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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national 
center of excellence in advanced technology applications that is dedicated to the reduction of 
earthquake losses nationwide. Headquartered at the University at Buffalo, State University 
of New York, the Center was originally established by the National Science Foundation in 
1986, as the National Center for Earthquake Engineering Research (NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses through 
research and the application of advanced technologies that improve engineering, pre-
earthquake planning and post-earthquake recovery strategies. Toward this end, the Cen-
ter coordinates a nationwide program of multidisciplinary team research, education and 
outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies: the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Significant support is derived from the Federal Emergency 
Management Agency (FEMA), other state governments, academic institutions, foreign 
governments and private industry.

MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by devel-
oping seismic evaluation and rehabilitation strategies for the post-disaster facilities and 
systems (hospitals, electrical and water lifelines, and bridges and highways) that society 
expects to be operational following an earthquake; and to further enhance resilience by 
developing improved emergency management capabilities to ensure an effective response 
and recovery following the earthquake (see the figure below).
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A cross-program activity focuses on the establishment of an effective experimental and 
analytical network to facilitate the exchange of  information between researchers located 
in various institutions across the country. These are complemented by, and integrated 
with, other MCEER activities in education, outreach, technology transfer, and industry 
partnerships.

The main purpose of this research is to develop a formulation for three-dimensional frame structures 
with geometric and material nonlinearities subjected to static and dynamic loads. The first objec-
tive is to develop a corotational formulation capable of macro-modeling geometric nonlinearities 
that considers the plasticity of the cross sections, which facilitates understanding failures due to 
inelastic buckling. The second objective is to perform an experimental study, using a shake table as 
the base excitation, for a model where inelastic buckling is expected. The test results provide data 
for verification of the new formulation and computational model. The frame chosen is the “zipper 
frame,” which is a chevron braced frame where columns link the midpoints of the beams at the brace 
connections. The third objective is to test the new formulation against data obtained through testing. 
By comparing the predictions of the new analytical model with the data obtained from the “zipper 
frame” experiment, the capability of the formulation to predict inelastic buckling is verified.
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ABSTRACT 

Inelastic buckling is the most important failure mode of a steel beam column element subjected 

to compression force. In order to correctly predict this phenomenon, large rotations, large 

displacements and the plasticity of the section along the element must be considered.  

Several formulations have been proposed to model problems with three dimensional large 

displacements and rigid body dynamics. They are usually based in the Lagrangian or the 

Corotational methods and are primarily oriented to solve mechanical and aerospace problems, 

although some applications to structural stability do exist. Independently, several formulations 

have been developed to model plasticity: fiber elements, plastic flow theory and lumped 

plasticity are popular choices. 

In this report, a novel formulation capable of solving problems with displacement and 

material nonlinearities in a unified way is developed. Thus, the State Space approach is selected 

because all the basic equations of structures: equilibrium, compatibility and plasticity are solved 

simultaneously and thus the global and local states are mutually and explicitly dependent. To 

incorporate geometric nonlinearities, the Corotational approach, where rigid body motion and 

deformations are described separately, is adopted. To incorporate material nonlinearities, the 

formulation developed by Simeonov (1999) and Sivaselvan (2003) is included. 

In general, the set of equilibrium, compatibility and plasticity equations constitute a 

system of Differential Algebraic Equations (DAE). A procedure to solve such system exists and 

is implemented in the package IDA (Implicit Differential Algebraic solver) developed at the 

Lawrence Livermore National Laboratory (LLNL), which is used to solve the problem 

numerically. 

An experimental study on “zipper frames” was conducted to assess the accuracy of the 

proposed formulation. A “zipper frame” is a chevron braced frame where the beam to brace 

connections are linked through columns, called “zipper columns”. The failure mode of a “zipper 

frame” is the successive inelastic buckling of its braces. Three shake table tests of a three stories 

“zipper frame” were performed at the UB-NEES laboratory. 

A model of the first story of the “zipper frame” was analyzed with the new formulation 

and its results compared to experimental data. It is found that the new formulation can reproduce 

the features of the test and it is very sensitive to all the model parameters. Results are presented. 
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SECTION 1 

INTRODUCTION 

1.1 Objectives 

The main purpose of this report is to develop a unified formulation for three dimensional frame 

structures with geometric and material nonlinearities subjected to static and dynamic loads. 

Multiple formulations have been proposed to solve problems with large rotations and large 

displacements. However, in most of them, the structures were constrained to remain elastic at all 

levels of deformation. This is a customary idealization used to simplify the formulation, although 

the real behavior of large frame structures does not justify it. On the other hand, there are also 

several formulations capable of modeling material nonlinearities. Those models are independent 

of the software used to solve the structure and the user can select between many options which 

may be the most suitable for each particular frame element. Thus the first objective of this work 

is to develop a formulation capable of macro-modeling geometric nonlinearities considering the 

plasticity of the cross section by describing the basic section and material properties. 

The second objective of this report is to perform an experimental study using a shake table as 

the base excitation for a model where inelastic buckling is expected. The test results provide data 

for verification of the new formulation and computational model. The frame chosen is the 

“zipper frame”. A “zipper frame” is a chevron braced frame where columns, called “zipper 

columns”, link the midpoints of the beams at the brace connections. The “zipper frames” project 

was a collaborative study between Georgia Institute of Technology (GT), University of 

California at Berkeley (UCB), University of Colorado Boulder (CU) and University at Buffalo 

(UB). The objectives of the project were: first, to design the “zipper frame” model to be tested. 

Second, to test the frame under dynamic load (UB), quasi-static load (GT) and perform 

individual and multisite hybrid testing (UCB and CU). Third, to analyze the frame and compare 

the consistency of the results of each test with the team members. Finally, to develop better 

analytical models which might represent the behavior of the tested structure. 

The third objective of the present work is to test the new formulation against data obtained 

through testing. In the field of instability analysis, there are several problems that are considered 

benchmarks. These problems are limited to a series of cases: snap through, snap-back, 
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bifurcation and others. Most of them consist of simple structures with elastic material and have 

closed form solutions. The advantage of these solutions are that results from different 

methodologies are comparable and errors can be detected. However, the most practical case of 

inelastic buckling is not considered. By comparing the predictions of the new analytical model 

with the data obtained from the “zipper frame” experiment, the capability of the formulation to 

predict inelastic buckling is tested herein. 

1.2 Motivation 

1.2.1 Small displacements vs large displacements 

In matrix analysis of structures with small strains/small deformations there are two main 

coordinate systems: “Global”, which is common for all the members in the structure and 

“Local”, which is defined in respect to the chord of the member; i.e. the straight line that 

connects the two end nodes of an element in its deformed configuration. The hypothesis of small 

displacements translates into the assumption that at every step the chord of the member coincides 

with its initial position. Thus, the deformations are calculated with respect to the initial 

configuration and the matrices that transform from global to local coordinates are constant 

throughout the analysis . 

When large displacements are considered, the “Local” coordinates coincide with the chord of 

the member in its actual position while the “Global” coordinates remain constant. Thus, the 

transformation matrices are not constant, but vary with time. The global stiffness matrix, 

calculated as the variation of the force given a variation in displacement, is not only sensitive to 

the actual nodal displacements but also to the variations of the reference frame. The former is the 

elastic stiffness matrix, while the later is the geometric stiffness matrix. 

1.2.2 The problem of large rotations 

When the analysis in three dimensions (3D) assumes that the rotations are small or infinitesimal, 

rotations are treated as vectors, and vectorial mathematics can be used to describe them. 

However, large or finite rotations are manifolds and should be described with Lie algebra 

(Marsden 1994). Essentially, a rotation has a magnitude (the rotation angle) and a direction or 
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rotation axis (a vector describing the normal to the plane where the rotation takes place). Finite 

rotations are not commutative (unless the rotation axis is fixed as in two dimensions (2D)). 

There are three ways of describing rotations mathematically: 

• Quaternion: The rotation value and its axis in a vector of 4 elements. 

• Rotation matrix: a 3x3 orthogonal matrix. 

• Pseudovector (Euler angles): the projection of the rotation into a Cartesian coordinate 

system. 

All these representations are equivalent and the relationships between them are detailed in 

Chapter 2. The pseudovector representation is not unique but can be scaled by different factors. 

These are called parametrizations of the Euler angles (Crisfield 1991; Felippa and Haugen 2005). 

1.2.3 Buckling – instability analysis 

There are two main approaches to the problem of instability: The plastic hinge method and the 

finite element method. 

In the plastic hinge method, the traditional stiffness matrix method is enhanced to 

automatically consider second order analysis (the effect of the geometry in the stiffness of the 

member) by using stability functions. These functions were first introduced by von Mises and 

Ratzersdorfer in 1926 (Bazant and Cedolin 1991). Derived from the differential equations of a 

fixed-hinged beam subjected to axial load, these functions are factors that reduce the bending 

stiffness of a member due to the presence of axial load. Although popular because of their 

simplicity, the description of instability is usually constrained to 2D and to the ideal cases the 

differential equations can solve (Chen 2000). Material nonlinearities are added mostly through 

plastic hinges or plastic zones. Other options, such as out of plane buckling and local buckling 

have also been incorporated (Kim and Lee 2001; Kim and Lee 2002; Kim et al. 2003; Trahair 

and Chan 2003; Wongkaew and Chen 2002). 

This option is not discussed further since the assumptions made to derive the stability 

functions are very rigid. Even though modeling of buckling and instability is the purpose of the 

method, no consideration of large displacements is made. Rotations are always treated as 

infinitesimal and calculated as the first derivative of the transverse displacements, even though 

this is not true in any buckled member. Finally, the method is not general enough to predict local 
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buckling because it just checks the equations provided in the AISC manual (AISC 2003), which 

are only mean values of data obtained empirically. 

Within the finite element method, there are two main approaches: Lagrangian and 

Corotational. The Lagrangian method describes a beam as a continuous element. Each cross 

section is completely defined by a position vector and a rotation matrix, which are written with 

respect to a Global coordinate system. Axial strain and curvatures are written in terms of these 

variables. There are different ways to proceed with the calculations: the strains can be linearized 

first to find an admissible variation and then the virtual work principle is applied to find the 

equations of motion (Simo and Vu-Quoc 1986); or the virtual work principle is applied first and 

the resulting equations are linearized (Cardona and Geradin 1988). In a different approach, the 

kinematic equations are solved using a procedure similar to Lagrangian multipliers for all the 

unknown variables, resulting in a weak formulation of the equilibrium equations, which are 

afterwards discretized and linearized (Jelenic and Saje 1995). 

In all the cases described above, the element cannot be integrated as a continuum, so it is 

discretized. Since the stiffness matrix is required, displacements and rotations of the internal 

nodes are approximated with interpolation functions. 

The mathematical details in the above procedures depend on the chosen rotations 

parametrization: quaternions (Simo and Vu-Quoc 1985; Simo and Vu-Quoc 1986) and 

incremental pseudovectors (Cardona and Geradin 1988; Ibrahimbegovic 1997) are the most 

popular choices. The formulation was developed further by proposing strain invariant and path 

independent interpolation functions for the rotations (Jelenic and Crisfield 1999). Curvature 

interpolation has also been used in an approximated formulation (Schulz and Filippou 2001). 

Also, the kinematic equations of the beam, have been extended to include arbitrary cross sections 

(Gruttmann et al. 1998) and curved beam elements (Ibrahimbegovic 1995). 

The Corotational method works with two coordinate systems: a Global system common for all 

members and a Local system for each member. The Local system is defined for every element 

and is updated every time step. The method is called Corotational approach because it moves and 

rotates following the chord of the member. Translational and rotational deformations are written 

with respect to the corotated system, therefore the total movement of a node can be described as 

the superposition of a rigid body motion (represented by the movement of the chord of the 
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element and calculated with respect to the Global system) and a deformation (calculated with 

respect to the chord). 

It is generally assumed that large displacements and rotations are described within the rigid 

body motion and that the remaining deformations are small, thus at the corotated level the 

hypothesis of small displacements holds and the usual stiffness matrix method can be used to 

calculate the local tangent stiffness matrix of the element. However, since the local stiffness 

matrix is written with respect to a moving frame, the stiffness matrix of the element in Global 

coordinates must consider the variations of the frame with time. (Crisfield 1990; Felippa and 

Haugen 2005; Rankin and Nour-Omid 1988). This method has been extended to incorporate 

plasticity by considering the von Mises yield criterion (Battini and Pacoste 2002b; Izzuddin and 

D.L.Smith 1996; Pi and Trahair 1994; Pi et al. 2001b), and to incorporate second and higher 

order terms in the Green strains definition in order to capture flexural-torsional buckling and 

warping distortion (Battini and Pacoste 2002a; Hsiao et al. 1999; Pi and Bradford 2001). Also a 

combination of Corotational and Lagrangian Methods has been proposed (Hsiao and Lin 2000).  

In summary, since the kinematic description of the element in the Lagrangian Method is 

mathematically exact, these formulations can handle problems for very large rotations and 

displacements as well as for very large strains (plasticity included). In contrast, formulations 

based in the Corotational Method assume that the small deformations/small strains theory holds 

at the corotated level. On the other hand, while the Corotational concept is simple and the 

method can be easily incorporated into existing structural analysis software, the Lagrangian 

Methods are mathematically involved and are not compatible with existing software. It has been 

proven by various authors (Cardona and Geradin 1988; Crisfield 1990; Felippa and Haugen 

2005; Simo and Vu-Quoc 1986) that both methods are successful in solving problems of stability 

of structures, although their scope covers mostly the areas of aerospace engineering and 

multibody dynamics. 

Focusing on a formulation for structural instability, the Corotational Method can be a suitable 

choice. The physical meaning of the Corotated frame makes it easy for engineers to understand 

the concept behind the mathematics. The objective of the present work is to enhance the 

Corotational Method to handle problems of large strains, with both geometric and material 

nonlinearities. 
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1.2.4 Stiffness and flexibility base elements 

In a formulation using the Corotational Method, stiffness and flexibility based elements can be 

used. Stiffness based elements calculate the stiffness matrix of the element by approximating the 

deformation field with interpolation functions. Typically, cubic polynomials are used to describe 

transverse deformations and linear functions describe axial deformations. This description is 

valid only for small displacement analysis, where rotations are calculated as derivatives of the 

transverse displacements. In large displacement analyses this corresponds to a first order 

approximation and it leads to compatibility inconsistencies (Pi et al. 2001a; Teh and Clarke 

1997; Teh and Clarke 1998). Section forces are obtained through the constitutive law. Then, 

from the integration of the equilibrium equations (principle of virtual displacements) the global 

stiffness matrix is calculated. Finally, the global forces are assembled and compared to the 

external forces. In a nonlinear analysis, equilibrium is not satisfied and iterations must be 

performed.  

In contrast, flexibility based elements approximate the force field. In the case where element 

forces are not present, bending moments vary linearly and axial force and torsion are constant, 

the interpolation is exact. The section deformations are then obtained through the constitutive 

law. By applying the principle of virtual forces, compatibility equations are obtained and after 

integrating them, the global flexibility matrix is found. Finally, global compatibility is not 

satisfied and iterations at the element level are needed. The formulation is attractive because 

equilibrium is always satisfied and there is no need to approximate the displacement field, even 

though the numerical implementation is not as simple as with stiffness based elements.  

It’s been proven that flexibility based elements have better performance than stiffness based 

elements in linear problems solved with matrix methods (Neuenhofer and Filippou 1997; 

Spacone et al. 1996) and in the state space (Simeonov 1999); in nonlinear problems of 2D 

structures solved with matrix methods (Bäcklund 1976; Neuenhofer and Filippou 1998) and in 

the state space (Sivaselvan 2003). It has also been implemented in the program IDARC2D (Park 

et al. 1987; Valles et al. 1996), where the flexibility matrix for inelastic elements with small 

deformations is determined and then integrated to the global system using its inverse. 

The present formulation will combine the Corotational formulation, including mathematics of 

large rotations to create a flexibility based element capable of solving 3D nonlinear problems. 
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1.2.5 The plasticity problem 

Most of the formulations assume that the material is elastic. They are aimed to model not only 

structural problems but also flying planes and mechanical systems where it is undesirable that the 

material becomes plastic. Therefore, most of the benchmark problems found in the literature are 

elastic, thus plasticity is not needed in the formulations. On the other hand, many of the 

instability problems in civil engineering structures involve the plastification of the cross section, 

thus it becomes a necessary feature. Plastic flow theories are one choice to model plasticity. A 

yield surface is defined along with loading, yielding and unloading rules. The result is a 

relationship between the rate of strains and the rate of stresses. Thus, the rate equations must first 

be integrated to obtain a relationship between strains and stresses (Crisfield 1991; Lubliner 

1990). 

It is evident that the traditional stiffness and flexibility matrix methods as well as any of the 

above formulations need a strain-stress relationship but it is of no consequence to the formulation 

itself how this matrix is calculated. Plasticity is a choice. Thus, none of the above procedures is a 

unified approach in the sense that plasticity analysis is treated separately from equilibrium and 

compatibility analyses. 

Methods based in finite elements, fiber models for instance, solve the problem at a global and 

a local level. The global level enforces compatibility and equilibrium while the local level deals 

with plasticity. This is possible since the cross section is divided into small sectors where 

average strains and stresses are being continuously monitored. The section forces are then 

obtained by integrating the stresses of all sectors (Hall and Challa 1995; Izzuddin and D.L.Smith 

1996; Zienkiewicz and Taylor 2005). Thus, finite element analysis is a unified approach. 

However, the computational costs and time required to solve a complex problem are very high. 

Methods based in the state space also solve the problem at a global and a local level. At the 

global level the equations of motion become first order differential equations and at the local 

level, if plastic flow theories are used, the constitutive laws are also first order differential 

equations. The complete system is then solved. As a result, global and local states are mutually 

dependent and convergence occurs simultaneously eliminating the need for iterations within a 

time step (Simeonov 1999; Sivaselvan 2003). However, if static analysis is being performed, 

equations at the global level are algebraic, not differential. Therefore a robust procedure capable 

of solving Differential Algebraic Equations (DAEs) is needed. Fortunately, such a procedure 
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exists (Brenan et al. 1989) and it is implemented in a computer software called “Implicit 

Differential-Algebraic solver” (IDA) developed at the Lawrence Livermore National Laboratory 

(Hindmarsh and Serban 2006). 

It is concluded that, for the objectives of this report, the state space approach is the most 

suitable option for the development of a unified formulation.  

1.3 Outline of the report 

Flexibility based element have been combined with the state space approach to create a 

formulation for inelastic structures and small displacements (Simeonov 1999). The Corotational 

approach mixed with flexibility based elements was used by Sivaselvan (Sivaselvan 2003), to 

solve two dimensional (2D) inelastic buckling problems using the state space. However, as 

explained in 1.2.2, large rotations in 2D are not different from small rotations since the rotation 

axis is fixed. Thus, the challenge is to develop a formulation that mixes the Corotational 

approach with a flexibility based element capable of 3D large inelastic displacements and 

rotations, to be solved in the state space and to be tested against the results of the “zipper frame” 

experiments. 

The organization of the work is as follows: in Chapter 2 the mathematical development of the 

formulation is explained. Chapter 3 details the numerical implementation of the formulation 

derived in Chapter 2. Chapter 4 presents the experimental study and the relevant test results from 

the shake table tests of the “zipper frame”. Chapter 5 compares the experimental results with the 

analytical results obtained with the new formulation. Finally a summary of the work, conclusions 

and recommendations are detailed in Chapter 6. 
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SECTION 2 

FORMULATION OF A 3D ELEMENT MODEL FOR GEOMETRIC 

AND MATERIAL NONLINEARITIES 

2.1 Introduction 

The formulation presented in this Chapter is developed for frame structures whose components 

are modeled as single elements, also known as macro-models. An “element” can represent a 

beam, column, brace or any other structural member where one of its dimensions (length) is 

much larger than the other two (cross section). The boundaries of the elements are represented by 

“nodes” which also represent connection points between different structural members. The 

movement of the member is described solely by the movement of its end nodes and its 

centerline. The element’s plasticity is incorporated by monitoring some of the cross sections 

along the length of the element, also known as “control sections”. The behavior of the end nodes 

is influenced by the integrated behavior of all the control sections.  

The objective of the developed formulation is to predict the behavior of an element that 

undergoes inelastic buckling i.e. the correct estimation of the buckling load, post buckling 

displacement and residual displacements. 

Although many procedures capable of analyzing elements subjected to large displacements 

and large rotations have been developed (Bäcklund 1976; Battini and Pacoste 2002a; Battini and 

Pacoste 2002b; Behdinan et al. 1998; Cardona and Geradin 1988; Crisfield 1990; Gruttmann et 

al. 1998; Ibrahimbegovic 1995; Jelenic and Crisfield 1999; Jelenic and Crisfield 2001; Meek and 

Xue 1998; Neuenhofer and Filippou 1998; Pacoste and Eriksson 1997; Rankin and Nour-Omid 

1988; Simo and Vu-Quoc 1986), most of them assume elastic materials. The inclusion of the 

material nonlinearity is an option because the aim of such formulations is the prediction of the 

behavior of the elements under large rotations. Those formulations have a broad application 

including mechanical systems and aerospace engineering, where rigid body motion is the main 

source of geometric nonlinearity and where it is desirable that the material remains elastic. In 

civil engineering applications however, it is expected that under a strong ground motion the 

material will yield, therefore the inclusion of material nonlinearities is imperative in order to 

accurately predict element and structural instabilities. 
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To solve problems with large rotations and large displacements, there are two main 

approaches within the finite element method: Lagrangian and Corotational. In the Lagrangian 

approach, the displacements and forces are described with respect to a fixed coordinate system, 

which can be conveniently placed at the last converged configuration. Rotational increments are 

described as finite rotations. In a stiffness based element where the displacement field is 

interpolated, the most popular interpolation functions for transverse displacements are the well 

known Hermitian polynomials. However, this approximation is valid only when rotations are 

infinitesimal because they assume that the rotations can be described as the first derivative of the 

transverse displacements. On the other hand, this approach is very efficient handling the rotation 

updates from one step to the next and if shear deformations are considered, its strain description 

is geometrically exact. 

In the Corotational approach, rigid body motion is separated from deformations. Usually 

deformations are assumed to be very small so that classical structural analysis is used to evaluate 

the element’s stiffness matrix in its corotated coordinates. This is the most popular approach in 

Civil Engineering applications because it can be easily integrated to existing structural analysis 

software. In this case, the inclusion of material nonlinearity can be implemented with 

concentrated plasticity, as in the program DRAIN 2D (Kanaan and Powell 1973), or spread 

plasticity formulations, as in IDARC 2D (Valles et al. 1996), and with other finite elements like 

fibers, as in DRAIN 3D (Prakash et al. 1994). As long as the rotational deformations are 

infinitesimal, they can be treated as vectors and can be interpolated with Hermitian polynomials. 

Thus, most of the developed methods within the Corotational approach adopt stiffness based 

formulations. 

The element described herein is based in the Corotational formulation, thus rigid body motion 

and deformations are treated separately. However, the assumption of small deformations is 

relaxed and deformational rotations are treated as finite rotations. To avoid compatibility and 

interpolation problems, a flexibility based formulation is adopted. In this case, the force field is 

interpolated and the resultant interpolation functions are exact. Displacements and rotations need 

to be interpolated in order to calculate the flexibility matrix, however these interpolations are 

based on compatibility relationships and not on approximated polynomials. 

A unified formulation that considers both geometric and material nonlinearities is obtained by 

writing the equations of motion in the state space, where displacement and velocities are 
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variables of the system such that the equations of motion – second order differential equations – 

become a set of first order differential equations. 

When based in flow rules, plasticity equations are first order differential equations. Therefore, 

in a traditional matrix analysis these equations must be integrated independently and the results 

used in the analysis. The advantage of the state space is that all the differential equations are 

solved simultaneously, enforcing equilibrium, plasticity and compatibility and eliminating the 

need for iterations. 

This chapter presents the development of the formulation. First, a brief summary of the 

mathematics of finite rotations is given so that latter developments would be clear. Second, the 

Corotational concept is introduced. Third, a summary of the adopted constitutive formulation is 

presented. Fourth, the state space approach is outlined. Finally, all the above elements are 

integrated into the formulation. 

2.2 Mathematics of large rotations 

2.2.1 Geometrical description of large rotations 

Geometrically, a pure three dimensional (3D) rotation applied to point n in Figure  2–1, results in 

the movement of this point to point n+1. This rotation can be described by a rotation axis, θ , and 

a rotation angle θ. The rotation axis is normal to the rotation plane, where the angle of rotation is 

defined. Mathematically it is defined as: 

= θ⋅θ θ  (2.1) 

The rotation axis is a unit vector and thus its numerical description depends on the chosen 

coordinate system {x,y,z}. The components of θ = {θx,θ,y,θz} are the projections of the vector θ  

into the given coordinate system scaled by the value of the rotation angle θ: 

{ }t

x y z

2 2 2
x y z

θ = θ θ θ

θ = θ + θ + θ
 (2.2) 

θ is called “rotational vector”, “axial vector” or “pseudovector”. Although it looks like a vector, 

its components cannot be interpreted as rotations about the axis {x,y,z}. Another important 

property of the axial vector is that any parametrization that preserves Equation (2.2) can be used 
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to characterize rotations. Among them, the Rodrigues parametrization is defined as (Argyris 

1982): 

( )tan 2
θ

=
θ

θ θ  (2.3) 
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Figure  2–1: Geometrical representation of rotations. 

The position of points n and n+1 (Figure  2–1) in the chosen coordinate system are pn and pn+1. 

The movement of point n to point n+1 can then be expressed as the rotation of vector pn into pn+1 

through a rotation matrix R. Geometrically, it can be demonstrated thar the rotation matrix can 

be written in terms of the rotational vector as (Argyris 1982): 
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⎡ ⎤−θ θ
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⎢ ⎥−θ θ⎣ ⎦

θ

θ Ω Ω

Ω

 (2.4) 

In Equation (2.4), Ω is a 3x3 skew-symmetric matrix called Spinor. Its components are the 

Cartesian components of the rotational vector. Physically, Ω represents a linearized 

(infinitesimal) rotation about R. Mathematically, the spinor and the rotational vector are related 

by: 
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p p p× = ⋅ = − ×θ Ω θ  (2.5) 

for any vector p (p can represent the position of a point in space, but the definition in Equation 

(2.5) is very general). If Equation (2.4) is expanded into Taylor series, it is possible to 

demonstrate that (Argyris 1982): 

eR = Ω  (2.6) 

Equation (2.6) represents the “exponential map”. Although this compact format is very popular 

for mathematical derivations, it is very difficult to implement numerically. Instead, a 

parametrization of the rotational vector is used to calculate R (Felippa and Haugen 2005).  

2.2.2 Mathematical description of large rotations 

Mathematically, large (finite) rotations in three dimensions (3D) are represented by rotation 

matrices R which constitute the group of Special Orthogonal linear transformations SO(3). This 

is a subgroup where all matrices are orthogonal i.e. R Rt = I3 (I3 is the 3x3 identity matrix) and 

their determinants are 1 i.e. the rotation matrix preserves the orientation of the vectors it rotates. 

The mathematical structure of the SO(3) group is a nonlinear differentiable manifold, not a 

linear space. In general, a differentiable manifold is defined by an open subspace where linear 

tangent spaces can be defined at each point and maps (or functions) relate the points in the 

manifold with those of the tangent space. In the finite rotations problem, each rotation matrix is a 

point in the manifold space. Thus, at each rotation matrix, a tangent linear space can be defined 

and it is composed by the set of all possible axial vectors. The relationship between the axial 

vector and the manifold is the “exponential map”. Since it is very difficult to develop 

mathematics for nonlinear spaces, the existence of a tangent linear space where linear algebra is 

valid transforms a complex problem into a conventional problem and a space mapping. 

2.2.3 Parametrization of rotations: quaternions 

The most practical description of finite rotations for numerical analysis is the quaternion 

definition. A quaternion q is a rotation parametrization that uses 4 parameters: one for the 

rotation angle and 3 for the rotation axis with the restriction that the quaternion’s modulus has to 

be unitary. 
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In terms of the rotational vector, the quaternion is written as (Simo and Vu-Quoc 1986): 

( )

{ }
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θ

 (2.8) 

And the rotation matrix in terms of the quaternion components is: 

2 2 1
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⎢ ⎥+ − + −⎣ ⎦

 (2.9) 

The inverse operation: to extract the quaternions from a rotation matrix, can be done with the 

following formulas: 
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 (2.10) 

2.2.4 Compound rotations 

Compound rotations are the result of successive rotations. To calculate them, it is very important 

to define the reference frame in which the calculation is being done. The results obtained for 

different coordinate systems will be numerically different but geometrically equivalent. Given 

two successive rotations, there are two ways of calculating the resultant rotation matrix (Argyris 

1982). First, when the reference frame is constant, the final rotation is: 

m
1R R R= ⋅  (2.11) 
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where R is the resultant rotation matrix, R1 is the first rotation and Rm is the second rotation. 

This operation is called material rotation or right translation. R1 and Rm share the same reference 

system. 

Second, when the reference frame moves and rotates with the body, the final rotation is: 

s
1R R R= ⋅  (2.12) 

where R is the resultant rotation matrix and Rs is the second rotation. This operation is called 

spatial rotation or left translation. In this case, the reference frame rotates first with R1 and  Rs is 

written with respect to the rotated coordinate system. 

Denoting θm the axial vector associated with Rm and θs the axial vector associated with Rs, the 

relationship between the axial vectors is: 

m
1

s = R ⋅θ θ  (2.13) 

From Equation (2.12) it can be concluded that rotations are “path-sensitive” i.e. θs is affected by 

all previous rotations. Unless the reference and rotation axes are kept fixed, finite rotations 

cannot be added like true vectors. 

2.2.5 Derivatives of the Rotation matrix 

The variations of the rotation matrix with respect to time and position are very useful during the 

development of the formulation. The material and spatial forms are (Cardona and Geradin 1988; 

Simo and Vu-Quoc 1986): 

s md
ds
d
dt

s m

R R = R

R R = R

= ⋅ ⋅

= ⋅ ⋅

Ψ Ψ

Ω Ω
 (2.14) 

where R is any rotation matrix, s is the arc-length variable and t is the time variable. Ψ and Ω are 

skew-symmetric matrices representing the curvatures and instantaneous angular velocities 

respectively. The superscripts “s” denotes spatial and “m” denotes material forms. As explained 

in 2.2.4, the result of the compound rotation (Ψs R) is the same as (R Ψm), and the difference 

between the matrices Ψs and Ψm is that the reference frame in the later is fixed while the 

reference frame in the former rotates with R.  
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Equation (2.14) is obtained after the application of the directional Fréchet derivative on the 

rotation matrix. Geometrically, it is equivalent to superimpose an infinitesimal rotation on to a 

finite rotation. 

2.2.6 Incremental rotation vector: the update problem 

From 2.2.4 it was concluded that finite rotations cannot be added like real numbers, nor can axial 

vectors be added like true vectors unless the reference frame and rotation axes remain fixed. 

However, this is a very desirable feature in the context of an update process in a numerical 

method, where the rotations at some step n (θn) are known, the increments (δθR) are obtained 

through some type of Newton method and their values at the step n+1 (θn+1) have to be 

determined. Usually, the update procedure will be through the composition of their respective 

rotation matrices: 

n 1 nR R R+ = ∆ ⋅  (2.15) 

where Rn+1 is the rotation matrix at step n+1, Rn is the rotation matrix at step n and ∆R is the 

rotation matrix of the incremental rotation δθR. It is very difficult to implement Equation (2.15) 

in the context of a Newton method, thus the incremental rotation vector (Cardona and Geradin 

1988; Ibrahimbegovic 1997) was introduced. The idea is to write the incremental rotation always 

in respect to the same reference frame so that the axial vectors can be added like true vectors: 

1 1 1
n 1 n+ = + δθ θ θ  (2.16) 

Mathematically, Equation (2.16) means that the axial vector θn
1, the increment δθ1 and the final 

axial vector θn+1
1 belong to the same tangent linear space, see Figure  2–2. To obtain the 

respective rotation matrices, the “exponential map” is used. Recalling Equation (2.6): 

1
n 1

n 1 eR +
+ = Ω  (2.17) 

where Ωn+1
1 is the skew symmetric matrix whose components are the components of the axial 

vector θn+1
1.  

It is possible to obtain a transformation between the incremental rotation vector δθ1 and the 

axial vector of the rotation matrix ∆R: δθR (Cardona and Geradin 1988; Ibrahimbegovic 1997): 
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θ θ θ

θ
θ θ

θ θ θ Ω
θθ θ

θ θ
θ θ θ Ω

θ θ

 (2.18) 

Equation (2.18) is valid for spatial description of rotations. Similar relationships can be obtained 

for material description. 

R 1
n
1

n+1
1

R n+1

R n

1

: exponential map

R

 

Figure  2–2: Mathematical representation of rotation updates. 

2.2.7  Calculation of a rotational vector given an initial vector and its final configuration 

The following procedure will be used to determine the rotation matrix that characterizes a rigid 

body motion (Crisfield 1997). Given two vectors, to and tn, the rotation that transforms to into tn 

is described geometrically with the angle θ and the unit vector θ : 



 18

( )
( )

t
o n

o n

o n

cos

sin

t t

t t
t t

θ = ⋅

θ×
= =

× θ
θ θ

 (2.19) 

Thus the rotation matrix becomes: 

( ) ( ) ( ) ( )o n o n o nt
o n

1
1 t t

R I t t t t t t= + × + × ⋅ ×
+ ⋅

θ Ω Ω Ω  (2.20) 

where Ω(t0×tn) represents the Spinor of the resultant vector from the cross product (t0×tn). 

2.3 The corotational concept 

The movement of an element in a body can be separated into two components: a rigid body 

motion (displacement and rotation) and a deformation (strains and curvatures). To describe the 

rigid body motion, a reference frame located outside of the element is needed. In general, the 

same external reference is used for all elements in the body and it is called “Global coordinate 

system” (G). 

A rigid body motion is composed of (i) a rigid body translation: the displacement of the center 

of gravity of the element; and (ii) a rigid body rotation: the relative displacements of the nodes of 

the elements with respect to the center of the element. The same description can be made by 

considering the movement of the nodes in Global coordinates. In structural analysis, this is called 

the “chord of the element”, see Figure  2–3.  

In the Corotational approach, the element’s deformations are described with respect to the 

chord; therefore a Local reference system has to be defined and a relationship with the Global 

reference system has to be found. Since the Local coordinate system describes the position of the 

chord in the space, moving and rotating with it, this Local system is known as Corotated (E). It is 

arbitrarily chosen that the x axis of the Corotated system coincides with the direction of the 

element’s chord and that the y and z axis coincide with the principal directions of the section. 

The Corotated axes (E) are related to the global axes (G) through a rotation matrix.  

In the context of stability analysis, a common assumption is that large displacements are 

described within the rigid body motion so that deformations are small. If this assumption is not 

valid for a particular element, it is always possible to break it into more elements until the 

assumption holds true. Thus, at the corotated level, the small strains theory is used to describe 

the deformations. The main advantage of this assumption is that existing formulation and 
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software can be used to address the problem of large displacements, just by adding a proper 

transformation matrix between global and corotated coordinates and by considering the effects of 

the geometry in the stiffness matrix. 

In the present formulation the corotational concept is adopted but the condition of small 

deformations is relaxed and large displacement/rotation theory is used to describe them. 

 

 

Figure  2–3: Corotational concept. 

2.4 Constitutive model 

Material nonlinearity is a very important aspect in stability analysis. For the present work, the 

constitutive model developed at the University at Buffalo (Simeonov et al. 2000; Sivaselvan and 

Reinhorn 2001) will be used without modifications. The following is a summary of their work. 

2.4.1 Derivation of the plasticity model 

The derivation of the Constitutive law is based on a parallel plasticity model. The model 

proposes that the total stress increments can be decomposed into elastic and hysteretic 

components (Figure  2–4). 

e hd d dσ = σ + σ  (2.21) 
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where dσ is the total incremental stress, dσε is the elastic portion and dσh is the hysteretic 

portion.  

TEE −0
σd

0=PE

TE

σd

y
T

E
E

σ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

0

1atsliding
 

Figure  2–4: Parallel plasticity model (From Simeonov (1999) Figure 2-2 b) 
 

The total resistance is then attributed to an elastic element of stiffness Ke in parallel with an 

elastic-ideal-plastic element. The latter is represented by a serial plasticity model of elastic 

stiffness K0-Ke and yield stress (1-Ke/K0)·σy. The elastic stiffness Ke represents the hardening 

after the hysteretic element has yielded and is not the total initial elastic stiffness (K0). The 

advantage of this type of model is its natural capacity of representing Bauschinger effects 

without the introduction of hardening rules. The relationship between stress and strain rates can 

then be written as: 

( )e hE Eσ = + ε  (2.22) 

where σ is total stress, ε is total strains, Ee is the elastic portion of the modulus of elasticity and 

Eh is its hysteretic portion.  

In order to define yielding, the formulation uses two yield surfaces: initial and ultimate. These 

surfaces describe the combination of loads under which the element is starting to yield (initial 

surface) or it is fully plasticized (ultimate surface). The surfaces depend on the characteristics of 

the section and must be smooth, continuous functions. A general mathematical representation of 

a yield surface is: 

( )hf 0Fφ = ≤  (2.23) 
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Equation (2.23) describes the yield function φ as a function of Fh, the elastic-ideal plastic 

component of the total force FT. It is always non-positive. When the yield function is equal to 0, 

the section is yielding. 

It is also assumed that the total strains ε can be written as the sum of the elastic and hysteretic 

parts. In rate form: 

e p= +ε ε ε  (2.24) 

where εe is the elastic and εp is the plastic component of the total strains ε. 

When the element is flowing: φ=0, the rate of the elastic strain is zero and the rate of total 

strains is the rate of hysteretic strains. On the other hand, the rate of the hysteretic force can be 

written solely in terms of the rate of the elastic strains since after yielding the force is constant, 

thus its rate is zero. 

( )h 0 e eF K K= − ⋅ε  (2.25) 

The plastic strain εp is calculated using plastic flow rules. The direction of the plastic flow is 

perpendicular to the yielding surface and its magnitude is proportional to the gradient of the 

surface at the point of yielding: 

p
hF

∂φ
= λ

∂
ε  (2.26) 

where ∂φ/∂Fh = {∂φ/∂Fx
*  ∂φ/∂My

*  ∂φ/∂Mz
*}t is the gradient of the yield function and the rate of 

λ is a proportionality scalar. Fx*, My* and Mz* are defined in Equation (2.36) To calculate the 

proportionality scalar and the plastic strains, the following rules known as Kuhn-Tucker 

conditions must be enforced: 

• The plastic flow is always directed outwards the yielding surface. 

• No flow occurs for load combinations outside the yielding surface. 

t

h
h

0
0

0F
F

λ ≥

φ⋅λ =

⎛ ⎞∂φ
λ ≥⎜ ⎟∂⎝ ⎠

 (2.27) 

The plastic multiplier can be calculated from the consistency equation: 
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t

h
h

0F
F

⎛ ⎞∂φ
=⎜ ⎟∂⎝ ⎠

 (2.28) 

It expresses the fact that a force combination which has caused plastic strains, will continue to do 

so until unloading. 

Replacing the value of the rate of Fh into the consistency equation: 

( )
t

0 e
h h

0K K
F F

⎛ ⎞ ⎛ ⎞∂φ ∂φ
− ⋅ − λ =⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

ε  (2.29) 

And solving for the plastic multiplier and the plastic strains: 

( )

( )

( )

( )

t

0 e
h
t

0 e
h h

t

0 e
h

p t
h

0 e
h h

K K
F

K K
F F

K K
F

F
K K

F F

⎛ ⎞∂φ
−⎜ ⎟∂⎝ ⎠λ =

⎛ ⎞ ⎛ ⎞∂φ ∂φ
−⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

⎛ ⎞∂φ
−⎜ ⎟∂ ∂φ⎝ ⎠=

∂⎛ ⎞ ⎛ ⎞∂φ ∂φ
−⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

ε

ε
ε

 (2.30) 

The relationship between the force rate and the strain rate is: 

( )
( )

( )

t

0 e
h

h 0 e 1 2t
h

0 e
h h

H H
K K

F
F K K

F
K K

F F

⎡ ⎤⎛ ⎞∂φ
−⎢ ⎥⎜ ⎟∂ ∂φ⎢ ⎥⎝ ⎠= − −⎢ ⎥∂⎛ ⎞ ⎛ ⎞∂φ ∂φ⎢ ⎥−⎜ ⎟ ⎜ ⎟⎢ ⎥∂ ∂⎝ ⎠ ⎝ ⎠⎣ ⎦

ε
ε  (2.31) 

H1 represents the yielding condition and H2 the unloading condition. 

The yielding condition, or plastic flow, occurs only if the force combination defines a point in 

the yielding surface. Mathematicaly, this can be represented by a Heaviside function, that is 

always 0 when there is no yielding and 1 when there is yielding. Numerically, this Heaviside 

function can be smoothed to have a continuous function: 

( ) ( )n
1H 1φ = φ +  (2.32) 

When the value of the yield function is close to zero, at the onset of yielding, the value of H1 

approaches asymptotically to 1, equaling to 1 after yielding. 
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The unloading criterion is modeled through another smoothed Heaviside function: 

2 h 1 2 h
h h

H sgnF F
F F

⎛ ⎞ ⎛ ⎞∂φ ∂φ
= η + η ⋅⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

 (2.33) 

where η1+η2=1. η1 and η2 can take any value between 0 and 1. Here it will be considered 

η1=η2=0.5. When the section is yielding, the gradient of the yield function ∂φ/∂Fh and the rate of 

the forces hF  have the same sign (outwards the yield surface) and therefore η1+η2=1. When the 

section is unloading, the flow gradient and the force rates have opposite signs, therefore H2=0. 

This means that at the unloading stage, the total stiffness becomes the total initial elastic 

stiffness. 

The rate of the total force is then written as: 

( )
( )

( )
( )

t

0 e
nh

e 0 e 1 2 ht
h h

0 e
h h

1 sgn
K K

F
F K K K F

F F
K K

F F

∂φ
−

∂ ∂φ ∂φ
= + − ε − φ + η + η ⋅

∂ ∂∂φ ∂φ
−

∂ ∂

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟ ⎡ ⎤⎛ ⎞⎝ ⎠⎢ ⎥⎡ ⎤ ⎜ ⎟⎢ ⎥⎣ ⎦⎢ ⎥⎛ ⎞ ⎛ ⎞ ⎝ ⎠⎣ ⎦⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

ε

ε  (2.34) 

Note: This can be viewed as a generalized multidimensional inelastic hysteretic model that in 

unidimensional form reduces to the Sivaselvan-Reinhorn model (Sivaselvan and Reinhorn 2001), 

which can be further reduced to Bouc-Wen model (Bouc 1967; Wen 1976). Or one can look at 

this model as the “generalized Bouc-Wen model” for multidimensional surfaces. 

2.4.2 Elastic stiffness matrix 

The elastic stiffness matrix Ke is the hardening slope in a force-displacement relationship. 

Usually, the hardening is written in terms of a percentage of the total initial elastic stiffness: Ke = 

a K0. Where a can be 3%, 5% or any value defined by a material coupon test. 

2.4.3 Initial elastic stiffness matrix 

Since the relationship above links the force rate to the strains, a typical total initial elastic 

stiffness matrix would look like: 
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0
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z

EA 0 0 0
0 GJ 0 0
0 0 EI 0
0 0 0 EI

K

⎡ ⎤
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⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (2.35) 

where E: modulus of elasticity; A: area; G: shear modulus; J: torsional constant; Iy: inertia in the 

weak direction; Iz: inertia in the strong direction. 

2.4.4 Ultimate yield function 

The ultimate yield function depends on the cross section shape. However, in general it can be 

written as (Figure  2–5): 

( ) ( )

( )
( )

( )

y z

y z
y z

y z

* * *
y z x

y z* * *
yu zu xu

* *
y y y y yu y y

* *
z z z z zu y z

* *
x x x xu y

m m
1

1 p 1 p

M M Fm         m            p
M M F

M M aEI         M 1 a Z

M M aEI         M 1 a Z

F F aEA             F 1 a A

α α

α αβ β
φ = + −

− −

= = =

= − φ = − σ

= − φ = − σ

= − ε = − σ

 (2.36) 

In Equation (2.36) Mx, My and Mz are the moments in the x, y and z directions respectively; φy 

and φz are the curvatures in the y and z directions; Fx is the axial force (in x direction); εx is the 

axial strain; the exponents α and β are particular to each section and have to be determined from 

a finite element analysis or experimental results. All other quantities have been defined 

elsewhere. 

The yield function depends on non-dimensional quantities p, my and mz that are always less 

than unity. These quantities represent the proportion of the hysteretic forces, total forces minus 

elastic forces, with respect to the ultimate capacities. 

The equation above assumes that the section is doubly-symmetric. If the section in the model 

is not symmetric, appropriate changes have to be made to the axial force axis representation 

(Sivaselvan and Reinhorn 2001). 

From Equation (2.36), a general gradient of the hysteretic force can be obtained: 
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 (2.37) 

2.4.5 Yielding criterion parameter 

The parameter n in the exponent of the yielding criterion defines how smooth is the transition 

between the elastic and inelastic portions of the hysteretic curve. Values between 6 and 10 are 

normally used. A value of 10 is considered high which means that the transition is sharp or 

sudden. A lower exponent is better for numerical purposes. The drawback of this formulation is 

that it is allowing plastic deformations from the beginning of the analysis, which is not correct. 

An initial yield surface can be used to define incipient yielding, using an elastic stiffness matrix 

or a very high exponent up to that surface and switching to a lower exponent until reaching full 

plasticity. Numerical problems may arise when using this approach because the distance between 

incipient yielding and fully plastic surfaces is, in general, small.  

2.4.6 Unloading criterion 

Equation (2.33) depends on the yield function gradients and the hysteretic force rates. However, 

the hysteretic force rate is the variable that is being calculated through the above procedure. It is 

not desirable to have its value in the unloading function because traditional methods for solving 

differential equations cannot be applied. The product of the elastic stiffness matrix and the total 

strains vector was suggested to replace it (Simeonov et al. 2000): 

2 h 1 2 e
h h

H sgnF K
F F

⎛ ⎞ ⎛ ⎞∂φ ∂φ
= η + η ⋅ ⋅⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

ε  (2.38) 

The reason for the above change is that since the unloading is elastic, the force rate and the strain 

rate are related through the elastic stiffness matrix. The dot product ensures that the sign of the 

function is preserved. 
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Figure  2–5: Ultimate-Yield Surface: a) General View, b) Slice in Plane ymp −  

(From Simeonov (1999) Figure 2-4) 
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2.5 The state space approach. 

For solving a system of nonlinear equations of motion that represents a structural system, the 

traditional approach has been to write these equations in an incremental way, thus solving a 

nonlinear transient analysis as a sequence of quasi-static analyses. The system is solved in 

Global coordinates, therefore during a step, equilibrium, internal plasticity rules and/or 

compatibility between elements can be violated and iterations within a step are necessary to 

enforce them. 

By contrast, the state space approach uses a set of variables: global nodal displacements and 

velocities their rates, element internal forces and their rates, total strains at pre-defined control 

sections along the length of the element and their rates. These variables completely define the 

state of each element in the structure at any time. The solution of the structural problem consists 

in solving a set of equations that represent the “evolution” of all these variables with time 

(evolution equations). Those equations are the fundamental equations of a structural system: 

Equilibrium, Compatibility and Plasticity. Written in rate form this set constitutes, in general, a 

system of Differential Algebraic Equations (DAE). The simultaneous solution of all the 

equations ensures that the all the basic laws (equilibrium, compatibility and plasticity) are 

satisfied at all times, eliminating the need for iterations within a step. The framework of this 

approach was developed by Simeonov (Simeonov et al. 2000). 

2.5.1 State variables 

First, the set of variables and their rates have to be defined.  

Denoting u the displacement, m the mass, c the damping constant, k the stiffness and P the 

external force, the traditional equation of motion, a second order differential equation, is: 

m u + c u + k u = P⋅ ⋅ ⋅  (2.39) 

Using displacements and velocities (or displacements rates) as the independent variables, 

Equation (2.39) is re-written as a set of two first order differential equations: 

1 2

2 1 1

2 1

y u        y u
m y c y k y P
y y

= =
⋅ + ⋅ + ⋅ =
=

 (2.40) 
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Two equations are needed to solve a problem of two variables. The second differential equation 

states that the velocity if the time derivative of the displacement. 

Moreover, by introducing a new variable: the internal force Q = k y1, Equation (2.39) becomes a 

set of three first order differential equations: 

1 2 3

2 1 3

2 1

1

y u        y u        y Q
m y c y y P
y y

Q k y

= = =

⋅ + ⋅ + =

=

= ⋅

 (2.41) 

where the third differential equation represents the relationship between internal forces and 

displacements through the stiffness matrix. 

Thus displacements, velocities and internal forces are natural choices for state variables. 

Finally, a variable that represents the internal state of the element (strains and stresses) at 

some finite number of points along the length of the element (integration points) is needed. The 

location and number of these points can be chosen according to the problem and can be different 

from one element to another. Depending on whether the formulation is stiffness or flexibility 

based and whether the constitutive law is derived from a strain decomposition or stress 

decomposition assumption, the choices for internal variables are different. Table  2-1 contains a 

summary of the possible choices (Simeonov 1999). 

In the present formulation, the constitutive law adopted is based on a stress decomposition 

model and the flexibility matrix formulation is adopted. Thus according to the table, the total 

strains are chosen as internal variables. 

Table  2-1: Selection of element state variables at the integration points (From Simeonov, (1999) Table 4-1) 

 Stiffness based element Flexibility based element 

Strain decomposition law Stresses σ Inelastic strains εp 

Stress decomposition law Hysteretic stresses σh Strains ε 

2.5.2 Evolution equations 

The evolution equations are the fundamental laws of structural analysis: Equilibrium, 

Compatibility and Plasticity, which are developed in the following section. 
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2.6 Development of an element for large displacements and large rotations 

2.6.1 Objective 

The objective of the present formulation is to develop a procedure capable of solving structural 

problems with material as well as geometrical nonlinearities. 

The formulation solves the problem in the state space, using the Corotational formulation to 

describe each element independently. Deformations are calculated with respect to the Corotated 

system of coordinates and they can be large. The goal is to develop appropriate equations of 

Equilibrium, Compatibility and Plasticity for every element. The result is a set of Differential 

Algebraic Equations (DAE) equations that are being solved using the Implicit Differential 

Algebraic solver (IDA) from the Lawrence Livermore National Laboratory (LLNL) (Hindmarsh 

and Serban 2006). 

The procedure can be summarized in the following steps: 

1. Definition of Coordinate systems. 

2. Definition of DOFs. 

3. Calculation of rigid body transformation matrices. 

4. Equilibrium equations. 

5. Compatibility equations. 

6. Plasticity equations. 

7. Numerical integration methods. 

2.6.2 Coordinate systems 

There are 3 coordinate systems needed for understanding the present development (Figure  2–6): 

• G: Global coordinate system. Fixed and common for all the elements, the equations of 

motions of the structure are solved in this system. 

• L: Local coordinate system. Defines the position of the element in its original unstressed 

position. This system serves as a reference for the calculation of nodal rotations. 

• E: Corotated coordinate system. Defines the position of the chord of the element at each 

time step. This system changes with each iteration. 

G, L and E are 3x3 orthogonal matrices whose rows are the three axes that define the 

coordinate system. Each axis has 3 components: the projections in the Global system. Therefore, 
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without any loss of generality, the Global system G can be defined as the Identity matrix I3. 

Matrix L can be calculated with the direction cosines and it is constant throughout the analysis. 

Matrix E is the rigid body transformation matrix that defines the chord of the element in its 

deformed configuration. Since the element moves in time, matrix E has to be updated every time 

step. 

 

Figure  2–6: Definition of Global (G), Local (L) and Corotated (E) coordinate systems. 

2.6.3 Degrees of freedom 

Following the defined systems of coordinates, the DOFs can be written in Global, Local and 

Corotated coordinates: 

An element is defined by 2 nodes (Figure  2–7). Each node has, in Global and Local 

coordinates, 6 DOFs: 3 displacements and 3 rotations. 

{ }x y z x y z node
u u u θ θ θ  (2.42) 

And its conjugated forces are: 

{ }x y z x y z node
F F F M M M  (2.43) 

The meaning of the directions x,y and z on Equation (2.43) depend on the coordinate system used 

to describe the movement (Global G or Local L). 



 31

G

G

G

1

2

3

u1

u2

u3

u4

u5

u6

u7

u8 u11

u10

u12u9

q4

q
2

q5

q
3

q6

q
1

 

Figure  2–7: Definition of DOFs in global and local coordinates (a) and in corotated coordinates (b). 

An element in its Corotated coordinates only has a total of 6 DOFs: 

{ }1 2 3 4 5 6 element
q q q q q q  (2.44) 

And its conjugated forces are: 

{ }1 2 3 4 5 6 element
Q Q Q Q Q Q  (2.45) 

q1 and Q1 refer to the axial deformation and force, respectively; q2 and Q2 describe the in plane 

rotation and moment at the initial node; q3 and Q3 describe the in plane rotation and moment at 

the end node; q4 and Q4 describe the out of plane rotation and moment at the initial node; q5 and 

Q5 describe the out of plane rotation and moment at the end node; q6 and Q6 describe the 

torsional rotation and torsion. 

Implicit in the above equations are the following assumptions: 

1. The axial force is constant throughout the element. 

2. The moment diagram is linear, therefore the shear is constant and can be calculated as the 

sum of moments divided by the length of the element. 

3. Torsion is constant along the element. 

According to 2.5.1, the Global variables are the Global displacements and velocities. The 

Local variables are the Corotated internal forces and the total axial strains and the curvatures. 

Thus, the vector of variables and their rates are: 

{ } { }tt        y u u Q y u u Q= =ε ε  (2.46) 

a) b) 
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where u is defined in Equation (2.42), Q is defined in Equation (2.45) and ε is defined by: 

{ }t

x y z= ε φ φ φε  (2.47) 

ε is the set of vectors of total axial strain and curvatures of every section of the element. In 

Equation (2.47), ε represents axial strains and φx, φy, φz are the curvatures. 

In a general structure, not all its DOFs are dynamics i.e. have an associated mass. Those 

DOFs are called “static” and their associated equation of motion is simply: 

k u = P⋅  (2.48) 

For these DOFs, there are only two state variables: u and Q. Therefore, in Equation (2.46), the 

velocity is a state variable of dynamic DOFs only. For instance, when a static analysis is 

performed Equation (2.46) becomes: 

{ } { }tt        y u Q y u Q= =ε ε  (2.49) 

2.6.4 Calculation of rigid body transformation matrices 

For each element, a matrix E: the rigid body transformation matrix that defines the chord and 

principal axes of the element in its deformed configuration, has to be calculated. At each time 

step, the actual position of each node of the element in Global coordinates is calculated from its 

original position and actual displacement: 

i 0 ip p u= +   

where pi is the vector of the actual position of node i, p0 and ui are the original position and 

actual displacement of node i. The actual displacement ui={uxi uyi uzi}t at any time step is a 

known quantity and can be retrieved from the state variable u. The vector describing the chord of 

the element can then be calculated as: 

i j
1

i j

p p
E

p p
−

=
−

 (2.51) 

where the variables i and j represent the initial and end nodes of the element. The vector E1 is the 

Corotated x coordinate.  

The next step is to obtain a rotation matrix RL-E that rotates the vector L1 (the Local x 

coordinate) into vector E1. Using Equation (2.20): 
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( ) ( ) ( )1 1 1 1 1 1t
1 1

1
1L-ER I L E L E L E

L E
= + × + × ⋅ ×

+ ⋅
Ω Ω Ω  (2.52) 

Recalling that Ω(L1×E1) is the spinor of the resultant vector of the cross product L1×E1. 

Matrix RL-E also rotates the vectors L2 into E2 and L3 into E3. Vectors L2 and L3 represent the 

directions of the principal axes of the cross section in its original configuration, while E2 and E3 

represent the directions of the principal axes of the cross section in its Corotated configuration. 

Thus, matrix E is obtained by rotating matrix L with RL-E: 

L-EE R L= ⋅  (2.53) 

Vectors L1, L2 and L3 are rows of the transformation matrix L (that rotates the Global 

coordinates into Local coordinates). These vectors are also known as cosine directors (Weaver, 

1990 #123). Similarly, Vectors E1, E2 and E3 are rows of the rotation matrix E. 

Because the Global system is arbitrarily chosen as the identity matrix G = I3, the coordinate 

system L coincides with the rotation matrix L i.e. L = L·G and the coordinate system E 

coincides with the rotation matrix E i.e. E = E G. 

The origin of the Corotated coordinate system E can be located anywhere along the element. 

It is convenient to place it at one of the end nodes, say node i, for reasons that will become 

apparent latter in the development of the formulation. 

2.6.5 Equilibrium Equations 

Global equilibrium equations are the evolution equations of Global variables. 

The internal forces Q of each element in Corotated coordinates are known variables (Equation 

(2.46)). Global equilibrium is calculated by transforming the internal forces into Global 

Coordinates, summing all the contributions from different elements in each node and comparing 

these values to the applied external force. 

The transformation into Global variables is done through a transformation matrix Tt. This 

matrix is specific to each element and is the resultant of the composition of the rigid body 

rotation matrix TCG and the matrix of change of variables TEC. 

EC CGT T T=  (2.54) 

TEC is the matrix representing equilibrium at the Corotated level using the assumptions listed in 

part 2.6.3.  TEC transforms 12 DOFs (Local) into 6 DOFs (Corotated) (See Figure  2–7): 



 34

L L

L L
EC

L L

L L

1 0 0 0 0 0 1 0 0 0 0 0
1 10 0 0 0 1 0 0 0 0 0

1 10 0 0 0 0 0 0 0 0 1

1 10 0 0 1 0 0 0 0 0 0

1 10 0 0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0 0 1 0 0

T

−⎡ ⎤
⎢ ⎥

−⎢ ⎥ξ ξ
⎢ ⎥
⎢ ⎥−ξ ξ⎢ ⎥= ⎢ ⎥−⎢ ⎥ξ ξ
⎢ ⎥
⎢ ⎥− ξ ξ⎢ ⎥
⎢ ⎥−⎣ ⎦

 (2.55) 

where ξL is the actual length of the element. 

Transformation matrix TCG is an expanded version of matrix E to allow the transformation of 

12 DOFs simultaneously from Global to Corotated coordinates. Matrix E transforms 3 DOFs 

(displacements u and rotations θ) from Global to Corotated coordinates: 

CR G

CR G

u = E u
= E

⋅

⋅θ θ
 (2.56) 

Thus, to transform all the DOFs of a node the following matrix form can be used: 

CR G

CR G

E 0u u
=

0 E
⎡ ⎤ ⎡ ⎤⎡ ⎤

⋅⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦⎣ ⎦ ⎣ ⎦θ θ

 (2.57) 

Since an element has 2 end nodes, Equation (2.57) can be written as: 

CR G
i i

CR G
i i

CR G
j j

CR G
j j

u uE 0 0 0
0 E 0 0

u u0 0 E 0
0 0 0 E

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥= ⋅⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

θ θ

θ θ

 (2.58) 

where the subscript i denotes node i and the subscript j denotes node j. Finally, matrix TCG is: 

CG

E 0 0 0
0 E 0 0

T
0 0 E 0
0 0 0 E

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (2.59) 

Matrix T transforms Global displacement and rotation rates into Corotated coordinates and, by 

virtual work, its transpose transforms Corotated forces Q into Global coordinates F: 

t

q T u
F T Q

= ⋅

= ⋅
 (2.60) 
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Finally, Global forces at the nodes are premultiplied with a connectivity matrix N, specific to 

each element, of size {12 x total #DOFs in the structure} that identifies each DOF of each node 

of the element with the global numbering of DOFs of the complete structure. The contributions 

from all the elements are added and then compared to the externally applied forces Pext: 

#elements

i 1
Equilibrium i i extN F P

=

= ⋅ −∑  (2.61) 

2.6.6 Compatibility equations 

In this section, the element’s deformations are formulated with respect to the Corotated 

coordinate system. It is assumed that its deformations can be large, therefore mathematics of 

large rotations are applied when necessary.  

Consider an element and its Corotated coordinate system, E. Let ε be the axial deformation of 

the centerline and let P be any point in the centerline. P has originally coordinates {x,0,0} with 

respect to the coordinate system E. At the deformed configuration, its new coordinates are 

{ξ,η,χ} with respect to the coordinate system E (Figure  2–8). In order to characterize the 

complete movement of the section, a new coordinate system t(x) is defined at each point P. R(x) 

is the rotation matrix that describes the rotation of the section with respect to the chord. In spatial 

form: 

( ) ( )t R E= ⋅x x  (2.62) 

 

 

Figure  2–8: Description of the deformations in Corotated coordinates. 
 

The variations of P’s coordinate components with the x axis: 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

d d ds d 1
dx ds dx ds
d d ds d 1
dx ds dx ds
d d ds d 1
dx ds dx ds

ξ ξ ξ
= ⋅ = ⋅ + ε

η η η
= ⋅ = ⋅ + ε

χ χ χ
= ⋅ = ⋅ + ε

x x x

x x x

x x x

 (2.63) 

where s is the arc-length parameter tracking the deformed configuration, thus ds/dx represents 

the variation of the axial deformation with respect to the original length of the element and dξ/ds, 

dη/ds and dχ/ds represent the components of the vector t1 in the Corotated coordinates E i.e. the 

change in the orientation of the coordinate system along the length of the element: 

( )( )

( )( )

( )( )

t
1 1

t
2 1

t
3 1

d 1
dx
d 1
dx
d 1
dx

E t

E t

E t

ξ
= ⋅ + ε

η
= ⋅ + ε

χ
= ⋅ + ε

 (2.64) 

Considering a small variation about this deformed position, the incremental compatibility is: 

( )( ) ( )

( )( ) ( )

( )( ) ( )

t t
1 1 1 1

t t
2 1 2 1

t t
3 1 3 1

d 1
dx
d 1
dx
d 1
dx

E t E t

E t E t

E t E t

ξ
= ⋅ + ε + ⋅ ε

η
= ⋅ + ε + ⋅ ε

χ
= ⋅ + ε + ⋅ ε

 (2.65) 

From Equation (2.14), the variations of the vector t1 with respect to time: 

1 1 1 1t RE RE t= = ⋅ = ⋅Ω Ω  (2.66) 

where, Ω is a skew-symmetric matrix representing an instantaneous infinitesimal rotation or spin 

and ω is its correspondent rotational vector. Ω represents the time variation of the rotations over 

the t coordinate system. 

It is important to note that, at the deformed level, the variations of the Corotated system E 

with time are irrelevant because the strains and stresses are not affected by rigid body motion. 

Also, only an observer located at the Global coordinate G will notice that the Corotated system E 

moves with time. 
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Using Equation (2.66), and after some mathematical work (see APPENDIX A, section A.1) 

the variations (Equations (2.65)) can be rewritten as: 

L L L
t t t
1 1 1

0 0 0

L L L
t t t

2 2 2 1
0 0 0

L L L
t t t

3 3 3 1
0 0 0

d ddx dx dx
dx dx

d ddx C dx dx
dx dx

d ddx C dx dx
dx dx

E E E t

E E E t

E E E t

⎛ ξ ⎞⎡ ⎤
ξ ⎜ ⎟⎢ ⎥= − ⋅ ⋅ η + ⋅ ε⎜ ⎟⎢ ⎥

⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠
⎛ ξ ⎞⎡ ⎤

η ⎜ ⎟⎢ ⎥= − ⋅ ⋅ η + ⋅ ε⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠
⎛ ξ ⎞⎡ ⎤

χ ⎜ ⎟⎢ ⎥= − ⋅ ⋅ η + ⋅ ε⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

Ω

Ω

Ω

 (2.67) 

where C2 and C3 are: 

( )( ) ( ) ( )( ) ( ) ( )( ) ( )
( )( ) ( ) ( )( ) ( ) ( )( ) ( )

t t t t
2 2 1 2 1 2 1

t t t t
3 3 1 3 1 3 1

C L L 0 0 L L

C L L 0 0 L L

E E E E E E

E E E E E E

= ⋅ ⋅ ξ − ⋅ ⋅ ξ = ⋅ ⋅ ξ

= ⋅ ⋅ ξ − ⋅ ⋅ ξ = ⋅ ⋅ ξ

Ω Ω Ω

Ω Ω Ω
 (2.68) 

The compatibility equation that relates the rotations to the curvature in three dimensions (3D) 

is (Huddleston 1968; Simo and Vu-Quoc 1986): 

( )d 1
dx
R R= + εΨ  (2.69) 

where Ψ is a skew-symmetric matrix containing the Corotated curvatures in spatial form at any 

section along the length of the element. Taking variations on the Equation (2.69) and after some 

mathematical manipulations (see APPENDIX A, section A.2) the following relationship is 

found: 

( )( ) ( )d 1 1
dx

-= × + ε ⋅ε = + ε + ⋅ε
ω

φ ω φ + φ φ φ  (2.70) 

Where φ is the correspondent axial vector, in spatial form, of the curvature matrix Ψ. The first 

term of the right hand side of Equation (2.70) gives the rate of change of the curvature with 

respect to an observer which moves with the frame t. The material representation takes the form: 

( )
m

m md 1
dx

= + ε + ε
ω

φ φ  (2.71) 
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It is found that writing the curvatures in material form i.e. in respect to the Corotated (E) 

coordinates, makes the calculations simpler. Integrating Equation (2.70): 

( ) ( ) ( )( )

( )( ) ( )

6L L
m

5 4
0 0

3 2

L L Lm
m m m

m
0 0 0

q
d dx L 0 q q 1 dx
dx

q q

d dx 1 dx 1 dx
dx

             R R R R

⎡ ⎤
⎢ ⎥= − = − = + ε + ε⎢ ⎥
⎢ ⎥−⎣ ⎦

ε⎡ ⎤
⎡ ⎤= ⋅ = ⋅ + ε + ε = ⋅ + ε ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫ ∫

∫ ∫ ∫

ω
ω ω φ φ

ω
φ φ φ

φ

 (2.72) 

In Equation (2.67), the curvatures have to be expressed in terms of material coordinates. After 

some mathematical manipulations (see APPENDIX A, section A.3), the system can be written as 

follows: 

[ ]( )( )( )

[ ]( )( )( )

[ ]( )( )( )

( )

tt t m t t t t
1 1 1 1

1

2
tt t m t t t t

2 1 2 23

6

5 4
tt t m t t t t

3 2 3 1 3 3

m

1

q
C

1C
q

q q
q q 1

1

E t E R R E R E E R

E t E R R E R E E R

E t E R R E R E E R

R R

⎡ ξ⎡ ⎤
⎢ ⎢ ⎥⋅ − η × ξ η χ + ε⎢ ⎢ ⎥
⎢ ⎢ ⎥χ⎣ ⎦⎡ ⎤ ⎢⎢ ⎥ ξ− ⎡ ⎤⎢⎢ ⎥ ⎢ ⎥⎢ ⋅ − η × ξ η χ + ε⎢ ⎥− ⎢ ⎥⎢=⎢ ⎥ ⎢ ⎥⎢ χ⎣ ⎦⎢ ⎥

⎢ ⎥− ξ⎡ ⎤⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⋅ − η × ξ η χ + ε⎣ ⎦ ⎢ ⎥
⎢ ⎥χ⎣ ⎦

⋅ + ε⎣

Ψ

Ψ

Ψ

φ

L

m
0

dx

⎤
⎥
⎥
⎥
⎥
⎥
⎥ ε⎡ ⎤⎥ ⎢ ⎥⎥ ⎣ ⎦

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎦

∫ φ
 (2.73) 

Without any loss of generality it can be assumed that E is equivalent to I3, the identity matrix. 

And if the origin of the coordinate system E is located at node i, it can be demonstrated that C2 

and C3 reduce to: 

[ ]

[ ]

5
2 L

3

5
3 L

3

q
C 0 1

q

q
C 1 0

q

⎡ ⎤
= ξ⎢ ⎥

⎣ ⎦
⎡ ⎤

= − ξ⎢ ⎥
⎣ ⎦

 (2.74) 

And that the compatibility equations can be written as (see APPENDIX A, section A.4): 
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1

2 L

3 m
0

4

5

q
q
q dx
q
q

B

⎡ ⎤
⎢ ⎥
⎢ ⎥ ε⎡ ⎤⎢ ⎥ = ⎢ ⎥⎢ ⎥ ⎣ ⎦
⎢ ⎥
⎢ ⎥⎣ ⎦

∫ φ
 (2.75) 

where matrix B is: 

[ ]( )( )( )

[ ]( )( )( )

tt t m t t t
1 1 1 1

L

tt t m t t t
2 1 2 2L

L

t t m t t
3 1 3

L

1 0 0 0 0 0
110 0 0 1 0

10 0 0 0 0
1

10 0 1 0 0

10 0 0 0 0

0 0 0 0 0 1

E t E R R E R E RE

E t E R R E R E RE
B

E t E R R E

ξ⎡ ⎤⎡ ⎤ ⎢ ⎥⎢ ⎥ ⋅ − η × ξ η χ + ε− ⎢ ⎥⎢ ⎥− ⎢ ⎥χ⎣ ⎦ξ⎢ ⎥
⎢ ⎥ ξ⎡ ⎤−⎢ ⎥ ⎢ ⎥⎢ ⎥ ⋅ − η × ξ η χ + εξ ⎢ ⎥= ⋅⎢ ⎥ ⎢ ⎥χ⎣ ⎦⎢ ⎥−⎢ ⎥ξ ξ⎡ ⎤⎢ ⎥ ⎢ ⎥⋅ − η⎢ ⎥ ⎢ ⎥⎢ ⎥ξ ⎢χ⎣ ⎦⎢ ⎥
⎢ ⎥⎣ ⎦

Ψ

Ψ

Ψ [ ]( )( )( )

( )

tt
3

m

1

1

R E RE

R R

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥× ξ η χ + ε⎢ ⎥

⎥⎢ ⎥
⎢ ⎥

⋅ + ε⎢ ⎥⎣ ⎦φ

 (2.76) 

Considering now the section constitutive equation and the hypothesis that plane sections 

remain plane, for each section S the curvature pseudovector  in material form φm(S) = {φx φy φz}t 

and the normal to the section, t1(S), are defined. The deformations at every point (α,β) in the 

section S are described by the scalar function ε(x,α,β) for axial strains: 

( ) ( )( )m m
y zx, , 1ε α β = ε + φ β − φ α + ε  (2.77) 

where α and β are parameters describing the position of any point in the cross section with 

respect to its center. The curvatures, written in material form, denote an infinitesimal rotation of 

the section with respect to the E coordinate system. The factor (1+ε) accounts for the difference 

in the chord elongation measured along the normal to the section (t1). Taking variations of 

Equation (2.77): 

( ) ( )( ) ( )
( ) ( )( )

m m m m
y z y z

m m m m
y z y z

x, , 1

1 1              

ε α β = ε + φ β − φ α + ε + φ β − φ α ε

= ε + φ β − φ α + + ε φ β − φ α
 (2.78) 

Considering the normalized strain measure φn=φ(1+ε), Equation (2.78) can be written in 

normalized matrix form as: 
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( )
( )

( )

mm m
xx x
mm m
yy y
mm m
zz zn

1 0 0 0
1 0 0

0 1 0
0 0 1

ε ε⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥φ + εφ φ⎢ ⎥⎢ ⎥ ⎢ ⎥=
⎢ ⎥⎢ ⎥ ⎢ ⎥φ + εφ φ
⎢ ⎥⎢ ⎥ ⎢ ⎥φ + εφ φ⎣ ⎦ ⎣ ⎦⎣ ⎦

 (2.79) 

The constitutive relationship in rate form can be expressed: 

( ) ( )( )( )m m m m
y z y z1 1

E

E E E E

= ⋅

= ⋅ + ⋅ = ε + φ β − φ α + + ε φ β − φ α + ⋅

σ ε

σ ε ε ε
 (2.80) 

From Equation (2.80) it is evident that the constitutive equation depends on the normalized 

strains rather than the actual strains. Integrating Equation (2.80) over the section area, the 

relationship between section forces and normalized strains is obtained: 

m
x x
m
y y
m
z zn

P
M
M
M

f

ε ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥φ ⎢ ⎥⎢ ⎥ = ⋅
⎢ ⎥⎢ ⎥φ
⎢ ⎥⎢ ⎥φ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 (2.81) 

In Equation (2.81), f represents the flexibility matrix; P is the axial force oriented in the direction 

of t1; Mx, My and Mz are the moments at the section S in the directions t1, t2 and t3 respectively. 

Replacing Equation (2.81) in Equation (2.79): 

( )
( )

( )

m1
x

mm
xx x xm
mm y
yy y y
mm
zz z zm

z

1 0 0 0
11 0 0 0 P P0 0

1 11 0 0 M M
10 1 0 M M0 0

1 10 0 1 M M
10 0

1 1

f f

−

⎡ ⎤
⎢ ⎥φ⎢ ⎥ε ⎡ ⎤ ⎡ ⎤⎡ ⎤⎡ ⎤ −
⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ + ε + ε⎢ ⎥ φ + εφ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ = ⋅ ⋅ = ⋅ ⋅φ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ φ + εφ −
⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ + ε + εφ + εφ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦φ⎢ ⎥−
⎢ ⎥+ ε + ε⎣ ⎦

 (2.82) 

And introducing Equation (2.82) in Equation (2.75): 
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1
m
x

2
L L

3 x xm
y

4 y y0 0

5 z zm
z

6

1 0 0 0q
1q P P0 0

1 1q M M
dx dx1q M M0 0

1 1q M M
10 0q

1 1

*B f B f

⎡ ⎤⎡ ⎤ ⎢ ⎥⎢ ⎥ φ⎢ ⎥ ⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ ε + ε⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= ⋅ ⋅ = ⋅ ⋅⎢ ⎥ φ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ ε + ε⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎢ ⎥ φ⎢ ⎥−⎢ ⎥⎣ ⎦ ⎢ ⎥+ ε + ε⎣ ⎦

∫ ∫  (2.83) 

where matrix B* reduces to: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

11 31 21 32 22 33 23

12
31 11 31 32 12 32 33 13 33

L L L L

12
31 11 32 12 33 13

L L L L

13
21 11 21 22 12 22 23 13 23

L L L L

13

L

t R R R R R R
R 1 1 1R R R R R R R R R

R 1 1 1R R R R R R

R 1 1 1R R R R R R R R R

R 1

*B

η − χ η − χ η − χ
− − − −

− ξ + χ − − ξ + χ − − ξ + χ −
ξ ξ ξ ξ

− − − −
− ξ + χ − ξ + χ − ξ + χ

ξ ξ ξ ξ
=

ξ − η − ξ − η − ξ − η −
ξ ξ ξ ξ

ξ
( ) ( ) ( )21 11 22 12 23 13

L L L

11 12 13

1 1R R R R R R

0 R R R

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥ξ − η ξ − η ξ − η
⎢ ⎥ξ ξ ξ
⎢ ⎥
⎢ ⎥⎣ ⎦

 (2.84) 

and Equation (2.75) becomes: 

1

2 L

3 m
0 n

4

5

q
q
q dx
q
q

*B

⎡ ⎤
⎢ ⎥
⎢ ⎥ ε⎡ ⎤⎢ ⎥ = ⎢ ⎥⎢ ⎥ ⎣ ⎦
⎢ ⎥
⎢ ⎥⎣ ⎦

∫ φ
 (2.85) 

Equation (2.85) is the compatibility equation for an element with large deformations. Physically, 

it means that the nodal deformations can be calculated from the integration of strains and 

curvatures along the element, with some weight factor. This weight factor is matrix B*.  

2.6.7 Relationship between matrix B* and forces 

Considering the assumptions listed in 2.6.3 for load distribution, the forces at any section S can 

be written, in Corotated coordinates, as a function of nodal forces as (See Figure  2–9 a): 
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( ) ( ) ( )

( ) ( ) ( )

( )
( )

E
y 4 5 1 1 2 4 5 4 1

L L L

E
z 2 3 1 1 3 2 3 2 1

L L L

E
x 6 y z 6 y z

E
1

M Q 1 Q Q E E Q Q Q Q

M Q 1 Q Q E E Q Q Q Q

M Q V V Q V V

P Q

⎛ ⎞ ⎛ ⎞ξ ξ ξ
= − + + × = + − − χ⎜ ⎟ ⎜ ⎟ξ ξ ξ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ξ ξ ξ
= − + + × = + − + η⎜ ⎟ ⎜ ⎟ξ ξ ξ⎝ ⎠ ⎝ ⎠
= − χ − η = − χ − η

=

x x

x x

x

x

 (2.86) 

Equation (2.86) must be transformed into local deformed coordinates t(x) (See Figure  2–9 b). 

This transformation is done through matrix Rt(x) (see APPENDIX A, section A.5): 

( ) 2 3 4 5
x 1 11 12 13

L L

Q Q Q QM Q R R R+ +
= − +

ξ ξ
x  (2.87) 

( )

( ) ( )

2 3 4 5
y 6 12

L L

4 5 4 1 22 2 3 2 1 32
L L

Q Q Q QM Q R

Q Q Q Q R Q Q Q Q R              

⎛ ⎞+ +
= − χ − η +⎜ ⎟ξ ξ⎝ ⎠

⎛ ⎞ ⎛ ⎞ξ ξ
+ − − χ + + − + η⎜ ⎟ ⎜ ⎟ξ ξ⎝ ⎠ ⎝ ⎠

x
 (2.88) 

( )

( ) ( )

2 3 4 5
z 6 13

L L

4 5 4 1 23 2 3 2 1 33
L L

Q Q Q QM Q R

Q Q Q Q R Q Q Q Q R              

⎛ ⎞+ +
= − χ − η +⎜ ⎟ξ ξ⎝ ⎠

⎛ ⎞ ⎛ ⎞ξ ξ
+ − − χ + + − + η⎜ ⎟ ⎜ ⎟ξ ξ⎝ ⎠ ⎝ ⎠

x
 (2.89) 

( ) 2 3 4 5
1 11 12 13

L L

Q Q Q QP Q R R R+ +
= − +

ξ ξ
x  (2.90) 

The above equations can be written in matrix form: 

( )

1

2

3x *t

4y

5z

6

Q
QP
QM
QM
QM
Q

B

⎡ ⎤
⎢ ⎥⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ = ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥⎣ ⎦

x  (2.91)  

Therefore, the reciprocal of matrix B* is the interpolation matrix for the section forces. 
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Figure  2–9: Diagrams to calculate the interpolation of forces in Local deformed coordinates. 
Left: interpolation of forces in Corotated coordinates, Right: transformation to Local deformed coordinates. 

2.6.8 Compatibility equations as functions of state space variables 

Finally, the compatibility equations can be written in terms of matrix B* and the variables of the 

DAE system: 

( ) ( )
L L

* *
m

0 0n

dx x x dxq B B f P
ε⎡ ⎤

= =⎢ ⎥
⎣ ⎦

∫ ∫φ
 (2.92) 

( )( ) ( )( ) ( )( )
L L L

* *t *t * *t * *t

0 0 0

x dx x dx x dxq B f B Q + B Q B f B Q B f B Q= = +∫ ∫ ∫  (2.93) 

Transforming the displacements to global coordinates: 

( )( ) ( )( )
L L

* *t * *t

0 0

x dx x dxTu B f B Q B f B Q= +∫ ∫  (2.94) 

2.6.9 Plasticity Equations. 

Equation (2.81) represents the evolution equation of section S. These equations can be written in 

terms of the variables of the DAE system: 

a) b) 
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( ) ( ) ( )( )

( )
( )

( )

( ) ( )

m
n

1

m
x
mm
y
m
z

f x x f x +

1 0 0 0
1 0 0

f x +
0 1 0
0 0 1

*t *t

*t *t

P B Q B Q

B Q B Q

−

ε⎡ ⎤
= =⎢ ⎥

⎣ ⎦

⎡ ⎤
⎢ ⎥φ + εε⎡ ⎤ ⎢ ⎥= ⋅ ⋅⎢ ⎥ ⎢ ⎥φ + ε⎣ ⎦
⎢ ⎥φ + ε⎣ ⎦

φ

φ

 (2.95)  

2.7 Summary of the formulation 

In Section 2.6, a formulation for solving inelastic systems with large displacements in the state 

space was presented. In summary, the formulation works with a set of variables (Global and 

Local); Equation (2.46): 

{ } { }tt        y u u Q y u u Q= =ε ε  (2.96) 

which must satisfy the basic equations of structures. Equilibrium equations (2.61): 

#nodes
t

i i
i 1

Equilibrium i extN T Q P
=

= ⋅ ⋅ −∑  (2.97) 

Compatibility equations (2.94) (one per element): 

( )( ) ( )( )
L L

* *t * *t

0 0

Compatibility = x dx x dxTu B f B Q B f B Q− + ⋅∫ ∫  (2.98) 

Plasticity equations (2.95) (one per sections S): 

( )
( )

( )

( ) ( )

1

m
y
mm
yn
m
y

1 0 0 0
1 0 0

Plasticity f x +
0 1 0
0 0 1

*t *tB Q B Q

−
⎡ ⎤
⎢ ⎥φ + εε⎡ ⎤ ⎢ ⎥= − ⋅ ⋅⎢ ⎥ ⎢ ⎥φ + ε⎣ ⎦ ⎢ ⎥φ + ε⎢ ⎥⎣ ⎦

φ
 (2.99)  

Equations (2.98) and (2.99) are always in rate form. Equations (2.97) are algebraic in a static 

analysis (for dynamic analysis, the inertia and damping terms have to be included in Equation 

(2.97)). Therefore, the problem to be solved is a system of Differential Algebraic Equations 

(DAE). The mathematical solution of this type of systems is described in Chapter 3. 

Equation (2.98) is written in integral form, therefore it has to be discretized before a 

numerical analysis can be performed. A numerical integration with a Gauss-Lobatto scheme is 



 45

adopted because it makes use of the values at the nodes, which are known state variables. Thus, a 

number of points, “Integration Points” are defined along the length of the member. At these 

Integration Points the total strains are known at each time step (because they are local state 

variables) and the plasticity equations are evaluated. Thus, matrix B* and its rate are evaluated at 

each Integration Point and therefore the following variables need to be interpolated along the 

length of the element: coordinates and coordinate rates; rotations and rotation rates (or spins). 

These values are only known at the nodes. Details of the implemented interpolation scheme are 

presented in Chapter 3.  

Once all the variables are known, the equations are evaluated and the residuals are compared 

to the pre-defined error tolerance. If the residuals are smaller than the tolerance, the values for 

the step are accepted and a new step is attempted. When the errors are large, the step size is 

reduced and the step is recalculated. 
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SECTION 3 

NUMERICAL IMPLEMENTATION OF THE FORMULATION 

3.1 Introduction. 

The formulation developed in Chapter 2 results in a set of Differential Algebraic Equations 

(DAE). The unknown variables the system is solved for are: displacements and velocities at the 

nodes, local Corotated forces of all elements and strains and curvatures along the length of each 

element. The set of equations are: global equilibrium at all nodes, compatibility conditions at 

each element and plasticity equations along the length of the member. From this set of equations, 

in a dynamic analysis, only the equilibrium equations for all DOFs with no associated mass are 

algebraic or, in a static analysis, all the equilibrium equations are algebraic. The compatibility 

and plasticity equations are always differential. This set of equations can be solved with a DAE 

solver. Based on recent research on DAE solutions (Brenan et al. 1989), researchers at the 

Lawrence Livermore National Laboratory (LLNL) have developed a mathematical software 

called “Implicit Differential Algebraic” (IDA) capable of solving such systems (Hindmarsh and 

Serban 2006). The present chapter summarizes the procedure implemented in IDA. 

This Chapter also includes a step by step summary of the numerical implementation of the 

procedure presented in Chapter 2 along with the assumption, approximations and interpolation 

functions used. 

3.2 Solution of DAE equations 

As explained in Chapter 2, the equations of equilibrium, compatibility and plasticity form a DAE 

system. In general such system can be written as: 

( )t, , 0f y y =  (3.1) 

where f(·) represents a function where the set of equations are evaluated, t is an independent 

variable (time), y is the vector of variables. In a DAE system, the rates of the variables are also 

variables in the system and thus their values are known at every time step.  

In order to solve this problem, a set of initial conditions must be known: 

( )
( )

0 0

0 0

t

t

y y

y y

=

=
 (3.2) 
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where t0 is the initial time and y0 is the vector of the variables evaluated at time t0. This set must 

be consistent i.e. it has to satisfy Equation (3.1): 

( )0 0 0t , ,f y y 0=  (3.3) 

The system in Equation (3.1) is coupled and singular due to the algebraic components. A 

measure of the singularity of the problem is the index, which counts the number of times the 

system must be differentiated with respect to t in order to determine the rate of y explicitly as a 

function of y and t. In other words, to obtain a set of Ordinary Differential Equations (ODE) of 

the form: 

( )g t,y = y  (3.4) 

Algorithms exist to solve systems like Equation (3.1) of index 1, however problems of higher 

index don’t have a simple numerical solution yet. In a structural problem, the equations of static 

equilibrium are algebraic: 

k u P⋅ =  (3.5) 

Writing Equation (3.5) in the state space with y1 = u and y2 = Q: 

2

1 2

y P
k y y

=
⋅ =

 (3.6) 

The algebraic equation in the set of Equations (3.6) needs to be differentiated only once to 

become an explicit ODE: 

2

1 2

y P
k y y

=
⋅ =

 (3.7) 

Therefore, the structural problem is a DAE of order 1. 

As in any numerical analysis, the values for the variables are approximated: 

( )
( )

n n

n n

t

t

y y

y y

≈

≈
 (3.8) 

where yn is the approximated value for the exact evaluation y(tn). DAEs of index 1 are solved 

using the Backward Differentiation Formula (BDF), where the rate of y is calculated in terms of 

the values for the variable y at tn and at previous times: 
k

n n n,i n i
i 0

h y y −
=

⋅ = α ⋅∑  (3.9) 
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where hn is the time step, αn,i are coefficients of the method and k is the order of the method. 

Then, replacing Equation (3.9) into Equation (3.1): 

( )
k

n n n n,i n i
i 0n

1t , ,
h

f y y y 0−
=

⎛ ⎞
= α ⋅ ≠⎜ ⎟

⎝ ⎠
∑  (3.10) 

Equation (3.10) is, in general, not identically zero because the variables yn are 

approximations. Therefore, iterations are needed and the Newton method is used. A Jacobian 

matrix (J) is formed and a new approximation of y(tn) is found based on the errors of the 

previous approximation. The objective is to find yn such that f(yn)≅0 within a tolerance: 

( ) ( ) ( )( )n m 1 n m n mJ y y f y+
⎡ ⎤⋅ − = −⎣ ⎦  (3.11) 

where yn(m) represents the mth iteration of the set of variables y at time tn and J is the jacobian 

matrix. Analytically J is calculated as: 

n,0

nh
f fJ                
y y

α∂ ∂
= + α α =

∂ ∂
 (3.12) 

The Jacobian depends both on the variables and their rates and the parameter α is an accelerator 

of the Newton method that allows the update of the Jacobian without having to calculate it 

explicitly. 

Numerically, the ith column of the Jacobian is obtained as the difference between the values of 

the function f evaluated with a small increment in the variable i and its original value: 

( ) ( )

( ) ( ) n

h i i h
i

h
i ij j

t , , t , ,
J

i j i j
0 i j 0 i j

f y y y y f y y

    
y            y

        

α∆

+ δ + δ −
=

∆
∆ = =⎧ ⎧

δ = δ =⎨ ⎨≠ ≠⎩ ⎩

 (3.13) 

where ∆ is the calculated increment, th is the actual time when the iteration is taking place and hn 

is the actual step size. Once the Jacobian matrix is calculated, Equation (3.11) is solved as a 

linear system and the value of yn(m+1) is: 

( ) ( )( ) ( )
-1

n m 1 n m n my J f y y+ = − ⋅ +  (3.14) 

The program IDA from the LLNL implements the procedure described in Equations (3.1) - 

(3.14). The program is compiled into a library compatible with the languages C and FORTRAN. 

Some features of the program are: 

8. It is able to adapt the order of the method as needed, depending of convergence. 
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9. It calculates the Jacobian matrix if not provided and automatically calculates the 

necessary increment ∆ based on the actual step size, the actual value of the variable and 

the tolerance of the variable. 

10. The actual step size is increased or decreased depending on convergence. The user can 

define a maximum step size to ensure the accuracy of the integration. 

The tolerances of the variables (allowable errors) are defined as follows: 

i
i i

1ewt
rtol y atol

=
⋅ +

 (3.15) 

where, rtol is a relative tolerance valid for all variables and atol is an absolute tolerance specified 

for each variable yi. It is recommended to define different absolute tolerances depending on the 

nature of the variable. It is also possible to implement a different error definition.  

Along with the function f, initial conditions specific to each problem must be provided, i.e. 

the values of each variable and its rate for a given time. The values of the variables can be, for 

example, the static solution of the structure under a simple loading. It is difficult, however, to 

calculate the values for the rates. IDA has an internal function that modifies a given set of initial 

conditions to render them consistent. Thus, the rates of the variables can be initialized with a 

zero value and the solver will calculate their consistent values. 

3.3 Numerical Integration of the formulation 

In Chapter 2, the three key equations: Equilibrium (2.93), Compatibility (2.94) and Plasticity 

(2.95) that constitute the basis of the formulation have been derived assuming that the member is 

continuous. In this section, the required steps to calculate the residual vector f are outlined along 

with the implemented discretization and integration methods. 

Step #1. Update of node coordinates. 

Knowing the original coordinates (p0) and their movement at step n+1 (un+1), the updated 

coordinates can be obtained: 

n 1 0 n 1p p u+ += +  (3.16) 

Due to the nature of the Newton method (Equation (3.11)), the incremental rotation vector 

(see section 2.2.6) is the only possible rotation parametrization because the rotation and the 

increment must belong to the same tangent space so they can be added like true vectors. This 
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method is easy to implement in a formulation where displacements and forces are calculated in 

respect to the last converged configuration. However, the formulation presented in Chapter 2 has 

a constant global reference thus, the update of rotations is cumbersome. 

To update the rotations, the value of the increment is needed, however after every time step, 

IDA returns the values of the variable yn+1 and not the increment yn+1-yn; therefore the value of 

the rotation at the last converged iteration must be stored. Then, the increment can be retrieved: 
1

n 1 n+δθ = −θ θ  (3.17) 

where δθ1 is the incremental rotation vector, nθ  is the value of the rotation saved from last 

iteration and n 1+θ  is the value for the rotation at the actual iteration. n 1+θ  and nθ  are the results of 

the Newton iteration, but do not correspond with the definition of axial vector employed in the 

derivation of the formulation of Chapter 2. The increment δθ1 has to be converted to the 

rotational vector parametrization δθR using Equation (2.18): 

( )

( ) ( ) ( )

R 1
n

2

n

n n t
n n n n

nn n

T

sinsin sin 21T I 1
2

2

δ = ⋅δ

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟⎜ ⎟= + − ⋅ ⋅ +

⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟
⎝ ⎠

θ θ θ

θ
θ θ

θ θ θ Ω
θθ θ

 (3.18) 

where Ωn is the skew –symmetric matrix whose components are the cartesian components of the 

axial vector nθ   

Finally, the exponential map of the skew-symmetric matrix Ω(δθR) (whose components are 

the cartesian components of the axial vector δθR) is calculated and the result composed with the 

rotation matrix of the previous step Rn to obtain the rotation matrix at the actual step Rn+1:  

( )R
n 1 nexp( )R R+ = δ ⋅Ω θ  (3.19) 

The actual axial vector θn+1 is extracted from Rn+1 using the quaternion procedure (section 2.2.3). 

It is important to note that curvatures are infinitesimal incremental rotations pertaining to a 

linear vector space, therefore the update procedure is through a normal vectorial sum and no 

modifications are needed. 
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Step #2.  Calculation of matrices E and T for each element at step n+1. 

Matrix E defines the rigid body movement of an element and is necessary for the calculation of 

equilibrium and compatibility. Matrix T transforms Global DOFs into Corotated DOFs and is 

used to calculate equilibrium (step 3). 

Using Equations (2.51) and (2.52): 

( )

( ) ( )( ) ( ) ( )( ) ( )( )
n 1 n 1

1 1 1 1 1 1tn 1 n 1 n 1 n 1
1 1 n 1

1
1

L-E

L-E

E R L

R I L E L E L E
L E

+ +

+ + + +
+

= ⋅

= + × + × ⋅ ×
+ ⋅

Ω Ω Ω
. (3.20) 

Matrix L is the rotation matrix that transforms Global coordinates into Local coordinates and is 

calculated using the same procedure (Equation (3.20)), replacing L by G and E by L. Recalling 

that matrix G is arbitrarily assumed to be the identity matrix I3: 

( ) ( ) ( )1 1 1 1 1 1t
1 1

1
1

L L G

L I G L G L G L
G L

= ⋅

= + × + × ⋅ ×
+ ⋅

Ω Ω Ω
. (3.21) 

Matrix L is constant throughout the analysis, thus this operation just needs to be performed once, 

at the beginning of the calculations. 

Matrix Tn+1 is calculated as follows: 

( ) ( )n 1 EC CGn 1 n 1
T T T+ + +

=  (3.22) 

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

L Ln 1 n 1

L Ln 1 n 1
EC n 1

L Ln 1 n 1

L Ln 1 n 1

2 2 2

L ix jx iy jy iz jzn 1
n 1

1 0 0 0 0 0 1 0 0 0 0 0
1 10 0 0 0 1 0 0 0 0 0

1 10 0 0 0 0 0 0 0 0 1

1 10 0 0 1 0 0 0 0 0 0

1 10 0 0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0 0 1 0 0

p p p p p p

T

+ +

+ +

+

+ +

+ +

+
+

−⎡ ⎤
⎢ ⎥

−⎢ ⎥ξ ξ⎢ ⎥
⎢ ⎥−ξ ξ⎢ ⎥

= ⎢ ⎥
−⎢ ⎥ξ ξ⎢ ⎥

⎢ ⎥−⎢ ⎥ξ ξ
⎢ ⎥

−⎢ ⎥⎣ ⎦
⎛ ⎞ξ = − + − + −⎜ ⎟
⎝ ⎠

(3.23) 
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( )

n 1

n 1
CG n 1

n 1

n 1

E 0 0 0
0 E 0 0

T
0 0 E 0
0 0 0 E

+

+
+

+

+

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (3.24) 

In Equations (3.23) (ξL)n+1 is the actual length of the element, calculated as the norm of the 

vectorial difference between the actual positions of its end nodes pi and pj. 

Step #3. Calculate Equilibrium. 

Using Equation (2.58), the forces in global coordinates are found: 

t
n 1 n 1 n 1F T Q+ + += ⋅  (3.25) 

In Equation (3.25), the local Corotated forces Qn+1 of each element (extracted from the known 

vector yn+1) are transformed into Global Coordinates with the correspondent matrix Tn+1 

(calculated in Step #2).  

Using Equation (2.59): 

( ) ( )
#elements

n 1 n 1 n 1
i 1

Equilibrium i i extN F P+ + +
=

= ⋅ −∑  (3.26) 

Step #4. Calculation of deformational rotation matrices at nodes. 

In the formulation, the rigid body motion is calculated with matrix E (step #2). To calculate the 

compatibility equations, the deformational part of the total rotation is needed because the 

equations were deduced with respect to the Corotated  system of coordinates. 

The directions of the rotational DOFs coincide with the Global reference frame. However, 

rotations are measured with respect to the initial configuration. Therefore, the updated rotations 

obtained in Step 1 will be rigidly rotated into Local coordinates: 
L
n 1 n 1L+ += ⋅θ θ  (3.27) 

where θn+1
L is the axial vector of the total rotations at any node with respect to the Local 

coordinate system and matrix L was calculated in Step #2. Then, the correspondent rotation 

matrix R(θn+1
L) is found using the quaternion procedure (section 2.2.3). Finally, the 

deformational part of the rotations is obtained using compound rotations: 

( ) ( )L t
d n 1 n 1n 1

R R L E+ ++
= ⋅ ⋅θ  (3.28) 
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where the product (R L) represents the total rotations in Global coordinates. The product (Rd E) 

also represents the total rotations in Global coordinates, but in this case, the rigid body motion is 

completely represented by E, thus Rd contains only the deformational part of the rotations. 

Equation (3.28) is written in spatial form so that Rd is described with respect to the E system of 

coordinates. 

Step #5. Calculate the rotational vector associated with the deformational rotation matrix. 

The rotational vectors will be needed to interpolate the deformational rotations along the length 

of the element. 

Using the quaternion procedure (section 2.2.3), the quaternion qd that corresponds to each 

deformational rotation matrix found in Step #4 is found:  

( ) ( ) ( )
( ) ( )( )

( )
( ) ( )( ) ( )

( ) ( )( )

d d32 231 1
d d d2 40 1

o

d d d d13 31 21 121 1
d d4 42 3

o o

R R
q 1 Tr     ;     q

q

R R R R
q     ;     q

q q

R
−

= ± + = ±

− −
= ± = ±

 (3.29) 

Using the inverse of Equation (2.8), the axial vector θd is found: 

( )

{ }

1
d 0

td
d 1 2 3

d

2 cos q

q q q
sin 2

−θ = ×

θ
θ⎛ ⎞⎜ ⎟

⎝ ⎠

θ =  (3.30) 

 

To evaluate the compatibility equations, a discretization procedure is needed to perform a 

numerical integration. Thus, a number of “Integration Points” (IP) are selected along the length 

of the member according to the Gauss-Lobatto rule (given the number of IPs, it provides the 

position and weight of each IP). Matrix B* (Equation (2.82)) and its rate (derived below) are 

needed for the calculation of compatibility and plasticity equations. Matrix B* depends on: 

• The actual deformed position in respect to the Corotated coordinates at each IP. 

• The actual deformational rotation matrix at each IP. 

The rate of matrix B* depends on the above quantities plus: 

• The rates of the positions at each IP. 

• The rates of the deformational rotation matrices (or spins) at each IP. 
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Thus, an interpolation scheme must be implemented for the above 4 quantities. Step 6 to Step 12 

detail the procedure to evaluate both matrix B* and its rate. 

Step #6. Interpolate the nodal deformational rotations to obtain rotations at the integration 

points. 

The undeformed coordinates of the IPs are constant and determined by the number of points 

considered in the interpolation. With respect to the E coordinate system, located at one of the 

nodes, the original coordinates of each integration point (IP) can be described as: 

{ }t

ip ipx 0 0x =  (3.31) 

The rotational vectors at the nodes (θd)i and (θd)j have been obtained in Step #5. To calculate the 

values of the rotational vectors along the length of the member, a simplified procedure is 

adopted. The interpolation is done independently for each coordinate (r) and the curvatures are 

assumed to be constant between two consecutive IPs: 
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 (3.32) 

Because the deformational axial vectors are known at both nodes, two integrations are 

performed: the first starts at node i and the second starts at node j. The final value adopted is the 

average of both integration procedures: 
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In Equation (3.33), φm(xip)={φx
m(xip)  φy

m(xip)  φz
m(xip)}t is the axial vector of material curvatures 

at the IP xip. These values are known quantities because they are the local state variables of the 

system and can be extracted from the complete vector of variables yn at each step. 

Having found the rotational vectors at each IP, the rotation matrices Rd(xip) are obtained, for 

each IP, with the quaternion procedure. 

Step #7. Calculate the deformed coordinates of the Integration Points. 

Upon deformation, the coordinates of the IPs are: 

{ }tnew
ip ip ip ipx = ξ η χ  (3.36)  

The chord of the element links the deformed positions of its 2 end nodes. Therefore the nodal 

coordinates are: 
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= ξ
 (3.37) 

where ξL is the actual length of the chord obtained in Step #2. The coordinates of the IPs are 

interpolated using Equation (2.62): 
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Since the values at both end nodes are known, an initial value integration is done starting from 

nodes i and j. The final value is the average from both integration schemes. In Equations (3.38), 

(3.39) and (3.40) the components of t1(xip) are needed. However, since the Corotated coordinate 

system E is the identity matrix, then R1(xip) = t1(xip). This assumption is made, without any loss 

of generality, because the compatibility conditions depend only on the deformations along the 

length of the element not on its rigid body motion. 

Step #8. Calculate matrix B* for each Integration Point. 

Evaluating Equation (2.75) for each IP: 
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Step #9. Calculate the rate of rotational deformations or Spins at IP. 

The displacement rates are state variables and thus their values are known at each time step. 

Using matrix T (obtained in step #2) the rates of the displacements in Corotated coordinates can 

be obtained: 

q T u= ⋅  (3.42) 

And the “spins” ωm are defined as the variation of rotations with time, therefore: 
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Recalling the relationship between material spins and curvatures (Equation (2.69)): 

( )
m
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= + ε + ε
ω

φ φ  (3.44) 

The material measure of the instantaneous spins can be interpolated as follows: 
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Step #10. Calculate the rate of R. 

The rate of R at any IP is R times the skew symmetric matrix of the spin: 
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Step #11. Calculate the rate of the coordinates. 

The rate of the coordinate is an important quantity for evaluating the rate of matrix B*. The 

interpolation procedure is the same as in previous cases and the boundary conditions are: 
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The rate of ξL is equal to the rate of q1, also obtained through T. All the other quantities are null 

because by construction, the chord always links the node in its deformed position, therefore their 

coordinates with respect to the E coordinate system never move. The interpolation is done using 

Equation (2.63): 
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Step #12. Calculate the rate of matrix B*. 

The rate of matrix B* is a very important component for the evaluation of the rate of the internal 

forces. Its rate is: 
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The above matrix is evaluated at each IP. 

 

At this step, the evaluation of matrix B* and its rate for each IP is completed. The only matrix 

that still needs to be evaluated is the flexibility matrix at each control section (or IP). This is 

done in step #13. 

Step #13. Evaluate the flexibility matrix. 

To evaluate the flexibility matrix, a proper ultimate yield function has to be defined such that it 

properly represents the section capacity.  

For a square HSS section (used in the experimental studies, see Chapter 4), the proposed 

function is (Duan and Chen 1990): 

( ) ( ) ( )2

y zm 1 p m 1 p 1 p 0

1.7 1.5 p
1.5

α α αα β α β β− + − − − =

α = + ⋅
β =

 (3.52) 

With this function and the procedure described in the Section 2.4, the flexibility matrix f is found 

for every integration point. 
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Finally, all the information required for the evaluation of the equations of compatibility (2.94) 

and plasticity (2.95). is available for each IP of every element of the complete structure. This is 

done in step #14. 

Step #14. Evaluate the compatibility equation for each element. 

The compatibility equation in integral form reproduced below: 

( ) ( )
L L

* *t * *t
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Is discretized as follows: 
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Where xip represents the integration point and W(xip) is the weight of that particular point into 

the integral according to the Gauss-Lobatto rule. All the other components have been found in 

previous steps. 

Step #15. Evaluate the plasticity equations at each Integration Point. 

Recalling the local evolution equations: 

( ) ( ) ( )( )m
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The discretization is: 
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Step #16. Solve the problem. 

Once all the equations have been formulated, a call to IDA solver will use the numerical 

procedure of section 3.2 to determine the values of the variables y = {u Q ε} and their rates for a 

given time. 

3.4 Brief description of “element.exe” 

The procedure described in Section 3.3 has been implemented in a computer program called 

“Element.exe”. The program is written in C language. The library IDA is already built in the 
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executable file, therefore the user does not need to install it unless a modification to the code is 

done. 

The program reads an input file of name “InputFile.dat” where the user describes the problem 

to be solved, the forcing functions and the initial conditions. The input file’s name cannot be 

changed; otherwise the program will not work.  

To describe the structural problem, a description of the nodes’ location, the elements’ 

connectivity and the materials’ parameters are needed. The restraints are assigned to the nodal 

DOFs with a 1 or 0 entry (1=restrained, 0=not restrained). A restrained DOF is equivalent to a 

fixed support in that DOF. It is not possible to define hinges. 

The loading can be a force, a prescribed displacement or a base acceleration. In all the cases, 

an independent file must be provided with the time history of the loading (even if the loading is a 

single number). 

Finally, the Initial Conditions of each node, element and integration point must be provided.  

A complete user’s manual is described in APPENDIX B. 
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SECTION 4 

EXPERIMENTAL STUDY ON “ZIPPER FRAMES” 

4.1 Introduction 

An experimental study was needed to generate data for validation of the analytical model 

presented in Chapter 2 and Chapter 3. The experimental study on “zipper frames” was an ideal 

project because the main failure mode of this type of frame is the inelastic buckling of its braces. 

The experimental study on “zipper frames” was part of a multi-site NEES collaborative project 

between Georgia Institute of Technology (GT), University of California at Berkeley (UCB), 

University of Colorado Boulder (CU) and the University at Buffalo (UB). 

The global objectives of the experimental study were to test for the first time the “zipper 

frames” concept and to demonstrate that a multi-site experimental study is advantageous and 

useful. In addition, the specific objective of the tests at UB was to obtain detailed data about the 

three dimensional inelastic behavior of the structure under dynamic loading. This data is 

compared to analytical predictions obtained from an analytical “zipper frames” model using the 

formulation described in previous Chapters. 

The experiments were performed at all the NEES Equipment Sites according to the capacities 

of each laboratory, thus at Georgia Institute of Technology quasi-static tests were performed 

(Yang et al. 2006a; Yang et al. 2007a), at University of California at Berkeley (Yang et al. 

2006b) and University of Colorado Boulder (Stavridis and Shing 2006), hybrid simulations were 

carried out and at the University at Buffalo shake table tests were conducted. This chapter 

includes only the experimental study done at the University at Buffalo. 

4.2 Description of “zipper frames” 

Concentrically Braced Frames (CBF) are frames where diagonal elements resist lateral loads 

through the development of high axial forces and small moments. The Inverted V-braced frame 

or Chevron is the most popular configuration, however it has an important design problem. 

When subjected to lateral force, the braces resist in tension and compression. For steel structures, 

the capacity in compression is, in general, smaller than the capacity in tension and its value 

depends both on the properties of the cross section and the boundary conditions. When the 
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compression capacity is attained, the brace buckles and a plastic hinge develops at midheight. At 

this stage, the midpoint of the brace undergoes large displacements, generating even larger 

moments. Since the section is fully plastic, the axial capacity of the member reduces to 

accommodate a larger moment capacity. On the other hand, the brace in tension attracts even 

more load to compensate for the loss in capacity of the compression brace. This generates an 

unbalanced vertical force that is transmitted to the beam at its midpoint. Thus, the capacity 

design of the beam becomes very costly due to the big section size required to resist such a force. 

As a solution for this problem, the idea to link every beam to brace intersection point with 

columns, called “zipper columns”, was proposed (Khatib et al. 1988). In this case, when a brace 

buckles, the unbalanced vertical force is transmitted to the “zipper column” as tension force. The 

column re-distributes the force to the upper story braces as an extra compression force, forcing 

the upper story compression brace to buckle. A new unbalanced vertical force is then generated 

and transmitted to the next level through another “zipper column”. This mechanism, called the 

“zipper mechanism”, will repeat itself at all levels forcing all the compression braces to buckle 

almost simultaneously, resulting in a better energy dissipation distribution over the height of the 

building and avoiding concentration of damage in just one story. Plastic hinges also develop at 

the base of the columns and at the midspan of the beams (Figure  4–1, left). This is the plastic 

collapse mechanism of the “zipper frame”. To improve the performance of the frame, the 

“suspended zipper frame” concept was proposed (Leon and Yang 2003; Yang 2006). In this 

configuration, the last story braces are purposely designed to remain elastic at all times. The 

“zipper columns” are designed to yield shortly after the yielding of the brace in tension. This is 

achieved by considering only Py (nominal yield force) instead of RyPy (expected yield force) in 

the capacity design. The yielding of the “zipper columns” delays the development of plastic 

hinges in the beams, which will develop at the beam to column connections instead (Figure  4–1, 

right). The objective of the design procedure developed by Yang (Yang 2006; Yang et al. 2007b) 

is to ensure that the desired plastic mechanism develops. 

On occasions, the “zipper columns” could be loaded in compression, thus the compression 

capacity of the selected section must be checked to meet the load requirements. However, in a 

properly designed frame, the “zipper columns” are expected to be loaded primarily in tension. A 

drawing with the expected distribution of forces in all the elements of the “suspended zipper 

frame” is presented in Figure  4–2. 
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Figure  4–1: Plastic mechanism of “zipper frame” (left) and “suspended zipper frame” (right). 
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Figure  4–2: Instantaneous flow of forces in the “zipper frame”. 
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4.3 Definition of model 

The building used for the prototype design is the 3 stories steel SAC building (Figure  4–3 and 

Table  4–1). The building has 2 resisting frames per direction and each frame has 6 braces. The 

resisting frames were designed at Georgia Tech (Leon and Yang 2003) for the joint collaboration 

project between UB, UCB, CU and GT, considering the dimensional restrictions of the building 

and the real seismic masses (see APPENDIX C). The final sizes of the components of a typical 1 

bay frame (chosen prototype) are listed in Table  4–1. A summary of the prototype design, 

extracted from (Yang 2006), can be found in APPENDIX C. 

 
 
 
 

 

 

 

 

 

Figure  4–3: Elevation and plan view of the 3 stories SAC building. 

Table  4–1: Summary of components for prototype 

Story Braces Columns Beams Zipper columns 

3 HSS10x10x5/8 W10x77 W8x21 W8x48 

2 HSS7x7x3/8 W10x77 W14x82 W8x24 

1 HSS7x7x3/8 W10x77 W12x50  

 

The prototype was scaled down to meet the capacities of the shake table. The dimensional 

scale was set to 3. If the acceleration scale factor is set to 1, the calculated scale factor for the 

mass is 9 and the total weight of the model would be approximately 120 kips, 2 times larger than 

the vertical capacity of a single shake table at UB-SEESL. Therefore it was decided to set the 

mass scale factor to 18, reducing the total mass in the model by half. In this case, the required 

acceleration scale factor is 0.5 (see Table  4–1 and Table  4–3).  
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Table  4–2: Scale factors for linear dimensions 

Quantity Floor 
Prototype 

(in) 

Model 

(in) 
Scale ratio 

Total height  468 154.25 3.03 

Floor height Third 156 50.75 3.07 

 Second 156 50.75 3.07 

 First 156 52.75 2.96 

Beam bay All 120 40 3.00 

Table  4–3: Scale factors for weight per floor. 

Quantity 

Prototype 

weight 

(kip) 

Ideal weight 

(kip) 

Scale 

factor 

Provided 

weight 

(kip) 

Scale 

factor 

Total 1080 60.21 18 51 21.17 

3rd Floor 380.5 21.14 18 17 22.38 

2nd Floor  351.67 13.53 18 17 20.68 

1st Floor 351.67 13.53 18 17 20.68 

 

In general, an acceleration scale factor applies to horizontal accelerations as well as gravity. 

Since gravity cannot be scaled, the usual acceleration scale factor is 1 and the resulting mass 

scale is 9. However, in this case, the test setup allows for a complete independence of the lateral 

resisting system from the gravity resisting system, therefore an independent scale factor for 

horizontal accelerations is possible. 

The scale factor for the modulus of elasticity of the material is the last independent factor 

chosen. Since steel is used in both the prototype and the model, a factor of 1 is selected. Thus the 

scales factors for all other variables can be determined. Among them, the resultant scale factor 

for time is 2.45. Table  4–4 presents a complete list of all scale factors. 

It is important to emphasize the meaning of a scale factor. In the case of linear dimensions, it 

is simply the ratio between the dimensions of the prototype versus the ones of the model. In the 

case of forces, velocities and accelerations, the scale factor can be used to extrapolate the results 

from the experiment to a full size prototype. Therefore the extrapolated accelerations in the 

prototype are be only half the amount obtained for the model during testing. This is also true for 
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the input file ground motion. In practice, the above procedure is valid only in case of linear 

structures. In the present model, geometric and material nonlinearities are expected; therefore a 

direct extrapolation of test results to a full size structure is not entirely meaningful. 

Table  4–4: List of scale factors of “zipper frame” model. 

Quantity Scale Factor 

Geometric length* λL = 3.00 

Elastic modulus* λE = 1.00 

Acceleration λa = 0.50 

Density λρ = 0.67 

Velocity λv = 0.67 

Forces λF = 9.00 

Strain λε = 1.00 

Stress λσ = 1.00 

Area λA = 9.00 

Volume λV = 27.00 

Second moment of area λI = 81.00 

Mass* λM = 18.00 

Impulse λi = 22.05 

Energy λe = 27.00 

Frequency λω = 0.41 

Time λT = 2.45 

Gravitational acceleration λg = 1.00 

Gravitational force λFg = 18.00 

Critical damping λξ = 1.00 

* Indicates independent scale quantities. 

 

The components of the model were selected considering the scale factors for section 

properties and the available AISC sections. A list of the model components is presented in Table 

 4–5 and Figure  4–4. The only significant difference is that the “zipper column” section changed 

from a type W to a type HSS. The “zipper column” is expected to behave primarily in tension 
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with little or no moment. Therefore, despite the fact that the selected HSS sections have much 

more moment capacity than required by the scaling process, their area scale factors (10.55 for 

second floor and 11.85 for third floor) are very close to the desired quantity (9.0). 

Table  4–5: Summary of components of the model 

Story Braces Columns Beams Zipper columns 

3 HSS3x3x3/16 S4x9.5 S3x5.7 HSS2x2x3/16 

2 HSS2x2x1/8 S4x9.5 S5x10 HSS1.25x1.25x3/16 

1 HSS2x2x1/8 S4x9.5 S3x7.5  

 

 

Figure  4–4: Scaled model, dimension (in) and members. 

All sections meet the seismic limitations on compactness and slenderness. The detail of these 

verifications can be found in APPENDIX C. The gusset plates were designed according to the 

actual seismic provisions (AISC 2005a; AISC 2005b). 
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It is important to emphasize that the axial behavior of braces and “zipper columns” are the 

most important sources of data for this study. 

Complete drawings of the model, including connection details can be found in APPENDIX D. 

4.4 Test setup 

For the shake table test three planar “zipper frames” were built. They were assembled between a 

dual “gravity frame” system. These two additional structures were designed at the University at 

Buffalo (Kusumastuti 2005) as a versatile construction for testing planar and spatial structures. 

The “gravity frame” is composed of a set of individual members: columns, beams and plates, 

that can be easily combined to build any desired configuration. In the present test, columns and 

plates were used to build 2 identical structures of 1 bay and 3 stories high (Figure  4–5) which 

were placed at each side of the “zipper frame”. 

 

 

Figure  4–5: “Zipper frame” alone (left) and with gravity frame (right) 

Each floor of the “gravity frame” is composed of 4 columns and a steel plate of 3.5 in of 

thickness and 8.5 kips of weight. Each column sits on a special “dish” that has been machined to 

provide a rotation free movement, a real hinge in two directions. Thus none of these columns can 

resist any lateral force. The columns of a same floor are independent in the in plane direction and 

braced in the out of plane direction to ensure unidirectional motion. The columns of two 
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consecutive floors are connected through rods that ensure that individual columns work together 

with a common centerline (Figure  4–6). Due to the hinged columns, the gravity frames have a 

real lateral mechanism and cannot stand without being connected to the “zipper frame” for lateral 

stability. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  4–6: Gravity column layout (left) and connection details (right). 

The columns of the “zipper frame” are continuous elements. The webs of the beams are 

connected to the flanges of the columns though welded angles. There is no connection between 

the flanges of the beams and the columns. The objective of this configuration is to reproduce a 

hinged beam to column connection. 

To connect the gravity frame to the “zipper frame”, a slotted hole of 1⅛ in diameter is made 

in every column to beam joint. The connection is strengthened by welding in the joint a steel 

filler block. For the gravity system, angles are welded at the top of each plate. A pin, running 

thought both angles and the slotted hole connects the “zipper frame” with the “gravity frames”. 
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When the system moves laterally, the gravity columns rock and the columns deform. If the 

lateral movement is large, then the vertical projection of the gravity column’ length is smaller 

than its actual length. The slotted hole allows the plate to follow the movement of the gravity 

columns without disconnecting from the “zipper frame” or imposing new stresses on the 

connection. 

Complete drawings of the test setup can be found in APPENDIX D. 

4.5 Test #1 

4.5.1 Description of frame details in test #1 

The beams to brace connections are designed to be very flexible, with a notch in the gusset plate, 

as can be seen in the detailed drawings in APPENDIX D. However, the frame tested in Test #1 

has a full gusset at the beam to brace connection of the 1st floor (Figure  4–7, right). The designed 

gusset plate (Figure  4–7, left) had an inverted V shape which was ignored in the construction. 

This detail was not considered very important at the moment of testing. However data from the 

test suggested the opposite. The same gusset error was present in the frame of Test #2. The 

gusset was corrected in the frame of Test #3. 

 
 

 

 

 

 

 

 

 

 

Figure  4–7: Detail of beam to brace gusset plate. Designed (a), Constructed (b). 

 

(a) (b) 
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4.5.2 Instrumentation 

The quantities that needed to be measured were: 

- Axial force in the braces. 

- Axial force in beams and columns. 

- Moments in braces. 

- Moments in beam and columns. 

- Axial force in “zipper columns”. 

Strain gauges were provided in form of half bridges (moments) and full bridges (axial) to read 

strains (which are directly related to forces through a stress-strain curve) at particular points 

along the members. In braces, axial force measurements were located far from the buckling point 

(midheight of the element), at approximately ¼ of its length in all three stories. Meanwhile, in 

plane moments were measured only in the first floor in 4 locations near the ends of the elements. 

In columns, only in plane moments were measured. The strain gauges were located 4” away 

from the beam to column connections. In “zipper columns”, axial strains were recorded at 

midheight of the element. In beams, axial forces were measured at quarter length and in plane 

moments were measured near the ends but at least 3” away from beam to column and beam to 

brace connections. 

In addition to strain gauges, accelerometers were attached to each level of the structure to 

record lateral accelerations and were also attached to the extremes of the plates to record out of 

plane accelerations or possible torsion. Potentiometers were located at each level to record 

possible differences in lateral movement between the “zipper frame” and the “gravity frames”. 

String potentiometers were placed along each brace and each “zipper column” to record the axial 

displacements. They were also placed along the first floor beam to record its midpoint axial and 

vertical displacement. Finally, they were attached to each floor to measure the total 

displacements with respect to a reference frame. 

Finally, the Krypton tracking system was also used during the test. The system consists of a 

camera capable of detecting and recording the spatial coordinate of a point in the structure. The 

points are defined by LEDs and the coordinate system can be defined anywhere in the range of 

view of the camera. For this test, the first story braces were instrumented with 7 LEDs each. 

A complete list of instruments and drawings can be found in APPENDIX E. 
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4.5.3 Test Protocol 

The chosen ground motion was LA22yy from the SAC set of scaled records for the L.A. area for 

the 2% probability of exceedance in 50 years (Somerville et al. 1997). This record corresponds to 

1.15 times the Kobe earthquake. The peak ground acceleration (PGA) of the original Kobe 

ground motion is 0.8g and the PGA of LA22yy ground motion is 0.92g. 

LA22yy was scaled in time according to Table  4–4 reducing its duration to approximate 12 

seconds. The amplitude of the motion should be doubled to 1.84g however, the total weight of 

the model (51 kips) is very close to the maximum weight limit, therefore the maximum 

acceleration the shake table can reproduce is around 1.1g. It is not possible to perform a test with 

the 100% amplitude of the scaled LA22yy ground motion. 

Since the real capacity of the frame before testing is not well known (only numerical analyses 

on an ideal 2D “zipper frame” model were performed before testing); it was decided to perform 

several tests amplifying the amplitude of the motion each time: incremental dynamic testing 

(IDT). 

The sequence in Test #1 was: 0.138g, 0.276g, 0.414g, 0.552g. 0.736g and 0.920g (equivalent 

to the 7.5%, 15%, 22.5%, 30%, 40% and 50% of the PGA of the scaled LA22yy ground motion).  

For identification purposes, the individual tests are named after the “% PGA” of the original 

LA22yy record. Thus for Test #1, the sequence was: “15% LA22yy”, “30% LA22yy”, “45% 

LA22yy”, “60% LA22yy”, “80% LA22yy” and “100% LA22yy” . 

4.5.4 Test results 

4.5.4.1 Test observations and data processing 

During the “15% LA22yy” and the “30% LA22yy”, the system remained elastic, as expected.  

In the “45% LA22yy”, the west brace in the 1st floor buckled elastically, while the east brace 

remained elastic. The buckled brace pulled the 1st floor beam down. As a consequence, both 

braces showed permanent compression strains, being those of the buckled brace greater than 

those of the elastic one. Braces in the 2nd floor remained elastic. No measurement of importance 

was registered in the “zipper column”. The vertical potentiometer was not sensitive enough to 

record the beam displacement. 
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During the “60% LA22yy”, both braces in the first floor buckled and yielded, remaining with 

an important permanent deformation in tension. Even though the vertical string potentiometer 

was not sensitive enough to record the beam movement with accuracy, its sign showed that the 

bottom part of the gusset plate moved upwards, therefore, the bottom flange of the beam also 

moved upwards, coinciding with the fact that both braces were in tension at the end of the test. 

The “zipper column”, again did not record any axial strains of the magnitude of the calculated 

unbalanced vertical force from the braces, however it sign showed that it is in tension. Therefore, 

the top flange of the beam must have gone down. The only possible explanation for the beam 

movement is a rotation. 

During the same test, the second floor east brace buckled inelastically, remaining with some 

compressive deformation. The time at which the braces on the east side at the first and second 

floor level buckled, was exactly the same. Therefore, the second floor brace did not require the 

addition of a big unbalanced axial force to buckle. 

The second story “zipper column” showed to be engaged but the magnitude of the forces was 

very small. 

The columns of the first floor both at the base and top showed signs of yielding.  

During the “80% LA22yy” and “100% LA22yy” strain gauges at first story level either 

exceeded their maximum range or peeled off. At “80% LA22yy” the first story west brace was 

severely damaged and reached its axial compression capacity. During the same test, the east 

brace still showed buckling behavior. Both braces remained permanently in tension. 

Accordingly, the vertical string potentiometer showed that the bottom flange of the beam moved 

upwards. This again proves the importance of the rotation of the beam in the global behavior of 

the braces. The “zipper column” reached its largest force during this test, due to the fact that the 

west brace had already reached its minimum capacity, however the measured magnitude was 

again very small compared to the expected value.  

The second story braces also buckled, remaining both in compression at the end of the 

motion. The beam at the second floor was considerably larger than the beam at the first floor and 

can resist the imposed torsion without substantial rotation. For the braces to remain in 

compression, the beam must have moved downwards. This is the expected behavior of the beam. 

Only at “100% LA22yy” the buckling in the second story braces was large enough to activate the 
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third story “zipper column”. However, even in this case, the readings from strain measurements 

are very small, indicating that very small forces were present in the member. 

4.5.4.2 Issues identified in test #1 

The calibration of the full bridge strain gauges was found to have an error during testing. The 

calibration was 2.0 times larger than intended; reaching saturation (10 Volts max.) at 2500 

µstrains when the expected value was 5000 µstrains. This is why, at the “80% LA22yy” level 

test, the readings from the gauges “saturated” at 2500 µstrains. Thus valuable data from the 

behavior of the braces was not properly recorded. This error was corrected in subsequent tests. 

The data recorded with the “Krypton”coordinate tracking system presented problems. This 

was the first time that this instrument was used in the laboratory. The readings from the first 4 

LEDs, numbers 1 to 4 on the west brace were correct, but all others were just a copy of the data 

for LED #4. This was due to a saturation of series scanned LEDs. This error was corrected in 

subsequent tests. 

Moreover, the buckling of the braces occurred out of plane, thus the braces were subjected to 

a much larger out of plane moment (which was not recorded) than in plane moment. Although, 

the braces are designed such that the axial forces do not produce moments at the connections, in 

practice, a real hinge cannot be achieved. Thus, there are always moments at the ends of the 

braces and, depending on the gusset plate flexibility, these moments are transmitted to the beam. 

Since the braces buckle out of plane, the beam is subjected to torsion. 

Preliminary numerical analysis and the design of the frame itself were done in two 

dimensions. Although the final design of the gusset plates considered the fact that the braces 

were going to buckle out of plane and provided enough room for the development of plastic 

hinges, the beam was not designed to carry any torsion because the connections were assumed 

“pinned”. The test setup did not use any lateral restraint and as a consequence, during the “80% 

LA22yy” test, the beam was subjected to torsion, yielded in shear and remained twisted when the 

test finished. The lateral displacements of the beam’ flanges were not recorded, since the beam 

was not instrumented to record such motion; however its rotation was evident from simple visual 

inspection. 

The rotations of the beam had a major influence on the behavior of the “zipper column”. The 

gusset plate connecting these two elements is very rigid, thus it followed the rotation of the beam 
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like a rigid body. As a consequence, the “zipper column” was also bent out of plane but did not 

elongate sufficiently to transfer axial loading to the upper braces. 

4.5.5 Lessons and recommendations from test #1 

Test #1 presented numerous problems with the strain gauges. The advantage of working with full 

or half Wheatstone bridges instead of individual gauges (quarter bridges) is the reduction in the 

number of channels and the simplification of the numerical analysis. However, with a full or half 

bridge is possible to record only one type of information: axial strains, in plane moments or out 

of plane moments. If individual gauges are used as independent channels, then all the above 

information can be obtained for the same section through data processing. With a consistent 

numbering of the channels it is easy to build a function that can do the calculations 

automatically. Therefore, for Test #2 it was decided to use single gauges instead of half or full 

bridges. 

The insufficient redundancy of instrumentation was also a problem in Test #1. This is evident 

in the case of the “zipper columns”. It was not possible to conclude unequivocally from this test, 

that the “zipper columns” worked properly because there was not a second set of gauges along 

the member to measure axial strains. Therefore, for Test #2, two sets of gauges were used to 

record strains at the “zipper columns”. 

The instrumentation did not include any shear measurement in beams to detect torsion or 

shear, therefore in Test #2, shear rosettes were placed along the beam. 

It was found that the string potentiometers were not sufficiently sensitive to the small axial 

displacements of the braces. It was decided to replace them by high sensitivity rigid 

TemposonicsTM transducers . 

Since the objective of the general work is to have comparable data to experimental results 

done at the other NEES Equipment Sites, it was decided to brace the beam against torsion in Test 

#2. 
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4.6 Test #2 

4.6.1 Description of frame details in Test #2 

As indicated in the previous section, following the results of Test #1, it was decided to restrain 

the beam against lateral movement at its midpoint (Figure  4–8). The bracing system consisted of 

a wide steel angle bolted to the mass simulating rigid plates of the “gravity frames”. The angles 

hold a layer of TeflonTM which was in contact with the beam, if it moves. Teflon – steel has a 

very low friction coefficient (0.02 – 0.07) therefore, the Teflon surface does not interfere with 

the in plane movement of the frame. 

The frame tested in Test #2 was built simultaneously with the frame tested in Test #1, thus it 

also has a full gusset at the beam to brace connection of the 1st floor (Figure  4–7, right). 

 

Figure  4–8: Restraint implemented in Test #2 for lateral movement. 
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4.6.2 Instrumentation 

The quantities measured in this test were the same as in Test #1. After the instrumentation 

problems of Test #1, it was decided to connect every strain gauge as an individual channel 

(quarter bridge) and to perform the required processing after the test in order to obtain axial or 

moment strains. 

The 1st floor braces had 4 sets of strain gauges along their length, while the braces of the 2nd 

floor had only 2 sets located near the ends. The 3rd floor braces had only 1 set of gauges and they 

were hooked into a full bridge because only the axial force was of interest in this floor. 

Beams were instrumented with 4 sets of gauges located in the same places where the half 

bridges were in Test #1. At quarter points, strain rosettes were placed for shear measurements. 

String potentiometers were used to record lateral movement and TemposonicsTM were used 

for recording the brace’s axial displacements and 1st floor beam vertical movement  

The Krypton camera was used again. The location of LEDs was the same as in Test #1. Two 

additional LEDs were place at the bottom gusset plates to detect out of plane motion. 

Instrumentation in columns was not changed and accelerometers were used in the same way 

as in Test #1. 

A complete list of instruments and its locations as well as drawings can be found in 

APPENDIX F. 

4.6.3 Test protocol 

As in Test #1, the ground motion for Test #2 was LA22yy. The sequence applied was: “30% 

LA22yy”, “80% LA22yy”, “100% LA22yy” and “120% LA22yy”. The objective of this 

sequence was to minimize the effect of low cycle fatigue in the braces’ performance. 

4.6.4 Test results 

4.6.4.1 Test observations and data processing 

The first run scheduled for Test #2 was “30% LA22yy”. During this run, the structure was 

expected to behave elastically. However, in a first attempt to perform “30% LA22yy”, problems 

with the control of the shake table due to the weight of the specimen, created an input greater 

than the desirable, triggering buckling at the west brace. The east brace remained elastic. The 
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loading was not large enough to create important permanent displacements in the brace but it did 

move the frame horizontally so that the east brace remained with some permanent tensile stress.  

In a second attempt, the frame performed elastically. 

During the “80% LA22yy”, both braces in the first floor buckled and yielded. During this test, 

the Krypton camera worked very well and its readings show very clearly the buckling at the first 

story braces. As expected, the “zipper column” was engaged just after the braces buckled and it 

remained elastic during the entire ground motion. Readings from both sets of strain gauges were 

consistent and the calculated values of forces were in good agreement with what was expected. 

The vertical TemposonicTM placed at the bottom of the 1st floor beam showed that the beam 

moved downwards, as expected. Braces in the second floor remained elastic. Readings from 

strain rosettes in the beam revealed that the beam was being subjected to some torsion, however 

its value was very small. When the beam moved out of plane, the sides of the flanges were in 

contact with the Teflon surface of the restraint, thus a large amount of the torsional moment was 

being transmitted to the bracing plates instead of to the beam itself. 

During the “100% LA22yy”, the shake table exceeded its controllable rocking range, resulting 

in substantial base rotation. These additional vertical accelerations have to be considered in any 

numerical analysis that try to reproduce the results from this test. The 1st story braces showed a 

very small capacity in compression and extensive yielding while the 2nd story braces buckled. 

The 3rd floor “zipper column” was engaged when the 2nd floor braces buckled and remained with 

a permanent deformation in tension when the motion stopped. Consequently, the east brace of 

the 2nd floor remained in tension while the west brace of the 2nd floor remained in compression. 

However, the amount of permanent deformation in the 2nd floor was very small compared to 1st 

floor. 

An additional test of amplitude “120%  LA22yy” was performed because the frame was in 

good conditions after the “100% LA22yy”. During this test, the 1st story east brace ruptured in 

tension and the west brace had an important fracture (Figure  4–9). This test had to be stopped 

due to instability of the setup after the rupture of the brace. 

After the “120% LA22yy”, the structure was inspected for signs of beam rotation and general 

frame displacements. It was found that the beam did rotate as shown in Figure  4–10. The 1st 

story brace to beam gusset plate also rotated (Figure  4–10 and Figure  4–11). The “zipper 

column” had some permanent deformation in the out of plane direction (Figure  4–12). The 
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direction of the rotation was determined by the direction where the braces buckled. In the 

direction of excitation, there was no sign of permanent deformation in the first floor as shown in 

Figure  4–13. 

 

 

Figure  4–9: Damage in 1st floor braces after Test #2, “120% LA22yy”. Local buckling and cracking in West 
brace (left) and fracture in East brace (right, see circle). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure  4–10: Picture of the rotation of the 1st floor beam after Test #2, “120% LA22yy”. 
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Figure  4–11: Picture of the rotation of the 1st story brace to beam gusset plate after Test #2, “120% LA22yy”. 

 

Figure  4–12: Picture of the out of plane bending in the 2nd story “zipper column” after Test #2, “120% 
LA22yy”. 
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Figure  4–13: Picture of the 1st floor West column (left) and East column (right) after Test #2, “120% 
LA22yy”. 

4.6.4.2 Low cycle fatigue analysis of frame in test #2. 

To assess the effects that the cumulative ground motions had on the failure of the braces, a low 

cycle fatigue analysis using the rainflow method (Matsuiski and Endo 1969) was performed. 

Assuming a linear distribution of strains along each brace, an interpolated value for the strains at 

the midpoint was obtained. Next, the history of strains for all ground motions of Test #2 were 

considered. Each history was re-arranged such that the cycles of similar amplitude were grouped 

together. The procedure (Nieslony 2003) obtains the average amplitude and number of times this 

cycle was repeated. Finally, a damage index for each test is calculated if the amplitude exceeds 

the yielding strain. The index is calculated with the formula developed by Boller et al. (Boller 

and Seeger 1987).  

( ) 0.384p
f0.103 2 N

2
−∆ε

= ⋅ ⋅  (4.1) 

where εp denotes plastic strains and Nf is the number of cycles to failure. 



 84

Because the tests were performed consecutively, the damage index is accumulated each time. 

The total number of inelastic cycles of each test was also added to find the total number of cycles 

needed for the brace to fail. 

Results are shown in Table  4–6. At the end of “120% LA22yy”, the cumulative damage index 

for the east brace is 0.9, very close to failure (failure = 1.0). These results are approximate since 

there is no certainty that the strains vary linearly in a segment where the section becomes plastic. 

However, from the analysis it can be concluded that it required only 7.5 cycles for the brace to 

fail.  

Table  4–6: Low cycle fatigue analysis for Test #2. 

Ground 

Motion 
West brace East brace 

 

Number of 

damaging 

cycles 

Cumulative 

number of 

damaging 

cycles. 

Cumulative 

Damage 

Index 

Number of 

damaging 

cycles 

Cumulative 

number of 

damaging 

cycles. 

Cumulative 

Damage 

Index 

30% 0 0 0 0 0 0.0 

80% 1 1 0.0002 1 1 0.0024 

100% 2 3 0.1003 4 5 0.1068 

120% 2 5 0.4805 2.5 7.5 0.9042 

 

Lee and Goel (Lee and Goel 1987) developed a formula to calculate the theoretical fracture 

life ∆f of a member. The meaning of ∆f is not the number of cycles but is a parameter that 

depends on the strain history in a normalized hysteresis curve. This formula was developed for 

tubular braces under static cyclic loading. In a dynamic testing, however, the strain cycles are not 

necessarily completed which renders the calculation of this parameter very difficult. 

Tang and Goel (Tang and Goel 1987) developed a formula to calculate the number of cycles 

to fracture given the properties of the section: 

( )( )
( )( )
b KL

d r
f S 2b 2t

t

N C 116
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= =  (4.2) 
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This formula was also derived after static cyclic testing and it is well known that the data 

presented a large scatter. It can be observed that the total number of cycles predicted by this 

formula is much larger than the number of inelastic cycles the brace experienced. 

4.6.5 Lessons and recommendations from test #2 

The most important observation from Test #2 is the development of the expected “zipper 

mechanism” under dynamic loads. The frame behaved as expected: the restraint kept the beam 

straight and this fact made possible the engagement of the 2nd floor “zipper column” as early as 

in the first attempt of “30% LA22yy”. The 3rd floor “zipper column” helped to resist the vertical 

unbalanced force coming from the first floor and was engaged (with a small amount of force) 

since “30% LA22yy”. Therefore an important part of the vertical force is transmitted to the third 

floor braces. The beams at the 1st and 2nd level moved downwards when the braces at their 

respective levels buckle. And, although the 1st floor beam was rotated at the end of Test #2, it is 

possible that the rotations occurred only during the last sequence. 

Test #2 proved that a correctly restrained beam ensures the development of the “zipper 

mechanism”. However, Test #2 did not explain the results of Test #1. Therefore, another test was 

scheduled to repeat Test #1, providing a more complete instrumentation, as in Test #2. 

4.7 Test #3 

4.7.1 Description of frame details 

The frame in Test #3 was built subsequently to the fabrication of the frames used in Test #1 and 

Test #2. Thus, special attention was paid to details. The 1st floor brace to beam gusset plate was 

constructed with the originally specified notch (see Figure  4–7, left). 

No lateral restraint was provided during Test #3 to replicate Test #1. 

4.7.2 Instrumentation 

Test #3 used the same instrumentation distribution and names of channels as in Test #2. Only 2 

more potentiometers were added to measure the beams’ rotations. 
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4.7.3 Test portocol 

As in Test #1 and Test #2, the ground motion for Test #3 was LA22yy. The sequence applied 

was: “30% LA22yy”, “80% LA22yy”, “100% LA22yy”, “120% LA22yy”, “140% LA22yy” and 

“160% LA22yy”, as explained in section 4.5.3.  

4.7.4 Test results 

4.7.4.1 Test observations and data processing 

During the “30% LA22yy”, the frame remained elastic, as expected. During the “80% LA22yy”, 

both braces of the first floor buckled. It was expected that the “zipper column”’ measurements 

could be small as in Test #1. But, the readings from strain gauges showed that the “zipper 

column” was engaged and working properly. The Temposonic transducers measuring the vertical 

movement of the 1st floor beam showed that it moved downward, as expected. Forces transmitted 

to the 2nd floor level were not sufficiently large, so that the braces remained elastic. The third 

story “zipper column” was also engaged with some of the load which developed in the second 

story “zipper column”.  

Analysis of the beam rosettes and bimoment showed that the beam didn’t experience a 

significant torsion. 

During the “100% LA22yy”, the braces of the 1st floor showed less compression capacity. 

Consequently, the forces in the “zipper column” were bigger and they triggered out of plane 

buckling in the 2nd floor. This was reflected in an increased amount of forces in the 3rd story 

“zipper column”. The columns started to yield at the base. There was no sign of yielding in the 

beams. After the “100% LA22yy”, the frame was inspected and it was found to be in very good 

conditions so the next level ground motion was conducted. 

During the “120% LA22yy”, the braces of the 1st floor have achieved their compression 

capacity. Braces at the 2nd floor buckled heavily. Important yielding at the base of the columns 

and at the beam to column joints was evident 

During the “140% LA22yy”, the braces showed a behavior very similar to the one exhibited 

at the “120% LA22yy”. Due to the important yielding in tension of both braces, the out of plane 

displacements were reduced to zero for all the points along the brace. Thus the buckling load in 

this test was very similar to the one in the previous test. The “zipper mechanism” developed and 



 87

yielding occurred at the base of the columns and at the beam to column connections. After the 

“140% LA22yy”, the braces of the 1st floor looked damaged and with important permanent 

deformations, but not cracked. Therefore the next level amplitude was conducted. 

During the “160% LA22yy”, the west brace of the 1st floor broke in tension. This type of 

failure was the same as in Test #2. However, at this level, the 1st floor east brace was also 

severely damaged and the structure remained with an important permanent lateral deformation in 

the direction of the ground motion.  

After “160% LA22yy”, the frame was inspected for beam rotations and it was found that the 

beam did not rotate, although no torsional restraint was provided. The 1st floor brace to beam 

gusset plate was bent out of plane, however. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  4–14: Picture of the frame’s permanent deformation after Test #3, “160% LA22yy”. 
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Figure  4–15: Picture of the beam’s rotation (left) and the brace to beam gusset plate deformation (right) after 

Test #3, “160% LA22yy”. 

 

 

 

 

 

 

 

 

Figure  4–16: Picture of the West brace (left) and East brace (right) after Test #3, “160% LA22yy”. 

4.7.4.2 Low cycle fatigue analysis 

The procedure described in section 2.6.4.2 was applied again to calculate the number of inelastic 

cycles the frame experienced until failure. In this case, the strain profile along the braces shows 

that the maximum strains are located around the position of the Set #3. Thus, the axial strains of 

Set #3 are used in the analysis. The results are shown in Table  4–7. The analysis indicates that 

the west brace fails at the “160% LA22yy” after 9 inelastic cycles, while the east brace doesn’t 

fail and is subjected to 5.5 inelastic cycles. These results are in complete agreement with the Test 

observations. 
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Table  4–7: Low cycle fatigue analysis for Test #3. 

Ground 

Motion 
West brace East brace 

 

Number of 

damaging 

cycles 

Cumulative 

number of 

damaging 

cycles. 

Cumulative 

Damage 

Index 

Number of 

damaging 

cycles 

Cumulative 

number of 

damaging 

cycles. 

Cumulative 

Damage 

Index 

30% 0 0 0.0 0 0 0.0 

80% 0 0 0.0 0.5 0.5 0.0 

100% 1 1 0.003 0.5 1 0.005 

120% 3 4 0.137 3 4 0.136 

140% 4.5 8.5 0.496 1 5 0.615 

160% 0.5 9 1.199 0.5 5.5 0.618 

4.7.5 Remarks on test #3 

The main objective of Test #3 was: to reproduce Test #1 with better instrumentation, to obtain 

measurements of the beam’ rotations and to find the reason for the absence of the “zipper 

mechanism” without the lateral restraint of the beams. However, the frame during Test #3 

behaved even better than in Test #2, resisting up to 160% PGA of LA22yy while developing the 

“zipper mechanism”. The only difference between the frames in Test #1 and Test #3 was the 

notch in the 1st floor brace to beam gusset plate. 

It should be noted that the notch reduces the out of plane stiffness of the gusset plate, allowing 

the plate to bend inelastically following the movement of the brace without transferring torsion 

to the beam. On the other hand, a stiff gusset plate behaves more like a rigid link, transmitting 

most of the out of plane moment as torsion to the beam without much inelastic deformation. 

4.8 Remarks and conclusions from the experimental study 

Three shake table tests were performed on the “zipper frames”. The test setup for all tests was 

the same and the frames were built with the same dimensions and members. Thus, it was 
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expected that the results from the different tests would be similar. However, a small detail in the 

1st floor brace to beam gusset plate significantly changed the behavior of the system. 

During Test #1 a stiff gusset plate was used with no lateral restraint on the beam. As a result, 

the beam rotated and yielded in torsion, the “zipper column” was bent out of plane and the 

“zipper mechanism” was compromised, although it is not possible to conclude that it did not 

develop entirely. 

During Test #2, a stiff gusset plate and a lateral restraint for the beams were used. As a result 

the “zipper mechanism” developed and the frame behaved as expected until the “120% LA22yy” 

amplitude test when the east brace broke in tension. 

During Test #3, a flexible gusset and no lateral restraint for the beams were used. As a result, 

the “zipper mechanism” also developed properly and the frame showed larger capacity than in 

Test #2. The west brace broke in tension at the “160% LA22yy” amplitude test after severe 

buckling in compression. 

From the experimental study it can be concluded that: 

4. The “zipper mechanism” can develop as expected if the system is built with adequate 

details. 

5. The system is sensitive to the construction details which may render the system 

ineffective. 

6. If the system is built with sufficient redundancy (such as lateral restraint) the “zipper 

mechanism” is ensured. 

7. The flexibility of the gusset plates connecting braces and beams is an important factor in 

the development of the “zipper mechanism”. 

It should be noted that the tests produced data on 3D buckling in dynamic conditions, as 

recorded by the coordinate tracking system, Krypton, which uses digital imagery technology. 

Finally, all data from this experimental study is available in the NEES repository: 

https://central.nees.org/. 



 91

SECTION 5 

ANALYTICAL EVALUATION OF THE PROPOSED FORMULATION 

5.1 Introduction 

The main objective of the following analysis is to verify that the new formulation is capable to 

analyze the structural models (such as the “zipper frame”) and it is sufficiently sensitive to detect 

the influence of various parameters consistent with observations from experiments and from 

structural mechanics theory. 

To test the performance of the element developed in Chapter 2, a model of the first story of 

the zipper frame is built and analyzed. While a full size model would be desirable, due to the 

high computational demands, a reduced size model was selected to explore the sensitivity of the 

modeling parameters. The objective of this model is to reproduce the 3D movement of the 

braces, like the one observed in the experimental work presented in Chapter 4. 

The input motion is the 1st story lateral displacements obtained from string potentiometers at 

the beam level and from the beam axial deformations obtained from strain gauges readings. 

The formulation is not capable of modeling a hinge because it cannot condense the rotational 

DOFs therefore, the connections are assumed fixed. The gusset plates are modeled with an 

element of equivalent section and material properties - a connection element. Because these 

properties are very difficult to determine, a bounding analysis is performed to assess the 

influence of each parameter in the global behavior of the braces. Then, the structure is analyzed 

with a combination of values for the parameters and the results are compared. In this Chapter, the 

results of the analysis of the model subjected to the input motion obtained from data of Test #2 

are shown. 

5.2 Analytical model 

The analytical model consists of the 1st floor braces and 1st floor beam (Figure  5–1). The nodes 

are located at the same places were the sensors of the Krypton tracking system were placed 

during the experiment. This allows for a direct comparison of the analytical and experimental 

displacements. The only difference between the model and the experiment are the locations of 

nodes 2 and 8. In the model, they define the boundary between the gusset plate and the brace 
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when the brace buckles out of plane. In the experiment node 2 is located in the middle of the 

gusset plate and node 8 is in the brace at the boundary with the gusset plate.  

 
 

node 1

node 2 
(top model; 
bottom Krypton)

node 3

node 4

node 5

node 6

node 7

node 8
(top model; 

bottom Krypton)

node 10
(top model; 
bottom Krypton)

node 11

node 12

node 13

node 14

node 15

node 16
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Bottom Krypton)
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node 18 node 9 node 19

zipper column
stiffness k

West
brace

East
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input
displacement

at node 18

input
displacement
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Figure  5–1: Schematic of model (black line) and node location (red dots). 

Thus, there are 8 nodes and 8 elements per brace. The beam is described with 3 nodes and 2 

elements. Ten integration points are used in each element. The material properties of the brace 

and beam were obtained through coupon testing and are detailed in Table  5–1. 
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Table  5–1: Material properties per coupon testing. 

 Brace Beam 
E (kip/in2) 29000 29000 
σy (kip/in2) 60 50 

 

The equivalent properties of the gusset plate are not known, therefore the same properties of 

the braces are initially assumed for the connection elements. This model, called “nominal”, 

serves as a base for comparison in the bounding analysis.  

The “zipper column” is modeled with an elastic spring. The assumption of elastic material is 

appropriate since the column did not yield during testing. The equivalent stiffness of this spring 

is not known since the column has a flexible boundary at the other end. The nominal axial 

stiffness of the column when connected rigidly is E A / L = 383 kip/in. However, the column is 

connected to flexible elements – the 2nd floor beam and braces. These elements are connected in 

series, thus the equivalent stiffness of the spring is smaller than the nominal stiffness of the 

“zipper column”. 

5.3 Analytical Results of test #2 

The results of Test #2 are presented in Figure  5–2 to Figure  5–4. Although the displacements of 

all internal nodes can be compared, the boundary and the middle nodes are considered 

representative of the general behavior of the braces: the middle node allows for a comparison of 

the maximum in plane and out of plane displacements while the boundary nodes allow for a 

comparison of the gusset plates’ behavior.  

Vertical displacements are also important. From the experiment, it is clear that nodes below 

the buckling point have a positive permanent deformation (move upwards) and nodes above it 

have a negative permanent deformation (move downwards). In the west brace, node #5 goes 

upwards because the buckling point is not located exactly in the middle of the brace. In both 

braces, node #2 experiences the largest vertical vibration and it remains with no permanent 

deformation at the end of motion.  
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Figure  5–2: In plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) and bottom (node 2) 
from Test #2 “80% LA22yy”. 
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Figure  5–3: Hysteresis loops of west brace (left) and east brace (right) from Test #2, “80% LA22yy”. 
Limits for actual yielding force Py = 50.4 kip and Euler buckling force PE = -31.77 kip included. 
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Figure  5–4: Vertical displacements of nodes 8 (top), 5 (middle) and 2 (bottom) for Test #2, “80% LA22yy”. 
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5.4 Bounding analysis 

5.4.1 Connections: variation of the inertia of the connection elements 

The inertia of the “nominal” model is assumed as the inertia of the brace’s section: I = 0.486 in4. 

Two variations were analyzed: a flexible and a rigid connection element. The flexible connection 

has an assumed inertia ten times smaller than the nominal Iflexible = I/10, and the rigid connection 

has an assumed inertia ten times bigger than nominal Irigid = I×10. The yield function used was 

HSS. When the inertia is 10 times smaller, the area of the section has to increase at least 10 

times, otherwise the capacity of the section is very small compared to the brace and controls the 

behavior of the complete structure. It is expected that the end moments would be reduced when 

the gusset plates are more flexible and that the model would approach a hinged behavior. 

Accordingly, the calculated end moments in the flexible model are smaller than in the nominal 

model which in turn are slightly smaller than in the rigid model. 

Figure  5–5 and Figure  5–6 show the in plane vs. out of plane displacements of node 2, 5 and 8 

for west and east brace, respectively. When the connection is more flexible, the maximum out of 

plane displacements at all nodes increase significantly. Also, the curve becomes smoother and 

the residual out of plane displacement after buckling is considerably smaller, especially after the 

first cycle. The connection elements remain elastic, allowing the brace to recover all its out of 

plane deformation. As a consequence, the buckling loads of the first and second cycles are 

almost identical in the case of a flexible connection while they are clearly different when the 

gussets are rigid. This result is consistent with the theory: if the brace yields in tension such that 

it completely recovers its original out of plane imperfection, its buckling capacity remains 

unchanged. 

From Figure  5–7 and Figure  5–8, it is observed that the value of the buckling load decreases 

when the connections are more flexible. This is consistent with the fact that stronger boundary 

conditions improve the capacity of a member to carry axial loads. The theoretical buckling load 

with hinge connections is 30 kip (see APPENDIX C) and the recorded experimental value is 42 

kip, therefore, the gusset plates in the experimental model have some flexibility and do not 

behave like hinges. 
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Figure  5–5: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the WEST brace. Flexible gusset plate (left), nominal (center), rigid gusset plate 

(right). 
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Figure  5–6: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the EAST brace. Flexible gusset plate (left), nominal (center), rigid gusset plate 

(right). 
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Figure  5–7: Comparison of the hysteresis loops of the WEST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom) 

Flexible gusset plate (left), nominal value (center), rigid gusset plate (right) 
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Figure  5–8: Comparison of the hysteresis loops of the EAST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 

Flexible gusset plate (left), nominal value (center), rigid gusset plate (right). 
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Figure  5–9: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom (node 
2) of the WEST brace. Flexible gusset plate (left), nominal value (center), rigid gusset plate (right) 
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Figure  5–10: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the EAST brace. Flexible gusset plate (left), nominal value (center), rigid gusset plate (right) 
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Figure  5–11: Comparison of the vertical displacements of the top node (9). 
Flexible gusset plate (left), nominal value (center), rigid gusset plate (right) 

Comparing the top (brace  +  connection elements) with bottom (only brace) plots in Figure 

 5–7 and Figure  5–8, the influence of the flexibility of the gusset plate can be observed. The 

bottom plots are directly comparable to Figure  5–3, which represents the hysteretic loops of the 

braces during testing. In this case, the axial deformations are calculated using the Krypton 

system. It is apparent that when the gusset plates’ deformation is considered, the total axial 

deformation increases. This effect is less important when the connection elements are flexible 

because they remain elastic. The same effect is observed when the brace is loaded in tension. 

Figure  5–10 shows the vertical displacements of node 2, 5 and 8 for the west and east braces 

and Figure  5–11 shows the vertical displacement of node 9. The maximum values do not match 

the values of the test, however more importantly nodes 8 and 9 have positive residual 

displacements. Although the influence of the flexibility of the connection on the vertical 

displacements is not absolutely clear, the qualitative results match the ones obtained in the 

experiment.  

5.4.2 Gusset plates: variation of the yield strength of the material 

Figure  5–12 and Figure  5–13 show the displacements using the new analytical model when the 

yield strength of the gusset plates changes from 60 kip/in2 to 36 kip/in2 and 100 kip/in2. When 

the yield strength is small, the braces do not buckle and the out of plane displacements are 

negligible. On the other hand, when the yield strength is very large, the connection elements 

remain elastic and the out of plane displacements are smaller than in the nominal case.  
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Figure  5–12: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the WEST brace. σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 

(right). 
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Figure  5–13: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the EAST brace.  σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 

(right). 
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Figure  5–14: Comparison of the hysteresis loops of the WEST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 
σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 (right). 
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Figure  5–15: Comparison of the hysteresis loops of the EAST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 
σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 (right). 
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Figure  5–16: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the WEST brace. σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 (right). 
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Figure  5–17: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the EAST brace. σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 (right). 
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Figure  5–18: Comparison of the vertical displacements of the top node (9). 
σψ = 36 kip/in2 (left), σψ = 60 kip/in2 (center), σψ = 100 kip/in2 (right). 

Figure  5–14 and Figure  5–15 show the hysteretic curves of west and east braces, respectively. 

When the yield strength of the connection elements is small, they concentrate all the inelastic 

deformation while the braces remain elastic, which in turn explains why the brace does not 

buckle. The section properties are identical to those of the nominal model, however the lower 

yield strength limits the axial capacity of the braces, which develop a maximum compression 

force of only 38 kips, smaller than the nominal buckling load (46 kips). 

When the yield strength is 100 kip/in2, the brace concentrates all the inelastic deformation 

while the connections remain elastic. Thus, the hysteretic loops with and without the connection 

elements are identical. 

Figure  5–16 and Figure  5–17 show the vertical displacements of nodes 2, 5 and 8 for different 

yield strengths. When a low yield strength is used in the analysis, nodes 2 and 8 (limits of the 

connection elements) have larger vertical vibrations and when the yield strength is very high, the 

vibrations are very small. Similar behavior can be observed in Figure  5–18. 

In summary, the formulation is capable to predict the relationship between yield strength and 

plasticity distribution between different elements according to plasticity theories. 

The yield strength of the gusset plates in the final model should be similar to the yield 

strength of the braces. A value between 50 kip/in2 and 60 kip/in2 is recommended for further 

analyses. 
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5.4.3 Connections: variation of the length of the element 

In this case, variations of the properties of the gusset plates need also to be included otherwise 

the response of the structure is the same as in the nominal case. Only the case where the stiffness 

of the “zipper column” is nominal and the inertia of the connection elements is half of the 

nominal value is shown here, as an example. Three lengths are considered: the nominal length of 

8 in; a smaller length of 4 in and a longer length of 12 in (See Figure  5–19). Results are 

presented in Figure  5–20 to Figure  5–26. 

Since the inertia of the connection element is smaller than the one of the brace, a longer 

connection element adds flexibility to the complete system. Thus, it can be observed that the 

values for the maximum out of plane displacements are bigger, the buckling force is smaller and 

the permanent vertical displacements are larger.  

The differences between the results with long and nominal connection elements are 

significant, however the results are very similar between the short and nominal length elements. 

Moreover, if a different inertia is assigned to the connection element, it is possible to obtain 

significantly different responses when different lengths are assumed. Thus, it is concluded that 

the inertia and the length of the element have a similar influence in the behavior of the system. 

Since the braces are more sensitive to the inertia, the element length is not considered further in 

this analysis. 

 

Figure  5–19: Sketch of gusset plate lengths. 
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Figure  5–20: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the WEST brace. 

Small connection element (left), nominal (center), Large connection element (right). 
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Figure  5–21: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the EAST brace. 

Small connection element (left), nominal (center), Large connection element (right). 
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Figure  5–22: Comparison of the hysteresis loops of the WEST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 

Small connection element (left), nominal (center), Large connection element (right). 
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Figure  5–23: Comparison of the hysteresis loops of the EAST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 

Small connection element (left), nominal (center), Large connection element (right). 
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Figure  5–24: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the WEST brace. Small connection element (left), nominal (center), Large connection element 

(right). 
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Figure  5–25: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the EAST brace. Small connection element (left), nominal (center), Large connection element 

(right). 
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Figure  5–26: Comparison of the vertical displacements of the top node (9). 
Small connection element (left), nominal (center), Large connection element (right). 

5.4.4 Zipper column: variation of the equivalent stiffness 

The nominal value of the “zipper column’s” stiffness is k=383 kip/in2. This value was modified 

to evaluate the case of a very flexible column of stiffness equal to 10 kip/in2 and the case of a 

very rigid column of stiffness equal to 1000 kip/in2. The actual value of the zipper column’s 

stiffness is expected to be smaller than the nominal value because it is connected to flexible 

elements. Results are presented in Figure  5–27 to Figure  5–33. 

From Figure  5–27 and Figure  5–28 it is clear that the out of plane displacement increases 15% 

when the “zipper column” is very flexible. On the other hand, the results for a very stiff spring 

are not very different from the results with the nominal stiffness. A similar conclusion is 

obtained from to Figure  5–29 and Figure  5–30, where the hysteresis loops for k = 383 kip/in and 

k = 1000 kip/in are almost identical. 

In the case of very flexible “zipper column”, there is no yielding in tension in the connecting 

elements or in the braces. This is due to the fact that a flexible “zipper column” allows larger 

vertical displacements than a stiff “zipper column”, for the same level of lateral force, as 

expected by structural mechanics. Therefore, the vertical movement increases the deformation in 

the brace under compression and decreases the deformation in the brace under tension. Thus, 

under compression force, the axial displacements are about 15% bigger than in the nominal case 

and the deformations of the connection elements are 33% of the total axial displacement. In the 

cases of a nominal, or rigid spring, the connections’ deformations is 25% of the total value. 

From Figure  5–31, Figure  5–32 and Figure  5–33 it can be concluded that the stiffness of the 

“zipper column” is the most important factor influencing the vertical displacements. For a 
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flexible “zipper column”, all the nodes remain deformed with negative permanent displacements 

at the end of motion. For a rigid “zipper column”, only the nodes located at the middle of the 

brace remain deformed, with positive permanent displacements. 
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Figure  5–27: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the WEST brace. 

Flexible spring (left), nominal (center), rigid spring (right). 
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Figure  5–28: Comparison of the in plane (x) vs. out of plane (z) displacement at top (node  8), middle (node 5) 
and bottom (node 2) of the EAST brace. 

Flexible spring (left), nominal (center), rigid spring (right). 
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Figure  5–29: Comparison of the hysteresis loops of the WEST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 
Flexible column (left), nominal stiffness (center), rigid column (right). 
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Figure  5–30: Comparison of the hysteresis loops of the EAST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 
Flexible column (left), nominal stiffness (center), rigid column (right). 
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Figure  5–31: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the WEST brace Flexible column (left), nominal stiffness (center), rigid column (right). 
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Figure  5–32: Comparison of the vertical displacements at the top ( node 8), middle (node 5) and  bottom 
(node 2) of the EAST brace Flexible column (left), nominal stiffness (center), rigid column (right). 
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Figure  5–33: Comparison of the vertical displacements of the top node (9). 
Flexible column (left), nominal stiffness (center), rigid column (right). 

5.4.5 Lateral restraint 

Figure  5–34 and Figure  5–35 show the hysteretic curves of the braces (with and without 

connection elements) when an out of plane spring is added at node 9 and its stiffness is varied. 
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Figure  5–34: Comparison of the hysteresis loops of the EAST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 

No out of plane restraint (left), rigid restraint (center), infinitely rigid restraint (right) 
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The spring’ stiffness is set to 0 kip/in (no lateral restraint, nominal case), to 1000 kip/in and 

infinite stiffness (this is achieved by eliminating this DOF from the set of variables and setting its 

value to zero). It can be concluded that the presence of a lateral restraint in the analytical model 

has no influence in the behavior of the structure. 
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Figure  5–35: Comparison of the hysteresis loops of the WEST brace where the axial displacements considers 
the gusset plate (top) and does not consider the gusset plate (bottom). 

No out of plane restraint (left), rigid restraint (center), infinitely rigid restraint (right). 

5.5 Comparison of analytical models with mixed parameters with test data for Test #2 

From the shape of the in plane vs. the out of plane loop in Figure  5–2, it can be concluded that 

the braces are very flexible in the out of plane direction. However, their maximum displacement 

is only 1.64 in, a value that was achieved analytically only with a very stiff connection element. 

More importantly, the transition from the elastic to the buckling phases is slow and most of the 

deformation occurs in plane, while in the post buckling stage most of the deformation occurs out 

of plane. In all models discussed in the parametric study, the transition was fast and most of the 

in plane deformation occurred while the brace was buckling out of plane. 
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Several combinations of parameters were analyzed and the results are shown from Figure  5–

36 to Figure  5–39. The experimental results are also shown for comparison purposes. 

The properties of the connection elements are: 

• Model 1: stiffness of “zipper column”  200 kip/in 

yield strength    60 kip/in2 

out of plane inertia   Ibrace/2 

• Model 2: stiffness of “zipper column”  200 kip/in 

yield strength    60 kip/in2 

out of plane inertia   Ibracex2 

• Model 3: stiffness of “zipper column”  100 kip/in 

yield strength    60 kip/in2 

out of plane inertia   Ibracex2 

 

• Model 4: stiffness of “zipper column”  100 kip/in 

yield strength    60 kip/in2 

out of plane inertia   Ibrace 

• Model 5: stiffness of “zipper column”  383 kip/in 

yield strength    60 kip/in2 

out of plane inertia   Ibrace/2 

Figure  5–36 and Figure  5–37 show the results for displacement loops of the west and east 

brace for the models detailed above. Comparing the results of Model 1 and Model 5, it can be 

concluded that when the connection elements are flexible, a variation in the “zipper column’s” 

flexibility has an impact on the values of maximum displacements. However, when a very stiff 

connection element is used (model 2 and Model 3), a variation of the flexibility of the “zipper 

column” has no impact on the values of the maximum displacements and has a minimum 

influence in the shape of the curve. Therefore, the major parameter affecting the in plane and out 

of plane displacements of the braces is the stiffness of the connection elements. 

Figure  5–38 and Figure  5–39 show the hysteretic loops of the west and east braces under the 

same combination of parameters. In this case, the stiffness of the spring is important because it 

controls the vertical displacements of the brace, thus it controls its total axial displacement. This 

is especially relevant when the brace is loaded in tension. When a soft spring is attached to the 
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braces, the nodes move more freely in the vertical direction, thus for the brace under 

compression force the vertical displacements translate into more compression deformation. This 

brace will have larger buckling and permanent deformations. When the brace is under tension 

force, the vertical displacements also translate into compression deformation, thus reducing the 

amount of axial tension displacement. It is concluded that the models with a softer spring 

representing the “zipper column” approximate better the test results. 

It appears also that a system with a soft spring dissipates less energy, but this conclusion must 

be wrong because the axial displacement is calculated as the length of the chord of the complete 

brace and does not account for permanent out of plane deformations. 

Finally, a complete model of the “zipper frame” was not analyzed for the sensitivity study due 

to the high computational time required. 
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Figure  5–36: Comparison of in plane and out of plane displacement at the middle node (5) of WEST brace. 
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Figure  5–37: Comparison of in plane and out of plane at the middle node (5) of EAST brace. 
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Figure  5–38: Comparison of hysteresis loops of WEST brace.  



 133

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

Experimental results

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

k = 200; I/2

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

k = 200; Ix2

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

k = 100; Ix2

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

k = 100; I

-0.4 -0.2 0 0.2 0.4
-60

-40

-20

0

20

40

60

xx [in]

P
 [k

ip
]

k = 383; I/2

 

Figure  5–39: Comparison of hysteresis loops of EAST brace (right). 
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5.6 Conclusions 

It can be concluded that the formulation developed in Chapter 2 reproduces all the important 

details that characterizes the inelastic buckling. The formulation is numerically stable and 

extremely sensitive to all modeling parameters. All the results obtained for each variation of each 

modeling parameter are consistent with structural mechanics theory.  

Among the sources for discrepancies in the prediction are: 

• Uncertain modeling parameters: 

o The gusset plates are modeled with connection elements of uncertain equivalent 

properties  

o The “zipper column” and the frame’s upper stories are modeled with an elastic 

spring of uncertain equivalent stiffness. 

• Uncertain yield functions: There are smooth continuous functions available in the 

literature that approximate the theoretical ultimate yield curves for typical sections. 

However, in the examples shown, a plate is being modeled with a conventional element 

and an appropriate equivalent yield function is not perfectly modeled. This is a key aspect 

in the solution of the system because the flexibility of the connection elements control the 

out of plane displacement of the braces and the relationship between the moment capacity 

of the connection and the moment capacity of the brace defines the shape of the hysteric 

loop. 

• The implemented relationship between strains and forces (flexibility matrix) controls the 

relationship between the in plane and out of plane displacement. By allowing plastic 

deformations from the beginning of the ground motion, the brace moves in plane and out 

of plane simultaneously however, during the test, these displacements were almost 

independent. Figure  5–40 shows the in plane and out of plane displacements of the 

middle node of west and east braces when an elastic relationship between strains and 

forces is used in both braces and connection elements. The braces still buckle out of 

plane, although elastically. In that case, the shape of the displacement plots is very 

similar to the shapes in Figure  5–2 i.e. the braces develop most of their in plane 

displacement before buckling. The description of the material nonlinearity also controls 

the maximum and permanent lateral and vertical displacements and the distribution of the 
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section capacity between axial load and bending moments. Thus, a good yield function 

for both braces and connection elements is essential to obtain good predictions. 

Despite all the uncertainties, the formulation predicts consistent responses when these 

parameters are varied to extreme values. The results of the study bound qualitatively the 

response observed during testing, although they do not match precisely. A more thorought 

parametric study is necessary to understand the exact sensitivity of the development of the 

“zipper mechanism” as identified in the experimental study. 
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Figure  5–40: In plane (x) vs. out of plane (z) displacement at middle (node 5) of the West brace (left) and 
EAST brace (right). 
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SECTION 6 

REMARKS, CONCLUSIONS AND RECOMMENDATIONS 

6.1 Summary 

A new unified formulation capable of solving problems of large rotations and large deformations 

in inelastic frame structures was developed. An experimental study was carried out on a “zipper 

frame”. The frame was subjected to earthquake motion using the shake tables. Data from the 

inelastic behavior of the frame was collected for comparison with the analytical model 

predictions. Finally, an analytical model of the first story of the zipper frame was built and 

analyzed with the new formulation. A parametric study was performed and a few combinations 

of modeling parameters were selected to match the test results. 

In order to incorporate large rotations and displacements, the formulation is based on the 

corotational method, where the rigid body motion and deformations are separated and analyzed 

independently by defining a local corotated coordinate system at the chord of the element in its 

deformed configuration. All the information needed to calculate the variations in strains and 

stresses is contained in the deformational part of the motion because a rigid body movement just 

changes the orientation of the strains. Usually deformations are assumed to be infinitesimal, 

however in the present formulation this hypothesis is relaxed and P-∆ effects are also accounted 

for at the chord level.  

The proposed new formulation uses a flexibility based element and it is implemented in the 

state space. The main advantage of a flexibility based element is its exact interpolation of the 

forces along the length of the element while interpolating displacements using compatibility 

equations instead of approximated polynomials. In the state space, local and global variables and 

their evolution equations are defined. Global variables are total displacements and local variables 

are the elements' local forces and total strains at the Integration Points. The rates of all these 

variables are also variables of the system. The evolution equations for global variables are 

equilibrium equations and for local variables are plasticity equations. For a flexibility based 

element, the compatibility equations need to be considered explicitly because the internal forces 

are interpolated. In a stiffness based element, the compatibility is already accounted for when the 
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strains (or displacement field) is approximated with interpolation functions. By solving all these 

equations simultaneously, convergence is achieved for all variables at the same time, thus 

eliminating the need for iterations between time steps. 

The formulation derived therein combines the state space approach, the corotational method 

and a flexibility based element. Thus, after selecting the global and local variables, the equations 

of equilibrium compatibility and plasticity must be derived as rate equations, or algebraic 

equations. Equilibrium is readily obtained with the transformation of the element local forces. 

These equations are differential when mass is associated with a DOF and algebraic for all others 

DOFs. Incremental compatibility equations are based on a differential description of the 

deformed shape with respect to the chord. Both rotational and displacement deformations are 

considered to be finite. Plasticity equations are based on flow theory and are derived as rate 

equations linking force rates and strain rates. Therefore, the state space is an ideal framework to 

develop a unified formulation because it naturally integrates all the basics structural equations 

and ensures that convergence is achieved in all of them. 

Finally, a comparison of the sensitivity of the analytical predictions from a model of the first 

story of a “zipper frame” with data from shaking table tests was performed. The primarily failure 

mode of the structure is inelastic buckling of its braces thus; this comparison is a good test of the 

capabilities of the developed formulation, which can handle problems of large rotations and 

inelastic material with great sensitivity. 

6.2 Conclusions 

From the comparison between analytical prediction and test results it can be concluded that: 

• The formulation successfully solves problems of large rotations and displacements in 

three dimensions, like out of plane buckling of braces. A small imperfection of 1/500 of 

the length of the element is enough to trigger buckling.  

• As a general conclusion, it can be said that the new formulation is sensitive to all 

parameters studied above and the variations of the response is always in agreement with 

structural principles. 

• The formulation proved to be very sensitive to parameters that characterize the gusset 

plates (connection elements). The most sensitive parameters found are: the stiffness of 
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the vertical spring that models the influence of the zipper column and upper stories and 

the stiffness of the connection elements. 

• It was found that the stiffness of the vertical spring controls the vertical displacement of 

the nodes, thus it controls the total axial deformation of the member and influences the 

shape of the hysteretic loop. Compared to a nominal stiffness calculated as (EA/L) with 

zipper column properties, the required stiffness of this element is much smaller. This 

result is in agreement with the fact that the nominal stiffness corresponds to an element 

that is rigidly supported at one end and that the actual zipper column is attached to 

flexible elements, thus the equivalent stiffness is smaller than the nominal. 

• It was found that the stiffness of the connection elements controls the out of plane 

displacement of the nodes and thus controls the shape of the in plane vs. out of plane 

loop. The stiffness of these elements can be changed by changing the value of the 

equivalent inertia or by changing the length of the element. These possibilities were 

explored in the parametrical study performed. It was found that with flexible connection 

elements, the out of plane displacements are larger and the shapes of the loops are 

smoother. This behavior was the expected one. From the test results, the connection 

elements should be very flexible but the out of plane displacements are smaller than 

predicted.  

• The variation in the response when the connection elements had different yield strengths 

was studied. It was found that if the connections’ strength is very small compared to the 

braces, they yield first and do not allow the braces to develop all the axial force. Thus, by 

limiting the capacity of the connection elements, the overall capacity of the brace is also 

limited. In contrast, when their yield strength is much larger than the rest of the element, 

the connections remain elastic and the braces concentrate all plastic deformation. 

• An important parameter not studied in this work is the yield function of the connection 

elements. The function used corresponds to a HSS section. Clearly, this is inadequate 

(because the gussets are plates not tubes) and a yield function that can replicate the 

plastic behavior of a plate is needed. During testing, the gusset plates yielded with a 

combination of axial force and bending moments, thus it is expected that a better 

description of the plate’s plasticity will improve the overall response of the system. 
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• One of the most important differences between the predicted and recorded responses is 

the shape of the in plane/out of plane displacement. While the maximum in plane 

displacements are very similar, in the test during the pre-buckling phase most of the 

displacement occurs in the in plane direction and during the post-buckling phase the 

displacement is mostly in the out of plane direction. In the analytical response, however 

both displacements occur simultaneously. The explanation for this behavior lays in the 

adopted plasticity description. When the model is analyzed with an elastic material, a 

similar shape for in plane/out of plane loop is obtained although the maximum values are 

very different.  

• In general, the new formulation and the experimental study indicate that the “zipper 

frame” is sensitive to the construction details which, if not properly considered, may 

render the system ineffective. 

• The new formulation can identify the sensitive spots and can lead to better detail 

considerations and addition of redundancies. 

In conclusion, the formulation can predict inelastic buckling and its accuracy depends on the 

knowledge of model details. 
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APPENDIX A 

DETAILS ON THE DEDUCTION OF COMPATIBILITY EQUATIONS  

A.1 Deduction of equation 2.65 

Equation (2.63) can be re-written to incorporate the results in Equation (2.64): 

( )( ) ( )t t
1 1 1 1

d 1
dx

E t E tξ
= ⋅ ⋅ + ε + ⋅ εΩ  (A.1) 

Integrating from 0 to L: 

( )( ) ( )( )

( ) ( )( )

( )

L L
t t
1 1 1 1

0 0
L L

t t t
1 1 1 1

0 0

L L
t t t
1 1 1

0 0

d dx 1 dx
dx

1 dx dx

d
dx

d dx dxdx
d

dx

E t E t

              E E E t E t

              E E E t

ξ
= ⋅ ⋅ + ε + ⋅ ε

= ⋅ ⋅ ⋅ ⋅ + ε + ⋅ ε

⎛ ξ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥η= ⋅ ⋅ ⋅ + ⋅ ε⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠

∫ ∫

∫ ∫

∫ ∫

Ω

Ω

Ω

 (A.2) 

Integrating the first integral by parts: 

t t t t
1 1

du du
dx

d
dx

ddv dx vdx
d

dx

E E              E E

                

= ⋅ ⋅ = ⋅ ⋅

⎛ ξ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥ ξ⎡ ⎤⎜ ⎟⎢ ⎥ ⎢ ⎥η= = η⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟⎢ ⎥ ⎢ ⎥χ⎣ ⎦χ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠

Ω
Ω

 (A.3) 
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( ) ( )

( )( )
( )
( )
( )

( )( )
( )
( )
( )

0

L L
t t t t t t
1 1 1

0 0
L

t t t t t t
1 1 1
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dx

dd dx dxdx dx
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dx

L 0
dL L 0 0
dx

L 0

E E E E E E

        E E E E E E

⎛ ξ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥ ξ ⎛ ξ ⎞⎡ ⎤ ⎡ ⎤⎜ ⎟⎢ ⎥ ⎜ ⎟⎢ ⎥ ⎢ ⎥η⋅ ⋅ ⋅ = ⋅ ⋅ η − ⋅ ⋅ η⎜ ⎟⎢ ⎥ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟⎢ ⎥ ⎜ ⎟⎢ ⎥ ⎢ ⎥χ χ⎣ ⎦ ⎣ ⎦χ ⎝ ⎠⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠

ξ ξ ξ⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥ ⎢= ⋅ ⋅ η − ⋅ ⋅ η − ⋅ ⋅ η⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢χ χ χ⎣⎣ ⎦ ⎣ ⎦

∫ ∫
Ω

Ω Ω

Ω
Ω Ω

( )( )
( )

( )( ) ( )

L

0

L
t t t t
1 1

0

L
t t t t
1 11

0

dx

L
dL 0 dx
dx

0

dL L dx
dx

         E E E E

          E E E E

⎛ ⎞⎤
⎜ ⎟⎥
⎜ ⎟⎥
⎜ ⎟⎥⎦⎝ ⎠

ξ ⎛ ξ ⎞⎡ ⎤ ⎡ ⎤
⎜ ⎟⎢ ⎥ ⎢ ⎥= ⋅ ⋅ − ⋅ ⋅ η⎜ ⎟⎢ ⎥ ⎢ ⎥
⎜ ⎟⎢ ⎥ ⎢ ⎥χ⎣ ⎦⎣ ⎦ ⎝ ⎠

⎛ ξ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥= ⋅ ⋅ ξ − ⋅ ⋅ η⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠

∫

∫

∫

Ω
Ω

Ω
Ω

 (A.4) 

Since the origin of the E coordinate system is in node i, ξ(0)=η(0)=χ(0)=0, also by definition of 

the member’s chord η(L)=χ(L)=0. Thus, Equation (A.2) becomes: 

( )
L L L

t t t t t
1 L 1 1 11

0 0 0

d ddx dx dx
dx dx

E E E E E t
⎛ ξ ⎞⎡ ⎤

ξ ⎜ ⎟⎢ ⎥= ⋅ ⋅ ξ − ⋅ ⋅ η + ⋅ ε⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠

∫ ∫ ∫
Ω

Ω  (A.5) 

But since the skew-symmetric matrix is equivalent to a cross product, the first term is null. 

L L L
t t t
1 1 1

0 0 0

d ddx dx dx
dx dx

E E E t
⎛ ξ ⎞⎡ ⎤

ξ ⎜ ⎟⎢ ⎥= − ⋅ ⋅ η + ⋅ ε⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥χ⎣ ⎦⎝ ⎠

∫ ∫ ∫
Ω  (A.6) 

The equations for η and χ are found in a similar way. However, in those cases, the first terms in 

Equation (A.5) are: 

( )( ) ( )
( )( ) ( )

t t
2 2 1

t t
3 3 1

C L L

C L L

E E

E E

= ⋅ ⋅ ξ

= ⋅ ⋅ ξ

Ω

Ω
 (A.7) 

A.2 Derivation of Equation 2.68 

Considering Equation (2.67) in spatial form: 
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 (A.8) 

The material representation: 

( )

( ) ( )( )

( )( )
( )

( )( )
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m m m m

t m m
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t t t t t t t t
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φ φ ω φ φ φ

ω
φ φ φ φ

ω
φ φ

ωω ω ω ω ω
ω ω Ω ω

ω
φ φ

 (A.9) 

Where last expression is found by using the definition Ωω=0.  

A.3 Compatibility equations in terms of material curvatures 

Writing dΩ/dx in material coordinates: 

( )
m t

m t m t t m

m
m m t t m m t

m
t

d d d d d
dx dx dx dx dx

d
dx

d
dx

R RR R R R R R

     R R R R R R

     R R

= = + +

= + −

=

Ω Ω
Ω Ω Ω

Ω
Ω Ω Ω Ω

Ω

 (A.10) 

The compatibility equations become: 
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L L Lm
t t t t
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And replacing the relationship between dΩm/dx and φm: 
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tt t m t t t

1 1 1 1 1 m
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∫ ∫

∫

Ψ Ψ
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Ψ Ψ

Ψ
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 (A.13) 
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Ψ Ψ

Ψ
φ

 (A.14) 

A.4 Derivation of Matrix B 

Replacing Equation (2.72) at the right hand side of Equation (2.71): 
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⎢ ⎥

ξ⎡ ⎤⎢ ⎥
⎢ ⎥⎢ ⎥η × ξ η χ + ε⎢ ⎥⎢ ⎥
⎢ ⎥χ⎢ ⎥⎣ ⎦
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 (A.15) 

Defining: 

L

L

1 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 1
0 0 0 1 1 0
0 1 1 0 0 0

D

⎡ ⎤
⎢ ⎥−ξ⎢ ⎥
⎢ ⎥ξ

= ⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥

−⎣ ⎦

 (A.16) 

D is an invertible matrix and is invariable with respect to x (because it contains the boundary 

conditions), so it can be included under the integral: 
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q
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The inverse of matrix D is: 

L

L1

L

L
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 (A.18) 

Defining B: 
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 (A.19) 
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 (A.20) 

A.5 Force transformation from corotated to deformed coordinates 

The transformation to deformed coordinates t is done through Rt, i.e. the elements in E 

coordinate system have to be written in terms of the t coordinate system. 
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E t E t E t
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ξ ξ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + ξ ξ

= − χ − η + + − − χ + + − + η⎜ ⎟ ⎜ ⎟ ⎜ ⎟
ξ ξ ξ ξ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

x x x x

 (A.22) 

( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( )

( ) ( )

E t E t E t
z x 3 1 y 3 2 z 3 3

6 y z 13 4 5 4 1 23 2 3 2 1 33
L L

2 3 4 5
6 13 4 5 4 1 23 2 3 2 1 33

L L L L

M M E t M E t M E t

Q V V R Q Q Q Q R Q Q Q Q R

Q Q Q QQ R Q Q Q Q R Q Q Q Q R

          

          

= + +

⎛ ⎞ ⎛ ⎞ξ ξ
= − χ − η + + − − χ + + − + η⎜ ⎟ ⎜ ⎟

ξ ξ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + ξ ξ

= − χ − η + + − − χ + + − + η⎜ ⎟ ⎜ ⎟ ⎜ ⎟
ξ ξ ξ ξ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

x x x x

 (A.23) 

( ) ( ) ( ) ( )t t t
1 1 1 y 2 1 z 3 1

2 3 4 5 2 3 4 5
1 11 21 31 1 11 12 13

L L L L

P Q E t V E t V E t

Q Q Q Q Q Q Q QQ R R R Q R R R       

= + −

+ + + +
= + − = − +

ξ ξ ξ ξ

x
 (A.24) 

Thus, one can write the above equations in matrix form: 
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12 12 13 13
11

L L L L

31 11 21 11
31 21 31 11 21 11 11

L L L L L L*t
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32 22 32 12 22 12 12

L L L L L L

33 23
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ξ ξ ξ ξ ξ ξ⎝ ⎠ ⎝ ⎠
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⎛ ⎞ ⎛ ⎞ξ χ ξ − χ ξ η ξ − η
η − χ − − − −⎜ ⎟ ⎜ ⎟
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η − χ −⎜
ξ⎝
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6

R R R RR R 1 R R R

Q
QP
QM
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QM
Q
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⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎛ ⎞χ ξ − χ ξ η ξ − η

− − −⎢ ⎥⎟ ⎜ ⎟
ξ ξ ξ ξ ξ⎢ ⎥⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤
⎢ ⎥⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ = ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥⎣ ⎦

x

 (A.25) 
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APPENDIX B 

This appendix contains the description of the input file to Element.exe and an example. 

B.1 Input file user’s manual 

B.1.1 Introduction 

Element.exe is a program capable of solving 3-dimensional structures with large displacements 

and large rotations. The nodes’ initial position, the elements’ connectivity, 

materials’ definition, initial conditions, restraints, loads and output information 

are contained in an “input file”, which has a strict format. The objective of this 

format is to guide the program through the different options and ensure the proper 

interpretation of the data. The user’s manual is a description of the input file 

format. 

B.1.2 General considerations 

• The input file has to be named “InputFile.dat”. 

• Input file, load files and executable file must be in the same folder to run properly. 

Output files are also written in the same folder, therefore if more than 1 output file is to 

be written, they have to have different names or the information will be written in a 

single file. If the file already exists, it will not be overwritten, it will be appended. 

• Each line is preceded by a few words (written in bold letters below) that tells the program 

what part of the input file is reading. These words are essential to the correct 

interpretation of the input file. 

• The input file is case sensitive. 

• The loading can be static or dynamic. For static analysis, a history of displacements or 

forces can be prescribed at any node and in any direction. When a static analysis is being 

performed, the time step is still needed and can be set to a very large quantity (100). This 

ensures that the rates of the variables remain constant after the initial velocity required to 

get to the initial conditions is reached. For dynamic analysis, the frequency of the 
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recorded motion can be used as time step. Sometimes, if the structure is highly nonlinear, 

a very small time step will prompt the solver into numerical errors and it will fail.  

• Initial conditions: the program is set such that the user needs only to input the initial 

conditions for the variables, not for its rates. Even in the case of dynamic analysis, where 

the velocities are part of the variable vector, its initial conditions are not needed. In 

general, the set of initial conditions must be a good approximation of the actual 

deformations, forces and strains under the specified loads. If the solver fails in the initial 

conditions calculation is because there is an error in the user’s input. The loads for initial 

conditions must also be provided so that equilibrium can be satisfied. The loads can be 

prescribed displacements or forces, not accelerations and must be defined separately from 

the analysis loads. It is a good idea to use gravity loads for initial conditions purposes 

because the structure is easy to solve for them. Also, the loads can be carried as constant 

loads through the analysis. The user can always skip the verification of the initial 

conditions but must provide the complete set for both the variables and its rates. It is 

recommended to let the solver compute these values. If an initial condition of no loading 

(a vector of zero valued variables) is used, the program will not converge. 

• Damping: damping in this program is considered to be only mass proportional. Because 

the program lacks the procedure to calculate the frequencies of the structure, the first 

frequency must be input by the user along with the damping ratio associated to that 

frequency. Since this program is based on a formulation in the state space, no mass, 

stiffness or damping matrices are created. The damping is considered in every 

equilibrium equation that has mass, the damping coefficient “c” is then calculated as the 

mass factor a0 = 2ζω times the mass at that dof: c = a0 m. 

 

 

B.1.3 Input file format 

title: 1 line with no more than 128 characters 

 Example:  Program description 
  The actual word “title” is not needed but the program 

expects the first sentence to be an explanatory note. 
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total time Total number of points in the input load file 

 Example: total time 745 

time step Frequency of the input motion. 

 Example: time step 10 

node node # <SPACE> coordinate x <SPACE> coordinate y <SPACE> coordinate z 

 Example: node 1 10 10 0 
  node #1 has coordinates x=10, y=10 and z=0 
  all coordinates must be specified even if they are zero 

element element # <SPACE> node i <SPACE> node j <SPACE> material # <SPACE> 

number of integration points 

 Example: element 1 2 6 1 10 
  element 1 goes from node 2 to node 6, has material 

properties #1 and 10 integration points. 
  The number of integration points has to be between 3 and 

10 (including these numbers) 

spring spring # <SPACE> node number <SPACE> stiffness x <SPACE> stiffness y <SPACE> 

stiffness z <SPACE> rotational stiffness x <SPACE> rotational stiffness y <SPACE> rotational 

stiffness z 

 Example: spring 1 2 10 3 400 0.05 30 11 
  Spring #1 is attached to node #2 and has the following 

stiffnesses: Kx = 10; Ky = 3; Kz = 400; Kθx = 0.05; Kθy 
= 30 and Kθz = 11 

material material # <SPACE> section type <SPACE> E <SPACE> A <SPACE> G 

<SPACE> J <SPACE> Iy <SPACE> Iz <SPACE> Zy <SPACE> Zz <SPACE> σy <SPACE> a 

 Example: material 1 HSS 29000 0.84 11600 0.796 0.486 0.486 0.584 
0.584 60 0.03 

  Section type can be ‘HSS’, ‘W’ or ‘ELASTIC’ 
  E: modulus of elasticity 
  A: area of the section 
  G: Shear modulus 
  J: torsional stiffness 
  Iy, Iz: inertia in the weak and strong axis 
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  Zy, Zz: plastic modulus in the weak and strong axis 
  σy: yield strength 
  a: post yield stiffness, ratio of the elastic stiffness 

restraint node number <SPACE> direction x <SPACE> direction y <SPACE> direction z 

<SPACE> rotation x <SPACE> rotation y <SPACE> rotation z 

 Example: restraint 5 1 1 1 0 0 0 
  Node 5 is restraint against displacement but not against 

rotation 
  restraint = 0: not restrained 
  restraint = 1: restrained 

damping damping ratio <SPACE> frequency 

 Example: damping 0.06 26.7 
  In this case, the modal damping ratio is 6% and the 

frequency of the structure is ω =26.7 rad/s. 

 

load analysis force node number <SPACE> direction <SPACE> file name 

 Example: load analysis force 2 1 load.dat 
  The load contained in file ‘load.dat’ is applied at node#2 in 

the direction 1. 
  direction = 1: global x translation 
  direction = 2: global y translation 
  direction = 3: global z translation 
  direction = 4: global x rotation 
  direction = 5: global y rotation 
  direction = 6: global z rotation 

load analysis disp node number <SPACE> direction <SPACE> file name 

 Same as load force. 

load analysis accel 0 <SPACE> direction <SPACE> gravity <SPACE> file name 

 Example: load analysis accel 0 1 386.4 accel.dat 
  In this case, the node number 0 is not considered by the 

program, so any number can be input. 
  directions are the same as in “load analysis force” 
  gravity is the constant by which the file “accel.dat” must 

be amplified to obtain proper acceleration units  
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analysis IC consistent <SPACE> permanent 

 Example: analysis IC 0 0 
  consistent IC: 0=no; 1=yes 
  permanent IC: 0=no; 1=yes 

load IC force node number <SPACE> direction <SPACE> file name 

 Same as “load analysis force” 

load IC disp node number <SPACE> direction <SPACE> file name 

 Same as “load analysis disp” 

analysis type 

 Example: analysis static 
  Available types:  static; dynamic 

Numbering type 

 Example: Numbering RCM 
  Available types: PLAIN; RCM 

IC node node # <SPACE> displ x <SPACE> displ y <SPACE> displ z <SPACE> rotation 

x <SPACE> rotation y <SPACE> rotation z 

 Example:  IC node 1 0.01 0.01 0 0 0 0.00004 
  The initial displacement of node 1 is: 
  displacement x = 0.01 
  displacement y = 0.01 
  displacement z = 0 
  rotation x = 0 
  rotation y = 0 
  rotation z = 0.00004 

IC element element # <SPACE> axial force <SPACE> moment z node i <SPACE> moment 

z node j <SPACE> moment y node i <SPACE> moment y node j <SPACE> torsion 

 Example: IC element 5 10.8 -2.3 3.5 4.8 6.6 0.1 
  Element 5 in CR coordinates is in equilibrium with the 

following forces: 
  Axial force = 10.8 
  Moment z (strong) node i = -2.3 
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  Moment z (strong) node j = 3.5 
  Moment y (weak) node i = 4.8 
  Moment y (weak) node j = 6.6 
  Torsion = 0.1 

IC ip element number <SPACE> integration point # <SPACE> axial deformation ε <SPACE> 

curvature x <SPACE> curvature y <SPACE> curvature z 

 Example:  IC ip 1 3 0.0002 0.00004 0.000005 0.000003 
  Integration point # 3 on element #1 has the following 

strains: 
  Axial strain e = 0.0002  
  Curvature in x (axial )direction = 0.00004  
  Curvature in y (weak) direction = 0.000005 
  Curvature in z (strong) direction = 0.000003 

outputfiles number of files <SPACE> number of points in each file 

 Example: outputfiles 3 120 380 245 
  There will be 3 output files, the first one will have 120 

points, the second one will have 380 points and the third 
one will have 245 points. The total number of points 
(120+380+245) = 745 cannot exceed the total time 
specified in line 2. 

output node node # <SPACE> directions 

 Example:  output node 1 1 1 1 0 0 0 
  Print output = 1 do not print output = 0 
  In the example, only displacements will be printed for node 

1. 

file file name for output node above 

 Example: file node1_1.out 
  file node 1_2.out 
  file node1_3.out 
  Since 3 files were specified in the line outputfiles, 3 lines 

of input with names for the different files are expected by 
the program. 

output element  element # <SPACE> type <SPACE> forces  

 Example: output element 5 global 1 1 1 1 1 0  
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  All forces except torsion will be written to files for element 
#5. 

  Available types: global; local 

file  file name for output element above 

 Same as for output node. 

output ip ip # <SPACE> strains 

 Example: output ip 260 1 0 0 0 
  Only axial strains will be written to file for IP #260. 

file file name for output ip above 

 Same as in output node. 

B.2 Example of input file 

This input file corresponds to the 1st story zipper frame model analyzed in Chapter 5. 

ZipperHinged 

total time 15000 

time step 10 

node 1 0 0 0 

node 2 4.8337693005949358 6.3745332651595712 0.037058924051024691 

node 3 14.010378207193135 18.476186260735943 0.089137627700906039 

node 4 17.409122246673949 22.958279962801267 0.097936784822100817 

node 5 20.807866286154763 27.440373664866591 0.099798774491541772 

node 6 24.206610325635577 31.922467366931915 0.094591706182561006 

node 7 27.6053543651163911 36.404561068997239 0.082684412758701434 

node 8 3.67819632717145881 4.8506214064573612 0.025006173300166315 

node 9 40 52.75 0 

node 10 43.218036728285412 48.506214064573612 0.025006173300166315 

node 11 52.394645634883609 36.404561068997239 0.082684412758701434 

node 12 55.793389674364420 31.922467366931915 0.094591706182561006 

node 13 59.192133713845237 27.440373664866591 0.099798774491541772 

node 14 62.590877753326055 22.958279962801267 0.097936784822100817 
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node 15 65.989621792806872 18.476186260735943 0.089137627700906039 

node 16 75.166230699405062 6.3745332651595712 0.037058924051024691 

node 17 80 0 0 

node 18 0 52.75 0 

node 19 80 52.75 0 

mass 18 0.022 0 0 0 0 0 

mass 19 0.022 0 0 0 0 0 

element 1 1 2 2 10 

element 2 2 3 1 10 

element 3 3 4 1 10 

element 4 4 5 1 10 

element 5 5 6 1 10 

element 6 6 7 1 10 

element 7 7 8 1 10 

element 8 8 9 2 10 

element 9 10 9 2 10 

element 10 11 10 1 10 

element 11 12 11 1 10 

element 12 13 12 1 10 

element 13 14 13 1 10 

element 14 15 14 1 10 

element 15 16 15 1 10 

element 16 17 16 2 10 

element 17 18 9 3 10 

element 18 9 19 3 10 

spring  1 9 0 383 0 0 0 0 

material 1 HSS 29000 0.84 11600 0.796 0.486 0.486 0.584 0.584 60 0.03 

material 2 HSS 29000 4.2 11600 0.796 0.0972 0.0486 0.292 0.292 60 0.03 

material 3 W 29000 2.2 11600 0.07 0.461 1.94 0.821 2.35 50 0.03 

restraint 1 1 1 1 1 1 1 

restraint 17 1 1 1 1 1 1 
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restraint 18 0 1 1 1 1 1 

restraint 19 0 1 1 1 1 1 

Numbering RCM 

analysis dynamic 

damping 0.06 26.7 

load analysis accel 0 1 386.4 Test2_accel.dat 

analysis IC 0 0 

load IC disp 18 1 ICbeamW_floor1.dat 

load IC disp 19 1 ICbeamE_floor1.dat 

 

IC node 1 0 0 0 0 0 0 

IC node 2 -4.8922121782979389e-5 8.1590734168912604e-11 0 0 0 0 

IC node 3 -1.4179771235589556e-4 2.3648638602935534e-10 0 0 0 0 

IC node 4 -1.7619607923435865e-4 2.9385560651462583e-10 0 0 0 0 

IC node 5 -2.1059444611637446e-4 3.5121772157253872e-10 0 0 0 0 

IC node 6 -2.4499281299128484e-4 4.0859049477148801e-10 0 0 0 0 

IC node 7 -2.7939117987330064e-4 4.6595260982940090e-10 0 0 0 0 

IC node 8 -3.7226677044088774e-4 6.2085803165246034e-10 0 0 0 0 

IC node 9 -4.0483621572496540e-4 6.7517461471324837e-10 0 0 0 0 

IC node 10 -3.7226677044088774e-4 6.2085092622510274e-10 0 0 0 0 

IC node 11 -2.7939117987330064e-4 4.659597152567585e-10 0  0 0 0 

IC node 12 -2.44992812994837550e-4 4.0860115291252441e-10 0 0 0 0 

IC node 13 -2.10594446116374460e-4 3.5122837971357512e-10 0 0 0 0  

IC node 14 -1.76196079237911360e-4 2.9385560651462583e-10 0 0 0 0 

IC node 15 -1.41797712359448270e-4 2.3648638602935534e-10 0 0 0 0 

IC node 16 -4.89221217776503180e-5 8.1590734168912604e-11 0  0 0 0 

IC node 17 0 0 0 0 0 0 

IC node 18  -4.38933638844259E-04 0 0 0 0 0 

IC node 19 -4.38933638844259E-04 0 0 0 0 0 

IC element 1 -9.00E-02 0 7.67E-06 0 3.34E-03 0 

IC element 2 -9.00E-02  -5.68E-06  1.37E-05  -3.34E-03  8.02E-03  0 
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IC element 3 -9.00E-02  -6.23E-06  6.85E-06  -8.02E-03  8.82E-03  0 

IC element 4 -9.00E-02  -1.45E-06  1.48E-06  -8.82E-03  8.98E-03  0 

IC element 5 -9.00E-02  4.13E-06  -3.91E-06  -8.98E-03  8.51E-03  0 

IC element 6 -9.00E-02  8.95E-06  -7.83E-06  -8.51E-03  7.44E-03  0 

IC element 7 -9.00E-02  1.40E-05  -4.25E-06  -7.44E-03  2.25E-03  0 

IC element 8 -9.00E-02  5.25E-06  4.97E-17  -2.25E-03  -3.04E-18  0 

IC element 9 9.00E-02  -2.13E-05  -1.12E-15  2.25E-03  -1.30E-18  0 

IC element 10 9.00E-02  -5.69E-05  1.72E-05   7.44E-03  -2.25E-03  0 

IC element 11 9.00E-02  -3.63E-05  3.17E-05   8.51E-03  -7.44E-03  0 

IC element 12 9.00E-02  -1.67E-05  1.59E-05   8.98E-03  -8.51E-03  0 

IC element 13 9.00E-02  5.87E-06  -5.99E-06   8.82E-03  -8.98E-03  0 

IC element 14 9.00E-02  2.53E-05  -2.78E-05   8.02E-03  -8.82E-03  0 

IC element 15 9.00E-02  2.30E-05  -5.54E-05   3.34E-03  -8.02E-03  0 

IC element 16 9.00E-02  0  -3.11E-05  0  -3.34E-03  0 

IC element 17 5.44E-02 0 0 0 0 0 

IC element 18  -5.44E-02 0 0 0 0 0 

IC ip 1 1 -3.69E-06 0.00E+00 0.00E+00 0.00E+00   

IC ip 1 2 -3.69E-06 0.00E+00 1.39E-08 3.09E-11   

IC ip 1 3 -3.69E-06 0.00E+00 4.50E-08 1.00E-10   

IC ip 1 4 -3.69E-06 0.00E+00 8.99E-08 2.01E-10   

IC ip 1 5 -3.69E-06 0.00E+00 1.44E-07 3.21E-10   

IC ip 1 6 -3.69E-06 0.00E+00 2.01E-07 4.48E-10   

IC ip 1 7 -3.69E-06 0.00E+00 2.54E-07 5.68E-10   

IC ip 1 8 -3.69E-06 0.00E+00 2.99E-07 6.68E-10   

IC ip 1 9 -3.69E-06 0.00E+00 3.30E-07 7.38E-10   

IC ip 1 10 -3.69E-06 0.00E+00 3.44E-07 7.68E-10   

IC ip 2 1 -3.69E-06 1.27E-23 3.44E-07 5.38E-10   

IC ip 2 2 -3.69E-06 1.27E-23 3.53E-07 5.53E-10   

IC ip 2 3 -3.69E-06 1.27E-23 3.74E-07 5.84E-10   

IC ip 2 4 -3.69E-06 1.27E-23 4.03E-07 6.30E-10   

IC ip 2 5 -3.69E-06 1.27E-23 4.38E-07 6.85E-10 
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IC ip 2 6 -3.69E-06 1.27E-23 4.75E-07 7.43E-10 

IC ip 2 7 -3.69E-06 1.27E-23 5.11E-07 7.98E-10 

IC ip 2 8 -3.69E-06 1.27E-23 5.40E-07 8.44E-10 

IC ip 2 9 -3.69E-06 1.27E-23 5.60E-07 8.76E-10 

IC ip 2 10 -3.69E-06 1.27E-23 5.69E-07 8.90E-10 

IC ip 3 1 -3.69E-06 3.23E-23 5.69E-07 4.42E-10 

IC ip 3 2 -3.69E-06 3.23E-23 5.72E-07 4.44E-10 

IC ip 3 3 -3.69E-06 3.23E-23 5.77E-07 4.48E-10 

IC ip 3 4 -3.69E-06 3.23E-23 5.84E-07 4.54E-10 

IC ip 3 5 -3.69E-06 3.23E-23 5.93E-07 4.61E-10 

IC ip 3 6 -3.69E-06 3.23E-23 6.02E-07 4.68E-10 

IC ip 3 7 -3.69E-06 3.23E-23 6.11E-07 4.75E-10 

IC ip 3 8 -3.69E-06 3.23E-23 6.18E-07 4.80E-10 

IC ip 3 9 -3.69E-06 3.23E-23 6.23E-07 4.84E-10 

IC ip 3 10 -3.69E-06 3.23E-23 6.25E-07 4.86E-10 

IC ip 4 1 -3.69E-06 -8.86E-23 6.25E-07 1.03E-10 

IC ip 4 2 -3.69E-06 -8.86E-23 6.26E-07 1.03E-10 

IC ip 4 3 -3.69E-06 -8.86E-23 6.27E-07 1.03E-10 

IC ip 4 4 -3.69E-06 -8.86E-23 6.29E-07 1.03E-10 

IC ip 4 5 -3.69E-06 -8.86E-23 6.30E-07 1.04E-10 

IC ip 4 6 -3.69E-06 -8.86E-23 6.32E-07 1.04E-10 

IC ip 4 7 -3.69E-06 -8.86E-23 6.34E-07 1.04E-10 

IC ip 4 8 -3.69E-06 -8.86E-23 6.36E-07 1.05E-10 

IC ip 4 9 -3.69E-06 -8.86E-23 6.37E-07 1.05E-10 

IC ip 4 10 -3.69E-06 -8.86E-23 6.37E-07 1.05E-10 

IC ip 5 1 -3.69E-06 -1.59E-23 6.37E-07 -2.93E-10 

IC ip 5 2 -3.69E-06 -1.59E-23 6.36E-07 -2.92E-10 

IC ip 5 3 -3.69E-06 -1.59E-23 6.33E-07 -2.91E-10 

IC ip 5 4 -3.69E-06 -1.59E-23 6.29E-07 -2.89E-10 

IC ip 5 5 -3.69E-06 -1.59E-23 6.23E-07 -2.87E-10 

IC ip 5 6 -3.69E-06 -1.59E-23 6.18E-07 -2.84E-10 
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IC ip 5 7 -3.69E-06 -1.59E-23 6.13E-07 -2.82E-10 

IC ip 5 8 -3.69E-06 -1.59E-23 6.08E-07 -2.80E-10 

IC ip 5 9 -3.69E-06 -1.59E-23 6.05E-07 -2.78E-10 

IC ip 5 10 -3.69E-06 -1.59E-23 6.04E-07 -2.78E-10 

IC ip 6 1 -3.69E-06 -1.19E-22 6.04E-07 -6.35E-10 

IC ip 6 2 -3.69E-06 -1.19E-22 6.01E-07 -6.32E-10 

IC ip 6 3 -3.69E-06 -1.19E-22 5.94E-07 -6.25E-10 

IC ip 6 4 -3.69E-06 -1.19E-22 5.84E-07 -6.14E-10 

IC ip 6 5 -3.69E-06 -1.19E-22 5.72E-07 -6.02E-10 

IC ip 6 6 -3.69E-06 -1.19E-22 5.60E-07 -5.89E-10 

IC ip 6 7 -3.69E-06 -1.19E-22 5.48E-07 -5.76E-10 

IC ip 6 8 -3.69E-06 -1.19E-22 5.38E-07 -5.66E-10 

IC ip 6 9 -3.69E-06 -1.19E-22 5.31E-07 -5.58E-10 

IC ip 6 10 -3.69E-06 -1.19E-22 5.28E-07 -5.55E-10 

IC ip 7 1 -3.69E-06 -1.81E-22 5.28E-07 -9.34E-10 

IC ip 7 2 -3.69E-06 -1.81E-22 5.18E-07 -9.16E-10 

IC ip 7 3 -3.69E-06 -1.81E-22 4.95E-07 -8.76E-10 

IC ip 7 4 -3.69E-06 -1.81E-22 4.62E-07 -8.17E-10 

IC ip 7 5 -3.69E-06 -1.81E-22 4.22E-07 -7.46E-10 

IC ip 7 6 -3.69E-06 -1.81E-22 3.80E-07 -6.72E-10 

IC ip 7 7 -3.69E-06 -1.81E-22 3.40E-07 -6.02E-10 

IC ip 7 8 -3.69E-06 -1.81E-22 3.07E-07 -5.43E-10 

IC ip 7 9 -3.69E-06 -1.81E-22 2.84E-07 -5.02E-10 

IC ip 7 10 -3.69E-06 -1.81E-22 2.74E-07 -4.84E-10 

IC ip 8 1 -3.69E-06 -2.65E-22 2.74E-07 -6.24E-10 

IC ip 8 2 -3.69E-06 -2.65E-22 2.62E-07 -5.99E-10 

IC ip 8 3 -3.69E-06 -2.65E-22 2.38E-07 -5.42E-10 

IC ip 8 4 -3.69E-06 -2.65E-22 2.02E-07 -4.61E-10 

IC ip 8 5 -3.69E-06 -2.65E-22 1.59E-07 -3.63E-10 

IC ip 8 6 -3.69E-06 -2.65E-22 1.14E-07 -2.60E-10 

IC ip 8 7 -3.69E-06 -2.65E-22 7.14E-08 -1.63E-10 
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IC ip 8 8 -3.69E-06 -2.65E-22 3.57E-08 -8.15E-11 

IC ip 8 9 -3.69E-06 -2.65E-22 1.10E-08 -2.51E-11 

IC ip 8 10 -3.69E-06 -2.65E-22 -1.85E-22 1.47E-20 

IC ip 9 1 3.69E-06 2.22E-22 -2.73E-07 2.53E-09 

IC ip 9 2 3.69E-06 2.22E-22 -2.62E-07 2.43E-09 

IC ip 9 3 3.69E-06 2.22E-22 -2.38E-07 2.20E-09 

IC ip 9 4 3.69E-06 2.22E-22 -2.02E-07 1.87E-09 

IC ip 9 5 3.69E-06 2.22E-22 -1.59E-07 1.47E-09 

IC ip 9 6 3.69E-06 2.22E-22 -1.14E-07 1.06E-09 

IC ip 9 7 3.69E-06 2.22E-22 -7.14E-08 6.60E-10 

IC ip 9 8 3.69E-06 2.22E-22 -3.57E-08 3.30E-10 

IC ip 9 9 3.69E-06 2.22E-22 -1.10E-08 1.02E-10 

IC ip 9 10 3.69E-06 2.22E-22 -1.85E-22 -3.69E-20 

IC ip 10 1 3.69E-06 2.68E-22 -5.28E-07 3.79E-09 

IC ip 10 2 3.69E-06 2.68E-22 -5.18E-07 3.71E-09 

IC ip 10 3 3.69E-06 2.68E-22 -4.95E-07 3.55E-09 

IC ip 10 4 3.69E-06 2.68E-22 -4.62E-07 3.31E-09 

IC ip 10 5 3.69E-06 2.68E-22 -4.22E-07 3.03E-09 

IC ip 10 6 3.69E-06 2.68E-22 -3.80E-07 2.72E-09 

IC ip 10 7 3.69E-06 2.68E-22 -3.40E-07 2.44E-09 

IC ip 10 8 3.69E-06 2.68E-22 -3.07E-07 2.20E-09 

IC ip 10 9 3.69E-06 2.68E-22 -2.84E-07 2.04E-09 

IC ip 10 10 3.69E-06 2.68E-22 -2.73E-07 1.96E-09 

IC ip 11 1 3.69E-06 5.42E-22 -6.04E-07 2.57E-09 

IC ip 11 2 3.69E-06 5.42E-22 -6.01E-07 2.56E-09 

IC ip 11 3 3.69E-06 5.42E-22 -5.94E-07 2.53E-09 

IC ip 11 4 3.69E-06 5.42E-22 -5.84E-07 2.49E-09 

IC ip 11 5 3.69E-06 5.42E-22 -5.72E-07 2.44E-09 

IC ip 11 6 3.69E-06 5.42E-22 -5.60E-07 2.39E-09 

IC ip 11 7 3.69E-06 5.42E-22 -5.48E-07 2.34E-09 

IC ip 11 8 3.69E-06 5.42E-22 -5.38E-07 2.29E-09 
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IC ip 11 9 3.69E-06 5.42E-22 -5.31E-07 2.26E-09 

IC ip 11 10 3.69E-06 5.42E-22 -5.28E-07 2.25E-09 

IC ip 12 1 3.69E-06 -3.71E-22 -6.37E-07 1.19E-09 

IC ip 12 2 3.69E-06 -3.71E-22 -6.36E-07 1.19E-09 

IC ip 12 3 3.69E-06 -3.71E-22 -6.33E-07 1.18E-09 

IC ip 12 4 3.69E-06 -3.71E-22 -6.29E-07 1.17E-09 

IC ip 12 5 3.69E-06 -3.71E-22 -6.23E-07 1.16E-09 

IC ip 12 6 3.69E-06 -3.71E-22 -6.18E-07 1.15E-09 

IC ip 12 7 3.69E-06 -3.71E-22 -6.13E-07 1.14E-09 

IC ip 12 8 3.69E-06 -3.71E-22 -6.08E-07 1.13E-09 

IC ip 12 9 3.69E-06 -3.71E-22 -6.05E-07 1.13E-09 

IC ip 12 10 3.69E-06 -3.71E-22 -6.04E-07 1.13E-09 

IC ip 13 1 3.69E-06 -1.93E-22 -6.25E-07 -4.17E-10 

IC ip 13 2 3.69E-06 -1.93E-22 -6.26E-07 -4.17E-10 

IC ip 13 3 3.69E-06 -1.93E-22 -6.27E-07 -4.18E-10 

IC ip 13 4 3.69E-06 -1.93E-22 -6.29E-07 -4.19E-10 

IC ip 13 5 3.69E-06 -1.93E-22 -6.30E-07 -4.20E-10 

IC ip 13 6 3.69E-06 -1.93E-22 -6.32E-07 -4.21E-10 

IC ip 13 7 3.69E-06 -1.93E-22 -6.34E-07 -4.23E-10 

IC ip 13 8 3.69E-06 -1.93E-22 -6.36E-07 -4.24E-10 

IC ip 13 9 3.69E-06 -1.93E-22 -6.37E-07 -4.24E-10 

IC ip 13 10 3.69E-06 -1.93E-22 -6.37E-07 -4.25E-10 

IC ip 14 1 3.69E-06 -5.45E-22 -5.69E-07 -1.79E-09 

IC ip 14 2 3.69E-06 -5.45E-22 -5.72E-07 -1.80E-09 

IC ip 14 3 3.69E-06 -5.45E-22 -5.77E-07 -1.82E-09 

IC ip 14 4 3.69E-06 -5.45E-22 -5.84E-07 -1.84E-09 

IC ip 14 5 3.69E-06 -5.45E-22 -5.93E-07 -1.87E-09 

IC ip 14 6 3.69E-06 -5.45E-22 -6.02E-07 -1.90E-09 

IC ip 14 7 3.69E-06 -5.45E-22 -6.11E-07 -1.92E-09 

IC ip 14 8 3.69E-06 -5.45E-22 -6.18E-07 -1.95E-09 

IC ip 14 9 3.69E-06 -5.45E-22 -6.23E-07 -1.96E-09 
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IC ip 14 10 3.69E-06 -5.45E-22 -6.25E-07 -1.97E-09 

IC ip 15 1 3.69E-06 -2.75E-22 -3.44E-07 -2.18E-09 

IC ip 15 2 3.69E-06 -2.75E-22 -3.53E-07 -2.24E-09 

IC ip 15 3 3.69E-06 -2.75E-22 -3.74E-07 -2.37E-09 

IC ip 15 4 3.69E-06 -2.75E-22 -4.03E-07 -2.55E-09 

IC ip 15 5 3.69E-06 -2.75E-22 -4.38E-07 -2.78E-09 

IC ip 15 6 3.69E-06 -2.75E-22 -4.75E-07 -3.01E-09 

IC ip 15 7 3.69E-06 -2.75E-22 -5.11E-07 -3.24E-09 

IC ip 15 8 3.69E-06 -2.75E-22 -5.40E-07 -3.42E-09 

IC ip 15 9 3.69E-06 -2.75E-22 -5.60E-07 -3.55E-09 

IC ip 15 10 3.69E-06 -2.75E-22 -5.69E-07 -3.61E-09 

IC ip 16 1 3.69E-06 0.00E+00 0.00E+00 0.00E+00 

IC ip 16 2 3.69E-06 0.00E+00 -1.39E-08 -1.25E-10 

IC ip 16 3 3.69E-06 0.00E+00 -4.50E-08 -4.07E-10 

IC ip 16 4 3.69E-06 0.00E+00 -8.99E-08 -8.13E-10 

IC ip 16 5 3.69E-06 0.00E+00 -1.44E-07 -1.30E-09 

IC ip 16 6 3.69E-06 0.00E+00 -2.01E-07 -1.81E-09 

IC ip 16 7 3.69E-06 0.00E+00 -2.54E-07 -2.30E-09 

IC ip 16 8 3.69E-06 0.00E+00 -2.99E-07 -2.71E-09 

IC ip 16 9 3.69E-06 0.00E+00 -3.30E-07 -2.99E-09 

IC ip 16 10 3.69E-06 0.00E+00 -3.44E-07 -3.11E-09 

IC ip 17 1  8.52E-07 0 0 0 

IC ip 17 2  8.52E-07 0 0 0 

IC ip 17 3  8.52E-07 0 0 0 

IC ip 17 4  8.52E-07 0 0 0 

IC ip 17 5  8.52E-07 0 0 0 

IC ip 17 6  8.52E-07 0 0 0 

IC ip 17 7  8.52E-07 0 0 0 

IC ip 17 8  8.52E-07 0 0 0 

IC ip 17 9  8.52E-07 0 0 0 

IC ip 17 10  8.52E-07 0 0 0 
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IC ip 18 1  -8.52E-07 0 0 0 

IC ip 18 2  -8.52E-07 0 0 0 

IC ip 18 3  -8.52E-07 0 0 0 

IC ip 18 4  -8.52E-07 0 0 0 

IC ip 18 5  -8.52E-07 0 0 0 

IC ip 18 6  -8.52E-07 0 0 0 

IC ip 18 7  -8.52E-07 0 0 0 

IC ip 18 8  -8.52E-07 0 0 0 

IC ip 18 9  -8.52E-07 0 0 0 

IC ip 18 10  -8.52E-07 0 0 0 

outputfiles 1 15000 

output node disp 2 1 1 1 0 0 0  

file node2_80.out   

output node disp 3 1 1 1 0 0 0  

file node3_80.out  

output node disp 4 1 1 1 0 0 0  

file node4_80.out  

output node disp 5 1 1 1 0 0 0  

file node5_80.out  

output node disp 6 1 1 1 0 0 0  

file node6_80.out  

output node disp 7 1 1 1 0 0 0  

file node7_80.out  

output node disp 8 1 1 1 0 0 0  

file node8_80.out  

output node disp 9 1 1 1 1 1 1  

file node9_80.out  

output node disp 10 1 1 1 0 0 0  

file node10_80.out  

output node disp 11 1 1 1 0 0 0  

file node11_80.out  
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output node disp 12 1 1 1 0 0 0  

file node12_80.out  

output node disp 13 1 1 1 0 0 0  

file node13_80.out  

output node disp 14 1 1 1 0 0 0  

file node14_80.out  

output node disp 15 1 1 1 0 0 0  

file node15_80.out  

output node disp 16 1 1 1 0 0 0  

file node16_80.out  

output node accel 18 1   

file aacelnode18_80.out 

output node accel 19 1   

file aacelnode19_80.out 

output element 1 global 1 1 1 1 1 1  

file element1_80.out  

output element 2 local 1 1 1 1 1 1  

file element2_80.out  

output element 3 local 1 1 1 1 1 1  

file element3_80.out  

output element 4 local 1 1 1 1 1 1  

file element4_80.out  

output element 5 local 1 1 1 1 1 1  

file element5_80.out  

output element 6 local 1 1 1 1 1 1  

file element6_80.out  

output element 7 local 1 1 1 1 1 1  

file element7_80.out  

output element 8 global 1 1 1 1 1 1  

file element8_80.out  

output element 9 global 1 1 1 1 1 1  
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file element9_80.out  

output element 10 local 1 1 1 1 1 1  

file element10_80.out  

output element 11 local 1 1 1 1 1 1  

file element11_80.out  

output element 12 local 1 1 1 1 1 1  

file element12_80.out  

output element 13 local 1 1 1 1 1 1  

file element13_80.out  

output element 14 local 1 1 1 1 1 1   

file element14_80.out  

output element 15 local 1 1 1 1 1 1  

file element15_80.out  

output element 16 global 1 1 1 1 1 1  

file element16_80.out  

output element 17 local 1 1 1 1 1 1  

file element17_80.out  

output element 18 local 1 1 1 1 1 1  

file element18_80.out 
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APPENDIX C 

DESIGN OF THE “ZIPPER FRAME” 

This Appendix contains information about the general design procedure of a full scale “zipper 

frame” prototype as developed by Yang (Yang 2006) (all the information presented here has 

been kindly provided by Walter Yang). In addition, seismic requirements on compactness, 

slenderness and bracing length for the 1/3 scaled “zipper frame” model are also presented. 

C.1 Suspended “zipper frame” design methodology 

The methodology proposed by Yang (Yang 2006) is a two step design procedure. Step I is a 

design by strength where the frame is analyzed without considering the contribution from the 

“zipper columns” i.e. like a conventional chevron braced frame. All the frame members, except 

for the top story braces, are designed to resist the actions from combined gravity and lateral 

loads.  

Step II is a design by capacity where the frame is analyzed considering the “zipper columns”. 

The introduction of these new elements will change the design of all the other structural 

members except for the braces below the top story. 

The “zipper column” is designed to resist the vertical unbalanced forces generated by the 

braces below the floor under consideration, assuming Py (not Ry Py ) for the braces in tension and 

0.3 times φc Pn for the braces in compression. The use of a tension brace force of Py in the 

capacity calculation prevents excessive deformations in the tension brace and forces the “zipper 

column” to yield soon after the brace under tension force yields, preventing drift concentration in 

a single floor. The value used for the compression capacity is in accordance with current codes, 

and reflects the capacity of a moderately slender brace after buckling. The shear capacity of the 

beams is ignored.  

The top-story braces need to resist both the vertical unbalanced forces and the top-floor level 

equivalent lateral earthquake force. A factor of 1.7 times the top-floor level equivalent 

earthquake force is used because the top-story braces need to be elastic throughout the load 

history. As mentioned by Yang (Yang 2006), this value needs further research. 

A flow chart of the design procedure is found in Figure  C–1. 
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Figure  C–1: Flow chart of the design procedure of a “zipper” braced frame. (From Yang, 2006 Figure 6.3) 

C.2 Design of the 3 story prototype 

A detailed calculation of the member sizes for the three stories prototype can be found in (Yang 

2006). For completeness, the most important features of the procedure are repeated here. 

The chosen prototype is the 3 story SAC moment resisting frame (FEMA 2000) designed for 

downtown Los Angeles. For the 2 % probability of exceedance in 50 years, the mapped spectral 
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accelerations for the short and 1 sec period are 2.16g and 0.72g, respectively, with a PGA of  

0.90 g. 

The design code is the 2005 ASCE-7 (ASCE 2005) for loads and the 2005 AISC LRFD, 

Seismic Provisions and Specifications for members and frame design (AISC 2003; AISC 2005a; 

AISC 2005b). The building is designed as if located on stiff soil (site class D as per ASCE 7-05 

definitions). An importance factor of 1.5 is assigned to the building in accordance of Occupancy 

Category IV. The response modification coefficient, R is 6, consistent with other ductile braced 

systems (special steel concentrically braced frames).  

The lateral load design was controlled by the seismic load provisions from Chapter 12 of 

ASCE 7-05. For design, the beam-to-column connections as well as brace-to-beam and “zipper 

column”-to-beam intersections are assumed to be pinned.  

The calculated seismic base shear was 390 kips per braced bay, with the floor loads being 203 

kips, 125 kips, and 62 kips from the roof to second floor levels, respectively.  

The seismic load combination 5 (ASCE 7-05, Section 12.4.2.3, Equation 4.1) is adopted as 

the critical basic load combination for strength design and the system overstrength factor for 

concentrically braced frames is 2. A summary of demands of the members in the strength design 

phase is shown in Table  C–1. In this phase only the 1st and 2nd story braces are designed because 

they provide most of the lateral resistance of the entire frame. The section HSS 8x8x1/2 is 

selected for the first story braces. This section also meets the requirements for slenderness ratio 

and compactness stipulated in Section 13.2 and Table I-8-1 of the Seismic Provisions (AISC 

2005a). 

Table  C–1: Demands on the structural members in the strength design phase. (From Yang, 2006 Table 6.5) 

Braces Columns Left beams Right beams 

Story Left 

(kip) 

Right 

(kip) 

Left 

(kip) 

Right 

(kip) 

Axial 

Force 

(kip) 

Bending

Moment

(kip ft) 

Axial 

Force 

(kip) 

Bending

Moment

(kip ft) 

3 144 -205 -12 -12 -264 61 0 61 

2 247 -317 130 -222 -271 69 155 69 

1 301 -371 377 -542 -268 69 239 69 
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After the sizes of the braces are determined, the design of “zipper columns” and redesign of 

other structural members is performed using the brace’s capacities. The sequence coincides with 

the load path of the forces in the desired “zipper mechanism”: “zipper columns”, top-story 

braces, columns, and beams. 

The required strength for the second-story “zipper columns” is the combination of the 

unbalanced vertical force and the reaction at midspan of the second-floor beam induced by 

unfactored vertical loads. The selected section are W 12x45 for the second and W 12x96 for the 

third story. These sections meet the seismic requirements. 

The top-story braces are designed at this stage because they have to remain elastic when the 

structure develops its ultimate strength. Accordingly, the required strength for the third-story 

braces should consider both the required forces in the third story “zipper column” and the forces 

induced by the horizontal seismic loads including structural overstrength. The section W 14x132 

is selected. 

For the first-story column, the required force is calculated by superimposing the force from 

the third-story brace, the minimum postbuckling strength from the second-story brace, and the 

axial member force induced by the unfactored vertical loads. The selected section is W 12x96. 

Both the top-story braces are subjected compression, leading to tension in the third-floor 

beam. The section selected for this component is W 10x88. 

A summary of all the members is found in Table  C–2. 

Table  C–2: Summary of the member sizes for the three stories “zipper” braced frame.  
(From Yang, 2006 Table 6.6) 

Story Braces Columns Beams “Zipper columns”

3 W14x332 W12x96 W8x58 W12x96 

2 HSS8x8x1/2 W12x96 W10x88 W12x45 

1 HSS8x8x5/8 W12x96 W10x88  

C.3 Design check of the 1/3 scaled “zipper frame” model 

The braces as well as the “zipper columns” in the “zipper”-braced frame model were cold-

formed welded and seamless hollow square section (HSS) made of ASTM A500 Grade B steel 

(nominal Fy =46 ksi and Fu = 58 ksi). The section HSS2x2x1/8 was used in the first and second-
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story braces while an HSS3x3x3/16 was used in the third floor braces.: The rest of the members 

(beam and columns) were designed using A572 Grade 50 (nominal Fy = 50 ksi and Fu = 65 ksi). 

The chosen sections were: S4x9.5 for all columns, S3x7.5 for the beam at 1st story, S5x10 at the 

beam of the 2nd story and S3x5.7 at the beam of the third story. The column base and gusset 

plates were made of ASTM A36 steel (nominal Fy =36 ksi and Fu = 58ksi). 

Table  C–3 provides the main characteristics of the sections obtained from AISC manual 

(AISC 2003), Table  C–4 provides a check for compactness and Table  C–5 provides the check for 

brace slenderness. 

Section 13.4a of the Seismic provisions specifies the maximum unbraced length for beams in 

special concentrically braced frames which cannot exceed the value given by Equation 1-1-7 of 

the Specifications (AISC 2005a): Lpd = (0.12+0.076 M1/M2) (E/Fy) ry. The evaluation of this 

equation for M1/M2 = 0 (the beams are designed as pinned connections) results in 35.7 in, which 

exceeds the unbraced length of the beam = 80 in. The beam should have been braced laterally. 

Table  C–3: Properties of the selected sections of the 1/3 scale model. (From AISC 2005). 

Section Location 
Area  

(in2) 

Inertia  

(in3) 

Radius of 

Gyration (in) 

HSS 2x2x1/8 Braces 1st and 2nd floors 0.84 0.486 0.761 

HSS 3x3x3/16 Braces 3rd floor 1.89 2.46 1.14 

S4x9.5 Columns 2.79 6.76 1.56 

S3x7.5 Beam 1st floor 2.2 2.91 1.15 

S5x10 Beam 2nd floor 2.93 12.3 2.05 

S3x5.7 Beam 3rd floor 1.66 2.5 1.23 

HSS1.25x1.25xx3/16 “Zipper column” 2nd floor 0.671 0.122 0.426 

HSS2x2x3/16 “Zipper column” 3rd floor 1.19 0.641 0.733 
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Table  C–4: Verification of section compactness of the 1/3 scale model  
(From AISC Seismic Provisions Table I-8-1). 

Section b/t h/tw Seismic compact limits λps 

HSS 2x2x1/8 14.2 14.2 0.64 √(E/Fy) = 16.1 

HSS 3x3x3/16 14.2 14.2 0.64 √(E/Fy) = 16.1 

S4x9.5 4.78 12.27 
Flanges: 0.3 √(E/Fy) =7.22 

Webs: 1.12 √(E/Fy) (2.23-0.144) = 56.27 

S3x7.5 4.83 8.60 
Flanges: 0.3 √(E/Fy) =7.22 

Webs: 1.12 √(E/Fy) (2.23-0.144) = 56.27 

S5x10 4.60 23.36 
Flanges: 0.3 √(E/Fy) =7.22 

Webs: 1.12 √(E/Fy) (2.23-0.144) = 56.27 

S3x5.7 4.48 17.65 
Flanges: 0.3 √(E/Fy) =7.22 

Webs: 1.12 √(E/Fy) (2.23-0.144) = 56.27 

HSS1.25x1.25xx3/16 4.18 4.18 0.64 √(E/Fy) = 16.1 

HSS2x2x3/16 8.49 8.49 0.64 √(E/Fy) = 16.1 

Table  C–5: Verification of slenderness for brace members of the 1/3 scale model (From AISC Seismic 
Provisions section 13.4a). 

Member L (in) K L / r Limit Py (kip) PE (kip) 

Brace 1st and 2nd floor 66.2 87.00 4 √(E/Fy) =100.43 38.64 31.77 

Brace 3rd floor 53.5 46.92 100.43 86.94 245.62 
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APPENDIX D 

In this appendix, all drawings and specifications for the zipper frame model tested at the 

University at Buffalo are presented. 
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Figure D–1: General view of the model and connection details. 
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Figure D–2: Detail 1.  
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Figure D–3: Detail 2. 
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Figure D–4: Detail 3. 
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Figure D–5: Detail 4. 

 



183 

 

16

HSS2x2x1/8

HSS1 x1 x3/16

Beam: 
S3x7.5

(A36)
PL7x3.5x3/8

(GR 50)

16
3FE70XX

FE70XX

7

3 11
(A36)
11x6.8x3/8PL

F3
16

E70XXE70XX

16
3 F

3

41
4"

51
8"

1
2"

51
8"

11"

7"

1
2"

 

Figure D–6: Detail 5. 
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Figure D–7: Detail 6. 
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Figure D–8: Detail 7. 
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Figure D–9: Detail connection to base plate. 
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Figure D–10: Front view setup. 
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Figure D–11: Detail of beam to column and gravity frame to zipper frame connection. 
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Figure D–12: Lateral view setup. 
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Figure D–13: Detail typ. From lateral view of test setup. 
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APPENDIX E. 

This appendix contains a list of instrumentation and drawings with locations of the instruments 

for Test #1. 
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Figure E–1: Location of strain gauges. 
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Figure E–2: Location f accelerometers and string potentiometers. 
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Figure E–3: Location of LED sensors for Krypton camera. 
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Table E–1: List of all instruments, their location and calibration. 

 
 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

1 A1 accelerometer 1st floor, east-west acceleration + facing West 

2 A2 accelerometer 2nd floor, east-west acceleration + facing West 

3 A3 accelerometer 3rd floor, east-west acceleration + facing West 

4 AGnd accelerometer 
Base plate, east-west 

acceleration 
+ facing West 

4 AT1 accelerometer 
1st floor plate , north-south 

acceleration 
+ facing North 

5 AT2 accelerometer 
2nd floor plate , north-south 

acceleration 
+ facing North 

6 AT3 accelerometer 
3rd floor plate , north-south 

acceleration 
+ facing North 

7 AP1N accelerometer 
1st floor plate , east-west 

acceleration 
+ facing West 

8 AP1S accelerometer 
1st floor plate , east-west 

acceleration 
+ facing West 

9 AP2N accelerometer 
2nd floor plate , east-west 

acceleration 
+ facing West 

10 AP2S accelerometer 
2nd floor plate , east-west 

acceleration 
+ facing West 

11 AP3N accelerometer 
3rd floor plate , east-west 

acceleration 
+ facing West 

12 AP3S accelerometer 
3rd floor plate , east-west 

acceleration 
+ facing West 

13 SP1BRW string pot 1st floor brace, west side + compression 

14 SP1BRE string pot 1st floor brace, east side + compression 

15 SP1BMH string pot 
center of 1st floor beam, 

horizontal 

+ compression 

from zipper 

column to column.
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NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

16 SP1BMV string pot center of 1st floor beam, vertical 
+ if beam goes 

down 

17 SP1 string pot 1st floor, lateral displ. +  goes West 

18 SP2BRW string pot 2nd floor brace, west side + compression 

19 SP2BRE string pot 2nd floor brace, east side + compression 

20 SP2 string pot 2nd floor, lateral displ. +  goes West 

21 SP3 string pot 3rd floor, lateral displ. +  goes West 

22 SPGnd string pot Base plate, lateral displ. +  goes West 

23 P1NW string pot 
1st floor, north plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

24 P1SW string pot 
1st floor, south plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

25 P2NW string pot 
2nd floor, north plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

26 P2SW string pot 
2nd floor, south plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

27 P3NW string pot 
3rd floor, north plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

28 P3SW string pot 
3rd floor, south plate, towards 

west. 

+ goes west, i.e. 

plate moves east 

29 SG1BRW1 Strain Gauge 
1st floor, north plate, towards 

west. 
+ tension 

30 SG1BRWA Strain Gauge Brace West 1st floor + tension 

31 SG1BRW2 Strain Gauge Brace West 1st floor + tension 

32 SG1BRW3 Strain Gauge Brace West 1st floor + tension 

33 SG1BRW4 Strain Gauge Brace West 1st floor + tension 

34 SG1BRE1 Strain Gauge Brace East 1st floor + tension 

35 SG1BREA Strain Gauge Brace East 1st floor + tension 

36 SG1BRE2 Strain Gauge Brace East 1st floor + tension 

37 SG1BRE3 Strain Gauge Brace East 1st floor + tension 

38 SG1BRE4 Strain Gauge Brace East 1st floor + tension 
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NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

39 SG1BMWw Strain Gauge West beam, 1st floor + tension 

40 SG1BMWA Strain Gauge West beam, 1st floor + tension 

41 SG1BMWe Strain Gauge West beam, 1st floor + tension 

42 SG1BMEw Strain Gauge East beam, 1st floor + tension 

43 SG1BMEA Strain Gauge East beam, 1st floor + tension 

44 SG1BMEe Strain Gauge East beam, 1st floor + tension 

45 SG1CLW1 Strain Gauge West column, 1st floor + tension 

46 SG1CLW2 Strain Gauge West column, 1st floor + tension 

47 SG1CLE1 Strain Gauge East column, 1st floor + tension 

48 SG1CLE2 Strain Gauge East column, 1st floor + tension 

49 SG2ZCA Strain Gauge Zipper column, 2nd floor + tension 

50 SG2BRWA Strain Gauge Brace west, 2nd floor + tension 

51 SG2BREA Strain Gauge Brace east, 2nd floor + tension 

52 SG2BMWw Strain Gauge West beam, 2nd floor + tension 

53 SG2BMWA Strain Gauge West beam, 2nd floor + tension 

54 SG2BMWe Strain Gauge West beam, 2nd floor + tension 

55 SG2BMEw Strain Gauge East beam, 2nd floor + tension 

56 SG2BMEA Strain Gauge East beam, 2nd floor + tension 

57 SG2BMEe Strain Gauge East beam, 2nd floor + tension 

58 SG2CLW1 Strain Gauge West column, 2nd floor + tension 

59 SG2CLW2 Strain Gauge West column, 2nd floor + tension 

60 SG2CLE1 Strain Gauge East column, 2nd floor + tension 

61 SG2CLE2 Strain Gauge East column, 2nd floor + tension 

62 SG3ZCA Strain Gauge Zipper column, 3rd floor + tension 

63 SG3BRWA Strain Gauge Brace W 3rd floor + tension 

64 SG3BREA Strain Gauge Brace east 3rd floor + tension 

65 K1BRW1 krypton 1st floor brace, west side 

+ towards east 

(X), north(Y), 

up(Z) 

66 K1BRW2 krypton 1st floor brace, west side Same as above 
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NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

67 K1BRW3 krypton 1st floor brace, west side Same as above 

68 K1BRW4 krypton 1st floor brace, west side Same as above 

69 K1BRW5 krypton 1st floor brace, west side Same as above 

70 K1BRW6 krypton 1st floor brace, west side Same as above 

71 K1BRW7 krypton 1st floor brace, west side Same as above 

72 K1BRE1 krypton 1st floor brace, east side Same as above 

73 K1BRE2 krypton 1st floor brace, east side Same as above 

74 K1BRE3 krypton 1st floor brace, east side Same as above 

75 K1BRE4 krypton 1st floor brace, east side Same as above 

76 K1BRE5 krypton 1st floor brace, east side Same as above 

77 K1BRE6 krypton 1st floor brace, east side Same as above 

78 K1BRE7 krypton 1st floor brace, east side Same as above 
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APPENDIX F. 

This appendix contains a list of instrumentation and drawings with locations of the instruments 

for Test #2. 
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Figure F–1:  Location of Temposonics and String potentiometers. 
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Figure F–2: Location of strain gauges in braces and zipper columns. 
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Figure F–3: Location of strain gauges in beams. 
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Figure F–4: Location of strain gauges in columns. 
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Figure F–5: Location of LED sensors for Krypton camera. 
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Table F–1: List of all instruments, their location and calibration. 

 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

1 A1 accelerometer 1st floor, east-west acceleration + facing West 

2 A2 accelerometer 2nd floor, east-west acceleration + facing West 

3 A3 accelerometer 3rd floor, east-west acceleration + facing West 

4 AGnd accelerometer 
Base plate, east-west 

acceleration 
+ facing West 

4 AT1 accelerometer 
1st floor plate , north-south 

acceleration 
+ facing North 

5 AT2 accelerometer 
2nd floor plate , north-south 

acceleration 
+ facing North 

6 AT3 accelerometer 
3rd floor plate , north-south 

acceleration 
+ facing North 

7 AP1N accelerometer 
1st floor plate , east-west 

acceleration 
+ facing West 

8 AP1S accelerometer 
1st floor plate , east-west 

acceleration 
+ facing West 

9 AP2N accelerometer 
2nd floor plate , east-west 

acceleration 
+ facing West 

10 AP2S accelerometer 
2nd floor plate , east-west 

acceleration 
+ facing West 

11 AP3N accelerometer 
3rd floor plate , east-west 

acceleration 
+ facing West 

12 AP3S accelerometer 
3rd floor plate , east-west 

acceleration 
+ facing West 

13 SP1 string pot 1st floor, lateral displ. +  goes East 

14 SP2 string pot 2nd floor, lateral displ. +  goes East 

15 SP3 string pot 3rd floor, lateral displ. +  goes East 

16 SPGnd string pot Base plate, lateral displ. +  goes East 

17 P1 Potentiometer 1st floor beam to brace + goes north 
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connection 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

18 P2 Potentiometer 
2nd floor beam to brace 

connection 
+ goes north 

19 T1BRE Temposonic 1st floor brace E + compression 

20 T1BRW Temposonic 1st floor brace W + compression 

21 T2BRE Temposonic 2nd floor brace E + compression 

22 T2BRW Temposonic 2nd floor brace W + compression 

23 T1ZC Temposonic 
1st floor gusset plate vertical 

movement 
+ goes down 

24 T2ZC Temposonic 2nd floor ZC vertical movement + compression 

25 SG1BMQNB1 Strain Gauge 
Beam 1st floor north bottom, 

location 1. 
+ compression 

26 SG1BMQNB2 Strain Gauge 
Beam 1st floor north bottom, 

location 2. 
+ compression 

27 SG1BMQNB3 Strain Gauge 
Beam 1st floor north bottom, 

location 3. 
+ compression 

28 SG1BMQNB4 Strain Gauge 
Beam 1st floor north bottom, 

location 4. 
+ compression 

29 SG1BMQNT1 Strain Gauge 
Beam 1st floor north top, 

location 1. 
+ compression 

30 SG1BMQNT2 Strain Gauge 
Beam 1st floor north top, 

location 2. 
+ compression 

31 SG1BMQNT3 Strain Gauge 
Beam 1st floor north top, 

location 3. 
+ compression 

32 SG1BMQNT4 Strain Gauge 
Beam 1st floor north top, 

location 4. 
+ compression 

33 SG1BMQSB1 Strain Gauge 
Beam 1st floor south bottom, 

location 1. 
+ compression 

34 SG1BMQSB2 Strain Gauge 
Beam 1st floor south bottom, 

location 2. 
+ compression 

35 SG1BMQSB3 Strain Gauge Beam 1st floor south bottom, + compression 
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location 3. 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

36 SG1BMQSB4 Strain Gauge 
Beam 1st floor south bottom, 

location 4. 
+ compression 

37 SG1BMQST1 Strain Gauge 
Beam 1st floor south top, 

location 1. 
+ compression 

38 SG1BMQST2 Strain Gauge 
Beam 1st floor south top, 

location 2. 
+ compression 

39 SG1BMQST3 Strain Gauge 
Beam 1st floor south top, 

location 3. 
+ compression 

40 SG1BMQST4 Strain Gauge 
Beam 1st floor south top, 

location 4. 
+ compression 

41 SG1BMVB1 Strain Gauge 
Beam 1st floor, shear rosette, 

bottom location1. 
+ compression 

42 SG1BMVB2 Strain Gauge 
Beam 1st floor, shear rosette, 

bottom location2. 
+ compression 

43 SG1BMVT1 Strain Gauge 
Beam 1st floor, shear rosette, top 

location1. 
+ compression 

44 SG1BMVT2 Strain Gauge 
Beam 1st floor, shear rosette, top 

location2. 
+ compression 

45 SG2BMQNB1 Strain Gauge 
Beam 2nd floor north bottom, 

location 1. 
+ compression 

46 SG2BMQNB2 Strain Gauge 
Beam 2nd floor north bottom, 

location 2. 
+ compression 

47 SG2BMQNB3 Strain Gauge 
Beam 2nd floor north bottom, 

location 3. 
+ compression 

48 SG2BMQNB4 Strain Gauge 
Beam 2nd floor north bottom, 

location 4. 
+ compression 

49 SG2BMQNT1 Strain Gauge 
Beam 2nd floor north top, 

location 1. 
+ compression 
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50 SG2BMQNT2 Strain Gauge 
Beam 2nd floor north top, 

location 2. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

51 SG2BMQNT3 Strain Gauge 
Beam 2nd floor north top, 

location 3. 
+ compression 

52 SG2BMQNT4 Strain Gauge 
Beam 2nd floor north top, 

location 4. 
+ compression 

53 SG2BMQSB1 Strain Gauge 
Beam 2nd floor south bottom, 

location 1. 
+ compression 

54 SG2BMQSB2 Strain Gauge 
Beam 2nd floor south bottom, 

location 2. 
+ compression 

55 SG2BMQSB3 Strain Gauge 
Beam 2nd floor south bottom, 

location 3. 
+ compression 

56 SG2BMQSB4 Strain Gauge 
Beam 2nd floor south bottom, 

location 4. 
+ compression 

57 SG2BMQST1 Strain Gauge 
Beam 2nd floor south top, 

location 1. 
+ compression 

58 SG2BMQST2 Strain Gauge 
Beam 2nd floor south top, 

location 2. 
+ compression 

59 SG2BMQST3 Strain Gauge 
Beam 2nd floor south top, 

location 3. 
+ compression 

60 SG2BMQST4 Strain Gauge 
Beam 2nd floor south top, 

location 4. 
+ compression 

61 SG2BMVB1 Strain Gauge 
Beam 2nd floor, shear rosette, 

bottom location1. 
+ compression 

62 SG2BMVB2 Strain Gauge 
Beam 2nd floor, shear rosette, 

bottom location2. 
+ compression 

63 SG2BMVT1 Strain Gauge 
Beam 2nd floor, shear rosette, 

top location1. 
+ compression 

64 SG2BMVT2 Strain Gauge 
Beam 2nd floor, shear rosette, 

top location2. 
+ compression 
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65 SG1BREQNB1 Strain Gauge 
Brace 1st floor east, north bottom 

location 1. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

66 SG1BREQNB2 Strain Gauge 
Brace 1st floor east, north bottom 

location 2. 
+ compression 

67 SG1BREQNB3 Strain Gauge 
Brace 1st floor east, north bottom 

location 3. 
+ compression 

68 SG1BREQNB4 Strain Gauge 
Brace 1st floor east, north bottom 

location 4. 
+ compression 

69 SG1BREQNT1 Strain Gauge 
Brace 1st floor east, north top 

location 1. 
+ compression 

70 SG1BREQNT2 Strain Gauge 
Brace 1st floor east, north top 

location 2. 
+ compression 

71 SG1BREQNT3 Strain Gauge 
Brace 1st floor east, north top 

location 3. 
+ compression 

72 SG1BREQNT4 Strain Gauge 
Brace 1st floor east, north top 

location 4. 
+ compression 

73 SG1BREQSB1 Strain Gauge 
Brace 1st floor east, south 

bottom location 1. 
+ compression 

74 SG1BREQSB2 Strain Gauge 
Brace 1st floor east, south 

bottom location 2. 
+ compression 

75 SG1BREQSB3 Strain Gauge 
Brace 1st floor east, south 

bottom location 3. 
+ compression 

76 SG1BREQSB4 Strain Gauge 
Brace 1st floor east, south 

bottom location 4. 
+ compression 

77 SG1BREQST1 Strain Gauge 
Brace 1st floor east, south top 

location 1. 
+ compression 

78 SG1BREQST2 Strain Gauge 
Brace 1st floor east, south top 

location 2. 
+ compression 

79 SG1BREQST3 Strain Gauge 
Brace 1st floor east, south top 

location 3. 
+ compression 
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80 SG1BREQST4 Strain Gauge 
Brace 1st floor east, south top 

location 4. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

81 SG1BRWQNB1 Strain Gauge 
Brace 1st floor west, north 

bottom location 1. 
+ compression 

82 SG1BRWQNB2 Strain Gauge 
Brace 1st floor west, north 

bottom location 2. 
+ compression 

83 SG1BRWQNB3 Strain Gauge 
Brace 1st floor west, north 

bottom location 3. 
+ compression 

84 SG1BRWQNB4 Strain Gauge 
Brace 1st floor west, north 

bottom location 4. 
+ compression 

85 SG1BRWQNT1 Strain Gauge 
Brace 1st floor west, north top 

location 1. 
+ compression 

86 SG1BRWQNT2 Strain Gauge 
Brace 1st floor west, north top 

location 2. 
+ compression 

87 SG1BRWQNT3 Strain Gauge 
Brace 1st floor west, north top 

location 3. 
+ compression 

88 SG1BRWQNT4 Strain Gauge 
Brace 1st floor west, north top 

location 4. 
+ compression 

89 SG1BRWQSB1 Strain Gauge 
Brace 1st floor west, south 

bottom location 1. 
+ compression 

90 SG1BRWQSB2 Strain Gauge 
Brace 1st floor west, south 

bottom location 2. 
+ compression 

91 SG1BRWQSB3 Strain Gauge 
Brace 1st floor west, south 

bottom location 3. 
+ compression 

92 SG1BRWQSB4 Strain Gauge 
Brace 1st floor west, south 

bottom location 4. 
+ compression 

93 SG1BRWQST1 Strain Gauge 
Brace 1st floor west, south top 

location 1. 
+ compression 

94 SG1BRWQST2 Strain Gauge 
Brace 1st floor west, south top 

location 2. 
+ compression 
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95 SG1BRWQST3 Strain Gauge 
Brace 1st floor west, south top 

location 3. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

96 SG1BRWQST4 Strain Gauge 
Brace 1st floor west, south top 

location 4. 
+ compression 

97 SG2BREQNB1 Strain Gauge 
Brace 2nd floor east, north 

bottom location 1. 
+ compression 

98 SG2BREQNB2 Strain Gauge 
Brace 2nd floor east, north 

bottom location 2. 
+ compression 

99 SG2BREQNT1 Strain Gauge 
Brace 2nd floor east, north top 

location 1. 
+ compression 

100 SG2BREQNT2 Strain Gauge 
Brace 2nd floor east, north top 

location 2. 
+ compression 

101 SG2BREQSB1 Strain Gauge 
Brace 2nd floor east, south 

bottom location 1. 
+ compression 

102 SG2BREQSB2 Strain Gauge 
Brace 2nd floor east, south 

bottom location 2. 
+ compression 

103 SG2BREQST1 Strain Gauge 
Brace 2nd floor east, south top 

location 1. 
+ compression 

104 SG2BREQST2 Strain Gauge 
Brace 2nd floor east, south top 

location 2. 
+ compression 

105 SG2BRWQNB1 Strain Gauge 
Brace 2nd floor west, north 

bottom location 1. 
+ compression 

106 SG2BRWQNB2 Strain Gauge 
Brace 2nd floor west, north 

bottom location 2. 
+ compression 

107 SG2BRWQNT1 Strain Gauge 
Brace 2nd floor west, north top 

location 1. 
+ compression 

108 SG2BRWQNT2 Strain Gauge 
Brace 2nd floor west, north top 

location 2. 
+ compression 

109 SG2BRWQSB1 Strain Gauge 
Brace 2nd floor west, south 

bottom location 1. 
+ compression 
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110 SG2BRWQSB2 Strain Gauge 
Brace 2nd floor west, south 

bottom location 2. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

111 SG2BRWQST1 Strain Gauge 
Brace 2nd floor west, south top 

location 1. 
+ compression 

112 SG2BRWQST2 Strain Gauge 
Brace 2nd floor west, south top 

location 2. 
+ compression 

113 SG3BREA Strain Gauge 
Full bridge for axial force, brace 

east 3rd floor. 
+ compression 

114 SG3BRWA Strain Gauge 
Full bridge for axial force, brace 

west 3rd floor. 
+ compression 

115 SG1CLEQNE1 Strain Gauge 
Column, 1st floor east, north east 

location1. 
+ compression 

116 SG1CLEQNE2 Strain Gauge 
Column, 1st floor east, north east 

location2. 
+ compression 

117 SG1CLEQNW1 Strain Gauge 
Column, 1st floor east, north 

west location1. 
+ compression 

118 SG1CLEQNW2 Strain Gauge 
Column, 1st floor east, north 

west location2. 
+ compression 

119 SG1CLEQSE1 Strain Gauge 
Column, 1st floor east, south east 

location1. 
+ compression 

120 SG1CLEQSE2 Strain Gauge 
Column, 1st floor east, south east 

location2. 
+ compression 

121 SG1CLEQSW1 Strain Gauge 
Column, 1st floor east, south 

west location1. 
+ compression 

122 SG1CLEQSW2 Strain Gauge 
Column, 1st floor east, south 

west location2. 
+ compression 

123 SG1CLWQNE1 Strain Gauge 
Column, 1st floor west, north 

east location1. 
+ compression 

124 SG1CLWQNE2 Strain Gauge 
Column, 1st floor west, north 

east location2. 
+ compression 
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125 SG1CLWQNW1 Strain Gauge 
Column, 1st floor west, north 

west location1. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

126 SG1CLWQNW2 Strain Gauge 
Column, 1st floor west, north 

west location2. 
+ compression 

127 SG1CLWQSE1 Strain Gauge 
Column, 1st floor west, south 

east location1. 
+ compression 

128 SG1CLWQSE2 Strain Gauge 
Column, 1st floor west, south 

east location2. 
+ compression 

129 SG1CLWQSW1 Strain Gauge 
Column, 1st floor west, south 

west location1. 
+ compression 

130 SG1CLWQSW2 Strain Gauge 
Column, 1st floor west, south 

west location2. 
+ compression 

131 SG2CLEQNE1 Strain Gauge 
Column, 2nd floor east, north 

east location1. 
+ compression 

132 SG2CLEQNE2 Strain Gauge 
Column, 2nd floor east, north 

east location2. 
+ compression 

133 SG2CLEQNW1 Strain Gauge 
Column, 2nd floor east, north 

west location1. 
+ compression 

134 SG2CLEQNW2 Strain Gauge 
Column, 2nd floor east, north 

west location2. 
+ compression 

135 SG2CLEQSE1 Strain Gauge 
Column, 2nd floor east, south 

east location1. 
+ compression 

136 SG2CLEQSE2 Strain Gauge 
Column, 2nd floor east, south 

east location2. 
+ compression 

137 SG2CLEQSW1 Strain Gauge 
Column, 2nd floor east, south 

west location1. 
+ compression 

138 SG2CLEQSW2 Strain Gauge 
Column, 2nd floor east, south 

west location2. 
+ compression 

139 SG2CLWQNE1 Strain Gauge 
Column, 2nd floor west, north 

east location1. 
+ compression 
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140 SG2CLWQNE2 Strain Gauge 
Column, 2nd floor west, north 

east location2. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

141 SG2CLWQNW1 Strain Gauge 
Column, 2nd floor west, north 

west location1. 
+ compression 

142 SG2CLWQNW2 Strain Gauge 
Column, 2nd floor west, north 

west location2. 
+ compression 

143 SG2CLWQSE1 Strain Gauge 
Column, 2nd floor west, south 

east location1. 
+ compression 

144 SG2CLWQSE2 Strain Gauge 
Column, 2nd floor west, south 

east location2. 
+ compression 

145 SG2CLWQSW1 Strain Gauge 
Column, 2nd floor west, south 

west location1. 
+ compression 

146 SG2CLWQSW2 Strain Gauge 
Column, 2nd floor west, south 

west location2. 
+ compression 

147 SG2ZCQNE1 Strain Gauge 
Zipper column 2nd floor, north 

east location 1. 
+ compression 

148 SG2ZCQNE2 Strain Gauge 
Zipper column 2nd floor, north 

east location 2. 
+ compression 

149 SG2ZCQNW1 Strain Gauge 
Zipper column 2nd floor, north 

west location 1. 
+ compression 

150 SG2ZCQNW2 Strain Gauge 
Zipper column 2nd floor, north 

west location 2. 
+ compression 

151 SG2ZCQSE1 Strain Gauge 
Zipper column 2nd floor, south 

east location 1. 
+ compression 

152 SG2ZCQSE1 Strain Gauge 
Zipper column 2nd floor, south 

east location 2. 
+ compression 

153 SG2ZCQSW1 Strain Gauge 
Zipper column 2nd floor, south 

west location 1. 
+ compression 

154 SG2ZCQSW2 Strain Gauge 
Zipper column 2nd floor, south 

west location 1. 
+ compression 
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155 SG3ZCA1 Strain Gauge 
Full bridge for axial force, 

zipper column east 3rd floor. 
+ compression 

NUMBER NAME 
TYPE OF 

SENSOR 
Location Calibration 

156 SG3ZCA2 Strain Gauge 
Full bridge for axial force, 

zipper column west 3rd floor. 
+ compression 

158 K1BRW1 krypton 1st floor brace, west side 
+ east (X), 

north(Y), up(Z) 

159 K1BRW2 krypton 1st floor brace, west side Same as above

160 K1BRW3 krypton 1st floor brace, west side Same as above

161 K1BRW4 krypton 1st floor brace, west side Same as above

162 K1BRW5 krypton 1st floor brace, west side Same as above

163 K1BRW6 krypton 1st floor brace, west side Same as above

164 K1BRW7 krypton 1st floor brace, west side Same as above

165 K1BRE1 krypton 1st floor brace, east side Same as above

166 K1BRE2 krypton 1st floor brace, east side Same as above

167 K1BRE3 krypton 1st floor brace, east side Same as above

168 K1BRE4 krypton 1st floor brace, east side Same as above

169 K1BRE5 krypton 1st floor brace, east side Same as above

170 K1BRE6 krypton 1st floor brace, east side Same as above

171 K1BRE7 krypton 1st floor brace, east side Same as above

172 K1GPE krypton 
1st floor gusset plate brace to 

column connection, east side 
Same as above 

173 K1GPW krypton 
1st floor gusset plate brace to 

column connection, west side 
Same as above 
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APPENDIX G 

VERIFICATION OF THE FORMULATION WITH STANDARIZED 

CASE STUDY: LATERAL BUCKLING OF A CANTILIVER RIGHT 

ANGLE FRAME UNDER END LOAD 

The formulation resented in Chapter 2 was initially verified with a standardized structure that has 

three dimensional buckling effects and that has been studied by numerous authors (Argyris et al. 

1979; Simo and Vu-Quoc 1986). The results of the verification are shown below. 

The problem (see Figure  G–1) consists of a right angle frame, clamped in one of its ends and 

free in the other end. The frame is subjected to a lateral in plane load P and buckles out of plane. 

This problem was solved numerically by Argyris (Argyris et al. 1979), Simo and Vu-Quoc (Simo 

and Vu-Quoc 1986) and other authors. 

240 m
m

 

Figure  G–1: Data of the problem. 

The dimensions of the frame are 240 mm x 240 mm. The cross section is rectangular of 

dimensions 30 mm x 0.6 mm. The value for the modulus of elasticity is 71240 N/mm and the 

Poisson’s ratio is 0.31. Only one element with 10 integration points was used for each member.  

The buckling mode is achieved using a perturbation load, PS, applied at the free end of the 

frame in the out of plane (z) direction. Its value varies with time and its equal to 1/1000 times the 

value of the lateral load P. The results, applied lateral load vs. out of plane tip displacement, are 

presented in Figure  G–2. The critical load was found to be 1.04 N while Argyris (Argyris et al. 
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1979) provided the value 1.09 N (Figure  G–3, a) and Simo (Simo and Vu-Quoc 1986) the value 

1.088 N (Figure  G–3, b). It has to be noted that Argyris used 10 elements per member. 

In general, the performance of the formulation is very satisfactory. 
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Figure  G–2: Load displacement diagram. 
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(a)

(b)  

Figure  G–3: Solutions to the problem by (a) Argyris (1979) and Simo et al. (1986). 
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