Buffalo.  

It should be noted that lead in lead-rubber bearings is of high purity, with values 

exceeding 99.9%. In cases where the purity is lower (e.g., 99%), the chemical 

composition of the impurities may have important effects on the strength, as noted 

earlier.  

2.2 Plastic Deformation  

In a perfect crystal, the plastic deformation can take place by a slip process in which 

simultaneous translation of one plane of atoms over another occurs. No dislocations are 

involved in this case. This occurs at a stress level that is referred to as the ideal strength 

above which the deformation is no longer elastic and becomes catastrophic. However, it 

is rare that a perfect crystal with no defects is found in nature; deformation, therefore, 

occurs through the movement of dislocations or vacancies before the ideal strength level 

is reached (Guruswamy, 2000).  

The mechanisms by which plastic flow of a metal takes place involve processes occurring 

on the atomic scale. At all temperatures above absolute zero, thermally activated 

movement of atoms and dislocations is present. The extent of thermal activation increases 
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with the homologous temperature MTT / , where T  is the temperature of interest and MT  

is the melting point (both in 0K). The low melting point of lead and its alloys makes the 

contribution of thermal activation to plastic flow very significant, even at room 

temperature, which corresponds to a homologous temperature of around 0.5. Evaluation 

of mechanical property data on lead and lead alloys requires an appreciation of the 

different mechanisms of plastic flow that are operative at room temperature and at 

elevated temperatures, to which lead alloys will be subjected (Guruswamy, 2000).  

At low temperatures, plastic deformation mechanisms include dislocation glide and 

twinning. At higher temperatures, materials show time-dependent plastic deformation or 

creep under an applied stress. At very high temperatures (homologous temperature above 

0.6) and stress levels, power-law creep may be accompanied by repeated recrystallization 

(Guruswamy, 2000).  

The mechanisms of plastic deformation of lead may superimpose in complicated ways. 

The contribution of each mechanism can be described by a rate equation which relates 

strain rate to the stress, the temperature, the structure of the material at that instant and 

material properties. The stress and temperature range of dominance of each of the 

mechanisms of plasticity and the rates of flow they produce can be summarized using 

deformation mechanism maps. Such maps allow the determination of the operative 

deformation mechanism and the creep strain rate as a function of normalized stress μσ /  

and normalized temperature MTT /  (where μ  is the shear modulus and MT  is the melting 

temperature). In general, metals having similar atomic bonding and crystal structure have 
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similar mechanical properties expressed in normalized form, and are said to belong to a 

specific isomechanical group (Guruswamy, 2000).  

Deformation mechanism maps for pure lead with a grain size of 10 μ m can be found on 

p. 105 of Guruswamy (2000). Three principal fields are shown: low-temperature 

plasticity, power-law creep (which sets in at about MT3.0 ), and diffusional flow (which 

appears at high temperature and low stress) regions. Above MT7.0  (i.e. above about 

1500C), dynamic recrystallization (which makes creep rates hard to predict) is observed 

in lead (Guruswamy, 2000).  

In FCC metals (which include lead), the yield strength is generally determined by the 

density of discrete obstacles or defects they contain. When pure, it is the density and 

arrangement of dislocations that determines the flow stress, which, therefore, depends on 

the state of work hardening of the metal. Annealing lowers the yield strength 

(Guruswamy, 2000).  

The internal structure of a metal is changed when plastic deformation takes place. This is 

evident through changes in the properties of the metal. For example, plastically deformed 

metals become stronger; the stress-strain curve continues to rise after the yield strength is 

exceeded. The percentage of cold work (amount of plastic strain introduced during 

processing) is conveniently referred to as an index of plastic deformation and is defined 

as the percent decrease in cross-sectional area from deformation (Van Vlack, 1980).  

Plastic deformation corresponds to the motion of large numbers of dislocations (Callister, 

1999). However, dislocations interfere with the movements of other dislocations. 
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Dislocation entanglements increase the strength of the material; strain hardening as well 

as ductility reduction result from plastic deformation (Van Vlack, 1980).  

Plastically deformed crystals have more energy than unstrained crystals because they are 

loaded with imperfections and dislocations. The atoms will move to form a more perfect, 

unstrained array if given a chance. Such a chance arises when the crystals are exposed to 

high temperatures. This process is known as annealing. High temperatures cause greater 

thermal vibrations of the lattice which permit a reordering of the atoms into less distorted 

grains. This process of growing new crystals from previously deformed ones is called 

recrystallization. It requires atom movements and rearrangements which occur more 

readily at high temperatures (Van Vlack, 1980).  

For lead, room temperature corresponds to a high homologous temperature of around 0.5. 

Therefore, marked changes in microstructure happen even at room temperature and even 

more easily at higher temperatures expected to develop in high speed, large amplitude 

motion in lead-rubber bearings. Such changes could involve recovery, recrystallization 

and grain growth, and age hardening followed by age softening (Guruswamy, 2000). 

Thus, before further discussion of the mechanical properties of lead is made, it would be 

useful to briefly discuss the processes of recovery, recrystallization and grain growth in 

polycrystalline metals – as well as how they are influenced by solute elements, 

temperature and prior strain – and then investigate how these processes affect the 

behavior of lead in specific.  
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2.3 Recovery, Recrystallization and Grain Growth  

When a polycrystalline metal deforms, its grains elongate and the number of defects 

(such as dislocations and vacancies) in each grain increases significantly. The effects of 

plastic strain, however, may be “cancelled” after some time; if the temperature is high 

enough, the metal returns to a state free from the effects of plastic strain through the 

interrelated processes of recovery, recrystallization and grain growth (Skinner et al., 

1993).  

During recovery, the stored energy of the deformed grains is reduced by the dislocations 

moving to form lower energy configurations such as subgrain boundaries, and by the 

annihilation of vacancies at internal and external surfaces. Recrystallization occurs when 

small, new, undeformed grains nucleate among the deformed grains and then grow at 

their expense. Further grain growth occurs as some of the new grains grow at the expense 

of others. The driving force for recrystallization is the stored energy of deformation of the 

extruded grains, while the decrease in the surface energy of the many recrystallized 

grains causes grain growth to occur (Skinner et al., 1993).  

The temperature at which recrystallization just reaches completion in one hour is called 

recrystallization temperature. It is typically between 1/3 and 1/2 of the absolute melting 

temperature of a metal or alloy and depends on several factors, such as the amount of 

prior cold work and the purity of the alloy. As the percentage of cold work increases, the 

recrystallization temperature drops and reaches a limiting value at high deformations. 

Normally it is this minimum recrystallization temperature that is specified in the 

literature. Alloying raises the recrystallization temperature. There is some critical value 
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of cold work below which recrystallization cannot be triggered; it is between 2 and 20% 

cold work. A -40C recrystallization temperature is reported for lead (Callister, 1999). 

According to the American Society for Metals (1979), lead of 99.999% purity has a 

recrystallization temperature below 00C.  

It should be noted that the rate of recrystallization is very temperature-sensitive (Skinner 

et al., 1993). In other words, the time from its beginning to its completion for a specific 

metal and for a specific level of cold work may vary significantly with relatively much 

less significant temperature variations. Van Vlack (1980) refers to the case of 75% cold-

worked commercially pure aluminum alloy which recrystallized within one minute at 

3500C, 60 minutes at 3000C and 40 days at 2300C. Additionally, the recrystallization 

temperature for a specific metal drops as the amount of cold work increases (Van Vlack, 

1980). In general, one can say that higher amounts of cold work and higher temperatures 

facilitate (that is, result in “easier” and “faster”) recrystallization.  

It should, therefore, be stressed that the triggering and completion of recrystallization as 

well as the time between them, the temperature and the percentage of cold work are 

interrelated. Any recrystallization data should report the amount of cold work, the 

annealing temperature and the amount of time the metal was exposed to that temperature.  

Hofmann (1970) presents results from tests conducted with lead which was not of the 

degree of purity that lead is typically available today and used in lead-rubber bearings. In 

these tests the appearance of recrystallization was determined from measurements of the 

softening of lead. According to the results, even at a work deformation as low as 5%, 

room temperature (200C) is high enough to trigger recrystallization (see p. 190 of 
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Hofmann, 1970). Hofmann (1970) also reports that the beginning of recrystallization 

shifts to lower temperatures and less amounts of work on increasing the degree of purity 

of the lead.  

After the completion of recrystallization, the strain-free grains will continue to grow if 

the metal specimen is left at the elevated temperature. This is called grain growth and 

does not need to be preceded by recovery and recrystallization. It may occur in all 

polycrystalline materials, metals and ceramics alike (Callister, 1999). It is important to 

note that the size of the grains is directly related to the strength of the material; the larger 

the grains, the smaller the strength – see p. 199 of Hofmann (1970) for an ultimate tensile 

strength vs. grain size plot for lead. Apart from the size of the grains, other factors 

affecting the strength of a metal include its composition, its crystal structure and the 

strength of the intercrystalline grain boundaries (Nadai, 1950).  

The size of the grains following annealing depends on the annealing temperature (the 

higher the temperature the larger the grains) as well as on insoluble impurities (which 

inhibit grain growth). Additionally, the degree of cold work before annealing has a 

significant effect on the subsequent grain size. In the case of high amounts of cold work, 

the grain size is small even after completion of grain growth while for low amounts of 

cold work the grain growth caused can be quite significant. For lead this critical degree of 

cold working is about 1% elongation (Rollason, 1973).  
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2.4 Mechanical Properties  

In general, it may be said that the mechanical properties (e.g., ultimate strength) of lead 

mainly depend on the following factors: speed of deformation (rate effects), crystal 

structure (grain size, dislocation density etc.), degree of plastic deformation (percentage 

of cold work – strain hardening effects), temperature, and others. It should be noted that 

each of the above effects is not independent of the rest. In fact, two or more of the above 

effects may be present at the same time, either producing the same effect (i.e. one 

“supporting” the other) or opposite effects (i.e., one “canceling” the other). It would be 

useful, therefore, to briefly present the effect of each of the above factors and the possible 

interactions among them.  

The following information is based on limited and mostly old data on lead that exist in 

the literature. The conclusions drawn are, therefore, open to completion and further 

discussion on the basis of a complete and extensive experimental study of lead.  

Because of creep, a permanent plastic deformation occurs in lead and lead alloys at stress 

levels well below the yield point at room temperature. Thus, measured yield points of 

lead and lead alloys depend on the duration of the test and the strain rate. The tensile 

strength of lead drops with a decreasing strain rate, and with longer duration tests, it 

approaches the creep strength/creep limit (Guruswamy, 2000).  

A graph showing the variation of the ultimate tensile strength of lead with the speed of 

testing can be found on p. 198 of Hofmann (1970) who also reports (p. 190) that “the 

occurrence of recrystallization can also be discerned, in part, in the tensile test diagrams” 
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of p. 198. It is evident in those diagrams that there is a testing speed above which the 

strength of the lead ceases to depend on the strain rate. For refined lead that strain rate is 

approximately 0.017 sec-1 (refined pure lead has a minimum purity of 99.97% according 

to ASTM International, Annual Book of ASTM Standards (2005), Vol. 02.04, 

Designation B29-03, p. 8). No temperature of testing is reported but it would be 

reasonable to assume that the tests took place at room temperature. In other words, the 

strain rate beyond which the rate effects disappear is assumed to be 0.017 sec-1 at room 

temperature (200C).  

The reason why in slow tests the strength is lower should be, at least in part, the 

occurrence of recrystallization during testing. As already mentioned, recrystallization of 

lead is easily triggered even at room temperature. Recrystallization cancels, at least to 

some degree, strain hardening and thus in slow tests, where there is enough time for its 

effects to commence, lead appears to be less strong than in the case of fast tests. The 

strain rate value beyond which the rate effects disappear should be temperature dependent 

and should increase as the temperature increases because higher temperatures result in 

faster recrystallization. It is reminded that increasing the temperature favors and 

accelerates recrystallization, thus a higher speed of testing would be necessary at high 

temperatures in order to overcome the softening caused by recrystallization (so that there 

is not enough time for the material to start recrystallizing).  

Data showing the effect of temperature on the ultimate tensile strength (UTS) of lead is 

given on pp. 198-199 of Hofmann (1970). The trend is clear: higher temperature 

corresponds to lower tensile strength for lead. Table 2-1 reproduces the data from p. 199 
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of Hofmann (1970). Another set of strength-temperature data for chemical lead (99.9% 

purity) is presented in Table 2-2 (data reproduced from p. 502 of American Society for 

Metals, 1979).  

 
TABLE 2-1 Ultimate Tensile Strength of Lead as Function of Temperature (Data 
Obtained from Hofmann, 1970) (Unknown Lead Purity; Unknown Strain Rate) 
 
Temperature (0C) 20 82 150 195 265 
Tensile Strength (MPa) 13.2 7.8 4.9 3.9 2.0 
 
 
 
TABLE 2-2 Ultimate Tensile Strength of Lead as Function of Temperature (Data 
Obtained from American Society for Metals, 1979) (99.9% Lead Purity; Unknown 
Strain Rate) 
 
Temperature (0C) 38 66 93 121 149 177 
Tensile Strength (MPa) 15.5 13.1 10.3 9.3 7.2 4.8 
 
 
It would be useful to review and attempt to evaluate together data on the temperature 

effects and data on the rate effects upon the tensile strength of lead. The graphs in Figure 

2-1 attempt to give an idea of how a combined strength vs. temperature vs. strain rate 

graph should look like according to the separate (and sort of limited) data provided by 

Hofmann (1970).  

 
 
 
 
 
 



 22

 

STRAIN RATE

U
L

T
IM

A
T

E
 T

E
N

SI
L

E
 S

T
R

E
N

G
T

H
 (U

T
S)

 

INCREASING 
TEMPERATURE 

U
TS

 

U
TS

 

TEMPERATURE TEMPERATURE 

 
FIGURE 2-1 Trends of the Effects of Strain Rate and Temperature on the Tensile 
Strength of Lead  
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2.5 Testing of Lead Specimens 

The main purpose of the tests was to investigate the effect of temperature on the ultimate 

tensile strength (UTS) of lead. The testing aimed at establishing a relationship between 

the UTS of lead and temperature and checking any effects of strain rate on the behavior 

of lead complementary to the information provided in the preceding sections. The 

ultimate tensile strength is studied because it is clearly defined, whereas other properties 

such as the yield strength cannot be defined uniquely for lead. It is presumed herein that 

the ultimate strength bears a relation with the “effective yield stress” used for lead-rubber 

bearings.  

The results of these tests are to be evaluated along with the information and data already 

presented and should lead to the adoption of a UTS vs. temperature relationship. This 

relationship may then be used in analyses attempting to predict the temperature of the 

lead core and, consequently, the characteristic strength of a lead-rubber bearing subjected 

to cyclic motion.  

In order to determine a relationship between the strength of lead and temperature, a series 

of tension tests were conducted at two different speeds and at various values of 

temperature using standard specimens of lead of 99.99% purity of the dimensions shown 

in Figure 2-2 (where A =100 mm, B =20 mm, C =20 mm, D =12.7 mm, L =140 mm). 

Also see ASTM International, Annual Book of ASTM Standards (2005), Vol. 03.01, 

Designation E8-04, p. 68, Specimen 3.  
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FIGURE 2-2 Lead Specimen Geometry (ASTM International, 2005) 
 
 
An MTS axial-torsion machine was used for the tests. Three thermocouples (model No. 

TT-T-24 from Omega Engineering) were placed on the specimen as shown in Figure 2-3 

to measure its temperature. They were labeled 1 to 3 from top to bottom of the specimen. 

Note that the specimen is shown with sleeves at both ends used for securing it in the grips 

of the test machine. These sleeves held the specimen by pressure instead of a threaded 

connection that would have caused failure of the specimen in the grips rather than the 

specimen body.  
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FIGURE 2-3 Lead Specimen with Thermocouples 
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The maximum testing speed that the machine could achieve is approximately 50 mm/s. 

Two testing speeds were selected: a low one (0.75 mm/s – corresponding to a tensile 

strain rate of 0.0075 sec-1) and a high one (25 mm/s – corresponding to a tensile strain 

rate of 0.25 sec-1).  

Heating of the specimens was achieved by placing them inside the insulated heating 

element shown in Figure 2-4. The element consisted of a metal cage surrounded by a 

heating tape and insulating material. For the cases of low temperature testing (two cases – 

see Table 2-3) the same element was used with the specimen placed inside a tube with 

holes and dry ice placed between the tube and the metal cage creating a refrigerator (see 

Figure 2-4). The testing process may be briefly described as follows.  

Tension testing began once the temperature was stabilized and relatively homogeneous 

among the three thermocouples. Results from testing a total of 8 lead specimens are 

presented in Figures 2-5 and 2-6 (stress-strain plots) and Table 2-3 (strength data). Stress 

was defined as the applied force divided by the original specimen area and strain was 

defined as the total change of length of the specimen (measured as motion of the machine 

head) divided by the length of the reduced section of the specimen (100 mm). Note that 

the strain rate of 0.25/sec was achieved by imposing motion of constant speed to the 

specimen on one side equal to 25 mm/sec (25 mm/sec divided by length of 100 

mm=0.25/sec). This strain rate is average over the length of the specimen. Similarly, a 

speed of 0.75 mm/sec was imposed for an average rate of strain of 0.0075/sec. Figure 2-7 

shows all strength data that have been presented in this section (Hofmann, 1970; 

American Society for Metals, 1979; authors’ experiments) combined into one graph.  
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The test data demonstrate that the ultimate strength increases with increases in strain rate. 

As discussed earlier, this is due to the fact that during a tensile test the deformed 

specimen begins to recrystallize before failure, especially at low testing speeds and high 

temperatures. In such cases, the effect of strain hardening should be counteracted by the 

ongoing recrystallization, thus resulting in lower tensile strength values.  

The results presented here are discussed in further detail as well as in connection with the 

phenomenon of lead core heating in Section 3. At this point only the resemblance of the 

graphs in Figure 2-7 to those of Figure 2-1 is being mentioned; this resemblance may be 

considered a confirmation of the assumption that the rate dependence of the strength of 

lead arises, at least in part, from the occurrence of recrystallization and the dependence of 

its effects on the duration of testing.  

In summary, the following aspects of behavior of lead are important:  

(a) The ultimate tensile strength of lead decreases in approximately linear fashion with 

increasing temperature at high strain rates and decreases in a nonlinear fashion at low 

strain rates. 

(b) The existence of impurities increases the ultimate tensile strength of lead.  

(c) The ultimate tensile strength of lead drops as the size of its grains increases.  

(d) Plastic strain causes the ultimate tensile strength of lead to increase (strain 

hardening).  

(e) Increasing the strain rate causes the strength of lead to increase but this effect 

disappears beyond a likely temperature-dependent limit value of strain rate. At 

temperature of about 200C this limit is 0.017/sec.  
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(f) Recrystallization of lead may be triggered even at low temperatures because of the 

low melting point of lead. Recrystallization is favored by higher temperatures and 

higher plastic strains and inhibited by impurities. 

(g) Recrystallization makes lead more ductile but less strong by canceling the effects of 

plastic deformation on the microstructure of the material.  
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FIGURE 2-4 Heating Element Used for Controlling the Temperature of Lead 
Specimens for High Temperature Tests (Top) and Schematic of Testing 
Configuration (Top View) for Low Temperature Tests (Bottom) 
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TABLE 2-3 Values of Ultimate Tensile Strength of Lead  
 

Specimen No. Temperature (0C) Strain Rate (sec-1) Ultimate Tensile 
Strength (MPa) 

1 56 0.25 19.0 
2 20 0.25 21.8 
3 138 0.25 13.3 
4 -30 0.25 27.2 
5 -30 0.0075 24.1 
6 20 0.0075 18.1 
7 101 0.0075 9.9 
8 99 0.25 15.3 
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FIGURE 2-5 Stress-Strain Relation of Lead at 0.25/sec Strain Rate (Fast Tests) 
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FIGURE 2-6 Stress-Strain Relation of Lead at 0.0075/sec Strain Rate (Slow Tests) 
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FIGURE 2-7 Ultimate Tensile Strength of Lead as Function of Temperature and 
Strain Rate 
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SECTION 3 

HEATING OF LEAD-RUBBER BEARINGS – THEORY  

3.1 Introduction 

When a lead-rubber bearing is subjected to lateral cyclic motion, heat is generated, 

primarily in the lead core, from where it flows vertically and radially into the steel end 

and shim plates, respectively. Heat is also generated in the rubber but this is typically 

small and can be ignored (Constantinou et al., 2007b).  

It is well established that the energy dissipated per cycle and the characteristic strength of 

lead-rubber bearings reduce with an increasing number of cycles. The reduction is 

substantial in the first few cycles of motion. For example, Figure 1-5 presents the energy 

dissipated per cycle of the large size lead-rubber bearing of Figure 1-4. The testing was 

conducted under dynamic conditions with a peak velocity of nearly 1 m/sec. Figure 1-5 

shows both the measured dissipated energy and the estimated contribution to the 

dissipated energy by the lead core. For this calculation, it was assumed that the rubber 

contribution to the equivalent viscous damping ratio or effective damping of the bearing 

is 0.04.  

It is clear from this figure that there is a substantial reduction in energy dissipation per 

cycle in the initial cycles after which the energy dissipated per cycle tends to stabilize. A 

brief interruption of the testing and a restart, results in an almost complete recovery of the 

original energy dissipation per cycle. These observations clearly demonstrate that the 

reduction in the energy dissipation per cycle is the result of heating of the lead core. The 
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core will reach a near constant temperature after a number of cycles when the rate of heat 

generation is equal to the rate of heat lost by conduction through the steel plates. The near 

complete recovery after the 2-minute interruption in the testing clearly demonstrates the 

significance of heat conduction.  

The thermal properties of lead, rubber and steel are given in Table 3-1, which presents 

data obtained from several sources (American Society for Metals, 1991; American 

Society for Metals, 1992; Lide, 1993; Hofmann, 1970 and Guruswamy, 2000). Note that 

thermal properties of lead are practically unaffected by temperature up to the melting 

point. Another important observation is that rubber has a much lower thermal 

conductivity and thermal diffusivity than either lead or steel. Accordingly, it may be 

assumed that heat conducts entirely through the steel shim plates and the steel end plates 

of the bearing. 
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TABLE 3-1 Properties of Lead, Steel and Rubber 
 

Temperature 
(0C) -25 25 75 125 225 3271 

 Thermal Conductivity2, k (W/(m 0C)) 
Lead3 36.0 35.3 34.7 34.0 32.8 31.4 

Rubber - 0.16 - - - - 
Carbon Steel4 - 54.0 53.0 51.0 47.0 44.0 

 Thermal Diffusivity2, α (m2/s) 
Lead3  - 2.42x10-5 2.34x10-5 2.29x10-5 2.14x10-5 2.00x10-5

Rubber - 7.24x10-8 - - - - 
Carbon Steel4 - 1.48x10-5 - - - - 

 Specific Heat2, c (J/(kg 0C)) 
Lead3  127 129 131 132 137 142 

Rubber - 1700 - - - - 
Carbon Steel4  - 450 - - - - 

 Density2, ρ (kg/m3) 
Lead3  - 11360 11300 11240 11170 11000 

Rubber - 1300 - - - - 
Carbon Steel4  - 7900 - - - - 

1. Temperature just prior to melting of lead 
2. k = α ρ c 
3. 99.99% pure lead 
4. Less than 0.5% carbon 
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3.2 Dependence of the Effective Yield Stress on Temperature 

The reduction in the energy dissipation per cycle is the result of the reduction in the 

effective yield stress of lead with increasing temperature. The effective yield stress of 

lead has been defined in Section 1.  

The yield stress of lead cannot be accurately measured due to the tendency of the material 

to creep; also see Section 2 for a brief description of the complexity of lead plastic 

behavior. However, the ultimate strength (which should be somehow related to the 

effective yield stress) can be measured and representative data have been shown in Figure 

2-7.  

The lead core absorbs energy by resisting motion, so the heat produced within the lead 

core is in fact the work of the resisting force in the core. This force is the product of the 

effective yield stress and the cross-sectional area of the lead core. The experimental 

results presented in Figure 1-5 show a gradually decreasing energy dissipated per cycle 

(EDC), thus implying that the effective yield stress YLσ  drops as the temperature of the 

lead plug increases. There are no direct data for such a relationship between YLσ  and 

temperature. A reasonable assumption would be to consider that the ratio of the effective 

yield stress of lead YLσ  to the ultimate stress of lead ultσ  is constant at all temperatures.  

That is, assuming that ultσ  is a function )( LtTf , then  

 
)(
)(

00 L

Lt

YL

YL

Tf
Tf

=
σ
σ  (3-1)  
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where YLσ  is the effective yield stress at temperature of lead LtT  and 0YLσ  is the initial 

effective yield stress, defined as the effective yield stress at the initial (or starting) 

temperature 0LT . The ratio 0/ YLYL σσ  in (3-1) will be referred to as the normalized 

effective yield stress. In order to establish a relation between YLσ  and temperature, one 

should determine a relationship between ultσ  and temperature and have an estimate of the 

initial effective yield stress 0YLσ . 

There are four sets of experimental data on the ultimate tensile strength in Figure 2-7. On 

the basis of these data, the relationship between ultσ  and the temperature of lead, LtT , 

could be either exponential or linear as described by (3-2) and (3-3), respectively:  

 ( )Ltult TEE ⋅−⋅= 21 expσ  (3-2) 

 Ltult TLL ⋅−= 12σ  (3-3) 

The parameters in (3-2) and (3-3) were determined by best fitting the available data on 

ultσ  and temperature. Table 3-2 summarizes information on the best fitting curves for the 

four sets of data and Figures 3-1 to 3-4 compare prediction by (3-2) and (3-3) to the test 

data. There are two advantages that favor the use of an exponential relationship between 

YLσ  and temperature against the use of a linear or bilinear one. The important parameter 

in predicting the characteristic strength of lead-rubber bearings is the normalized 

effective yield stress presented in (3-1). When using the exponential and linear 

expressions for the ultimate stress, equation (3-1) becomes, respectively:  
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The advantage in using the exponential expression is seen in the facts that (a) only the 

increase in temperature of the lead LT  appears and (b) only one parameter ( 2E ) is needed 

to describe the ratio of strengths. However, the exponential relation is valid in a range of 

temperatures (based on Figure 3-4 it is valid in the range of -300C to 2700C) although this 

does not matter since temperatures beyond 2700C are never reached.  

 
 
TABLE 3-2 Information on Best Fitting Curves for the Four Sets of Experimental 
Data on Ultimate Tensile Strength of Lead (Temperature in 0C, Stress in MPa) 
 

Case Curve Parameters 
Hofmann (1970) Exponential I 245.151 =E , 0075.02 =E  

ASM (1979) Exponential II 054.221 =E , 0080.02 =E  

Authors’ at Strain 
Rate=0.25/sec Linear 

39.71 =L x 210−  
61.232 =L  

Authors’ at Strain 
Rate=0.0075/sec Bilinear 

08.11 =L x 110−  and 
64.202 =L  for CTLt

0100<  
38.41 =L x 210−  and 

32.142 =L  for CTLt
0100>  

Authors’ at Strain 
Rate=0.0075/sec Exponential III 051.201 =E , 0069.02 =E  
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FIGURE 3-1 Relation Between Ultimate Tensile Strength of Lead and Temperature 
Based on Data of Hofmann (1970) 
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FIGURE 3-2 Relation Between Ultimate Tensile Strength of Lead and Temperature 
Based on Data of ASM (1979) 
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FIGURE 3-3 Relation Between Ultimate Tensile Strength of Lead and Temperature 
Based on Authors’ Experiments at 0.25/sec Strain Rate 
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FIGURE 3-4 Relation Between Ultimate Tensile Strength of Lead and Temperature 
Based on Authors’ Experiments at 0.0075/sec Strain Rate 
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The reference (i.e. initial/at ambient temperature) effective yield stress 0YLσ  in equation 

(3-1) cannot be directly obtained in testing. For example consider the bearing of Figure 1-

4 and assume that the experiment started when the temperature of the bearing was 200C. 

When the measurement of the energy dissipated per cycle (EDC) was first made after one 

cycle, the temperature was certainly higher than 200C. Therefore, the data of the first 

cycle cannot be used to estimate 0YLσ . However, extrapolation of the EDC data to the 

hypothetical value of zero cycles provides a useful estimate of 0YLσ . From Figure 1-5, the 

value is EDC=375 kN-m. Based on the bilinear force-displacement relation of Figure 1-3, 

the EDC is given by 

 )(4 YDQEDC d −⋅⋅=  (3-6) 

where D  is the amplitude of motion, Y  is the yield displacement and dQ  is the 

characteristic strength of the bearing defined in (1-1).  

 Using equations (3-6) and (1-1) with an assumed yield displacement Y =12 mm, a value 

of 0,YLσ =12.8 MPa for the hypothetical “0th” cycle is obtained for the bearing of Figure 1-

4 and the testing speed and amplitude given in Figure 1-5. This value corresponds to the 

“average” value of YLσ  during the “0th” cycle while with a similar process we may 

calculate the “average” value of YLσ  during the 1st cycle of motion, 1,YLσ . The sought 

value of 0YLσ  at the beginning of testing (end of “0th” cycle and start of 1st cycle) may 

then be estimated by averaging 0,YLσ  and 1,YLσ .  



 42

3.3 Modeling 

We seek either a closed-form solution or explicit formulations that can be numerically 

solved to compute the temperature rise in a lead core and the reduction in characteristic 

strength of lead-rubber bearings under cyclic loadings. Modeling and solutions are 

presented herein. Two different approaches are considered (energy approach and constant 

flux approach), followed by an attempt to nondimensionalize the basic equation of the 

problem and a simplification for cases of insignificant heat conduction.  

Analysis of the problem of the temperature rise in lead-rubber bearings requires the 

solution of the problem of conduction of heat in a composite cylinder. Consider a lead-

rubber bearing with bonded rubber radius R , lead core radius a , end plate thickness pt  

and total shim plate thickness st . An appropriate model would be the one shown in 

Figure 3-5 with zero initial increase in temperature (i.e., initial temperature equal to the 

initial temperature, 0LT ). Heat is generated inside the lead core at a rate of )(''' tq  (heat 

production rate per unit volume of lead) and is conducted outward through the end plates 

(of thickness pt  each) and the shim plates (of total thickness st ). Let 1q  be the amount of 

heat flowing per unit time through one of the end plates and 2q  be the amount of heat 

flowing per unit time through the shim plates (note that the shims are treated as a unity, 

being modeled as a hollow cylinder with inner radius equal to a , outer radius equal to R  

and thickness equal to the combined thickness of all shims, st ).  
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FIGURE 3-5 Model for the Analysis of Heat Conduction in Lead-Rubber Bearings 
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The heat production rate )(''' tq  is given by  
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σσ

)('''  (3-7) 

where Lh  is the height of the lead core, )(tu  is the history of motion of the top of the lead 

core with respect to its bottom (or the history of motion of the lead-rubber bearing), LA  

and LV  are the cross-sectional area and volume of the lead core, respectively, and the 

other terms have already been defined.  

The following basic assumptions are made: 

a) The increase in the temperature of lead LT  (measured with respect to the initial 

temperature) is only a function of time (that is, there is no space variability) with the 

exception of two small transition layers at the end plates-lead core interface and shim 

plates-lead core interface. The interface temperature increases are assumed to be half 

the increase in temperature in the bulk of the lead core, LT . See Figure 3-6 (a 

definition of aveT  is given later in this section).  

b) Convection and radiation at the free boundaries are neglected.  

c) There is perfect contact between the lead core and the steel plates at their interface; 

that is, the increase in temperature of the lead core is equal to the increase in 

temperature of the end plates, pT , and shim plates, sT , at their points of contact. This 

increase in interface temperature is half of the increase in the temperature of lead LT  

as mentioned before.  
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d) Conduction is the major mechanism of heat transfer and the solid is treated as 

stationary with a heat production rate inside the lead core equal to the rate of energy 

dissipation within the lead core given by (3-7). Heat conduction is through the end 

plates (one-dimensional in the vertical direction) and shim plates (one-dimensional in 

the radial direction).  

e) There is no conduction of heat through the rubber layers. This is a reasonable 

assumption given that rubber has a thermal conductivity much lower than that of 

steel.  

f) Both the top and bottom end plates of the bearing are considered to be in contact with 

a large volume of steel as was, in fact, the case for all the experimental results 

presented later on. The case of end plates being in contact with concrete needs 

separate treatment considering different boundary conditions (e.g., insulated outer 

ends of end plates).  

g) The following two types of solutions are considered: 

i. There is no heat conduction through the steel plates, i.e. all the heat which is 

dissipated by the lead core is consumed in elevating its temperature.  

ii. There is conduction through the steel plates, however there is unlimited volume 

of steel for the “heat front” to expand in both the end and the shim plates. Then, 

the quantities pft  and fR  represent the distance of the “heat front” in the end 

plates from the lead core and in the shim plates from the center of the bearing, 

respectively.  
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FIGURE 3-6 Assumed Lead Core Temperature Distribution 
 
 
 
3.3.1 The Energy Approach 

The solution for the problem of the temperature rise of the lead core requires that the 

position of the heat front in the end plates is determined as a function of time. (Herein, 

the term “heat front” is used to denote the boundaries of a volume in the end plates and in 

the shim plates where the temperature increase is non zero. This volume is used in the 

calculation of energy stored in the plates for the energy approach to the solution of this 

problem). In the solution presented herein, this position is determined based on energy 

principles, hence the term “Energy Approach”.  

The thermal equation for the lead core is  
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 )()(2)(''' 21 tqtqVtq
dt

dT
Vc L

L
LLL −⋅−⋅=⋅⋅ρ  (3-8) 

where Lρ  is the density of lead and Lc  is the specific heat of lead. It is important to note 

that the density and the specific heat of lead are practically unaffected by the temperature 

(see Table 3-1). Although the volume LV  of the lead core slightly increases as the lead 

core is heated, we assume in the analysis that it remains constant.  

Heat flux 1q  is given by  
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Heat flux 2q  is given by 
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In the above equations, pA (= 2aπ ) is the area of the end plate in contact with the lead 

plug and sA (= satπ2 ) is the inside area of the shim plates imaginary hollow cylinder (see 

Figure 3-5). Solution of (3-8) for the lead core temperature rise LT  requires first that the 

heat fluxes 1q  and 2q  be obtained by solving the individual problems for the end plates 

and the shim plates.  

The thermal equation for the end plates is  
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where ),( tzTp  is the increase in temperature of the end plates and Sα  is the thermal 

diffusivity of the end plate material (steel).  

The thermal equation for the shim plates is  
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where ),( trTs  is the increase in temperature of the shim plates and Sα  is the thermal 

diffusivity of the shim plate material (steel).  

Ozisik (1989; 1993) presented solutions to the general problems of the one-dimensional 

heat conduction through a slab and the one-dimensional heat conduction through a 

hollow cylinder for all possible combinations of boundary conditions. In both cases the 

solution may be separated into two parts, a steady-state part and a transient part that 

decays exponentially with time. Ignoring the transient parts in all cases, we may assume a 

logarithmic distribution of temperature inside the shim plates and a linear distribution 

inside the end plates. Also the following boundary and initial conditions are assumed. It 

should be noted that these conditions imply a non-uniform distribution of temperature in 

the lead core that is consistent with observations in finite element analyses. 
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 0),( =ttT pfp  (3-14) 

 0)0,( =zTp  (3-15) 

 
2

)(),( tTtaT L
s =  (3-16) 

 0),( =tRT fs  (3-17) 

 0)0,( =rTs  (3-18) 

where, as already discussed, )(tt pf  and )(tR f  are time-dependent variables controlling 

the location of the heat front in the end and shim plates respectively.  

Note that (3-14) and (3-17) presume that the heat front is within the bulk of the steel end 

plates and shims and did not yet reach the boundaries. Finite element analyses to be 

reported later in this work confirm this hypothesis. Hence,  
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The thermal energy stored inside each of the end plates, 1E , is  
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and the energy stored in the shim plates, 2E , is  
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The assumption is made that the ratio of the instantaneous heat fluxes is equal to the ratio 

of the stored energies; apparently, the validity of this assumption decreases with time:  
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Combining (3-9), (3-10), (3-19), (3-20), (3-21), (3-22) and (3-23), a relationship 

connecting the “heat front” parameters )(tt pf  and )(tR f  can be evaluated as  
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Equation (3-24) is essentially a linear relationship between aR f /  and at pf /  when the 

latter is in the range of nearly zero to 4. For simplicity, (3-24) is approximated by the 

simpler expression 
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which compares very well with (3-24) as seen in Figure 3-7 particularly for the typical 

range of 0 to 2 for at pf / .  
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FIGURE 3-7 Relationships Between Heat Front Parameters 
 
 
 
An energy balance condition is used for calculating the distance )(tt pf  of the heat front in 

the end plates from the lead core. The thermal energy generated inside the lead core is 

equal to the sum of the thermal energies stored in the lead core and the steel plates. More 

specifically, we have  
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which, in turn, due to Equations (3-19), (3-20), (3-24) and (3-25) gives  
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where )(tv  is the velocity history and )(tv  is its magnitude.  

Combining (3-8) with (3-7), (3-9), (3-10), (3-19), (3-20) and (3-25) gives 
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Considering that at pf /  ranges between 0 and 2, (3-27) and (3-28) may be further 

simplified as follows:  
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The simplification is based on the function ( )xxy 2.11ln/2 +=  being approximately equal 

to xy 47.1=  for x  between 0 and 2 (see Figure 3-8). Also, function ( )xxy 2.11ln/ +=  is 

approximately equal to xy 41.083.0 +=  for the same range of x  (see Figure 3-9).  
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FIGURE 3-8 Simplification Used in Equation (3-27) 
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Equations (3-29) and (3-30) may be used to numerically evaluate the temperature and the 

strength of the lead core when the lead-rubber bearing undergoes repeated cycling with a 

velocity history )(tv . They also apply for the case of bidirectional motion if one 

interprets )(tv  as the resultant velocity. This is because the yield stress of lead 

theoretically remains parallel to the instantaneous velocity throughout the cyclic motion 

of a lead-rubber bearing. The presented theory implies that lead essentially behaves as a 

rigid-plastic material, i.e. it yields at a very small deformation and the portion of the 

recoverable elastic energy upon motion reversal is small. Therefore, it is not applicable 

for very low strains, i.e. when the amplitude is not much larger than the yield 

displacement of the bearing.  

Solution of (3-29) and (3-30) starts with the assumption of an initial small value for the 

parameter pft . Equation (3-30) is then used to determine the temperature of the lead core 

for the next two time steps. Thereafter, at the beginning of each time step the parameter 

pft  is calculated using (3-29) and then used in (3-30) to calculate the temperature at the 

end of the step.  

For =Δt time step, =)(iTLt temperature of lead, =)(iTL rise in temperature of lead with 

respect to the initial temperature 0LT , =)(iYLσ effective yield stress, =)(iv velocity of 

motion, =)(it pf value of the heat front parameter pft , time ( ) tit Δ⋅−= 1  and =i time 

step, the algorithm proceeds as follows: 
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a) Assume a small initial value of pft , say 0pft =0.01 m. 

b) 0)1( =LT  (3-31) 

c) 
LLL

pfs

pf

LS
YLLL hc

t
a

t
a
t

t
Tk

vTT
ρ

σ Δ⋅
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅+⋅⎟

⎠

⎞
⎜
⎝

⎛+⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ⋅
−⋅+= 0

0

41.083.01
)1(

)1()1()1()2(  (3-32) 

d) 
LLL

pfs

pf

LS
YLLL hc

t
a

t
a
t

t
Tk

vTT
ρ

σ Δ⋅
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅+⋅⎟

⎠

⎞
⎜
⎝

⎛+⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ⋅
−⋅+= 0

0

41.083.01
)2(

)2()2()2()3(  (3-33) 

e) 

( ) ( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛+

−
Δ⋅⋅

=

∑
−

=

a
t

c

hc
iT

tjvj

it
s

SS

LLL
L

i

j
YL

pf

47.115.0

)()(

1

1

ρ

ρ
σ

, 3≥i  (3-34) 

f) 
LLL

pfs

pf

LS
YLLL hc

t
a

it
a
t

it
iTk

iviiTiT
ρ

σ Δ⋅
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅+⋅⎟

⎠

⎞
⎜
⎝

⎛+⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ⋅
−⋅+=+

)(
41.083.01

)(
)(

)()()()1(  (3-35) 

where )(iYLσ  is a function of temperature )(iTLt  (per Equation (3-4) or (3-5)) and 

 )()( 0 iTTiT LLLt +=  (3-36) 

The process described above may be used for any bidirectional input motion as long as 

the amplitude is much larger than the yield displacement of the bearing. It is noted that 

the selection of a linear and a logarithmic distribution of temperature for the end and 

shim plates respectively is not exactly consistent with the nature of the “heat front” 
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because they do not allow for zero heat flux (i.e. zero temperature gradient) at it. Also, 

times are usually small to allow for considering the steady-state terms of the solutions by 

Ozisik (1989; 1993); in other words, we are typically interested in lead core heating for 

motions that last only a few seconds (a minute at the most). However, this approximation 

was adopted for simplicity and should give an estimate of the heat conduction (and thus 

of the solution).  

3.3.2 The Constant-Flux – Half-Space Approach 

A different approach to the solution of (3-8) is presented herein based on two 

fundamental problems of heat conduction: the problem of constant heat flux into a semi-

infinite half-space through a circular area and the problem of constant heat flux into a 

semi-infinite hollow cylinder from its inner surface.  

3.3.2.1 Constant Flux through a Circular Area into a Semi-Infinite Half-Space 

Beck (1979) presented a solution for the determination of temperature of a semi-infinite 

half-space initially at zero temperature and heated with a constant flux pq  (energy per 

unit time per unit area) through a circular area of radius a  as shown in Figure 3-10. Let 

the thermal conductivity of the heated material be k  and its thermal diffusivity be α .  
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FIGURE 3-10 Semi-Infinite Half-Space Heated Through Circular Area  
 
 
The solution for the average temperature on the disk surface is given by (Beck, 1979) 
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where +T  is a dimensionless average surface temperature and +t  is a dimensionless time, 

respectively, given by 
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where aveT  is the average temperature of the heated disk surface at time t . 

Another related problem is that of the semi-infinite half-space uniformly heated at its 

entire free surface by heat flux pq  (same problem as that of Figure 3-10 but with radius 

a  becoming infinitely large). The solution for the surface temperature is (p. 75 of 

Carslaw and Jaeger, 1959)  
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which when using the transformations of equations (3-38) and (3-39) may be written as 
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Note that (3-40) does not involve parameter a  (radius), whereas in (3-41) this parameter 

is embedded on both sides of the equation. In this case, parameter a  (radius) should be 

interpreted as an arbitrary length parameter.  

The solution given by (3-37) may be approximated by 
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π3
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Figure 3-11 presents a comparison of the solutions of the two problems of the heated 

half-space along with the approximate solution in (3-42). It may be observed that (3-41) 

approximates well the solution of the heated half-space through a disk for dimensionless 

time of less than 0.1. This should be expected as (3-41) represents the leading term in the 

asymptotic expansion solution given by (3-37a). The significance of the observation 

relates to the problem of heating of the steel end plates of lead-rubber bearings. These 

steel plates are heated by the lead core which supplies a heat flux over a circular area. 

The heat flux may be regarded as uniform over the circular area but not constant over 

time (the solution for intermittent heat flux may be simply obtained by superposition of 

solutions for the constant heat flux problem). One can conclude that, for short 

dimensionless time, the heat front in the end steel plates of lead-rubber bearings is 

sufficiently close to the surface so that the plates of finite dimensions may be treated as 

semi-infinite half-spaces with uniformly heated surfaces. The question then is what the 

physical significance of a dimensionless time of less than 0.1 is. Using a thermal 

diffusivity α =1.41x10-5 m2/sec for steel and a lead core radius a =0.1 m (typical for 

large bearings), and using (3-39) the real time is 70.9 sec – a time that typically far 
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exceeds the duration of high speed motion in the testing of bearings and also exceeds the 

duration of high amplitude seismic motions calculated for seismically isolated structures. 

However, in cases of quasi-static testing of bearings the dimensionless time may be much 

longer (see examples in Section 4) in which case solutions valid for large dimensionless 

times are needed.  
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FIGURE 3-11 Surface Dimensionless Temperatures as a Function of Dimensionless 
Time for the Semi-Infinite Half-Space Uniformly Heated Through a Circular Area  
 
 
 
3.3.2.2 Constant Flux into an Infinite Hollow Cylinder 

Consider the problem of the surface temperature )(tTs  of a region bounded internally by 

a circular cylinder of radius a , with zero initial temperature and subjected to constant 

heat flux sq  at the surface as shown in Figure 3-12. A solution to this problem is 

presented in Carslaw and Jaeger (1959, p. 338) in terms of an infinite integral of Bessel 
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functions. Also, Carslaw and Jaeger (1959) present a graph of the dimensionless 

temperature +T  versus dimensionless time +t  where +t  is given by (3-39) and +T  is 

given by  
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A simple and good approximation to the dimensionless temperature +T  is given by  

 ( ) 3/1785.0 ++ = tT  (3-44) 

which is plotted in Figure 3-13 for comparison to the exact solution. Carslaw and Jaeger 

(1959) also provide the following solution valid for small values of the dimensionless 

time:  
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A comparison between (3-44) and (3-45) for small values of the dimensionless time is 

presented in Figure 3-14. We observe a difference between the exact and approximate 

solutions for short dimensionless times. However, we note that it is more important for 

the approximate solution (3-44) to be close to the exact solution at large values of +t  

because at that region heat losses are expected to influence the solution much more than 

at small +t . In other words, we prefer to have more accuracy of (3-44) at large rather than 

small +t .  
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FIGURE 3-12 Infinite Heated Hollow Cylinder  
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FIGURE 3-13 Exact (Carslaw and Jaeger, 1959) and Approximate (Equation (3-44)) 
Dimensionless Inner Surface Temperature as a Function of Dimensionless Time for 
Infinite Heated Hollow Cylinder  
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FIGURE 3-14 Comparison Between Exact and Approximate Dimensionless Inner 
Surface Temperatures for Infinite Heated Hollow Cylinder at Small Values of 
Dimensionless Time 
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3.3.2.3 Transformation into an Ordinary Differential Equation  

The solutions presented in Sections 3.3.2.1 and 3.3.2.2 provide the tools needed to 

transform (3-8) to (3-12) into a single ordinary differential equation amenable to solution.  

Returning to Figures 3-5 and 3-6, we 

(a) Keep the temperature distribution assumption stated in the beginning of Section 3.3 

and shown in Figure 3-6.  

(b) Treat the end plates as semi-infinite half-spaces subjected to heat per unit time 1q  

over circular area of radius a , where  

 ppqAq =1  (3-46) 

Use of (3-38) with 2/Lave TT =  (where LT  is the lead core temperature increase in the 

bulk of the core – see Figure 3-6), Skk = , the thermal conductivity of steel, Sαα = , the 

thermal diffusivity of steel, and (3-37) results in  
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These equations hold for 6.0<+t  and 6.0≥+t , respectively, with 2/ att Sα=+ . Note 

that (3-47) are presented in terms of the solution (3-37). They could also have been 

presented in terms of the approximate solution (3-42).  

(c) Treat the shim plates as an infinite medium bounded internally by a cylinder of radius 

a  and subjected to heat per unit time 2q  at the cylindrical surface, where  

 ss qAq =2  (3-48) 

Use of (3-43) with 2/Ls TT = , Skk = , the thermal conductivity of steel, Sαα = , the 

thermal diffusivity of steel, and (3-44) results in  
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=
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q LS

s  (3-49) 

Note that (3-49) has been written in terms of the approximation to the solution (3-44). It 

could have been written in terms of solution (3-45) but valid only for small dimensionless 

times.  

Note the use of 2/Lave TT =  and 2/Ls TT =  as per Figure 3-6 and beginning of Section 

3.3.  

Substitution of (3-46) to (3-49) into (3-8), use of (3-7) with dtdu /  replaced by )(tv , the 

velocity, and use of LLL hAV = , ss atA π2=  and 2aAA Lp π== , results in 
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Equation (3-50) is an ordinary differential equation with input )(tv  ( dtdu /= , where u  

is the history of motion of the lead-rubber bearing). It can be numerically solved as an 

initial value problem.  

3.3.3 Dimensional Analysis and Similarity  

In this section an attempt is made to identify the minimum number of parameters on 

which the lead core temperature depends. These parameters may be identified either by 

formal application of dimensional analysis (e.g., Barenblatt, 1996; 2003) or by casting the 

solution given by (3-50) in dimensionless form.  

Equation (3-4) is used to describe the temperature dependence of the lead effective yield 

stress. Equation (3-50) may then be written in a more general form in which J  and G  

are functions of the dimensionless time 2/ att Sα=+ :  

 ( ) 0 2 2 2exp( ) ( ) S L S s SL
L L L YL L

k T t t tdTc h E T v t J G
dt a a a a
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 (3-51) 

Equation (3-51) may be re-written when using the dimensionless time +t  (equation (3-

39) with thermal diffusivity Sα  in place of α ) and dimensionless temperature Q  given 

by  
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 LTEQ 2=  (3-52) 

The dimensionless form of (3-51) is  
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Equation (3-53) was derived by making use of the following relations among thermal 

parameters  

 SSSS ck ρα=  (3-54) 

Consider now that the lead-rubber bearing undergoes motion of constant velocity so that 

0)( vtv = . Then equation (3-53) includes the following four dimensionless parameters:  
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The dimensionless parameters in (3-55) do not include the radius R  of the bearing and 

the thickness pt  of the end plates (see Figure 3-5). This is due to the assumption that the 

heat front did not reach the ends of the steel end plates and shim plates. It will be shown 

later in Section 4 on the basis of finite element analysis that indeed this is the case.  

It may be noted that the dimensionless parameters in (3-55) include particular groupings 

of parameters with length dimensions ( a , Lh  and st ). These groupings could not have 
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been obtained in formal dimensional analysis without the benefit of having a solution 

derived for the problem.  

To demonstrate the utility of the dimensionless parameters in (3-55), consider the two 

lead-rubber bearings of Figure 3-15 which are assumed constructed of materials of the 

same properties Sα , Sρ , Sc , Lρ , Lc , 2E  and 0YLσ . Parameter β  is a scalar larger than 

unity. Each bearing is subjected to the shown histories of constant velocity motion (top of 

bearing with respect to the bottom). The displacement histories are “sawtooth” and the 

ratio of amplitude of motion to height of the lead core is the same in the two bearings.  
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FIGURE 3-15 Similarity in Two Lead-Rubber Bearings  
 
 
It is easy to verify that the second, third and fourth dimensionless parameters in (3-55) 

are the same in the two bearings. Consider now the dimensionless temperature Q  of the 

two bearings. Based on (3-52) and since parameter 2E  is the same for the two bearings, 

temperature LT  in the two bearings is the same at the same dimensionless time +t . Use of 

the first dimensionless parameter in (3-55) requires for similarity that 21
2 tt =β , where it  

is the real time for bearing i  ( 2,1=i ). Given that the duration of a cycle of motion of 
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bearing 2 is 2β  times that of bearing 1 (see Figure 3-15), we conclude that the 

dimensionless time histories of the lead core temperature of the two bearings are 

identical (e.g., the temperature of the lead core is the same in the two bearings at the end 

of each cycle of motion).  

Moreover, given that 2E  is the same for the two bearings and based on equations (3-4) 

and (1-1), we conclude that the characteristic strength dQ  of bearing 2 is 2β  times 

the characteristic strength of bearing 1 at the same dimensionless time.  

Based on this analysis, the smaller bearing 1 may be tested to obtain the behavior of the 

larger bearing 2. Note that parameter β  is the length scale. For example, β  could be 4 so 

that instead of testing the bearing of Figure 1-4 (for which currently a single facility in 

the US is capable of testing at high speed) a bearing of 238 mm (9.4 in) diameter and 45 

mm (1.75 in) lead core diameter could be tested (which is entirely within the load and 

displacement capabilities of the small bearing testing machine at the University at 

Buffalo). However, the velocity of testing of the smaller bearing should be four times 

larger, which would far exceed the capabilities of the small bearing testing machine; and 

those of any available machine.  

We conclude that while the principles of similarity have been established, we cannot 

make direct use of them because testing of smaller bearings would require very large 

velocities. To circumvent this problem, an approximation to similarity is needed in which 

longer duration and lower velocity motions are used. This problem is briefly addressed in 

Section 3.3.5 herein.  
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3.3.4 Simplified Solution – The Case of Insignificant Conduction of Heat 

It is reasonable to assume that for a short time interval after the start of an experiment, 

heat conduction through the steel shim plates and the steel end plates is negligible. 

Accordingly, the heat generated in the lead core is entirely consumed for the rise of its 

own temperature. That is, the heat fluxes per unit time through the end plates and shim 

plates, 1q  and 2q  respectively, are zero. Then, functions J  and G  in (3-51) are zero and 

the equation can be integrated to obtain  
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where S  is the distance travelled  

 ∫= dttvS )(  (3-57) 

We now attempt to establish a criterion for the validity of (3-56). We start from (3-50) 

which provides an accurate description of the temperature history of lead. When the 

negative term on the right-hand side of this equation is neglected, heat conduction 

through the end and shim plates is neglected and the lead core temperature is given by (3-

56). The error in estimating the temperature is then approximately given by  
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Note that in order to be able to evaluate the integral, the approximate expression for 

temperature in (3-56) was used in (3-58). Also, equation (3-50a) was utilized but using 

only the leading term (i.e., when (3-37a) is used, only the leading term, valid for small 

dimensionless times, is used).  

Evaluation of the integral in (3-58) is obtained by integration by parts in which the 

second part of the integration (containing the time derivative of LT ′ ) is neglected. This 

results in a conservative estimation of the error as  
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 (3-59) 

Note the approximate nature of the derivation of (3-59). First is the neglect of a part of 

the equations (term containing the derivative of LT ′ ), although this results in a 

conservative estimation of the error. Second is the use of (3-50a), which contains results 

from two solutions: one from Beck (1979) but valid only for small dimensionless times 

(use of leading term in (3-37a)) and one described by equation (3-44) which is valid for 

all times but introduces errors for small dimensionless times.  

The simplified solution (3-56) is considered acceptable when LTΔ  is less than an 

acceptable limit. Herein we take this limit to be 400C as that corresponds to an acceptably 

small error on the prediction of the energy dissipation per cycle as will be demonstrated 

in Section 4.  
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3.3.5 Scaling Principles for Lead-Rubber Bearing Testing 

Testing is essential in many fields of science and engineering for the verification of 

theories. However, it is often practically impossible or too expensive to conduct tests in 

full scale. In such cases, scale testing is often performed. That is, instead of testing an 

appropriate large-size specimen (prototype), a smaller specimen which is considered 

capable of reliably capturing the behavior of the prototype is tested (model). The 

behavior of the prototype is then predicted and evaluated based on the results obtained 

from the testing performed on the model.  

Testing in scale is common in structural engineering. Models of real-size structures are 

constructed and tested in order to reach conclusions regarding the behavior of their 

prototypes. The design of these models and the selection of the test programs are not 

straightforward. Rather, they are based on principles of similarity which depend mainly 

on those aspects of the behavior of the prototype that are under investigation. For 

example, different similarity rules apply when testing a structure statically from those 

that apply in dynamic tests. A common method of ensuring similitude in dynamic tests is, 

for instance, the so-called “artificial mass simulation” where mass is added to the model 

in order for it to have such dynamic characteristics that it appropriately captures the 

behavior of the prototype under dynamic conditions.  

A common type of experimental procedure in structural engineering aiming at the 

evaluation of structural behavior under earthquake excitations is shake table testing. In 

such a test, the model of a real-size structure is mounted on a shake table and 

appropriately scaled ground motions are applied at its base. Shake table tests of structures 
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mounted on lead-rubber bearings have been performed by a number of researchers, such 

as Hwang and Hsu (2000) and Wolff and Constantinou (2004) among others. Testing of 

lead-rubber bearings in scale is always necessary for shake table testing and is sometimes 

necessary when only lead-rubber bearings are to be tested (depending on availability of 

testing machines capable of testing at the required conditions).  

Focken (1953), followed by Harris and Sabnis (1999), stated the general principle of 

dynamic similarity as 

 2
T

ML
F S

SSS =  (3-60) 

where FS  is the force scale factor, LS  is the length scale factor, MS  is the mass scale 

factor and TS  is the time scale factor. This general principle should ideally hold for all 

testing processes where a dynamic phenomenon is reproduced in scale. In structural 

engineering tests, typically three of the above four scale factors are appropriately set and 

then (3-60) is used to determine the fourth one. With these four scale factors determined, 

the “required” and “provided” scale factors for all quantities can be calculated and 

checked. The aforementioned “artificial mass simulation” is exactly the result of this 

process in shake table test program preparation.  

When performing shake table tests on an isolated structure where the isolation system 

consists of lead-rubber bearings, the similitude requirements are two-fold; those that 

apply for the superstructure and similar ones that apply for the isolation system. For lead-

rubber bearings, similitude requirements should consider lead core heating effects. Both 
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sets of requirements would have to be met for performing a good shake table test. The 

superstructure must have a length scale equal to the square of the time scale ( 2
L TS S= ) 

and artificial mass simulation should be applied for reliable dynamic similitude. This, 

however, is at odds with the requirements of Section 3.3.3, according to which the length 

scale should be equal to the square root of the time scale ( L TS S= ) in order to have 

similitude in strength degradation due to lead core heating (i.e., to have same values of 

temperature in the lead cores of both the model and the prototype bearings at the same 

dimensionless times). The requirement of Section 3.3.3 is inherent in the heat conduction 

equation (see (3-11) and (3-12)). It is concluded that only shake table tests where the 

dynamic/geometric conditions are such that either (a) the lead core temperature of both 

prototype and model does not increase significantly (i.e., there is essentially no strength 

degradation in the isolators of either the prototype structure or the model structure) or (b) 

heat conduction through the steel plates is insignificant in both prototype and model (i.e., 

the simplified solution is valid for both, thus making every parameter other than 

( ) ( )LLLYL hcSE ρσ /02  in (3-56) irrelevant. For all other cases ranging between the above 

two “extremes”, a shake table test of a structure mounted on lead-rubber bearings cannot, 

in theory, reliably capture the strength degradation of the prototype bearings.  

Similarly in the testing of individual bearings, complete similarity cannot be achieved 

and we should resort to what we will refer to as “approximate similarity”. The purpose of 

model testing is still to capture the strength deterioration of the prototype but not 

necessarily within the same dimensionless/real time. Rather, the model is tested in such a 

way that the strength of the model deteriorates so that its normalized effective yield stress 
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at the end of testing equals that of the prototype – for instance, this may be achieved by 

subjecting the model to a higher number of cycles of motion than the prototype. 

In summary, for individual bearing testing, increasing the velocity on the model by the 

length scale factor should reproduce the cycle-by-cycle strength reduction of the 

prototype as long as both the model and the prototype have the same initial effective 

yield stress 0YLσ . In cases where the velocity demand for complete similarity on the 

model is too high for the available testing equipment, the model can be tested at lower 

velocities and for a larger number of cycles until its lead core temperature reaches that of 

the prototype (estimated) at the end of prototype testing.  

3.4 Finite Element Analysis 

Numerical solutions using finite element modeling are complex and time consuming but 

very useful in verifying the assumptions made in the presented solutions and 

investigating the accuracy of the derived analytical solutions. Particularly, a finite 

element solution is useful for (a) investigating the significance of the transient terms in 

the temperature histories of the steel plates and (b) investigating the validity of the 

assumptions for the temperature distribution within the lead plug. Accordingly, a finite 

element model was developed with the intention of investigating the aforementioned 

items (a) and (b) and also the accuracy and validity of the derived analytical solutions for 

the histories of temperature rise and characteristic strength.  

A finite element model was developed for analyzing many different bearing geometries. 

The model was developed in computer code ABAQUS (Hibbitt, Karlsson & Sorensen, 



 77

Inc., 2002) with all elements being of the type: axisymmetric, 4-node linear diffusive heat 

transfer element DCAX4 (see Figure 3-16). All free boundaries were modeled as heat-

insulated. This means that (a) radiation effects at the free rubber and steel shim ends are 

neglected, and (b) the steel structures above and below the bearing represent the 

conditions of the actual bearing installation (in a massive test machine or in structure) 

where the temperature rise is zero at some distance pt  from the lead core. For the 

analysis, the heat generation within the lead core was defined as a property of the 

material. The heat generation rate within the core (thermal energy per time per volume) is 

given by (3-7). The initial temperature was assumed to be equal to 200C unless otherwise 

specified.  
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FIGURE 3-16 Axisymmetric Finite Element Model for Lead-Rubber Bearing 
Heating  
 
Table 3-3 presents the material properties used for the steel end and shim plates, the lead 

core and the rubber layers. Note that in the finite element model the rubber is not 
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assumed to be a perfect thermal insulator but is rather modeled as a material with a low 

thermal conductivity. Moreover, in one example analysis the alternate layers of rubber 

and shim plates were directly modeled whereas in the other examples they were modeled 

as anisotropic composite material with two values of thermal conductivity, one radial and 

one vertical (see Section 4). Salazar (2003) states that for this composite the effective 

heat capacity is  

 ( ) ( )222111 cVcVc ρρρ +=  (3-61) 

where iV  is the volume fraction of component i . Also, the effective thermal conductivity 

parallel to the layers ( radialeffk , ) and that perpendicular to the layers ( verteffk , ) are given by 

 2211, kVkVk radialeff +=  (3-62) 
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For a lead-rubber bearing with a total shim plate thickness st  and lead core height Lh , the 

volume fractions for steel and rubber in the composite region are given by  

 
L

s
steel h

t
V =  (3-64) 

 
L

s
rubber h

t
V −= 1  (3-65) 
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TABLE 3-3 Material Parameters Used in Finite Element Analysis 
 

Parameter End and Shim 
Plates (Steel) 

Rubber Layers 
(Rubber) 

Lead Core 
(Lead) 

Density, ρ (kg/m3) 
 

7900 
 

 
1300 

 

 
11200 

 
Conductivity, k 

(W/(m0C)) 50 0.16 34 

Specific Heat, c 
(J/(kg0C)) 450 1700 130 

Diffusivity, α 
(m2/s)) 1.41x10-5 7.24x10-8 2.34x10-5 

 
 
3.5 Summary 

A theory has been presented that is capable of predicting the temperature rise of the lead 

core and the associated reduction in characteristic strength and energy dissipation per 

cycle (EDC) of lead-rubber bearings subjected to cyclic motion. The theory includes a 

simplification in which an explicit closed-form solution was derived. The closed-form 

solution is useful in engineering calculations and a validity criterion has been derived. 

The only input parameter required for the analysis is the absolute value of the 

instantaneous velocity of motion of the top of the bearing with respect to its bottom. 

Accordingly, the analytic solutions developed can also be applied in cases of random 

bidirectional motion, provided that the amplitude is much larger than the yield 

displacement of the bearing. Moreover, the development of the theory of temperature rise 

in lead-rubber bearings allowed for the development of principles of scaling and 

similarity for lead-rubber bearings. These principles can be used in the reduced scale 

testing of lead-rubber bearings.  
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SECTION 4 

VERIFICATION OF THEORY OF HEATING OF LEAD-RUBBER BEARINGS 

4.1 Introduction 

In this section we investigate the validity and accuracy of the theory presented in Section 

3 for a selection of cases where experimental results are available. All solutions of 

Section 3, namely the one based on an energy approach, the one based on the constant 

flux assumption and the simplified, closed-form solution, along with results of limited 

finite element analyses, are compared against experimental results from the testing of 

lead-rubber bearings under harmonic or constant velocity motion. A total of 15 cases are 

presented.  

Test data and analysis results for bearings of different sizes, initial temperature conditions 

and testing conditions (amplitude and speed of motion) are presented. Values of the 

energy dissipated per cycle (which is directly proportional to the characteristic strength) 

of lead-rubber bearings over several cycles of motion are compared to (a) predictions of 

finite element analysis, (b) predictions of the analytical solution obtained by numerical 

solution of equations (3-29) and (3-30) or (3-50), and (c) predictions of the simplified 

solution of equation (3-56). In all cases the “exponential III” equation for the relation 

between effective yield stress and temperature (see Table 3-2) was used.  

The experimentally obtained values of energy dissipated per cycle include both the part 

associated with energy dissipation in the lead core and the part associated with energy 

dissipation in the rubber. Therefore, before using the experimental data to obtain the 
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initial effective yield stress 0YLσ  through the process described in Section 3.2, the portion 

of the energy dissipated by the rubber should be estimated and then subtracted from the 

total energy dissipated per cycle. This estimation requires testing of control specimens 

without lead core. In the absence of such experimental results, the rubber contribution to 

the energy dissipated per cycle may be estimated by assuming that rubber contributes to 

the effective damping a specific amount.  

The theoretically predicted energy dissipated per cycle was calculated as follows:  

a) The temperature of the lead core in the middle of the first cycle was obtained by 

analysis (analytic or by finite element analysis).  

b) Use of (3-4) (or (3-5)) gave the effective yield stress of lead for the first cycle while 

(3-6) combined with (1-1) gave the energy dissipated in the lead core during the first 

cycle.  

c) The estimated energy dissipated in the rubber was added to the energy dissipated in 

the lead core, giving the total theoretically predicted dissipated energy to be 

compared against its experimentally obtained value for the first cycle.  

d) The previous steps were repeated for each cycle of motion.  

4.2 Examples 

A total of 15 examples are presented in the sequel.  

4.2.1 Example 1 

Consider the bearing of Figure 1-4 with experimental energy dissipated per cycle data 

shown in Figure 1-5. Figure 4-1 shows the force-displacement loops recorded in that 
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experiment. Note that for this bearing a =0.0889 m (3.5 in) and time t  after 15 cycles of 

0.5 Hz frequency is 30 sec. The dimensionless time 2/ att Sα=+  is 0.054. A value 

Sα =1.41x10-5 m2/s was used in the calculation. (Composite) finite element analysis was 

performed based on the model shown in Figure 3-16 considering the alternate rubber 

layers and steel shim plates to behave as a composite material with properties defined by 

(3-61) through (3-65). For comparison and verification purposes, another (explicit) finite 

element analysis for the same bearing and harmonic motion was performed; the model 

for that analysis is shown in Figure 4-2.  

 

 
FIGURE 4-1 Force-Displacement Loops of Bearing of Figure 1-4. Load=850 kip 
(3783 kN), Displacement Amplitude=12 in (305 mm) and Frequency=0.5 Hz (Peak 
Velocity=37.7 in/s=958 mm/s)  
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FIGURE 4-2 Explicit Finite Element Model for the Analysis of Temperature Rise in 
the Bearing of Figure 1-4  
 
 
This explicit, finely meshed finite element model is only being used in this example for 

comparison and verification purposes. In the rest of the examples only the model of 

Figure 3-16 is used. Table 4-1 provides the data used in the analyses. Figure 4-3 presents 

the calculated histories of temperature and energy dissipated per cycle (EDC), and 

Figures 4-4 and 4-5 present temperature profiles in the lead core obtained in the 
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(composite) finite element analysis. Figure 4-6 compares the lead core center temperature 

obtained in both cases of finite element analysis (explicit & composite). Throughout this 

section, and with the exception of Figure 4-6, lead core temperatures presented as the 

output of finite element analyses are local temperatures collected at a point with 

coordinates ar 7.0=  and 0=z  (see Figure 3-16). It was observed that temperatures at 

that point were close to the average lead core temperature.  
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TABLE 4-1 Data Used in Analysis of Example 1 
 

Vertical Load on Bearing, N  3783 kN 

Amplitude of Motion, 0u   305 mm 

Period of Motion, T  2.0 sec 

Total Thickness of Shims, st  73 mm 

Thickness of Steel Above and Below Bearing, pt  1000 mm 

Radius of Lead Core, a  89 mm 

Bonded Rubber Radius, R  464 mm 

Height of Lead Core, Lh  327 mm 

Peak Velocity of Sinusoidal Motion, maxv  958 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  12.9 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  2.63 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.02 

Assumed Yield Displacement, Y  10 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2510260 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   11.3 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.21 W/(m 0C) 
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FIGURE 4-3 Temperature and Energy Dissipated per Cycle for Example 1  
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FIGURE 4-4 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 1-4 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
 
 

0

50

100

150

200

250

0 20 40 60 80 100 120 140

r (mm)

Te
m

pe
ra

tu
re

 In
cr

ea
se

 (0 C
)

Mid-1st 
Cycle

2

3

4

5

.

.

.

.

.

.

15 Lead Core - Shim 
Plates Interface

Shim Plates
Boundary at 

r=464 mm

 
FIGURE 4-5 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 1-4 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-6 Comparison of Temperature Histories for the Center of the Lead Core 
of the Bearing of Figure 1-4 Subjected to a Harmonic Motion with 305 mm 
Amplitude and 2.0 sec Period as Calculated by FE Model with Explicit and 
Composite Representation of the Rubber and Steel 
 
 
The results in Figure 4-3 demonstrate good agreement between experimental results and 

results of finite element analysis and of the simplified solution. This indicates that in this 

case heat conduction through the steel plates is very small.  

At this point it would be useful to check the error of the simplified solution given by (3-

59). We keep in mind that the criterion in (3-59) is conservative (see Section 3). We find 

that a 100C error is obtained after about 3 cycles of motion for this case of motion and 

bearing geometry. Figure 4-3 shows that a 100C error between the simplified solution and 

the analytical solution is rather obtained after about 8 cycles, when (3-59) yields a 400C 

error. We will confirm later on that using (3-59) with a 400C error (instead of a 100C one) 
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provides a more realistic approach when estimating the limit beyond which the simplified 

solution is not applicable.  

The finite element analysis results presented in Figures 4-4 and 4-5 confirm the 

assumption that the lead core temperature in its bulk is about twice the steel-lead 

interface temperature, an assumption made in the analytical solutions. Also, the figures 

demonstrate (a) relatively uniform temperature distribution over the lead core height and 

(b) minimal extent of temperature increase in the steel shims. Note that there is 

practically no increase in temperature of the steel shims at distance r =120 mm whereas 

the free boundary of the shims is at r =464 mm. This demonstrates that treatment of the 

shims as a radially infinite medium in the analytical solutions is valid.  

In a further study, the results of the explicit finite element model of Figure 4-2 are 

compared to the results of the simpler composite finite element model (Figure 3-16) in 

which the rubber layers and steel shims were replaced with a continuous anisotropic 

medium (termed composite finite element analysis). Results of the predictions using the 

two finite element models are presented in Figure 4-6. Evidently, the two models predict 

identical results. This observation indicates that the composite finite element model is 

sufficiently accurate for use in such analyses. It is, therefore, being exclusively used from 

this point on.  

4.2.2 Example 2 

The tested bearing geometry is again that of Figure 1-4. The bearings of examples 1 and 

2 are two different bearings of identical construction, subjected to the same vertical load 
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and same amplitude of motion. However, in example 2 the velocity is 40 times smaller 

and only five cycles of motion are imposed. The time at the conclusion of the fifth cycle 

is 240 sec and the corresponding dimensionless time 2/ att S ⋅=+ α  is 0.427. Force-

displacement loops are shown in Figure 4-7, test data in Table 4-2, data used in the 

analysis in Table 4-3 and analysis results in Figures 4-8 to 4-10.  

The results in Figure 4-8 demonstrate that the two analytic solutions and the finite 

element solution predict well the experimental history of EDC. However, the simplified 

solution slightly underpredicts the EDC and substantially overpredicts (by about 400C 

after 5 cycles) the lead core temperature. It should be noted that the overprediction of 

temperature by the simplified solution (although apparently of no significant practical 

effect) is due to the neglect of heat conduction in the steel plates and shims. Apparently 

in this slow test there is sufficient time after about two cycles for heat to conduct through 

the steel plates and affect the lead core temperature. Equation (3-59) yields an error larger 

than 400C at the third cycle. Nevertheless, the simplified solution predicts well the 

experimental results at least up to the fourth cycle.  

The finite element analysis results in Figures 4-9 and 4-10 that show temperature 

distribution within the bearing are qualitatively similar to those of example 1 and confirm 

the interface temperature assumptions made in the analytical solutions. Particularly (a) 

the lead core temperature increase at its bulk is about twice the temperature increase at 

the interface of the lead core and steel shims, and (b) the temperature increase in the steel 

shims is practically zero.  
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A conclusion from the presented results is that an error of up to about 400C in the 

prediction of the lead core temperature can still result in an acceptable error in the 

prediction of the energy dissipated per cycle.  
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FIGURE 4-7 Force-Displacement Loops of Bearing of Figure 1-4. Load=3695 kN, 
Displacement Amplitude=12 in (305 mm) and Frequency=0.02 Hz (Constant 
Velocity=1 in/s=25 mm/s) (Constantinou et al., 2007b)  
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TABLE 4-2 Test Results for Example 2 (Constantinou et al., 2007b) 
 

Cycle 
Effective 
Stiffness 
(kN/mm) 

Energy 
Dissipated Per 

Cycle  
(kN-mm) 

Effective 
Damping 

Effective Yield 
Stress of Lead 

(MPa) 

1 2.83 358825 0.22 12.2 

2 2.54 298218 0.20 9.6 

3 2.41 263190 0.19 9.2 

4 2.33 245162 0.18 7.9 

5 2.28 232491 0.17 7.2 
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TABLE 4-3 Data Used in Analysis of Example 2 
 

Vertical Load on Bearing, N  3695 kN 

Amplitude of Motion, 0u   305 mm 

Period of Motion, T  48.0 sec 

Total Thickness of Shims, st  73 mm 

Thickness of Steel Above and Below Bearing, pt  1000 mm 

Radius of Lead Core, a  89 mm 

Bonded Rubber Radius, R  464 mm 

Height of Lead Core, Lh  327 mm 

Constant Velocity, v  25 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  12.7 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  2.84 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.01 

Assumed Yield Displacement, Y  10 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2510260 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   11.3 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.21 W/(m 0C) 
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FIGURE 4-8 Temperature and Energy Dissipated per Cycle for Example 2  
 
 
 
 
 
 
 
 



 96

-400

-300

-200

-100

0

100

200

300

400

0 10 20 30 40 50 60 70 80

Temperature Increase (0C)

z 
(m

m
)

Mid-1st 
Cycle 2 3 4 5

Lead Core - End Plates 
Interfaces

 
FIGURE 4-9 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 1-4 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-10 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 1-4 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.3 Example 3 

The tested bearing is that of Figure 4-11. Test data and parameters are presented in Table 

4-4, data used in the analysis are presented in Table 4-5 and analysis results are presented 

in Figures 4-12 to 4-14. Note that the bearing was subjected to four cycles of 113 mm 

amplitude at a frequency of 0.357 Hz (period of 2.8 sec). The duration of testing was 11.2 

sec and the corresponding dimensionless time 2/ att S ⋅=+ α  was 0.129. In this case a 

control specimen without lead core was also tested. This allowed for accurate separation 

of lead and rubber contributions to the energy dissipated per cycle.  

The results in Figure 4-12 demonstrate that all solutions, including the simplified one, 

predict well the history of EDC. It should be noted that there is little change in the EDC 

over the four cycles of testing and that the predicted temperature rise over these four 

cycles is relatively small.  

The results in Figures 4-13 and 4-14 once more provide verification of the validity of the 

assumptions of (a) the uniformity of lead core temperature over the height, (b) that the 

lead core temperature rise in its bulk is about twice the temperature rise at the lead-steel 

shim interface, and (c) the temperature rise in the steel shims vanishes at some point 

away from the bearing free boundary. 
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FIGURE 4-11 Tested Bearing with and without Lead Core (1 inch=25.4 mm) 
(Constantinou et al., 2007b) 
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TABLE 4-4 Test Data for Example 3 (Constantinou et al., 2007b) 
 

Rubber Bearing (Control Specimen Without Lead Core) 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Effective 
Damping  

Effective Shear 
Modulus 

(MPa) 

1 3436 0.56 0.08 0.75 

2 3391 0.54 0.08 0.73 

3 3312 0.53 0.08 0.71 

4 3278 0.53 0.08 0.71 

Lead-Rubber Bearing 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Post-elastic 
Stiffness 
(kN/mm) 

Effective 
Damping 

Lead Yield 
Stress 
(MPa) 

1 17441 0.88 0.50 0.25 11.2 

2 17361 0.86 0.48 0.25 11.1 

3 15971 0.81 0.46 0.25 10.3 

4 15135 0.79 0.46 0.24 9.7 
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TABLE 4-5 Data Used in Analysis of Example 3 
 

Vertical Load on Bearing, N  947 kN 

Amplitude of Motion, 0u   113 mm 

Period of Motion, T  2.8 sec 

Total Thickness of Shims, st  42 mm 

Thickness of Steel Above and Below Bearing, pt  700 mm 

Radius of Lead Core, a  35 mm 

Bonded Rubber Radius, R  191 mm 

Height of Lead Core, Lh  262 mm 

Peak Velocity of Sinusoidal Motion, maxv  250 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  9.0 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  Per Table 4-4 

Effective Damping for Estimating Rubber Contribution to EDC  N/A 

Assumed Yield Displacement, Y  12 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2425611 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   8.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.19 W/(m 0C) 
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FIGURE 4-12 Temperature and Energy Dissipated per Cycle for Example 3  
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FIGURE 4-13 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-14 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.4 Example 4 

The tested bearing is again that of Figure 4-11. Test data and parameters are presented in 

Table 4-6, data used in the analysis are presented in Table 4-7 and analysis results are 

presented in Figures 4-15 to 4-17. Note that the only difference from Example 3 is that 

the initial temperature is -260C rather than 200C. The dimensionless time at the end of the 

fourth cycle is again 0.129. The results of this example are qualitatively the same as those 

of Example 3 with the exception that values of EDC are larger due to the lower initial 

temperature.  

 
TABLE 4-6 Test Data for Example 4 (Constantinou et al., 2007b) 
 

Rubber Bearing (Control Specimen Without Lead Core) 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Effective 
Damping  

Effective Shear 
Modulus 

(MPa) 

1 8862 0.82 0.14 1.10 

2 7833 0.79 0.13 1.06 

3 8251 0.77 0.13 1.04 

4 8025 0.75 0.13 1.01 

Lead-Rubber Bearing 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Post-elastic 
Stiffness 
(kN/mm) 

Effective 
Damping 

Lead Yield 
Stress 
(MPa) 

1 25635 1.19 0.63 0.27 16.5 

2 25274 1.17 0.62 0.27 16.2 

3 24030 1.09 0.57 0.27 15.4 

4 22889 1.05 0.55 0.27 14.7 
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TABLE 4-7 Data Used in Analysis of Example 4 
 

Vertical Load on Bearing, N  947 kN 

Amplitude of Motion, 0u   113 mm 

Period of Motion, T  2.8 sec 

Total Thickness of Shims, st  42 mm 

Thickness of Steel Above and Below Bearing, pt  700 mm 

Radius of Lead Core, a  35 mm 

Bonded Rubber Radius, R  191 mm 

Height of Lead Core, Lh  262 mm 

Peak Velocity of Sinusoidal Motion, maxv  250 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  10.9 MPa 

Initial Temperature, 0LT  -260C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  Per Table 4-6 

Effective Damping for Estimating Rubber Contribution to EDC  N/A 

Assumed Yield Displacement, Y  12 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2425611 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   8.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.19 W/(m 0C) 
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FIGURE 4-15 Temperature and Energy Dissipated per Cycle for Example 4  
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FIGURE 4-16 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-17 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
 
 



 107

4.2.5 Example 5 

The tested bearing is again that of Figure 4-11. Test data and parameters are presented in 

Table 4-8, data used in the analysis are presented in Table 4-9 and analysis results are 

presented in Figures 4-18 to 4-20. Note that the only difference from Example 3 is that 

the initial temperature is 490C rather than 200C. The dimensionless time at the end of the 

fourth cycle is again 0.129. The results for this example are qualitatively the same as 

those of Examples 3 and 4 except that values of EDC are smaller due to the higher initial 

temperature.  

 
TABLE 4-8 Test Data for Example 5 (Constantinou et al., 2007b) 
 

Rubber Bearing (Control Specimen Without Lead Core) 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Effective 
Damping  

Effective Shear 
Modulus 

(MPa) 

1 2701 0.49 0.07 0.66 

2 2600 0.49 0.07 0.66 

3 2588 0.49 0.07 0.66 

4 2622 0.49 0.07 0.66 

Lead-Rubber Bearing 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Post-elastic 
Stiffness 
(kN/mm) 

Effective 
Damping 

Lead Yield 
Stress 
(MPa) 

1 14954 0.77 0.44 0.24 9.6 

2 14490 0.74 0.42 0.24 9.3 

3 13643 0.70 0.41 0.24 8.8 

4 13145 0.70 0.41 0.23 8.4 
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TABLE 4-9 Data Used in Analysis of Example 5 
 

Vertical Load on Bearing, N  947 kN 

Amplitude of Motion, 0u   113 mm 

Period of Motion, T  2.8 sec 

Total Thickness of Shims, st  42 mm 

Thickness of Steel Above and Below Bearing, pt  700 mm 

Radius of Lead Core, a  35 mm 

Bonded Rubber Radius, R  191 mm 

Height of Lead Core, Lh  262 mm 

Peak Velocity of Sinusoidal Motion, maxv  250 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  8.0 MPa 

Initial Temperature, 0LT  490C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  Per Table 4-8 

Effective Damping for Estimating Rubber Contribution to EDC  N/A 

Assumed Yield Displacement, Y  12 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2425611 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   8.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.19 W/(m 0C) 
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FIGURE 4-18 Temperature and Energy Dissipated per Cycle for Example 5  
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FIGURE 4-19 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-20 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.6 Example 6 

The tested bearing is again that of Figure 4-11. Test data and parameters are presented in 

Table 4-10, data used in the analysis are presented in Table 4-11 and analysis results are 

presented in Figures 4-21 to 4-23. Note that all parameters in this example are identical to 

those of Example 3 except that the duration of testing is much larger (28 sec per cycle 

instead of 2.8 sec per cycle). The dimensionless time at the end of the fourth cycle is 

1.295.  

The results in Figure 4-21 demonstrate insignificant changes in EDC over the four cycles 

of testing and that all solutions predict well the experimental EDC. This may be 

counterintuitive because the test is slow (as characterized by a large dimensionless time 

at the end of the test) so that heat conduction effects through the end and shim plates 

should be important. The simplified solution then (which neglects heat conduction) 

should have underestimated the EDC. Although this is true, the underestimation is very 

small for practical purpose. This is due to the relatively small increase in temperature of 

the lead core – a result of the small travel over lead core height experienced by the 

bearing during the four cycles (this is true for all Examples 3 to 7).  

The results in Figures 4-22 and 4-23 show for the first cycle uniform temperature 

increase over lead core height and validity of the assumption that the lead core 

temperature in the bulk is about twice that at the interface of lead and steel shims. The 

validity of these conditions deteriorates as the number of cycles increases (apparently due 

to heat conduction effects) – a situation that is also true for Example 2 for which also the 

test was under slow or quasi-static conditions.  
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Also in Figure 4-23 we observe once more that the temperature increase in the steel 

shims is practically zero at a point far away from the free surface of the bearing – a 

condition common to all examples presented herein.  

 
 
TABLE 4-10 Test Data for Example 6 (Constantinou et al., 2007b) 
 

Rubber Bearing (Control Specimen Without Lead Core) 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Effective 
Damping  

Effective Shear 
Modulus 

(MPa) 

1 3007 0.49 0.08 0.66 

2 2826 0.49 0.07 0.66 

3 2769 0.49 0.07 0.66 

4 2735 0.49 0.07 0.66 

Lead-Rubber Bearing 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Post-elastic 
Stiffness 
(kN/mm) 

Effective 
Damping 

Lead Yield 
Stress 
(MPa) 

1 15282 0.70 0.37 0.27 9.8 

2 15203 0.65 0.32 0.29 9.8 

3 14954 0.65 0.32 0.29 9.6 

4 14796 0.65 0.32 0.28 9.5 

 
 
 
 
 
 
 
 
 
 



 113

 
TABLE 4-11 Data Used in Analysis of Example 6 
 

Vertical Load on Bearing, N  947 kN 

Amplitude of Motion, 0u   113 mm 

Period of Motion, T  28 sec 

Total Thickness of Shims, st  42 mm 

Thickness of Steel Above and Below Bearing, pt  700 mm 

Radius of Lead Core, a  35 mm 

Bonded Rubber Radius, R  191 mm 

Height of Lead Core, Lh  262 mm 

Peak Velocity of Sinusoidal Motion, maxv  25 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  7.9 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  Per Table 4-10 

Effective Damping for Estimating Rubber Contribution to EDC  N/A 

Assumed Yield Displacement, Y  12 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2425611 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   8.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.19 W/(m 0C) 
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FIGURE 4-21 Temperature and Energy Dissipated per Cycle for Example 6  
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FIGURE 4-22 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
 
 

0

2

4

6

8

10

12

14

16

18

20

0 20 40 60 80 100

r (mm)

Te
m

pe
ra

tu
re

 In
cr

ea
se

 (0 C
)

Mid-1st 
Cycle

2

3

4

Lead Core - Shim 
Plates Interface

Shim Plates 
Boundary at 

r=191 mm

 
FIGURE 4-23 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.7 Example 7 

The tested bearing is again that of Figure 4-11. Test data and parameters are presented in 

Table 4-12, data used in the analysis are presented in Table 4-13 and analysis results are 

presented in Figures 4-24 to 4-26. The parameters in this example are identical to those of 

Examples 3 and 6 except that the duration of testing is in-between that in the other two 

examples (5.7 sec per cycle). The dimensionless time at the end of the fourth cycle of 

testing is 0.263.  

The results are qualitatively the same as those of Example 3 which was conducted at 

comparable speed (although twice as much). Thus, the testing speed in this example is 

half that of Example 3 but still much higher than that of Example 6. Again the predictions 

of all solutions, including the simplified one, compare very well with the experimental 

values of EDC. This is due to the heat conduction through the steel plates and shims 

being very small and its effect on the lead core temperature being insignificant.  
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TABLE 4-12 Test Data for Example 7 (Constantinou et al., 2007b) 
 

Rubber Bearing (Control Specimen Without Lead Core) 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Effective 
Damping  

Effective Shear 
Modulus 

(MPa) 

1 2939 0.53 0.07 0.71 

2 3018 0.53 0.07 0.71 

3 3007 0.53 0.07 0.71 

4 2973 0.53 0.07 0.71 

Lead-Rubber Bearing 

Cycle 
EDC 

(kN-mm) 

Effective 
Stiffness 
(kN/mm) 

Post-elastic 
Stiffness 
(kN/mm) 

Effective 
Damping 

Lead Yield 
Stress 
(MPa) 

1 17689 0.81 0.42 0.27 11.4 

2 16988 0.74 0.37 0.29 10.9 

3 16152 0.72 0.37 0.28 10.4 

4 15621 0.72 0.37 0.27 10.0 
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TABLE 4-13 Data Used in Analysis of Example 7 
 

Vertical Load on Bearing, N  947 kN 

Amplitude of Motion, 0u   113 mm 

Period of Motion, T  5.6 sec 

Total Thickness of Shims, st  42 mm 

Thickness of Steel Above and Below Bearing, pt  700 mm 

Radius of Lead Core, a  35 mm 

Bonded Rubber Radius, R  191 mm 

Height of Lead Core, Lh  262 mm 

Peak Velocity of Sinusoidal Motion, maxv  125 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  9.7 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  Per Table 4-12 

Effective Damping for Estimating Rubber Contribution to EDC  N/A 

Assumed Yield Displacement, Y  12 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2425611 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   8.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.19 W/(m 0C) 
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FIGURE 4-24 Temperature and Energy Dissipated per Cycle for Example 7  
 
 
 
 
 
 
 
 
 
 
 



 120

-200

-150

-100

-50

0

50

100

150

200

0 5 10 15 20 25 30

Temperature Increase (0C)

z 
(m

m
)

Mid-1st 
Cycle 2 3 4

Lead Core - End Plates 
Interfaces

 
FIGURE 4-25 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-26 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-11 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.8 Example 8 

The tested bearing is that of Figure 4-27 with recorded force-displacement loops shown 

in Figure 4-28. Data and parameters of testing are presented in Table 4-14, data used in 

the analysis are presented in Table 4-15 and analysis results are presented in Figures 4-29 

to 4-31. The dimensionless time at the end of the third cycle of testing is 0.005, a very 

short dimensionless time.  

Figure 4-29 shows good prediction of the reduction in the EDC by all analytical solutions 

(including the simplified solution). In this case, (3-59) yields an error much smaller than 

400C for the 3 cycles of motion, a condition for the validity of the simplified solution. 

Figures 4-30 and 4-31 confirm the interface temperature assumptions and also show 

relatively uniform lead temperature distributions over height of the lead core.  

 

 
FIGURE 4-27 Large-Scale Tested Lead-Rubber Bearing (Constantinou et al., 
2007b) 
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FIGURE 4-28 Force-Displacement Loops of Bearing of Figure 4-27. Load=10266 
kN, Displacement Amplitude=483 mm and Frequency=0.333 Hz (Peak 
Velocity=1000 mm/s) (Constantinou et al., 2007b)  
 
 
 
 
TABLE 4-14 Test Data for Example 8 (Constantinou et al., 2007b) 
 

Cycle 
Peak 

Velocity 
(mm/s) 

Effective 
Stiffness 
(kN-mm) 

EDC 
(kN-m) 

Effective 
Damping 

Effective 
Yield Stress 

of Lead 
(MPa) 

1 1000 4.67 2059.1 0.30 15.4 

2 1000 3.45 1389.8 0.27 10.4 

3 1000 3.12 1117.1 0.24 8.4 
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TABLE 4-15 Data Used in Analysis of Example 8 
 

Vertical Load on Bearing, N  10266 kN 

Amplitude of Motion, 0u   483 mm 

Period of Motion, T  3.0 sec 

Total Thickness of Shims, st  125 mm 

Thickness of Steel Above and Below Bearing, pt  1250 mm 

Radius of Lead Core, a  153 mm 

Bonded Rubber Radius, R  559 mm 

Height of Lead Core, Lh  333 mm 

Peak Velocity of Sinusoidal Motion, maxv  1000 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  16.9 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  4.66 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.02 

Assumed Yield Displacement, Y  30 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2714880 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   18.9 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.26 W/(m 0C) 

 
 
 
 
 
 
 
 



 124

0

500

1000

1500

2000

2500

3000

3500

0 1 2 3

ED
C

 (k
N

-m
)

Experiment
Analysis - Energy Approach
Analysis - Constant Flux Approach
FEM Composite
Simplified

 

0

20

40

60

80

100

120

140

160

0 1 2 3
Cycle

Te
m

pe
ra

tu
re

 In
cr

ea
se

 (0 C
)

Analysis - Energy Approach
Analysis - Constant Flux Approach
FEM Composite
Simplified

 
FIGURE 4-29 Temperature and Energy Dissipated per Cycle for Example 8  
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FIGURE 4-30 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-27 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
 
 

0

20

40

60

80

100

120

0 20 40 60 80 100 120 140 160 180 200 220

r (mm)

Te
m

pe
ra

tu
re

 In
cr

ea
se

 (0 C
)

Mid-1st 
Cycle

2

3
Lead Core - 
Shim Plates 

Interface

Shim Plates  
Boundary at 

r=559 mm

 
FIGURE 4-31 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-27 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.9 Example 9 

The tested bearing is again that of Figure 4-27 with recorded force-displacement loops 

shown in Figure 4-32. Test data and parameters from testing are presented in Table 4-16, 

data used in the analysis are presented in Table 4-17 and analysis results are presented in 

Figures 4-33 to 4-35. This test differs from that of Example 8 only in the duration of the 

test. The three cycles were imposed over a time of 231 sec instead of 9 sec, leading to a 

dimensionless time of 0.140. Moreover, the two bearings, while of identical construction 

and materials, were actually two different bearings.  

Figure 4-33 shows good prediction of the reduction in the EDC by the two analytical 

solutions and the simplified solution. In this case, (3-59) yields an error of 480C for the 

first two cycles of motion, yet the prediction of the simplified solution is acceptable in 

accuracy. The results in Figures 4-34 and 4-35 are qualitatively similar to those observed 

in other slow tests (e.g., Example 6) and the same conclusions as those of Example 6 

apply.  
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FIGURE 4-32 Force-Displacement Loops of Bearing of Figure 4-27. Load=10266 
kN, Displacement Amplitude=483 mm and Frequency=0.013 Hz (Constant 
Velocity=25 mm/s) (Constantinou et al., 2007b)  
 
 
 
TABLE 4-16 Test Data for Example 9 (Constantinou et al., 2007b) 
 

Cycle 
Peak 

Velocity 
(mm/s) 

Effective 
Stiffness 
(kN-mm) 

EDC 
(kN-m) 

Effective 
Damping 

Effective 
Yield Stress 

of Lead 
(MPa) 

1 25 3.89 1471.7 0.26 11.0 

2 25 3.27 1109.6 0.23 8.3 

3 25 3.07 973.2 0.22 7.3 
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TABLE 4-17 Data Used in Analysis of Example 9 
 

Vertical Load on Bearing, N  10266 kN 

Amplitude of Motion, 0u   483 mm 

Period of Motion, T  77 sec 

Total Thickness of Shims, st  125 mm 

Thickness of Steel Above and Below Bearing, pt  1250 mm 

Radius of Lead Core, a  153 mm 

Bonded Rubber Radius, R  559 mm 

Height of Lead Core, Lh  333 mm 

Constant Velocity, v  25 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  12.0 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  3.88 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.01 

Assumed Yield Displacement, Y  30 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2714880 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   18.9 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.26 W/(m 0C) 
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FIGURE 4-33 Temperature and Energy Dissipated per Cycle for Example 9  
 
 
 
 
 
 
 
 
 
 



 130

-500

-400
-300

-200
-100

0

100
200

300
400

500

0 10 20 30 40 50 60 70 80

Temperature Increase (0C)

z 
(m

m
)

Mid-1st 
Cycle

2 3

Lead Core - End Plates 
Interfaces

 
FIGURE 4-34 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-27 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-35 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-27 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.10 Example 10 

The tested bearing is that of Figure 4-36 with recorded force-displacement loops shown 

in Figure 4-37. Test data and parameters used in the analysis are presented in Table 4-18 

and analysis results are presented in Figures 4-38 to 4-40. This is a long duration (25 

cycles), relatively high speed test. The dimensionless time at the end of the 25th cycle is 

0.210.  

 

 
FIGURE 4-36 Large-Scale Tested Lead-Rubber Bearing (1 inch=25.4 mm) 
(Constantinou et al., 2007b) 
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FIGURE 4-37 Force-Displacement Loops of Bearing of Figure 4-36. Load=1441 kN, 
Displacement Amplitude=114 mm and Frequency=0.35 Hz (Peak Velocity=250 
mm/s)  
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TABLE 4-18 Data Used in Analysis of Example 10 
 

Vertical Load on Bearing, N  1441 kN 

Amplitude of Motion, 0u   114 mm 

Period of Motion, T  2.9 sec 

Total Thickness of Shims, st  71 mm 

Thickness of Steel Above and Below Bearing, pt  500 mm 

Radius of Lead Core, a  70 mm 

Bonded Rubber Radius, R  241 mm 

Height of Lead Core, Lh  224 mm 

Peak Velocity of Sinusoidal Motion, maxv  250 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  13.0 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  2.78 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.05 

Assumed Yield Displacement, Y  7 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2636317 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   16.0 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.23 W/(m 0C) 
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FIGURE 4-38 Temperature and Energy Dissipated per Cycle for Example 10  
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FIGURE 4-39 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-36 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-40 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-36 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
 
 



 136

The results in Figure 4-38 demonstrate good prediction of the EDC history over the 25 

cycles by the two analytical methods and the finite element analysis. The simplified 

method predicts acceptably the EDC history up to about the seventh cycle. On the basis 

of (3-59) the error at the seventh cycle is 480C, verifying thus the limit of about 400C in 

(3-59) for the validity of the simplified solution.  

Figures 4-39 and 4-40 demonstrate for the initial few cycles the uniformity of 

temperature increase in the lead core and that the temperature increase at the lead-shim 

plates interface is about half of that at the bulk of the lead core. These conditions 

deteriorate with increasing number of cycles due to heat conduction through the end and 

shim plates.  

Also, Figure 4-40 demonstrates that the temperature increase in the steel shims is 

practically zero at a point far away from the bearing free boundary. That is, the heat front 

in the steel shims did not reach the end of the bearing – an assumption made in the 

analytical solutions.  

However, it may be observed in Figure 4-39 that the temperature increase in the top and 

bottom end plates is practically zero at a distance of about 150 mm from the lead core; 

the actual bearing in the test had about 150 mm of steel plates (50 mm of bearing end 

plates plus about 100 mm of backing plates in the test machine). Note that the analytical 

solutions assume infinite depth for the end plates (half space). Also, the finite element 

analysis (model of Figure 3-16) utilized a generic depth of 500 mm for the end plates. 

This implies that (relatively small) errors in the prediction of EDC history by the two 
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analytical methods and the finite element method are primarily due to the modeling of the 

end plates.  

4.2.11 Example 11 

The tested bearing is again that of Figure 4-36 with recorded force-displacement loops 

shown in Figure 4-41. Test data and parameters used in the analysis are presented in 

Table 4-19 and analysis results are presented in Figures 4-42 to 4-44. The tested bearing 

is the same (physically) as that of Example 10 with the only difference being the duration 

of testing. In Example 11 the duration of one cycle is twice that in Example 10 resulting 

in a dimensionless time at the end of the 25-cycle test equal to 0.420.  

The results in Figures 4-42 to 4-44 are qualitatively the same as those for Example 10 and 

the same observations apply. However, due to the fact that in Example 11 the speed of 

testing is smaller (whereas all other test parameters are the same), heat conduction effects 

are greater and the result is a larger difference between the experimental and analytical 

EDC histories. Nevertheless, the analytical constant flux method underpredicts the 

experimental EDC by less than 15% at the 25th cycle, which is very good. By comparison 

the finite element method underpredicts the experimental EDC at the 25th cycle by about 

10%. The main reason for the underprediction of the EDC by the finite element method is 

the use of a large thickness end steel plate (500 mm). As seen in the results in Figure 4-

43, the heat front at the 25th cycle has reached approximately 170 mm depth in the end 

plates, whereas the actual steel depth was about 150 mm.  
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The simplified method in this example does not produce acceptable results for the EDC 

except for the first five cycles or so. Use of (3-59) yields an error on temperature of 400C 

at the fifth cycle – a limit considered acceptable for the prediction of EDC by the 

simplified method.  

 

-400

-300

-200

-100

0

100

200

300

400

-150 -100 -50 0 50 100 150

Displacement (mm)

La
te

ra
l F

or
ce

 (k
N

)

 
FIGURE 4-41 Force-Displacement Loops of Bearing of Figure 4-36. Load=1410 kN, 
Displacement Amplitude=114 mm and Frequency=0.18 Hz (Peak Velocity=125 
mm/s)  
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TABLE 4-19 Data Used in Analysis of Example 11 
 

Vertical Load on Bearing, N  1410 kN 

Amplitude of Motion, 0u   114 mm 

Period of Motion, T  5.7 sec 

Total Thickness of Shims, st  71 mm 

Thickness of Steel Above and Below Bearing, pt  500 mm 

Radius of Lead Core, a  70 mm 

Bonded Rubber Radius, R  241 mm 

Height of Lead Core, Lh  224 mm 

Peak Velocity of Sinusoidal Motion, maxv  125 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  11.7 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  2.67 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.05 

Assumed Yield Displacement, Y  7 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2636317 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   16.0 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.23 W/(m 0C) 
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FIGURE 4-42 Temperature and Energy Dissipated per Cycle for Example 11  
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FIGURE 4-43 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-36 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-44 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-36 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.12 Example 12 

The bearing of Example 12 was used at the Coronado Bridge in San Diego, California. 

Data on the geometry and behavior of the bearing were provided by Dynamic Isolation 

Systems, Inc. (see Figure 4-45). Test data and parameters used in the analysis are 

presented in Table 4-20 and analysis results are presented in Figures 4-46 to 4-48. The 

dimensionless time at the end of the third cycle of testing was 0.004.  

 

 
 
FIGURE 4-45 Large-Scale Tested Coronado Bridge Lead-Rubber Bearing (1 
inch=25.4 mm) (Courtesy of DIS, Inc.) 
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TABLE 4-20 Data Used in Analysis of Example 12 
 

Vertical Load on Bearing, N  2482 kN 

Amplitude of Motion, 0u   584 mm 

Period of Motion, T  2.0 sec 

Total Thickness of Shims, st  95 mm 

Thickness of Steel Above and Below Bearing, pt  1250 mm 

Radius of Lead Core, a  140 mm 

Bonded Rubber Radius, R  508 mm 

Height of Lead Core, Lh  400 mm 

Peak Velocity of Sinusoidal Motion, maxv  1835 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  9.7 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  1.76 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.01 

Assumed Yield Displacement, Y  30 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2529438 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   12.0 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.21 W/(m 0C) 
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FIGURE 4-46 Temperature and Energy Dissipated per Cycle for Example 12  
 
 
 
 
 
 
 
 
 
 



 145

-300

-200

-100

0

100

200

300

0 10 20 30 40 50 60 70 80

Temperature Increase (0C)

z 
(m

m
)

Mid-1st 
Cycle 2  3

Lead Core - End Plates 
Interfaces

 
FIGURE 4-47 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-45 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-48 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-45 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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The results in Figure 4-46 demonstrate excellent prediction of the EDC history by all 

methods of analysis, including the simplified method. Figures 4-47 and 4-48 demonstrate 

the validity of the basic assumptions in the analytical solutions. The validity criterion of 

equation (3-59) yields an error of 90C at the third cycle – which demonstrates the validity 

of the simplified solution for this case (acceptable if less than 400C).  

4.2.13 Example 13 

The bearing is the same as that of Example 12 (Figure 4-45) except that five cycles of 

motion are imposed at a smaller amplitude. Test data and parameters used in the analysis 

are presented in Table 4-21 and analysis results are presented in Figures 4-49 to 4-51. 

The dimensionless time at the end of the fifth cycle was 0.007.  

The results in Figure 4-49 show excellent prediction of the EDC history by all methods of 

analysis. Also, the results in Figures 4-50 and 4-51 again confirm the validity of the 

assumptions in the analytical solutions. Use of the criterion of equation (3-59) yields an 

error of 180C for the five cycles of motion, confirming thus the acceptable accuracy of 

the simplified solution (error less than 400C). 
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TABLE 4-21 Data Used in Analysis of Example 13 
 

Vertical Load on Bearing, N  2482 kN 

Amplitude of Motion, 0u   490 mm 

Period of Motion, T  2.0 sec 

Total Thickness of Shims, st  95 mm 

Thickness of Steel Above and Below Bearing, pt  1250 mm 

Radius of Lead Core, a  140 mm 

Bonded Rubber Radius, R  508 mm 

Height of Lead Core, Lh  400 mm 

Peak Velocity of Sinusoidal Motion, maxv  1540 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  11.6 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  2.35 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.01 

Assumed Yield Displacement, Y  30 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2529438 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   12.0 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.21 W/(m 0C) 
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FIGURE 4-49 Temperature and Energy Dissipated per Cycle for Example 13  
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FIGURE 4-50 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-45 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-51 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-45 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.14 Example 14 

The bearing of Example 14 is shown in Figure 4-52. It is a small scale bearing used for 

shake table testing by Wolff and Constantinou (2004). The bearing was again tested in 

the small test machine at the University at Buffalo. The recorded force-displacement 

loops are presented in Figure 4-53. Test data and parameters used in the analysis are 

presented in Table 4-22 and analysis results are presented in Figures 4-54 to 4-56. Note 

that ten cycles of high speed motion were imposed. The dimensionless time at the end of 

the 10th cycle was 0.902. Also note that the small scale bearing has significantly more 

thickness of steel shims as compared to rubber thickness than full size bearings. For 

example, for the full size bearing of Figure 4-45, 31.0/ =rs tt , whereas for the small size 

bearing of Figure 4-52, 56.0/ =rs tt . This large shim plate thickness raises the expected 

significance of heat conduction effects.  

The experimentally obtained values of EDC presented in Figure 4-54 increase from 

cycles 2 to 4 – this is not a measurement error or the result of some unusual behavior. 

Rather it is caused by unsteady amplitude of motion in the first few cycles of testing. As 

seen in Figure 4-54, the finite element method provides excellent prediction of the EDC 

(excluding discrepancies due to the unsteady amplitude). Also, the two analytical 

methods provide acceptable predictions of the EDC for all 10 cycles, whereas the 

simplified method provides acceptable results for only the first three cycles. Application 

of the criterion of (3-59) yields an error of 490C at the third cycle – therefore, confirming 

the validity of the simplified solution up to the third cycle for this case.  
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The results in Figures 4-55 and 4-56 confirm the basic assumptions of the analytical 

solutions. However, as also noted in the other examples, the validity of these assumptions 

deteriorates with increasing number of cycles as heat conduction effects become more 

prevalent.  
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FIGURE 4-52 Tested Small-Scale Lead-Rubber Bearing (Wolff and Constantinou, 
2004) 
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FIGURE 4-53 Force-Displacement Loops of Bearing of Figure 4-52. Load=67 kN, 
Displacement Amplitude=57 mm and Frequency=1 Hz (Peak Velocity=358 mm/s)  
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TABLE 4-22 Data Used in Analysis of Example 14 
 

Vertical Load on Bearing, N  67 kN 

Amplitude of Motion, 0u   57 mm 

Period of Motion, T  1.0 sec 

Total Thickness of Shims, st  32 mm 

Thickness of Steel Above and Below Bearing, pt  300 mm 

Radius of Lead Core, a  12.5 mm 

Bonded Rubber Radius, R  89 mm 

Height of Lead Core, Lh  89 mm 

Peak Velocity of Sinusoidal Motion, maxv  358 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  14.8 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  0.37 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.02 

Assumed Yield Displacement, Y  5 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2693596 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,   18.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.25 W/(m 0C) 
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FIGURE 4-54 Temperature and Energy Dissipated per Cycle for Example 14  
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FIGURE 4-55 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-52 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-56 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-52 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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4.2.15 Example 15 

Example 15 involves the bearing of Example 14 but tested at twice the amplitude and 

half the frequency (Figure 4-52). Recorded force-displacement loops are presented in 

Figure 4-57. Test data and parameters used in the analysis are presented in Table 4-23 

and analysis results are presented in Figures 4-58 to 4-60. Note that the peak velocity in 

this test was the same as that of Example 14, but the dimensionless time (1.804) and 

distance travelled were twice as much.  
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FIGURE 4-57 Force-Displacement Loops of Bearing of Figure 4-52. Load=67 kN, 
Displacement Amplitude=114 mm and Frequency=0.5 Hz (Peak Velocity=358 mm/s) 
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TABLE 4-23 Data Used in Analysis of Example 15 
 

Vertical Load on Bearing, N  67 kN 

Amplitude of Motion, 0u   114 mm 

Period of Motion, T  2.0 sec 

Total Thickness of Shims, st  32 mm 

Thickness of Steel Above and Below Bearing, pt  300 mm 

Radius of Lead Core, a  12.5 mm 

Bonded Rubber Radius, R  89 mm 

Height of Lead Core, Lh  89 mm 

Peak Velocity of Sinusoidal Motion, maxv  358 mm/s 

Initial (Reference) Lead Effective Yield Stress, 0YLσ  16.2 MPa 

Initial Temperature, 0LT  200C 

Parameter of Exponential Relation of YLσ  vs. Temperature, 2E  0.0069/0C 

Effective Stiffness for 1st Cycle, 1,effK  0.28 kN/mm 

Effective Damping for Estimating Rubber Contribution to EDC  0.02 

Assumed Yield Displacement, Y  5 mm 

Thermal Properties of Rubber, Steel and Lead Per Table 3-3 

Heat Capacity of Rubber and Steel Composite, cρ   2693596 J/(m3 0C) 

Radial Conductivity of Rubber and Steel Composite, radialeffk ,    18.1 W/(m 0C) 

Vertical Conductivity of Rubber and Steel Composite, verteffk ,  0.25 W/(m 0C) 
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FIGURE 4-58 Temperature and Energy Dissipated per Cycle for Example 15  
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FIGURE 4-59 Vertical Temperature Distribution at the Center of the Bearing ( r =0) 
of Figure 4-52 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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FIGURE 4-60 Horizontal Temperature Distribution (at z =0) of the Bearing of 
Figure 4-52 Obtained in Finite Element Analysis Based on Model of Figure 3-16 
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In discussing the results of this test we note that two processes with counteracting effects 

are involved. On one hand, the test is of longer duration than the test of Example 14 and 

therefore one should expect greater heat conduction and thus lower lead core 

temperatures. Indeed, a comparison of Figures 4-59 and 4-60 to 4-55 and 4-56, 

respectively, reveals that the heat fronts in the test of Example 15 penetrated further into 

the steel shims and end plates than in the test of Example 14. On the other hand, the 

distance travelled in each cycle in Example 15 is larger and therefore we should expect 

more heat generation and higher lead core temperatures. The temperature history 

predictions in Figure 4-58 demonstrate that the second process dominates resulting in 

higher lead core temperatures than in the test of Example 14 (Figure 4-54).  

The EDC histories predicted by the two analytical methods and the finite element method 

are in very good agreement with the experimentally measured EDC. As seen in Figure 4-

58, the constant flux method predicts the experimental EDC almost exactly, whereas the 

finite element method slightly overpredicts the EDC. One would expect the finite element 

method to provide a better prediction, although the differences between the various 

solutions are too small to be able to identify the reason for the discrepancy.  

The simplified method does not provide good prediction of the EDC except in the first 

cycle. Indeed, a check of the criterion of (3-59) results in an error of 680C at the second 

cycle, which is much larger than the limit of 400C. The inability of the simplified method 

to predict correctly the EDC was expected given the significant heat conduction effects 

(although in a conceptual sense – only use of equation (3-59) would provide some 

definitive measure for the validity of the simplified solution).  
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4.3 Concluding Remarks 

The validity of the theory for predicting the temperature rise and the associated reduction 

in characteristic strength of lead-rubber bearings, and the basic assumptions of the theory 

have been confirmed by limited finite element analyses and comparison to experimental 

results in fifteen examples. The analytic solutions and the finite element analyses 

predicted well the energy dissipated per cycle measured in the experiments. Moreover, on 

the basis of the presented results, it is concluded that testing at quasi-static conditions (as 

often done due to limited availability of high speed testing machines), results in a lesser 

increase in the lead core temperature and in a lesser reduction of EDC.  
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SECTION 5 

MODEL OF LEAD-RUBBER BEARING HYSTERETIC BEHAVIOR 

5.1 Introduction 

Numerous mathematical models of behavior of elastomeric bearings have been proposed. 

These models may be classified in two broad categories:  

(1) Finite element formulations using models of material behavior for rubber-like 

materials and plasticity (e.g. Seki et al., 1987; Ali and Abdel-Ghaffar, 1995).  

(2) Hysteretic models of various complexities that include (a) bilinear hysteretic models 

that have been widely used in dynamic analysis programs such as the 3D-BASIS 

class (Nagarajaiah et al., 1989; Tsopelas et al., 2005) and the SAP2000 (Computers 

and Structures, Inc., 2007), and (b) improved formulations of hysteretic models based 

on phenomenological constructions that require calibration on the basis of 

experimental data (e.g. Kikuchi and Aiken, 1997; Grant et al., 2004; Abe et al., 2004).  

While these models may account for complex displacement-dependent (such as elastomer 

hardening) and rate-dependent behavior, none account for lead core heating effects on the 

characteristic strength of lead-rubber bearings. Moreover, models based on 

phenomenological constructions rely for calibration on experimental data obtained in the 

testing of bearings. Accordingly, the validity of these models is limited to bearing 

configurations that are “similar” to the tested bearings. Statements on “similarity” or 

proportionality (geometric similarity) are often included in works of development of 

phenomenological models (e.g., Abe et al., 2004). It is known from the work presented in 

Section 3 herein that geometric similarity cannot be used in extrapolating to other 
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geometries experimental data related to the effect of lead core heating on the behavior of 

lead-rubber bearings.  

This section presents a mathematical model of mechanical behavior of lead-rubber 

bearings that accounts for lead core heating effects. The model is based on the verified 

theory of Section 3 and does not require calibration on the basis of experimental data. It 

simply predicts the instantaneous value of the strength of a lead-rubber bearing based on 

calculation of the instantaneous temperature of the lead core and is presented as one- and 

two- dimensional formulations of the smooth bilinear hysteretic model that is currently 

employed in computer programs 3D-BASIS and SAP2000. Moreover, a discussion is 

presented on the application of the model in finite element formulations of the behavior 

of lead-rubber bearings based on thermo-mechanical analysis with temperature-

dependent lead properties.  

This section also presents comparisons of experimental force-displacement loops to 

predictions of the presented model in sinusoidal and random motion of lead-rubber 

bearings. The comparisons provide validation of the model and also further demonstrate 

the validity of the theory on lead core heating addressed in Section 4 herein. Finally, 

Section 6 utilizes the now validated model for lead-rubber bearing behavior to study the 

response of a seismically isolated structure and compare to results obtained using the 

standard bilinear hysteretic model for lead-rubber bearings within the context of 

bounding analysis (Constantinou et al., 2007a; 2007b).  
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5.2 One-Dimensional Lead-Rubber Bearing Model 

The proposed model of lead-rubber bearing behavior is a smooth bilinear hysteretic 

model with characteristic strength that is dependent on the instantaneous lead core 

temperature. Figure 5-1 illustrates the model. The parameters of the model are: 

characteristic strength dQ , yield force YF , yield displacement Y , elastic stiffness elK  

and post-elastic stiffness dK . These parameters are interrelated as follows:  

 
Y
F

K Y
el =  (5-1) 

 
r

Q
YKQF d

ddY −
=⋅+=

1
 (5-2) 

 
el

d

K
K

r =  (5-3) 
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FIGURE 5-1 Bilinear Hysteretic Model for Lead-Rubber Bearings 
 
 
The formulation described herein is a variant of the one utilized in program 3D-BASIS 

(Nagarajaiah et al., 1989) and also in program SAP2000 (Computers and Structures, Inc., 

2007). The lateral force bF  is related to the lateral displacement u  by 

 ( ) dLLYLdb FZATuKF ++= σ  (5-4) 

 ( )( )( ) uZuBZAZY ⋅+⋅−=⋅ sgn12  (5-5) 

where YLσ  is the temperature-dependent effective yield stress of lead and LA  is the cross-

sectional lead core area. Note that for proper behavior )2/( BA  must equal unity 

(Constantinou and Adnane, 1987). Herein, the values A =1, B =0.5 are being used.  
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In equation (5-4), the contributions to dissipative force from the lead core ( ZALYLσ ) and 

rubber ( uKF dd + ) are separated so that they can be properly considered. Force dF  may 

either be considered to be of hysteretic nature or of viscoelastic nature. It should be noted 

that the contribution of force dF  is dependent on the ambient temperature of rubber (see 

Constantinou et al., 2007b) but is practically independent of the lead core temperature. 

Herein, the simplest form for force dF  is used:  

 d dF c u=  (5-6) 

where parameter dc  is selected such that a value of effective damping β  is provided by 

the rubber part of the bearing:  

 
2/1

2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

g
WK

c d
d β  (5-7) 

where W  is the weight carried by the bearing. When experimental data on control 

specimens without lead core are available, parameter dc  may be obtained by relating to 

the energy dissipated per cycle.  

The yield stress is described by (see Section 3)  

 ( )LYLYL TE20 exp −= σσ  (5-8) 

where LT  is the lead core temperature increase, 0YLσ  is the effective yield stress of lead at 

the reference (starting) temperature and parameter 2E =0.0069/0C. The lead core 
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temperature increase is given by equations (3-50), which are reproduced below after 

some substitutions:  

 ( ) 1/3
0 2

2

exp 1 1.274YL L S L s S
L

L L L L L L

E T Zu k T t tT
c h a c h F a a

σ α
ρ ρ

−⎡ ⎤− ⎛ ⎞⎛ ⎞= − ⋅ +⎢ ⎥⎜ ⎟⎜ ⎟⋅ ⎝ ⎠⎝ ⎠⎢ ⎥⎣ ⎦
 (5-9) 
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 2a
t

t Sα
=+  (5-11) 

Note that in (5-9) to (5-11) we have made use of the constant flux solution of Section 3. 

Moreover, the following parameters appear in (5-9) to (5-11): Lρ  is the density of lead, 

Lc  is the specific heat of lead, Lh  is the height of the lead core, a  is the radius of the lead 

core, Sα  is the thermal diffusivity of steel, Sk  is the thermal conductivity of steel and st  

is the total shim plate thickness.  

It should be noted that (5-9) contains the following modification by comparison to 

Sections 3 and 4: the effective yield stress is multiplied by the term Zu  instead of just 

the magnitude of the velocity u . Note that the term Zu  equals to u  when the bearing 

undergoes inelastic action (displacement exceeding yield displacement Y ) and otherwise 

is less than u . This modification has minor effects when the bearings undergo large 



 169

deformations but is important in cases of low displacement amplitude because it properly 

accounts (does not overestimate) for energy dissipation in the lead core.  

Equations (5-4) to (5-11) describe the proposed lead-rubber bearing model. Parameters in 

the model are dK , 0YLσ , Y , LA , Lh , st , a , Lρ , Lc , Sk , Sα  and dc , whereas parameters 

A =1, B =0.5 and 2E =0.0069/0C have prescribed values. Note that in this model the yield 

displacement is constant so that the elastic stiffness varies as the yield force reduces with 

increasing lead core temperature. 

5.3 Two-Dimensional Lead-Rubber Bearing Model 

The two-dimensional smooth bilinear hysteretic model in program 3D-BASIS (also 

SAP2000) was originally constructed by Park et al. (1986) and has been shown to 

produce acceptable results on the behavior of isolators in bi-directional motion (e.g. 

Nagarajaiah et al., 1989; Mokha et al., 1993). In its isotropic formulation, which is 

appropriate for describing the behavior of lead-rubber bearings, the model in terms of 

forces xF , yF  and displacements xU , yU  along orthogonal directions x  and y  is: 
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where [ ]I  is an identity matrix and A =1, B =0.5. Equations (5-12) to (5-14) together 

with (5-6) to (5-11) describe the two-dimensional model for lead-rubber bearings.  

5.4 Modifications to Account for Other Behaviors 

The model of equations (5-4) to (5-14) only accounts for the effect of heating of the lead 

core on the characteristic strength of the bearings. It does not account for strain rate 

effects on the strength and post-elastic stiffness nor does it account for strain effects on 

stiffness. Although some information on the strain rate effects on strength may be found 

in Constantinou et al. (2007b), it appears that there is insufficient data to allow for the 

development of a model based on first principles.  

The models described in Sections 5.2 and 5.3 can be easily modified to account for 

displacement-dependent post-elastic stiffness and for rate-dependent stiffness and 

strength. Although such modifications are entirely phenomenological, they can provide 

for complex behavior as demonstrated by Demetriades et al. (1993), Kikuchi and Aiken 

(1997) and Abe et al. (2004). The interested reader is referred to these studies for further 

details.  

5.5 Thermo-Mechanical Finite Element Analysis 

Detailed finite element modeling of lead-rubber bearings is useful primarily in analysis of 

single bearings in order to predict behavior in lieu of testing or prior to testing. For 
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example, Ali and Abdel-Ghaffar (1995) and Doudoumis et al. (2005) reported elaborate 

finite element formulations for rubber, steel and lead in lead-rubber bearings, however 

restricted to only mechanical behavior. In order to capture the changing characteristics of 

the bearings due to heating of the lead, coupled thermo-mechanical analysis is required. 

Important aspect of this analysis is the specification of temperature-dependent 

mechanical properties for lead. The data presented in Section 2 herein on the behavior of 

lead indicate that a simple model for lead would be that of elastoplastic behavior with 

temperature independent elastic modulus (e.g., see Figure 2-5) and yield stress described 

by (5-8) with 2E =0.0069/0C.  

5.6 Verification of Model in Sinusoidal Motion 

Two examples from Section 4 are revisited, the lead-rubber bearings are modeled using 

the one-dimensional model of equations (5-4) to (5-11) and analytical force-displacement 

loops are constructed for comparison to experimental results. These examples are 8 and 

10 in Sections 4.2.8 and 4.2.10, respectively. Parameters for modeling are presented in 

Table 5-1. Furthermore, for both bearings the following parameters were used: 

Lρ =11200 kg/m3, Lc =130 J/(kg0C), Sk =50 W/(m0C), Sα =1.41x10-5 m2/s, 

2E =0.0069/0C.  

Figures 5-2 and 5-3 compare analytically predicted and experimental loops for the two 

bearings. It should be noted that solution of equations (5-4) to (5-11) requires as input the 

time histories of displacement u  and velocity u  of the top of the bearing with respect to 

its bottom. The results in Figures 5-2 and 5-3 demonstrate that the model is capable of 

predicting well the changes in strength of lead-rubber bearings but it does not capture 
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well the ascending branch of the loop on first loading nor does it capture well the portion 

of the loop at each reversal of motion. The shape of the ascending branch of the loop on 

initial loading is likely markedly affected by unrealistic rate effects (and likely 

measurement errors) as the test started at rest with the test machine attempting to impose 

an instantaneous velocity of 1 m/sec. These effects are much less pronounced in low 

speed testing as seen in Example 9 of Section 4 (Figure 4-32). Nevertheless, part of the 

difference between experimental and analytical results on the ascending initial part of the 

loop are due to the bilinear hysteretic model employed, which is based on a fixed value of 

yield displacement. As also seen in the shapes of the loops on each reversal of motion, 

the actual behavior justifies use of a variable yield displacement. Such behavior can only 

be captured with phenomenological adjustments of the presented model as, for example, 

described in Kikuchi and Aiken (1997) and Abe et al. (2004). 

 
 
TABLE 5-1 Parameters in Model of Lead-Rubber Bearings 
 

Example dc   
(Ns/mm) 

0YLσ  
(MPa) 

Y  
(mm) 

dK   
(N/mm)

LA  
(mm2) 

Lh  
(mm) 

a  
(mm) 

st  
(mm) 

8 89 16.9 30 2000 73542 333 153 125 

10 128 13.0 7 1080 15394 224 70 71 
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FIGURE 5-2 Comparison of Analytically Predicted (bottom graph) and 
Experimentally Obtained (top graph) Force-Displacement Loops for the Bearing of 
Example 8 (Section 4.2.8)  
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FIGURE 5-3 Comparison of Analytically Predicted and Experimentally Obtained 
Force-Displacement Loops for the Bearing of Example 10 (Section 4.2.10)  
 
 
 
5.7 Verification of Model in Random Motion 

The small size bearing of Figure 4-52 (see Examples 14 and 15 in Section 4) was tested 

by subjecting it to a compressive load of 89 kN and imposing the histories of lateral 

displacement shown in Figures 5-4 and 5-5. These histories are termed “Motion 1” and 

“Motion 2”, respectively.  

Table 5-2 presents values of parameters of the model of the lead-rubber bearing. 

Moreover, the following values of other parameters were used: Lρ =11200 kg/m3, 

Lc =130 J/(kg0C), Sk =50 W/(m0C), Sα =1.41x10-5 m2/s, 2E =0.0069/0C. Figures 5-6 and 

5-7 compare analytically constructed and experimentally measured force-displacement 

loops of the bearing for the two cases of random motion. Furthermore, Figures 5-8 and 5-
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9 present calculated and measured histories of the dissipated energy in the two tests. 

Finally, Figure 5-10 presents calculated histories of the lead core temperature rise in the 

two tests. It should be noted that the tested bearing has a small lead core, heating effects 

are not significant and neither analysis nor experiments show any important strength 

deterioration. 

Overall, the prediction by the model of the force-displacement loops and the dissipated 

energy histories of the bearing is good. Nevertheless, we still observe differences in the 

loop shape on reversal of motion at small amplitudes of motion. This is due to inability of 

the model to describe the hysteretic behavior of the bearings at all amplitudes of motion, 

a problem that could be corrected by incorporating displacement-dependent post-elastic 

stiffness.  
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FIGURE 5-4 Motion 1 Displacement History  
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FIGURE 5-5 Motion 2 Displacement History  
 
 
 
 
 

 
TABLE 5-2 Parameters in Model of Small-Size Lead-Rubber Bearing 
 

dc   
(Ns/mm) 

0YLσ  
(MPa) 

Y  
(mm) 

dK   
(N/mm) 

LA  
(mm2) 

Lh  
(mm) 

a  
(mm) 

st  
(mm) 

3.6 16.2 5 190 491 89 12.5 32 
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FIGURE 5-6 Analytical and Experimental Force-Displacement Loops of Lead-
Rubber Bearing in Random Motion 1 
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FIGURE 5-7 Analytical and Experimental Force-Displacement Loops of Lead-
Rubber Bearing in Random Motion 2  
 



 178

 

0
1000
2000
3000
4000
5000
6000
7000
8000
9000

10000

0 20 40 60 80 100 120 140
Time (sec)

To
ta

l D
is

si
pa

te
d 

En
er

gy
 (k

N
-m

m
) Analysis

Experiment

 
FIGURE 5-8 Analytically Predicted and Experimentally Measured Dissipated 
Energy Histories in Random Motion 1 
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FIGURE 5-9 Analytically Predicted and Experimentally Measured Dissipated 
Energy Histories in Random Motion 2  
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FIGURE 5-10 Calculated Histories of Lead Core Temperature Increase in Tests 
with Random Motion  
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SECTION 6 

LEAD CORE HEATING EFFECTS ON THE RESPONSE OF ISOLATED 

STRUCTURES 

6.1 Introduction 

This section investigates the significance of accounting for lead core heating in the 

prediction of the dynamic response of seismically isolated structures. The current state-

of-practice in the analysis of seismically isolated structures is to perform bounding 

analysis. In this analysis, changes in the mechanical properties of the isolators due to 

effects of history of loading, aging and environmental conditions, and due to 

uncertainties, are accounted for by conducting two analyses, one using lower bound and 

one using upper bound properties.  

For lead-rubber bearings, a significant portion of the difference between the upper and 

lower bound values of the characteristic strength results from heating effects, which are 

most often conservatively estimated on the basis of available experimental results. For 

example, Constantinou et al. (2007a) presented analysis and design examples in which 

the lower bound value of the characteristic strength is based on the average value of the 

effective yield stress of lead in three cycles, 
3Lσ , whereas the upper bound value is based 

on the yield stress in the first cycle, 
1Lσ . Proposed values to use were 

3Lσ =10 to 12 MPa 

(range to account for uncertainties) and 
1Lσ =1.35

3Lσ . This leads to lower and upper 

bound values of strength, excluding any effects of low temperature and aging, that are 

based on lead yield stress values of 10 MPa and 1.35 x 12 = 16.2 MPa, respectively. This 
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significant range of values is based on experimental data for bearings with large lead core 

area and undergoing large shear strains in the lead core at high speeds for a number of 

cycles. While these conditions are appropriate for applications in areas of high seismicity 

with at least three cycles of large amplitude motion, they likely lead, when used for 

applications in areas of lower seismicity and for motions that result in a smaller number 

of cycles (such as for near-fault high velocity pulses), to conservative estimation of 

displacement demands and isolation shear forces.  

In this section a seismically isolated structure is analyzed by first utilizing the lead-rubber 

bearing model described in Section 5 and then by utilizing a bilinear hysteretic model 

with upper and lower bound values of characteristic strength. Comparisons of responses 

calculated for a number of earthquake motions reveal the significance of accounting for 

the lead core heating effects.  

6.2 Description of Analyzed Structure and Earthquake Ground Motions 

The analyzed structure is represented as a two-degree-of-freedom system with one degree 

describing the structural drift and another describing the isolation system displacement. 

Figure 6-1 illustrates the system. The structure weighs W =1,026,600 kN, distributed as 

superstructure weight WWs 8.0=  and basemat weight WWb 2.0= . The stiffness sk  was 

selected such that the fundamental period of the structure ( ( )ss gkWT /2π= ) is 0.5 sec 

and the structural damping ratio sβ =0.05.  

The isolation system consists of 100 lead-rubber bearings of the geometry shown in 

Figure 4-27 and with force-displacement loops (for vertical load of 10,266 kN) presented 
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in Figures 4-28 and 4-32. The mathematical model of the lead-rubber bearing is as 

described by equations (5-4) to (5-11) with parameters presented in Section 5.6 and in 

Table 5-1 (for Example 8). Note that in this model the effective yield stress of lead at the 

reference temperature (start of motion) is 16.9 MPa.  

 

ISOLATION BASEMAT 
WEIGHT bW  

SUPERSTRUCTURE 
WEIGHT sW  

STIFFNESS sk , 
DAMPING sβ  

ISOLATION SYSTEM 
(100 BEARINGS OF 

EXAMPLE 8,  
SECTIONS 4 AND 5) 

DRIFT 

ISOLATOR  
DISPLACEMENT 

 
FIGURE 6-1 Analyzed Seismically Isolated Structural System 
 
 
Upper and lower bound analyses are performed using a temperature independent bilinear 

hysteretic model (described by (5-1) to (5-6) but with constant YLσ ) with the parameters 

as follows.  

Upper bound: dQ =1243 kN, dK =2.0 kN/mm, Y =30 mm (based on total yield strength 

of 16.9 MPa). 

Lower bound: dQ =735 kN, dK =2.0 kN/mm, Y =30 mm (based on total yield strength of 

10 MPa). 

Effective properties of the isolated structure at the representative isolator displacement of 

500 mm and characteristic properties are presented in Table 6-1.  



 184

 
TABLE 6-1 Characteristic and Effective Properties of Isolated Structure 
 

Condition Characteristic 
Strength/W 

Period Based on 
Post-Elastic 

Stiffness (sec) 

Effective Period 
at Displacement 
of 500 mm (sec) 

Effective 
Damping at 

Displacement  
of 500 mm 

Upper Bound 
(also initial 
condition in 
temperature-
dependent 

model) 

0.12 4.54 3.03 0.33 

Lower Bound 0.07 4.54 3.45 0.25 

 
 
The motions were selected from a study of Warn and Whittaker (2004) who performed 

response history analyses using a large number of ground motions organized into eight 

bins. Motions with large peak ground acceleration from two out of these bins are used for 

this study, namely: bin 1 (near-field) and bin 2M (large-magnitude small-distance). Table 

6-2 provides information on the ground motions used in the analyses. It is noted that 

these records were modified by ignoring the first few seconds (where the acceleration is 

nearly zero and no motion and heating occurs). This is theoretically necessary because 

the model is based on the dimensionless time +t  defined to start at initiation of heating. 

Although this is of minor importance, it is suggested that one should perform some 

representative analyses with the full record and the modified one, compare the results and 

conclude on the significance of the start time for response history analysis. 
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TABLE 6-2 Ground Motions Used in Analyses (for more details see Warn and 
Whittaker, 2004) 
 

Bin Record Event Year Station Orientation PGA 
(g) 

PGV 
(m/s) 

1 NF17 Kobe 1995 JMA FN 1.09 1.60 

2M BOL090 Duzce, 
Turkey 1999 Bolu 90 0.82 0.67 

1 NF02 Tabas, Iran 1978 Tabas FN 0.98 1.06 

1 NF13 Northridge 1994 Rinaldi FN 0.89 1.74 

1 TCU065
-N 

Chi Chi, 
Taiwan 1999 TCU065 North 0.60 0.79 

 
 

6.3 Results of Analysis 

The seismically isolated structure was analyzed for each of the motions of Table 6-2 

utilizing three models of analysis: upper bound bilinear hysteretic, lower bound bilinear 

hysteretic and the proposed lead-rubber bearing model with heating effects considered. 

Table 6-3 presents the following peak response quantities for each analyzed case: (a) 

isolator displacement, (b) isolation system shear force normalized by total weight, (c) 

structural shear normalized by structural weight, (d) structural drift, (e) structural 

acceleration, and (f) lead core temperature increase. Moreover, Figures 6-2 to 6-11 
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present comparisons of isolation system force-displacement loops in the five ground 

motion cases and calculated histories of lead core temperature increase.  

The results presented in Table 6-3 and Figures 6-2 to 6-11 clearly demonstrate that use of 

bounding analysis typically results in conservative estimation of the peak isolator 

displacement and the peak isolation shear force. Particularly important is the case of 

earthquake motions with dominant near-fault characteristics, such as the NF02 motion. In 

this case, the lower bound model significantly overpredicts the displacement demand 

because it is based on assumptions for lead core heating (several cycles of large 

amplitude motion) that result in low value for the lower bound characteristic strength. 

The actual conditions primarily consist of a single large amplitude cycle without 

significant lead core heating effects so that the characteristic strength of the isolation 

system remains large and marginally affected by heating. It should be noted that the 

significance of the strength of isolation systems on the response of seismically isolated 

structures has been known for near-fault ground motions (Makris and Chang, 2000). 
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TABLE 6-3 Peak Response of Analyzed Isolated Structure 
 

Motion Analysis 
Model 

Isolator 
Displ. 
(mm) 

Isolation 
Shear/W

Structural 
Shear/ sW  

Struct. 
Drift 
(mm) 

Struct. 
Acc.  
(g) 

Lead 
Core 

Temp. 
Increase 

(0C) 

NF17 

Upper 466 0.21 0.26 16 0.27 NA 

Lower  553 0.18 0.20 12 0.20 NA 

Proposed 539 0.19 0.23 15 0.24 87 

BOL090 

Upper 115 0.14 0.18 11 0.18 NA 

Lower  126 0.10 0.11 7 0.11 NA 

Proposed 115 0.14 0.16 10 0.16 34 

NF02 

Upper 355 0.19 0.20 12 0.20 NA 

Lower  455 0.16 0.16 10 0.16 NA 

Proposed 399 0.17 0.17 11 0.17 66 

NF13 

Upper 376 0.20 0.20 13 0.20 NA 

Lower  484 0.17 0.17 11 0.17 NA 

Proposed 381 0.19 0.19 12 0.19 54 

TCU065-
N 

Upper 379 0.20 0.21 13 0.21 NA 

Lower  474 0.16 0.17 11 0.17 NA 

Proposed 447 0.17 0.18 11 0.18 115 
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FIGURE 6-2 Isolation System Force-Displacement Loops for Motion NF17 
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FIGURE 6-3 Lead Core Temperature Increase History for Motion NF17 
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FIGURE 6-4 Isolation System Force-Displacement Loops for Motion BOL090 
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FIGURE 6-5 Lead Core Temperature Increase History for Motion BOL090 
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FIGURE 6-6 Isolation System Force-Displacement Loops for Motion NF02 
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FIGURE 6-7 Lead Core Temperature Increase History for Motion NF02 
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FIGURE 6-8 Isolation System Force-Displacement Loops for Motion NF13 
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FIGURE 6-9 Lead Core Temperature Increase History for Motion NF13 
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FIGURE 6-10 Isolation System Force-Displacement Loops for Motion TCU065-N 
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FIGURE 6-11 Lead Core Temperature Increase History for Motion TCU065-N 
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SECTION 7 

EFFECT OF LOAD HISTORY ON THE MECHANICAL PROPERTIES OF 

LEAD-RUBBER BEARINGS 

7.1 Background 

Bearings in bridges are subjected to continuous movement due to traffic and temperature 

effects. The result of this cumulative movement on sliding bearings is wear and some 

effect on the frictional properties, which have been described in Constantinou et al. 

(2007b). There is very little data on the effect of cumulative movement on the mechanical 

properties of elastomeric bearings. 

Two lead-rubber bearings were tested at the University at Buffalo in 2003 at low speeds 

that are representative of service loading (thermal expansion and contraction) and high 

speeds representative of seismic loading prior to and following a cumulative low speed 

test of 1.6 km (1 mile) (Constantinou et al., 2007b). 

Figure 7-1 presents drawings of the bearings; the ratio of the lead core diameter to the 

bonded diameter was 0.29. The bearings were tested individually as shown in Figure 7-2 

to obtain their mechanical properties under thermal and dynamic loads and as a pair in 

the low speed, 1.6 km cumulative movement test – see Figure 7-3 (Constantinou et al., 

2007b). 

Figures 7-4 and 7-5 present the recorded lateral force-displacement loops for lead-rubber 

bearings No. 1 and No. 2, respectively, for a dynamic sinusoidal test (amplitude of 114 

mm, peak velocity of 250 mm/sec) and a thermal loading test (amplitude of 75 mm, 
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constant velocity of 0.15 mm/sec) prior to the 1.6 km cumulative travel test. The average 

axial load on bearings No. 1 and No. 2 was 1425 kN and 1363 kN, respectively, in the 

dynamic test and was 1863 kN and 1800 kN, respectively, in the slow test. The 

significant increase (factor of 2.5) in the effective yield stress of lead due to dynamic 

loading is clearly seen in these figures.  

After these tests the two bearings were subjected to an axial load of 1825 kN and 15,840 

cycles of lateral movement with an amplitude of 25 mm at a constant velocity of 3.4 

mm/sec. The total travel was 1584 m. The movement was intended to represent the effect 

of traffic loading – and the velocity of motion was higher than that expected under 

thermal loading. Ideally the velocity should have been about 1 mm/sec (see Constantinou 

et al., 2007b) but time constraints required the use of a higher speed. The testing was 

conducted over a period of 19 days with 8 to 10 hours of testing per day. The bearings 

were cooled during testing with large fans that maintained a temperature on the central 

moving steel plate of 290C after stabilization (at the start of test the temperature was 

230C). The internal temperature in the lead core was not recorded. Figure 7-6 presents the 

recorded loops (the force is from two specimens tested as a pair) in the first 5 cycles (1 to 

5) and cycles 15,823 to 15,828. There is little difference in the behavior of the bearings 

between the start and the end of testing. There is a small change in the hysteresis loop in 

the first five cycles due to an increase in the temperature of the lead core. Once the 

temperature of the lead core stabilized, the loop shape did not change (Constantinou et 

al., 2007b).  
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FIGURE 7-1 Large Scale Lead-Rubber Bearing Tested for 1.6 km of Cumulative 
Travel (1 inch=25.4 mm) (Constantinou et al., 2007b) 
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FIGURE 7-2 Lead-Rubber Bearing During High Speed Testing (Constantinou et al., 
2007b) 
 
 

 
 
FIGURE 7-3 Lead-Rubber Bearings Tested in Pair in the 1.6km Cumulative Travel 
Test (Constantinou et al., 2007b) 
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BEARING No. 1, BEFORE 1.6km CUMULATIVE TRAVEL TEST 
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 1, BEFORE 1.6km CUMULATIVE TRAVEL TEST 
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-4 Force-Displacement Loops of Lead-Rubber Bearing No. 1 Under 
Seismic and Service Load Conditions Prior to the Cumulative Travel Test 
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BEARING No. 2, BEFORE 1.6km CUMULATIVE TRAVEL TEST
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 2, BEFORE 1.6km CUMULATIVE TRAVEL TEST
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-5 Force-Displacement Loops of Lead-Rubber Bearing No. 2 Under 
Seismic and Service Load Conditions Prior to the Cumulative Travel Test 
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CUMULATIVE TRAVEL TEST
CYCLES 1 to 5
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CUMULATIVE TRAVEL TEST
CYCLES 15823 to 15828
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FIGURE 7-6 Force-Displacement Loops of the Pair of Lead-Rubber Bearings in the 
Cumulative Travel Test (Constantinou et al., 2007b) 
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Figures 7-7 and 7-8 present the recorded lateral force-displacement loops for lead-rubber 

bearings No. 1 and No. 2, respectively, for a dynamic sinusoidal test (amplitude of 114 

mm, peak velocity of 250 mm/sec) and a thermal loading test (amplitude of 75 mm, 

constant velocity of 0.15 mm/sec), which were conducted after the 1.6 km cumulative 

travel test. The axial load on bearings No. 1 and No. 2 was 1848 kN and 1806 kN, 

respectively, for the dynamic test and 1980 kN and 1802 kN, respectively, for the thermal 

loading test (Constantinou et al., 2007b). The difference in axial load on the two bearings 

in the dynamic tests compared with the tests conducted prior to the cumulative travel test 

(1848 kN and 1806 kN versus 1425 kN and 1363 kN) was the result of error; they should 

have been the same.  
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BEARING No. 1, AFTER 1.6km CUMULATIVE TRAVEL TEST 
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 1, AFTER 1.6km CUMULATIVE TRAVEL TEST
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-7 Force-Displacement Loops of Lead-Rubber Bearing No. 1 Under 
Seismic and Service Load Conditions After the Cumulative Travel Test 
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BEARING No. 2, AFTER 1.6km CUMULATIVE TRAVEL TEST
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 2, AFTER 1.6km CUMULATIVE TRAVEL TEST
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-8 Force-Displacement Loops of Lead-Rubber Bearing No. 2 Under 
Seismic and Service Load Conditions After the Cumulative Travel Test 
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A comparison of the results in Figures 7-4 and 7-5 (prior to the cumulative travel test) 

with those in Figures 7-7 and 7-8 (after the cumulative travel test) reveals a minor 

increase in the characteristic strength in the dynamic test and a major increase in the 

characteristic strength in the service load test. The increase in the characteristic strength 

is by a factor of approximately 1.75. Such change is substantial and warrants 

consideration in analysis and design (Constantinou et al., 2007b).  

Bearing No.2 was also subjected to two slower tests after the cumulative travel test. The 

bearing was subjected to axial loads of 1806 kN and 1930 kN, respectively, in the two 

tests, and one cycle of lateral movement at a constant velocity of 0.05 mm/sec and 

0.00353 mm/sec, respectively. Figures 7-9 and 7-10 present the recorded force-

displacement loops. There is an insignificant change in characteristic strength as the 

velocity reduces from 0.15 mm/sec (Figure 7-8) to 0.05 mm/sec and then to 0.00353 

mm/sec. The duration of one-cycle motion was 0.6, 1.8 hours and 24 hours, respectively, 

in these tests – velocities representative of thermal loading. 
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BEARING No. 2, AFTER 1.6km CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-9 Force-Displacement Loops of Lead-Rubber Bearing No. 2 Under 
Thermal Load Conditions After the Cumulative Travel Test 
 
 

BEARING No. 2, AFTER 1.6km CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.00353mm/sec)
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FIGURE 7-10 Force-Displacement Loops of Lead-Rubber Bearing No. 2 Under 
Extremely Slow Thermal Load Conditions After the Cumulative Travel Test 
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Two possible mechanisms that contributed to the observed increase in strength of the 

lead-rubber bearings were considered:  

a) The origin is due to increased confinement of lead, possibly due to the elevated 

temperature in the cumulative travel testing. It should be noted that the testing was 

conducted accelerated both in the speed of motion and in the continuity of the motion. 

Actual conditions involve lower speeds and interrupted motion so that temperature in 

the lead core is unlikely to change.  

b) The origin is due to strain hardening effects induced by repeated plastic deformation. 

In this case the elevated temperature of the test would have accelerated the process of 

recrystallization and subsequent grain growth which would have actually reduced the 

strain hardening effect. That is, had the cumulative travel test been conducted at 

speeds that do not cause heating of lead, the increase in strength would have been 

larger. Conversely, the imposed 25 mm amplitude of deformation (much larger than 

that expected in service – about 1 mm) could have magnified the strain hardening 

effect.  

7.2 Investigation of Confinement Effects 

To investigate the origin of the observed increase in strength, the two bearings were kept 

unloaded (so that any confinement effects relax) for a period of nearly 3.5 years and re-

tested in April 2007 at high speed and low speed motions – conditions identical to those 

in the tests prior to the cumulative travel test. Results from these tests are shown in 

Figures 7-11 and 7-12. The average normal load on bearings No. 1 and No. 2 in the 

dynamic test was 1345 kN and 1441 kN, respectively, and in the low speed test it was 

1902 kN and 1903 kN, respectively. A comparison of the results in Figures 7-7 and 7-8 
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with those in Figures 7-11 and 7-12 demonstrates no change in the strength of the 

bearings. Therefore, a mechanical origin for the effect (increased confinement) could not 

have occurred. Rather, most likely explanation for the observed increase in strength is 

strain hardening due to plastic deformation with a likely reduction of the effects due to 

accelerated recrystallization of lead resulting from the increased temperature.  
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BEARING No. 1, 3.5 YRS AFTER 1.6km CUMULATIVE TRAVEL TEST
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 1, 3.5 YRS AFTER 1.6km CUMULATIVE TRAVEL TEST
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-11 Force-Displacement Loops of Lead-Rubber Bearing No. 1 Under 
Seismic and Service Load Conditions 3.5 Years After the Cumulative Travel Test 
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BEARING No. 2, 3.5 YRS AFTER 1.6km CUMULATIVE TRAVEL TEST
(5 cycles, peak velocity 250mm/sec)
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BEARING No. 2, 3.5 YRS AFTER 1.6km CUMULATIVE TRAVEL TEST
(3 cycles, constant velocity 0.15mm/sec)
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FIGURE 7-12 Force-Displacement Loops of Lead-Rubber Bearing No. 2 Under 
Seismic and Service Load Conditions 3.5 Years After the Cumulative Travel Test 
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7.3 Investigation of Effect of Plastic Deformation 

In order to further investigate the effects of travel on the strength of lead-rubber bearings, 

testing was performed on two small-scale bearings of the geometry shown in Figure 4-52 

using the machine shown in Figure 7-13. The two bearings were subjected to the same 

cumulative travel of 500 m but at different amplitudes of motion in order to investigate 

the effect of plastic deformation on the characteristic strength. In all tests presented in 

this section, the vertical load on the bearing was 89 kN.  

The testing conditions for these bearings were selected by consideration of the similarity 

principles presented in Section 3 herein and consideration of the actual conditions of 

operation of the bearings. In general under service load conditions, bearings are subjected 

to motions of amplitude and speed of the order of 1 mm and 1 mm/sec, respectively. The 

motion may accumulate to a large travel but is intermittent so that heating effects in the 

lead core are insignificant.  

The two small-scale bearings were designated to have a scale factor of 2.5 as the bearing 

dimensions, other than the lead core diameter, were approximately 2.5 times smaller than 

the full-size bearing of Figure 7-1. Bearing A was subjected to 125000 cycles of 1 mm 

amplitude and 2.5 mm/sec constant velocity motion for a total travel of 500 m. Based on 

the principles of similarity established in Section 3, this corresponds to prototype motion 

of 2.5 mm amplitude, 1 mm/s velocity and travel of 1250 m. These are representative 

conditions of motion under service conditions of full-size bearings. Bearing B was 

subjected to 12500 cycles of 10 mm amplitude and 2.5 mm/s constant velocity motion for 
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a total travel of 500 m. These conditions correspond to prototype motion of 25 mm 

amplitude, 1 mm/s velocity and travel of 1250 m.  

The main difference in the testing of the two bearings is the amplitude of motion, which 

is expected to cause minimal inelastic action in the lead core of bearing A and substantial 

inelastic action in bearing B. Moreover, as a result of differences in inelastic action in the 

two bearings, the temperature of the lead core of bearing B is expected to further increase 

than that of bearing A. Actual conditions in the field would not result in any significant 

temperature increase as service load effects are intermittent. Such conditions cannot be 

generated in the laboratory because of the limited available time to conduct the testing. 

Specifically, the testing was conducted continuously over periods of about 7 hours each 

day, followed by a pause and re-start on the next day. Each test required 10 days of 

testing. During testing the temperature on the free boundary of the bearings was 

monitored and found to increase only on bearing B (subjected to the 10 mm amplitude) 

by about 50C at the conclusion of testing each day. The temperature of the lead core in 

the two bearings should have been different by at least 50C. Although this difference in 

temperature is small, it is sufficient to accelerate recrystallization in bearing B by 

comparison to bearing A. Therefore, any differences in the characteristic strength of the 

two bearings following the cumulative travel test would be due to strain hardening effects 

(because of the significant yielding in bearing B) but somehow mitigated by beneficial 

recrystallization in bearing B.  
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FIGURE 7-13 Small Bearing Testing Machine  
 
 
The cumulative travel test of each bearing was preceded and followed by a fast and a 

slow large amplitude test in order to investigate the effect of travel on the characteristic 

strength for conditions of high and low strain rates. The high speed tests were conducted 

at an amplitude of 114 mm and at the highest speed the machine of Figure 7-13 could 

provide (358 mm/sec). The low speed tests were conducted at a constant speed of 0.05 

mm/sec and an amplitude of 50 mm.  

The testing of bearing A at an amplitude of 1 mm required that an instrument is used to 

specifically measure the deformation of the bearing as use of the displacement transducer 

of the horizontal actuator (see Figure 7-13) could not provide sufficient accuracy. An 

extensometer was mounted as shown in Figure 7-14 and used to measure the imposed 

deformation of the top of the bearing relative to its bottom for verifying the accuracy of 

the horizontal actuator displacement output.  
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Figures 7-15 to 7-17 present force-displacement loops for bearing A before the 

cumulative travel test, during the travel test and after the travel test, respectively. Figures 

7-18 to 7-21 present force-displacement loops for bearing B before the travel test, during 

the travel test, after the travel test and after the travel test, respectively. The loops in 

Figure 7-16 of bearing A lack clear hysteretic characteristics that would indicate yielding 

of the lead core. However, measurement of the effective damping gave values of about 

0.15 which are unlikely to be entirely due to energy dissipation in the rubber. We 

conclude that bearing A was actually subjected to some yielding of its lead core. By 

comparison, Figure 7-19 for bearing B shows clear hysteretic characteristics due to 

yielding of the lead core.  

It may be noted in Figures 7-16 and 7-19 that the hysteresis loops at the start and at the 

end of the cumulative travel tests of both bearings are stable without any changes from 

cycle to cycle (note that the first few cycles of bearing A have amplitude of 0.8 mm 

instead of 1 mm – this was later corrected as control of the testing machine was 

established). The stability of the loops indicates stable temperature of the lead core. As 

noted earlier, the temperature on the free boundary of bearing A was equal to the ambient 

during the entire test, leading to the conclusion that the lead core temperature increase 

was very small. Bearing B had a measured temperature of about 50C above ambient on its 

free boundary during the duration of the test. In this test, the buildup of temperature in the 

lead core is expected to be slow due to the low rate of heat generation. The temperature is 

then expected to stabilize due to heat conduction effects. As seen in Figure 7-19, the 

strength of the bearing in the last few cycles is constant but slightly lower than the 
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strength in the first few cycles. This demonstrates that the temperature is slightly higher 

but stable in the last few cycles. 

Comparing the results in Figures 7-15 and 7-17 of the tests conducted prior to and 

following the cumulative travel test on bearing A, we observe insignificant differences. It 

may be concluded that cumulative travel does not have any important effect on the 

characteristic strength of lead-rubber bearings when the amplitude of deformation is 

small and consistent with the typical effects of traffic load (amplitude of the order of 1 

mm).  

However, comparing the results in Figures 7-18 and 7-20 of the tests conducted prior to 

and following the cumulative travel test on bearing B (subjected to large amplitude 

motion), we observe a large – as much as 45% – increase in the characteristic strength 

following the cumulative travel test at conditions of very low speed of motion.  

It should be noted that the low speed test was conducted twice: (a) 24 hours following the 

conclusion of the cumulative travel test, and (b) four days following the conclusion of the 

cumulative travel test. As seen in the results in Figure 7-20, there is a distinct difference 

in the characteristic strength measured in the two tests, with the strength decreasing as the 

bearing is allowed to relax for longer time.  

To further investigate the observation of reduced strength with increasing relaxation time, 

the bearing was tested again 43 days following the conclusion of the cumulative travel 

test. A high speed test and a low speed test were conducted. Results are presented in 

Figure 7-21. Evidently, there is no further relaxation effect on the characteristic strength 
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at low speeds. Furthermore, comparing the results of the high speed test prior to (Figure 

7-18) and following (Figure 7-21) the cumulative travel test we observe very small and 

practically negligible differences.  

We conclude that for all practical purposes the characteristic strength of lead-rubber 

bearings at high speed motion is unaffected by the prior cumulative travel. The 

conclusion is valid for (a) travel of small amplitude of cyclic motion (order of 1 mm and 

barely causing yielding to the lead core) or (b) travel of large amplitude of cyclic motion 

(order of 10 mm and clearly causing yielding to the lead core).  

Also, we conclude that the characteristic strength of lead-rubber bearings at low speed of 

motion (as that experienced under thermal loading conditions) is unaffected by the prior 

cumulative travel provided that the amplitude of cyclic motion during prior travel is small 

(order of 1 mm and barely causing yielding to the lead core). However, the characteristic 

strength is markedly affected by the prior cumulative travel provided that the amplitude 

of cyclic motion during prior travel is large (order of 10 mm and clearly causing yielding 

to the lead core). It is believed that this effect is the result of strain hardening of lead and 

that relaxation has some beneficial effect in limiting the extent of the strength increase.  

It is recommended that cumulative travel test specifications for lead-rubber bearings 

include only components of large amplitude deformation, which are typically caused by 

temperature changes and not traffic loading effects. Cumulative travel caused by thermal 

loading is typically smaller than that caused by traffic loading. Alternatively, test 

specifications could specify a test regime with small amplitude and large amplitude 

components that are respectively caused by the expected traffic and thermal load effects. 
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FIGURE 7-14 Bearing A on Testing Machine and Detail of Extensometer Used in 
Testing  
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BEARING A, BEFORE 500m CUMULATIVE TRAVEL TEST
(10 cycles, peak velocity 358mm/sec)
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BEARING A, BEFORE 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-15 Force-Displacement Loops of Bearing A Before Cumulative Travel 
Test Recorded at High and Low Speed  
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BEARING A, LOOPS 1-50 OF 500m CUMULATIVE TRAVEL TEST
(constant velocity 2.5mm/sec)
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BEARING A, LOOPS 125301-125376 OF 500m CUMULATIVE TRAVEL 
TEST (constant velocity 2.5mm/sec)
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FIGURE 7-16 Force-Displacement Loops of Bearing A Recorded During 
Cumulative Travel Test 
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BEARING A, AFTER 500m CUMULATIVE TRAVEL TEST
(10 cycles, peak velocity 358mm/sec)
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BEARING A, AFTER 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-17 Force-Displacement Loops of Bearing A After Cumulative Travel 
Test Recorded at High and Low Speed  
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BEARING B, BEFORE 500m CUMULATIVE TRAVEL TEST
(10 cycles, peak velocity 358mm/sec)
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BEARING B, BEFORE 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-18 Force-Displacement Loops of Bearing B Before Cumulative Travel 
Test Recorded at High and Low Speed  
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BEARING B, LOOPS 1-7 OF 500m CUMULATIVE TRAVEL TEST
(constant velocity 2.5mm/sec)
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BEARING B, LOOPS 12491-12498 OF 500m CUMULATIVE TRAVEL 
TEST (constant velocity 2.5mm/sec)
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FIGURE 7-19 Force-Displacement Loops of Bearing B Recorded During 
Cumulative Travel Test  
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BEARING B, 1 DAY AFTER 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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BEARING B, 4 DAYS AFTER 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-20 Force-Displacement Loops of Bearing B 1 Day and 4 Days After 
Cumulative Travel Test Recorded at Low Speed  
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BEARING B, 43 DAYS AFTER 500m CUMULATIVE TRAVEL TEST
(10 cycles, peak velocity 358mm/sec)
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BEARING B, 43 DAYS AFTER 500m CUMULATIVE TRAVEL TEST
(1 cycle, constant velocity 0.05mm/sec)
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FIGURE 7-21 Force-Displacement Loops of Bearing B 43 Days After Cumulative 
Travel Test Recorded at High and Low Speed  
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SECTION 8 

SUMMARY AND CONCLUSIONS 

The phenomenon of lead core heating causes the strength of a lead-rubber bearing to 

decrease when cyclically loaded. The main objective of the work described in this report 

was to understand and predict the effect of this phenomenon on the behavior of a lead-

rubber bearing. Moreover, this report presented a description of the behavior of lead-

rubber bearings following significant cumulative travel that is caused by thermal and 

traffic loads. 

The report presented a review of available information on the properties and material 

behavior of lead. Information on the effects of temperature, rate of deformation, crystal 

structure, impurities etc. on the strength and the general behavior of lead was given in 

Section 2. In general, the plastic deformation of lead is of a very complex nature with 

many of the aforementioned factors coming into play and interacting with each other. We 

have seen, for instance, that even the composition of the impurities can have an important 

effect on the strength of highly pure lead. Tests on lead specimens in tension were 

conducted and results were reported for two levels of speed and at various temperatures. 

The information provided in Section 2 formed a basis upon which a relationship between 

the temperature and the strength of the lead core of a bearing was established. This 

relationship was used in the modeling of the phenomenon of lead core heating (Section 

3). 

Section 3 presented a formulation and solution of the problem of predicting the lead core 

temperature of lead-rubber bearings and the associated effects on the characteristic 
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strength and dissipated energy. Two approaches were presented, one based on energy 

balance and another based on a constant flux assumption. On the basis of simplifying 

assumptions regarding the temperature distributions inside the bearing, the partial 

differential equations (in time and in two spatial independent variables) governing the 

problem were reduced to an ordinary differential equation in time which requires 

numerical solution. The equation has a simple explicit solution in cases where heat losses 

through the end and shim plates of the bearing are insignificant. The validity of most of 

the simplifying assumptions gradually deteriorates as time increases and as heat 

conduction effects become more prevalent.  

Section 3 also presented an analysis of the dimensionless parameters of the problem. On 

the basis of this analysis, principles of scaling and similarity for lead-rubber bearings 

were presented. These principles demonstrated that reduced scale testing of individual 

bearing and reduced scale shake-table testing cannot generally capture the effects of lead 

core heating. There are cases, however, where the presented scaling law can be relaxed. 

These are cases where (a) there are insignificant heat losses due to heat conduction 

through the end and shim plates in both the model and the prototype bearings, or (b) both 

the model and the prototype bearings experience minor increases in temperature.  

Section 4 presented a verification study of the presented theory of lead core heating by 

comparison of analytical, finite element and experimental results for a total of 15 cases 

involving lead-rubber bearings of various geometries and conditions of loading and 

motion. It was shown that the presented analytical model predicts well the reduction of 

the characteristic strength of the tested bearings in cyclic motion. Moreover, results 
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obtained in finite element thermal analysis of some of the tested bearings confirmed the 

basic assumptions of the theory that were used in the solution of the problem. The 

validity of these assumptions was found to be generally satisfactory for all cases that 

were investigated. Specifically:  

(a) The assumption that the lead-steel interface temperatures is equal to one half of the 

temperature in the bulk of the lead core was found to be approximately valid for 

short times, which correspond to typical conditions of testing or operation of the 

bearings in earthquakes (a few cycles). However, at large times these temperatures 

(especially the one at the steel shim to lead interface) were found to gradually 

approach the temperature in the bulk of the core. Nevertheless, the time needed to 

reach that level of interface temperature was observed to be much larger than the 

typical duration of a cyclic testing or that of an earthquake.  

(b) The assumption of the constant temperature distribution in the bulk of the lead core 

(except for the boundaries) was found to be valid for short times subject to the same 

constraints mentioned in item (a) above. 

(c) The assumptions that the end plates are infinitely deep and that the shim plates are 

infinitely long were found to be valid as finite element analyses demonstrated that 

temperature increases of practical significance occurred only within a small volume 

of the end and shim plates even in cases of large duration of motion. 

(d) The assumption that the instantaneous heat fluxes are proportional to the stored 

thermal energies in the steel plates is theoretically valid for small times while the 
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assumption that temperature distributions follow a linear/logarithmic law for the 

end/shim plates is theoretically valid for large times. Despite this discrepancy, the 

solution based on energy balance has proven itself sufficiently accurate and reliable 

for predictions of the lead core temperature and the characteristic strength.  

Also, it should be noted that the analysis was based on the use of an exponential relation 

between the lead core effective yield strength and the lead core temperature. This relation 

was found to be valid in tensile testing of lead specimens at low strain rate. This 

exponential relation proved to give better predictions of lead core temperatures than a 

linear relation that was found to be valid in experiments at high strain rates. It is 

speculated that the reason for this paradox may lie in the difference between a lead core 

undergoing high speed cyclic motion with its temperature increasing and a lead specimen 

tested at high speed at a constant temperature. It is possible that the temperature increase 

taking place inside a lead core during cyclic motion speeds up the recrystallization 

process and switches the strength-temperature relation from linear to nonlinear (see 

Figure 2-1). This phenomenon is not expected to occur during a high speed test of a lead 

specimen because there should not be enough time for recrystallization to commence. 

Further testing of lead specimens would possibly provide a further insight into this issue.  

Section 5 presented a model of hysteretic behavior of lead-rubber bearings that accounts 

for lead core heating. The model is capable of predicting the instantaneous temperature of 

the lead core and its instantaneous effect on the characteristic strength of the bearing. 

Predictions of force-displacement relations of lead-rubber bearings subjected to harmonic 

and random motions were shown to be in good agreement with experimental results. 
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Further improvements of the model would require consideration of (a) the effects of 

strain and of strain rate on the post-elastic stiffness and (b) the effects of strain rate on the 

characteristic strength. Understanding of these phenomena requires experimental 

investigations but there is no theoretical complexity in accounting for these effects on the 

basis of phenomenological models. 

Section 6 presented a study of the dynamic response of a representative structure isolated 

with lead-rubber bearings. The analysis was based on the proposed model that accounts 

for the instantaneous effects of lead core heating. The results of the analysis were 

compared to results of analysis based on currently available models of hysteretic behavior 

of lead-rubber bearings but with consideration of the effects of lead core heating through 

the use of bounding analysis. Bounding values of characteristic strength are established 

on the basis of experimental results and tend to be systematically conservative. The 

results of the study demonstrated that bounding analysis produces conservative results on 

the prediction of isolation system displacement demand and isolation system peak shear 

force. The conservatism is particularly pronounced in ground motions with strong near-

fault pulses. Under these conditions, the actual heating effects are not substantial and the 

bearings maintain their strength to substantially benefit the performance of the isolation 

system. 

Section 7 presented a study of the effects of load history on the strength of lead-rubber 

bearings. The reported work attempted to determine whether the strength of lead-rubber 

bearings is affected by cumulative travel induced by service load conditions. Testing on 

large- and small-scale bearings was performed and investigated the effect of large 
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cumulative travel that consisted of either small amplitude (as those experienced due to 

traffic loadings in bridges) or large amplitude (as those experienced due to thermal 

loadings in bridges) cycles of motion. It was concluded that large cumulative travel has a 

pronounced effect on the characteristic strength of lead-rubber bearings under quasi-static 

conditions (as those experienced in service loading conditions) provided that the 

amplitude of motion during the cumulative travel is large enough to cause marked 

yielding of the lead core. No similar effect was observed when the amplitude of motion 

was such that no significant yielding occurred in the lead core. The increase in the lead 

core strength is likely caused by strain hardening of the lead. It is recommended that 

cumulative travel test specifications for lead-rubber bearings (a) either only include 

components caused by temperature changes (large amplitude) and not traffic loading 

effects (small amplitude), or (b) specify a regime of testing that separates the effects of 

large amplitude thermal and small amplitude traffic effects.  
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APPENDIX  

DERIVATIONS 

A.1 Introduction  

This appendix contains details on how some of the expressions in Section 3 were derived, 

namely the energy-based algorithm, the simplified solution (for insignificant conduction 

of heat) and the error estimation for the simplified solution.  

A.2 Energy Approach 

According to Section 3, the thermal energy stored inside each of the end plates, 1E , is  
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and the energy stored in the shim plates, 2E , is  
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Heat flux 1q  is given by  
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Heat flux 2q  is given by 
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The assumption is made that the ratio of the heat fluxes is equal to the ratio of the stored 

energies: 
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Derivation of the right-hand side of (3-27) starts by observing that it is, because of (3-26), 

equal to  
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where, in the last three lines, use of (3-24) and (3-25) was made.  

Derivation of the negative term on the right-hand side of (3-28) starts by observing that it 

is, because of (3-8), equal to  
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where, in the last line, use of (3-25) was made.  

A.3 Simplified Solution – The Case of Insignificant Conduction of Heat 

Ignoring heat conduction through the steel plates, the heat equation for the lead core is  
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A.4 Estimation of the Error of the Simplified Solution  

We begin with the equation  
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which is derived from (3-50a) considering only the leading term in (3-37a) and assuming 

an exponential relation between effective yield stress and temperature. This equation may 

be integrated as follows 
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The right-hand side in the above equation may be approximately evaluated by replacing 

LT  with the simplified expression LT ′  in (A-8). Hence,  
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The (always positive) integral in the above equation may be neglected to provide a 

conservative estimate of the error as follows:  
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