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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national 
center of excellence in advanced technology applications that is dedicated to the reduction of 
earthquake losses nationwide. Headquartered at the University at Buffalo, State University 
of New York, the Center was originally established by the National Science Foundation in 
1986, as the National Center for Earthquake Engineering Research (NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses through 
research and the application of advanced technologies that improve engineering, pre-
earthquake planning and post-earthquake recovery strategies. Toward this end, the Cen-
ter coordinates a nationwide program of multidisciplinary team research, education and 
outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies: the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Signifi cant support is derived from the Federal Emergency 
Management Agency (FEMA), other state governments, academic institutions, foreign 
governments and private industry.

MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by devel-
oping seismic evaluation and rehabilitation strategies for the post-disaster facilities and 
systems (hospitals, electrical and water lifelines, and bridges and highways) that society 
expects to be operational following an earthquake; and to further enhance resilience by 
developing improved emergency management capabilities to ensure an effective response 
and recovery following the earthquake (see the fi gure below).
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A cross-program activity focuses on the establishment of an effective experimental and 
analytical network to facilitate the exchange of  information between researchers located 
in various institutions across the country. These are complemented by, and integrated 
with, other MCEER activities in education, outreach, technology transfer, and industry 
partnerships.

This report describes the formulation, implementation and validation of multi-spherical sliding 
bearing models proposed for response history analysis of double and triple Friction Pendulum (FP) 
bearings. These bearings exhibit hysteretic behavior that is more complex than current seismic iso-
lation devices. Since double FP bearings behave like two single concave FP bearings connected in 
series, the proposed model considers a series arrangement of single FP elements. Additionally, it is 
shown that a series arrangement can be used to capture the behavior of triple FP bearings provided 
that the model parameters are appropriately modifi ed. The proposed models can be implemented in 
currently available structural analysis programs such as SAP2000 and 3D-BASIS. The FP bear-
ing models presented in this report are verifi ed by comparing the results obtained from shake table 
testing of a quarter-scale six-story building model to those predicted by response history analysis. 
Good agreement is observed even in cases of extreme response, which attest to the robustness and 
validity of the proposed models.
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ABSTRACT 
 
 

This report describes the formulation, implementation and validation of multi-spherical 
sliding bearing models that can be used for response history analysis. When configured to 
exhibit adaptive behavior, double and triple Friction Pendulum (FP) bearings exhibit 
hysteretic behavior that is more complex than that exhibited by current seismic isolation 
devices. Therefore, in their present form existing models are not applicable to double and 
triple FP bearings. 
 
Since the true behavior of the double FP bearing is that of two single concave FP 
bearings connected in series, the approach taken to model its behavior is to use a series 
arrangement of single FP elements. Additionally, it is shown that a series arrangement 
can be used to capture the behavior of the triple FP provided that the input parameters are 
modified appropriately – despite the fact that its true behavior is not that of three single 
FP bearings connected in series. Elements for modeling the behavior of single FP 
bearings are available in programs such as SAP2000 and the 3D-BASIS suite. Therefore, 
the proposed models can be implemented with no need for revision to the current 
software.  
 
The methodologies described in this report are verified by comparing the results obtained 
from shake-table testing of a quarter-scale, six-story model to those predicted by response 
history analysis. There is generally good agreement even in cases of extreme response, 
which attests to the proposed models’ robustness and overall validity. 
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SECTION 1 
INTRODUCTION 

 
 
Multi-spherical sliding bearings, namely the double and triple Friction Pendulum (FP) 
bearings, have proven to be one of the more promising recent developments in the field 
of seismic isolation. The construction of these devices is characterized by multiple 
concave surfaces upon which sliding can occur. Drawings of the double FP and triple FP 
bearings are shown in figures 1-1 and 1-2 respectively. Since sliding is shared among 
multiple concave surfaces, each individual surface needs to accommodate only a portion 
of the total demand. This allows for the bearings to be manufactured much more 
compactly in size than traditional spherical sliding bearings, which obviously provides 
substantial savings in the cost of these devices. In addition to the economic benefits, there 
are also performance benefits resulting from sharing displacements among multiple 
surfaces. For example, in double FP bearings, sliding velocities are approximately halved 
compared to single FP bearings. As a result, frictional heating and associated problems 
such as wear and variability in friction are reduced. 
 
These benefits are achieved even in the simplest configurations of double and triple FP 
bearings in which the primary sliding surfaces are of equal friction. In this case, the 
hysteretic behavior is rigid linear (in the case of the double FP) or approximately bilinear 
(in the case of the triple FP). In either case the devices can be modeled for dynamic 
analysis using commonly available hysteretic models in software used for analysis of 
seismically isolated structures. To date, primarily equal friction configurations of double 
and triple FP bearings have been used in practical implementation due to the 
aforementioned economic and performance benefits combined with the relative ease with 
which these devices can be modeled. 
 
Previous work (Fenz and Constantinou, 2006, 2008a, 2008b, 2008c) has established that 
multi-stage sliding behavior results when concave surfaces of unequal friction are used. 
The stiffness and effective friction change as the surfaces upon which sliding is occurring 
change. The behavior is adaptive, meaning that the stiffness and effective friction change 
to predictable values at calculable and controllable displacement amplitudes. This results 
in hysteretic behavior that is more complex than that exhibited by seismic isolation 
devices currently employed in practice. 
 
The behavior of adaptive double FP bearings has been described in detail in Fenz and 
Constantinou (2006, 2008a, 2008b, 2008c). When the concave surfaces are of unequal 
friction, motion initiates upon the surface of least friction when the applied horizontal 
force, F , exceeds the friction force, 1 1fF W= μ  on this surface (where 1μ  is the velocity-
dependent coefficient of friction of surface 1 and W  is the vertical load supported by the 
bearings). Until the friction force is overcome on the surface of higher friction, sliding 
occurs only on the surface of least friction with stiffness inversely proportional to the 
effective radius of curvature of this surface ( 1 1 1effR R h= − ). This is referred to as sliding 
regime I. When the applied horizontal force exceeds the friction force on the surface of 
higher friction, 2 2fF F W≥ = μ , motion initiates on this surface and simultaneous sliding  
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(a) 

 
(b) 

 
FIGURE 1-1  Cutaway (a) and Cross Section Views (b) of the Double Concave FP 
Bearing with Surfaces of Both Equal and Different Displacement Capacity 
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(a) 

 

 
(b) 

 
FIGURE 1-2  Cutaway (a) and Cross Section Views (b) of the Triple Concave FP 
Bearing  

 
occurs. For simultaneous sliding occurring on both surfaces, the stiffness is inversely 
proportional to the sum of the effective radii of the upper and lower concave surfaces 
( 1 2 1 2 1 2eff effR R R R h h+ = + − − ). This is referred to as sliding regime II. At large 
displacements, stiffening behavior is achieved when the slider comes into contact with 
the displacement restrainer. This is referred to as sliding regime III. The surface whose 
displacement restrainer the slider contacts first is determined by the relative values of the 
displacement restrainer contact forces on the lower and upper surfaces, 1drF  and 2drF , 
respectively. These forces are defined in table 1-1. This table provides a summary of 
double FP’s behavior in each of the three sliding regimes. The hysteresis loops in sliding 
regimes I, II and III are provided in figures 1-3, 1-4 and 1-5 respectively.  
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FIGURE 1-3  Force-Displacement Relationship of Double FP for Sliding Regime I 
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FIGURE 1-4  Force-Displacement Relationship for Sliding Regime II Shown in 
Comparison to Sliding Regime I 
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FIGURE 1-5  Force-Displacement Relationship (a) for Sliding Regime III(a) Shown 
in Comparison to Sliding Regimes I-II and (b) for Sliding Regime III(b) Shown in 
Comparison to Sliding Regimes I-III(a) 
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Since there are more concave surfaces upon which sliding can occur, the behavior of the 
triple FP is inherently more complex than that of the double FP bearing. In its most fully 
adaptive configuration, there are five sliding regimes. These are summarized in table 1-2 
and are described fully in Fenz and Constantinou (2008a, 2008b, 2008c). To achieve the 
most fully adaptive behavior, the two innermost sliding surfaces (surfaces 2 and 3 with 
reference to figure 1-2) must be of the lowest friction, one of the outer surfaces (say 
surface 1) must be of intermediate friction and the second outer surface must be of the 
highest friction. Typically, the effective radii of the inner surfaces will be small and equal 
effective radii and the outer surfaces will be of larger and equal effective radii, that is 

2 3 1 4eff eff eff effR R R R= = . 
 
When configured in this way, motion initiates on the two innermost surfaces and is 
characterized by high stiffness and low damping. With increasing horizontal force, 
motion will initiate on the outer surface of intermediate friction. An important feature of 
the device’s behavior is that the instant motion starts on the outer surface, it stops on the 
corresponding inner surface. For example, with reference to figure 1-2, the instant sliding 
starts on surface 1 it stops on surface 2. Therefore, motion during the second regime 
consists of sliding on surfaces 1 and 3. This transition in sliding behavior is accompanied 
by a decrease in stiffness and an increase in damping. With increasing horizontal force, 
motion starts on the surface of highest friction (surface 4) when its friction force is 
overcome. During this regime, sliding occurs on surfaces 1 and 4 due to the fact that 
motion stops on surface 3 the instant that it starts on surface 4. Accordingly, transition to 
this sliding regime is accompanied by further reduction in stiffness and increase in 
damping. 
 
With further increase in applied horizontal force, the outer slider will come into contact 
with the displacement restrainer. The exact equations for determining which surface 
contacts the restrainer first are provided in table 1-2, however for the typical case in 
which 1 4eff effR R=  and 1 4d d=  the slider will contact the intermediate friction surface 
prior to the high friction surface. When contact with restrainer of surface 1 occurs, 
motion stops on this surface and resumes on the corresponding inner surface (surface 2). 
Therefore, for this regime sliding occurs on surfaces 2 and 4 which is accompanied by an 
increase in the stiffness. With further increase in the applied horizontal force, the slider 
will come into contact with the restrainer of the second outer surface. Transition to this 
sliding regime is accompanied by further increase in stiffness as sliding occurs on 
surfaces 2 and 3 to the full displacement capacity of the device. The hysteretic behavior 
in each sliding regime is summarized in figures 1-6 through 1-10. 
 
Clearly these types of hysteretic behavior are inherently more complex than the seismic 
isolation devices that exhibited by the devices that are currently implemented in practice. 
Therefore, in their present form, rigid-linear and bilinear hysteretic models that are used 
to model single concave FP and elastomeric bearings are not exactly applicable to multi-
spherical sliding bearings. This report discusses various methodologies for modeling 
double and triple FP bearings for response history analysis with emphasis on 
implementation in SAP2000 structural analysis software. The analytical results predicted 
using the proposed methodologies are subsequently verified using the results from shake 
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table testing of a six-story seismically isolated structure. The model structure was tested 
with various configurations of double and triple FP bearings in order to more fully 
validate the analytical model across a broader range of behaviors. 
 
Robust and valid methodologies for modeling structures isolated with multi-spherical 
sliding bearings in adaptive configurations are needed to investigate how best to 
implement these devices in practice. In order to draw meaningful conclusions from 
parametric studies, the results must be based on accurate and reliable analytical models. 
Moreover, the validity of the models must be established prior to using them for analysis 
and design of actual structures. 
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FIGURE 1-6  Force-Displacement Relationship During Sliding Regime I 
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FIGURE 1-7  Force-Displacement Relationship During Sliding Regime II Shown in 
Relation to Sliding Regime I 
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Sliding Regime III: 
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FIGURE 1-8  Force-Displacement Relationship During Sliding Regime III Shown in 
Relation to Sliding Regimes I-and II 
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FIGURE 1-9  Force-Displacement Relationship During Sliding Regime IV Shown in 
Relation to Sliding Regimes I-III  
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Sliding Regime V:
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FIGURE 1-10  Force-Displacement Relationship During Sliding Regime V Shown in 
Relation to Sliding Regimes I-IV 
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SECTION 2 
MODELING DOUBLE FRICTION PENDULUM BEARINGS FOR RESPONSE 

HISTORY ANALYSIS 
 
 
2.1 Introduction 
 
Establishing the mechanical behavior of the double and triple FP bearings was an 
essential prerequisite for the development of analytical models used for response history 
analysis. The remaining sections of this document discuss the development, 
implementation and experimental verification of these dynamic models. 
 
One of the key aspects of the behavior of the double FP bearing is that it acts as two 
single concave FP elements connected in series. This makes the modeling of double FP 
bearings for response history analysis relatively straightforward. In the simplest case of 
equal radii and equal friction, the behavior can even be modeled using the same basic 
approaches as for single concave FP bearings.  
 
This section first describes how to implement models double FP bearings software used 
for dynamic analysis of seismically isolated structures. Subsequently, a separate approach 
in which the equations of motion are formulated and numerically integrated using 
MATLAB is described. 
 
 
2.2 Modeling for Dynamic Analysis in Structural Analysis Software 
 
Various options exist for modeling double FP bearings in programs used for response 
history analysis of seismically isolated structures. Currently, SAP2000 is the most widely 
used program in industry with the 3D-BASIS suite of programs and ABAQUS used for 
verification and more specialized applications. Both SAP2000 and 3D-BASIS have 
predefined nonlinear link elements that are used to model the behavior of single concave 
FP bearings. For the simplest case in which 1 2eff effR R=  and 1 2μ ≈ μ , the behavior of the 
bearing can be modeled as that of a single FP bearing with radius of curvature 1 2eff effR R+  
and coefficient of friction as determined from testing.  
 
The velocity dependence of the coefficient of friction is described by (Constantinou et 
al., 1990) 
 

 ( ) ( )max max min expf f f a uμ = − − −  (2-1) 

 
where u  is the sliding velocity, maxf  and minf  are the sliding coefficients of friction at 
large velocity and nearly zero sliding velocity, respectively and a  is a rate parameter that 
controls the transition from minf  to maxf . Typically, maxf  is determined in the prototype 
bearing testing program and the parameters minf  and a  are selected on the basis of 
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previous experimental results. For more information on the selection of these parameters, 
the reader is referred to Constantinou et al. (2007).  
 
Logically, for double FP bearings the velocity dependence of the coefficient of friction is 
a function of the sliding velocity on each concave surface and not the total sliding 
velocity of the top plate relative to the bottom plate. However, the analysis program 
calculates the velocity of the top node of the FP link with respect to the bottom node, 
denoted u . For double FP bearings of equal radii and friction, the actual sliding velocities 
on each surface are equal and have magnitude of 2u . This means that the exponential in 
equation (2-1) must have a value of ( )2a u−  in order to correctly model the velocity 
dependence. Therefore, in the analysis, if a value of 2a  is specified as the rate 
parameter then the exponential has the same value and the phenomenon is properly 
captured. For example, a value of 100a = s/m is often used for the type of material 
commonly used in single FP bearings. To model double FP bearings with the same type 
of sliding material, the value 50a = s/m should be specified in the analysis program. 
 
For the general case of a double FP bearing with unequal radii and unequal friction, the 
behavior can be modeled using two traditional FP link elements acting in series. It was 
shown earlier that the overall force-displacement can be decomposed into the 
components on each sliding surface, giving a hysteresis loop for each concave surface 
identical to that which would be obtained for a traditional FP bearing with the same 
radius of curvature and coefficient of friction. Therefore, by defining two separate single 
concave FP elements with the radii of curvature and coefficients of friction of each 
corresponding surface and then connecting them in series with a small point mass 
representing the articulated slider, the overall behavior of the double FP bearing is 
obtained. The velocity dependence of the coefficient of friction is still governed by 
equation (2-1), though the velocities of each isolator element represent the true sliding 
velocities on each surface. Therefore, the rate parameter a  need not be modified. 
 
 
2.3 State Space Formulation of the Equations of Motion 
 
The governing equations in dynamic analysis programs such as 3D-BASIS and SAP2000 
model FP bearings as a parallel arrangement of a linear elastic spring element with 
stiffness based on the curvature of the spherical dish and a friction element with plasticity 
governed by a modified Bouc-Wen model (Nagarajaiah et al., 1989; Tsopelas et al., 
2005; Computers and Structures, Inc., 2007). The idea for the parallel arrangement of 
nonlinear elements used to represent the FP bearing follows from the multiple spring 
representation of hysteretic behavior described by Sivaselvan and Reinhorn (2000). In 
addition to these two terms, a gap component can be added in parallel to model the 
stiffening that occurs when contact is made with the displacement restrainer. Zero force is 
exerted by the gap element for displacements below a predefined value. Beyond this 
displacement, the element behaves as a linear spring with large stiffness. Therefore the 
horizontal force, iF , exerted by FP element i  is given by 
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 ( ) ( ) ( )sign H
r i

i i i i r i i i i i i
eff i

F

WF u WZ k u d u u d
R

= +μ + − −  (2-2) 

 
where W  is the vertical load on the bearing, eff iR  is the effective radius, iu  is the relative 
displacement of the slider on the concave surface, iμ  is the velocity dependent 
coefficient of friction governed by equation (2-1), iZ  is a hysteretic variable ranging 
between -1 and 1 that is governed by equation (2-3), rik  is the stiffness exhibited by the 
displacement restrainer, id  is the displacement capacity of surface i  and H  is the 
Heaviside step function. The hysteretic variable iZ  is governed by the differential 
equation 
 

 ( ){ }1 ii
i i i i i i i

y i

dZ A Z sign u Z u
dt u

η= − γ +β⎡ ⎤⎣ ⎦  (2-3) 

 
where y iu  is the yield displacement, iu  is the sliding velocity on the given surface and 

iγ , iβ , iη  and iA  are dimensionless variables that control the shape of the hysteresis 
loop. In 3D-BASIS and SAP2000, this model is used with 1iA =  and 0.5i iβ = γ = . 
Essentially, the second term of equation (2-2) and equation (2-3) represent the frictional 
hysteresis with a smooth continuous function that approaches pure frictional behavior as 
the yield displacement y iu  approaches zero. 
 
To formulate the equations of motion, consider the SDOF superstructure mounted on a 
double FP isolation system as shown in figure 2-1. In the figure, 3m  is the mass of the 
superstructure, 2m  is the basemat mass and 1m  is a very small mass that must be assigned 
to represent the articulated slider in order allow for the formulation of the equations of 
motion for the bottom concave surface. The superstructure stiffness is sk  and the 
equivalent viscous damping in the superstructure is represented with damping coefficient 

sc . The damping coefficient of any dampers included at the isolation level is given by bc . 
All parameters associated with the isolators have been defined previously. 
 
As illustrated by the free body diagrams in figure 2-2, the equation of motion of the 
superstructure mass, 3m , for ground acceleration ( )gu t is 
 
 ( ) ( )3 3 3 2 3 2 3 ( )s s gm u c u u k u u m u t+ − + − = −  (2-4) 
 
The equation of motion of the basemat mass 2m  is  
 

 
( ) ( )( ) ( ) ( )( )

( ) ( )
2

2 2 2 1 2 2 2 2 1 2 2 1 2 1 2
2

3 2 3 2 2

sign H ...

( )
r

r
eff

F

s s g

Wm u u u WZ k u u d u u u u d
R

c u u k u u m u t

+ − +μ + − − − − − −

− − − = −

(2-5) 

 
where 2Z  is governed by 
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FIGURE 2-1  Definition Sketch of SDOF System Isolated with Double FP Bearings 
 

 
 

FIGURE 2-2  Free Body Diagrams of Masses m1, m2 and m3 Used to Formulate the 
Equations of Motion of the SDOF System Isolated with Double FP Bearings 
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 ( )( ){ }( )22
2 2 2 2 1 2 2 2 1

2

1 sign
y

dZ A Z u u Z u u
dt u

η ⎡ ⎤= − γ − +β −⎣ ⎦  (2-6) 

 
Lastly, for the articulated slider mass 1m  the equation of motion is 
 

 

( ) ( ) ( ) ( )

( )( ) ( ) ( )( )
1

2

1 1 1 1 1 1 1 1 1 1 2 2 1
1 2

2 2 2 2 1 2 2 1 2 1 2 1

sign H ...

sign H ( )
r

r

r
eff eff

F

r g

F

W Wm u u WZ k u d u u d u u
R R

WZ k u u d u u u u d m u t

+ +μ + − − − − −

μ − − − − − − = −
 (2-7) 

 
where 1Z  is governed by 
 

 ( ){ }11
1 1 1 1 1 1 1

1

1 sign
y

dZ A Z u Z u
dt u

η= − γ +β⎡ ⎤⎣ ⎦  (2-8) 

 
These equations are the same as used in 3D-BASIS and SAP2000, except modified to 
model two single concave elements with finite displacement capacity in series. Equations 
(2-4) through (2-8) can be expressed as a system of first order ordinary differential 
equations of the form 
 
 { } [ ]{ } { }x = A x + B  (2-9) 
 
where the state vector { }x  is  
 
 { } { }1 2 3 1 2 3 1 2

Tu u u u u u Z Z=x  (2-10) 
 
With the state vector is formulated in this way, each term of the derivative { }x  is: 
 
 ( )1 4u x=  (2-11a) 

 ( )2 5u x=  (2-11b) 

 ( )3 6u x=  (2-11c) 

 1 1 2 2 2 1
1 1 2

1 1 2 2 1 2 1 1 1

r r
g

eff eff eff

WZ WZ F FW W Wu u u u
m R m R m R m m m
⎡ ⎤ μ μ −

= − + + − + + −⎢ ⎥
⎢ ⎥⎣ ⎦

 (2-11d) 

 
( )

2 1 2 3
2 2 2 2 2 2

2 2 2
2 3

2 2 2 2

...s s

eff eff

s b s r
g

k kW Wu u u u
m R m R m m

c c c WZ Fu u u
m m m m

⎡ ⎤
= − + + −⎢ ⎥

⎢ ⎥⎣ ⎦
+ μ

+ − − −

 (2-11e) 
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3 3 3 3

s s s s
g

k k c cu u u u u u
m m m m

= − + − −  (2-11f) 

 ( ){ }1

1 1 1 1 1 1 1 1
1

1 sign
y

Z A Z u Z u
u

η= − γ +β⎡ ⎤⎣ ⎦  (2-11g) 

 
( ){ }
( ){ }

2

2

2 2 2 2 2 2 2 1
2

2 2 2 2 2 2 2
2

1 sign ...

1 sign

y

y

Z A Z u Z u
u

A Z u Z u
u

η

η

= − γ +β +⎡ ⎤⎣ ⎦

− γ +β⎡ ⎤⎣ ⎦

 (2-11g) 

 
Based on the right-hand side of equations (2-11a) through (2-11g), the [ ]A  matrix and 
{ }B  vector are populated accordingly. It should also be noted that in equations (2-11d) 
and (2-11e) the force from the displacement restrainer, riF  is calculated using the 
displacement at the previous time step. The coefficient of friction is also calculated based 
on the appropriate sliding velocity form the previous step. Although this is not perfectly 
correct, the error introduced in negligible compared to other sources of uncertainty and a 
more computationally intensive implicit solution algorithm is avoided. 
 
These 8 first order ordinary differential equations can be solved simultaneously using the 
ode15s solver in MATLAB. The ode15s solver is a variable order, multi-step 
algorithm that is efficient in solving systems of stiff differential equations (Shampine and 
Reichelt, 1997). The system is stiff due to the iZ  variables, which change very slowly 
when the bearing is sliding ( iZ  variables are continuously either +1 or -1) and change 
very rapidly in the region of where the motion reverses direction or sticking occurs. In 
addition, since the time step in the solution algorithm differs from the time step of the 
supplied earthquake acceleration history, the acceleration at each solution time step is 
calculated by linear interpolation of the ground acceleration values. A MATALB code 
that performs this analysis is included at the end of this section. 
 
To demonstrate the capabilities of this analysis algorithm, a SDOF structure atop a 
double FP isolation system is investigated. The data in this example is based on 
simplified analysis of a four-story hospital in the Bay Area of Northern California. The 
superstructure mass is 3 92,555kN/gm =  with stiffness 283kN/mmsk =  and damping 
coefficient 2.07kN-sec/mmsc = . The basemat mass is 2 24,242kN/gm = , so the total 
weight supported by the bearings is 116,800kNW = . The isolation system is comprised 
of double FP bearings of equal radii and unequal friction− 1 2 2134mmeff effR R= = , 

1 0.03μ =  at slow speed and 0.06 at high speed and 2 0.04μ =  to 0.08. For both sliding 
interfaces the rate parameter is 1 2 0.024sec/mma a= = . Also, the parameters of the 
plasticity models assigned to both elements are the same: 0.10mmyu = , 1A = , 2η =  
and 0.5β = γ = . The ground excitation used, shown in figure 2-3, is the fault normal 
component of the 1999 Düzce, Turkey earthquake scaled to the 950 year return period at 
the hospital site. 
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FIGURE 2-3  Duzce Fault Normal Ground Motion Scaled to the Level of the 950 
Year Return Period at the Specific Site Used in the Example 
 
Three separate analysis cases are carried out to compare the results obtained using this 
analysis algorithm solved with MATLAB and the SAP2000 structural analysis program. 
For the SAP2000 analysis, the double FP bearings are modeled using two FP link 
elements in series as described earlier. In the first analysis case, no dampers are used at 
the basemat and large displacement capacities are assigned so that no contact is made 
with the displacement restrainer. The results of this analysis are shown in figure 2-4 and 
demonstrate that there is good agreement between the two methods of analysis. This 
helps to validate both models. The agreement is also very good in cases in which there 
are dampers at the isolation level (figure 2-5) as well as both dampers at the isolation 
system level and contact with the displacement restrainer (figure 2-6). In the second 
analysis case, the isolation system dampers are linear dampers assigned a value 

15.4kN-sec/mmbc = . For the final analysis case, the concave surface of least friction is 
assigned a displacement capacity of 305mm and a stiffness of 17,500kN/mm upon 
contact. In the SAP2000 analysis, this behavior is modeled using the gap element.  
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FIGURE 2-4  Comparison of Analysis in MATLAB and SAP2000 for SDOF System 
Isolated with Double FP Bearings (No Dampers) 
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FIGURE 2-5  Comparison of Analysis in MATLAB and SAP2000 for SDOF System 
Isolated with Double FP Bearings and Viscous Dampers 
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FIGURE 2-6  Comparison of Analysis in MATLAB and SAP2000 for SDOF System 
Isolated with Double FP Bearings and Viscous Dampers (Contact with Displacement 
Restrainer of Low Friction Surface) 
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clear; 
set(0,'defaultAxesFontName', 'courier new') 
global g isp stp hystp tstep accl W;    %declare global variables 
g = 386.4;                              % accel due to gravity (in/sec^2) 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% INPUT OF SYSTEM PROPERTIES AND GROUND ACCELERATION RECORD 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
% Lower concave plate 
Reff1 = 84; fmin1 = 0.03; fmax1 = 0.06; alpha1 = 0.6; m1 = 10/g;  
d1 = 36; kr1 = 1e5; 
% Upper concave plate 
Reff2 = 84; fmin2 = 0.04; fmax2 = 0.08; alpha2 = 0.6; m2 = 5450/g; 
d2 = 36; kr2 = 1e5; 
  
% HYSTERETIC PROPERTIES 
uy1 = 0.005;  A1 = 1; eta1 = 2; gamma1 = 0.9; beta1 = 0.1; 
uy2 = 0.005;   A2 = 1; eta2 = 2; gamma2 = 0.9; beta2 = 0.1; 
  
%Load isolator properties into a single vector and save 
isp = [Reff1 Reff2; ... 
       fmin1 fmin2; ... 
       fmax1 fmax2; ... 
       alpha1 alpha2; ...  
       m1 m2; ... 
       d1 d2;... 
       kr1 kr2]; 
hystp = [uy1 uy2; ... 
         A1 A2; ... 
         eta1 eta2;... 
         gamma1 gamma2;... 
         beta1 beta2]; 
  
%SUPERSTRUCTURE PROPERTIES 
Tn = 1.15; zeta = 0.02; m3 = 20808/g; cb = 88; 
ks = m3* (2*pi/Tn)^2; cs = zeta*2*m3*sqrt(ks/m3); 
stp = [ks; cs; m3; cb]; 
W = (m2+m3)*g;                     % Total weight on the isolators  
                                     %(neglecting ficticious slider mass) 
%ACCELERATION TIME HISTORY 
tstep = 0.005;                       % time step of accel record 
load duz950fn.DAT; accl = duz950fn;  % load ground acceleration data 
tspan = [0:tstep:25];                 % time interval and output step size 
 
 
 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%SOLVE THE DIFFERENTIAL EQUATIONS GOVERNING MOTION 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
x0 = [0 0 0 0 0 0 0 0]'; 
options = odeset('RelTol',1e-6,'AbsTol',1e-6,'Stats','on'); 
[t,x] = ode15s('xdot',tspan,x0,options); 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%POST-PROCESSING OF RESPONSE QUANTITIES 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
%Displacements 
u1 = x(:,1); u2 = x(:,2)-x(:,1); u3 = x(:,3)-x(:,2); 
%Velocities 
v1 = x(:,4); v2 = x(:,5)-x(:,4); v3 = x(:,6)-x(:,5); 
  
%Velocity dependent friction 
mu = zeros(length(t),2); 
mu(:,1) = isp(3,1) - (isp(3,1)-isp(2,1))*exp(-isp(4,1)*abs(x(:,4))); 
mu(:,2) = isp(3,2) - (isp(3,2)-isp(2,2))*exp(-isp(4,2)*abs( x(:,5)-x(:,4) )); 
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%Restrainer ring force 
gap = zeros(length(t),2); Fr = zeros(length(t),2); 
gap(:,1) = abs(u1)-isp(6,1); 
gap(:,2) = abs(u2)-isp(6,2); 
Fr(:,1) = isp(7,1)*gap(:,1).*sign(u1).*heaviside(gap(:,1)); 
Fr(:,2) = isp(7,2)*gap(:,2).*sign(u2).*heaviside(gap(:,2)); 
  
%Normalized horizontal Force 
F = zeros(length(t),4); 
F(:,1) = u1/isp(1,1) + mu(:,1).*x(:,7) + Fr(:,1)/W; 
F(:,2) = u2/isp(1,2) + mu(:,2).*x(:,8) + Fr(:,2)/W; 
F(:,3) = (F(:,1)+F(:,2))/2; 
F(:,4) = F(:,3)+stp(4)*x(:,5)/W;  %combined force (isolators+dampers) 
  
%Absolute accelerations 
%Ground  
accg = zeros(length(t),1); 
for n=1:length(t) 
    i= fix(t(n)/tstep); 
    accg(n) = accl(i+1) + (accl(i+2)-accl(i+1))/tstep.*(t(n)-i*tstep); 
end 
%Basemat 
acc2 = ((W/isp(5,2)/isp(1,2))*(x(:,1)-x(:,2)) + ... 
       (stp(1)/isp(5,2))*(x(:,3)-x(:,2)) - ((stp(2)+stp(4))/isp(5,2))*x(:,5) + ... 
       stp(2)*x(:,6)/isp(5,2) - mu(:,2).*x(:,8)*(W/isp(5,2)) - ... 
       Fr(:,2)/isp(5,2))/g; 
%Superstructure 
acc3 = ((stp(1)/stp(3))*(x(:,2)-x(:,3)) + (stp(2)/stp(3))*(x(:,5)-x(:,6)))/g; 
  
%Drift and Structure Shear 
Vs = u3*stp(1)/(m3*g); 
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SECTION 3 
MODELING TRIPLE FRICTION PENDULUM BEARINGS FOR RESPONSE 

HISTORY ANALYSIS 
 
 
3.1 Introduction 
 
There are currently no applicable hysteresis rules or nonlinear elements available in 
structural analysis software that can be used to exactly model triple FP bearings for 
response history analysis. Series models composed of existing nonlinear elements are 
proposed since they can be immediately implemented in currently available analysis 
software. However, the behavior of the triple FP bearing is not exactly that of a series 
arrangement of single concave FP bearings - although it is similar. This section describes 
how to modify the input parameters of the series model in order to precisely retrace the 
true force-displacement behavior exhibited by this device. Recommendations are made 
for modeling in SAP2000 and are illustrated through analysis of a simple seismically 
isolated structure. The results are confirmed by (a) verifying the force-displacement 
behavior through comparison with experimental data and (b) verifying the analysis 
through comparison to the results obtained by numerical integration of the equations of 
motion. These really only verify the modeling scheme at the component level, however. 
Subsequent sections of this report describe a program of shake table testing carried out to 
validate the analytical models when the bearings are part of a complex structural system. 
 
The triple FP bearing exhibits multi-phase sliding that results in a distinct force-
displacement relationship more complex than any exhibited by currently used seismic 
isolation devices. Consequently, in their present form models used to describe the 
behavior of seismic isolators for nonlinear response history analysis are not applicable as 
they do not capture the multiple changes in stiffness and damping inherent in the 
behavior of the triple FP. Two approaches can be taken to model the behavior of this new 
device: (a) develop and implement a new hysteresis rule to trace the overall behavior or 
(b) combine existing nonlinear elements in such a way that the overall behavior is 
captured. This section focuses on the later approach and discusses how to model the triple 
FP using an assembly of gap elements and single concave FP elements connected in 
series. 
 
Series models are favored due to their feasibility of implementation in currently available 
structural analysis programs. Software such as SAP2000 already has nonlinear elements 
which model the rigid-linear behavior of traditional FP bearings. However, one 
behavioral phenomenon in particular precludes exact modeling of the triple FP bearing as 
three single FP bearings connected in series. This is the fact that simultaneous sliding 
cannot occur at both interfaces of the internal slide plate (surfaces 1 and 2 for example, 
with reference to figure 1-2). This was observed in experimental testing and is also 
predicted analytically. Sliding on the inner spherical recess of the slide plate occurs in the 
initial stage of motion, then stops when sliding begins at the outer sliding interface and 
subsequently starts again when the slide plate contacts the displacement restrainer. Series 
models do not exhibit this start-stop-start behavior. 
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Although a series model cannot reproduce the complex sliding behavior of all the internal 
parts, in this section it is described how to capture the overall behavior of the bearing 
exactly through appropriate modification of the model’s input parameters. That is, the 
horizontal force-total displacement relationship for the assembly of elements will be 
correct, though the relative displacement response of the individual FP elements will not 
correspond exactly to the actual internal sliding behavior. Admittedly, this approach may 
be less computationally efficient than an explicit hysteresis rule; however the benefit is 
that it can be immediately implemented using currently available analysis software. 
 
 
3.2 Behavior of Three FP Elements in Series 
 
A schematic of three single FP elements connected in series is shown in figure 3-1. The 
individual elements are constrained to have the same force, but the relative displacements 
of each are independent. Each single FP element consists of a parallel arrangement of (a) 
a linear elastic spring element representing the restoring force provided by the curvature 
of the spherical dish, (b) a rigid plastic friction element with velocity dependence and (c) 
a gap element to account for the finite displacement capacity of each sliding surface. For 
element i , the stiffness of the spring is given by 1 effiR  where effiR  is the effective radius 
of curvature, the velocity dependent coefficient of friction is iμ  and the displacement at 
which the gap element engages is id . Herein, over-bar notation is used to denote 
parameters and responses associated with the series model and standard notation is used 
to denote parameters and responses associated with the true behavior of the triple FP 
bearing. 
 

 

 
 
FIGURE 3-1  Three Single FP Elements in Series Used to Model the Behavior of the 
Triple FP Bearing 
 
Examining the series model, displacement of element i  initiates when the applied 
horizontal force F  exceeds the friction force, fi iF W= μ , where W  is the vertical load 
supported by the bearing. Motion of element i  stops when the relative displacement on 
the thi  surface becomes equal to the displacement capacity id . This occurs at an applied 
horizontal force of  
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 dri i fi
effi

WF d F
R

= +  (3-1) 

 
The overall stiffness is inversely proportional to the sum of the effective radii of 
curvature of the surfaces upon which sliding is occurring. Once sliding starts on a given 
surface it does not stop until motion reverses direction or the displacement capacity of 
this surface is achieved. The resulting hysteretic behavior obtained by considering three 
single FP elements in series is shown in figure 3-3. To construct this loop it has been 
assumed that 1 2 3 2 3f f f dr drF F F F F< < < < . The shape of this loop is identical to the actual 
force-total displacement relationship exhibited by triple FP bearings. Therefore, the 
approach taken will be to match each branch of the loop of figure 3-2 to the actual 
behavior through appropriate modification of the input parameters to the series model.  
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FIGURE 3-2  Force-Displacement Behavior of Three Single FP Elements Connected 
in Series 
 
3.3 Input Parameters to the Series Model 
 
The modifications made to the input parameters of the series model are calculated 
assuming that three single FP elements are used to represent a triple FP bearing in the 
most general or fully adaptive configuration. Referring to figure 1-2, this means that (a) 
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2 3 1 4eff eff eff effR R R R= = , (b) 2 3 1 4μ = μ < μ < μ , (c) ( )2 1 2 2effd R> μ −μ  and 
( )3 4 3 3effd R> μ −μ  so that 1 2f drF F<  and 4 3f drF F<  and (d) 4 1f drF F< . The behavior of 

less adaptive configurations, such as the common case in which 2 3 1 4μ = μ < μ = μ , can 
also be modeled within this framework simply by specifying the appropriate friction 
coefficients. 
 
In the proposed series modeling scheme, the first FP element represents the combined 
behavior of inner surfaces 2 and 3, the second element represents the behavior of outer 
surface 1 and the third represents outer surface 4. Since there is no adjustment made to 
the vertical load supported by the bearings, to ensure that sliding initiates correctly for 
each element there are no modifications made to the coefficients of friction. That is  
 

 1 2 3μ = μ = μ  (3-2a) 

 2 1μ = μ  (3-2b) 

 3 4μ = μ  (3-2c) 

 
For 2 3 1f f fF F F F= < <  (i.e. sliding regime I), the true behavior is sliding occurring only 
on surfaces 2 and 3. In the series model, there is sliding occurring only for element 1. 
Therefore, to properly model the stiffness during this sliding regime, it is necessary that 
 

 1 2 3eff eff effR R R= +  (3-3) 

 
For 1 4f fF F F< <  (i.e. sliding regime II), sliding occurs on surfaces 1 and 3 only in the 
actual bearing - motion stops on surface 2 the instant it starts on surface 1. However the 
series model cannot capture the stoppage of motion for one element once it has begun for 
another. The effective radius of the second FP element in the series model is obtained by 
equating the stiffness given by the series model with the actual stiffness exhibited by the 
bearing:  
 

 
1 2 1 3eff eff eff eff

W W
R R R R

=
+ +

 (3-4) 

 
Combining equations (3-3) and (3-4): 
 

 2 1 2eff eff effR R R= −  (3-5) 

 
For 4 1f drF F F< <  (i.e. sliding regime III), the true behavior is sliding on surfaces 1 and 4 
only - motion stops on surface 3 the instant it starts on surface 4. The effective radius of 
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the third FP element in the series model is obtained by again equating the series model 
stiffness with the actual stiffness exhibited by the bearing:  
 

 
1 2 3 1 4eff eff eff eff eff

W W
R R R R R

=
+ + +

 (3-6) 

 

Combining equations (3-3), (3-5) and (3-6): 

 

 3 4 3eff eff effR R R= −  (3-7) 

 
To ensure that the onset of stiffening behavior marking the start of sliding regime IV is 
appropriately captured, the force at which the first gap element engages in the series 
model, 2drF , is set equal to the force at which the slider contacts the displacement 
restrainer of surface 1, 1drF : 
 

 2 1
2 1

2 1eff eff

d d
R R

+μ = +μ  (3-8) 

 
Using equations (3-2b) and (3-5),  
 

 1 2
2 1

1

eff eff

eff

R R
d d

R
−

=  (3-9) 

 
Similarly, to ensure that 3 4dr drF F= , it is necessary that 
 

 4 3
3 4

4

eff eff

eff

R R
d d

R
−

=  (3-10) 

 
For 4drF F>  (i.e. sliding regime V), sliding occurs only on surfaces 2 and 3 to the 
maximum displacement. The series model gives sliding only for element 1. The stiffness 
is predicted correctly by the series model during this sliding regime per equation (3-3). If 
desired to model the total displacement capacity of the bearing, the displacement capacity 
of the first FP element can be assigned  
 

 ( ) ( )1 1 2 3 4 2 3d d d d d d d= + + + − +  (3-11) 
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or it can be left unspecified (infinite displacement capacity for the entire bearing). When 
equating the actual behavior of the bearing with the behavior given by the model with 
three elements in series, the stiffness during each sliding regime as well as the forces at 
which transitions in stiffness occur were enforced to be equal. It follows that the overall 
displacements at which the transitions in stiffness occur must also be equal. 
 
Adjustments must also made to properly capture the velocity dependence of the 
coefficient of friction (equation (2-1) ). The velocity dependence on surface 1 of the 
actual bearing will be properly modeled provided that 2 2 1 1a u a u= . This is guaranteed by 
specifying 
 

 1
2 1

1 2

eff

eff eff

R
a a

R R
=

−
 (3-13) 

 
Similarly, for surface 4 of the actual bearing 
 

 4
3 4

4 3

eff

eff eff

R
a a

R R
=

−
 (3-14) 

 
For the first FP element of the series model, the rate parameter can be specified as half of 
the average of the rate parameters on surfaces 2 and 3 of the actual bearing because the 
actual sliding velocities on surfaces 2 and 3 are half of the relative velocity 1u  calculated 
using the series model. Therefore 
 

 ( )2 3
1

1
2 2

a a
a

+
=  (3-15) 

 
Equation (3-15) will correctly represent the velocity dependence during stages when 
sliding is occurring only on surfaces 2 and 3 of the actual bearing. Table 3-1 summarizes 
the values assigned to the input parameters of the three element series model. 
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Table 3-1  Parameters of the Series model of the Triple FP Bearing Calculated 
Assuming the Standard Configuration 
 

Element Coefficients 
of Friction 

Radii of 
Curvature 

Displacement 
Capacity (Nominal) Rate Parameter 

1 1 2 3μ = μ = μ  1 2 3eff eff effR R R= +  ( )1
1 2 3totd d d d= − +  ( )2 3

1
1
2 2

a a
a

+
=  

2 2 1μ = μ  2 1 2eff eff effR R R= −  1 2
2 1

1

eff eff

eff

R R
d d

R
−

=  1
2 1

1 2

eff

eff eff

R
a a

R R
=

−
 

3 3 4μ = μ  3 4 3eff eff effR R R= − 4 3
3 4

4

eff eff

eff

R R
d d

R
−

=  4
3 4

4 3

eff

eff eff

R
a a

R R
=

−
 

1. totd is the total displacement capacity of the actual bearing. Alternatively, parameter totd  may be left 
unspecified (infinite displacement capacity) 
 
 
3.4 Implementation and Validation  
 
To capture the complete range of behavior exhibited by triple FP bearings, the assembly 
of two-joint FP link elements, gap elements and rigid beam elements shown in figure 3-3 
is proposed. The displacement capacities of gap elements G2 and G3 are 2d  and 3d  
respectively. In order for gap element G2 to engage at a relative deformation of 2d , the 
assembly of rigid beam elements is required. The gap elements are pin-ended to 
approximately model the capability of the slider to rotate freely when against the 
displacement restrainer. Furthermore, the overall height of the entire assembly should 
approximately correspond to the height of the actual bearing. Additional guidelines for 
modeling FP bearings for response history analysis in SAP2000 are provided in Scheller 
and Constantinou (2002) and Constantinou et al. (2007) and are generally applicable.  
 

 

 
 
FIGURE 3-3  Assembly of Friction Pendulum Link Elements, Gap Elements and 
Rigid Beam Elements Used to Model the Behavior of the Triple FP Bearing in 
Software Used for Response History Analysis 
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It should be noted that the complete arrangement shown in figure 3-3 is needed only for 
modeling all sliding regimes of the most general (fully adaptive) configuration of triple 
FP bearing. In many cases, certain elements can be omitted from the model to make the 
analysis more efficient. For example, the gap elements can be omitted in lower amplitude 
excitations or in cases in which the engineer does not wish to utilize the stiffening 
capability of the device. When this is done however, the actual relative displacements 
must be checked to verify that the displacement restrainers in the actual bearing are not 
contacted. Also, in simpler configurations, such as equal friction on the inner two 
surfaces along with equal friction on the outer two interfaces, the behavior can be 
properly modeled using only two FP link elements - the first having friction 2 3μ = μ  and 
effective radius 2 3eff effR R+  and the second having friction  1 4μ = μ  and effective radius 

1 4 2 3eff eff eff effR R R R+ − − . 
 
The arrangement described here is exact only for horizontal excitation in one direction 
(collinear with the gap elements). One may be tempted to include gap elements in both 
orthogonal horizontal directions and perform a full three dimensional analysis. However, 
the results would be flawed because the gap element’s properties in SAP2000 are 
uncoupled, that is, they are independent in each deformational degree of freedom 
(Computers and Structures, Inc., 2007). Physically, this represents a bearing that is square 
in plan. Obviously the bearing is circular in plan which means that the gap element must 
engage when the resultant relative displacement equals the displacement capacity id . 
However, a coupled gap element is not currently available in SAP2000. To work around 
this, additional gap elements can be used radially around the assembly to approximate a 
circle using straight line segments. Although this assembly becomes somewhat complex, 
the “replicate radial” command in the software can be used to efficiently build the model. 
Alternatively, a preliminary analysis can be conducted without gap elements to determine 
the directions in which they would be engaged. The model can subsequently be modified 
to include gap elements in these directions.  
 
General purpose finite element software can also be used for the analysis. ABAQUS for 
example has a cylindrical gap element (GAPCYL) which can be employed in 
bidirectional analysis. This element is used to model contact between two rigid tubes of 
different diameter, where the smaller tube is located inside the larger tube (Hibbitt, 
Karlsson and Sorensen, Inc., 2004). Clarke et al. (2005) describes a study in which 
ABAQUS was used to analyze an offshore oil platform isolated with single concave FP 
bearings. Also, Tsopelas et al. (2005) used ABAQUS in verification studies of 3D-
BASIS-ME-MB in the analysis of a seismically isolated structure under uplift conditions. 
 
The force-displacement behavior predicted by the series model was validated by 
comparison to experimental data generated from characterization testing of the small 
scale triple FP bearing. The bearings used in the analysis have the properties of the Triple 
1 configuration described in Fenz and Constantinou (2008b). The properties of the 
bearing from characterization testing and the attendant properties of the series model are 
listed in table 3-2. Based on this, the various sliding isolator and gap link elements used 
in SAP2000 are defined per table 3-3. Parameters such as the coefficients of friction, radii 
and gap size are important properties controlling the overall behavior and total response 
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of the isolators. Other parameters such as the element mass, vertical stiffness, unloading 
stiffness, rate parameter and gap element stiffness do not substantially influence the 
response in terms of displacement demands and shear forces, but do affect the efficiency 
and accuracy of the analysis. 
 

Table 3-2  Actual Properties of Isolator from Testing and those Assigned to the 
Elements of the Series Model (The Two Coefficients of Friction Listed for Each 
Surface and for Each Element are the Values at Low Speed and High Speed 
Respectively) 
 

Actual Properties from Testing (Fenz and Constantinou 2008b) 
Surface 1 1 435 mmeffR =  1 0.02 0.04μ = −  1 64 mmd =  1 0.10 sec/mma =  

Surface 2 2 53 mmeffR =  2 0.01 0.02μ = −  2 19 mmd =  2 0.10 sec/mma =

Surface 3 2 53 mmeffR =  3 0.01 0.02μ = −  3 19 mmd =  3 0.10 sec/mma =

Surface 4 4 435 mmeffR =  4 0.06 0.13μ = −  4 64 mmd =  4 0.10 sec/mma =

Properties of Series Elements 

Element 1 1 106 mmeffR =  1 0.01 0.02μ = −  1d = −  1 0.05 sec/mma =  

Element 2 2 382 mmeffR =  2 0.02 0.04μ = −  2 56.2 mmd =  2 0.11 sec/mma =  

Element 2 3 382 mmeffR =  3 0.06 0.13μ = −  3 56.2 mmd =  3 0.11 sec/mma =  

 
Small masses are assigned to the isolator elements to provide modes associated with the 
isolators required for the modal response history analysis to converge. These are selected 
iteratively since they must be small enough such that they have negligible dynamic effect, 
but large enough that the analysis converges within a reasonable time period. The 
unloading stiffness and yield displacement were calculated per the recommendations in 
Constantinou et al. (2007), but using a much smaller value of yield displacement. A 
smaller value is specified in this analysis because (a) the total yield displacement of the 
assembly is three times the yield displacement of a single isolator element and (b) the 
isolator displacements for the reduced-scale bearing are smaller than those expected in 
full-scale seismic applications. Lastly, it should be noted that the horizontal effective 
stiffness of the link elements is actually arbitrary for nonlinear modal response history 
analysis. However, as explained in Wilson (2001) a good estimate will accelerate the rate 
of convergence. Therefore, the value assigned to each element is the horizontal effective 
stiffness at half of the element’s displacement capacity, i.e. effK  at 2iD d= . 
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Table 3-3 Properties of Sliding Isolator and Gap Link Elements Used in SAP2000 
Analysis 
 

Sliding Isolator Link Elements 
 FP1 FP2 FP3 

Mass (kN-sec2/mm) 75.0 10−×  75.0 10−×  75.0 10−×  
Element height (mm) 50 25 50 

Vertical stiffness (kN/mm) 4,000 8,000 4,000 
Horizontal effective stiffness (kN/mm) 0.524 0.202 0.362 

Shear deformation location (mm) 25 12.5 25 
Yield displacement (mm) 0.01 0.01 0.01 

Unloading stiffness (kN/mm) 50 100 300 
Coefficient of friction - slow† 0.01 0.02 0.06 
Coefficient of friction - fast† 0.02 0.04 0.13 

Rate parameter (sec/mm) 0.05 0.112 0.112 
Radius (mm) 106 382 382 

Rotational stiffness (kN-mm/rad) 63.0 10×  63.0 10×  63.0 10×  
Gap Link Elements 

  Gap2 Gap3 
Mass (kN-sec2/mm)  91.0 10−×  91.0 10−×  

Element length (mm)  150 150 
Effective stiffness (kN/mm)  0.5 0.5 

Gap size (mm)  56.2 56.2 
Stiffness after closing (kN/mm)  250 250 

Note: Velocity dependent coefficients of friction are used only for the nonlinear response history analysis. 
Single valued friction coefficients based on the experimental results are used for the displacement controlled 
analysis. 
 
In figure 3-4, the results of displacement-controlled analysis with SAP2000 are compared 
to both the experimental data and the analytical behavior based on the algebraic equations 
governing the force-displacement behavior. Using the model shown in figure 3-3, the 
analysis was carried out by fixing the bottom node and imposing a sinusoidal 
displacement history to the top node. The loops shown have displacement amplitudes 
corresponding to those from the experiment - 1.2mm, 25mm, 75mm, 115mm and 
140mm. Recall that in the experiment the frequency of the excitation was very low to 
minimize absolute variation of the coefficient of friction due to velocity dependence. 
Accordingly, single-valued coefficients of friction were specified in the analysis as well. 
Since the exact values of friction cannot be known beforehand, the friction coefficients 
specified in the analysis are those measured from each test. As shown in figure 3-4, the 
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proposed modeling scheme accurately reproduces both the experimental results using the 
algebraic equations of table 1-2 for all five regimes of sliding behavior.  
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FIGURE 3-4  Comparison of the Experimentally Measured Force-Displacement 
Relationship of the Triple FP Bearing, the Analytical Prediction Based on the 
Algebraic Equations and the Behavior Obtained from Displacement-Controlled 
Nonlinear Analysis in SAP2000 
 
This first analysis case serves to physically validate the force-displacement relationship 
given by the assembly of nonlinear elements with properly modified input parameters. 
Next, to verify the basic numerical accuracy of the dynamic response history analysis 
with the proposed assembly, a simple single story shear building isolated with triple FP 
bearings is analyzed. The isolators are modeled the same way as the previous analysis 
except now incorporating the effect of velocity dependence on the coefficients of friction. 
The analytical model of the superstructure is shown in figure 3-5. The total weight is 200 
kN, divided two-thirds to the story mass and one-third to the basemat. All frame elements 
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are idealized as massless, with the superstructure and basemat masses lumped at the 
intersections of the beams and columns. Relevant properties assigned to the “Column” 
and “Rigid” type frame elements are listed in figure 3-5. The moments of inertia of the 
“Column” elements are selected to give a fixed base superstructure period of 0.20 sec in 
each principal direction (assuming shear building behavior). “Rigid” elements are 
assigned large moments of inertia in each direction in order to eliminate bending 
deformations. For both types of elements, the cross section area, torsion constant and 
shear area are assigned large values in order to effectively suppress deformations in the 
associated degrees of freedom. 
 

 
 
FIGURE 3-5  Description of Simple Seismically Isolated Structure that was 
Analyzed in the Validation Study 
 
The story height and bay width are typical values of 3.66m and 11m respectively – 
chosen to minimize the variation in isolator axial force and the likelihood of uplift for this 
simple example. Similar to single FP bearings, triple FP bearings are capable of safely 
accommodating localized uplift over short durations. The upper concave plate 
temporarily lifts off and there is impact when the bearing returns down, however the 
effects on the structure are localized and this typically does not result in permanent 
damage to the bearing. Uplift of individual isolator units is accounted for in the SAP2000 
response history analysis since gap behavior is specified in the vertical direction for the 
FP link elements. 
 
The solution algorithm used in the SAP2000 analysis is the Wilson Fast Nonlinear 
Analysis algorithm, described in Wilson (2001). This algorithm uses the results of 
dynamic analysis with Ritz vectors and is particularly efficient for analysis of systems 
with a limited number of discrete nonlinear elements. Prior to the earthquake analysis 
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cases, a separate nonlinear modal analysis case must be run to apply the gravity load to 
the isolators. The load is applied using a ramp function with 10 sec rise time. At the end 
of the gravity loading case, unidirectional excitation along one axis of the building is 
applied using the 180 component of the 1940 El Centro record (PGA of 0.31g) available 
from the PEER NGA database. The motion was amplitude scaled by a factor of 2.15, 
which was specified simply to induce isolator displacements that were large enough to 
show all possible sliding regimes. 
 
The results from the SAP2000 analysis were compared to the results obtained from an 
independent solution method. For the same El Centro 180 excitation used in the SAP2000 
analysis, the equations of motion for three FP elements connected in series and attached 
to a viscously damped SDOF superstructure were formulated using a state-space 
approach and then integrated numerically using the ode15s solver in MATLAB. The 
formulation and program used were the same as described in Section 2-3, simply 
extended to incorporate an additional FP element. The SDOF superstructure had the same 
mass, stiffness, and damping properties ( sW =133.33 kN, sT = 0.20 sec and sζ = 0.25%.) 
as the superstructure in the SAP2000 model. The very small amount of superstructure 
damping was chosen to minimize differences in the calculated response caused by the 
two different ways in which the analysis methods incorporate viscous damping.  
 
Figures 3-6 through 3-8 compare the results obtained using the two analysis methods. 
There is good agreement in both the response of the isolation system and of the 
superstructure. Peak values of isolation system displacements agree within 2% and the 
peak values of absolute superstructure acceleration and drift agree within 5%. The 
histories of each response quantity also correspond closely to each other. The agreement 
of the results given by the two independent formulations and solution methods gives 
added confidence in the validity of this proposed approach. Furthermore, this analysis 
represents extreme response of the isolators – in practice it is unlikely that engineers will 
design into the final stiffening regime. It should be emphasized however that these results 
are verified only for a very simple structure isolated with only four bearings. The validity 
of the results for more sophisticated analysis cases such as those involving uplift or more 
realistic buildings that are irregular and have dozens of isolators remain untested.  
 
Lastly, bidirectional analysis was carried out using the El Centro 180 and 270 
components (scaled again by a factor of 2.15) applied in each principal direction of the 
model structure. The assembly of rigid elements and gap elements were arranged radially 
around the FP elements at 45° increments. Therefore, the bearing which is circular in plan 
is approximated by a regular octagon. This discretization results in a maximum error of 
8% in the displacement capacity of a particular surface based on the difference between 
the radius of the inscribed circle and the distance from the center to the vertex of the 
polygon. More elements can be arranged at smaller radial increments just as easily using 
the “replicate radial” command. The coarse refinement is chosen here to better illustrate 
the modeling scheme and associated errors. 
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FIGURE 3-6  Comparison of Isolation System Response Predicted by Analysis 
Using SAP2000 and from Numerical Integration of the Equations of Motion 
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FIGURE 3-7  Comparison of the Histories of Superstructure Absolute Acceleration 
Response Determined from Analysis using SAP2000 and from Numerical 
Integration of the Equations of Motion 
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FIGURE 3-8  Comparison of the Histories of Superstructure Drift Determined from 
Analysis using SAP2000 and from Numerical Integration of the Equations of 
Motion 
 
The relative displacement trajectories of the slider on surfaces 2 and 3 calculated by 
modal response history analysis using SAP2000 are provided in figure 3-9. This 
demonstrates that the radial arrangement of nonlinear elements effectively stops sliding 
on a surface when the resultant relative displacement on a surface attains the 
displacement capacity. Given that the FP link elements in SAP2000 have coupled 
properties in both shear degrees of freedom (Computers and Structures, Inc., 2007), it can 
be concluded that the proposed arrangement will reasonably approximate the true 
bidirectional behavior of the triple FP. In Section 10, this is assessed further by 
comparing the results of multi-component shake table testing to analytical results. 
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FIGURE 3-9  Displacement Trajectories for FP Elements 2 and 3 Obtained from 
Response History Analysis of the Model Subjected to the 2.15 El Centro Ground 
Motion (180 Component in the x-Direction and 270 Component in the y-Direction 
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SECTION 4 
DESCRIPTION OF SHAKE TABLE TESTING PROGRAM 

 
 
4.1 Introduction 
 
This section describes an experimental program in which shake table testing of a quarter-
scale, six-story seismically isolated steel structure was carried out. Different variations of 
multi-spherical sliding bearings were tested ranging from double FP bearings with 
surfaces of equal friction to the most fully adaptive configuration of triple FP bearing. 
The principal objective was to generate experimental data for bearings exhibiting a wide 
range of adaptive behaviors when subjected to ground motions of varying magnitudes. 
This data is subsequently used to validate the existing methods of dynamic analysis and is 
also archived for validating future software. Therefore, emphasis was placed on 
collecting highly reliable data from a limited number of exceptional tests (quality over 
quantity). Provided the analytical models compare favorably to the experimental results 
in terms of capability to predict (a) isolation system response, (b) primary superstructure 
response quantities such as story shear and drift and (c) secondary superstructure 
response quantities of interest for nonstructural components, they can then be used as the 
basis for analytical studies to investigate how to most efficiently implement these devices 
in practice.  
 
In addition to validating the basic mechanics of these devices and the dynamic analysis 
models, investigation of phenomena such as isolator uplift and contact with the 
displacement restrainer was also of interest. Understanding the behavior under these 
conditions (and having the ability to predict it analytically) is of importance in practice 
and can be realistically simulated through shake table testing. Therefore, the experimental 
setup had to make provisions for examining these localized phenomena as well. If the 
models can predict extreme types of response such as uplift with suitable accuracy, there 
is also added confidence in their ability to predict more moderate response. 
 
The shake table testing described herein occurred in two phases. The first stage took 
place in fall 2004 and examined an isolation system consisting of equal friction double 
FP bearings. This test program also served to demonstrate the capabilities of the newly 
constructed NEES equipment site at the Structural Engineering and Earthquake 
Simulation Laboratory (SEESL) at the University at Buffalo. The second phase occurred 
in fall 2007 and was a much more extensive study in which several variations of double 
FP and triple FP bearings were examined. Based on observations from the preliminary 
tests in 2004, the six-story model was modified slightly prior to the second phase. The 
details and motivation for these adjustments are discussed in more detail in section 4.2.  
 
 
4.2 Description of Model Structure  
 
The model shown in figures 4-1 through 4-3 is a six-story structure representing a section 
in the weak direction of a steel moment resisting frame. It has been extensively used in  
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FIGURE 4-1  Photograph of Six-Story Isolated Model in the Structural Engineering 
and Earthquake Simulation Laboratory at UB (Braced Frame Configuration) 
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FIGURE 4-2  Photograph of Six-Story Isolated Model in the Structural Engineering 
and Earthquake Simulation Laboratory at UB (Moment Frame Configuration) 
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FIGURE 4-3  Six-Story Isolated Model (Moment Frame Configuration with 
Stiffened Basemat) 
 
testing of seismic isolation and seismic energy dissipation systems at the University of 
Buffalo. Previous studies using the same superstructure model include Reinhorn et al. 
(1989), Mokha et al. (1990), Constantinou et al. (1991) and Wolff and Constantinou 
(2004). The model used in this study is the same except for a basemat modified with a 
larger footprint in order to reduce the risk of overturning during bidirectional excitation. 
 
All beams and columns are S3×5.7 (SI designation S75×8.5) and all bracing is 
L1½×1½×¼ (SI designation L38×38×6.4). The beam-column connections are all fully 
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welded. Each column is spliced at the mid-height of the fourth story so the model can be 
disassembled and transported by truck. There is permanent diaphragm bracing as well as 
permanent bracing in the transverse (north-south) direction. Additionally, there are 
removable braces in the longitudinal (east-west) direction. In this way the superstructure 
can be tested with longitudinal bracing giving a stiffer braced frame configuration and 
without the longitudinal bracing giving a more flexible moment frame configuration.  
 
The model structure is three bays wide (bay width = 1.22m) and one bay deep (bay depth 
= 1.22m). Each story is 0.9m tall giving a scale factor for length of 4Lλ = . The 
acceleration scale was chosen to have a value of unity, 1aλ = . Since the same material is 
used for the prototype and model, the scale factor for elastic modulus also has a value of 
unity, 1Eλ = . Following the principles of similitude and dimensional analysis described 
in Bracci et al. (1992), all other scale factors are dependent on these three. These are 
listed in table 4-1. 
 
TABLE 4-1  Comparison of Required and Provided Scale Factors for Six-Story 
Model Used in Study 
 

Same Material and Acceleration Model 
Quantity Scaling Law 

Required Provided (No 
Added Mass) 

Provided (With 
Added Mass)1 

Length2 
Lλ  4 4 4 

Elastic Modulus2 
Eλ  1 1 1 

Acceleration2 
aλ  1 1 1 

Density ( )E L aρλ = λ λ λ  0.25 1 0.28 

Mass 3
m Lρλ = λ λ  16 64 17.8 

Frequency f E Lρλ = λ λ λ 0.5 0.25 0.47 

Gravity Force 3
Fg Lρλ = λ λ  16 64 17.8 

Time (Period) T L aλ = λ λ  2 2 2 

Force 2
F E Lλ = λ λ  16 16 16 

Velocity v L aλ = λ λ  2 2 2 
 
      1.  Actual scale factors for tested model with 160 kN added mass 
      2.  Independent, predefined scale factors 
 
Based on the three independent predefined scale factors, the required scaling factor for 
material density is 1 1 4req

Lρλ = λ = . However, the model structure is the same material 
as the prototype, meaning that the provided material density is the same as the prototype 
or 1prov

ρλ = . Since the required and provided material densities are different, additional 
mass must be added to the model so that the dependent quantities (mass, gravitational 
force and frequency) are scaled properly. The floor loads necessary to satisfy similitude 
requirements were achieved by attaching 26.7kN of concrete blocks to each story so that 
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the total added weight was 160kN. The total weight of the structure from load cell 
measurements during the experiments was approximately 225kN, meaning that the added 
weight corresponded to 2.5 times the weight of the bare frame. Based on the similitude 
requirements, theoretically the added mass should be 3 times the weight of the bare 
frame. Despite this small discrepancy, the actual scale factors for this amount of provided 
mass (shown in the last column of table 4-1) compare well with those required to exactly 
satisfy the similitude laws. 
 
More importantly for this study however, the additional mass was necessary to achieve 
realistic pressures on the bearings. To do this without the added mass, the sliders would 
have had to be made so small that there would be the risk of instability at the expected 
displacements. In other words, the additional mass was more important for ensuring 
realistic and proper performance of the isolation system rather than for meeting the 
dynamic similitude requirements for the superstructure. It is emphasized that the goal of 
the study was not to extrapolate to the behavior of a fictional prototype, but instead to 
show that the analytical models are capable of predicting behavior for a given structure 
and set of isolator properties. 
 
Dynamic properties of the superstructure in each principal direction were determined 
experimentally using white noise structural identification. The base was fixed by bolting 
locking side plates to the bearings and the structure was subjected to white noise 
excitation with 0-40Hz frequency content and a peak acceleration of 0.20g. The transfer 
functions shown in figures 4-4 through 4-7 were obtained as the ratio of the Fourier 
transform of the horizontal acceleration of each floor to the Fourier transform of the 
basemat’s horizontal acceleration. In each case, the acceleration is the average of the 
acceleration readings recorded on opposing sides of the model. Transfer functions were 
calculated with respect to the basemat acceleration rather than the ground acceleration to 
remove any influence of the foundation’s flexibility (the two results were generally the 
same, however). When the transfer functions are calculated in this way, the local maxima 
correspond to the modal frequencies. By measuring the amplitude at each lateral degree 
of freedom, the mode shapes are determined from the ratios of the peak values for the 
frequency corresponding to one mode of vibration. Phase angles were also determined to 
obtain the sign of the mode shape. Damping ratios in each mode were determined using 
the half-power bandwidth method around the transfer function peaks (Bracci et al., 
1992). 
 
The dynamic properties from the structural identification tests in the longitudinal and 
transverse directions are listed in tables 4-2 through 4-5. Results are shown for the braced 
frame and moment frame configurations and are in good agreement with those previously 
reported by Wolff and Constantinou (2004). In the directions where the structure is 
braced, only the first three modes could reliably be identified due to slippage of the 
braces at high frequencies. In these cases, the peaks of higher modes are closely spaced 
and not as well defined. A similar phenomenon is apparent in testing of concrete 
structures where micro-cracking obscures the transfer function peaks of higher modes 
(Bracci et al., 1992). 
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FIGURE 4-4  Transfer Function Amplitudes Obtained from Longitudinal White 
Noise Excitation of Braced Frame 
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TABLE 4-2  Frequencies and Mode Shapes of Braced Frame in Longitudinal 
Direction 
 

  Mode 
  1 2 3    
Frequency (Hz) 3.50 17.38 30.63    
Damping Ratio 0.033 0.017 0.003    

6th 1.000 0.834 0.669    
5th 0.850 0.235 -0.551    
4th 0.652 -0.414 -1.000    
3rd 0.513 -0.888 -0.236    
2nd 0.371 -1.000 0.996    

St
or

y 

1st 0.173 -0.572 0.958    
 

TABLE 4-3  Frequencies and Mode Shapes of Moment Frame in Longitudinal 
Direction 
 

  Mode 
  1 2 3 4 5 6 
Frequency (Hz) 2.25 8.00 13.63 20.13 25.63 29.88 
Damping Ratio 0.056 0.015 0.019 0.006 0.004 0.004 

6th 1.000 0.998 0.819 0.419 0.311 0.145 
5th 0.904 0.383 -0.464 -0.705 -1.000 -0.480 
4th 0.760 -0.418 -1.000 -0.097 0.821 0.748 
3rd 0.585 -0.986 -0.185 0.845 0.051 -1.000 
2nd 0.384 -1.000 0.816 -0.207 -0.593 0.930 

St
or

y 

1st 0.177 -0.479 0.817 -1.000 0.834 -0.631 
 

TABLE 4-4  Frequencies and Mode Shapes of Braced Frame in Transverse 
Direction 
 

  Mode 
  1 2 3    
Frequency (Hz) 3.75 15.86 19.36    
Damping Ratio 0.029 0.012 0.006    

6th 1.000 0.728 0.084    
5th 0.867 0.166 -0.377    
4th 0.686 -0.481 -0.292    
3rd 0.457 -0.881 -0.089    
2nd 0.318 -1.000 1.000    

St
or

y 

1st 0.144 -0.597 0.190    
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TABLE 4-5  Frequencies and Mode Shapes of Moment Frame in Transverse 
Direction 
 

  Mode 
  1 2 3    
Frequency (Hz) 3.63 16.00 18.88    
Damping Ratio 0.110 0.010 0.005    

6th 1.000 0.671 0.184    
5th 0.879 0.387 -0.222    
4th 0.710 -0.338 -0.638    
3rd 0.532 -0.717 -0.615    
2nd 0.377 -1.000 1.000    

St
or

y 

1st 0.210 -0.620 0.587    
 
The superstructure is bolted to a basemat consisting of a grid of two W14×90 sections (SI 
designation W360×164) and two HSS16×8×5/16 sections (SI designation 
HSS406.4×203.2×7.9). It is shown in figure 4-8 and has a weight of approximately 
22.7kN. For this study, the basemat was modified from its original configuration to 
accommodate bidirectional excitation by adding the tubes, which gave the bearings a 
more stable 2.44m square footprint. For previous tests in which there was only 
longitudinal excitation, the four bearings were in a 2.44m×1.22m pattern (longitudinal by 
transverse), which would easily induce isolator uplift for excitation in the transverse 
direction. 
 

 
(a) 

 
(b) 

 
FIGURE 4-8  HSS Sections Installed to Give Bearings a 2.44m×2.44m Footprint 

 
4.2.1 Modifications to Model After 2004 Tests 
 
In the preliminary tests of 2004 the model was tested in the braced frame configuration. 
This was favored for safety and redundancy since the beam to column connections are 
fully welded. The stiffer superstructure also induced greater isolation system response. 
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However, this configuration proved somewhat inconsistent and problematic. Over the 
course of previous studies, the bolt holes in the brace gussets had become elongated 
slightly, which led to slippage of the braces during testing. This is not an issue in terms of 
structural strength and does not affect the performance of the isolation system, but it does 
lead to increased error in the analytical predictions of superstructure response. The braces 
are engaged during the phases of sticking and bearing, but become disengaged during the 
sliding phase. This is virtually impossible to model analytically due to the fact that each 
brace slips independently at a force that is determined by the tightness of the bolt and the 
roughness of the bearing surfaces. Furthermore, the amount of slippage is determined by 
how much the bolt hole has opened up over time, which is likely different for each 
connection. Consequently, to achieve more accurate predictions of superstructure 
response the longitudinal bracing was removed and the more flexible moment frame 
configuration was used for the 2007 testing. 
 
An additional problem noticed during the 2004 testing was that the basemat tubes were 
vertically flexible. This resulted in noticeable rocking response of the superstructure, 
which was amplified due to interaction with the vertical actuators of the shake table. To 
reduce this problem for the 2007 tests, the tubes were stiffened by stitch-welding ½ in 
(12.7mm) thick cover plates over each flange. Other options considered included filling 
the tubes with high modulus concrete, but based on simple calculations of the moment of 
inertia, flange stiffening with cover plates proved the most effective and expedient 
solution.  
 
A comparison of the transfer functions of the basemat vertical acceleration response with 
respect to the shake table platform’s vertical acceleration is presented in figure 4-9. The 
vertical acceleration of the basemat was taken as the average vertical acceleration of the 
four accelerometers mounted at each corner of the W14×90 grid and the input vertical 
acceleration was calculated as the average of the four accelerometers at each corner of the 
shake table platform. Using the same modal identification techniques as described 
previously, the fundamental vertical mode changes from f=12.99Hz  to f=15.25Hz  due to 
the addition of the cover plates. In both cases the equivalent viscous damping ratio for 
this vertical mode is ζ=0.007 . The stiffening effect was somewhat less than expected 
since perimeter stitch welding likely did not engage the cover plates across their full cross 
section. 
 
 
4.3 Design and Installation of the Isolation System 
 
As previously mentioned, the intent of the shake table testing was primarily to generate 
data of high quality to demonstrate that response can accurately be predicted analytically 
for a known set of isolator and superstructure properties. Different variations of bearing 
had to be tested in order to verify the analytical models for the various types of hysteretic 
behavior that could be exhibited. The design objective differed from what is commonly 
done in practice. Due to the somewhat unique circumstances experienced during shake 
table testing, the effort during the design phase was directed towards ensuring that the 
reduced-scale bearings exhibited reliable and consistent sliding behavior. Furthermore, 
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substantial emphasis was placed on proper installation of the isolation system to provide 
conditions representative of those in practice, considering the different 
construction/assembly methods and reduced-scale encountered in laboratory testing. 
These are issues of considerable importance in experimental testing of seismically 
isolated structures that are either overlooked or at the very least not reported with the 
necessary level of rigor by other researchers. It is these details that determine the 
accuracy and validity of the entire experiment. 
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FIGURE 4-9  Transfer Function Amplitudes Obtained from Vertical White Noise 
Excitation of Model with Before and After Stiffening the HSS Sections 
 
4.3.1 Description of Reduced-Scale Bearing Specimens 
 
The bearing specimens had the same dimensions of the double and triple FP specimens 
previously used for characterization testing. Drawings of the double and triple FP 
specimens are provided in figure 4-10. The bearings have a period based on the post-
elastic stiffness (pendulum period) of approximately 2 sec when simultaneous sliding is 
occurring on the outermost concave plates and offer a total displacement capacity of 
approximately 150 mm. These correspond to 4 sec and 600 mm in the prototype scale, 
which are in the range of values typical for these devices in practice (see table 4-1 of 
Constantinou et al., 2007 for a list of standard sizes of FP bearings). Furthermore the 
sliders are sized appropriately so that (a) pressures can be achieved that result in proper 
performance of the sliding materials, (b) displacement capacities of individual surfaces of 
the triple FP bearing are suitable for demonstrating adaptive behavior and (c) the bearings 
remain stable at large displacements.  
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(a) 
 

 
 

(b) 
 
FIGURE 4-10  Dimensions of the (a) Double and (b) Triple FP Specimens Tested 
 
By minimizing the number of different size concave plates and sliders, there was the 
highest degree of interoperability and versatility in the test arrangement. This way, 
different configurations of double FP and triple FP bearings could be tested using the 
same outer concave plates simply by swapping out various parts of the internal sliders. 
Different types and degrees of adaptive behavior were achieved simply by varying the 
liner materials that coat the different sliders. A full range of adaptive behaviors were 
tested ranging from none (double FP bearing with concave surfaces of equal friction) to 
fully adaptive (triple FP bearing with outermost concave surfaces of different friction). 
Although the double FP bearing with concave surfaces of equal friction gives hysteretic 
behavior essentially the same as the traditional single FP bearing, these tests were useful 
both as a means of comparison to the adaptive systems and for investigation into the 
effects of uplift. A qualitative description of the different configurations tested is 
provided in table 4-6. These configurations permitted validation of the dynamic analysis 
models over the full range of adaptive behaviors. 
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TABLE 4-6  Qualitative Description of the Various Configurations Tested 
 

Configuration Description Behavior 

Double 1 Same low friction material on top 
and bottom interfaces 

Single FP bearing with low 
friction (rigid-linear) 

 
Double 2 

 
Same intermediate friction material 
on top and bottom interfaces 

 
Single FP bearing with 
intermediate friction(rigid-
linear) 

 
Triple 1 

 
Same low friction material on inner 
sliding interfaces, same intermediate 
friction material on the outer sliding 
interfaces  

 
Double FP bearing with one 
surface of low friction and one 
surface of intermediate friction 
(rigid-bilinear) 

 
Triple 2 

 
Same low friction material on inner 
sliding interfaces, same high friction 
material on the outer sliding 
interfaces  

 
Double FP bearing with one 
surface of low friction and one 
surface of high friction (rigid-
bilinear) 

 
Triple 3 

 
Same low friction material on inner 
sliding interfaces, intermediate 
friction material on the bottom 
surface, high friction material on the 
top surface 

 
Triple FP bearing with fully 
adaptive stiffness and damping 

 
4.3.2 Friction Identification and Selection of Sliding Materials 
 
In table 4-6, the friction at the sliding interfaces were described simply in qualitative 
terms “low”, “intermediate” and “high”. In relative terms, “low” friction is on the order 
of 0.02 to 0.03, “intermediate” friction is on the order of 0.05 to 0.10 and “high” friction 
is on the order of 0.15 to 0.20. More important than the specific friction values is that the 
materials provide consistent and reliable values of friction for the duration of the tests – 
several DBE and MCE level events, much more travel than the bearings would 
experience in practice. This is not a trivial task, especially for high friction materials. By 
nature friction dissipates the kinetic energy of the system as heat energy. Logically, high 
friction materials will generate substantial amounts of heat, which in turn can lead to 
changes in friction and excessive wear. The high friction interfaces of the triple FP 
bearing require friction that is much larger than what has been used by manufacturers of 
sliding bearings in the past. Accordingly, it was necessary to determine a material that 
exhibits the desired friction coefficient combined with appropriate wear characteristics 
and thermal properties to give smooth sliding and reliable properties over time. 
 
Additional issues with the consistency of sliding behavior arise due to the relatively small 
vertical loads on the bearings. The model’s weight of approximately 225kN is carried 
uniformly by four bearings, meaning that each bearing carries only approximately 56kN 
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of vertical load. For the triple FP specimens, this results in bearing pressure at the 
interface between the slide plates and the outer concave plates on the order of only 7MPa, 
which is below the typical minimum value used in practice of 14MPa (Constantinou et 
al., 2007). High friction materials at low bearing pressures are more likely to experience 
stick-slip sliding which is undesirable and different from the sliding behavior exhibited 
by bearings in actual implementation. 
 
Rather than increasing the mass of the model (which is limited by the capabilities of the 
shake table), this issue was resolved by reducing the contact area. The radius of curvature 
of the slide plate’s interface was manufactured slightly larger than that of the mating 
concave plate, resulting in bearing only over approximately a 6mm annular area around 
the perimeter of the slide plate that resulted in increased bearing pressure. Although there 
is smooth sliding, wear occurs non-uniformly when the interface is manufactured in this 
way, which compromises the consistency of behavior over time (Zayas, 2007). This 
method of manufacture was employed to avoid unrealistic stick-slip behavior in the short 
term, with the understanding that it is not exactly representative of actual construction. 
 
Recognizing these difficulties, component tests under representative conditions were 
performed on several sliding materials prior to shake table testing. The objective of these 
tests was to identify three suitable materials that gave “low”, “intermediate” and “high” 
friction respectively. The test apparatus used was the small bearing testing machine in the 
SEESL shown in figures 4-11 and 4-12. The reader is referred to Kasalanati and 
Constantinou (1999) for a complete description of the test apparatus and instrumentation. 
The specimen used for the tests was a prototype triple FP bearing having the dimensions 
shown in figure 4-10 and both lower and upper slide plates coated with the same liner 
material. The behavior of each material was characterized using a series of displacement 
controlled tests with sinusoidal displacement history. The vertical load for all tests is 
56kN, corresponding to the vertical load imposed on each bearing by the structure model.  
 

 
FIGURE 4-11  Dimensioned Drawing of Test Apparatus – Stability Bracing not 
Shown (Reproduced from Kasalanati and Constantinou, 1999) 
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FIGURE 4-12  Apparatus Used for Experimental Testing 

 
Based on this testing, liners denoted Material 1 and Material 8 were chosen for the 
intermediate and high friction surfaces, respectively. Both of these materials gave 
uniform and consistent friction under the conditions representative of shake table testing. 
The hysteresis loops obtained from low speed and high speed tests of the prototype 
bearing with Material 1 sliders are shown in figures 4-13 and 4-14, those from the 
prototype having Material 8 sliders are shown in figures 4-15 and 4-16. These represent 
configurations Triple 1 and Triple 2 respectively. The variation in the coefficient of 
friction of Material 1 with sliding velocity is shown in figure 4-17. Since it is of high 
friction, this test was not performed for Material 8 to prevent unnecessary wear prior to 
the shake table testing. Lastly, the Triple 3 configuration (Material 1 on the bottom slide 
plate and Material 8 on the top slide plate) was tested at various displacement amplitudes 
at the approximate dynamic period of the bearing (0.50Hz frequency). The force-
displacement loops from these tests are presented in figure 4-18. 
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Slider: Material 1 Bottom and Top
f = 0.05Hz
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FIGURE 4-13  Total and Decomposed Force-Displacement Loops for f=0.10Hz Test 
of Prototype Triple 1 Configuration (Lower and Upper Sliders Coated with 
Material 1) 
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Slider: Material 1 Bottom and Top
f = 0.50Hz
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FIGURE 4-14  Total and Decomposed Force-Displacement Loops for f=0.50Hz Test 
of Prototype Triple 1 Configuration (Lower and Upper Sliders Coated with 
Material 1)  
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Slider: Material 8 Bottom and Top
f = 0.05Hz
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FIGURE 4-15  Total and Decomposed Force-Displacement Loops for f=0.05Hz Test 
of Prototype Triple 2 Configuration (Lower and Upper Sliders Coated with 
Material 8) 
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Slider: Material 8 Bottom and Top
f = 0.50Hz
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FIGURE 4-16  Total and Decomposed Force-Displacement Loops for f=0.50Hz Test 
of Prototype Triple 2 Configuration (Lower and Upper Sliders Coated with 
Material 8) 
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Slider: Material 1 Bottom and Top
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FIGURE 4-17  Variation of Coefficient of Friction of Material 1 as a Function of 
Sliding Velocity 

 

Triple FP Bearing: Bottom - Material 1 and  Top - Material 8
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FIGURE 4-18 Force-Displacement Loops for Triple FP Configuration 3 Tested at 
0.50 Hz (Slide Plates Coated with Material 1 and Material 8) 
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For the low friction material used on the inner surfaces of the Triple 1, 2 and 3 
configurations, Material 1 lubricated with high temperature silicone grease was used. A 
lubricated PTFE composite material similar to Material 1, denoted Material 0, was used 
for the Double 1 (low friction) configuration in the 2004 tests. The velocity dependence 
of this material is shown in figure 4-19. In the 2007 tests, the Double 2 configuration 
(intermediate friction) used sliders coated with Material 1. 
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FIGURE 4-19  Friction Exhibited by Material 0 used in the Double FP 
Configuration 1 (2004 Test Sequence) 
 
4.3.3 Installation of the Isolation System 
 
Special care must be exercised when installing the bearings in order to ensure proper and 
realistic performance of the isolation system. Sliding bearings are after all, devices 
adapted from mechanical engineering that have been increased in size for civil 
engineering applications. Accordingly, higher precision is required in their manufacture 
and installation. The issues requiring special attention in the installation of multi-
spherical sliding bearings are (a) the levelness of each bearing, (b) the distribution of 
vertical load to each bearing and (c) the alignment of the internal sliding parts. 
 
Typical installation specifications for isolators require that individual bearings be 
installed level within 0.005 radians or 0.3 degrees. Whenever the concave plates are 
installed out of level, there is an additional component of force that acts in the horizontal 
direction due to the fact that there is sliding either up or down the incline. The effect of 
concave plate rotations can be accounted for analytically as described earlier, however 
this would introduce an unwanted layer of complexity into the analysis. Second, the 
bearings must be installed so that there is an even distribution of vertical load on all four 
bearings. This is an issue of particular importance for shake table testing that is not 
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encountered in regular construction. In practice, the isolators are installed first and the 
structure is subsequently built atop the isolators. For this type of construction the load 
will naturally distribute itself according to tributary area. In the laboratory tests, the 
structure is completely assembled ahead of time and then set atop the isolators. 
Analytically the structure is symmetric, however due to imperfections in construction and 
the vertical rigidity of the isolators the load does not automatically equalize itself among 
the four isolators.  
 
To solve both of these aforementioned issues, leveling bolts were placed at the four 
corners of the base plates upon which the bearings and load cells sit. This arrangement is 
shown in figure 4-20. By properly adjusting the four bolts, each base plate could be 
individually raised and lowered as well as rotated to evenly distribute the axial load and 
level each bearing. After the leveling bolts were adjusted properly, the base plates are 
shimmed beneath and then the 1-⅛ in diameter (28.5mm) rods anchoring the plates to the 
shake table were tightened.  
 

 
 

(a) (b) 
 

FIGURE 4-20  Base Plate Arrangement with Leveling Bolts Circled 
 
In order to demonstrate this, data was collected as the leveling bolts were adjusted and 
the vertical load on each isolator was equalized. These datasets are shown in figures 4-21 
and 4-22 for the 2004 and 2007 tests respectively. When the assembled model was 
initially lowered onto the isolation system it sat predominantly on the NE and SW 
bearings and loads were equalized by jacking up the SE bearing. Perhaps due to the 
greater vertical flexibility, a more even distribution of loads was achieved during the 
2004 tests. However, the distribution of loading during the 2007 tests was still adequate. 
After the loads were equalized, the base plates were adjusted to level the bearings in each 
orthogonal direction prior to the final shimming and tightening. Figures 4-23 and 4-24  
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FIGURE 4-21  Equalizing of Vertical Loads on the Bearings (2004 Tests) 
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FIGURE 4-22  Equalizing of Vertical Loads on the Bearings (2007 Tests) 
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document the inclination of the bearings prior to the 2007 tests. In each direction, the 
maximum rotation of any given bearing is 0.2° or less which introduces negligible error. 
Similar tolerances were achieved in the 2004 tests but were not photographed. 
 
Alignment of the slider’s components is important because the bearing’s unique 
stiffening behavior results from contacting the external displacement restrainer. If there is 
some initial misalignment or offset and the slider does not start in the middle of the 
bearing, then the displacement capacity in one direction will be different from the 
displacement capacity in the other. For example, if the slider is offset by an amount iδ , 
then the displacement capacity in one direction is i id + δ  and the displacement capacity in 
the other is i id −δ . This results in behavior of the isolation system that is slightly 
different for motion in one direction than for the other. Nevertheless, during testing the 
bearings had some permanent displacement. A portion of this permanent displacement 
represented initial displacement in the next test of which the effects were both observed 
and evaluated in the analysis. 
 

(a) Bearing 1 – NW, 0.2° 
 

(b) Bearing 2 – NE, 0.0° 

(c) Bearing 4 – SW, 0.0° (d) Bearing 3 – SE, 0.0° 
 

FIGURE 4-23  Inclination of Bearings (Degrees) in the Longitudinal (EW) Direction 
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(a) Bearing 1 – NW, 0.0° 
 

(b) Bearing 2 – NE, 0.2° 

(c) Bearing 4 – SW, 0.1° (d) Bearing 3 – SE, 0.2° 
 

FIGURE 4-24  Inclination of Bearings (Degrees) in the Transverse (NS) Direction 
 
Because of this issue, care was taken during installation to align the various parts of the 
bearing and maintain this alignment throughout construction and testing. For the triple FP 
bearing, prior to assembly the slider components were first aligned and then taped 
together as a complete unit around the outside. The tape would prevent movement of the 
various parts with respect to each other during construction but could also be removed 
easily prior to testing. Following this, the aligned slider unit was centered within the 
lower concave plate using a removable template and then the upper concave plate was set 
atop in the correct position. The taped slider unit is shown set in the bearing with the 
removable template in figure 4-25. With the top plate properly in place, the locking side 
plates were attached which essentially made the entire bearing an aligned rigid unit. This 
unit was placed on the load cells, the superstructure was lowered atop the isolators and 
then everything was bolted in place. With the top concave plates bolted to the basemat 
tubes and the bottom concave plates bolted to the load cells, the superstructure could be 
raised and lowered during testing to separate the bearings and still maintain the proper 
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alignment. This allowed for cleaning and replacement of sliders. Upon resetting the 
superstructure, the sliders simply had to be centered within the lower concave plate and 
the top concave plates aligned and set down.  
 
From test to test, effort was made to recenter and realign the sliders using approximately 
30 seconds of white noise excitation, which tended to nearly return the sliders back to 
their equilibrium positions. Nevertheless, the effect of initial displacements on the overall 
response is minor and can be accounted for in the analysis. In previous tests of sliding 
isolation systems in which there were initial displacements, it was observed that the 
isolation system recenters itself upon initial movement. After this, the bearings follow 
basically the same displacement history regardless of the initial displacement and end up 
with the same permanent displacement (Tsopelas, 1994).  
 

 
 

FIGURE 4-25  Taped Slider and Template Used to Align and Center the Slider 
 
 
4.4 Instrumentation 
 
Instrumentation was installed to record the actual shake table motion, superstructure 
response (absolute accelerations and displacements of each story) and the isolation 
system response (bearing displacements, horizontal and vertical forces). Response 
quantities in each principal direction were measured, however the longitudinal direction 
was the most heavily instrumented as it was in this direction that the majority of testing 
took place.  
 
The basic types of instruments used were: 
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1. Load Cells – Five component load cells built in house and calibrated in the 
SEESL. The load cells convert various strains of an instrumented steel cylinder 
into three force and two moment readings (all forces and moments except 
torsion).  

2. Accelerometers – Sensotec model JTF flat pack accelerometers, acceleration 
range ±10g. 

3. Displacement transducers – Series D62 miniature position transducers (string 
potentiometers) manufactured by Space Age Control Inc. having ±546mm travel 
capability. 

4. Krypton coordinate tracking system – An advanced camera system that 
triangulates and records the XYZ positions in space of up to 15 active light 
emitting diodes (LED). 

 
Additional details and specifications can be found in the SEESL Lab Manual (SEESL, 
2004). All instruments had valid calibrations performed in accordance with the methods 
described in the SEESL Lab Manual (2004). Accelerometers are calibrated using a two-
point flip calibration, which provides the output voltages at the known accelerations of 
+1g and -1g. String potentiometers are calibrated with two point calibrations using a 
certified test fixture. Load cells are calibrated in each direction by bolting them together 
in specialized arrangements which provide either pure axial, pure shear or pure moment 
and then applying a known force as measured by a certified reference load cell. 
 
The instrumentation diagram and instrumentation list for the 2007 test sequence are 
provided in figure 4-26 and table 4-7 respectively. The text and figures provided herein 
detail the instrumentation used in the 2007 test sequence, however the 2004 test was 
essentially the same.  
 
To record the longitudinal input motion, the shake table was instrumented with two 
displacement transducers and two accelerometers. These were located at the NE and SE 
corners of the shake table extension. In addition, the north side (NE and NW corners) was 
instrumented with displacement transducers and accelerometers to record the transverse 
input motion. Accelerometers were also placed at the four corners to record vertical 
ground accelerations and rotations of the table. The locations of these instruments are 
documented by the photographs in figure 4-27. Generally, they were placed along the 
centerlines of the HSS tubes that form the structure of the shake table extension.  
 
In the longitudinal direction, the structure was instrumented with two accelerometers and 
two string potentiometers at each of the six floor levels plus the basemat. The 
accelerometers and displacement transducers are placed at the NE and SE corners to 
record any torsional response of the isolation system and/or superstructure. In the 
transverse direction, accelerometers and displacement transducers were placed at the 
basemat, third and sixth stories. For illustrative purposes, the longitudinal and transverse 
instrumentation at the third story is shown in figures 4-28(a) and 4-28(b) respectively. In 
addition, the W14×90 sections were instrumented at each corner to record vertical 
accelerations of the basemat and monitor the vertical flexibility of the tubes. This is 
shown in figure 4-29. 
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FIGURE 4-26  Instrumentation Diagram 
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TABLE 4-7  List of Instrumentation Used and Response Quantities Measured 
 

Channel Notation Instrument Measured Quantity Location Axis 
0 - clock time   
1 lc1n load cell vertical force NW table V 
2 lc1sx load cell shear force NW table L 
3 lc1sy load cell shear force NW table T 
4 lc1mx load cell moment NW table L 
5 lc1my load cell moment NW table T 
6 lc2n load cell vertical force NE table V 
7 lc2sx load cell shear force NE table L 
8 lc2sy load cell shear force NE table T 
9 lc2mx load cell moment NE table L 
10 lc2my load cell moment NE table T 
11 lc3n load cell vertical force SE table V 
12 lc3sx load cell shear force SE table L 
13 lc3sy load cell shear force SE table T 
14 lc3mx load cell moment SE table L 
15 lc3my load cell moment SE table T 
16 lc4n load cell vertical force SW table V 
17 lc4sx load cell shear force SW table L 
18 lc4sy load cell shear force SW table T 
19 lc4my load cell moment SW table T 
20 agn accelerometer ground acceleration NE table L 
21 ags accelerometer ground acceleration SE table L 
22 abn accelerometer basemat acceleration NE base L 
23 abs accelerometer basemat acceleration SE base L 
24 a1n accelerometer 1st story acceleration NE corner L 
25 a1s accelerometer 1st story acceleration SE corner L 
26 a2n accelerometer 2nd story acceleration NE corner L 
27 a2s accelerometer 2nd story acceleration SE corner L 
28 a3n accelerometer 3rd story acceleration NE corner L 
29 a3s accelerometer 3rd story acceleration SE corner L 
30 a4n accelerometer 4th story acceleration NE corner L 
31 a4s accelerometer 4th story acceleration SE corner L 
32 a5n accelerometer 5th story acceleration NE corner L 
33 a5s accelerometer 5th story acceleration SE corner L 
34 a6n accelerometer 6th story acceleration NE corner L 
35 a6s accelerometer 6th story acceleration SE corner L 



 73

TABLE 4-7 (ctd)  List of Instrumentation Used and Response Quantities Measured 
 

Channel Notation Instrument Measured Quantity Location Axis 
36 agtw accelerometer ground acceleration NW table T 
37 agte accelerometer ground acceleration NE table T 
38 ab1t accelerometer basemat acceleration NW base T 
39 ab2t accelerometer basemat acceleration NE base T 
40 a3tw accelerometer 3rd story acceleration NW corner T 
41 a3te accelerometer 3rd story acceleration NE corner T 
42 a6tw accelerometer 6th story acceleration NW corner T 
43 a6te accelerometer 6th story acceleration NE corner T 
44 agvnw accelerometer ground acceleration NW table V 
45 agvne accelerometer ground acceleration NE table V 
46 agvse accelerometer ground acceleration SE table V 
47 agvsw accelerometer ground acceleration SW table V 
48 abvnw accelerometer basemat acceleration NW base V 
49 abvne accelerometer basemat acceleration NE base V 
50 abvse accelerometer basemat acceleration SE base V 
51 abvsw accelerometer basemat acceleration SW base V 
52 dgn string pot ground displacement NE table L 
53 dgs string pot ground displacement SE table L 
54 dbn string pot basemat displacement NE base L 
55 dbs string pot basemat displacement SE base L 
56 d1n string pot 1st story displacement NE corner L 
57 d1s string pot 1st story displacement SE corner L 
58 d2n string pot 2nd story displacement NE corner L 
59 d2s string pot 2nd story displacement SE corner L 
60 d3n string pot 3rd story displacement NE corner L 
61 d3s string pot 3rd story displacement SE corner L 
62 d4n string pot 4th story displacement NE corner L 
63 d4s string pot 4th story displacement SE corner L 
64 d5n string pot 5th story displacement NE corner L 
65 d5s string pot 5th story displacement SE corner L 
66 d6n string pot 6th story displacement NE corner L 
67 d6s string pot 6th story displacement SE corner L 
68 db1tot string pot bearing 1 displacement B1 (NW) L 
69 db2tot string pot bearing 2 displacement B2 (NE) L 
70 db3tot string pot bearing 3 displacement B3 (SE) L 
71 db3top string pot slider 3 displacement B3 (SE) L 
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TABLE 4-7 (ctd)  List of Instrumentation Used and Response Quantities Measured 
 

Channel Notation Instrument Measured Quantity Location Axis 
72 db3bot string pot slider 3 displacement B3 (SE) L 
73 db4tot string pot bearing 4 displacement B4 (SW) L 
74 dgtw string pot ground displacement NW table T 
75 dgte string pot ground displacement NE table T 
76 db1t string pot basemat displacement NW base T 
77 db2t string pot basemat displacement NE base T 
78 d3tw string pot 3rd story displacement NW corner T 
79 d3te string pot 3rd story displacement NE corner T 
80 d6tw string pot 6th story displacement NW corner T 
81 d6te string pot 6th story displacement NE corner T 

 
The isolation system’s relative total displacements are monitored for all bearings using 
string potentiometers. Relative total displacement refers to the displacement of the 
topmost plate of the bearing with respect to the lowermost plate (which is assumed to be 
rigidly connected to the shake table). In addition, internal displacements of the SE 
bearing were also monitored to determine the relative sliding displacements on the 
individual sliding surfaces. Two string potentiometers were attached to the upper and 
lower slide plates as was done in the component testing. This bearing had each 
displacement restrainer ring milled down by 3mm to provide clearance to attach 
instrumentation so that the slider’s motion could be captured by video. To supplement the 
string potentiometers, the Krypton coordinate tracking camera system was also used to 
monitor the SE bearing’s displacements. The locations of the Krypton LEDs can be seen 
in the various photographs of the SE bearing. This provided redundancy and was also 
able to capture additional response quantities, such as vertical displacements of the 
bearings during uplift. This is an important measurement that is difficult to measure 
accurately using string potentiometers. Axial and shear forces in the isolation system 
were measured by a load cell mounted beneath each bearing. Those used were the five 
component load cells referred to by the SEESL as 5D-LC-12-BLK-01 through 5D-LC-
12-BLK-04. 
 
Important response quantities need to be recorded by both direct and indirect means to 
provide redundancy for checking the accuracy of important measurements. The 
instrumentation plan described here was designed to provide such redundancy. For 
example, to check accelerations, the absolute displacement at that location can be double 
differentiated to obtain the history of acceleration. To check shear force measured by the 
load cells, the base shear can be calculated by summing the inertial forces at each floor 
level. Each floor’s inertial force is calculated by multiplying the recorded average 
acceleration by the tributary mass of that floor.  
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(a) NW Corner 

 

 
(b) NE Corner 

 
(c) SW Corner 

 
(d) SE Corner 

 
FIGURE 4-27  Instrumentation used to Record Input Ground Accelerations and 
Displacements 
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(a) (b) 

 
FIGURE 4-28  (a) Longitudinal and (b) Transverse Instrumentation at the Third 
Story of the Superstructure 
 
 

(a) NW Corner 
 

(b) NE Corner 

(c) SW Corner (d) SE Corner 
 

FIGURE 4-29  Instrumentation of the W14×90 Base 
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4.5 Description of Ground Motions Used in Study 
 
The ground motions for this study were chosen simply to validate the dynamic analysis 
models across all sliding regimes. Ground motions used for the 2007 tests are described 
in table 4-8 and those used in the 2004 test are described in table 4-9. Plots of the 
acceleration, velocity and displacement histories as well as response spectra for each 
motion are provided in Appendix A. All motions used are from historical records – the 
time histories used in the 2007 tests were downloaded directly from the PEER NGA 
database of ground motions and those used in the 2004 tests are from the library of 
motions on file with the shake table in the SEESL. Earthquakes were applied primarily in 
the longitudinal direction; however those motions with multiple components listed in 
tables 4-8 and 4-9 were used for bidirectional and tridirectional excitation. To satisfy the 
similitude requirements, in all cases the records were time scaled by a factor of two in 
accordance with the length scale factor of four. 
 
For the 2007 tests, motions ranging from low to severe intensity were chosen and 
typically scaled to 100% amplitude to demonstrate the different types of response 
possible with the adaptive systems (the isolation system used in the 2004 test was not 
adaptive so each record was run with increasing amplitude scale to cause the largest 
displacement response safely possible). Low level records such as Wrightwood, Golden 
Gate Park and Taft were either small magnitude earthquakes or occurred in the far field. 
These are examples of motions in which isolation systems designed to have sufficient 
damping to control displacements in larger events would be unlikely to activate. They are 
chosen to show motion on the innermost surfaces (with high stiffness and low friction) of 
the triple FP. Intermediate events will show the first transition in stiffness and damping as 
sliding begins to occur on the outer concave surfaces. Large magnitude events such as the 
Newhall, Sylmar and Pacoima records were chosen because they will cause substantial 
sliding on both outer surfaces. These motions all have near fault characteristics. Lastly, to 
investigate stiffening after contact with the displacement restrainer, the adaptive triple 
configuration (Triple 3) was tested using the near fault motions scaled beyond 100%. 
These motions and this range of operation are considered to be MCE level or even 
beyond MCE level. 
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SECTION 5 
SHAKE TABLE TEST RESULTS 

 
 
5.1 Introduction 
 
The data analysis and results from shake table testing of the model structure are described 
in this section. When interpreting the experimental results, it should be recognized that 
the various isolation systems were not designed to fulfill any particular performance 
requirements - the properties of the bearings were chosen simply to allow for testing of 
isolation systems with a variety of characteristics for the purpose of providing a database 
of experimental data upon which the analytical models can be verified. In addition, 
experimental observation of behavior during uplift or upon contacting the displacement 
restrainer aids in understanding these localized phenomena and contributes towards 
demonstrating the overall safety of these devices under extreme conditions. 
 
 
5.2 Results for Fixed Base Structure 
 
In addition to the various structural identification tests reported in Section 8.2, a limited 
number of seismic tests were also conducted when the bearings were locked. The 
earthquakes used were of low intensity and served both to validate the analytical model 
of the superstructure and to serve as a control group for investigation into the effects of 
early activation of the adaptive systems. The results of these tests are provided in table 5-
1. Reported are the peak table motion and peak structural responses from excitation of the 
braced frame with the El Centro S00E and Taft N21E motions and the moment frame 
with the Wrightwood 115 and Golden Gate Park 100 motions. The peak values shown are 
the maxima after smoothing the dataset with a five point moving average. In each test it 
was observed that the isolation system moved approximately 0.5mm due to slippage of 
the locking plates. Although this is relatively small, it does represent a potential source of 
error between analysis and experiment. 
 
TABLE 5-1  Summary of Peak Responses from Shake Table Testing of Fixed Base 
Structure 
 

Peak Table 
Motion Superstructure Response 

Excitation Scale Frame Direct.
Accel. 

(g) 
Vel. 

(mm/sec) 
Disp. 
(mm) 

Base Shear/ 
Weight 

Abs. Accel. (g) Drift/ Height (%)

El Centro S00E 30% Braced L 0.117 52 5.9 0.189 0.442 (6)1 0.20 (1)1 

Taft N21E 50% Braced L 0.076 58 5.4 0.130 0.244 (6) 0.16 (1) 

Wrightwood 115 100% Moment L 0.091 37 2.0 0.094 0.354 (6) 0.21 (2) 

Golden Gate 100 100% Moment L 0.049 8 0.6 0.035 0.230 (6) 0.08 (2) 

      1. Value in parenthesis indicates the floor corresponding to the peak value. 
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5.3 Data Analysis and Results for Isolated Structure 
 
Tables 5-2 through 5-7 provide a summary of the peak primary response quantities of the 
model with the various isolation systems. Again, the peak values are the maxima after 
smoothing with a five point moving average. The following results are reported in these 
tables: 
 

(a) The peak table motion for each test. Acceleration and displacement were 
measured directly as described in section 8.4 and velocity was calculated from 
numerical differentiation of the displacement data. Longitudinal accelerations and 
displacements are the average values of the data collected at the north and south 
sides of the shake table (i.e. the response at the midpoint). Transverse 
accelerations and displacements were determined similarly using the data 
collected from the east and west sides. The vertical acceleration reported is the 
average of the four vertical accelerometers installed at each corner of the shake 
table.  
 
In general, the data from the two longitudinal transducer pairs was essentially the 
same (see figure 5-1 for a representative example), indicating that there was 
negligible torsional motion of the table platform. However, rocking motion was 
apparent as demonstrated in figure 5-2 by the out of phase histories of vertical 
acceleration. For purely longitudinal excitation, the vertical accelerations on the 
east and west sides are equal and opposite, indicating cyclic rocking of the table 
platform about the transverse axis. To corroborate this, very small vertical 
displacements of the shake table at the base of the SW load cell were also 
measured directly by the Krypton system. This is shown in figure 5-3 for a motion 
of large amplitude (Sylmar 360 from the test of the Double 2 configuration).  
 
The rocking motion of the table platform results from the large overturning 
moment caused by the structure model. Vertical accelerations are most 
pronounced at larger bearing displacements, corresponding to when the 
overturning moment is the largest. Such behavior is unavoidable since it is a result 
of the model’s substantial mass in comparison to the finite dynamic capacity of 
the shake table’s vertical actuators. This is not a major issue however as minor 
vertical accelerations have only a small impact on primary response quantities. 
This fact has been demonstrated in numerous studies of traditional single FP 
bearings over the past twenty years (Zayas et al., 1987; Constantinou et al., 1993; 
Mosqueda et al., 2004). These findings apply here since single, double and triple 
FP bearings all have similar vertical rigidity. 
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Configuration: Triple 2
Excitation: Sylmar 360
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FIGURE 5-1  Histories of Longitudinal Displacement for a Large-Scale 
Representative Motion Demonstrating Negligible Torsional Motion of the Shake 
Table 
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Excitation: Sylmar 360
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FIGURE 5-2  Histories of Vertical Acceleration for a Large Scale Representative 
Motion (Longitudinal Excitation Only) Demonstrating Rocking Motion of the Shake 
Table 
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Configuration: Double 2
Excitation: Sylmar 360
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FIGURE 5-3  Histories of Vertical Displacement for a Large Scale Representative 
Motion (Longitudinal Excitation Only) Measured at the Base of the Southeast Load 
Cell that Demonstrates Rocking Motion of the Shake Table 

 
(b) The isolation system displacements. The displacement values reported are the 

relative displacements of the basemat with respect to the table displacement, 
where the basemat displacements are calculated as the average of the 
displacement readings on each opposing side. For the 2007 test sequence, the 
displacement transducers were not zeroed prior to each test. In this way, the initial 
and permanent displacements from each test could be monitored. As described in 
figure 5-4, the maximum and minimum displacements reported are the maxima 
with respect to the absolute zero position from the start of the initial test. In the 
2004 tests, the displacement channels were zeroed prior to each test. Therefore, 
the reported maximum displacement in the table for configuration double 1 is 
actually the peak travel displacement (the maximum between max.- init. and 
min.- init.). For the 2007 tests it was important to continuously monitor initial and 
final displacements since materials of higher friction were used which resulted in 
larger permanent displacements. Low friction materials were used in the 2004 
tests resulting in much smaller initial and permanent displacements. 

 
(c) The maximum and minimum bearing vertical forces as measured directly from 

the load cells beneath each bearing. For the 2004 test sequence the force reported 
is the sum from all four isolators and for the 2007 test sequence the values 
reported are the maximum and minimum among the individual bearings. 
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FIGURE 5-4  Description of Data Analysis for Bearing Displacement Histories 
 
(d) The peak value of base shear normalized by structure weight. For the 2007 tests, 

the reported values in the tables are the sum of the shear forces measured directly 
from each load cell divided by the sum of vertical forces measured directly from 
each load cell. To validate the shear force data from the load cells, these values 
were checked against the shear force calculated as the product of floor mass and 
the corresponding acceleration. As shown in figure 5-5 for a representative 
motion, there is very good agreement between the values of base shear obtained 
using these two sources of data. The peak values are overestimated slightly by the 
accelerometer data since there is also a component of horizontal acceleration 
resulting from rocking motion atop the flexible basemat. 

 
For the 2004 tests, the values of shear force reported are the product of the floor 
mass and the corresponding floor acceleration. The shear force from the 
accelerometer data was also used to construct the hysteresis loops for the double 1 
configuration throughout this report. There was noticeable error in the shear force 
data from the load cells due to crosstalk. Evidence of this error can be seen in 
figures 5-6 and 5-7. The shear force from the load cells is substantially less than 
the shear force calculated using the acceleration data. This is most noticeable in 
the hysteresis loops, where the post-elastic stiffness using the load cell data is 
substantially less than the theoretical value based on the effective radius. The 
post-elastic stiffness in the loops obtained using the accelerometer data matches 
nearly exactly the theoretical value. 

 
The error in the stiffness calculated using the load cell data means that there is 
increased error in the shear force measurement as the displacement (and 
accordingly the overturning moment) increases. This indicates crosstalk in the 
shear and overturning moment readings. Crosstalk is essentially coupling between 
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the various readings of a multi-axis load cell. This means, for example, that an 
applied overturning moment will cause spurious (either additive or in this case 
subtractive) shear force readings. The crosstalk in this case was likely caused by 
misalignment of the strain gauges. Between the 2004 and 2007 test sequences, the 
load cells were completely re-gauged and this problem was resolved. 
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FIGURE 5-5  Comparison Between Base Shear Determined Directly from Load Cell 
Readings and Calculated Using the Acceleration Data from the 2007 Test Sequence 

 

Configuration: Double 1
Excitation: Sylmar 90
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FIGURE 5-6  Comparison Between Base Shear Determined Directly from Load Cell 
Readings and Calculated Using the Acceleration Data from the 2004 Test Sequence 
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Configuration: Double 1
Excitation: Sylmar 90
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FIGURE 5-7  Comparison of Hysteresis Loops Using Base Shear Determined 
Directly from Load Cell Readings and from Acceleration Data to the Theoretical 
Stiffness using effR , 878kN/mmW (2004 Test Sequence) 

 
(e) The peak absolute floor acceleration and the corresponding floor. The 

acceleration of each floor measured directly from the accelerometers and 
determined as the average of the two readings on opposing sides of the structure 
model. 

 
(f) The peak inter-story drift and the corresponding floor. The displacements of each 

floor measured directly from the string pots and determined as the average of the 
two readings on opposing sides of the structure model. 

 
Normalized force-displacement loops of each isolation system from unidirectional testing 
are presented in figures 5-8 through 5-14. The loops highlight the significant differences 
in hysteretic behavior between the various systems. Lastly, to evaluate the response of 
secondary systems and nonstructural components, the 5% damped floor response spectra 
of the sixth-story, third-story and base of the moment frame are shown in figures 5-15 
through 5-22 (the Double 1 configuration is excluded from the plots as it was tested using 
the braced frame model). 
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FIGURE 5-8  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Taft 021 
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FIGURE 5-9  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion El Centro 180 
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FIGURE 5-10  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Corralitos 090 
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FIGURE 5-11  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Kocaeli 330 
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FIGURE 5-12  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Newhall 360 
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FIGURE 5-13  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Sylmar 360 
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FIGURE 5-14  Hysteresis Loops from Each Isolation System when Tested with 
Ground Motion Pacoima 164 
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FIGURE 5-15  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Wrightwood 115 
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FIGURE 5-16  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Taft 021 
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FIGURE 5-17  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion El Centro 180 
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FIGURE 5-18  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Corralitos 090 
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FIGURE 5-19  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Kocaeli 330 
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FIGURE 5-20  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Newhall 360 
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FIGURE 5-21 Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Sylmar 360 
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FIGURE 5-22  Floor Response Spectra for Each Isolation System from Testing of 
Moment Frame Specimen with Ground Motion Pacoima 164 
 
 
5.4  Comments on Results 
 
5.4.1 Effect of Vertical Motion 
 
Past studies of the traditional single FP system have found that if vertical components of 
excitation are present there is little or no dynamic amplification of the motion within the 
structure due to the vertical rigidity of the bearing (Zayas et al., 1987; Constantinou et 
al., 1993; Mosqueda et al., 2004). Furthermore, it has been observed that the addition of 
vertical motion has little impact on lateral response due to the fact that the vertical 
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components of motion are typically of high frequency and short duration. Furthermore, 
the peaks of the horizontal and vertical components occur at different times. 
 
Similar trends were observed in this study as in the past due to the fact that multi-
spherical sliding bearings have similar vertical rigidity as the traditional FP bearing. The 
differences in peak displacement response, peak base shear and peak superstructure 
response were very minor when the vertical component of ground motion was added. 
Although still minor, the differences were slightly more noticeable for the triple FP 
configurations. This is due to the fact that the addition of the vertical component induces 
a wider variation in axial load on the isolators; this is evident from tables 5-2 through 5-6. 
This means that there is a larger variation in the (pressure dependent) coefficient of 
friction on each surface, which controls when motion initiates on the various concave 
surfaces. Since the addition of the vertical component changes the instants at which 
motion starts on the various surfaces, it is not surprising that the differences are slightly 
larger in comparison to the non-adaptive double FP configuration. 
 
5.4.2 Uplift of Double and Triple FP Bearings 
 
Shake table testing proved a very valuable means of investigating the behavior of multi-
spherical sliding bearings under uplift conditions. Since the sliders consist of an assembly 
of parts that are not mechanically connected, engineers have been understandably 
concerned about the safety and stability of these devices when uplift occurs. Furthermore, 
tests under uplift or near uplift conditions are very demanding analytically and are 
consequently excellent tests of the dynamic analysis methods.  
 
The most compelling evidence for the overall safety of these devices under extreme 
conditions comes from testing of the Double 1 configuration with 200% of the El Centro 
ground motion applied tri-directionally. This test was accidentally conducted at increased 
amplitude of motion without prior evaluation of the displacement demand. The histories 
of displacement and bearing axial force from this test are presented in figures 5-23 and 5-
24 respectively (in figure 5-23, the actual displacement capacity of the isolation system 
calculated based on equation (2-15) was 141mm; slightly less than the nominal value of 
150mm due to the effects of slider height and rotation). In this test the displacement 
demand exceeded the capacity of the isolation system and there was simultaneously 
substantial contact of the slider with the displacement restrainer and significant uplift. 
The uplift displacements were likely magnified due to the impact, which induced rigid 
body rocking motion of the model. The rocking motion is a result of the 4 bearing 
isolation system, and differs from the uplift in typical structures with numerous bearings 
where the uplift is a result of structural deformation. The peak base shear and peak 
acceleration response are much larger due to the impact, but still significantly less that 
what would result if the fixed base structure were subjected to the same motion. 
Moreover, without the displacement restrainer, the isolators would have dislodged, with 
the slider moving beyond the concave surface, and likely bring about the collapse of the 
model. 
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FIGURE 5-23  (a) Displacement Orbit and (b) Histories of Longitudinal and 
Transverse Displacements of SE Bearing from 200% El Centro Tridirectional Test 
of Double 1 Isolation System 
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FIGURE 5-24  Histories of Bearing Vertical Force from 200% El Centro 
Tridirectional Test of Double 1 Isolation System 
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Data from the Krypton coordinate tracking camera (up to the point at which the stream 
from the LED was lost due to the impact) is shown in figure 5-25 and indicates that there 
was over 27mm of vertical movement of the top end plate with respect to the bottom end 
plate. The vertical displacement due to the curvature of the concave plates is 
approximately 10mm at a displacement of 140mm, meaning the uplift or separation 
displacement was 17mm. The uplift behavior can clearly be seen in figure 5-26, which 
tracks the frame by frame the sequence of uplift and displacement restrainer contact from 
this test. 
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FIGURE 5-25  History of Vertical Displacements Relative to the Bottom Concave 
Plate of Various Parts of the SE Bearing in the 200% Tridirectional El Centro Test 
 
Based on the data in figure 5-25 and the visual evidence in figure 5-26, it appears that the 
articulated slider remains on the lower concave plate when the large uplift displacements 
occur. The histories of slider vertical displacement show displacements in the initial part 
of the test due to sliding up the bottom concave surface, but do not show the slider 
following the path of the upper plate. This is corroborated in frames 5 through 8 of figure 
5-26. The separation between the top concave plate and the slider is clearly visible; 
however there appears to be no relative motion between the slider and the bottom 
concave plate. Furthermore, despite the fact that there is no mechanical connection 
between them, there is no apparent separation between the upper and lower halves of the 
slider. This is demonstrated by the identical histories of vertical displacement of the 
upper and lower halves. This also makes sense physically, since there is no force causing 
the different parts of the slider to separate. 
 
Upon returning from uplift, the bearing is able to resume normal operation. As shown in 
the final frames of figure 5-26, the top concave plate sets back down on the slider without 
causing it to topple over or become unstable in anyway. Even after this very serious 
episode of uplift, the isolation system functioned properly for the remainder of the 
excitation, including recentering to the initial position. The isolation system preformed 
normally for the remainder of the test program without need of any repairs, aside from 
reattaching the LED. The remaining tests included various severe multi-component 
excitations. 
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FIGURE 5-26  Frame by Frame Sequence Showing Contact with the Displacement 
Restrainer and Uplift of SE Bearing in Isolation System Double 1 
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Uplift of double and triple FP bearings can be particularly serious if the vertical 
separation displacement exceeds the height of the displacement restrainer ring. If the 
slide plate is in contact with the displacement restrainer (which is part of the normal 
course of operation) and a large uplift displacement occurs, it is possible for the concave 
plate and restrainer to rise over the edge of the slider as shown in figure 5-27 for the triple 
FP bearing with the higher friction material on the bottom surface. When the upper 
concave plate returns back down the displacement restrainer can land atop the slide plate 
damaging the liner material or even causing the slider to become unstable. In the worst 
case the upper concave plate can land completely outside of the slider causing the bearing 
to completely lose its lateral functionality-although this is an unlikely event due to the 
large size of the slider.  
 
Although a similar circumstance occurred in the previously described tridirectional El 
Centro test of the double FP (simultaneous contact with the displacement restrainer and 
uplift), the situation was not as serious since the top plate rose up and down nearly 
vertically. This is due to the fact that the uplift occurred after, or as a result of, the 
bearing reaching the full displacement capacity. When the isolation system hit both 
displacement limits, its horizontal motion essentially stopped. Therefore, when the 
vertical separation occurred, there was little or no horizontal momentum to cause the 
bearing to land out of alignment. In contrast, for the triple FP, it is possible to still have 
large sliding velocities when one of the slide plates is in contact with the displacement 
restrainer since sliding can be occurring on the other surface. If there is uplift under these 
circumstances there can be considerable lateral movement when the top part of the 
bearing is airborne causing it to land askew.  
 
For this reason the maximum uplift displacement, with some margin of safety, should be 
used to size the height of the restrainer ring. Ideally, analysis programs will be able to 
predict this quantity since gap behavior is assumed in the vertical direction (this will be 
addressed in the following section). However, appropriate caution should be exercised in 
assessing its validity due to the localized nature of this type of response. As an added 
margin of safety, it would be considered good practice when outer concave surfaces of 
unequal friction are used to use the higher friction material on the top surface. This 
follows from the previous observation of the slider components remaining together and in 
contact with the bottom concave surface when the uplift occurs. In this way the slide 
plate that more commonly contacts the displacement restrainer ring will be on the bottom. 
If separation and horizontal translation occur the upper slide plate will be more likely to 
end up within the displacement restrainer when the bearing lands since it is not already at 
the displacement limit. 
 
Due to a malfunction of the Krypton system’s controller during the 2007 testing, 
coordinate tracking was only possible for the Triple 1 configuration. Although this was 
not the most demanding configuration in terms of uplift, the behavior was observed 
during the tridirectional Newhall test. Uplift can actually be heard during testing due to 
the metallic pinging sound caused by the impact of the various parts. Histories of the 
isolation system’s displacement and each bearing’s vertical force are presented in figures 
5-28 and 5-29. The displacement demands were small enough so that there was no 
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contact with the displacement restrainer when the uplift occurred. The vertical 
displacement history of the SE bearing is presented in figure 5-30. At the time uplift 
occurred in this bearing, its total lateral displacement was 78mm resulting in 
approximately 3mm of vertical displacement from sliding up the concave surfaces. 
Therefore there were approximately 2mm of separation. 
 

 
FIGURE 5-27  Sketch of Uplift Occurring After the Slide Plate is in Contact with 
the Displacement Restrainer (Triple FP Bearing with High Friction on the Bottom 
Surface) 
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FIGURE 5-29  Histories of Bearing Vertical Force from 100% Newhall 
Tridirectional Test of Triple 1 Isolation System 
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FIGURE 5-30  History of Vertical Displacements Relative to the Bottom Concave 
Plate of the SE Bearing in the 100% Tridirectional Newhall Test 
 
The uplift behavior observed for triple FP bearings in this experimental program typically 
lasted for only fractions of a second with very small separation distances. Under these 
circumstances, there is no adverse effect on the performance of the bearing or danger of 
the slider falling apart. The uplift occurs over such a short time that the pieces of the 
slider simply have nowhere to go. In practice, there will be an added margin of safety 
keeping the slider together in the form of a rubber boot that will be wrapped around the 
slide plates (see figure 5-31). Its primary function will be to prevent debris from entering 
the lubricated inner concave surfaces, but it will also help to keep the various pieces of 
the slider together during extreme response.  
 

 
 
FIGURE 5-31  Triple FP Bearing Slider Assembly with Prototype Rubber Boot 
Attached to the Slide Plates 
 
5.4.3 Behavior of Triple 3 Configuration Upon Contacting the Displacement Restrainer 
 
Various tests were carried out using the Triple 3 configuration with the Sylmar 360, 
Newhall 360 and Pacoima 164 ground motions scaled at 100% and beyond. For these 
tests, the slider assembly was wrapped with the rubber boot as shown in figure 5-31 due 
to the possibility of extreme response. The resulting hysteresis loops are presented in 
figures 5-32 through 5-34. In these loops, there is apparent stiffening at displacements of 
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approximately 50mm. This is not due to contact with the displacement restrainer but 
rather a combination of the effects of (a) velocity dependence when motion initiates on 
the high friction surface (b) the influence of overturning and (c) inherent variability in the 
loops due to the random nature of earthquake ground motion. For materials with friction 
on the order of 0.20, there is larger absolute variation in the coefficient of friction due to 
velocity dependence, which will have noticeable impact on the bearing’s hysteresis loops. 
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FIGURE 5-32  Hysteresis Loops of Triple 3 Isolation System with Sylmar 360 
Ground Motion of Large Amplitude 
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FIGURE 5-33  Hysteresis Loops of Triple 3 Isolation System with Newhall 360 
Ground Motion of Large Amplitude 
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100% Pacoima 164
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FIGURE 5-34  Hysteresis Loops of Triple 3 Isolation System with Pacoima 164 
Ground Motion of Large Amplitude 
 
Out of this test sequence, contact was made with the displacement restrainer only in the 
115% Sylmar 360 test. For all motions, substantial uplift was starting to occur across the 
entire isolation system as the magnitudes of motion were increased and testing was 
capped at these levels in the interest of safety. The histories of displacements and vertical 
force from the test with 115% Sylmar 360 excitation are presented in figures 5-35 and 5-
36 respectively. This test is noteworthy since there was uplift occurring as the bottom 
slide plate was in contact with the displacement restrainer. This all occurred over a very 
short time interval; the slide plate is in contact with the displacement restrainer from 

3.52sect =  until motion reverses direction at 3.70sect = . Uplift of bearing 3 occurs 
from 3.64sect =  to 3.67sect = . The frame by frame sequence in which this occurred is 
shown in figure 5-37. This shows the bottom slide plate coming into contact with the 
displacement restrainer and remaining there while motion continues on the upper surface 
and subsequently returning to normal operation even after the uplift occurs.  
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FIGURE 5-35  Decomposed Displacements of SE Bearing in Isolation System Triple 
3 During 115% Sylmar 360 Excitation 
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FIGURE 5-36  Histories of Bearing Vertical Force for Triple 3 Isolation System 
During 115% Sylmar 360 Excitation 
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FIGURE 5-37  Frame by Frame Sequence Showing Contact with the Displacement 
Restrainer and Uplift of SE Bearing in Isolation System Triple 3 During 115% 
Sylmar 360 Excitation 
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Despite these seemingly extreme conditions, there was actually very little danger due to 
the fact that (a) the uplift duration and consequently the uplift displacements were small, 
(b) the outer surface of least friction (that contacts the displacement restrainer first) was 
used on the bottom surface so that even if large uplift displacements did occur when the 
slide plate was bearing on the displacement restrainer it would not be possible to have the 
restrainer ring lift up and over the slider and (c) the slider was wrapped in a rubber boot 
as a final protection against coming apart. 
 
5.4.4 Permanent Displacements of Multi-Spherical Sliding Bearings 
 
An important issue related to the design of multi-spherical sliding bearings is the 
permanent displacement that results after earthquake excitation. On each surface the 
slider can exist in an equilibrium position of nonzero displacement in which the static 
friction force balances the restoring force: 
 
 minpi effi iu R= μ  (5-1) 
 
The coefficient of friction at low velocity is used because as the bearing comes to rest the 
slider approaches zero velocity from above. The permanent displacements on each 
surface add to give the total possible permanent displacement of 
 
 1 min1 2 min 2p eff effu R R= μ + μ  (5-2) 
 
for double FP bearings and 
 
 ( )1 min1 2 3 min 2,3 4 min 4p eff eff eff effu R R R R= μ + + μ + μ  (5-3) 
 
for triple FP bearings. The issue of permanent displacements is more significant for 
double FP and triple FP bearings than for traditional single concave FP bearings since 
there are multiple surfaces on which the permanent displacements can accumulate. 
Moreover, for triple FP bearings there is the possibility that high friction materials will be 
used for at least one of the surfaces. 
 
The value of pu  given by equations (5-1) through (5-3) represents the theoretical upper 
bound of the permanent displacement. Typically earthquakes end with a period of very 
low level excitation which tends to recenter the bearings. Past shake table tests of 
structures isolated with single FP bearings (Tsopelas et al., 1996; Wolff and 
Constantinou, 2004) have shown that the actual permanent displacements are 
approximately one order of magnitude less than the theoretical upper bound given by 
equations (5-1) through (5-3). Figure 5-38 demonstrates that the permanent 
displacements recorded from the various configurations are consistent with the results of 
previous studies. The values are reported for both the unidirectional and multidirectional 
tests. There is no apparent correlation between the number of components in the 
excitation and the resulting components of permanent displacement. This is an important 
observation since past studies have pertained to longitudinal and longitudinal plus 
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vertical excitation. This means that the addition of transverse excitation, for example, 
does not amplify the permanent displacements in the longitudinal direction. For 
combined longitudinal and transverse excitation of course, the resultant permanent 
displacements will be larger than the orthogonal components reported here. 
 
Comparing the performance of the various systems the triple systems with high friction 
Material 8 exhibited the largest permanent displacements. Naturally, the system with both 
surfaces of high friction exhibited larger permanent displacements than the system with 
one surface of high friction. One of the proposed benefits of adaptive behavior is less 
permanent displacements in small earthquakes. In these tests, the non-adaptive system of 
intermediate friction and the adaptive triple FP bearings both exhibited equally small 
permanent displacements in small earthquakes. The adaptive bearings recenter well due 
to the high stiffness low friction inner surface whereas the non-adaptive systems recenter 
well due to the velocity dependence of the coefficient of friction. Even though the Double 
2 configuration exhibits intermediate friction at high velocity, the coefficient of friction at 
slow speeds, which determines the permanent displacement, is still reasonably small. 
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FIGURE 5-38  Comparison of Permanent Displacements from Testing of Each 
Isolation System (U.B. up Refers the Theoretical Upper Bound Value Based on 
Equations (5-2) and (5-3) and the Average up is the Average Permanent 
Displacement from all Tests of that Particular Configuration) 
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SECTION 6 
ANALYTICAL PREDICTION OF RESPONSE 

 
 
6.1 Introduction 
 
Implementation of valid dynamic analysis techniques is one of the most critical steps 
towards practical use of multi-spherical sliding bearings as it demonstrates that the 
behavior is sufficiently well understood to reliably predict response. This section 
describes the modeling and response history analysis of the experimental specimen using 
the commercially available program SAP2000. The intent of this part of the work was to 
determine the capabilities and limitations of this program in order to assess its overall 
validity for analysis of these devices. In addition to properly capturing the force-
displacement relationship of the individual isolators (which was demonstrated in Sections 
6 and 7 of this report), it was necessary to experimentally verify the analytical models of 
multi-spherical sliding bearings when part of a complex structural system.  
 
Beyond accurately representing the force-displacement relationship of the individual 
isolators, Section 17.6.2.1 of the ASCE/SEI 7-05 Standard requires that the dynamic 
analysis procedures used for response history analysis be capable of modeling the 
isolation system  
 
“…with sufficient detail to 

(a) Account for the spatial distribution of isolator units. 
(b) Calculate the translation, in both horizontal directions, and torsion of the 

structure above the isolation interface considering the most disadvantageous 
location of eccentric mass. 

(c) Assess the overturning/uplift forces on individual isolator units. 
(d) Account for the effects of vertical load, bilateral load, and/or the rate of loading if 

the force-displacement properties of the isolation system are dependent on one or 
more of these attributes…” 

 
These requirements form the basis upon which the analytical results are compared to the 
experimental results in this section. In addition, the accuracy of the analysis in predicting 
secondary system response is also evaluated through comparison of the experimental and 
analytical floor spectra. 
 
 
6.2 Description and Verification of Superstructure Analytical Model 
 
The three-dimensional analytical model shown in figure 6-1 was created based on the 
members, dimensions and connection details of the actual model. A complete list of 
properties assigned to the frame members is provided in table 6-1. All beam-column 
connections were fixed and all brace connections were pinned. Rigid end offsets of 
38mm, corresponding to half the depth of the S3×5.7 members, were assigned at the ends 
of each beam and column member. Use of rigid end offsets permits more accurate 
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calculation of the bending stiffness because the clear span, rather than the centerline to 
centerline length, is used to determine the flexibility coefficients. End offsets are not used 
by SAP2000 in the calculation of axial stiffness. In addition, all nodes of each floor were 
constrained to have the same xy  displacements by assigning a diaphragm constraint at 
each z  level of the superstructure. The rigid diaphragm is a reasonable assumption as 
each floor bay of the actual model is fully braced. 
 
 

 
FIGURE 6-1  Analytical Model of Superstructure in SAP2000 
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TABLE 6-1  Section Properties of Fame Elements 
 

 S3×5.7 L1½×1½×¼ Rigid 
Cross Section Area (mm2) 1071 444 5×105 

Torsion Constant (mm4) 18,023 8,325 1×108 
Moment of Inertia 3-3 (mm4) 4.162×105 5.786×104 5×109 
Moment of Inertia 2-2 (mm4) 1.861×105 5.786×104 5×109 

Shear Area 2 (mm2) 363 242 5×105 
Shear Area 3 (mm2) 782 242 5×105 

Width (mm) 59.2 38.1 300 
Depth (mm) 76.2 38.1 300 

Mass and Weight (kg, kN) 0 0 0 
 
Each frame member was assigned to be weightless, with all mass lumped at the beam-
column connections. Based on the load cell measurements, the total weight of the braced 
frame specimen used in the 2004 tests was 222 kN, with 20.9 kN assigned to the basemat 
and the remaining distributed as 33.6 kN to each floor. For the moment frame used in the 
2007 tests the total weight was 209 kN, with 23.6 kN assigned to the basemat and 30.9 
kN assigned to each floor (the basemat weight in the 2007 tests was larger due to the 
addition of the flange stiffener plates). In this study there was no mass eccentricity, 
though this could easily have been modeled by assigning the joint masses appropriately. 
 
Accurate calculation of the exact section properties of the built up HSS tubes was 
complicated by the fact that full composite action was not achieved across the entire cross 
section with the stitch welds that were around the perimeter of the cover plates. 
Therefore, instead of explicitly assigning section properties to the tubes, the entire 
basemat was modeled as rigid elements with the vertical flexibility accounted for by 
using four linear spring elements. Each spring was modeled as a two node linear link 
element vertically aligned with the FP link elements at the location of each load cell. The 
length of each spring element corresponded to the height of the load cell. To model the 
configuration of the 2004 tests, each spring was assigned a stiffness of 45.5 kN/mm. This 
provided the analytical model a fundamental vertical frequency of 12.98 Hz, which 
compares well with the actual experimental value of 12.99 Hz. To model the stiffened 
basemat of the 2007 tests, the vertical springs were each assigned a stiffness of 63.9 
kN/mm (analytical first mode = 15.27 Hz, experimental first mode = 15.25 Hz). Each 
spring element was also fixed in the two remaining translational degrees of freedom and 
the three rotational degrees of freedom. 
 
In order to verify the accuracy of the superstructure model, the results of modal analysis 
performed using Ritz vectors are compared to the experimentally measured dynamic 
properties in tables 6-2 through 6-5. The analytical model describes the dynamic 
properties very well in the longitudinal direction for both the braced frame and moment 
frame specimens. However, in the transverse direction the agreement is not as good. The 
most likely cause of this discrepancy is error in the experimental measurements due to 
rocking motion. Rocking of the superstructure atop the flexible base is worse in the 
transverse direction due to the larger aspect ratio. Instead of measuring the accelerations 
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of pure horizontal translation, the accelerometers used to determine the dynamic 
properties measured acceleration comprised of both translational and rotational 
components. This issue is not of great concern however as it is the response of the 
specimen in the longitudinal direction that is primarily of interest. 
 
TABLE 6-2  Comparison of Experimental and Analytical Values of Frequencies and 
Mode Shapes of Braced Frame in Longitudinal Direction 
 

  Mode 
  1 2 3 

 Exp. Ana. Exp. Ana. Exp. Ana. 
Frequency (Hz) 3.50 3.73 17.38 17.85 30.63 35.42 
Damping Ratio 0.033 - 0.017 - 0.003 - 

6th 1.000 1.000 0.834 0.979 0.669 0.750 
5th 0.850 0.832 0.235 0.230 -0.551 -0.491 
4th 0.652 0.653 -0.414 -0.518 -1.000 -0.992 
3rd 0.513 0.472 -0.888 -0.981 -0.236 -0.173 
2nd 0.371 0.295 -1.000 -1.000 0.996 0.950 

St
or

y 

1st 0.173 0.133 -0.572 -0.594 0.958 1.000 
 
TABLE 6-3  Comparison of Experimental and Analytical Values of Frequencies and 
Mode Shapes of Moment Frame in Longitudinal Direction 
 

Experimental 
  Mode 
  1 2 3 4 5 6 
Frequency (Hz) 2.25 8.00 13.63 20.13 25.63 29.88 
Damping Ratio 0.056 0.015 0.019 0.006 0.004 0.004 

6th 1.000 0.998 0.819 0.419 0.311 0.145 
5th 0.904 0.383 -0.464 -0.705 -1.000 -0.480 
4th 0.760 -0.418 -1.000 -0.097 0.821 0.748 
3rd 0.585 -0.986 -0.185 0.845 0.051 -1.000 
2nd 0.384 -1.000 0.816 -0.207 -0.593 0.930 

St
or

y 

1st 0.177 -0.479 0.817 -1.000 0.834 -0.631 
Analytical 

  Mode 
  1 2 3 4 5 6 
Frequency (Hz) 2.26 7.45 13.08 19.47 25.71 30.51 

6th 1.000 0.991 0.797 0.650 0.418 0.194 
5th 0.913 0.389 -0.400 -0.898 -0.972 -0.581 
4th 0.777 -0.399 -1.000 -0.278 0.815 0.881 
3rd 0.597 -0.963 -0.227 0.997 -0.015 -1.000 
2nd 0.386 -1.000 0.862 -0.068 -0.795 0.916 

St
or

y 

1st 0.161 -0.511 0.804 -1.000 1.000 -0.656 
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TABLE 6-4  Comparison of Experimental and Analytical Values of Frequencies and 
Mode Shapes of Braced Frame in Transverse Direction 
 

  Mode 
  1 2 3 

 Exp. Ana. Exp. Ana. Exp. Ana. 
Frequency (Hz) 3.75 5.48 15.86 22.37 19.36 45.77 
Damping Ratio 0.029 - 0.012 - 0.006 - 

6th 1.000 1.000 0.728 0.842 0.084 0.631 
5th 0.867 0.802 0.166 0.070 -0.377 -0.554 
4th 0.686 0.599 -0.481 -0.620 -0.292 -0.919 
3rd 0.457 0.403 -0.881 -1.000 -0.089 -0.082 
2nd 0.318 0.227 -1.000 -0.958 1.000 0.964 

St
or

y 

1st 0.144 0.087 -0.597 -0.553 0.190 1.000 
 
TABLE 6-5  Comparison of Experimental and Analytical Values of Frequencies and 
Mode Shapes of Moment Frame in Transverse Direction 
 

  Mode 
  1 2 3 

 Exp. Ana. Exp. Ana. Exp. Ana. 
Frequency (Hz) 3.63 5.63 16.00 23.12 18.88 47.39 
Damping Ratio 0.110 - 0.010 - 0.005 - 

6th 1.000 1.000 0.671 0.838 0.184 0.624 
5th 0.879 0.800 0.387 0.064 -0.222 -0.560 
4th 0.710 0.597 -0.338 -0.625 -0.638 -0.913 
3rd 0.532 0.400 -0.717 -1.000 -0.615 -0.070 
2nd 0.377 0.225 -1.000 -0.953 1.000 0.971 

St
or

y 

1st 0.210 0.086 -0.620 -0.548 0.587 1.000 
 
To further verify the analytical model of the superstructure, response history analysis of a 
linear model of the fixed base structure was performed for the four seismic tests listed in 
table 9-1 (30% El Centro S00E and 50% Taft N21E for the braced frame and 100% 
Wrightwood 115 and 100% Golden Gate Park 100 for the moment frame). The input 
ground motions used in the analysis were the actual histories of table motion recorded 
during the tests. For these analysis cases, frequency dependent modal damping was 
specified based on the experimental values of the damping ratios of each modal 
frequency. The experimental and analytical histories of normalized base shear, interstory 
drift and sixth floor absolute acceleration are presented in figures 6-2 through 6-5. The 
agreement for the braced frame tests is reasonable but not great. For both ground 
motions, the SAP2000 analysis overestimates base shear and acceleration and 
underestimates the first story drift. This discrepancy results from slippage of the braces 
during the experiment, which is difficult to model analytically. There is much better 
agreement between experimental and analytical results for the moment frame specimen 
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(figures 6-4 and 6-5). With the braces and the associated behavioral discontinuities 
removed, the specimen acts as a more “analytic” structure for excitation in the 
longitudinal direction. 
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FIGURE 6-2  Comparison of Experimental and Analytical Response for Fixed Base 
Braced Frame with 30% El Centro S00E Excitation Applied Longitudinally 
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FIGURE 6-3  Comparison of Experimental and Analytical Response for Fixed Base 
Braced Frame with 50% Taft N21E Excitation Applied Longitudinally 
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FIGURE 6-4  Comparison of Experimental and Analytical Response for Fixed Base 
Moment Frame with 100% Wrightwood 115 Excitation Applied Longitudinally 
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FIGURE 6-5  Comparison of Experimental and Analytical Response for Fixed Base 
Moment Frame with 100% Golden Gate 100 Excitation Applied Longitudinally 
 
Since one of the proposed benefits of adaptive behavior is earlier activation and 
consequently better performance of secondary systems in minor earthquakes, it was also 
useful to evaluate the analytical predictions of floor response spectra. Experimental and 
analytical floor response spectra for the moment frame subjected to the Wrightwood 115 
ground motion are presented in figure 6-6. For lower frequencies (say, below 7 Hz, which 
approximately corresponds to the second modal frequency), the analytical results are in 
very good agreement with the experimental results. Beyond this however, the 
experimental data capture the high frequency content with much greater fidelity than 
provided by the analysis.  
 
These results contribute toward establishing the accuracy of the superstructure model. 
This step was necessary in order to be able to more suitably evaluate the analytical 
models of the various isolation systems and assess the relative contributions of isolation 
system modeling error and superstructure modeling error to the total error. To 
summarize, response can be very accurately predicted for the moment frame in the 
longitudinal direction. Even the floor response spectra at lower frequencies are captured 
well. There is greater error in the modeling of the braced frame due to slippage of the 
braces; however the analytical results are still within reasonable agreement. Lastly, it 
should be qualified that these results are obtained for a highly regular, bare frame 
structure whose mass is known with a good degree of certainty. Judgments on the 
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accuracy of the analysis for actual structures with asymmetry, exterior cladding and 
interior partitions whose mass is estimated are left to the reader’s discretion. 
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FIGURE 6-6  Comparison of Experimental and Analytical Floor Response Spectra 
for Moment Frame Structure Subjected to 100% Wrightwood 115 Excitation 
 
 
6.3 Modeling and Analysis of Isolated Specimens 
 
SAP2000 models each isolator as a discrete nonlinear link element that can be placed 
anywhere within the model. Frequency dependent modal damping was specified as 
shown in figure 6-7 based on the experimental values of the damping ratios at each modal 
frequency. Below the fundamental frequency of the superstructure, near zero equivalent 
viscous damping is assigned. This way, in the modes associated with the isolators all of 
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the energy dissipation results from hysteretic energy dissipation based on the friction 
assigned to the isolator elements. Furthermore, damping is also properly represented in 
the modes associated with the superstructure above. This prevents error from having 
viscous damping in addition to hysteretic damping in the modes associated with isolator 
deformation which would result if the default scheme in SAP2000 of constant damping in 
all modes were to be used. 
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                                          (a)                                                               (b) 
 
FIGURE 6-7  Frequency Dependent Modal Damping Used in Analysis of (a) Braced 
Frame Specimen and (b) Moment Frame Specimen 
 
The isolators are modeled following the basic methodology proposed in Sections 6 and 7. 
For the Double 1 and Double 2 configurations, a single link element is used at each 
bearing location; the Triple 1 and Triple 2 configurations are modeled with two vertically 
aligned link elements connected in series at each bearing location and the Triple 3 
configuration is modeled with three vertically aligned FP link elements connected in 
series at each bearing location. The minimum number of link elements needed to properly 
describe the behavior is dependent on the degree of adaptability of each configuration. 
More specific details regarding the properties assigned to each element of each 
configuration are presented in the following sub-sections. 
 
For response history analysis, the input excitation is the actual acceleration of the shake 
table in each principal translational direction as measured from the experiments. 
Although there were noticeable rotational accelerations of the shake table, these were not 
considered in the analysis as there effects were found to be negligible. This was verified 
by performing analysis for a few motions including the rotational accelerations about the 
transverse axis as calculated from the vertical accelerations at the west and east sides of 
the shake table extension. The results from the analysis of the Triple 3 configuration for 
the Sylmar 360 motion including rotational acceleration of the shake table extension are 
shown in figure 6-8 and demonstrate that there is very small effect when the rotations are 



 140

considered in the analysis. There is negligible effect on all response quantities including 
horizontal shear, isolator displacements and permanent displacements.  
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FIGURE 6-8  Comparison of Analysis Results when the Rotational Accelerations of 
the Shake Table are Included in the Analysis (Triple 3 Configuration Subjected to 
Sylmar 360 Ground Motion Applied in the Longitudinal Direction) 
 
When experimental data regarding initial displacements are available, as is the case for 
all configurations tested except Double 1, the initial conditions of each analysis case are 
those at the end of the previous case. To ensure that the superstructure comes to rest so 
that the final condition of the model (and accordingly the initial condition for the 
following analysis case) is only a permanent displacement of the isolation system, there 
are several seconds of zero acceleration appended to the end of each record. 
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6.4 Comparison of Isolation System Primary Response Quantities 
 
Though Sections 6 and 7 demonstrate that there are modeling techniques for properly 
representing the various types of adaptive behavior exhibited by these devices, they 
establish the validity of the analysis essentially only at the component level. Comparison 
to the shake table test results is necessary to verify that the behavior predicted by the 
proposed assemblies of nonlinear elements is accurate in the context of a complex 
structural system.  
 
6.4.1 Modeling and Analysis Results for the Double 1 and Double 2 Configurations 
 
The Double 1 and Double 2 configurations are each double FP bearings having concave 
surfaces of equal friction. There is simultaneous sliding on both surfaces throughout the 
entire course of motion. As a result, no transitions in stiffness occur. The hysteretic 
behavior of these devices is identical to the single FP bearing, which allows them to be 
modeled using a single FP link element with radius equal to the sum of the effective radii 
of the upper and lower surfaces, 1 2eff effR R+ , and rate parameter equal to half of the actual 
value. Therefore, for the analysis program these configurations are no more demanding 
analytically than the single FP bearing. The validity of SAP2000 for analyzing single FP 
bearings has been established for some time now (Scheller and Constantinou, 1999; 
Computers and Structures, Inc., 2006) 
 
The properties assigned to the link elements used to model each configuration are given 
in table 6-6. The friction coefficients and rate parameter were assigned based on the 
experimental results, with the same value specified in every analysis case for each 
configuration. For the Double 1 configuration, the reason for the slight increase in maxf  
from 0.017 in the characterization tests (see figure 8-19) to 0.03 in the shake table tests is 
likely due to contamination from flaked off material in repetitive testing and airborne 
dust collecting in the lubricant in the unsealed model bearings. 
 
The results of analysis of the braced frame with the Double 1 configuration and the 
moment frame with the Double 2 configuration are compared to the experimental results 
in figures B-1 through B-21 of Appendix B.  Representative results from the Sylmar 360 
and Pacoima 164 motions are provided in figures 6-9 and 6-10. There is generally very 
good agreement in terms of tracking the isolation system displacements and in the 
prediction of the shear force. This applies also for the bidirectional (longitudinal + 
vertical) and tridirectional tests. When there is excitation in both the longitudinal and 
transverse directions, the analytical model is capable of accurately reproducing the actual 
displacement orbits and the shear forces in each principal direction. Mosqueda et al. 
(2004) were able to get results of similar accuracy from bidirectional tests of a simpler 
rigid block frame using a coupled plasticity model for the single FP bearings. The results 
of this present study help to further experimentally validate single FP link elements in 
SAP2000 for bidirectional (longitudinal + transverse) excitation. 
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TABLE 6-6  Properties of FP Elements Used in Response History Analysis of 
Double 1 and Double 2 Configurations 
 

Parameter Double 1 Double 2 
Supported Weight (kN) 55.6 52.3 

FP Link Element Height (mm) 150 150 
Dynamic Mass (kN-sec2/mm) 1.75×10-6 1.75×10-6 

Shear Deformation Location (mm) 75 75 
Vertical Stiffness (kN/mm) 3000 3000 
Effective Stiffness (kN/mm) 0.255 0.466 
Yield Displacement (mm) 0.025 0.025 
Elastic Stiffness (kN/mm) 65 290 

Coefficient of Friction, Slow 0.0093 0.07 
Coefficient of Friction, Fast 0.03 0.14 

Radius (mm) 878 878 
Rate Parameter (sec/mm) 0.015 0.0079 

Torsional Stiffness (kN-mm/rad) 0 0 
Rotational Stiffness (kN-mm/rad) Fixed Fixed 

 
The analysis also predicts the permanent displacement of the isolators with a good deal of 
accuracy. The predictions are better for the Double 1 configuration since there is a 
smaller range of displacements for which the static friction force balances the restoring 
force. There is slightly larger error in the prediction of permanent displacements for the 
Double 2 configuration, but this system is of relatively high friction and there is a larger 
range of displacements for which the two forces balance. The theoretical upper bound 
permanent displacement for the Double 1 and Double 2 configurations are 8.2mm and 
61mm respectively. Considering the large range of displacements for which the Double 2 
configuration will be in equilibrium, these analytical estimates of the permanent 
displacement are actually quite good. 
 
6.4.2 Modeling and Analysis Results for the Triple 1, Triple 2 and Triple 3 
Configurations 
 
The Triple 1 and Triple 2 configurations both have coefficients of friction with relative 
values 2 3 1 4μ = μ < μ = μ . It was described in Section 7 that for this type of configuration 
the behavior can be modeled with two FP link elements connected in series; the first 
representing the inner surfaces having radius of 2 3eff effR R+  and friction coefficient of 

2 3μ = μ , the second representing the outer concave surfaces and having radius of 
1 4 2 3eff eff eff effR R R R+ − −  and friction coefficient of 1 4μ = μ . The rate parameter that is 

assigned must also be equal to half of the actual value for each material to reflect the fact 
that one link element is being used to represent sliding on two surfaces. For the Triple 3 
configuration, three FP link elements are used to model the behavior since there are 
different liner materials on the two outer surfaces. To simplify the analysis, gap elements 
are only used for the analysis cases in which there is the possibility of contact with the 
displacement restrainer. 
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FIGURE 6-9  Comparison of Experimental and Analytical Results for Sylmar 090 
and Pacoima 164 Ground Motions with Isolation System Double 1 
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FIGURE 6-10  Comparison of Experimental and Analytical Results for Sylmar 090 
and Pacoima 164 Ground Motions with Isolation System Double 2 
 
The parameters assigned to the link elements used to represent the Triple 1, Triple 2 and 
Triple 3 configurations are listed in tables 6-7, 6-8 and 6-9 respectively. Again, the 
friction coefficients and rate parameter used in the analysis were assigned based on the 
experimental results, with the same value specified in each analysis case for a particular 
configuration.  
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TABLE 6-7  Properties of FP Elements Used in Response History Analysis of Triple 
1 Configuration 
 

Parameter Element FP 1 Element FP 2 
Supported Weight (kN) 52.3 52.3 

FP Link Element Height (mm) 75 75 
Dynamic Mass (kN-sec2/mm) 1.75×10-6 1.75×10-6 

Shear Deformation Location (mm) 0 75 
Vertical Stiffness (kN/mm) 2660 2660 
Effective Stiffness (kN/mm) 0.492 (0.4921) 0.440 (0.481) 
Yield Displacement (mm) 0.025 0.025 
Elastic Stiffness (kN/mm) 125 (125) 270 (310) 

Coefficient of Friction, Slow 0.05 (0.02) 0.065 (0.12) 
Coefficient of Friction, Fast 0.06 (0.06) 0.13 (0.15) 

Radius (mm) 106 764 
Rate Parameter (sec/mm) 0.0079 0.0059 

Torsional Stiffness (kN-mm/rad) 0 0 
Rotational Stiffness (kN-mm/rad) Fixed Fixed 

 
1. Value in parenthesis is value used in analysis of multidirectional tests. Sliders were disassembled and 
reassembled in between test sequences. 
 
TABLE 6-8  Properties of FP Elements Used in Response History Analysis of Triple 
2 Configuration 
 

Parameter Element 1 Element 2 
Supported Weight (kN) 52.3 52.3 

FP Link Element Height (mm) 75 75 
Dynamic Mass (kN-sec2/mm) 1.75×10-6 1.75×10-6 

Shear Deformation Location (mm) 0 75 
Vertical Stiffness (kN/mm) 2660 2660 
Effective Stiffness (kN/mm) 0.511 0.583 
Yield Displacement (mm) 0.025 0.025 
Elastic Stiffness (kN/mm) 145 410 

Coefficient of Friction, Slow 0.05 0.18 
Coefficient of Friction, Fast 0.07 0.20 

Radius (mm) 106 764 
Rate Parameter (sec/mm) 0.0079 0.0059 

Torsional Stiffness (kN-mm/rad) 0 0 
Rotational Stiffness (kN-mm/rad) Fixed Fixed 
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TABLE 6-9  Properties of FP Elements Used in Response History Analysis of Triple 
3 Configuration 
 

Parameter Element 1 Element 2 Element 3 
Supported Weight (kN) 52.3 52.3 52.3 

FP Link Element Height (mm) 50 50 50 
Dynamic Mass (kN-sec2/mm) 1.75×10-6 1.75×10-6 1.75×10-6 

Shear Deformation Location (mm) 0 25 50 
Vertical Stiffness (kN/mm) 4000 4000 4000 
Effective Stiffness (kN/mm) 0.438 0.406 0.559 
Yield Displacement (mm) 0.025 0.025 0.025 
Elastic Stiffness (kN/mm) 75 255 410 

Coefficient of Friction, Slow 0.015 0.11 0.12 
Coefficient of Friction, Fast 0.045 0.15 0.20 

Radius (mm) 106 382 382 
Rate Parameter (sec/mm) 0.0079 0.0158 0.0118 

Torsional Stiffness (kN-mm/rad) 0 0 0 
Rotational Stiffness (kN-mm/rad) Fixed Fixed Fixed 

 
The results of analysis of the moment frame with the Triple 1, Triple 2 and Triple 3 
configurations are compared to the experimental results in figures B-22 through B-45 of 
Appendix B. Representative results from the Sylmar 360 and Pacoima 164 motions for 
these three configurations are provided in figures 6-11, 6-12 and 6-13. The SAP2000 
analysis results reproduce quite accurately the hysteresis loops and displacement histories 
measured from the experiment. The analysis captures the transitions in stiffness and the 
correct forces and displacements at which these occur. This applies regardless of whether 
two FP link elements (Triple 1 and Triple 2 configurations) or three FP link elements 
(Triple 3 configuration) are used to represent behavior. There is good accuracy in 
reproducing the experimental displacement orbits and hysteresis loops for the 
bidirectional (longitudinal + vertical) and tridirectional analysis cases as well. Since the 
model also captures the velocity dependence of the coefficient of friction, this 
experimentally verifies that the analytical model is capable of capturing the behavior 
accounting for the effects of bilateral loading and rate dependent phenomena. This 
extends the basic capabilities in Sections 6 and 7 since the model is shown to reproduce 
the response of a complex, vertically flexible MDOF system with multiple isolators for 
random earthquake excitation. 
 
Due to the multiple phases in sliding behavior, random motion is much more demanding 
analytically the sinusoidal input that was used to experimentally verify the behavior in 
Section 7. After a large displacement excursion, it is possible for the slider to oscillate on 
the innermost surfaces with the slide plates still in an offset position. Sometimes there is a 
slight error in the analytical prediction of the outer concave surfaces’ displacement when 
they come to rest during the motion. Since sliding occurs on these surfaces only during 
the more intense periods of ground shaking, if there is some error in the displacement 
calculation when motion on one of these surfaces stops then it will manifest itself as an 
offset in the total bearing displacement throughout the remainder of the excitation. This is 
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equivalent to error in prediction of the permanent displacement of one of the FP link 
elements. In general, for all three systems there is good agreement in reproducing the 
experimental displacement results; however when there is error, it is primarily 
displacement offsets attributed to this phenomenon. 
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FIGURE 6-11  Comparison of Experimental and Analytical Results for Sylmar 090 
and Pacoima 164 Ground Motions with Isolation System Triple 1 
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FIGURE 6-12  Comparison of Experimental and Analytical Results for Sylmar 090 
and Pacoima 164 Ground Motions with Isolation System Triple 2 
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FIGURE 6-13  Comparison of Experimental and Analytical Results for Sylmar 090 
and Pacoima 164 Ground Motions with Isolation System Triple 3 
 
6.4.3 Large Amplitude Motions and Contact with the Displacement Restrainer 
 
In larger amplitude tests (those listed in table 9-7), gap elements were included in the 
analytical model of the isolators to capture the behavior upon contact with the 
displacement restrainer. Since contact was expected only on the outer surface of lower 
friction, only one set of gap elements was used per isolator. Each gap element was a pin-
ended two-joint link, 150mm in length and aligned along the longitudinal direction of the 
structure. The specific properties assigned to the elements are given in table 6-10. Note 
that the gap size of 53.5mm assigned to each element was calculated based on the actual 
displacement capacity of the outer sliding surface, 61mm. This is less than the nominal 
displacement capacity of 64mm due to the effects of slider height and slider rotation. 
 



 150

TABLE 6-10  Properties of Gap Elements Used in Response History Analysis of 
Triple 3 Isolation System 
 

Parameter Gap Element 2-3 
Dynamic Mass (kN-sec2/mm) 1.75×10-7 
Effective Stiffness (kN/mm) 0.5 

Gap Size (mm) 53.5 
Stiffness After Closing (kN/mm) 250 

 
The results of these large amplitude analysis cases for the Sylmar 360, Newhall 360 and 
Pacoima 164 motions are provided in figures B-46 through B-49 of Appendix B. There is 
good agreement in terms of reproducing the hysteresis loops and displacement histories 
including the residual displacements. Moreover, it is also correctly predicted that there is 
contact with the displacement restrainer only for the 115% Sylmar excitation. The 
experimental and analytical hysteresis loops from this test are shown in figure 6-14. The 
stiffening behavior after contact with the restrainer (after engaging the gap element in the 
analytical model) is evident in the force-displacement loops. However, due to the velocity 
dependence of the coefficient of friction which causes the roundedness of the loops near 
the maximum displacement, it is difficult to absolutely confirm that the stiffness after 
contact is the same in both the experiment and the analysis. The agreement however, 
seems reasonable based on the inset of figure 6-14. Furthermore, the validation provided 
in Section 7 should give added confidence in the accuracy of the analytical model in 
capturing the stiffening behavior after contact. The history of gap element axial force for 
the SE bearing, which is the force that would be imparted to the displacement restrainer, 
is provided in figure 6-15. Consistent with the experimental results, the analysis predicts 
contact over only a short duration of time – 0.15sec in the analysis compared to 0.18sec 
observed in the experiment. 
 
As an additional example to evaluate the analytical prediction of behavior upon contact, 
the 200% tridirectional El Centro test of the Double 1 configuration is investigated. 
Recall that in this test there was substantial impact with the displacement restrainers as 
well as uplift. For this configuration, contact with the displacement restrainer is made 
only as the bearing reaches its full displacement capacity. Therefore there is an abrupt 
transition to high stiffness as opposed to the gradual stiffening exhibited by the triple FP 
bearing. 
 
For this analysis, the bearings were modeled the same as before (refer to the properties of 
the Double 1 configuration listed in table 6-6). Connected to the top node of each FP link 
element was an assembly of 16 gap elements spaced radially at 22.5° increments. This 
very closely approximated the circular displacement restrainer. The gap size of each 
element was 141mm based on the actual displacement capacity of the bearing accounting 
for the effects of slider height and slider rotation. 
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FIGURE 6-14  Comparison of Experimental and Analytical Loops from Testing the 
Triple 3 Configuration with 115% Sylmar 360 Excitation (Contact Made with 
Displacement Restrainer) 
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FIGURE 6-15  History of Gap Element Axial Force from the Test of the Triple 3 
Configuration with 115% Sylmar 360 Excitation 
 
Initially, the gap elements were assigned very large stiffness following the assumption 
that they were basically rigid. The stiffness upon closing of each element was  
250kN/mm. Figure 6-16 compares the displacement orbits measured from the experiment 
with those from the analysis and figure 6-17 compares the hysteresis loops in the 
longitudinal and transverse directions. The analysis reproduces well the displacement 
orbits and the effect of the displacement restrainer in arresting motion. However, the 
hysteresis loops clearly do not agree well with the experimental results. The base shear is 
substantially overpredicted when the displacement restrainer is contacted and there are 
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additional spikes in shear due to the model predicting contact which did not occur in the 
experiment. The later phenomenon is due to the slider rebounding off the displacement 
restraint at one end with overestimated velocity and subsequently impacting the 
displacement restrainer at the other end of travel. These observations are consistent with 
those of Zayas et al. (1989) when they modeled the single FP with a rigid displacement 
restrainer. The authors of that study also point out that use of a rigid displacement 
restrainer in the model results in purely elastic response of the bearing upon contact, 
which is inconsistent with the true behavior. In actuality there is energy dissipation due to 
(a) impact, (b) friction from steel on steel contact between the displacement restrainer and 
the slider and (c) plastic deformation of the restrainer ring itself.   
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FIGURE 6-16  Comparison of Displacement Orbits Measured from Experiment and 
those Obtained from Analysis Using Gap Elements to Model the Displacement 
Restrainer (Gap Element Stiffness = 250 kN/mm) 
 
A more accurate approach is to assign a smaller stiffness value to the gap elements upon 
engagement of the displacement restrainer. A second analysis was carried out using a 
stiffness of 0.5kN/mm upon engagement of each gap element, which corresponds to 
approximately ten times the stiffness of the bearing after the initiation of sliding 
(10 effW R ). The displacement orbits and hysteresis loops from this analysis are presented 
in figures 6-18 and 6-19. Using a finite value for the displacement restrainer stiffness, the 
model quite accurately estimates the base shear in the longitudinal and transverse 
directions. The most obvious error is that displacements beyond the restrainer are 
erroneously predicted. However, for engineering purposes it is much more important to 
accurately predict the peak base shear upon contacting the displacement restrainer. This 
value is important as it could be used for design of the superstructure or foundation 
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elements. Common sense dictates that displacements beyond those of the displacement 
restrainer are only possible when failure of the restrainer occurs.  
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FIGURE 6-17  Comparison of Longitudinal and Transverse Hysteresis Loops 
Measured from Experiment and those Obtained from Analysis Using Gap Elements 
to Model the Displacement Restrainer (Gap Element Stiffness = 250 kN/mm) 
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FIGURE 6-18  Comparison of Displacement Orbits Measured from Experiment and 
those Obtained from Analysis Using Gap Elements to Model the Displacement 
Restrainer (Gap Element Stiffness = 0.50 kN/mm) 
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FIGURE 6-19  Comparison of Longitudinal and Transverse Hysteresis Loops 
Measured from Experiment and those Obtained from Analysis Using Gap Elements 
to Model the Displacement Restrainer (Gap Element Stiffness = 0.50 kN/mm) 
 
It should be noted that the tested model bearings had substantial strength in the restrainer, 
whereas full size bearings would have a restrainer strength that is only marginally more 
than the maximum force that the bearings can mobilize just short of their displacement 
capacity. Therefore, realistic models for analysis should account for the limited strength 
of the restrainer. In the tested model, there was no need to model this strength as the peak 
force measured on contact in the tests remained within the elastic limits since no failure 
or permanent deformation of the restrainer was observed. 
 
6.4.4 Prediction of Variation of Axial Load and Vertical Displacements 
 
Validating the analytical predictions of behavior under extreme dynamic conditions such 
as bearing uplift is important since it demonstrates the robustness of the analytical models 
and gives engineers added confidence in the model’s capability to predict behavior for 
more moderate events. In addition to being able to track the histories of vertical load on 
the bearings, for triple FP bearings it is also useful for design if the uplift displacements 
can be accurately predicted.  
 
The histories of vertical load on each bearing as well as the histories of vertical 
displacement for the Triple 1 and Triple 3 configurations tested with tridirectional 
Newhall excitation are compared in figures 6-20 through 6-23 (the Triple 1 configuration 
is shown because there is experimental data for vertical displacements and the Triple 3 
configuration is shown because it is the most general configuration consisting of three FP 
link elements). The maximum and minimum bearing axial forces are compared in tables 
6-11 and 6-12. This motion is very demanding analytically because (a) excitation along 
the longitudinal and transverse directions results in each of the four bearings having a 
different history of vertical load and (b) it has the strongest  
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FIGURE 6-20  Comparison of Experimental and Analytical Vertical Load Histories 
from Testing the Triple 1 Configuration with Tridirectional Newhall Excitation 
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FIGURE 6-21  Comparison of Experimental and Analytical Vertical Displacement 
Histories from Testing the Triple 1 Configuration with Tridirectional Newhall 
Excitation 
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FIGURE 6-22  Comparison of Experimental and Analytical Vertical Load Histories 
from Testing the Triple 3 Configuration with Tridirectional Newhall Excitation 
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FIGURE 6-23  Analytical Vertical Displacement Histories from Testing the Triple 3 
Configuration with Tridirectional Newhall Excitation 

 
TABLE 6-11  Comparison Experimental and Analytical Values of Bearing Vertical 
Forces from Test of Triple 1 Configuration with Tridirectional Newhall Excitation 
 

 Minimum Vertical Load (kN) Maximum Vertical Load (kN) 
 Experimental Analytical Experimental Analytical 

NW Bearing 0 0 106 111 
NE Bearing 5 0 162 138 
SE Bearing 0 0 140 136 
SW Bearing 0 0 118 111 
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TABLE 6-12  Comparison Experimental and Analytical Values of Bearing Vertical 
Forces from Test of Triple 3 Configuration with Tridirectional Newhall Excitation 
 

 Minimum Vertical Load (kN) Maximum Vertical Load (kN) 
 Experimental Analytical Experimental Analytical 

NW Bearing 0 0 101 118 
NE Bearing 4 0 177 142 
SE Bearing 0 0 140 139 
SW Bearing 0 0 135 119 

 
vertical component of all motions considered resulting in considerable uplift and 
variation in total axial load. For both configurations, the analysis qualitatively reproduces 
the experimental histories of vertical load and predicts the peak values within 
approximately 10%-15% on average. Results of this accuracy for such extreme response 
are typically suitable for engineering purposes. 
 
The analysis less accurately estimates the vertical displacements during the test. The 
analytical values of vertical displacement reported are the relative vertical displacements 
of the top node of the FP link assembly with respect to the bottom node. Experimental 
data from the Triple 1 configuration indicates that there was a maximum of 
approximately 5.5mm of vertical motion of the top concave plate relative to the bottom 
plate. Approximately 3mm of this motion is from sliding up the concave surfaces 
meaning that there was approximately 2.5mm of separation during the test. Although the 
FP link elements in SAP2000 do not reproduce the vertical displacements due to sliding 
up the curved plates, it was originally thought that it would be possible to predict the 
separation displacements upon uplift since there is gap behavior in the vertical degree of 
freedom. However, as shown in figure 6-21, the analysis largely underestimates the 
vertical displacements upon separation. Although no experimental data is available, 
vertical displacements of similar magnitude and likely similar error are predicted for the 
Triple 3 configuration.   
 
Analytical predictions of the vertical load on the bearings and the vertical displacements 
from the 200% tridirectional El Centro test of the Double 1 configuration are shown in 
figures 6-24 and 6-25 respectively. The maximum and minimum vertical loads for each 
bearing are shown in table 6-13. These results are shown for the analysis in which the gap 
elements representing the displacement restrainer were not rigid after contact, but rather 
assigned the smaller stiffness of 0.5kN/mm. These results demonstrate that even under 
extreme uplift and impact conditions, the bearing axial forces can be calculated with 
suitable accuracy. There is some discrepancy during the intervals of extreme uplift and 
rebounding, due likely to localized phenomena such as impact and radiation damping that 
are present in reality but not modeled in the analysis. As before, the uplift displacements 
are largely underestimated in comparison to the experimental results. 
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FIGURE 6-24  Comparison of Experimental and Analytical Vertical Load Histories 
from Testing the Double 1 Configuration with 200% Tridirectional El Centro 
Excitation 

 



 161

SE Bearing - Experimental

2 4 6 8 10 12

V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-5
0
5

10
15
20
25
30

NW Bearing - Analytical

2 4 6 8 10 12

V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-5
0
5

10
15
20
25
30

NE Bearing - Analytical

2 4 6 8 10 12

V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-5
0
5

10
15
20
25
30

SE Bearing - Analytical

2 4 6 8 10 12

V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-5
0
5

10
15
20
25
30

SW Bearing - Analytical

Time (sec)

2 4 6 8 10 12

V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-5
0
5

10
15
20
25
30

[Loss of Data Stream]

 
 
FIGURE 6-25  Comparison of Experimental and Analytical Vertical Displacement 
Histories from Testing the Double 1 Configuration with 200% Tridirectional El 
Centro Excitation 
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TABLE 6-13  Comparison Experimental and Analytical Values of Bearing Vertical 
Forces from Test of Triple 3 Configuration with 200% Tridirectional El Centro 
Excitation (Gap Element Stiffness = 0.5kN/mm) 
 

 Minimum Vertical Load (kN) Maximum Vertical Load (kN) 
 Experimental Analytical Experimental Analytical 

NW Bearing 0 0 121 123 
NE Bearing 0 0 213 124 
SE Bearing 0 0 92 118 
SW Bearing 0 0 159 124 

 
The likely reason for the inability of program SAP2000 to accurately predict substantial 
uplift displacement is due to the fact that such displacement was caused by rigid body 
rocking of the model that rested on four isolators and effectively rocked with two 
isolators being airborne during the uplift episode. Such behavior cannot be modeled in 
SAP2000 as it requires large displacement analysis capability. On the other hand, isolator 
uplift displacements associated with structural deformation but not rigid body rocking 
should be accurately predictable by small displacement analysis as that of program 
SAP2000 (e.g., see Scheller and Constantinou, 1999). 
 
More accurate prediction of the uplift displacements could possibly be obtained using a 
finite element program such as ABAQUS and explicitly modeling the individual 
components of the bearing and superstructure and activating large displacement analysis. 
This type of analysis reproduces the actual physics of the bearing’s motion rather than 
using a mathematical representation of springs, plasticity elements and gap elements like 
in programs such as SAP2000 and 3D-BASIS. However, such an analysis would likely 
become exceedingly complex for all but the simplest structures and is likely beyond the 
capabilities of most design offices. Moreover, such modeling is warranted for isolation 
system configurations in which uplift with rigid body rocking motion is possible. 
 
6.4.5 Prediction of Floor Response Spectra 
 
Floor spectra are compared in order to evaluate the accuracy of the analysis in predicting 
the response of nonstructural components and secondary systems in structures isolated 
with multi-spherical sliding bearings. Floor spectra were chosen as the best means of 
evaluation since they give information on the response of systems ranging from rigidly 
mounted components to flexibly mounted components. They also assess the accuracy of 
analysis over the entire duration of the response rather than just the accuracy in the 
prediction of the peak response. 
 
The 5% damped floor response spectra of the sixth-story, third-story and base are shown 
for the Corralitos 090 and Pacoima 164 motions in figures 6-26 through 6-33. Spectra 
were generated for the Double 2, Triple 1, Triple 2 and Triple 3 configurations. The 
Pacoima 164 record was selected as it consistently resulted in the largest floor 
accelerations and the Corralitos 090 record was selected as it is typical of a more 
moderate earthquake. The figures demonstrate that the floor spectra can accurately and 
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reliably be calculated regardless of the degree of adaptability of the isolation system or 
the magnitude of the ground motion. There is good agreement even for the 200% 
tridirectional El Centro test of the Double 1 configuration in which there was substantial 
uplift and impact, as shown in Figure 6-34.  
 
For all configurations, the results are in very good agreement up to approximately 12Hz. 
Beyond this, the analysis overestimated the response. Recall that for analysis of the fixed 
base structure (figure 6-6), response was also predicted well at lower frequencies but 
underestimated at higher frequencies. The source of the error and the reason the 
analytical results begin to deviate above 12Hz is not known. The error could either be the 
result of some physical phenomenon or could have also resulted from the data processing. 
However, at lower frequencies, both for the fixed base and isolated models the analysis 
predicts the floor response spectra very well. This means that the analysis can reliably be 
used to estimate the demands on flexibly mounted equipment in structures isolated with 
multi-spherical sliding bearings. Moreover, these results generally provide further 
evidence of the robustness and validity of the dynamic analysis methods. 
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FIGURE 6-26  Comparison of Experimental and Analytical Floor Response Spectra 
for the Double 2 System Subjected to Corralitos 090 Ground Motion 
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FIGURE 6-27  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 1 System Subjected to Corralitos 090 Ground Motion 
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FIGURE 6-28  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 2 System Subjected to Corralitos 090 Ground Motion 
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FIGURE 6-29  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 3 System Subjected to Corralitos 090 Ground Motion 
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FIGURE 6-30  Comparison of Experimental and Analytical Floor Response Spectra 
for the Double 2 System Subjected to Pacoima 164 Ground Motion 
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FIGURE 6-31  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 1 System Subjected to Pacoima 164 Ground Motion 
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FIGURE 6-32  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 2 System Subjected to Pacoima 164 Ground Motion 
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FIGURE 6-33  Comparison of Experimental and Analytical Floor Response Spectra 
for the Triple 3 System Subjected to Pacoima 164 Ground Motion 
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FIGURE 6-34  Comparison of Experimental and Analytical Floor Response Spectra 
for the Double 1 System Subjected to Tridirectional El Centro Ground Motion 
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SECTION 7 
CONCLUSION 

 
 
The primary objective of this work has been to develop and verify models of a new class 
of multi-spherical sliding bearings that can be used for dynamic response history 
analysis. The double and triple FP bearings discussed in this document are extremely 
promising devices and are likely to see widespread implementation due to the fact that 
 

(a) Sliding displacements are shared among multiple concave surfaces. These 
bearings can be constructed with plan dimensions approximately half those of the 
single concave FP bearing and still have the same displacement capacity. This 
clearly represents important savings in the cost of producing the bearings and has 
likely been the driving factor behind the practical implementation of these devices 
to date. In addition to the economic benefits, there are also performance benefits 
associated with sharing the displacements among multiple surfaces. Frictional 
heating and the associated phenomenon of wear are directly related to the sliding 
velocity. By sharing displacements among multiple surfaces, sliding velocities are 
approximately halved. Therefore in applications in which wear can be an issue, 
these devices combat the driving factors on two fronts: both through a reduction 
in the travel displacements on each surface and through a reduction in velocity 
and the associated frictional heating. 

 
(b) Varying degrees of adaptive behavior can be achieved. The stiffness and effective 

friction exhibited by these devices changes depending upon which surfaces 
sliding is occurring. Since there are more sliding surfaces associated with the 
triple FP bearing, more highly adaptive behavior is possible than with the double 
FP bearing. Displacement dependent stiffness and damping mean that the design 
can be optimized for different performance objectives in different levels of 
earthquakes. For example, the triple FP isolation system can be optimized to 
reduce floor acceleration in minor earthquakes with high stiffness and low 
friction, minimize the base shear transmitted to the structure in the DBE with 
reduced stiffness and intermediate friction and control displacements in the MCE 
and beyond with stiffening of the bearings at a predefined displacement. An 
adaptive isolation system is nothing new, there have been numerous active and 
semi-active systems proposed over the past 20 years. However, there is 
skepticism in the engineering community regarding the reliability and consistency 
of these devices over time. The double and triple FP bearings here are completely 
passive systems that are simple derivatives of the widely used single concave FP 
bearing, a device with over 20 years of field proven reliability and longevity. 

 
(c) In configurations where sliding surfaces are of equal friction, the adaptive 

behavior collapses to simpler types of hysteretic behavior. For example, when the 
double FP bearing is used with both surfaces of equal friction, the hysteretic 
behavior is identical to that of the single FP bearing. Engineers can use the same 
analysis methods developed for single FP bearings but gain the economic and 
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performance benefits associated with the double FP bearing. When the triple FP 
bearing is used with inner surfaces with very low friction and outer surfaces of 
equal friction, the behavior is nearly the same as that of a lead rubber bearing 
(approximately bilinear with velocity dependent strength, no sharp transitions in 
stiffness and stiffening at large displacements).  

 
In order for engineers to be able to capitalize on these attractive features and effectively 
use these devices, their behavior must be sufficiently well understood and demonstrated 
to be predictable. Furthermore, methods of dynamic analysis that are within the 
capabilities of most design offices must be developed and experimentally verified. These 
efforts have been the principal contributions of this work. Specifically, this meant for the 
double and triple FP bearings 
 

(a) Based on the mechanical behavior of these devices presented in Fenz and 
Constantinou (2006,2008a,2008b,2008c), developing models capturing this 
complex force-displacement relationship for response history analysis in 
SAP2000. This was straightforward for the double FP bearing as the mechanical 
behavior is that of two single concave FP elements in series. However, the 
behavior of the triple FP bearing is not that of a series arrangement of single FP 
bearings. Consequently, procedures were developed for modifying the model’s 
parameters in order to reproduce the true behavior of the triple FP bearing using a 
series arrangement. 

 
(b) Performing shake table testing to generate data for validation of the analytical 

models. In general, it was shown that the dynamic analysis models are capable of 
accurately reproducing primary response quantities such as the shear force, 
displacements and vertical force in the isolation system as well as secondary 
response quantities such as floor spectra. The accuracy was also demonstrated for 
more analytically demanding scenarios such as isolator uplift, contact with the 
displacement restrainer and excitation consisting of multiple components. Just as 
important as establishing the capabilities of the dynamic analysis models, various 
limitations such as the inaccuracy of the calculation of uplift displacements were 
identified, although likely restricted to configurations in which uplift is associated 
with rigid body rocking behavior. 

 
(c) Using the shake table tests to examine localized phenomena with double and 

triple FP bearings. Localized phenomena, such as uplift, and their effects on the 
structure are difficult to realistically simulate in conditions other than shake table 
testing. 

 
Looking forward, it was important to validate the dynamic analysis models under 
extreme conditions such as uplift and contact with the displacement restrainer not only to 
demonstrate their robustness, but to demonstrate that they can be used to accurately 
evaluate the response of seismically isolated structures approaching collapse. As codes 
for base isolated structures evolve from deterministic to probabilistic, engineers will have 
to do more than just demonstrate that the designs are safe for a certain level of ground 
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shaking. Instead, it will have to be shown that the design satisfies a certain minimum 
probability of collapse. This will involve analysis of the isolated structure at or near 
conditions of collapse, where the isolation system will very likely experience uplift 
and/or contact with the displacement restraints (or possibly the moat). Furthermore, it 
was important to demonstrate the validity of the dynamic analysis models so that they can 
be used as the basis of future parametric studies into how best to take advantage of the 
adaptive behavior exhibited by these devices. 
 



 



 177

SECTION 8 
REFERENCES 

 
 
American Society of Civil Engineers (2006). “Minimum Design Loads for Buildings and 
 Other Structures”, Standard ASCE/SEI 7-05, ASCE, Reston, VA, USA. 
 
Bracci JM, Reinhorn AM, Mander JB (1992). “Seismic Resistance of Reinforced 
 Concrete Frame Structures Designed Only for Gravity Loads: Part I – Design and 
 Properties of a One-Third Scale Model Structure”, Technical Report NCEER-92-
 0027, National Center for Earthquake Engineering Research, State University of 
 New York at Buffalo, Buffalo, NY, USA. 
 
Clarke CSJ, Buchanan R, Efthymiou M, Shaw C (2005). “Structural Platform Solution 
 for Seismic Arctic Environments – Sakhalin II Offshore Facilities”, Proceedings, 
 2005 Offshore Technology Conference, Houston, TX, USA, paper OTC-17378. 
 
Computers and Structures Inc. (2006). “SAP2000 Software Verification Examples: 
 Version 11”, Computers and Structures, Inc., Berkeley, CA, USA. 
 
Computers and Structures Inc. (2007). “SAP2000: Static and Dynamic Finite Element 
 Analysis of Structures (Version 11.0.2) Analysis Reference Manual”, Computers 
 and Structures, Inc., Berkeley, CA, USA. 
 
Constantinou MC, Mokha A, Reinhorn AM (1990). “Teflon Bearings in Base Isolation. 
 II: Modeling”, ASCE Journal of Structural Engineering, 116(2), 455-474. 
 
Constantinou MC, Mokha AS, Reinhorn AM (1991). “Study of Sliding Bearing and 
 Helical-Steel-Spring Isolation System”, ASCE Journal of Structural Engineering, 
 117(4), 1257-1275. 
 
Constantinou MC, Tsopelas P, Kim YS, Okamoto S (1993). “NCEER-Taisei Corporation 
 Research Program on Sliding Seismic Isolation Systems for Bridges: 
 Experimental and Analytical Study of a Friction Pendulum System (FPS)”, 
 Technical Report NCEER-93-0020, National Center for Earthquake Engineering 
 Research, State University of New York at Buffalo, Buffalo, NY, USA. 
 
Constantinou MC, Whittaker AS, Fenz DM, Apostolakis G (2007). “Seismic Isolation 
 of Bridges: Version 2”, Report to Sponsor: California Department of 
 Transportation. 
 
Fenz DM, Constantinou MC (2006). “Behavior of the Double Concave Friction 
 Pendulum Bearing”, Earthquake Engineering and Structural Dynamics, 35(11) 
 1403-1424, DOI: 10.1002/eqe.589. 
 



 178

Fenz DM, Constantinou MC (2008a). “Spherical Sliding Isolation Bearings with 
 Adaptive Behavior: Theory”, Earthquake Engineering and Structural Dynamics, 
 37(2) 163-183, DOI: 10.1002/eqe.751. 
 
Fenz DM, Constantinou MC (2008b). “Spherical Sliding Isolation Bearings with 
 Adaptive Behavior: Experimental Verification”, Earthquake Engineering and 
 Structural Dynamics, 37(2) 185-205, DOI: 10.1002/eqe.750. 
 
Fenz DM, Constantinou MC (2008c). “Mechanical Behavior of Multi-Spherical Sliding 
 Bearings”, Technical Report MCEER-08-0007, Multidisciplinary Center for 
 Earthquake Engineering Research, State University of New York at Buffalo, 
 Buffalo, NY, USA. 
 
Hibbitt, Karlsson and Sorensen, Inc. (2004). “ABAQUS (Version 6.4)”, Hibbitt, Karlsson 
 and Sorensen, Inc., Pawtucket, RI, USA. 
 
Kasalanati A, Constantinou MC (1999). “Experimental Study of Bridge Elastomeric and 
 Other Isolation and Energy Dissipation Systems with Emphasis on Uplift 
 Prevention and High Velocity Near Source Seismic Excitation”, Technical Report 
 MCEER-99-0004, Multidisciplinary Center for Earthquake Engineering Research, 
 State University of New York at Buffalo, Buffalo, NY, USA. 
 
Mokha A, Constantinou MC, Reinhorn AM (1990). “Experimental Study and Analytical 
 Prediction of Earthquake Response of a Sliding Isolation System with Spherical 
 Surface”, Technical Report NCEER-90-0020, National Center for Earthquake 
 Engineering Research, State University of New York at Buffalo, Buffalo, NY, 
 USA. 
 
Mosqueda G, Whittaker AS, Fenves GL (2004). “Characterization and Modeling of 
 Friction Pendulum Bearings Subjected to Multiple Components of Excitation”, 
 ASCE Journal of Structural Engineering, 130(3), 433-442. 
 
Nagarajaiah S, Reinhorn AM, Constantinou MC (1989). “Nonlinear Dynamic Analysis of 
 Three-Dimensional Base Isolated Structures (3D-BASIS)”, Technical Report 
 NCEER-89-0019, National Center for Earthquake Engineering Research, Buffalo, 
 NY, USA. 
 
Reinhorn AM, Soong TT, Lin RC, Yang YP, Fukao Y, Abe H, Nakai M (1989). “1:4 
 Scale Model Studies of Active Tendon Systems and Active Mass Dampers for 
 Aseismic Protection”, Technical Report NCEER-89-0026, National Center for 
 Earthquake Engineering Research, State University of New York at Buffalo, 
 Buffalo, NY, USA. 
 
Scheller J, Constantinou MC (1999). “Response History Analysis of Structures with 
 Seismic Isolation and Energy Dissipation Systems: Verification Examples for 
 Program SAP2000”, Technical Report MCEER-99-0002, Multidisciplinary Center 



 179

 for Earthquake Engineering Research, State University of New York at Buffalo, 
 Buffalo, NY, USA. 
 
Shampine LF, Reichelt MW (1997). “The MATLAB ODE Suite”, SIAM Journal on 
 Scientific Computing, 18(1) 1-22. 
 
Sivaselvan MV, Reinhorn AM (2000). “Hysteretic Models for Deteriorating Inelastic 
 Structures”, ASCE Journal of Structural Engineering, 126(6) 633-640. 
 
Structural Engineering and Earthquake Simulation Laboratory (2004). “Laboratory 
 Manual”, SEESL, Buffalo, NY USA. Available online: 
 http://nees.buffalo.edu/docs/labmanual/html/ 
 
Tsopelas P (1994). “Testing and Modeling of a Class of Bridge Seismic Isolation 
 Systems”, Ph.D. Dissertation, State University of New York at Buffalo, Buffalo, 
 NY, USA. 
 
Tsopelas P, Constantinou MC, Kim YS, Okamoto S (1996). “Experimental Study of FPS 
 System in Bridge Seismic Isolation”, Earthquake Engineering and Structural 
 Dynamics, 25(1) 65-78, DOI: 10.1002/eqe.536. 
 
Tsopelas PC, Roussis PC, Constantinou MC, Buchanan R, Reinhorn AM (2005). “3D-
 BASIS-ME-MB: Computer Program for Nonlinear Dynamic Analysis of 
 Seismically Isolated Structures”, Technical Report MCEER-05-0009, 
 Multidisciplinary Center for Earthquake Engineering Research, State University 
 of New York at Buffalo, Buffalo, NY, USA. 
 
Wilson EL (2001). “Three-Dimensional Static and Dynamic Analysis of Structures”, 
 Computers and Structures, Inc., Berkeley, CA, USA. 
 
Wolff ED, Constantinou MC (2004). “Experimental Study of Seismic Isolation Systems 
 with Emphasis on Secondary System Response and Verification of Accuracy of 
 Dynamic Response History Analysis Methods”, Technical Report MCEER-04-
 0001, Multidisciplinary Center for Earthquake Engineering Research, State 
 University of New York at Buffalo, Buffalo, NY, USA. 
 
Zayas VA, Low SS, Mahin SA (1987). “The FPS Earthquake Resisting System: 
 Experimental Report”, Report No. UCB/EERC-87/01, Earthquake Engineering 
 Research Center, University of California Berkeley, Berkeley, CA, USA. 
 
Zayas VA, Low SS, Bozzo L, Mahin SA (1989). “Feasibility and Performance Studies on 
 Improving the Earthquake Resistance of New and Existing Buildings Using the 
 Friction Pendulum System”, Report No. UCB/EERC-89/09, Earthquake 
 Engineering Research Center, UC Berkeley, Berkeley, CA, USA. 
 
Zayas VA (2007). Personal communication on September 19, 2007. 



 

 



 181

APPENDIX A 
HISTORIES OF DISPLACEMENT, VELOCITY, ACCELERATION AND THE 

ACCELERATION RESPONSE SPECTRUM FOR GROUND MOTIONS USED IN 
SHAKE TABLE TESTING 
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Lytle Creek Earthquake, Component WTW115
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FIGURE A-1  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the WTW 115 Record 
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San Francisco Earthquake, Component GGP100
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FIGURE A-2  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the GGP 100 Record 
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Kern County Earthquake, Component TFT021
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FIGURE A-3  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the TAF 021 Record 
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Imperial Valley Earthquake, Component ELC180
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FIGURE A-4  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the ELC 180 Record 
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Imperial Valley Earthquake, Component ELC270
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FIGURE A-5  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the ELC 270 Record 
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Loma Prieta Earthquake, Component CLS090
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FIGURE A-6  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the CLS 090 Record 
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Kocaeli Earthquake, Component YPT330
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FIGURE A-7  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the YPT 330 Record 

 



 189

Kocaeli Earthquake, Component YPT060
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FIGURE A-8  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the YPT 060 Record 
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Northridge Earthquake, Component NWH360
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FIGURE A-9  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the NWH 360 Record 
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Northridge Earthquake, Component NWH090
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FIGURE A-10  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the NWH 090 Record 
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Northridge Earthquake, Component SYL360
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FIGURE A-11  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the SYL 360 Record 
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San Fernando Earthquake, Component PUL164
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FIGURE A-12  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the PUL 164 Record 
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El Centro S00E 200%
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FIGURE A-13  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the ELC S00E Record (From Wolff, 2004) 
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Taft N21E 500%
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FIGURE A-14  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the TFT N21E Record (From Wolff, 2004) 
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Kobe N-S 100%
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FIGURE A-15  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the KOBE N-S Record (From Wolff, 2004) 
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Chi-Chi (Taiwan TCU 129) E-W 100%
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FIGURE A-16  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the TCU 129EW Record (From Wolff, 2004) 
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Mexico N90W 100%
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FIGURE A-17  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the PAC S16E Record (From Wolff, 2004) 
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Northridge Newhall 360° 100%
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FIGURE A-18  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the NWH 360 Record (From Wolff, 2004) 
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Northridge Newhall 90° 100%

0 5 10 15

A
cc

el
er

at
io

n 
(g

)

-1.0

-0.5

0.0

0.5

1.0

0 5 10 15

V
el

oc
ity

 (m
m

/se
c)

-200

200

-400

0

400

Time (sec)
0 5 10 15

D
isp

la
ce

m
en

t (
m

m
)

-25

25

-50

0

50

Period (sec)

0 1 2 3 4 5

Sp
ec

tra
l A

cc
el

er
at

io
n 

(g
)

0.0
0.5
1.0
1.5
2.0
2.5
3.0

Actual
Target

Prototype Scale
5 % Damping

Model Scale

Model Scale

Model Scale

 
FIGURE A-19  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the NWH 90 Record (From Wolff, 2004) 
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Northridge Sylmar 90° 100%
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FIGURE A-20  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the SYL 90 Record (From Wolff, 2004) 
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Pacoima S16E 100%
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FIGURE A-21  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the PAC S16E Record (From Wolff, 2004) 
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Pacoima S74W 100%
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FIGURE A-22  Histories of Acceleration, Velocity and Displacement and 
Acceleration Response Spectrum for the PAC S74W Record (From Wolff, 2004) 
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APPENDIX B 
COMPARISON OF EXPERIMENTAL AND ANALYTICAL FORCE-

DISPLACEMENT LOOPS 
 



 

FIGURE B-1  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% El Centro S00E 
and 200% El Centro S00E Ground Motions 
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FIGURE B-2  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% Kobe N-S and 
100% Taft N21E Ground Motions 
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FIGURE B-3  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 500% Taft N21E and 
100% Taiwan TCU 129 EW Ground Motions 
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FIGURE B-4  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 125% Taiwan TCU 129 
EW and 50% Mexico N90W Ground Motions 
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FIGURE B-5  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% Newhall 360 and 
100% Sylmar 90 Ground Motions 
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FIGURE B-6  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% Pacoima S16E and 
100% Pacoima S74W Ground Motions 
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FIGURE B-7  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% El Centro S00E + 
Vertical and 200% El Centro S00E + Vertical Ground Motions 

10
0%

 E
l C

en
tr

o 
S0

0E
 L

on
gi

tu
di

na
l +

 V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-4
0

-2
0

0
20

40

Horizontal Force
Vertical Force

-0
.0

8

-0
.0

6

-0
.0

4

-0
.0

2

0.
00

0.
02

0.
04

0.
06

Ti
m

e 
(s

ec
)

0
5

10
15

20
25

30
35

Displacement (mm)

-4
0

-2
002040

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

20
0%

 E
l C

en
tr

o 
S0

0E
 L

on
gi

tu
di

na
l +

 V
er

tic
al

D
is

pl
ac

em
en

t (
m

m
)

-1
00

-7
5

-5
0

-2
5

0
25

50
75

10
0

Horizontal Force
Vertical Force

-0
.1

5

-0
.1

0

-0
.0

5

0.
00

0.
05

0.
10

0.
15

Ti
m

e 
(s

ec
)

0
5

10
15

20
25

30
35

Displacement (mm)

-1
00-7

5

-5
0

-2
5025507510
0

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

 

212



 

FIGURE B-8  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% Kobe N-S + 
Vertical and 500% Taft N21E + Vertical Ground Motions 
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FIGURE B-9  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 125% Taiwan TCU 129 
EW + Vertical and 100% Newhall 90 + Vertical Ground Motions 
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FIGURE B-10  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to the 100% Sylmar 90 + 
Vertical and 100% Pacoima S16E + Vertical Ground Motions 
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FIGURE B-11  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to 200% Tridirectional El 
Centro Ground Motion 

20
0%

 E
l C

en
tr

o 
S0

0E
 L

on
gi

tu
di

na
l +

 E
l C

en
tr

o 
S9

0W
 T

ra
ns

ve
rs

e 
+ 

V
er

tic
al

Lo
ng

itu
di

na
l D

isp
la

ce
m

en
t (

m
m

)

-1
50

-1
00

-5
0

0
50

10
0

15
0

Longitudinal Force
Vertical Force

-0
.6

-0
.4

-0
.20.
0

0.
2

0.
4

0.
6

Tr
an

sv
er

se
 D

isp
la

ce
m

en
t (

m
m

)

-1
50

-1
00

-5
0

0
50

10
0

15
0

Transverse Force
Vertical Force

-0
.6

-0
.4

-0
.20.
0

0.
2

0.
4

0.
6

D
isp

la
ce

m
en

t O
rb

its

0
50

10
0

15
0

05010
0

15
0

0
50

10
0

15
0

0 50 10
0

15
0

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

Lo
ng

itu
di

na
l

D
isp

la
ce

m
en

t (
m

m
)

Tr
an

sv
er

se
D

isp
la

ce
m

en
t (

m
m

)

216



 

FIGURE B-12  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to 100% Tridirectional Taiwan 
TCU 129 Ground Motion 
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FIGURE B-13  Comparison of Experimental Results and Analytical Prediction of 
Response for Isolation System Double 1 Subjected to 100% Tridirectional 
Pacoima Ground Motion 
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FIGURE B-14  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to the Taft 021 and El 
Centro 180 Ground Motions 
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FIGURE B-15  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to the Corralitos 090 and 
Kocaeli 330 Ground Motions 
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FIGURE B-16  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to the Newhall 360 and 
Sylmar 360 Ground Motions 
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FIGURE B-17  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to the Pacoima 164 and El 
Centro 180 + Vertical Ground Motions 
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FIGURE B-18  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to the Kocaeli 330 + 
Vertical and Newhall 360 + Vertical Ground Motions 
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FIGURE B-19  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to Tridirectional El Centro 
Excitation 
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FIGURE B-20  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to Tridirectional Kocaeli 
Excitation 
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FIGURE B-21  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Double 2 Subjected to Tridirectional Newhall 
Excitation 
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FIGURE B-22  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to the Taft 021 and El 
Centro 180 Ground Motions 
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FIGURE B-23  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to the Corralitos 090 and 
Kocaeli 330 Ground Motions 
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FIGURE B-24  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to the Newhall 360 and 
Sylmar 360 Ground Motions 
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FIGURE B-25  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to the Pacoima 164 and El 
Centro 180 + Vertical Ground Motions 
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FIGURE B-26  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to the Kocaeli 330 + 
Vertical and Newhall 360 + Vertical Ground Motions 
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FIGURE B-27  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to Tridirectional El Centro 
Excitation 
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FIGURE B-28  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to Tridirectional Kocaeli 
Excitation 
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FIGURE B-29  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 1 Subjected to Tridirectional Newhall 
Excitation 
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FIGURE B-30  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to the Taft 021 and El 
Centro 180 Ground Motions 
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FIGURE B-31  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to the Corralitos 090 and 
Kocaeli 330 Ground Motions 
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FIGURE B-32  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to the Newhall 360 and 
Sylmar 360 Ground Motions 
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FIGURE B-33  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to the Pacoima 164 and El 
Centro 180 + Vertical Ground Motions 
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FIGURE B-34  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to the Kocaeli 330 + 
Vertical and Newhall 360 + Vertical Ground Motions 

K
oc

ae
li 

33
0 

L
on

gi
tu

di
na

l +
 V

er
tic

al

D
is

pl
ac

em
en

t (
m

m
)

-6
0

-4
0

-2
0

0
20

40
60

Horizontal Force
Vertical Force

-0
.3

-0
.2

-0
.10.
0

0.
1

0.
2

0.
3

Ti
m

e 
(s

ec
)

0
5

10
15

20

Displacement (mm)

-6
0

-4
0

-2
00204060

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

N
ew

ha
ll 

36
0 

L
on

gi
tu

di
na

l +
 V

er
tic

al

D
is

pl
ac

em
en

t (
m

m
)

-7
5

-5
0

-2
5

0
25

50
75

Horizontal Force
Vertical Force

-0
.3

-0
.2

-0
.10.
0

0.
1

0.
2

0.
3

Ti
m

e 
(s

ec
)

0
5

10
15

Displacement (mm)

-7
5

-5
0

-2
50255075

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

239



 

FIGURE B-35  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to Tridirectional El Centro 
Excitation 
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FIGURE B-36  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to Tridirectional Kocaeli 
Excitation 

K
oc

ae
li 

33
0 

L
on

gi
tu

di
na

l +
 K

oc
ae

li 
06

0 
T

ra
ns

ve
rs

e 
+ 

V
er

tic
al

Lo
ng

itu
di

na
l D

is
pl

ac
em

en
t (

m
m

)

-7
5

-5
0

-2
5

0
25

50
75

Longitudinal Force
Vertical Force

-0
.3

-0
.2

-0
.10.
0

0.
1

0.
2

0.
3

Tr
an

sv
er

se
 D

is
pl

ac
em

en
t (

m
m

)

-7
5

-5
0

-2
5

0
25

50
75

Transverse Force
Vertical Force

-0
.3

-0
.2

-0
.10.
0

0.
1

0.
2

0.
3

D
is

pl
ac

em
en

t O
rb

its

0
25

50
75

0255075

0
25

50
75

0 25 50 75
Ex

pe
rim

en
ta

l
A

na
ly

tic
al

Lo
ng

itu
di

na
l

D
is

pl
ac

em
en

t (
m

m
)

Tr
an

sv
er

se
D

is
pl

ac
em

en
t (

m
m

)

241



 

FIGURE B-37  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 2 Subjected to Tridirectional Newhall 
Excitation 
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FIGURE B-38  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to the Taft 021 and El 
Centro 180 Ground Motions 
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FIGURE B-39  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to the Corralitos 090 and 
Kocaeli 330 Ground Motions 
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FIGURE B-40  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to the Newhall 360 and 
Sylmar 360 Ground Motions 
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FIGURE B-41  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to the Pacoima 164 and El 
Centro 180 + Vertical Ground Motions 
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FIGURE B-42  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to the Kocaeli 330 + 
Vertical and Newhall 360 + Vertical Ground Motions 
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FIGURE B-43  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Tridirectional El Centro 
Excitation 

E
l C

en
tr

o 
18

0 
L

on
gi

tu
di

na
l +

 E
l C

en
tr

o 
27

0 
T

ra
ns

ve
rs

e 
+ 

V
er

tic
al

Lo
ng

itu
di

na
l D

is
pl

ac
em

en
t (

m
m

)

-4
0

-3
0

-2
0

-1
0

0
10

20
30

40

Longitudinal Force
Vertical Force

-0
.1

5

-0
.1

0

-0
.0

5

0.
00

0.
05

0.
10

0.
15

Tr
an

sv
er

se
 D

is
pl

ac
em

en
t (

m
m

)

-4
0

-3
0

-2
0

-1
0

0
10

20
30

40

Transverse Force
Vertical Force

-0
.1

5

-0
.1

0

-0
.0

5

0.
00

0.
05

0.
10

0.
15

D
is

pl
ac

em
en

t O
rb

its

0
10

20
30

40
010203040

0
10

20
30

40
0 10 20 30 40

Ex
pe

rim
en

ta
l

A
na

ly
tic

al

Lo
ng

itu
di

na
l

D
is

pl
ac

em
en

t (
m

m
)

Tr
an

sv
er

se
D

is
pl

ac
em

en
t (

m
m

)

248



 

FIGURE B-44  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Tridirectional Kocaeli 
Excitation 
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FIGURE B-45  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Tridirectional Newhall 
Excitation 
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FIGURE B-46  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Large Amplitude Sylmar 
360 Excitation 
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FIGURE B-47  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Large Amplitude Sylmar 
360 and Newhall 360 Excitation 
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FIGURE B-48  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Large Amplitude 
Newhall 360 and Pacoima 164 Excitation  
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FIGURE B-49  Comparison of Experimental Results and Analytical Prediction 
of Response for Isolation System Triple 3 Subjected to Large Amplitude 
Pacoima 164 Excitation 
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