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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a
national center of excellence in advanced technology applications that is dedicated to the
reduction of earthquake losses nationwide. Headquartered at the University at Buffalo,
State University of New York, the Center was originally established by the National
Science Foundation in 1986, as the National Center for Earthquake Engineering Research
(NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions
throughout the United States, the Center’s mission is to reduce earthquake losses
through research and the application of advanced technologies that improve engineer-
ing, pre-earthquake planning and post-earthquake recovery strategies. Toward this end,
the Center coordinates a nationwide program of multidisciplinary team research,
education and outreach activities.

MCEER’s research is conducted under the sponsorship of two major federal agencies, the
National Science Foundation (NSF) and the Federal Highway Administration (FHWA),
and the State of New York. Significant support is also derived from the Federal
Emergency Management Agency (FEMA), other state governments, academic institu-
tions, foreign governments and private industry.

The Center’s Highway Project develops improved seismic design, evaluation, and
retrofit methodologies and strategies for new and existing bridges and other highway
structures, and for assessing the seismic performance of highway systems.  The FHWA
has sponsored three major contracts with MCEER under the Highway Project, two of
which were initiated in 1992 and the third in 1998.

Of the two 1992 studies, one performed a series of tasks intended to improve seismic
design practices for new highway bridges, tunnels, and retaining structures (MCEER
Project 112).  The other study focused on methodologies and approaches for assessing
and improving the seismic performance of existing “typical” highway bridges and other
highway system components including tunnels, retaining structures, slopes, culverts,
and pavements (MCEER Project 106).  These studies were conducted to:

• assess the seismic vulnerability of highway systems, structures, and components;
• develop concepts for retrofitting vulnerable highway structures and components;
• develop improved design and analysis methodologies for bridges, tunnels, and

retaining structures, which include consideration of soil-structure interaction mecha-
nisms and their influence on structural response; and

• develop, update, and recommend improved seismic design and performance criteria
for new highway systems and structures.
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The 1998 study, “Seismic Vulnerability of the Highway System” (FHWA Contract
DTFH61-98-C-00094; known as MCEER Project 094), was initiated with the objective of
performing studies to improve the seismic performance of bridge types not covered
under Projects 106 or 112, and to provide extensions to system performance assessments
for highway systems.  Specific subjects covered under Project 094 include:

• development of formal loss estimation technologies and methodologies for highway
systems;

• analysis, design, detailing, and retrofitting technologies for special bridges, includ-
ing those with flexible superstructures (e.g., trusses), those supported by steel tower
substructures, and cable-supported bridges (e.g., suspension and cable-stayed bridges);

• seismic response modification device technologies (e.g., hysteretic dampers, isola-
tion bearings); and

• soil behavior, foundation behavior, and ground motion studies for large bridges.

In addition, Project 094 includes a series of special studies, addressing topics that range
from non-destructive assessment of retrofitted bridge components to supporting studies
intended to assist in educating the bridge engineering profession on the implementation
of new seismic design and retrofitting strategies.

This report presents an analytical and experimental investigation of the coupled horizontal-
vertical response of elastomeric and lead-rubber bearings focusing on the influence of lateral
displacement on vertical stiffness. Component testing was performed with reduced scale low-
damping rubber (LDR) and lead-rubber (LR) bearings to determine vertical stiffness at various
lateral offsets. The numerical studies included finite element (FE) analysis of the reduced scale
LDR bearing. The results of the experimental and FE investigations were used to evaluate three
analytical formulations to predict vertical stiffness at a given lateral displacement. One of the
three analytical formulations, based on the Koh-Kelly two-spring model, was shown to predict the
measured reduction in vertical stiffness of the LDR and LR bearings at each lateral offset with
reasonable accuracy. Earthquake simulation testing was performed to investigate the coupled
horizontal-vertical response of a bridge model isolated with LDR or LR bearings. The results of
simulations performed with three components of excitation were used to evaluate an equivalent
linear static procedure to estimate vertical load due to vertical ground shaking. The procedure was
shown to conservatively estimate measured maximum vertical loads due to the vertical compo-
nent of excitation for most simulations.
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ABSTRACT 

Elastomeric and lead-rubber bearings are two types of seismic isolation hardware widely 

implemented in buildings, bridges and other infrastructure in the United States and around the 

world. These bearings consist of a number of elastomeric (rubber) layers bonded to intermediate 

steel (shim) plates. The total thickness of rubber controls the low horizontal stiffness and the 

close spacing of the intermediate shims provides a large vertical stiffness for a given bonded 

rubber area and elastomer shear modulus. Conceptually, a lead-rubber bearing differs from an 

elastomeric bearing only through the addition of a lead-core typically located in a central hole. 

During earthquake ground shaking, the low horizontal stiffness of elastomeric and lead-rubber 

bearings translates into large lateral displacements, typically on the order of 100 200 %−  rubber 

shear strain, that might lead to significant reductions in the axial load carrying capacity and 

vertical stiffness of the individual bearings.  

This report presents an analytical and experimental investigation of the coupled horizontal-

vertical response of elastomeric and lead-rubber bearings focusing on the influence of lateral 

displacement on the vertical stiffness. Component testing was performed with reduced scale low-

damping rubber (LDR) and lead-rubber (LR) bearings to determine the vertical stiffness at 

various lateral offsets. The numerical studies included finite element (FE) analysis of the reduced 

scale LDR bearing. The results of the experimental and FE investigations were used to evaluate 

three analytical formulations to predict the vertical stiffness at a given lateral displacement. From 

component testing the vertical stiffness of the LDR and LR bearings was shown to decrease with 

increasing lateral displacement and at a lateral displacement equivalent to 150 %  rubber shear 

strain a 40 50 %−  reduction in vertical stiffness was observed. One of the three analytical 

formulations, based on the Koh-Kelly two-spring model, was shown to predicted the measured 

reduction in vertical stiffness of the LDR and LR bearings at each lateral offset with reasonable 

accuracy. In addition, earthquake simulation testing was performed to investigate the coupled 

horizontal-vertical response of a bridge model isolated with either LDR or LR bearings. The 

results of simulations performed with three components of excitation were used to evaluate an 

equivalent linear static (ELS) procedure for the estimation of the vertical load due to the vertical 

ground shaking. The equivalent linear static procedure was shown to conservatively estimate 

measured maximum vertical loads due to the vertical component of excitation for most 

simulations. 
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st   Thickness of intermediate steel shim plate 

T   Period of vibration 

dT   Second-slope period of isolator 

effT   Effective period of isolator 

mT   Target model period of vibration 

nT   Period of vibration of the nth mode 

pT   Target prototype period of vibration 

rT   Total thickness of rubber in a multi-layer elastomeric bearing 

vT   Equivalent vertical period of bridge-isolation system 

voT   Equivalent vertical period of bridge-isolation system considering zero lateral 
displacement across the isolators 

( )TR f   Transfer function 
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SYMBOL DESCRIPTION 

maxTR   Transfer function amplitude at resonant frequency 

u   Displacement amplitude 

maxu   Maximum positive isolator displacement 

minu   Maximum negative isolator displacement 

ou   Bulge amplitude 

1STPu   Absolute displacement recorded by string potentiometer number one 

xu   Maximum isolator displacement in the x – direction 

yu   Maximum isolator displacement in the y – direction 

yu   Displacement recorded by string potentiometer initially oriented in the y – 
direction  

V   Volume 

w   Radial width of individual element 

W   Weight acting on an individual isolator 

DW   Energy dissipated per cycle by isolator 

TW   Total static weight of the bridge model 

*W   Effective weight of the bridge model 

x   Cartesian coordinate axis 

( )x t   Time varying input signal 

( )X f   Frequency response function of time varying input signal 

( )*X f   Complex conjugate frequency response function of time varying input signal  

y   Cartesian coordinate axis 

( )y t   Time varying output signal 

( )Y f   Frequency response function of time varying output signal 

z   Cartesian coordinate axis 

effβ   Effective horizontal damping ratio of isolator 

vβ   Effective vertical damping ratio of isolator 

γ   Rubber shear strain 

avgγ   Average rubber shear strain due to compression 

maxγ   Maximum rubber shear strain due to compression 

,avgtγ   Average total rubber shear strain 
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,maxtγ   Maximum total rubber shear strain 

δ   Vertical deformation of single bonded elastomeric pad 

vδ   Vertical displacement of multi-layer elastomeric bearing 

vtδ   Total vertical displacement of multi-layer elastomeric bearing 

Δ   Lateral displacement or lateral offset of isolator 

RΔ   Radial width of bearing 

VΔ   Change in volume 

cε   Compression strain 

iε   Principle strain in the ith direction 

ζ   Critical damping ratio 

θ   Rotation 

iλ   Principle stretch ratio for the ith direction 

iλ   Deviatoric stretch ratio for the ith direction 

ν   Poisson’s ratio 

ρ   Target axial pressure 

Lσ   Effective yield strength of lead-core  

φ   Complementary angle for overlapping area 

nφ   Shape function for the nth mode 
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SECTION 1 

INTRODUCTION 

1.1 General 

Seismic isolation is a method for reducing inertial forces that develop in a structure as a result of 

earthquake ground shaking by lengthening the period of vibration and through added damping. 

This is accomplished through the introduction of elements (isolators) with low horizontal and 

large vertical stiffness that decouple the superstructure from the supporting substructure. 

Elastomeric bearings are one type of isolator consisting of a number of elastomeric (rubber) 

layers bonded to intermediate steel (shim) plates. The horizontal flexibility (low shear stiffness) 

of an elastomeric bearing is dictated by the total thickness of rubber whereas the close spacing of 

the intermediate shim plates provides a large vertical (relative to the shear) stiffness for a given 

bonded rubber area and elastomer shear modulus.  

Over the last two decades seismic isolation hardware has been implemented in numerous 

buildings, bridges and infrastructure around the world, indicating a growing acceptance amongst 

the structural engineering community that can be attributed to improved understanding of the 

behavior of existing seismic isolation hardware, development of new hardware, experimental 

validation, and the incorporation of design procedures into building and bridge design codes. 

Prior research has lead to a better understanding and ability to model elastomeric and lead-rubber 

bearings, including among others, the horizontal force-displacement response (Nagarajaiah et al., 

1991) and the coupled horizontal response (Nagarajaiah et al., 1991; Huang, 2002). In addition, 

research was conducted to improve the understanding of the coupled horizontal-vertical response 

of elastomeric bearings (Koh and Kelly, 1987) focusing on the influence of axial load on the 

horizontal stiffness and damping properties. Expressions for the reduction in height and vertical 

stiffness of elastomeric bearing (Kelly, 1997), subjected to lateral displacement, were later 

derived from the Koh-Kelly two-spring model (1987). 

1.2 Motivation and Objectives 

The low horizontal (shear) stiffness required to lengthen a structure’s period of vibration if 

isolated using elastomeric bearings is typically accompanied by large lateral displacements in the 

isolator (usually on the order of 100 200%−  rubber shear strain) for design level earthquake 

ground shaking. These large lateral displacements might lead to substantial reductions in the load-
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carrying capacity and vertical stiffness of the elastomeric or lead-rubber bearing. The reduction in 

load-carrying capacity has been investigated (Kelly, 1997; Nararajaiah et al., 1999 and Buckle et 

al., 2002) and is currently considered for the design of seismic isolation systems composed of 

elastomeric and/or lead-rubber seismic isolation systems (Buckle and Liu, 1994; Naeim and 

Kelly, 1999). However, aside from the expression derived from the Koh-Kelly two-spring model 

(Kelly, 1997) there exists little information, in particularly experimental data, pertaining to the 

reduction in vertical stiffness. As a result, the state-of-the-art mathematical models implemented 

in response-history analysis software do not account for the reduction in vertical stiffness, but 

rather, represent the axial degree-of-freedom as a linear spring with constant stiffness. 

Furthermore, the impact of the reduction in vertical stiffness on the response of isolated structures 

subjected to earthquake ground shaking, if any, is largely unknown. However, there are several 

examples where this behavior might have a significant impact on the performance of the isolation 

system and surrounding components. For example, in a hybrid isolation system composed of flat 

sliding and elastomeric bearings. In such as system the elastomeric bearings will decrease in 

height under lateral deformation (translating into a reduction in vertical stiffness) whereas the flat 

sliders will remain at the same height (and thus vertical stiffness) likely resulting in axial load 

redistribution and additional moment in the diaphragm above the plane of isolation. 

The objectives of this study are: (1) to investigate the influence of lateral displacement on the 

vertical stiffness of elastomeric and lead-rubber bearings and to evaluate three formulations for 

predicting the vertical stiffness at a given lateral displacement, and (2) to investigate the influence 

of the coupled horizontal-vertical response on the global response of the isolation system and 

structure. To accomplish these objectives, analytical and experimental studies were conducted to 

investigate the influence of lateral displacement on the vertical stiffness of low-damping rubber 

(LDR) and lead-rubber (LR). The results of the experimental and analytical investigation of the 

influence of lateral displacement on the vertical stiffness were used to evaluate three potential 

formulations for the design and analysis of seismic isolation systems consisting of elastomeric 

and lead-rubber bearings. The results of earthquake simulation testing of an isolated bridge model 

were used to evaluate an equivalent linear static procedure for the estimation of the effect of 

vertical shaking on axial loads in elastomeric bearings.   
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1.3 Scope of Work 

The scope of work for this study is as follows: 

1. Investigate existing and alternative formulations capable of describing the coupled vertical-

horizontal response of elastomeric (and lead-rubber) seismic isolators, specifically focusing 

on the prediction of vertical stiffness at a given lateral offset (displacement). 

2. Design model low-damping rubber (LDR) and lead-rubber (LR) bearings for component and 

earthquake simulation testing in accordance with similitude requirements for earthquake 

simulation testing using assumed prototype bearing properties. 

3. Develop a testing program to characterize the LDR and LR bearings and to experimentally 

investigate the influence of lateral displacement on the vertical stiffness of these bearings. 

4. Develop a program for earthquake simulation testing to investigate the effect of the coupled 

horizontal-vertical response of individual bearings on the global response of the isolation 

system and isolated structure. 

5. Develop a three-dimensional (3D) finite element (FE) model of the LDR bearings to further 

investigate the influence of lateral displacement on the vertical stiffness of elastomeric 

bearings.   

6. Evaluate the formulations for the reduction in vertical stiffness with lateral displacement 

using the experimental and analytical data. 

7. Evaluate an equivalent linear static procedure for the estimation of the effect of vertical 

shaking on axial loads in elastomeric bearings. 

1.4 Organization 

This report contains ten sections, a list of references and four appendices, organized as follows. 

Section 2 presents the analysis of elastomeric bearings including a review of the analysis of a 

single bonded rubber layer in compression and three formulations to predict the vertical stiffness 

of elastomeric (and lead-rubber) bearings at a given lateral offset. Section 3 presents the design of 

the model low-damping rubber (LDR) and lead-rubber (LR) bearings that are used for the 

component and earthquake simulation testing. Section 4 presents the component testing program 

that consists of characterization testing to determine key mechanical and material properties of 
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the model bearings and lateral offset testing to experimentally investigate the influence of lateral 

displacement on the vertical stiffness of these bearings. Section 5 presents summary results from 

characterization and lateral offset testing performed with two LDR and two LR bearings. Section 

6 presents a brief discussion of the earthquake simulation testing facilities, the selected ground 

motion records, the isolated bridge model, instrumentation and the earthquake simulation testing 

program. Section 7 presents summary results from earthquake simulation testing performed with 

the LDR and LR bearings and white-noise testing of the bridge model in a fixed base 

configuration. Section 8 presents the results of a finite element (FE) study analyzing a 3D model 

of a LDR bearing with various loading conditions intended to replicate selected characterization 

and lateral offset tests. Section 9 provides a comparison of the results from experimental and 

analytical investigations of the influence of lateral displacement on the vertical stiffness of 

elastomeric bearings and an evaluation of an equivalent linear static procedure for the estimation 

of the effect of vertical earthquake shaking on the axial load in elastomeric bearings. Section 10 

provides a summary of the work conducted and the key conclusions and recommendations of this 

study. Appendix A presents information and calibration data for the 5-channel reaction load cells 

utilized for component and earthquake simulation testing. Appendix B presents additional results 

from the characterization and lateral offset testing performed on the LDR and LR bearings. 

Appendix C presents information on the design of the steel truss-bridge including detailed 

drawings. Appendix D presents additional results from the earthquake simulation testing.   
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SECTION 2 

ANALYSIS OF ELASTOMERIC SEISMIC ISOLATION BEARINGS 

2.1 General 

Elastomeric and lead-rubber seismic isolation bearings exhibit a reduction in height under 

conditions of combined compressive load and lateral displacement. This reduction in height 

translates into a reduction in the apparent vertical stiffness with lateral displacement. Three 

formulations to potentially predict the vertical stiffness at a given lateral offset are presented and 

discussed. The results of experimental and numerical investigations, presented in Section 5 and 8 

respectively, are used to evaluate the validity of each of these formulations. The first of the 

formulations is presented in Kelly (1997) and based on a two-spring mechanical model 

introduced in Koh and Kelly (1987). The spring properties of the two-spring model are related to 

the shear and buckling properties of an elastomeric bearing to provide a simple physical 

understanding of the behavior of elastomeric bearing under conditions of combined loading. The 

second formulation is based on a widely accepted procedure for the estimation of the critical 

buckling load of an elastomeric bearing subjected to combined compression and lateral 

displacement (Naeim and Kelly, 1999). With this procedure, the critical buckling load of the 

bearings is reduced for lateral displacement using the ratio of the overlapping area between the 

top and bottom load plates to the bonded rubber area. The third formulation is a piecewise linear 

relationship empirically derived from the prediction of the two-spring model in conjunction with 

previous experimental evidence.  

Section 2.3 presents the three formulation for the prediction of the vertical stiffness at a given 

lateral displacement. However, for the benefit of the subsequent sections, this discussion is 

preceded by a review of previous research related to the analysis of single bonded rubber layers in 

compression and then extended to multi-layer elastomeric bearings which is presented in Section 

2.2. A section summary is presented in Section 2.4.     

2.2 Analysis in Compression 

2.2.1 General 

Previous research by Chalhoub et al. (1990) and Constantinou et al. (1992) provided approximate 

expressions for the compression modulus of solid and hollow circular bonded elastomeric pads, 
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respectively. The compression modulus is an important parameter for the design of elastomeric 

bearings and is related directly to the load carrying capacity (buckling load) and vertical stiffness. 

In addition, Constantinou et al. provided approximate expressions for the calculation of the 

maximum shear strain due to compressive loading, also an important design consideration. This 

section summarizes the results of Chalhoub et al. (1990) and Constantinou et al. (1992), focusing 

on the compression modulus of elastomeric pads, and extends these results to multi-layer 

elastomeric bearings.  

2.2.2 Single Bonded Elastomeric Pad 

Figure 2-1 presents illustrations of solid and hollow circular pads subjected to a compressive 

load, P . In this figure, each pad is shown in the un-deformed condition, with thickness rt , and 

deformed condition (shown by dotted lines) with corresponding vertical deformation, δ , and 

bulge amplitude, ou . The solid circular pad (figure 2-1a) has a radius, R , whereas the hollow 

circular pad has an outer radius, oR , and inner radius, iR . Also shown in figure 2-1 are the polar 

coordinate axes, z  and r . 

Chalhoub et al. derived and subsequently solved a differential equation for the hydrostatic 

pressure in a solid circular bonded elastomeric pad subjected to compressive loading. The 

derivation of the differential equation relies on the following assumptions: (1) the elastomer 

exhibits linear elastic behavior with infinitesimally small strains; (2) points lying on a vertical line 

parallel to the axisz −  deform in a parabolic shape; (3) the material is assumed to be in a state of 

spherical (or tri-axial) state of stress at any point, except the free surface; and (4) the analysis may 

be treated as axisymmetric. The exact expression for the compression modulus derived by 

Chalhoub et al. is presented here: 

 
2

2 686 1 ( )c
G SE G S O
K

⎛ ⎞
= − + α⎜ ⎟

⎝ ⎠
 (2-1) 

where G  is the elastomer shear modulus, K  is the bulk modulus, S  is the shape factor defined 

as the ratio of the loaded area to the area free to bulge, α  is equal to 48 /S G K , and ( )6O α  is 

the error associated with neglecting the higher order terms. 
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a. solid circular pad 
 

b. hollow circular pad 

FIGURE 2-1 Illustration of a single bonded rubber layer subjected to compressive load 
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The shape factor (generally defined as the ratio of the loaded area to the area free to bulge) for a 

solid circular pad is: 

 
4 r

DS
t

=  (2-2) 

where D  is the pad diameter equal to 2R  and rt  is the pad thickness as defined previously. If the 

material is assumed to be incompressible, i.e., K → ∞ , then (2-1) reduces to (2-3).   

 26cE G S=  (2-3) 

In addition, Chalhoub et al. proposed an approximate expression for the compression modulus, 

for small values of 28 /G S K : 

 2
1 1 4

36cE KG S
≈ +  (2-4) 

and recommended its use for shape factors, S , ranging from 1 to 24 . For seismic isolation 

bearings, the shape factor typically ranges from 10  to 15 . Although shape factors outside this 

range are possible, bearings with shape factors less than 10  are prone to instability at large lateral 

displacements and the upper value of 15  intended to limit the maximum shear strain due to 

compressive loading (AASHTO, 1999). Additionally, Chalhoub et al. provided an equation to 

calculate the compression modulus for 24S >  but that equation is not presented here. 

Often, multi-layer elastomeric bearings are constructed with a central hole serving the primary 

purpose of allowing heat to penetrate the center of the bearing during the curing process 

(Constantinou et al., 1992). Although the central hole is introduced for manufacturing purposes, it 

alters the pressure distribution and alters the shape factor, both of which reduce the compression 

modulus and consequentially the vertical stiffness. However, shape factor alone can not account 

for this effect, rather, the governing differential equation must be solved using the appropriate 

boundary conditions. The governing differential equation and general solution presented in 

Chalhoub et al. apply to hollow circular pads but the boundary conditions used to arrive at the 

particular solution do not. Constantinou et al. (1992) solved the governing equation using the 

appropriate boundary condition for a hollow circular pad arriving at the following expression for 

the compression modulus: 
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2

2 86 1c
G SE G S F H
K

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
    (2-5) 

where F  is a function of the inner and outer pad diameter and H  is a length function not 

presented here. Although not presented here, the ratio /H F was shown by Constantinou et al. to 

be approximately equal to 1.0  for /o iD D  ranging from 1 to 100  a result utilized to simplify the 

expression for the compression modulus. Again, if the material is assumed to be incompressible, 

K → ∞ , (2-5) then reduces to: 

 26cE GS F=  (2-6) 

and F  is calculated according to:       

 

2

2

1 1

1 ln1

o o

i i
o oo
i ii

D D
D DF

D DD
D DD

⎛ ⎞ + +⎜ ⎟
⎝ ⎠= +

⎛ ⎞ ⎛ ⎞⎛ ⎞ −⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠

  (2-7) 

where oD  is the outer diameter of the pad equal to 2 oR  and iD  is the outer diameter equal to 

2 iR , see figure 2-1b. Constantinou et al. showed that F  approaches 2 /3  as /o iD D  approaches 

1 and F  approaches 1 as /o iD D  approaches ∞  (equivalent to a circular solid pad). The shape 

factor for a hollow circular pad is calculated according to (2-8).  

 
4

o iD DS
t

−=   (2-8) 

Constantinou et al. presented an approximate expression for the compression modulus, again for 

small values of 28 /GS H K , and is presented in (2-9).  

 2
1 1 4

36c

H
E K FGS F

⎛ ⎞≈ + ⎜ ⎟
⎝ ⎠

 (2-9) 

As previously stated, Constantinou et al. (1992) showed the ratio /H F  to be approximately 

equal to 1.0  for /o iD D  ranging from 1 to 100 . Therefore, simplifying (2-9) accordingly yields 

(2-10). 
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         2
1 1 4

36cE KGS F
≈ +              (2-10) 

The approximate expression presented in (2-10) was shown by Constantinou et al. to agree well 

with the exact solution and the results of finite element analyses for /o iD D  equal to 5 and 10, 

which are typical values for hollow circular bearings. 

2.2.3 Multi-layer Elastomeric Bearing 

A multi-layer elastomeric bearing is composed of a number of elastomeric layers separated by 

intermediate steel (shim) plates. The total thickness of rubber dictates the shear stiffness whereas 

the close spacing of the intermediate shim plates results in a large (relative to the shear) vertical 

stiffness. The multi-layer elastomeric bearing is analogous to the series spring system illustrated 

in figure 2-2.  

 

FIGURE 2-2 Illustration of a series spring system 

In this figure, each individual spring represents a rubber layer and the entire system of springs a 

multi-layer elastomeric bearing with stiffness:  

 
1

1 1n

vo iiK K=
=∑  (2-11) 

where iK  is the stiffness of the thi  spring, voK  is the stiffness of the spring system and n  is the 

number of springs (rubber layers). The stiffness of an individual bonded rubber layer is calculated 

according to: 

 , ,

,

c i b i
i

r i

E AK
t

=  (2-12) 

Ki Ki+1 Kn 
P P 
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where ,c iE  is the compression modulus of the thi  bonded rubber layer as discussed in the 

previous section, ,b iA  is the bonded area of the thi  layer and ,r it  is the thickness of the thi  

rubber layer. Substituting (2-12) into (2-11) yields a general equation for the vertical stiffness of a 

multi-layer elastomeric bearing accommodating variations in the individual rubber layers.    

 ,

, ,1

1 n
r i

vo c i b ii

t
K E A=

=∑           (2-13) 

Typically the individual rubber layer are assumed to have equal thickness, bonded rubber area, 

and therefore compression modulus simplifying (2-13) to:  

 c b
vo

r

E AK
T

=           (2-14) 

where rT  is the total thickness of rubber equal to rn t . For the purpose of design, the individual 

rubber layers are assumed to be uniform and the vertical stiffness is calculated using (2-14). 

2.3 Influence of Lateral Displacement on the Vertical Stiffness 

2.3.1 Two-Spring 

The two-spring mechanical model introduced by Koh and Kelly (1987) is presented here and used 

to illustrate the derivation of an expression for the reduction in height with lateral displacement 

and subsequently an expression for the vertical stiffness. An illustration of the two-spring model 

in the un-deformed and deformed configuration is presented in figure 2-3. This model consists of 

a linear spring with stiffness HK , a rotational spring with stiffness Kθ , two frictionless rollers, 

and a rigid column all supported by a pin with applied axial load; P , and lateral force; HF . 

Figure 2-3b shows the resulting lateral displacement at the top of the column; Δ , rotation about 

the pin; θ , reduction in height; vδ , and deformation of the linear spring; s .     
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a. un-deformed  b. deformed 
FIGURE 2-3 Illustration of the two-spring model in the un-deformed and deformed 

configurations 

The derivation for the reduction in height, or vertical displacement, of the two-spring model due 

to HF   and P  is obtained by first considering the deformed configuration; see figure 2-3b. The 

global deformation quantities Δ  and vδ  can be related to the local deformation quantities s  and 

θ  through geometry according to (2-15) and (2-16). 

 ( ) ( )cos sins hΔ = θ + θ  (2-15) 

 ( ) ( )[ ]sin 1 cosv s hδ = θ + − θ       (2-16) 

Two components contribute to the vertical displacement. The first, ( )sins θ , due to the 

component of deformation of the rotated linear spring and the second, ( )[ ]1 cosh − θ , due to the 

rotation of the column by an angle, θ . Equations (2-15) and (2-16) can be simplified by assuming 

small rotations and replacing ( )sin θ  with θ  and ( )cos θ  with 1. However, approximating 

( )cos θ  with 1, the first term of the Taylor series expansion of ( )cos θ , cancels the second term in 

(2-16). To retain this term, ( )cos θ  is approximated with:  

 ( )
2

cos 1
2

θθ ≈ −      (2-17)  

 P 

FH 

x 

h Rigid 
KH

Kθ Pin y 

FH

P 

s 

θ

δv Δ 

x’

y’ 
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representing the first two terms of the Taylor series expansion of ( )cos θ . Substituting these 

approximation into (2-15) and (2-16) results in the following equations for the global deformation 

variables. 

 s hΔ = + θ  (2-18) 

 
2

2
v

hs θδ = θ +  (2-19) 

Considering equilibrium of the model in the deformed configuration and again assuming small 

rotations, the following equilibrium equations are obtained. 

 ' :x H HF P K s FΣ − θ + =   (2-20) 

 ( )pin : HM K Ph Ps F hθΣ − θ − =  (2-21) 

To relate the spring properties of the two-spring model to the mechanical properties of an 

elastomeric bearing each degree-of-freedom is considered individually. Consider first the case of 

Kθ → ∞ . For this case the deformation is solely a function of the linear spring and the spring 

stiffness can be related to the shear stiffness of an elastomeric bearing according to:  

 b
H

r

G AK
T

=  (2-22) 

Noting the equilibrium equations are in terms of h , the total height of the bearing. The shear 

stiffness is therefore re-expressed as: 

 s
H

G AK
h

=  (2-23) 

where /s b rA A h T= . For the second case, consider HK → ∞  (i.e., no shear deformations) and 

0HF = , the buckling load of the model (i.e., a rigid column supported by a rotational spring and 

a pin) is given by (2-24).  

 
( )sin

K KP
h h

θ θθ= =
θ

 (2-24) 
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The buckling load of the model ( /K hθ ) is equated to the Euler buckling load ( EP ) of an 

elastomeric bearings to obtain an expression for the stiffness of the rotational spring and is shown 

in (2-25).     

 EK P hθ =  (2-25) 

Substituting the expressions for HK  [(2-23)] and Kθ  [(2-25)] into the equilibrium equations 

yields:  

 s H
sP G A F
h

− θ + =  (2-26) 

 ( )E H
sP P P F
h

− θ − =  (2-27) 

that represent a system of equations with unknowns θ  and /s h . The solution to the systems of 

equations, θ  and /s h ,  are presented in (2-28) and (2-29).    

 
( ) 2

s
H

s E

G A PF
G A P P P

+θ =
− −

 (2-28) 

 
( ) 2

E
H

s E

s PF
h G A P P P

=
− −

 (2-29) 

Substituting (2-28) and (2-29) into (2-18) and solving for HF  yields the following: 

 
( )

( )

2
s E

H
s E

GA P P P
F

GA P P h

⎡ ⎤− − Δ⎣ ⎦=
+ +

  (2-30) 

First, substituting (2-30) into (2-28) and (2-29) then substituting the resulting expressions into 

(2-18) provides the following expression for the reduction in height. 

 ( )( )
( )

2

2
2

2
s s E

v
s E

G A P P G A P
h G A P P

+ + +Δδ =
+ +

     (2-31) 

However, for seismic isolation bearings it is reasonable to assume s EG A P<<  and EP P<< . By 

neglecting the sG A  and P  terms where they are summed with EP , (2-31) reduces to (2-32). 
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 ( ) 2
s

v
E

G A P
P h

+ Δδ =  (2-32) 

Noting that the Euler buckling load of a column is 2 2/E sP EI h= π .  Assuming / 3cE E≈  (i.e., 

incompressible material) and substituting these expressions along with /s rI Ih T=   into (2-32) 

yields the vertical displacement of the two-spring model due to a compressive load P  and a 

lateral displacement Δ .   

 ( ) 2

2
3 b r

v
r c

h G A h PT
T E I

+ Δ
δ =

π
 (2-33) 

The total vertical displacement due to the applied compressive load plus the lateral displacement 

is presented in (2-34). 

 ( ) 2

2
3 b rr

vt
c b r c

h G A h PTPT
E A T E I

+ Δ
δ = +

π
 (2-34) 

The expression for the total vertical displacement derived, in part, from the two-spring model is 

utilized to formulate an expression for the apparent vertical stiffness in the deformed 

configuration. Assuming at a particular lateral displacement the axial load versus vertical 

displacement response is linear the vertical stiffness can be expressed according to (2-35).  

 v
vt

PK =
δ

 (2-35) 

Rearranging the terms in (2-34) and solving for / vtP δ  yields: 

 2 2 2

2 2

1
3 31

c b
v

r bb

r

E AK
T G A h A

TI P I

=
⎡ ⎤Δ Δ⎛ ⎞+ +⎢ ⎜ ⎟ ⎥

⎝ ⎠π π⎣ ⎦

    (2-36) 

noting, for the case 0Δ = , the right hand side of (2-36) reduces to /c b rE A T  and is equal to voK . 

Equation (2-36) represents the apparent vertical stiffness of an elastomeric bearing at a given 

lateral displacement. Normalizing (2-36) by voK  and letting /b s rA A T h=  gives (2-37).        
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   2

2

1
31 1

v

vo b s

K
K A GA

PI

=
⎡ ⎤Δ ⎛ ⎞+ +⎜ ⎟⎢ ⎥⎝ ⎠π⎣ ⎦

 (2-37) 

Typically for seismic isolation bearings sGA P< . For example, the "500kip"  Lead-rubber 

bearing (HITEC, 1998a) with 0.6MPaG = , 20.26mbA =  and a design load of 2224kN  results 

in / 0.06bG A P = . However, to investigate the sensitivity of (2-37) to the quantity /sGA P , a 

solid circular cross-section is assumed for simplicity with 2
bA R= π  and 4 / 4I R= π . The cross 

sectional properties are substituted into (2-37) resulting in the following expression. 

 2

2

1
121 1

v

vo s

K
K GA

R P

=
⎡ ⎤Δ⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠π⎣ ⎦

 (2-38) 

Equation (2-38) is evaluated for several values of /sGA P  for / RΔ  ranging from 0  to 2.2 . The 

results of this evaluation are plotted in figure 2-4a. From the curves presented in figure 2-4a, 

/v voK K  is observed to increase as /sGA P  decreases for / 0RΔ > . Based on the marginal 

impact of the /sGA P  term on the value of /v voK K  for the range of values considered, and the 

knowledge that elastomeric seismic isolation bearings are typically designed such that sGA P< , 

it appears reasonable to simplify (2-38) by neglecting this term. 

Therefore, neglecting the /bG A P  term in (2-37) results in (2-39).      

 2

2

1
31

v

vo b

K
K A

I

=
⎡ ⎛ ⎞⎤Δ+ ⎜ ⎟⎢ ⎥π⎣ ⎝ ⎠⎦

           (2-39) 

As stated previously elastomeric bearings are often constructed with a central hole. To gain an 

understanding of the influence of a central hole on the normalized vertical stiffness, a generic 

hollow circular cross-section with outer radius oR  and inner radius iR  is assumed. For simplicity 

let i oR a R=  where 0 1a≤ < . Substituting ( )2 2
b o iA R R= π −  and ( )4 4 / 4o iI R R= π −  into (2-37) 

with / 0sGA P =  results in (2-40). 
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( )
2

2 2 2

1

121

v

vo

o i

K
K

R R

=
⎡ ⎤Δ⎢ ⎥+

π +⎢ ⎥⎣ ⎦

 (2-40)  

Further substituting i oR aR=  into (2-40) results in (2-41).  

 2

2 2

1
12 11

1

v

vo

o

K
K

Ra

=
⎡ ⎤Δ⎛ ⎞⎛ ⎞+ ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠π +⎣ ⎦

 (2-41)      

Consider, for example, 1/10a =  and 2RΔ = ; (2-41) gives / 0.172v voK K = . In addition, for 

1/ 5a = , (2-41) gives / 0.176v voK K = . To further investigate the influence of the radius of the 

central hole, (2-41) is evaluated for several values of a  (including 0a =  corresponding to a solid 

circular cross section) the results of which are plotted in figure 2-4b.  
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b.  evaluation of (2-41)   

FIGURE 2-4 Evaluation of the two-spring formulation 
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From the curves plotted in figure 2-4b and the sample calculations, the value of /v voK K  does not 

appear to be sensitive to the value of a  even for 1/ 2a = , that is, a hollow circular bearing with 

an inner radius, iR , equal to half the outer radius, oR . Based on the results of this analysis it 

appears reasonable to neglect the /sGA P  term in (2-37) and to use the properties of a generic 

solid circular cross-section ( 2
bA R= π  and 4 / 4I R= π ), simplifying the normalized vertical 

stiffness expression to (2-42). 

 2

2

1
121

v

vo

K
K

R

=
⎡ ⎤Δ⎛ ⎞+ ⎜ ⎟⎢ ⎥⎝ ⎠π⎣ ⎦

      (2-42) 

2.3.2 Overlapping Area 

A concept widely accepted for the estimation of the critical buckling load of an elastomeric 

bearing subjected to combined compression and lateral displacement (Buckle and Liu, 1994; 

Naeim and Kelly, 1999) is adapted here for the estimation of the vertical stiffness at a given 

lateral displacement. This concept uses the ratio of the overlapping area between the top and 

bottom load plates to the bonded rubber area as a factor reducing the vertical stiffness for lateral 

displacements greater than zero and is illustrated in figure 2-5.  

 Δ D=2R 

Ar

φ

FIGURE 2-5 Illustration of the overlapping area for a solid circular bearing subjected to 
lateral displacement 
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The vertical stiffness, in normalized form, is then calculated according to: 

 v r

vo b

K A
K A

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (2-43) 

where rA  is the overlapping area for a solid circular bearing subjected to a lateral displacement, 

Δ ,  and bA  is again the bonded rubber area equal to 2Rπ  and voK  is the initial vertical stiffness. 

The overlapping area is calculated according to:      

 ( )2 sin
4

r
DA φ − φ

=  (2-44) 

where 2D R=  and φ  calculated according to (2-45).  

 2arccos
D
Δ⎛ ⎞φ = ⎜ ⎟

⎝ ⎠
 (2-45) 

From (2-45) for 2 RΔ = , 0φ =  and rA  correctly equals 0 . Also for 0Δ = , (2-45) gives φ = π . 

Substituting φ = π  into (2-44) yields 2 / 4rA D= π  which is equal to bA  for a solid circular cross 

section. Therefore the overlapping area correctly predicts / 1v voK K =  at 0Δ =  and predicts 

/ 0v voK K =  at 2 RΔ = . Equation (2-43) is plotted in figure 2-6 for / RΔ   ranging from 0  to 

2.25 . Although the overlapping area concept is simple and could be easily implemented for the 

analysis of elastomeric isolation systems it is not based on any rigorous theory and does not fully 

capture the physical behavior of elastomeric bearings subjected to combined compressive and 

lateral loading. 
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FIGURE 2-6 Evaluation of the overlapping area formulation 

2.3.3 Piecewise Linear  

A piecewise linear relationship for the vertical stiffness at a given lateral displacement is 

considered. This formulation is empirically derived based on two conditions: for 0Δ = , /v voK K  

must equal 1 and from the previous analysis of the two-spring model and previous experimental 

evidence, / 0.2v voK K ≈  at 2 RΔ = . In addition, the vertical stiffness is assumed to decrease 

linearly with increasing lateral displacement up to 2RΔ =  then remain constant that results in the 

piecewise linear expression presented in (2-46).  

 
1 0.4 for / 2

0.2 for / 2

v

vo

v

vo

K R
K R
K R
K

Δ⎛ ⎞= − Δ ≤⎜ ⎟
⎝ ⎠

= Δ >
 (2-46) 

Equation (2-46) is plotted in figure 2-7. Again, although not based on rigorous theory, (2-46) 

offers a simple relationship which according to empirical evidence predicts the vertical stiffness 

is greater than zero for 2 RΔ = . 
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FIGURE 2-7 Evaluation of the piecewise linear formulation 

 

2.4 Summary 

This Section served to review previous research on the analysis of a single bonded rubber layer in 

compression focusing on the determination of the compression modulus for solid and hollow 

circular pads for compressible and incompressible material assumptions. In addition three 

formulation to account for the reduction in vertical stiffness with lateral displacement were 

presented and discussed. 

General observation from the three formulations are as follows. The two-spring formulation is 

derived from a model capable of reproducing the behavior of elastomeric bearings subjected to 

combined loading and predicts 0vK >  for 2RΔ >  which agrees with experimental evidence. The 

overlapping area formulation although simple and based on an accepted procedure has no 

theoretical basis and predicts 0vK =  for 2RΔ =  which conflicts with experimental evidence. 

The piecewise linear is a simple expression however empirically derived from the evaluation of 

the two-spring model in conjunction with experimental evidence having no theoretical basis. 



 

23 

SECTION 3 

SPECIMEN DESIGN 

3.1 General 

Model low-damping rubber (LDR) and lead-rubber (LR) seismic isolation bearings were 

designed and fabricated for the purpose of component and earthquake simulation testing. To 

facilitate the design of the model bearings, typical mechanical and material properties for 

elastomeric and lead-rubber seismic isolation bearings were selected for the prototype bearing. 

The model bearings were then proportioned according to the assumed prototype properties, 

similitude requirements, and manufacturing constraints, including among others, the maximum 

permissible outer diameter based on an existing mold (a cavity with specific diameter and depth 

used in the manufacturing process). 

This section is organized into four sub-sections. Section 3.2 provides a discussion of the assumed 

prototype bearing properties. Section 3.3 presents the scaling procedure for dynamic similitude 

for earthquake simulation testing. The specified model bearing dimensions and properties, and the 

as-built bearing dimensions are presented in Section 3.4. 

3.2 Prototype Bearing Properties 

Typical values for the mechanical and material properties of elastomeric and lead-rubber seismic 

isolation bearings used in bridge (and building) construction were assumed for the prototype LR 

and LDR bearings (HITEC, 1998a and HITEC, 1998b). A list of key mechanical and material 

properties for the LR and LDR bearings along with assumed values is presented in table 3-1. 

TABLE 3-1 Prototype bearing properties 
Parameter Bearing Type 

Description Notation Units LDR LR 
Effective period effT  s  2.5  TBD1 

Second-slope period dT  s  NA2 2.5  
Normalized characteristic strength /dQ W  - NA 0.09  

Static pressure p  MPa  3.45  3.45  
Effective yield strength of lead Lσ  MPa  NA 10.3 

Shear modulus G  MPa  0.55  0.55  
Effective damping effβ  %  5≤  20  

Notes: 
1. TBD indicates the value of the parameter will be determined in a subsequent section. 
2. NA: indicates this parameter is not applicable to the particular type of  bearing. 
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FIGURE 3-1 Idealized bilinear force-displacement relationship for a seismic 

isolation bearing 

 For illustrative purposes an idealized bilinear force-displacement relationship is presented in 

figure 3-1. This figure identifies key response quantities including: maxu  the maximum isolator 

displacement in the positive direction; minu  the maximum isolator displacement in the negative 

direction; maxF  the shear force corresponding to maxu  and minF  the shear force corresponding to 

minu . Also shown in figure 3-1 are important mechanical properties including: effK  the effective 

stiffness; uK  the “elastic” stiffness; dK  the second-slope stiffness; dQ  the characteristic strength; 

and DW  the energy dissipated per cycle. 

A primary design parameter of the prototype LDR and LR bearings is the period of vibration 

related to the shear stiffness of the rubber and the supported weight. For a LDR bearing this 

period is the effective period ( effT ) and is related to the effective stiffness ( effK ) while for the 

LR bearing it is the second-slope period  ( dT ) related to the second-slope stiffness ( dK ), see 

figure 3-1. For the prototype LDR and LR bearings effT  and dT  were assumed to be equal to 

2.5 s , respectively. In the subsequent section, this assumption along with the target model 

periods dictate the model scale. For lead-rubber bearings an additional mechanical property is 

required to define the force-displacement relationship, namely, the characteristic strength, 

presented here normalized by the weight acting on the isolator (denoted /dQ W )  and assumed to 

be equal to 0.09 . In addition, both the LR and LDR prototype bearings are assumed to carry a 

design compressive load corresponding to a static pressure, p , equal to 3.45MPa . This 

assumption will form the basis for the added mass required for earthquake simulation testing. 
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The values assumed for the material properties of the prototype bearings are typical of those used 

in the construction of elastomeric and lead-rubber seismic isolation bearings in bridges. The 

effective yield strength, Lσ , of the lead-core in the LR bearings is assumed to be equal to 

10.3 MPa  (1500 psi ) and is based on the average of the first three cycle from results presented in 

HITEC (1998a). The elastomeric material for both LR and LDR bearings is assumed to be low-

damping, low-modulus natural rubber material with shear modulus, G , equal to 0.55MPa  

(80 psi ) at 100%  rubber shear strain. Finally, the effective damping ratio, effβ , is assumed to be 

20%  for the LR and 5%  or less for the LDR bearings.  

3.3 Similitude Requirements 

The scaling procedure described in this section was used to design the seismic isolation system, 

proportion the individual seismic isolation bearings and to determine the required model weight. 

As the steel truss-bridge structure used for earthquake simulation testing was designed for general 

use in the Structural Engineering and Earthquake Simulation Laboratory (see Appendix C) the 

resulting isolated bridge model is not representative of a particular prototype structure and 

therefore does not represent a true model. However, the response of seismically isolated 

structures is primarily a function of the isolation system and not the super-structure therefore the 

isolated bridge model used in this study is considered adequate. 

To facilitate the design of the bearing specimen, the model properties were related to the assumed 

prototype properties using the similitude requirements for dynamic loading (Harris and Sabnis, 

1999). A brief outline of these requirements and resulting scale factors are presented here. For 

dynamic similitude a particular dimensionless ratio for the prototype and model must be equal as 

shown in (3-1): 
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p pm m

m m p p

F tF t
m l m l

=  (3-1) 

where F  is a generic force quantity, t  is time, m  is mass, and l  is length whereas the subscripts 

m  and p  indicate model and prototype, respectively. The scale factors are defined as the ratio of 

the prototype quantity to the equivalent model quantity, as shown by:   

 p
l

m

lS
l

=  (3-2) 
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where pl  is a particular length of the prototype and ml  is the corresponding length of the model. 

Defining the scale factors for the remaining dimensions and substituting into (3-1) yields (3-3), an 

expression relating scale factors.  

 2
l m

F
t

S SS
S

=  (3-3) 

For traditional earthquake simulation testing (not performed in a centrifuge) the gravitational and 

acceleration scale factor are equal to 1 according to:  

 1a gS S= =  (3-4) 

where aS  and gS  are the acceleration and gravitational acceleration scale factors, respectively. 

From equilibrium and with 1aS = , the force scale factor is shown to equal the mass scale factor 

presented in (3-5).     

 F mS S=  (3-5) 

Substituting this expression into (3-3) results in 

 t lS S=  (3-6) 

that is, the time scale factor is equal to the square root of the length factor. Other relevant 

quantities were related to the length scale factor in a similar manner and are presented in 

table 3-2. Also presented in this table are the target scale factor values based on:     

 2.5s 2
1.25s

p
T t

m

TS S
T

= = = =  (3-7) 

where TS  is the period scale factor equal to the time scale factor and determined as the ratio of 

the assumed period of the prototype isolated structure to the target period of the model isolated 

structure resulting in a half scale model in the time dimension and a quarter scale model in the 

length dimension. Additional quantities of interest are presented in table 3-2. However, it is worth 

noting here that the pressure and acceleration scale factors are equal to 1 and that actual scale 

factors might deviate from the target scale factors due to differences in the specified and provided 

bearing properties. 
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TABLE 3-2 Similitude requirements 

Quantity Factor Prototype / 
Model1 

Time lS  2  
Length lS  4  
Mass 2

lS  16  

Displacement lS  4  
Velocity lS  2  

Acceleration 1 1 
Stress 1 1 
Strain 1 1 
Force 2

lS  16  

Moment 3
lS  64  

Area 2
lS  16  

Shear modulus 1 1 
Damping 1 1 

Notes: 
1. Values presented in this table represent target and not 
provided values.  

3.4 Model Bearing Properties 

The model bearings were proportioned using the assumed prototype properties and in accordance 

with the scale factors determined from the similitude requirements. This section provides an 

outline of the procedure used to proportion the model isolation bearings. It is noteworthy to 

mention the model bearings are hollow cylinders and that the difference between the LR and 

LDR bearings is the addition of a lead-core in the central hole.  

The size, in terms of cross-sectional area, of the model bearings was constrained by the 

dimension of a manufacturers existing mold: a diameter of 178mm  and a mandrel (central hole) 

diameter of 30mm . Assuming 3mm of rubber cover, the maximum shim diameter and thus outer 

bonded rubber diameter is 172mm  with an inner diameter of 30mm  resulting in a bonded rubber 

area, bA ,  equal to:     

 ( ) ( )2 2 2172mm 30mm 22,528mm
4

bA π ⎡ ⎤= − =⎣ ⎦        (3-8) 
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The weight acting on each isolators (four in total) was determined using the prototype static 

pressure, p , and considering the similitude requirements as:    

 ( )2
2

N3.45 172mm 80kN
4mm

W π⎛ ⎞ ⎡ ⎤= ≈⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
 (3-9) 

where W  is estimated neglecting the central hole. The required horizontal stiffness of the model 

was calculated using the target prototype period ( 1.25spT = ) and the calculated weight according 

to: 

 
2 2

2
2 2 80kN 0.206kN/mm

g 1.25s 9810mm/s
p

p

WK
T

⎛ ⎞π π⎛ ⎞ ⎛ ⎞⎛ ⎞= = =⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

      (3-10) 

The horizontal stiffness is related to the elastomer shear modulus, G , bonded rubber area, bA , 

and total rubber thickness, rT , as shown in (3-11).  

 b

r

GAK
T

=     (3-11) 

Since G  is dictated by the prototype and similitude requirements and bA  is given by 

manufacturing constraints, the total thickness of rubber required to meet the target model period 

was determined according to: 

 
( )( )2 20.55N/mm 22,528mm

60.1mm
206 N/mm

b
r

GAT
K

= = =  (3-12) 

and the required number of rubber layers using: 

 60.1mm 20
3mm

r

r

Tn
t

= = =     (3-13) 

where rt  is the individual rubber layer thickness equal to 3mm , a manufacturers limit for 

minimum thickness. From the previously specified geometry and rubber layer thickness, the 

shape factors of the LDR and LR bearings are: 

 ( ) ( )
( )

172mm 30mm 11.8
4 4 3mm

o i

r

D DS
t
− −= = =   
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and 

 
( ) ( ) ( )

( )( )

2 22 2 172mm 30mm
13.9

4 4 172mm 3mm
o i

o r

D D
S

D t

⎡ ⎤−− ⎣ ⎦= = =  

respectively. These values are typical of seismic isolation bearings that range from 10  to 15 . The 

shape factor for the LDR and LR differ in that the rubber in the central hole of the LR is not free 

to bulge (noting the definition for the shape factor of an elastomeric pad is the ratio of the loaded 

area to the area free to bulge). 

A summary of the specified model bearing dimensions and material properties and comparison to 

the provided (or as-built) dimensions is presented in table 3-3. Note that the provided outer 

diameter, oD , is equal to 152mm . The reduction in bonded diameter results in shape factors for 

the LDR and LR bearings of 10.2  and 12.2 , respectively. The material properties of the as-built 

model bearings such as: Lσ , G  and β  were determined from the results of characterization 

testing that is presented in Section 5. As-built LDR and LR bearing details are presented in 

figures 3-1 and 3-2, respectively. These figures show a half section plan view and a cross-section 

view of the model bearings. Note the provided cover thickness of 12 mm . Typically the 

contribution of the cover to the shear stiffness is negligible as the cover thickness is a small 

fraction of the bonded rubber diameter. However, for these bearings the cover thickness is 

approximately 10%  of the bonded rubber diameter, therefore, the contribution of the cover is 

experimentally investigated and is discussed further in Section 5.  
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TABLE 3-3 Model bearing properties 

Bearing Type 
Parameter 

Target Provided 
Description Notation Unit LDR LR LDR LR 

Outer diameter oD  mm  172  172  152  152  

Inner diameter iD  mm  30  30  30  30  

Individual rubber layer thickness rt  mm  3  3  3  3  

Number of rubber layers n  - 20  20  20  20  

Shape factor S  - 11.8  13.9  10.2  12.2  

Static pressure p  MPa  3.45  3.45  TBD1 TBD 
Shear modulus G  MPa  0.55  0.55  TBD TBD 

Effective yield strength of lead Lσ  MPa  NA2 10.3 NA TBD 
Characteristic strength dQ  kN  NA 7.3  NA TBD 

Effective stiffness effK  kN/mm 0.206  TBD TBD TBD 
Second-slope stiffness dK  kN/mm TBD 0.206  TBD TBD 

Normalized characteristic strength /dQ W  - NA 0.091  TBD TBD 
Effective period effT  s  1.25  NA TBD TBD 

Second-slope period dT  s  NA 1.25  NA TBD 

Notes: 
1. TBD indicates the value of the parameter will be determined in a subsequent Section. 
2. NA: indicates this parameter is not applicable to the particular type of  bearing. 
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FIGURE 3-2 As-built model LDR bearing details 
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FIGURE 3-3 As-built model LR bearing details 
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SECTION 4 

CHARACTERIZATION AND LATERAL OFFSET TESTING 

4.1 General 

Single bearing characterization testing was conducted to determine the mechanical properties of 

the model LR and LDR seismic isolation bearings and to investigate the influence of horizontal 

displacement on the vertical stiffness. Additionally, the results of characterization testing were 

utilized to validate a three-dimensional finite element model of the LDR bearing. The 

characterization testing program was carried out on the single bearing testing machine (SBTM) 

located in the Structural Engineering and Earthquake Simulation Laboratory (SEESL) at the 

University at Buffalo. This section presents a description of the single bearing testing machine, 

instrumentation, data acquisition and the test program.   

4.2 Single Bearing Testing Machine 

4.2.1 General 

The single bearing testing machine (SBTM) was designed for the primary purpose of testing 

single seismic isolation bearing under conditions of unidirectional shear and combined axial load. 

The machine consists of a pedestal frame, a reaction frame, a loading beam, a horizontal 

(dynamic) MTS™  actuator, two vertical Parker actuators and a 5-channel reaction load cell. The 

5-channel reaction load cell utilized for characterization testing is one of four identical load cells 

also used for the earthquake simulation testing program. A detailed description of the load cells is 

provided in Appendix A. A schematic of the SBTM, including approximate physical dimensions 

and standard U.S. sections sizes is shown in figure 4-1. Presented in figure 4-2 is a photograph of 

the SBTM taken during characterization testing. 
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FIGURE 4-1 Schematic of single bearing testing machine 
 

FIGURE 4-2 Photograph of single bearing testing machine 
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TABLE 4-1 Single bearing testing machine actuator capabilities 

Actuator Stroke            
(mm) 

Velocity           
(mm/s) 

Force              
(kN) 

Horizontal (MTS) ±152 635 245 

North Vertical (Parker) ±50 Not available 317 Compression 
300 Tension 

South Vertical (Parker) ±50 Not available 317 Compression 
300 Tension 

4.2.2 Capabilities 

The SBTM is capable of imposing unidirectional shear and combined axial load or axial loading 

alone. The capabilities of the actuators of the SBTM, in terms of maximum force, stroke and 

velocity are presented in table 4-1. Noting, the maximum velocity of vertical actuators has not 

been determined and is therefore not included in table 4-1. Despite the force capabilities of the 

actuators presented in table 4-1, the capacity of the SBTM is typically limited by the elastic 

capacity of the reaction load cell. For this testing program, the elastic capacity of the 5-channel 

reaction load cell subjected to simultaneous actions, based on Von Mises yield criterion, was 

determined to be 89 kN  shear force, 22.5 kN-m  bending moment, and 222 kN  axial force 

(see Appendix A). 

4.2.3 Instrumentation and Data Acquisition 

A total of twelve data channel recorded the performance of the driving actuators and the response 

of the seismic isolation bearing during testing. Nine channels of data collected from stationary 

instruments and one data channel recording time is typically sufficient to operate the SBTM. 

However, for this testing program, two additional instruments and thus data channels were added 

to record relative vertical displacement across the bearing. Although data was collected from 

these instruments for each test, the instruments were only installed for tests involving variable 

axial loading.  

The instruments are distributed throughout the SBTM as follows. The horizontal MTS™  actuator 

contains an inline uni-axial load cell (LC) and internal linear variable displacement transducer 

(LVDT) recording actuator axial load and relative displacement, respectively. The vertical Parker 

actuators each contain a inline uni-axial LC and externally attached MTS™ 50 mm±  

Temposonic displacement transducer recording axial load and relative displacement, respectively. 

A five-channel reaction LC fixed atop the pedestal frame records axial load ( P ), shear force 
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( xF ), and bending moment ( xM ) at the base of the isolation bearing. Two types of instruments 

were used to measure relative vertical displacement across the bearing, specifically, two 6mm±  

liner potentiometers during force-controlled vertical loading and two MTS™ 50 mm±   

Temposonic displacement transducers during displacement-controlled vertical loading. 

A schematic diagram of the SBTM data acquisition system is presented in figure 4-3. This 

diagram depicts the individual components and connectivity of the SBTM data acquisition system 

including the two additional vertical displacement transducers. In this diagram, data flows from 

top down.  Also, external power supply lines are dotted whereas data and data/power lines are 

solid. The MTS™ 408 Conditioner and 406 Controllers supply an excitation voltage to the 

corresponding instruments as illustrated in figure 4-3. An excitation voltage is supplied to the 

individual circuits of the 5-channel reaction load cell via three Measurements Group Instrument 

Division 2310 Analog Signal Conditioners. Individual external power supplies provided an 

excitation voltage to the external MTS™ 50mm±  Temposonic displacement transducers and 

vertical displacement transducers. All signals are filtered at 10Hz  via a lowpass analog filter then 

digitized by a PCI DAS 6402 Analog-to-Digital (A-D) card installed in a Dell™ Dimension 8200 

desktop PC. 
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4.3 Test Program  

4.3.1 General 

The single bearing characterization testing program was designed to: (1) determine the 

mechanical properties of the LR and LDR seismic isolation bearings; (2) investigate the influence 

of lateral displacement on vertical stiffness; (3) investigate the influence of lateral displacement 

on the axial-force response under large tensile deformations; and (4) monitor the mechanical 

properties of the bearing throughout the testing program.  

4.3.2 Description 

Four model seismic isolation bearings, two LR and two LDR, were dedicated to single bearing 

characterization testing. Two bearings of each type were arbitrarily assigned numbers 5 and 6, 

i.e., LR 5, LDR 6, etc. Bearings assigned numbers 1 through 4 were utilized for earthquake 

simulation testing.  

The model bearings were tested according to the program presented in table 4-2. This program 

consisted of a series of lateral, vertical, and combined loading tests organized such that demand 

on the bearing specimen increases through the program. Benchmark unidirectional shear (100 %  

shear strain) with a constant axial load tests were repeated throughout the program to monitor the 

mechanical properties. Table 4-2 presents the following information for each test: number, type, 

input signal, preload oP , amplitude of the axial load signal P , lateral offset Δ , displacement 

amplitude u , frequency f  and number of cycles.  

A brief description of each type of test is provided below and identified in the footnote of 

table 4-2. Illustrations of the displacement and force input signals are presented in figures 4-4 and 

4-5, respectively. In each of these figures, the basic wave form is presented along with relevant 

annotations, including, signal amplitudes and periods, which are listed for each test in table 4-2. 

Both displacement and force-control were utilized throughout the program. In general, shear tests 

were conducted using displacement control whereas vertical tests were conducted using force-

control for reasons of control device sensitivity and safety. 
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A brief description of each type of test follows: 

A. Shear: Unidirectional shear and constant axial load tests conducted to 

measure the shear force response of the model LR and LDR bearings. Shear 

tests were conducted at varying strain amplitudes and frequencies to estimate 

bearing mechanical properties including: shear modulus, effective damping 

ratio, and effective lead yield strength (LR only). Additionally a benchmark 

shear test (to a displacement corresponding to 100%  shear strain) was 

repeated throughout the program to monitor possible degradation of bearing 

mechanical properties.   

B. Axial: Axial load tests conducted to measure the vertical displacement of the 

model LR and LDR bearings and to estimate the vertical stiffness and 

compression moduli. Axial load tests were repeated for varying load 

amplitudes and frequencies and conducted under conditions of zero lateral 

offset.      

C. Cyclic: Cyclic axial load tests were conducted to measure the vertical 

displacement response. Cyclic axial load tests were conducted under 

conditions of zero lateral offset.  

D. Combine Shear and Axial: Combined shear and axial load tests were 

conducted to simulate rocking motion and to determine the influence of 

variable axial load on the shear force response.  Combined shear and axial 

load test utilized a sinusoidal (S) displacement signal in the lateral direction 

and a  ramp axial load signal passing through zero (RTZ) in the vertical 

direction.     

E.  Axial with Lateral Offset: Axial load tests were conducted at various lateral 

offsets to investigate the influence of lateral displacement on the vertical 

stiffness of the model LR and LDR bearings. Tests were conducted at 

varying load amplitudes and lateral offsets.     
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F. Large deformation tensile: Large deformation tensile load tests were 

conducted to measure the axial force response of the model LR and LDR 

bearings when subjected to large tensile deformations. This test was 

conducted under conditions of zero lateral offset and a lateral offset 

corresponding to 150%  shear strain to investigate the influence of lateral 

deformation on tensile failure. 

For the axial with lateral offset tests, an interface plate, connecting the bearing top end-plate to 

the loading beam, was required to allow the vertical actuators to remain plumb while 

simultaneously shearing the bearing specimen. To allow the vertical actuators to remain plumb 

and allow the loading beam to translate vertically an interface plate was designed and fabricated 

to accommodate lateral offsets of: 0 , 30 , 60 , 90 , 120  and 152mm . A schematic of the SBTM 

and isolation bearing for the axial with lateral offset testing is shown in figure 4-6. In this figure 

the model isolation bearing is shaded and shown in each configuration for lateral offset testing. 
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TABLE 4-2 Single bearing characterization testing program 

Test Type1 Signal2 
Preload 

Po 
(kN) 

Axial Load 
Amplitude3 

P 
(kN) 

Lateral 
Offset 

Δ  
(mm) 

Displ. 
Amplitude3 

u, δ  
(mm) 

Freq.4 

f 
(Hz) 

No. of 
Cycles 

1 A S 60 n.a. n.a. ±15 0.01 4
2 A S 60 n.a. n.a. ±15 1 4 
3 A S 60 n.a. n.a. ±30 0.01 4 
4 A S 60 na. n.a. ±30 1 4 
5 A S 60 n.a. n.a. ±60 0.01 4 
6 A S 60 na. n.a. ±60 1 4 
7 B R 24 36 0 n.a. 0.01 3
8 B R 24 97 0 n.a. 0.01 3 
9 B R 24 97 0 n.a. 0.1 3 

10 B R 24 97 0 n.a. 0.333 3 
11 B R 24 157 0 n.a. 0.01 3 
12 B R 0 -13 0 n.a. 0.01 3 
13 C R 60 -74 0 n.a. 0.01 3
14 D S,RTZ 60 74 n.a. ±60 0.01, 0.01 3
15 A S 60 na. n.a. ±60 0.01 4
16 E R 24 36 30 n.a. 0.01 3
17 E R 24 97 30 n.a. 0.01 3 
18 E R 24 157 30 n.a. 0.01 3 
19 E R 0 -13 30 n.a. 0.01 3 
20 A S 60 na. n.a. ±60 0.01 4
21 E R 24 36 60 n.a. 0.01 3
22 E R 24 97 60 n.a. 0.01 3 
23 E R 24 157 60 n.a. 0.01 3 
24 E R 0 -13 60 n.a. 0.01 3 
25 A S 60 na. n.a. ±60 0.01 4
26 A S 60 na. n.a. ±90 0.01 4 
27 E R 24 36 90 n.a. 0.01 3
28 E R 24 97 90 n.a. 0.01 3 
29 E R 0 -13 90 n.a. 0.01 3 
30 A S 60 na. n.a. ±60 0.01 4
31 A S 60 na. n.a. ±120 0.01 4 
32 E R 24 na. 121 n.a. 0.01 3
33 E R 24 97 121 n.a. 0.01 3 
34 E R 0 -13 121 n.a. 0.01 3 
35 A S 60 na. n.a. ±60 0.01 4
36 E R 24 36 152 n.a. 0.01 3
37 E R 0 -13 152 n.a. 0.01 3 
38 F SR 0 na. 0 -6, -30, -89 0.01 3
39 F SR 0 na. 90 -6, -30, -89 0.01 3 
40 A S 60 na. n.a. ±60 0.01 4

Notes: 
1. A=shear;  B=axial; C=cyclic; D=combine shear and axial; E=axial with lateral offset; F=tensile large deformation tensile 
2. S=sinusoidal, R=ramp,  RTZ=ramp through zero,  SR=stepped ramp 
3. Negative value indicates loading in the direction of applied tension 
4. First and second value correspond to horizontal and vertical signal, respectively 
5. Test 33 to be performed on Lead-rubber (LR) bearings only 
6. Test 38 performed on bearings LR 5 and LDR 5 
7. Test 39 performed on bearings LR  6 and LDR 6 
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FIGURE 4-4 Imposed displacement signals 
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FIGURE 4-5 Imposed force signals 
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FIGURE 4-6 Illustrations of bearing and testing machine configurations for lateral offset 
testing 
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SECTION 5 

RESULTS OF CHARACTERIZATION AND LATERAL OFFSET 
TESTING 

5.1 General 

Four model bearings, two low-damping rubber (LDR) and two lead-rubber (LR), were dedicated 

to characterization and lateral offset testing following the program presented in table 4-2. The 

primary objectives of this testing program were to determine the mechanical properties of the 

LDR and LR seismic isolation bearings and to experimentally investigate the influence of lateral 

displacement on the vertical stiffness of elastomeric and lead-rubber seismic isolation bearings. 

Additionally, the results of intermittent “benchmark” Shear tests were used to monitor the 

mechanical and material properties of the LDR and LR bearings throughout the testing program.  

This section is organized into four sub-sections as follows. Section 5.2 describes the analysis of 

data obtained from tests performed on the LDR and LR bearings. Section 5.3 presents sample 

results from characterization testing performed on the LDR and LR bearings including 

mechanical and material properties. Section 5.4 presents results from lateral offset testing and a 

comparison with a simplified formulation derived from the two-spring model described in 

Section 2. A summary is presented in Section 5.5. Additional results of characterization and 

lateral offset testing are presented in Appendix B.               

5.2 Data Analysis 

5.2.1 General 

The mechanical properties of the LDR and LR seismic isolation bearings were determined from 

the recorded shear force and vertical displacement responses during Shear (Type A, see table 4-2) 

and Axial (Type B) tests, respectively. Resulting mechanical properties were used with physical 

properties (e.g., bonded rubber diameter, total rubber thickness) to estimate key material 

properties, including, the effective shear modulus of the rubber and the effective yield strength of 

the lead core. 
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FIGURE 5-1 Idealized bilinear force-displacement schematic for seismic isolation bearing 

5.2.2 Mechanical Properties 

The illustration of the idealized bilinear shear force versus lateral displacement response of a 

seismic isolation bearing presented in Section 2 is presented here, again, in figure 5-1 for 

convenience.  

The mechanical properties of the seismic isolation bearings were calculated from the recorded 

response data as follows. The effective stiffness was calculated according to: 

 max min
eff

max min

F FK
u u

+=
+

 (5-1) 

where minu , maxu , maxF  and minF  were defined previously. The characteristic strength, dQ , was 

estimated according to:      

 
( 0) ( 0)

2
d

F u F u
Q

+ −= + =
=  (5-2) 

where ( 0)F u+ =  and ( 0)F u− =  are the positive and negative zero-displacement force-intercepts, 

respectively. The zero-displacement intercepts, ( 0)F u+ =  and ( 0)F u− = , were determined by 

linearly interpolating adjacent data points with opposite signs of displacement. The energy 

dissipated per cycle, DW , was determined by numerically integrating the shear force versus 

lateral displacement response using a cumulative trapezoidal algorithm.   
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The vertical stiffness, voK , was calculated as: 

 vo
P PK

+ −

+ −
−=

δ − δ
 (5-3) 

where P+  is an axial load corresponding to a pressure equal to the target pressure ( ρ ) plus 

0.35 MPa ; P−  is an axial load corresponding to a pressure equal to 0.35 MPaρ − ; +δ  is the 

average relative vertical displacement coincidental with P+  from the ascending branch of the 

loading curve and −δ  is the average relative vertical displacement coincidental with P− . The 

vertical stiffness calculated in this fashion represents a secant stiffness calculated for target 

pressures of 2.75 MPa , 5.2 MPa  and 9 MPa . 

Other researchers (Kasalanati et al., 1999) have documented rotation of the loading beam of the 

single bearing test machine about its axisx −  (North axis, see figure 5-2) during axial load 

testing. As it is not possible to measure relative vertical displacement at the center of the bearing 

and in anticipation of rotation of the loading beam about its axisx − , two displacement 

transducers were used to measure vertical relative displacement on each side of the bearing. 

These transducers were placed on the east and west sides of the bearing and equidistant from the 

center. Figure 5-2 presents a photograph of bearing LDR 6 taken during test number 28 and 

shows the west transducer, in this case, a linear potentiometer. 

 
FIGURE 5-2 Photograph of LDR 6 and potentiometer placement during Test 28 

west 
potentiometer 

North 
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FIGURE 5-3 Relative vertical displacement signals from LDR 5 for Test 8 

Figure 5-3 presents a plot of the relative vertical displacement signals from the east (solid) and 

west (dashed) potentiometers from test number 8 for LDR 5. Also plotted in this figure is the 

calculated average of the east and west signals shown by a thick solid line. This figure illustrates 

the difference in potentiometer signals, approximately 17 %  relative to the west potentiometer, 

which corresponds to a beam rotation of approximately 0.045 deg.  Although this rotation is 

small, the difference in potentiometer signals is increased by the outboard positioning and is 

significant in terms of the amplitude of the relative vertical displacement signals. Therefore the 

average of the two potentiometer signals was used for graphical presentation and calculation of 

the vertical stiffness. 

5.2.3 Material Properties 

Material properties of the LDR and LR seismic isolation bearing were estimated using 

mechanical properties determined from characterization testing, physical properties of the seismic 

isolation bearings and established relationships. These material properties include: effG , the 

effective shear modulus; effβ , the effective damping ratio; and Lσ , the effective yield strength of 

the lead-core (LR only). A brief description of the relationships used to estimate the material 

properties for the LDR and LR bearings is presented in the following section.  
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Typically the effective shear modulus for elastomeric bearings, in this case the LDR, is related to 

the effective stiffness according to:  

       eff
eff

b

r

G AK
T

=  (5-4) 

where bA  is the bonded rubber diameter equal to 217,535 mm  and rT  is the total rubber 

thickness equal to 60 mm .  

An additional, nominal, thickness of rubber is provided around the circumference and over the 

full height of elastomeric and lead-rubber bearings. This additional rubber is referred to as the 

“cover” and serves to protect the bearing internal components from corrosion and accelerated 

aging. Typically, the cover thickness is on the order of the individual rubber layer thickness and 

assumed to provide negligible stiffness to the bearing. For example, the 500 kip  prototype LR 

bearing described in CERF report (HITEC, 1998a) is proportioned with a bonded rubber diameter 

of 594 mm , an individual rubber layer thickness of 8 mm  and a cover thickness of 12 mm  

resulting in a cover thickness to bonded rubber diameter ratio of 1/ 50 . However, the model LDR 

and LR bearings used in this study were manufactured with a cover layer of approximately 

12 mm  in thickness or four times the individual rubber layer thickness for a cover thickness to 

bonded rubber diameter ratio of 1/12 . To determine the contribution of the cover to the bearing 

stiffness and to more accurately estimate the shear modulus of the elastomer, the 12 mm  cover of 

LDR 5 was lathed down to approximately 3 mm , denoted LDR 5M herein, and re-tested. The 

results of tests performed on LDR 5 with 12 mm  and 3 mm  cover thicknesses were used to 

determine an effective area for the estimation of the shear modulus for bearings tested with the 

full (12 mm ) cover and calculated using: 

   eff
eff

e

r

G AK
T

=  (5-5) 

where eA  is an effective area derived in the subsequent experimental results section. For lead-

rubber bearings, the effective shear modulus is related to the second-slope stiffness, dK , and 

estimated according to (5-6), see figure 5-1.         

 eff e
d

r

G AK
T

=  (5-6) 
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The effective damping ratio, effβ , was calculated for both the LDR and LR bearings according to: 

 
( )

eff 2
eff max min

2 DW
K u u

⎡ ⎤
β = ⎢ ⎥π +⎣ ⎦

 (5-7) 

where DW , effK , maxu  and minu  were defined previously. For the calculation of effβ , the average 

of maxu  and minu  was used to account for slight differences in these values. For lead-rubber 

bearings, the effective lead yield strength, Lσ , is assumed to be related to the characteristic 

strength according to:  

 d L LQ A= σ  (5-8) 

where dQ  is the characteristic strength (see figure 5-1) and LA  is the cross-sectional area of the 

lead-core equal to 2706 mm  and calculated using the nominal inner diameter, iD . The total 

rubber shear strain was calculated for each test according to:     

 ( )max min

2 r

u u
T
+γ =  (5-9) 

where maxu , minu  and rT  were defined previously. Similar to the effβ  calculation, an average 

value of the maximum positive and negative displacements was used for the shear strain 

calculation. If these displacements were equal the expression would reduce to the more traditional 

expression shown by (5-10).  

 max

r

u
T

γ =  (5-10) 

Theoretical predictions of the vertical stiffness were calculated and compared to experimental 

values to determine the validity of two assumptions, namely, material compressibility and 

uniform rubber layer thickness. Theoretical predictions were calculated for the following cases: 

uniform rubber layer thickness with incompressible material; uniform rubber layer thickness with 

compressible material; measured rubber layer thickness with incompressible material and 

measured rubber layer thickness with compressible material. The vertical stiffness of a 

multilayered laminated rubber bearing, for the general case of non-uniform rubber layer 

thickness, is calculated according to: 
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,

, ,1

1
vo n

r i

c i b ii

K
t

E A=

=

∑
 (5-11) 

where ,c iE  is the compression modulus of the thi  rubber layer; ,b iA  is the bonded area of the thi  

rubber layer; ,r it  is the thickness of the thi  rubber layer and n  is the number of layers. If the 

individual rubber layers are assumed to have identical thickness and diameter, (5-11) simplifies 

to: 

      c b
vo

r

E AK
T

=  (5-12) 

where cE  is the compression modulus calculated for a typical rubber layer; bA  is the bonded area 

and rT  the total rubber thickness, in this case, equal to rnt  where n  is the number of rubber 

layers. The effective damping in the vertical direction, vβ , was estimated using: 

 
( )( )max min max min2

v
Area of loop

P P
β =

π − δ − δ
 (5-13) 

where maxP  is the maximum axial load; minP  is the minimum axial load; maxδ  is the maximum 

relative vertical displacement corresponding to maxP  and minδ  is the minimum relative vertical 

displacement corresponding to minP . The Area of loop  was determined using a cumulative 

trapezoidal integration algorithm.         

The analysis of a single bonded rubber layer in compression was discussed in Section 2. 

However, for convenience, portions of this presentation are repeated here. The compression 

modulus, cE , for a nearly incompressible material is calculated according to (5-14) per 

Constantinou et al. (1992):    

 2
1 1 4

3K6cE GS F
= +  (5-14) 

where G  is the shear modulus; S  is the shape factor defined as the ratio of the loaded area to the 

area free to bulge and F  is a geometric factor accounting for the central hole in the bearing 

[see (2-7)]. For the theoretical calculations a standard value of 2000 MPa  was assumed for the 
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bulk modulus, K . Assuming the rubber material is incompressible, that is K  approaches 

infinity, then (5-14) reduces to (5-15).  

 26cE GS F=            (5-15) 

For both the LR and LDR bearings, the compression modulus was calculated using the effective 

shear modulus ( effG ) at a shear strain corresponding to the estimated average shear strain due to 

the applied compressive load. In addition, for both bearings F  equal to 0.694 .    

5.3 Characterization Testing 

5.3.1 General 

This section presents the results of characterization tests performed on the LDR and LR bearings. 

Following completion of testing performed on LDR 5, the 12 mm  rubber cover was lathed to an 

approximate thickness of 3 mm  and re-tested to evaluate the influence of the rubber cover 

thickness. The results of re-testing LDR 5 (LDR 5M) with 3 mm  of cover are discussed in 

Section 5.3.2.1. Table 5-1 presents a summary of tests performed on each bearing. 
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TABLE 5-1 Summary of tests performed on LDR and LR bearings 

Test Type Description LDR No. LR No. 
1 A Shear 5, 5M, 6 5, 6 
2 A Shear 5, 5M,6 5, 6 
3 A Shear 5, 5M,6 5, 6 
4 A Shear 5, 5M,6 5, 6 
5 A Shear 5, 5M,6 5, 6 
6 A Shear 5, 5M,6 5, 6 
7 B Axial 5, 5M,6 5, 6 
8 B Axial 5, 5M,6 5, 6 
9 B Axial 5, 6 5, 6 

10 B Axial 5, 6 5, 6 
11 B Axial 5, 5M,6 5, 6 
12 B Axial 5, 6 5, 6 
13 C Cyclic 5, 6 5, 6 
14 D Combine shear and axial 5, 6 5, 6 
15 A Shear 5, 5M,6 5, 6 
16 E Axial with lateral offset 5, 5M,6 5, 6 
17 E Axial with lateral offset 5, 5M,6 5, 6 
18 E Axial with lateral offset 5, 5M,6 5, 6 
19 E Axial with lateral offset 5, 6 5, 6 
20 A Shear 5, 5M,6 5, 6 
21 E Axial with lateral offset 5, 5M,6 5, 6 
22 E Axial with lateral offset 5, 5M,6 5, 6 
23 E Axial with lateral offset 5, 5M,6 5, 6 
24 E Axial with lateral offset 5, 6 5, 6 
25 A Shear 5, 5M,6 5, 6 
26 A Shear 5, 5M,6 5, 6 
27 E Axial with lateral offset 5, 5M,6 5, 6 
28 E Axial with lateral offset 5, 5M,6 5, 6 
29 E Axial with lateral offset 5, 6 5, 6 
30 A Shear 5, 5M,6 5, 6 
31 A Shear 5, 5M,6 5, 6 
32 E Axial with lateral offset 5, 5M,6 5, 6 
33 E Axial with lateral offset None 5, 6 
34 E Axial with lateral offset 5, 6 5, 6 
35 A Shear 5, 5M,6 5, 6 
36 E Axial with lateral offset 5 5 
37 E Axial with lateral offset 5 5 
38 F Large deformation tensile 5 5 
39 F Large deformation tensile 6 6 
40 A Shear 5 5 



 

54 

5.3.2 Low-Damping Rubber 

5.3.2.1 Influence of Rubber Cover Thickness 

The result of characterization tests performed on the LDR 5M were used to more accurately 

estimate the material properties of the natural rubber compound and to evaluate the contribution 

of the 12 mm  cover to the horizontal stiffness.  

Material properties of LDR 5M, including effG  and effβ , were estimated from the results 

numerous Shear tests conducted to various maximum shear strain amplitudes and at two 

frequencies. Material properties estimated from third cycle results are plotted in figure 5-4 as a 

function of the maximum shear strain amplitude, γ . Values of effG  and effβ  were determined to 

be 0.82 MPa  and 2.7 % , respectively, for 104 %γ =  at 0.01 Hzf = . Results from tests 

conducted on LDR 5 with 12 mm  and 3 mm  of cover were compared to quantify the 

contribution of the cover and to determine an “effective” area ( eA ) for the estimation of the shear 

modulus for bearings tested with the full 12 mm  cover. In addition, the results of axial load tests 

conducted on LDR 5 with 12 mm  and 3 mm  cover were compared to determine the contribution 

of the cover to the vertical stiffness. Although the influence of the cover on the vertical stiffness 

was expected to be small the comparison was conducted for completeness. 

Effective stiffness results from Shear tests conducted to various maximum shear strain amplitudes 

with 0.01 Hzf =  performed on LDR 5 with 12 mm  and 3 mm  of cover were compared to 

quantify the contribution of the cover thickness to the horizontal stiffness. Figure 5-5a presents a 

plot of effective stiffness, effK , versus shear strain amplitude, γ , for LDR 5 with 12 mm  and 

3 mm  of cover. The results presented in this figure demonstrate the significant contribution of the  

12 mm  cover to the effective shear stiffness. From figure 5-5b, the ratio (or difference) ranges 

from 1.2  at 52 %  shear strain to 1.3  at 207 %  shear strain. Based on the significant contribution 

of the cover and consistency of this contribution over the range of maximum shear strain an 

effective area for estimating the effective shear modulus for bearings tested with the full, 12 mm , 

cover thickness is proposed. The effective area was determined using the ratio of effective 

stiffness and bonded  rubber area according to: 

 
12
eff
3
eff

e b
KA A
K

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (5-16) 
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where bA  is the bonded rubber area, 12 3
eff ef/ fK K  equal to 1.2  and eA  is the effective area equal to 

221,043 mm . 

Although the 12 mm  cover thickness was not expected to substantially influence the vertical 

stiffness of the LDR, bearings which is governed by the shape factor of the individual rubber 

layers, for completeness, a series of axial load tests were repeated on LDR 5 with the 3 mm  

cover and compared to test results with 12 mm  cover, specifically Tests 8, 9 and 11 (see 

table-5-1). Presented in figure 5-6 is a plot of experimentally determined values of the vertical 

stiffness for LDR 5 with 12 mm  and 3 mm  of cover as a function of the target pressure, ρ . The 

results presented in this figure show the cover thickness had marginal influence on the vertical 

stiffness with differences of 12 % , 6 %  and 2 %  for target pressures of 2.75 MPa , 5.2 MPa  

and 9 MPa , respectively. Based on these results, the bonded rubber diameter, bA , will be used in 

the traditional fashion for the calculation of the compression modulus and vertical stiffness. 
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FIGURE 5-6 Influence of cover thickness on the vertical stiffness of LDR 5 

5.3.2.2 Lateral Response 

A series of Shear tests were conducted on the LDR bearings to increasing displacement 

amplitudes and at two frequencies to determine the variation of mechanical and material 

properties with strain amplitude and strain rate, identified by the frequency of the input signal. 

Sample shear force versus lateral displacement results (loops) from Tests 1 through 6 (see 

table 5-1) performed on LDR 5 are presented in figure 5-7. Loops are presented for shear strain 

amplitudes of 25 %  (figure 5-7a and 5-7d), 50%  (figure 5-7b and 5-7e) and 100 %  (figure 5-7c 

and 5-7f) and frequencies of 0.01 Hz  (figure 5-7a, 5-7b, and 5-7c) and 1.0 Hz  (figure 5-7d, 5-7e, 

and 5-7f).   

The relatively rate-independent response of the LDR bearings is demonstrated by comparing the 

loops from tests conducted at 0.01 Hz  (figure 5-7a, 5-7b, and 5-7c) and 1.0 Hz  (figure 5-7d, 5-

7e, and 5-7f). Loops from tests conducted at 1.0 Hz  show a marginal increase in effK , 

approximately 6 8 %− , and DW , approximately 0 6 %− , compared to those conducted at 

0.01 Hz . These results suggest the mechanical properties, i.e., effective stiffness and energy 

dissipation, are relatively rate-independent as an increase in frequency by a factor of 100  resulted 

in a less than 10 %  increase in the mechanical properties. The effect of strain amplitude is 

illustrated through a comparison of loops from tests conducted to displacements corresponding to 

shear strain amplitudes of 25 % , 50 %  and 100 % . For both frequencies, an appreciable 

reduction in effK , approximately 24 % , is observed between tests conducted to shear strain 
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amplitudes of 25 %  and 100 % . The effective stiffness, effK , and effective damping ratio, effβ , 

from Test 5 performed on LDR 5 were determined to be  0.29 kN/mm  and 2.7 % , respectively. 

Additional Shear tests were conducted to shear strain amplitudes of 150 %  (Test 26) and 200 %  

(Test 31) at a frequency of 0.01 Hz . Shear force versus lateral displacement loops for these tests 

performed on LDR 5 are presented in figure 5-8. The loops presented in this figure show a higher 

degree of nonlinearity and some evidence of scragging, the difference between first and third 

cycle shear force response. The ratio of first cycle shear force response to third cycle shear force 

response at 150 %  and 200 %  shear strain is approximately 1.05  and 1.09 , respectively.  
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FIGURE 5-7 Shear force versus lateral displacement loops from LDR 5 for Tests 1 

through 6 
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FIGURE 5-8 Shear force versus lateral displacement loops from LDR 5 for Tests 26 and 31
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Material properties for the LDR bearings, estimated from the results of characterization testing, 

are plotted in figure 5-9. In this figure, effG  (figure 5-9a) and effβ  (figure 5-9b) are plotted as a 

function of γ  for tests performed on LDR 5 and 6 at frequencies of 0.01 Hz  and 1.0 Hz  with an 

axial pressure of 3.45MPa . From the results presented in figure 5-9a, effG , decreases with 

increasing γ  up to approximately 120 %  shear strain and then remains relatively constant up to 

the maximum shear strain of 207 %  for both bearings. As expected from the resulting 

mechanical properties, values of effG  and effβ  for both bearings appear to be relatively rate-

independent. In addition values of effG  and effβ  for LDR 5 and 6 agree well for all tests. More 

specifically, the effective shear modulus and damping ratio from Test 5 ( 100 %γ =  and 

0.01 Hzf = ) were determined to be 0.99 MPa  and 2.7 %  for LDR 5, and 0.98 MPa  and 2.8 %  

for LDR 6, respectively. 

A summary of mechanical and material properties from LDR 5 and 6 for Tests 1 through 6, 26 

and 31 are presented in table 5-2. In this table, mechanical and material properties are presented 

for each cycle. Also included is relevant test information such as signal frequency and 

compressive pressure, p . 
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FIGURE 5-9 Variation of LDR properties with shear strain amplitude and rate 
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TABLE 5-2 Summary of LDR bearing properties from Shear tests 

LDR 5 LDR 6 

Te
st

 

C
yc

le
 

( )Hz
f

 ( )MPa
p

 

( )%
γ

 
eff

kN
mm

K

⎛ ⎞
⎜ ⎟
⎝ ⎠

( )J
DW

 
( )

eff

MPa
G

( )
eff

%
β

 ( )%
γ eff

kN
mm

K

⎛ ⎞
⎜ ⎟
⎝ ⎠

( )J
DW

 
( )

eff

MPa
G

( )
eff

%
β

1 0.01 3.4 26 0.39 23 1.09 4.0 26 0.38 24 1.08 4.1 
2 0.01 3.4 26 0.38 21 1.07 3.7 26 0.37 21 1.06 3.7 
3 0.01 3.4 26 0.38 21 1.06 3.8 26 0.37 20 1.05 3.7 

1 

4 0.01 3.4 26 0.38 21 1.06 3.7 26 0.37 20 1.05 3.6 
1 1.00 3.4 25 0.41 23 1.16 4.0 25 0.40 23 1.13 4.0 
2 1.00 3.4 25 0.41 21 1.15 3.8 25 0.40 21 1.12 3.9 
3 1.00 3.4 25 0.40 21 1.14 3.8 25 0.40 21 1.12 3.8 

2 

4 1.00 3.4 25 0.40 21 1.14 3.8 25 0.39 21 1.12 3.8 
1 0.01 3.4 52 0.34 68 0.96 3.3 52 0.33 68 0.94 3.4 
2 0.01 3.4 52 0.33 63 0.95 3.1 52 0.33 63 0.93 3.2 
3 0.01 3.4 52 0.33 62 0.94 3.0 52 0.33 62 0.93 3.1 

3 

4 0.01 3.4 52 0.33 62 0.94 3.1 52 0.33 60 0.92 3.0 
1 1.00 3.4 50 0.36 69 1.01 3.5 50 0.35 69 0.99 3.5 
2 1.00 3.4 50 0.35 66 1.00 3.4 50 0.35 65 0.98 3.4 
3 1.00 3.4 50 0.35 66 1.00 3.4 50 0.35 64 0.98 3.4 

4 

4 1.00 3.4 50 0.35 64 0.99 3.3 50 0.35 63 0.98 3.3 
1 0.01 3.4 104 0.30 218 0.86 3.0 104 0.30 221 0.84 3.1 
2 0.01 3.4 104 0.30 192 0.84 2.7 104 0.29 197 0.83 2.8 
3 0.01 3.4 104 0.29 190 0.83 2.7 104 0.29 193 0.82 2.8 

5 

4 0.01 3.4 104 0.29 188 0.83 2.7 104 0.29 191 0.82 2.7 
1 1.00 3.4 99 0.31 214 0.88 3.1 99 0.31 212 0.87 3.1 
2 1.00 3.4 96 0.31 189 0.87 3.0 96 0.30 191 0.86 3.0 
3 1.00 3.4 96 0.31 188 0.87 3.0 93 0.30 180 0.86 3.1 

6 

4 1.00 3.4 99 0.31 197 0.87 2.9 96 0.30 187 0.86 2.9 
1 0.01 3.4 155 0.29 421 0.83 2.7 155 0.28 438 0.80 2.9 
2 0.01 3.4 155 0.28 386 0.80 2.6 155 0.28 402 0.78 2.7 
3 0.01 3.4 155 0.28 387 0.79 2.6 155 0.27 397 0.77 2.7 

26 

4 0.01 3.4 155 0.28 385 0.79 2.6 155 0.27 397 0.77 2.7 
1 0.01 3.4 207 0.30 866 0.84 3.1 207 0.29 901 0.81 3.3 
2 0.01 3.4 207 0.28 751 0.80 2.9 207 0.27 789 0.77 3.0 
3 0.01 3.4 207 0.28 740 0.78 2.9 207 0.27 771 0.76 3.0 

31 

4 0.01 3.4 207 0.27 728 0.77 2.8 207 0.26 761 0.75 3.0 
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5.3.2.3 Vertical Response 

A series of Axial load tests were conducted to determine the vertical stiffness of the LDR bearings 

for varying levels of applied load and rate-of-load application. Tests 7, 8 and 11 were conducted 

to maximum axial loads of 60 kN , 120 kN and 180 kN , respectively, each with a rate of 

application equal to 0.01 Hz , from zero to the maximum load and back to zero. Tests 8, 9 and 10 

were each conducted to 120 kN  with load application rates of 0.01 Hz , 0.1 Hz  and 0.33 Hz , 

respectively. For this testing program, the maximum load application rate under force control was 

limited to 0.33 Hz . Higher loading rates resulted in significant inertial forces developing due to 

the acceleration of the loading beam, which adversely affected the control of the system.  

Experimentally determined values of voK  and vβ  from Tests 7 through 11 performed on LDR 5 

and 6 are presented in table 5-3. The vertical stiffness of LDR 5 and 6 were determined to be 

84.3 kN/mm  and 90.4 kN/mm , respectively, from the results of Test 11, max 180 kNP =  and 

0.01 Hzf = . Additionally, the vertical effective damping ratio, vβ , for LDR 5 and 6 were 

determined to be 1.2 %  and 1.0 % , respectively. A marginal increase in voK  was observed 

comparing the results of Tests 10 ( 0.33 Hz ) to Test 8 ( 0.01 Hz ) for LDR 5 and 6 ( 7 %  and 5 % , 

respectively), see table 5-3. Sample axial load versus vertical displacement loops for LDR 5 from 

Tests 8, 9 and 10 are presented in figure 5-10. The results plotted in this figure show a slight 

reduction in maximum displacement (value indicated in each plot) and thus increase in vertical 

stiffness with increasing frequency. 

TABLE 5-3 Vertical stiffness results from Axial load tests performed on LDR bearings  

LDR 5 LDR 6 
Test ( )

max

kN
P

 
( )Hz

f
 

( )kN/mm
voK

 
( )%

vβ
 

( )kN/mm
voK

 
( )%

vβ
 

7 60 0.01 81.4 3.4 93.8 2.7 
8 120 0.01 79.7 1.5 86.8 1.4 
9 120 0.1 83.8 1.2 90.0 1.2 

10 120 0.33 85.4 1.1 91.5 1.1 
11 180 0.01 84.3 1.2 90.4 1.0 
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FIGURE 5-10 Axial load versus vertical displacement loops from tests performed on LDR 5 
with various rates of load application 
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TABLE 5-4 Comparison of vertical stiffness for LDR bearings 

Experimental Theoretical 
Uniform rt  Measured rt   

Incompressible Compressible Incompressible Compressible 
  No. 

e
voK  

t
voK  Err t

voK  Err t
voK  Err  t

voK  Err
 (kN/mm) (kN/mm) (%) (kN/mm) (%) (kN/mm) (%) (kN/mm) (%) 

5 84.3 103.9 23 84.0 0.2 NA - NA - 
6 90.4 103.9 15 84.0 7 111.4 23 89.3 1 

Experimentally determined values of the vertical stiffness were compared to theoretical 

predictions to verify the compressibility and uniform rubber layer thickness assumptions. 

Theoretical values were calculated for the following cases: (1) uniform rubber layer thickness and 

incompressible material; (2) uniform rubber layer thickness and compressible material; (3) 

measured rubber layer thickness and incompressible material (LDR 6 only); and (4) measured 

rubber layer thickness and compressible material (LDR 6 only). The resulting theoretical 

predictions are presented in table 5-4 including an error estimate, denoted Err , between the 

theoretical and experimental values and calculated according to:     

 100%
t e
vo vo

e
vo

K K
Err

K

−
= ⋅  (5-17) 

where t
voK  is the theoretical prediction for a specific case and e

voK  is the experimentally 

determined value. Experimental values of the vertical stiffness presented in table 5-4 were 

determined from the results of Test 11 ( max 180 kNP = ) using (5-3). Considering the case of 

uniform rt  (with total rubber thickness equal to 60mm ), the incompressible material assumption 

results in theoretical predictions of 104 kN/mm  for both bearings over predicting the 

experimental results with errors of 24%  and 15%  for LDR 5 and 6, respectively. Assuming the 

material to be compressible with 2000 MPaK = , the theoretical predictions estimate the 

experimentally determined value very well with errors of less than 1%  for LDR 5 and 7 % , for 

6. After testing was completed, LDR 6 (and LR 6 as discussed later in this section) was cut in half 

using a band saw for inspection and to facilitate measurement of the thickness of the individual 

rubber layers. The thickness of each rubber layer was measured at the inner and outer edge of one 

side of the bearing using a digital caliper. Based on the measured individual rubber layer 

thickness of LDR 6 and assuming incompressible material the theoretical prediction 

overestimates the experimentally determined value with an error of 23 % . Assuming material 
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compressibility, 2000 MPaK = , the theoretical prediction agrees well with experimentally 

determined value with an error of 1% . The results presented in table 5-4 suggest the 

incompressible material assumption tends to overestimate the experimentally determined vertical 

stiffness for both bearings and that an assumed value of 2000 MPa  for the bulk modulus appears 

to be reasonable although experimental determination of this parameter would be preferred. 

Second, calculating the vertical stiffness using the measured individual rubber layer thicknesses 

results in very good agreement with the experimentally determined value, for this case. 

Table 5-5 presents a tabular calculation of the vertical stiffness for LDR 6 based on the measured 

thickness of the individual rubber layers. Three significant figures are presented for the 

calculation of ,c iE  to facilitate tracking of results. The average thickness of an individual rubber 

layer was used to calculate the shape factor, compression modulus and vertical stiffness of the 

individual rubber layers. Note that the variation in rubber layer thicknesses and levelness 

resulting in a range of shape factors from 9.5  to 15.9 . 

  TABLE 5-5 Sample calculation of vertical stiffness for LDR  6 based on the measured 
individual rubber layer thickness 

Layer Thickness tr 

Left     
edge 

Right   
edge Average 

Shape 
Factor    

Si 

Shear 
Modulus 

G 

Compression 
Modulus        

Ec,i     

Vertical 
Stiffness   

Kvo,i 
Rubber 
Layer 

(mm) (mm) (mm)  (MPa) (MPa) (kN/mm) 
1 2.0 1.9 1.9 15.9 0.82 546 195.2 
2 2.2 3.2 2.7 11.3  336 85.3 
3 3.5 2.2 2.8 10.9  318 78.1 
4 2.3 3.7 3.0 10.1  281 63.8 
5 3.2 2.6 2.9 10.6  304 72.5 
6 3.4 2.9 3.2 9.7  264 57.5 
7 3.2 3.1 3.2 9.6  260 56.3 
8 2.9 3.2 3.1 10.0  279 63.1 
9 2.9 3.4 3.1 9.8  269 59.4 

10 3.1 3.3 3.2 9.5  258 55.5 
11 3.3 3.0 3.1 9.7  266 58.5 
12 2.8 3.0 2.9 10.4  297 69.7 
13 3.5 2.8 3.2 9.6  262 56.9 
14 2.3 4.0 3.2 9.6  261 56.6 
15 3.2 2.3 2.8 11.1  329 82.4 
16 3.1 2.8 2.9 10.4  298 70.1 
17 3.0 2.8 2.9 10.5  299 70.5 
18 2.7 2.6 2.6 11.8  359 95.2 
19 2.3 2.6 2.5 12.4  387 107.9 
20 2.9 2.7 2.8 11.1  329 82.4 

Total   58.0    89.4 
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5.3.3 Lead-Rubber 

5.3.3.1 Lateral Response 

As with the LDR bearings, a series of Shear tests were performed on the LR bearings to 

determine the shear force response under conditions of varying displacement amplitude and 

frequency, see table 4-2. Results from these tests were used to determine nominal mechanical 

properties and to estimate bearing material properties, specifically, the effective yield strength of 

the lead-core. In addition results from these tests were used to determine the dependency of the 

estimated material properties on strain amplitude, γ , and strain rate defined by the signal 

frequency, f . 

Sample shear force versus lateral displacement loops from Tests 1 through 6 performed on LR 5 

are presented in figure 5-11 to illustrate the influence of strain amplitude and rate on the response 

of the LR bearings. Loops presented in this figure are for shear strain amplitudes of 

approximately 25 % , 50 %  and 100 %  conducted at frequencies of 0.01 Hz  and 1.0 Hz . Three 

observations are provided based on the loops presented in figure 5-11. First, for both frequencies, 

an increase in characteristic strength, dQ , is observed with increasing maximum displacement 

(shear strain amplitude) suggesting the lead exhibits some level of isotropic hardening. Second, 

for each displacement amplitude, the LR bearing exhibits an increase in dQ , dK   and DW , energy 

dissipated per cycle, for tests conducted at 1.0 Hz  (figures 5-11d, 5-11e and 5-11f) compared to 

those at 0.01 Hz  (figures 5-11a, 5-11b and 5-11c) suggesting the effective yield strength of the 

lead-core shows some rate-dependency. Third, tests conducted to displacement amplitudes 

corresponding to 100 %γ = , figures 5-11c and 5-11f, exhibited an unusual “bow-tie” shaped 

loop. Although the cause for this bow-tie shape is not explored in great detail a plausible 

explanation is provided. The bow-tie shape appears to be the result of an expanding yield surface, 

dQ , between shear strain amplitudes of 25 %  and 100 % , referred to in this section as 

intermediate shear strain. 
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 c. Test 4, f=0.01Hz  f. Test 6, f=1.0Hz 
FIGURE 5-11 Shear force versus lateral displacement loops from LR  5 for Tests 1 

through 6 
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FIGURE 5-12 Illustration of LR bearing and core subjected to combined lateral 
displacement and compressive pressure 

The bow-tie shape might be attributed to confining stress applied to the core in the deformed 

configuration due to the applied compressive load. This concept is illustrated in figure 5-12 which 

presents an illustration of a LR bearing with an applied compressive pressure, p , in both the 

un-deformed and sheared configuration. Also shown, is the resulting pressure on the core, σ , due 

to the applied compressive pressure and its components, ( )cosσ γ  and  ( )sinσ γ  a function of the 

shear strain, γ , corresponding to a lateral displacement, Δ . In the intermediate shear strain range, 

the ( )sinσ γ  component acts as a confining pressure on the lead core thus increasing dQ . This 

behavior is believed to be apparent in these LR bearings due to the lack of initial confinement of 

the lead-core. 

The LR bearings were subjected to large lateral displacements during Tests 26 and 31,  

corresponding to 150 %γ =  and 200 %γ = , respectively. Shear force versus lateral displacement 

loops from these test performed on LR 5 are presented in figure 5-13. Both tests were conducted 

at 0.01 Hz . The loops presented in figure 5-13 show an increase in the thickness of the loops in 

the intermediate strain range consistent with the previous results.  This increase in thickness is not 

apparent for strains greater than 150 %  which may be due to the small overlapping area of the top 

and bottom end plates at this level of lateral displacement. 
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 a. Test 26, γ=150 %  
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 b. Test 31, γ=200 %  

Figure 5.13 Shear force versus lateral displacement loops from LR 5 for Tests 26 and 31. 

Material properties of the LR bearings, namely, the effective lead-core yield strength, Lσ , and 

effective damping ratio, effβ , were calculated from the results of the Shear tests.  Figure 5-14 

presents plots of Lσ  and effβ  as a function of γ  from tests performed on LR 5 and 6. Values of 

Lσ  and effβ  presented in this figure were calculated from the third cycle response. From 
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figure 5-14a, Lσ  (and analogously dQ ) is observed to increase with increasing maximum shear 

strain amplitude. For example, Lσ  for LR 5 and 0.01 Hz , increases from 5.3 MPa  at 25 %γ ≈  to 

9.8 MPa  at 200%γ ≈ . The lead yield strength of LR 6 exhibited similar results. Additionally, 

figure 5-14a illustrates the influence of frequency (or strain-rate) on the yield strength of the 

lead-core. For example, Lσ  for LR 6 increases from 7.3 MPa  for 0.01 Hz  to 10.7 MPa  for 

1.0 Hz  at a maximum shear strain amplitude of approximately 50 % . Plotted in figure 5-14b is 

effβ  versus γ  for LR 5 and 6. The effβ  results presented in figure 5-14b show no appreciable 

dependency on f and decrease with increasing maximum shear strain amplitude as expected. The 

lead yield strength and effective damping ratio for LR 5 and 6 from the third cycle of Test 5, 

100 %γ =  and 0.01 Hz , were determined to be approximately 8.3 MPa  and 19 % , respectively.  

A summary of the mechanical and material properties for the LR bearings determined from Tests 

1 through 6, 26 and 31 are presented in table 5-6. Values of the mechanical and material 

properties are presented for each cycle. 
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FIGURE 5-14 Variation of LR properties with shear strain amplitude and rate 
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TABLE 5-6 Summary of LR bearing properties from Shear tests 

LR 5 LR 6 

Te
st

 
C

yc
le

 

( )Hz
f

 ( )MPa
p

 

(%)
γ

 
(kN)

dQ
 

eff

kN
mm

K

⎛ ⎞
⎜ ⎟
⎝ ⎠

( )J
DW

 
( )MPa

Lσ
( )

effβ
% (%)

γ

(kN)
dQ eff

kN
mm

K

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
( )J

DW
 

( )MPa
Lσ

( )
effβ
%

1 0.01 3.4 26 3.6 0.64 184 5.0 19.0 26 3.7 0.63 177 5.4 18.9
2 0.01 3.4 26 3.8 0.66 205 5.4 20.6 26 3.8 0.65 201 5.4 20.9
3 0.01 3.4 26 3.8 0.66 202 5.3 20.2 26 3.7 0.65 197 5.3 20.5

1 

4 0.01 3.4 26 3.7 0.66 200 5.3 20.0 26 3.7 0.65 196 5.3 20.4
1 1.00 3.4 25 4.7 0.79 224 6.7 20.2 25 3.9 0.74 189 5.6 18.4
2 1.00 3.4 25 4.6 0.81 239 6.5 21.1 25 4.3 0.77 212 6.2 19.9
3 1.00 3.4 25 4.6 0.82 236 6.5 20.7 25 4.4 0.77 215 6.3 20.1

2 

4 1.00 3.4 25 4.5 0.82 235 6.4 20.5 25 4.4 0.78 218 6.3 20.2
1 0.01 3.4 52 4.8 0.55 595 6.9 17.9 50 5.2 0.55 560 7.3 18.7
2 0.01 3.4 52 5.0 0.55 629 7.0 19.3 50 5.3 0.56 603 7.5 20.1
3 0.01 3.4 52 4.9 0.54 614 7.0 19.0 50 5.1 0.55 589 7.3 19.9

3 

4 0.01 3.4 52 4.9 0.54 605 6.9 18.9 50 5.1 0.55 583 7.2 19.8
1 1.00 3.4 51 7.1 0.65 762 10.0 20.6 50 7.0 0.63 738 9.9 20.9
2 1.00 3.4 50 7.4 0.68 821 10.4 21.6 50 7.5 0.67 814 10.7 22.2
3 1.00 3.4 50 7.3 0.69 811 10.3 21.3 50 7.6 0.68 819 10.7 21.9

4 

4 1.00 3.4 50 7.2 0.69 802 10.2 21.0 50 7.6 0.68 810 10.7 21.6
1 0.01 3.4 104 5.8 0.42 1723 8.2 17.3 104 6.2 0.41 1741 8.8 17.7
2 0.01 3.4 104 5.9 0.40 1770 8.3 18.6 104 5.9 0.39 1781 8.3 19.1
3 0.01 3.4 104 5.9 0.40 1744 8.4 18.6 104 5.8 0.39 1745 8.3 19.0

5 

4 0.01 3.4 104 5.9 0.40 1729 8.3 18.6 104 5.9 0.39 1740 8.3 19.0
1 1.00 3.4 99 9.2 0.51 2298 13.0 20.6 99 9.5 0.51 2323 13.5 20.8
2 1.00 3.4 98 8.0 0.51 2330 11.4 21.2 98 8.2 0.52 2381 11.6 21.4
3 1.00 3.4 96 7.6 0.50 2131 10.8 20.5 96 7.7 0.51 2178 10.9 20.7

6 

4 1.00 3.4 93 7.3 0.49 1952 10.3 20.0 94 7.4 0.50 2011 10.4 20.5
1 0.01 3.4 155 6.1 0.35 2929 8.6 15.4 155 6.0 0.35 2873 8.6 15.5
2 0.01 3.4 155 6.2 0.35 2906 8.8 15.9 155 5.9 0.34 2864 8.3 15.9
3 0.01 3.4 155 6.3 0.34 2882 8.9 15.9 155 5.9 0.34 2820 8.4 15.8

26 

4 0.01 3.4 155 6.3 0.34 2862 8.9 15.8 155 5.9 0.33 2817 8.4 15.8
1 0.01 3.4 207 6.5 0.34 4354 9.3 13.4 207 6.8 0.33 4285 9.6 13.6
2 0.01 3.4 207 6.8 0.33 4311 9.7 13.7 207 6.4 0.32 4238 9.1 14.0
3 0.01 3.4 207 6.9 0.32 4253 9.8 13.8 207 6.5 0.31 4144 9.2 14.0

31 

4 0.01 3.4 207 7.0 0.32 4242 9.9 13.9 207 6.5 0.31 4132 9.2 14.0
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TABLE 5-7 Vertical stiffness results from Axial load tests performed on LR bearings 

LR 5 LR 6 
Test ( )

max

kN
P

 
( )Hz

f
 

( )kN/mm
voK

 
( )%

vβ
 

( )kN/mm
voK

 
( )%

vβ
 

7 60 0.01 138.7 5.4 116.0 6.3 
8 120 0.01 154.1 2.6 131.8 2.7 
9 120 0.1 164.1 2.4 140.4 2.2 

10 120 0.33 167.2 2.3 144.4 2.2 
11 180 0.01 163.3 1.9 145.1 2.0 

5.3.3.2 Vertical Response 

The LR bearings were subjected to a series of Axial load tests to various maximum compressive 

and tensile loads. This section presents results from compressive Axial load tests and the 

subsequently determined values of the vertical stiffness and vertical effective damping ratio. 

Experimentally determined values of the vertical stiffness and effective damping for LR 5 and 6 

are presented in table 5-7. Also presented in this table is relevant test information such as 

approximate maximum axial load, maxP , and rate of load application, denoted f , for each test. 

From Test 11 ( max 180 kNP =  and 0.01 Hzf = ) , the vertical stiffness of LR 5 and 6 were 

determined to be 163 kN/mm  and 145kN/mm , respectively. Additionally, the vertical effective 

damping was estimated to be approximately 2 %  for both bearings.  

Tests 8, 9 and 10 were conducted to an axial load amplitude of 120 kN  with load application 

rates of 0.01 Hz , 0.1 Hz  and 0.33 Hz , respectively. A comparison of voK  from Test 8  

( 0.01 Hz ) and Test 10 ( 0.33 Hz ) indicates an 9 %  and 10 %  increase in vertical stiffness for LR 

5 and 6, respectively. For the same tests, the vertical effective damping decreased from 2.6 %  to 

2.3 % for LR 5 and from 2.7 %  to 2.2 %  for LR 6. Sample axial load versus vertical 

displacement loops for LR 5 from Tests 8, 9 and 10 are presented in figure 5-15. These plots 

include the maximum displacement value and illustrate the slight increase in stiffness with 

increased rate of load application. Two observations are made from the results of Test 8, 9 and 

10. First, the rate of load application resulted in a marginal increase in vertical stiffness and 

therefore reduction in vertical effective damping for the range of load application rates consider 

here. Second, the vertical effective damping for the LR and the LDR bearings were determined to 

be, approximately, 2 %  and 1% , respectively, suggesting the lead-core did not participate in the 

vertical direction.  
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FIGURE 5-15 Axial load versus vertical displacement loops from LR 5 for various rates of 
load application 
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Experimentally determined values of the vertical stiffness were compared to theoretical values, 

calculated for the considerations described in Section 5.3.2.3, to validate the compressibility and 

uniform thickness assumption. Table 5-8 presents experimentally determined and theoretically 

calculated values of the vertical effective stiffness, denoted e
voK  and t

voK , respectively. As stated 

previously, the vertical stiffness was calculated using the effective shear modulus ( effG ) 

estimated at a maximum shear strain corresponding to the estimated average shear strain due to 

compressive loading as determined from Test 11 with max 180 kNP =  and 0.01 Hzf = . An 

estimate of the error between the calculated values and the experimentally determined value is 

included in table 5-8. The error estimates are denoted, Err  , and calculated according to (5-17). 

Based on the results presented in table 5-8 the following comments are provided. First, for 

uniform individual rubber layer thickness, the incompressible assumption substantially 

overestimates the experimentally determined values for LR 5 and 6 by 72 %  and 97 %  error, 

respectively. If the rubber is assumed to be compressible, with 2000 MPaK = , the calculated 

values show better agreement with e
voK  for both bearings, with errors of 5 %  and 19 %  for LR 5 

and 6, respectively. Similar to the LDR 6 bearings, the LR 6 was cut in half following completion 

of the testing program to inspect and measure individual rubber layer thicknesses. Using the 

measured rubber layer thicknesses the incompressible assumption again results in a vertical 

stiffness which overestimates the e
voK  with an error of 96 % . Assuming the rubber is 

compressible and using the measured individual rubber layer thicknesses, the calculated value 

results in 173 kN/mm  and an approximate error of 20 %  when compared to the experimental 

value. For the LR bearings, the incompressible assumption  resulted in a substantial 

overestimation of the vertical stiffness. Assuming the material to be compressible resulted in 

vertical stiffness predictions that agreed reasonably well with the experimental values. In 

addition, unlike LDR 6, accounting for variations in the individual rubber layer thicknesses did 

result in an improved prediction. 

TABLE 5-8 Comparison of vertical stiffness for LR bearings 

Experimental Theoretical 
Uniform rt  Measured rt  

Incompressible Compressible Incompressible Compressible 
  

No. e
voK  

t
voK  Err t

voK  Err t
voK  Err  t

voK  Err
 (kN/mm) (kN/mm) (%) (kN/mm) (%) (kN/mm) (%) (kN/mm) (%) 

5 163.3 280.0 71.4 170.8 4.6 NA - NA - 
6 145.1 285.0 96.5 172.7 19.0 283.8 95.6 173.2 19.4 
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5.3.4 Monitoring 

A benchmark Shear test was repeated intermittently throughout the testing program for the 

purpose of monitor changes in the mechanical properties. The benchmark test subjected the 

bearing to four fully reversed cycles to a lateral displacement equal to approximately 60 mm  

( 100 %γ = ) at a frequency of 0.01 Hz  with a compressive load of 60 kN  ( 3.5 MPa ), see 

table 4-2. 

Figure 5-16 presents plots of the effective shear modulus, effG , effective damping, effβ , and 

energy dissipated per cycle, DW , from third cycle results of the benchmark test performed on 

LDR 5 and 6 as a function of the test number. From figure 5-16a, the effective shear modulus 

appears relatively constant for Test 5 through Test 25 then decreases with Tests 30, 35, and 40. 

The effective shear modulus for LDR 5 from Tests 5 and 40 are 0.83 MPa  and 0.74 MPa , 

respectively, corresponding to a 10 %  change through the program. Similarly, effβ , 

(figure 5-16b) is relatively constant for Tests 5 through Test 25 then increases for Tests 30, 35 

and 40. This is likely due to a combination of the reduction in effective stiffness (as observed 

from the effective shear modulus) and a slight increase in DW  (figure 5-16c) for Tests 30, 35 

and 40. The bearing LDR 6 was significantly damaged during Test 39 and was not subjected to 

Test 40. 

Figure 5-17 presents the third cycle results from benchmark tests performed on LR 5 and 6. These 

results include: Lσ  the lead yield strength; effβ  the effective damping ratio and DW , the energy 

dissipated per cycle. As noted previously, benchmark Test 40 was not performed on LR 6 due to 

significant damage that occurred during Test 39. From figure 5-17a, Lσ  for LR 5 is observed to 

increase from 8.4 MPa  to 9.4 MPa  from Test 5 to Test 40, respectively. The Lσ  for LR 6 from 

the benchmark tests showed similar trends to LR 5. The effective damping ratio for both bearings, 

shown in figure 5-17b, remained relatively constant up to Test 25, then increased for Tests 30, 35 

and 40. Figure 5-17c shows the energy dissipated per cycle for LR 5 and 6 which remains 

relatively constant throughout the testing program. Based on the results presented in figure 5-17, 

the mechanical and material properties of the LR bearings remained fairly constant throughout 

the testing program with the exception of the lead yield strength, which appeared to increase 

perhaps due to repeated cycling. 
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FIGURE 5-16 Third cycle properties of the LDR bearings from benchmark Shear tests 
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FIGURE 5-17 Third cycle properties of the LR bearings from benchmark Shear tests 
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5.4 Lateral Offset Testing 

5.4.1 General 

This section presents the results of an experimental investigation of the influence of lateral 

displacement on the vertical stiffness of elastomeric and lead-rubber seismic isolation bearings. 

Normalized results from this investigation are compared to the simplified expression derived 

from the two-spring model presented in Section 2 of this report.    

5.4.2 Experimental Observations 

The LDR and LR bearings were subjected to axial loading under condition of varying lateral 

offset, termed herein as lateral offset testing. Photographs of the LR bearings taken for each 

offset, including the Axial load test with zero lateral offset, are presented in figure 5-18. This 

figure illustrates the condition of the bearings during lateral offset testing as well as placement of 

the displacement transducers (two linear potentiometers) mounted magnetically to the loading 

beam and attached to the middle of the bottom bearing end plate, equidistant from the center of 

the bearing, for each offset. The potentiometers were placed in this fashion in an attempt to 

minimize possible errors in the relative vertical displacement measurement due to rotation of the 

load cell about the axisy −  (into page), due to the eccentrically applied axial loading. 
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a. LR 6, Test 7, Δ=0 mm d. LR 6, Test 27, Δ=90 mm 

  
b. LR 6, Test 16, Δ=30 mm e. LR 6, Test 32, Δ=120 mm 

  
c. LR 6, Test 22, Δ=60 mm f. LR 5, Test 36, Δ=152 mm 

FIGURE 5-18 Photographs of LR 5 and 6 taken during lateral offset testing 
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5.4.3 Experimental Results 

Tests were conducted for lateral offsets, Δ , of approximately 30 , 60 , 90 , 120  and 152 mm . 

Actual offset displacements were recorded prior to testing from the LVDT (linear variable 

displacement transducer) housed in the horizontal actuator, which is part of the single bearing 

testing machine.  

Figure 5-19 presents axial load versus vertical displacement loops from Axial (figure 5-19a) and 

lateral offset (figure 5-19b through 5-19f) tests performed on LDR 5 and conducted to a 

maximum axial load of approximately 60 kN  corresponding to a maximum pressure of 

3.45 MPa  and a target pressure of 2.75 MPa . The loops presented in this figure illustrate the 

increase in relative vertical displacement with increasing lateral offset as indicated by the rotation 

of the loops. The loops presented in figures 5-19e and 5-19f, corresponding to offsets of 

120 mm and 152 mm , respectively, exhibit some residual displacement (distance from zero force 

intercepts between consecutive cycles). The residual displacements are more pronounced at larger 

lateral offsets due to the increased contribution of the shear deformation to the total vertical 

displacement as the intermediate rubber layers rotate. Lateral offset tests were conducted to larger 

maximum axial loads, specifically, 120 kN  and 180 kN , for a subset of lateral offsets: limited by 

the anticipated reduced load carrying capacity of the bearing (buckling load). The 120 kN  

maximum axial load test was performed for lateral offsets of 30 , 60  and 90 mm  whereas the 

180 kN  tests were performed for lateral offsets of 30 and 60 mm . Vertical stiffness results from 

Axial and lateral offset tests performed on LDR 5 and 6 are presented for each cycle in table 5-9. 

Table 5-9 also includes measured lateral offsets, Δ , recorded maximum axial loads, maxP , and 

calculated vertical effective damping ratios, βv . 

Figure 5-20 presents sample axial load versus lateral displacement loops from Axial 

(figure 5-20a) and lateral offset (figure 5-20b through 5-20f) tests performed on LR 5 for a 

maximum axial load of approximately 60 kN . Again, the loops presented in this figure show an 

increase in the maximum relative vertical displacement with increasing lateral offset. Also, the 

residual displacement appears to increase with increasing lateral offset, with the exception of 

120 mmΔ =  (figure 5-20e) that shows less residual displacement than the preceding offset of 

90 mm . Similar to the LDR bearings, lateral offset tests were performed to larger maximum axial 

loads for a subset of lateral offsets, again limited according to the estimated buckling load (at the 
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specified lateral displacement). Lateral offset tests with a maximum axial load of 120 kN  were 

conducted for offsets of 30 , 60 , 90  and 120 mm  whereas 180 kN  tests were performed for 

offsets of 30 , 60  and 90 mm . Vertical stiffness results from Axial and Lateral offset tests 

performed on LR 5 and 6 are presented by cycle in table 5-10. Table 5-10 also lists the recorded 

Δ  and maxP  and the calculated βv  values. 
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 c. Test 21, Δ=60 mm  f. Test 36, Δ=152 mm 

FIGURE 5-19 Axial load versus vertical displacement loops from LDR 5 at each 
lateral offset 
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 c. Test 21, Δ=60 mm  f. Test 36, Δ=152 mm 
FIGURE 5-20 Axial load versus vertical displacement loops from LR 5 at each lateral 

offset 
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TABLE 5-9 Summary of results from Axial and Axial with lateral offset testing performed 
on LDR bearings 

LDR 5 LDR 6 

Test Cycle 
(mm)

Δ
 max

(kN)
P

 kN
mm

⎛ ⎞
⎜ ⎟
⎝ ⎠

vK

( )%
βv  

(mm)
Δ

 max

(kN)
P

 kN
mm

⎛ ⎞
⎜ ⎟
⎝ ⎠

vK
 

( )%
βv  

1 0 61.5 81.4 3.4 0 58.8 93.8 2.7
2 0 61.5 86.5 1.4 0 58.7 99.8 1.3 7 
3 0 61.4 88.3 1.2 0 58.7 99.2 1.4 
1 0 121.0 79.7 1.5 0 118.3 86.8 1.4
2 0 121.0 85.4 0.9 0 118.0 88.4 0.9 8 
3 0 120.9 85.9 0.9 0 118.0 90.1 0.9 
1 0 180.5 84.3 1.2 0 177.6 90.4 1.0
2 0 180.5 92.1 0.8 0 177.8 89.3 0.8 11 
3 0 180.3 90.1 0.8 0 177.3 90.6 0.8 
1 29 61.8 72.9 2.3 30 62.0 74.9 2.4
2 29 61.8 77.2 1.2 30 62.0 80.2 1.3 16 
3 29 61.8 77.0 0.9 30 62.1 81.7 1.1 
1 29 121.2 74.4 1.2 30 121.4 74.4 1.4
2 29 121.3 74.9 0.8 30 121.4 80.9 0.9 17 
3 29 121.3 76.4 0.8 30 121.2 81.0 0.9 
1 29 180.9 85.9 1.0 30 181.1 83.6 1.1
2 29 181.1 85.8 0.8 30 180.7 86.1 0.8 18 
3 29 181.3 87.8 0.7 30 180.4 86.8 0.8 
1 61 61.7 57.1 2.2 61 61.9 57.0 2.8
2 61 61.7 61.1 1.2 61 61.8 61.4 1.5 21 
3 61 61.7 61.2 0.9 61 61.8 62.6 1.3 
1 61 121.1 63.3 1.5 61 121.1 61.9 1.4
2 61 121.0 66.2 1.0 61 121.2 66.2 1.1 22 
3 61 121.1 67.0 0.9 61 121.0 67.7 1.0 
1 61 180.0 73.7 1.4 61 180.3 76.3 1.3
2 61 179.9 81.3 1.0 61 180.2 82.3 1.0 23 
3 61 180.1 81.5 0.9 61 180.6 80.5 0.9 
1 96 61.7 42.9 2.9 89 61.7 43.8 2.9
2 96 61.7 47.8 1.3 89 61.6 48.6 1.5 27 
3 96 61.8 48.4 1.0 89 61.6 49.9 1.2 
1 96 120.9 47.4 2.2 89 120.7 52.2 1.8
2 96 120.9 55.4 1.1 89 120.6 60.0 1.1 28 
3 96 120.8 55.7 0.9 89 120.6 60.1 0.9 
1 117 61.6 34.7 3.1 122 61.6 33.9 3.7
2 117 61.6 40.1 1.2 122 61.8 39.4 1.4 32 
3 117 61.7 40.1 0.9 122 61.7 40.3 1.1 
1 152 61.5 17.3 7.5 - - - -
2 152 61.5 26.3 1.9 - - - - 36 
3 152 61.4 27.2 1.3 - - - - 
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TABLE  5-10 Summary of results from Axial and Axial with lateral offset testing 
performed on LR bearings 

LR 5 LR 6 

Test Cycle 
(mm)

Δ
 max

(kN)
P

 kN
mm

⎛ ⎞
⎜ ⎟
⎝ ⎠

vK

( )%
βv  

(mm)
Δ

 max

(kN)
P

 kN
mm

⎛ ⎞
⎜ ⎟
⎝ ⎠

vK
 

( )%
βv  

1 0 61.8 138.7 5.4 0 61.8 116.0 6.3
2 0 61.9 160.9 3.1 0 61.8 142.9 3.0 7 
3 0 61.9 158.0 2.8 0 61.7 140.8 2.6 
1 0 120.7 154.1 2.6 0 121.3 131.8 2.7
2 0 120.7 161.2 2.1 0 121.2 138.5 2.0 8 
3 0 120.5 164.7 2.1 0 120.9 140.6 1.9 
1 0 180.9 163.3 1.9 0 180.9 145.1 2.0
2 0 180.9 173.0 1.7 0 180.4 155.5 1.7 11 
3 0 180.7 171.3 1.6 0 180.3 151.4 1.6 
1 34 59.7 121.2 5.1 27 61.5 114.0 5.8
2 34 59.6 137.0 3.3 27 61.6 130.8 2.8 16 
3 34 59.6 139.1 2.9 27 61.7 134.9 2.6 
1 34 119.6 112.3 2.9 27 121.0 124.4 2.4
2 34 119.8 124.3 2.2 27 120.8 133.5 1.8 17 
3 34 119.7 126.0 2.1 27 121.1 135.0 1.6 
1 34 178.6 132.1 2.1 27 180.1 133.6 1.8
2 34 178.6 135.1 1.8 27 180.5 142.2 1.4 18 
3 34 178.3 140.5 1.7 27 180.8 145.5 1.3 
1 57 59.9 94.9 5.5 64 61.6 78.7 5.0
2 57 60.0 111.5 3.1 64 61.7 96.3 2.5 21 
3 57 60.0 116.3 2.4 64 61.6 103.8 2.2 
1 57 121.1 97.7 2.7 64 121.1 89.8 2.7
2 57 121.0 114.0 1.9 64 121.3 94.6 1.9 22 
3 57 120.8 110.4 1.8 64 121.0 101.0 1.7 
1 57 179.9 118.7 2.0 64 180.2 106.9 2.1
2 57 180.2 128.5 1.6 64 180.3 119.8 1.6 23 
3 57 180.4 129.5 1.5 64 180.7 115.9 1.5 
1 92 60.0 67.5 5.4 88 61.6 62.3 5.0
2 92 60.0 78.7 2.6 88 61.6 77.4 2.3 27 
3 92 60.0 81.4 2.2 88 61.6 79.2 1.9 
1 92 119.7 72.3 3.2 88 121.2 72.7 2.7
2 92 119.6 88.4 1.9 88 120.9 82.9 1.6 28 
3 92 119.6 90.2 1.6 88 120.9 85.6 1.4 
1 115 59.9 55.4 2.4 124 61.6 44.2 5.0
2 115 59.9 58.8 1.7 124 61.6 53.2 2.3 32 
3 115 59.9 60.2 1.5 124 61.6 54.9 1.7 
1 115 59.5 34.5 3.0 124 120.9 50.5 3.1
2 115 59.5 36.4 1.9 124 121.2 60.1 1.6 36 
3 115 59.6 36.2 1.6 124 121.2 61.7 1.4 
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The vertical stiffness determined at each lateral offset test was normalized by the vertical stiffness 

determined from Axial tests ( 0 mmΔ = ) for corresponding maximum axial loads. Normalizing 

the vertical stiffness in this fashion facilitates comparison between the results of an experimental 

investigation and a simplified expression derived from the two-spring model presented in 

Section 2 [see (2-42)]. In addition, the measured lateral offsets were normalized by the outer 

radius of the bonded rubber area, denoted / RΔ , to facilitate a direct comparison. Figures 5-21 

and 5-22 present normalized vK  data for the LDR and LR bearings, respectively. Also plotted in 

these figures is the curve (solid line) generated using the two-spring formulation presented in 

Section 2 [see (2-42)] and a horizontal (dashed) reference line at 1.0 . For both the LDR and LR 

bearings normalized vK  values are presented for tests with maximum axial loads of 

approximately 60 kN , 120 kN  and 180 kN  corresponding to target pressures of 2.75 MPa , 

5.2 MPa  and 9 MPa , respectively. The experimental data presented in figures 5-21 illustrates the 

significant reduction in vK  exhibited by the LDR bearings over the range of Δ  considered with 

the exception of LDR 5 for / 0.39RΔ ≈  and 9 MPaρ = . For a given normalized lateral offset, 

/ RΔ , /v voK K  is observed to increase with increasing axial load or target pressure: ρ . The 

vertical stiffness at a given lateral offset predicted by the two-spring formulation compares well 

with experimental data for tests with ρ  equal to 2.75 MPa  and over predicts the reduction in 

vertical stiffness for larger target pressures.  
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FIGURE 5-21 Normalized vertical stiffness results from the LDR bearings 
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FIGURE 5-22 Normalized vertical stiffness results from the LR bearings 

Figure 5-22 presents normalized vertical stiffness data from testing performed on the LR 

bearings. From this plot the normalized vertical stiffness for both LR bearings reduces with 

increasing normalized lateral displacement, / RΔ . Dissimilar to the LDR bearings, the maximum 

axial load, and thus target pressure, does not appear to systematically effect the normalized 

vertical stiffness. In addition, the experimental data agrees well with the two-spring formulation 

for each level of axial load. However, as stated previously a more detailed comparison of the 

experimental results and various formulations is discussed in Section 9. 

5.5 Summary 

In this section, sample results from characterization and lateral offset testing performed on two 

LDR and two LR seismic isolation bearings were presented. Results of the characterization tests 

were used to determine the nominal mechanical properties and to estimate material properties. A 

series of lateral offset tests were performed on the LDR and LR bearings to experimentally 

investigate the influence of lateral displacement on the vertical stiffness. The results of this 

investigation were normalized by the vertical stiffness ( voK ) determined during characterization 

testing (Axial) for purpose of comparison.  
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The results of characterization testing are summarized as follows. The disproportionately thick 

cover was shown to contribute significantly to the horizontal stiffness from the results of test 

performed on LDR 5 with 12 mm  and then 3 mm  of cover thickness and used to determine an 

effective area for the calculation of the shear modulus for bearings tested with the full 12 mm  

cover. Results from tests performed on LDR 5 with 3 mm  of cover (LDR 5M) resulted in an 

effective shear modulus and damping ratio of 0.82 MPa  and 2.7 % , respectively, at a shear 

strain amplitude of 104 %  and frequency of 0.01 Hz . Results from Axial load tests were used to 

determine the vertical stiffness of the LDR and LR bearings. Experimentally determined values 

were compared to theoretical predictions to evaluate various assumptions. This comparison 

indicated the elastomer behaves as a nearly compressible material. In addition, the assumed value 

of the bulk modulus, 2000 MPa , resulted in predicted values that were shown to agree well with 

experimentally determined values. Additionally, variations in the individual rubber layer 

thickness were shown to have an impact on the resulting vertical stiffness as indicated by the 

deviation in experimentally determined value of voK  from the LDR 5 and 6. However this 

deviation in rubber layer thickness can not be deduced without destroying the bearings, therefore, 

the individual rubber layer thickness must be assumed uniform for practical purposes. 

Experimental results from the lateral offset testing showed the LDR and LR bearings exhibited a 

significant reduction in vertical stiffness over the range of lateral offsets considered. 
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SECTION 6 

EARTHQUAKE SIMULATION TESTING 

6.1 General 

Earthquake simulation testing was performed on a quarter-scale isolated bridge model utilizing 

the two six degree-of-freedom (DOF) earthquake simulators housed in the Structural Engineering 

and Earthquake Simulation Laboratory (SEESL), serving the George E. Brown Jr. Network for 

Earthquake Engineering Simulation (NEES) Equipment site, at the University at Buffalo. A brief 

description of the testing facility and earthquake simulator capabilities is provided in Section 6.2. 

The isolated bridge structure was tested in a total of four configurations using two types of 

isolation bearings. Four low-damping rubber (LDR) and four lead-rubber (LR) bearing were 

dedicated to this testing program and are identical to those tested according to the program 

presented in Section 4. Two transverse support widths were considered: 1.8m  and 1.2m . The 

results of the earthquake simulation testing program are used to: (1) investigate the influence of 

multiple components of excitation on the response of isolation system and individual bearings 

focusing on the vertical component of excitation and (2) investigate the influence lateral 

displacement on the vertical response of the isolation system for tests conducted with the vertical 

component of excitation. 

The remaining portion of this section is organized as follows. Section 6.3 presents a description 

of the isolated truss-bridge and the instrumentation layout. Section 6.4 provides a brief discussion 

of the selected earthquake simulator input motions. Section 6.5 presents the earthquake 

simulation testing program and Section 6.6 presents a brief discussion of the data acquisition.          

6.2 Earthquake Simulation Testing Facility 

The SEES laboratory at the University at Buffalo is a 2900m  facility with two relocatable six 

DOF earthquake simulators, 2114m  of strong wall ( 9m  in height), and 2340m  of strong floor. 

The remainder of this section is devoted to the capabilities of the two earthquake simulators. Each 

earthquake simulator is 3.6m  by 3.6m  in plan and can be located adjacent to each other or up to 

30.5m  apart, center-to-center. The payload capacity of each simulator is 500kN  (1000kN  in 

total) with an overturning moment capacity of 450kN-m . Each simulator is capable of moving 

150mm±  in the x − , y −  and z − directions with maximum velocities of 1250mm/s  in the 
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(horizontal) x −  and y − directions and 500mm/s  in the (vertical) z − direction. Each simulator 

is capable of producing maximum accelerations of 1.15g±  in all three directions with a payload 

of 196kN .                  

Two earthquake simulator extension platforms with plan dimension of 7 m  by 7 m  were installed 

prior to the testing program described herein. Noting, the weight of the extension platforms 

(approximately 87kN  each) reduces the maximum payload, but not the dynamic characteristics 

and the performance of the earthquake simulators.                          

6.3 Isolated  Bridge Model 

6.3.1 General 

An illustration of the isolated truss-bridge is shown in figure 6-1. This figure contains three views 

of the truss-bridge, specifically, one elevation and two side views. The truss-bridge, steel plates 

(added mass), earthquake simulator extension platforms and seismic isolation bearings are 

identified in the elevation view. The side views illustrate the transverse bearing spacing in the 

1.2m  and 1.8m  configurations. Also shown in each view are the coordinate axes of the 

earthquake simulators, referred to later with respect to the directions of excitation, as well as the 

direction with respect to magnetic north.  

The truss is a steel structure with a single span length of approximately 10.7m  supported at each 

end by two seismic isolation bearings each connected to a load cell (see Appendix A) themselves 

connected to the extension platforms through steel interface plates. A detailed description of the 

truss-bridge is presented in Appendix C. The height of the isolated bridge model, from the center 

of the isolation system to the center of the added mass, is approximately 2.3m . The truss-bridge 

itself weighs approximately 89kN . To reach the target static pressure on the individual bearings 

of ( 3.45MPa ) per the similitude requirements discussed in Section 3, three mass packages were 

designed and added to the model. Each mass package consists of 2  steel plates 

( 2992x 2004 x89mm ), 120  lead bricks and some ancillary steel section together weighing, 

approximately, 89kN  and resulting in an approximate total model weight of 356kN . The actual 

model weight, determined from the sum of the initial load cell readings, is reported in Section 7. 
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6.3.2 Instrumentation 

6.3.2.1 General 

The instrumentation layout was designed to measure the global response of the isolated truss-

bridge and the local response of the individual seismic isolation bearings during earthquake 

simulation testing. In addition, numerous instruments were placed on each simulator extension 

platform to record the input motion. In total, one hundred and twenty four channels of data were 

collected for each test from a variety of instruments including; accelerometers, clock, portable 

coordinate measurement machine (Krypton), load cells, and string potentiometers. A brief 

description of each type of instrument and it’s capabilities, as specified by the manufacture, 

follows: 

1. Accelerometer (ACC): Model JTF manufactured by Honeywell Sensotec of Columbus Ohio 

with a peak acceleration range of 10g± and a frequency range of 0 400Hz− . 

2. Clock: part of the Pacific Instruments 6000 Series Acquisition and Control System. 

3. Krypton (KRY): K600 Portable Coordinate Tracking and Measurement System manufactured 

by Krypton Industrial Metrology capable of measuring 6  degrees-of-freedom using a 

minimum of 3  light emitting diodes (LED) on a rigid body or 3  degrees-of-freedom for a 

single LED at a maximum sample rate equal to 3000 divided the number of LEDs.   

4. Load Cells (LC): five-channel load cells designed and fabricated by faculty of the Structural 

Engineering and Earthquake Simulation Laboratory at the University of Buffalo. A detailed 

description including calibration procedures is presented in Appendix A. 

5. String Potentiometers (STP): Series 162 Analog-Output Miniature Position Transducers 

manufactured by SpaceAge Control, Inc. of Palmdale, California with 1080mm  of maximum 

travel ( 540mm± ) and an infinite signal resolution. 

The instrumentation layout used for this testing program is presented in figures 6-2 and 6-3. In 

each of these figures an instrument legend is provided along with the coordinate axes associated 

with each view. Each instrument is shown by a unique symbol and identified with a three letter 

abbreviation followed by the instrument number, channel number in parenthesis, and for string 

potentiometers the approximate distance between the potentiometer housing and point of 

attachment in millimeters. Figure 6-2 shows an elevation and plan view of the isolated bridge 
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model and the location of the various instruments. Also shown in this figure are the earthquake 

simulator extension platforms, the approximate location and field of view of the Krypton camera 

and the location of each isolation bearing. Each string potentiometer housing was located on 

reference framing (not shown in these figures) on the north, east, and west sides of the bridge 

model, and connected to the model using magnets resulting in an absolute displacement 

measurement. The Krypton camera was located on the west reference frame and positioned such 

that Bearings 1 and 2 were located within the field of view with enough room for movement 

during earthquake simulation testing. Figure 6-3 shows a side view of the west end of the model 

instrumented with the Krypton LEDs. Again this figure shows the bridge model, the west 

earthquake simulator extension platform, various instruments and the coordinate axes. Also 

included in figure 6-3 is the instrument legend and a detailed view of Bearing 1 showing the 

approximate location of the Krypton LEDs, noting, that each LED provided three channels of 

data, specifically, absolute displacements in the x − , y −  and z − directions. A list of data 

channels including the associated instrument type, notation, measured quantity, unit of 

measurement, brief description of the location, and axis in which the quantity is being measured 

is presented in table 6-1. 
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6.3.2.2 Earthquake Simulator Motion 

Eighteen channels of data recorded the motion of the earthquake simulator extension platforms 

and thus the base motion for the isolated truss-bridge. The motion was captured through a 

combination of instruments including: 12  accelerometers, 6  string potentiometers, and 2  

Krypton LEDs (located only on the west platform).  

The instruments were located on the earthquake simulator extension platforms as follows. Three 

accelerometers were located at the centers of the east (Channels 43 – 45; ACC 7 – 9)  and west 

(Channels 37 – 39; ACC 1 – 3) earthquake simulator platforms recording absolute acceleration in 

the x − , y −  and z − directions. Additionally, three accelerometers were located around the 

perimeter of the east (Channels 46 – 48; ACC 10 – 12) and west (Channels 40 – 42; ACC 4 – 6) 

extension platforms recording absolute accelerations in the x −  and z − directions eccentric to the 

center of the platform. The placement of the accelerometers was selected to determine the 

acceleration at the center of the platform and the perimeter to detect any rocking (angular 

acceleration) during testing. Three string potentiometers were attached to the bearing bottom end-

plates on the east (Channels 75, 29 and 31; STP 7, 9 and 11) and west (Channels 22, 24 and 26; 

STP 1, 3 and 5) platforms each recording absolute displacement. Two of these string 

potentiometers were oriented in the x − direction and one in the y − direction, see figure 6-2. Two 

Krypton LEDs (Channels 83 – 85 and 104 – 106; KRY 1 and 8) were located at the base of LC 1 

and LC 2 (beneath Bearing numbers 1 and 2, respectively) on the west extension platform 

recording absolute displacements in the x − , y −  and z − directions. 

6.3.2.3 Local Response 

Eighty-six channels of data recorded the response of the isolation system and individual seismic 

isolation bearings during each test. Four load cells (Channels 2 – 21; LC 1 – 4) located under 

each bearing of corresponding number recorded axial load, shear force (in the x − and 

y − directions) and moment (about the x −  and y − axes). Three accelerometers were located on 

each bearing end-plate (Channels 49 – 66 and 76 – 81; ACC 13 – 36) recording absolute 

accelerations in the x − , y −  and z − directions. Three string potentiometers (Channels 23, 25 

and 27; STP 2, 4 and 6) were attached to the top end-plates of Bearings 1 and 2 recording 

absolute displacement in the horizontal x −  and y − directions. Similarly, three string 

potentiometers (Channels 28, 30 and 32; STP 8, 10 and 12) were attached to the top end-plates of 

Bearings 3 and 4, again, recording absolute displacement in the horizontal x − and y − directions. 
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The relative displacement across each isolation bearing was determined by subtracting recorded 

data from the appropriate string potentiometers. For example the relative displacement across 

Bearing 1 (B1) in the x − direction was obtained by subtracting the absolute displacement data of 

STP 1 from STP 2, see figure 6-3. In addition six Krypton LEDs were located on Bearings 1 

(Channels 86 – 103; KRY 2 – 7) and 2 (Channels 107 – 124; KRY 9 – 14), three on the top-plate 

and three on the bottom end-plate recording absolute displacements. Again, relative 

displacements across each of these bearings in the x − , y −  and z − directions were determined 

by subtracting data from the appropriate LED signals (the Krypton LEDs provided the only 

vertical displacement signals across the isolation bearings, typically, a difficult response quantity 

to measure given the magnitude of the measured quantity and the capabilities of traditional 

measurement devices).     

6.3.2.4 Global Response 

Thirteen channels of data recorded the global response of the isolated truss-bridge during each 

test. Three accelerometers were placed at the approximate center of each of the top steel (mass) 

plates (Channels 67 – 74; ACC 37 – 45) recording absolute accelerations in the global x − , y −  

and z − directions. One string potentiometer (Channel 33; STP 13) was attached to the middle of 

the west edge of the top steel (mass) plate recording absolute displacement in the x − direction. 

Three string potentiometers (Channels 33 – 35; STP 14 – 16) were attached to the middle of the 

north edge of the three top steel (mass) plates recording absolute displacements in the 

y − direction. 

6.4 Earthquake Simulator Input Motions 

Four sets of earthquake ground motion records were selected from the following earthquake 

events: March 25th, 1992 Cape Mendocino; January 17th, 1994 Northridge; January 16th, 1995 

Hyogo-Ken Nanbu (Kobe); and November 12th, 1999 Duzce. Each set consists of three 

components (two horizontal and one vertical) and were obtained from the Pacific Earthquake 

Engineering Research strong motion database (http://peer.berkeley.edu/smcat/). Relevant 

information for each earthquake ground motion record is summarized in table 6-2, including, 

country of origin, fault mechanism, event magnitude, station name, distance-to-fault, site 

information, component identification, component peak ground acceleration (PGA) in units of g , 

peak ground velocity (PGV) in units of cm/s , and peak ground displacement (PGD) in units of 

cm . Note, the PGA, PGV and PGD values presented in table 6-2 correspond to the original 
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records and do not represent peak values for the input motions that were time scaled (compressed 

by a factor of 2 ) according to the similitude requirements presented in Section 3. 

6.5 Test Program 

A number of variables were incorporated into the earthquake simulation test program, including 

two types of bearings (LDR and LR), two transverse support configurations (1.8m  and 1.2m ), 

three ground motion records for each type of isolation system (two records common to both) and 

two intensity levels for each record. The primary purpose of the testing program was to subject 

the bridge model to a sequence of three simulations. For each set of ground motions the sequence 

of simulations was performed as follows. The first simulation in the sequence subjected the 

model to a single component of excitation in the y − direction (transverse). The second 

simulation subjected the model to two components of excitation simultaneously applied in the 

x −  and y − directions (transverse plus longitudinal). The third simulation subjected the model to 

three components of excitation simultaneously applied in the x − , y −  and z − directions 

(transverse plus longitudinal plus vertical).   

Table 6-3 lists the earthquake simulation test schedule, noting, that a low amplitude white-noise 

test was performed preceding each earthquake simulation test. The initial white-noise tests served 

to identify the dynamic characteristic of the isolated structure and the subsequent white-noise 

tests to re-center the bridge model following each earthquake simulation test. For each test listed 

in table 6-3, the bearing type, transverse support configuration, record, direction of excitation, and 

intensity are identified. Simulations were performed at two intensity levels for each record: (1) 

either 25%  or 50%  to verify the performance of the earthquake simulators, the instrumentation 

and to compare measured bearing properties to those used for analytical predictions, and (2) 

100% , as representative earthquake ground motion shaking. However, due to safety 

consideration, there were instances when the second level was conducted at an intensity less than 

100% . In these instances the second intensity level was chosen erring on the side of caution as 

the goal of the test program was not to push the system to failure. After earthquake simulation 

testing of the isolated bridge model was completed, the seismic isolation bearings were removed 

and the bridge was subjected to two white-noise tests in the fixed base configuration, see 

table 6-3: Tests 149 and 150. These tests were conducted to identify the dynamic characteristic of 

the fixed base model.  
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6.6 Data Acquisition 

A Pacific Instruments™ 6000 series acquisition and control system managed and recorded 

transducer signals during earthquake simulation testing, with the exception of the Krypton camera 

and associated LEDs. The Pacific system served as the power source, signal conditioner, low-pass 

filter, multiplexer, and analog-to-digital (A-D) converter and functioned as follows. The Pacific 

supplied an excitation voltage to the various transducers (Load Cells, String Potentiometers and 

Accelerometers), amplified the transducer output signal, low-pass filtered the amplified signals at 

a cut-off frequency of 50Hz . The channels were scanned by the multiplexer at a rate of 2.5MHz  

then digitized by the A-D converter at a sample rate of 256Hz . The digitized data was then 

saved to a PC hard disk in ASCII format.The Krypton camera system functioned autonomously 

with a built-in proprietary data acquisition system. Details of the Krypton data acquisition system 

are not presented here, however, due to the number of LEDs (14 in total) the sample rate 

(maximum possible of 214Hz ) was chosen to be 128Hz , or one half that of the Pacific system. 

The Krypton data was then saved to a PC hard disk in ASCII format. For data analysis the 

Krypton data was linearly interpolated at a rate of 256Hz  to facilitate a direct comparison with 

data obtained from transducers handled through the Pacific system. Importantly, the Pacific and 

Krypton data acquisition systems were simultaneously triggered using a common low voltage 

signal at the onset of each test.     
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TABLE 6-1 List of instrumentation for earthquake simulation testing 

Channel Instrument Notation Measured 
Quantity Unit Location Axis

1  Clock time s   
2 LC1N Load Cell force kip B1 Z 
3 LCISx Load Cell force kip B1 Y 
4 LC1Sy Load Cell force kip B1 Y 
5 LC1Mx Load Cell moment kip-in B1 X 
6 LC1My Load Cell moment kip-in B1 Y 
7 LC2N Load Cell force kip B2 Z 
8 LC2Sx Load Cell force kip B2 X 
9 LC2Sy Load Cell force kip B2 Y 

10 LC2Mx Load Cell moment kip-in B2 X 
11 LC2My Load Cell moment kip-in B2 Y 
12 LC3N Load Cell force kip B3 Z 
13 LC3Sx Load Cell force kip B3 X 
14 LC3Sy Load Cell force kip B3 Y 
15 LC3Mx Load Cell moment kip-in B3 X 
16 LC3My Load Cell moment kip-in B3 Y 
17 LC4N Load Cell force kip B4 Z 
18 LC4Sx Load Cell force kip B4 X 
19 LC4Sy Load Cell force kip B4 Y 
20 LC4Mx Load Cell moment kip-in B4 X 
21 LC4My Load Cell moment kip-in B4 Y 
22 STP1 String Pot. displacement inch B1 bottom end-plate X 
23 STP2 String Pot. displacement inch B1 top end-plate X 
24 STP3 String Pot. displacement inch B2 bottom end-plate Y 
25 STP4 String Pot. displacement inch B2 top end-plate Y 
26 STP5 String Pot. displacement inch B2 bottom end-plate X 
27 STP6 String Pot. displacement inch B2 top end-plate X 
28 STP8 String Pot. displacement inch B3 top end-plate X 
29 STP9 String Pot. displacement inch B3 bottom end-plate Y 
30 STP10 String Pot. displacement inch B3 top end-plate Y 
31 STP11 String Pot. displacement inch B4 bottom end-plate X 
32 STP12 String Pot. displacement inch B4 top end-plate X 
33 STP13 String Pot. displacement inch mass plate 4 X 
34 STP14 String Pot. displacement inch mass plate 4 Y 
35 STP15 String Pot. displacement inch mass plate 5 Y 
36 STP16 String Pot. displacement inch mass plate 6 Y 
37 ACC1 Accelerometer acceleration g center of W. platform X 
38 ACC2 Accelerometer acceleration g center of W. platform Y 
39 ACC3 Accelerometer acceleration g center of W. platform Z 
40 ACC4 Accelerometer acceleration g N. edge of W. platform X 
41 ACC5 Accelerometer acceleration g N. edge of W. platform Z 
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TABLE 6-1 List of instrumentation for earthquake simulation testing (continued) 

Channel Instrument Notation Measured 
Quantity Unit Location Axis

42 ACC6 Accelerometer acceleration g E. edge of W. platform Z 
43 ACC7 Accelerometer acceleration g center of E. platform X 
44 ACC8 Accelerometer acceleration g center of E. platform Y 
45 ACC9 Accelerometer acceleration g center of E. platform Z 
46 ACC10 Accelerometer acceleration g N. edge of E. platform X 
47 ACC11 Accelerometer acceleration g N. edge of E. platform Z 
48 ACC12 Accelerometer acceleration g E. edge of E. platform Z 
49 ACC13 Accelerometer acceleration g B1 bottom end-plate X 
50 ACC14 Accelerometer acceleration g B1 bottom end-plate Y 
51 ACC15 Accelerometer acceleration g B1 bottom end-plate Z 
52 ACC16 Accelerometer acceleration g B2 bottom end-plate X 
53 ACC17 Accelerometer acceleration g B2 bottom end-plate Y 
54 ACC18 Accelerometer acceleration g B2 bottom end-plate Z 
55 ACC19 Accelerometer acceleration g B3 bottom end-plate X 
56 ACC21 Accelerometer acceleration g B3 bottom end-plate Z 
57 ACC22 Accelerometer acceleration g B4 bottom end-plate X 
58 ACC23 Accelerometer acceleration g B4 bottom end-plate Y 
59 ACC24 Accelerometer acceleration g B4 bottom end-plate Z 
60 ACC25 Accelerometer acceleration g B1 top end-plate X 
61 ACC26 Accelerometer acceleration g B1 top end-plate Y 
62 ACC27 Accelerometer acceleration g B1 top end-plate Z 
63 ACC28 Accelerometer acceleration g B2 top end-plate X 
64 ACC33 Accelerometer acceleration g B3 top end-plate Z 
65 ACC34 Accelerometer acceleration g B4 top end-plate X 
66 ACC35 Accelerometer acceleration g B4 top end-plate Y 
67 ACC37 Accelerometer acceleration g center of mass plate 4 X 
68 ACC38 Accelerometer acceleration g center of mass plate 4 Y 
69 ACC39 Accelerometer acceleration g center of mass plate 4 Z 
70 ACC40 Accelerometer acceleration g center of mass plate 5 X 
71 ACC41 Accelerometer acceleration g center of mass plate 5 Y 
72 ACC43 Accelerometer acceleration g center of mass plate 6 X 
73 ACC44 Accelerometer acceleration g center of mass plate 6 Y 
74 ACC45 Accelerometer acceleration g center of mass plate 6 Z 
75 STP7 String Pot. displacement inch B3 bottom end-plate X 
76 ACC20 Accelerometer acceleration g B3 bottom end-plate Y 
77 ACC31 Accelerometer acceleration g B3 top end-plate X 
78 ACC32 Accelerometer acceleration g B3 top end-plate Y 
79 ACC36 Accelerometer acceleration g B4 top end-plate Z 
80 ACC29 Accelerometer acceleration g B2 top end-plate Y 
81 ACC30 Accelerometer acceleration g B2 top end-plate Z 
82 ACC42 Accelerometer acceleration g center of mass plate 5 Z 
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TABLE 6-1 List of instrumentation for earthquake simulation testing (continued) 

Channel Instrument Notation Measured 
Quantity Unit Location Axis

83 KRY1 Krypton LED displacement mm LC1 bottom end-plate X 
84 KRY1 Krypton LED displacement mm LC1 bottom end-plate Y 
85 KRY1 Krypton LED displacement mm LC1 bottom end-plate Z 
86 KRY2 Krypton LED displacement mm B1 bottom end-plate X 
87 KRY2 Krypton LED displacement mm B1 bottom end-plate Y 
88 KRY2 Krypton LED displacement mm B1 bottom end-plate Z 
89 KRY3 Krypton LED displacement mm B1 bottom end-plate X 
90 KRY3 Krypton LED displacement mm B1 bottom end-plate Y 
91 KRY3 Krypton LED displacement mm B1 bottom end-plate Z 
92 KRY4 Krypton LED displacement mm B1 bottom end-plate S. X 
93 KRY4 Krypton LED displacement mm B1 bottom end-plate S. Y 
94 KRY4 Krypton LED displacement mm B bottom end-plate S. Z 
95 KRY5 Krypton LED displacement mm B1 top end-plate X 
96 KRY5 Krypton LED displacement mm B1 top end-plate Y 
97 KRY5 Krypton LED displacement mm B1 top end-plate Z 
98 KRY6 Krypton LED displacement mm B1 top end-plate X 
99 KRY6 Krypton LED displacement mm B1 top end-plate Y 
100 KRY6 Krypton LED displacement mm B1 top end-plate Z 
101 KRY7 Krypton LED displacement mm B1 top end-plate N. X 
102 KRY7 Krypton LED displacement mm B1 top end-plate N. Y 
103 KRY7 Krypton LED displacement mm B1 top end-plate N. Z 
104 KRY8 Krypton LED displacement mm LC2 bottom end-plate X 
105 KRY8 Krypton LED displacement mm LC2 bottom end-plate Y 
106 KRY8 Krypton LED displacement mm LC2 bottom end-plate Z 
107 KRY9 Krypton LED displacement mm B2 bottom end-plate X 
108 KRY9 Krypton LED displacement mm B2 bottom end-plate Y 
109 KRY9 Krypton LED displacement mm B2 bottom end-plate Z 
110 KRY10 Krypton LED displacement mm B2 bottom end-plate X 
111 KRY10 Krypton LED displacement mm B2 bottom end-plate Y 
112 KRY10 Krypton LED displacement mm B2 bottom end-plate Z 
113 KRY11 Krypton LED displacement mm B2 bottom end-plate S. X 
114 KRY11 Krypton LED displacement mm B2 bottom end-plate S. Y 
115 KRY11 Krypton LED displacement mm B2 bottom end-plate S. Z 
116 KRY12 Krypton LED displacement mm B2 top end-plate center X 
117 KRY12 Krypton LED displacement mm B2 top end-plate center Y 
118 KRY12 Krypton LED displacement mm B2 top end-plate center Z 
119 KRY13 Krypton LED displacement mm B2 top end-plate X 
120 KRY13 Krypton LED displacement mm B2 top end-plate Y 
121 KRY13 Krypton LED displacement mm B2 top end-plate Z 
122 KRY14 Krypton LED displacement mm B2 top end-plate N. X 
123 KRY14 Krypton LED displacement mm B2 top end-plate N. Y 
124 KRY14 Krypton LED displacement mm B2 top end-plate N. Z 
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TABLE 6-3 Earthquake simulation testing schedule 

Direction 
Test Bearing 

Type1 
Width2 

(m) Record3 

x y z 

Intensity4 
(%) 

1 LDR 1.8 white-noise     
2 LDR 1.8 RIO - 270 - 25 
3 LDR 1.8 white-noise      
4 LDR 1.8 RIO 360 270 - 25 
5 LDR 1.8 white-noise     
6 LDR 1.8 RIO 360 270 UP 25 
7 LDR 1.8 white-noise     
8 LDR 1.8 BOL - 0 - 25 
9 LDR 1.8 white-noise     

10 LDR 1.8 BOL 90 0 - 25 
11 LDR 1.8 white-noise     
12 LDR 1.8 BOL 90 0 UP 25 
13 LDR 1.8 white-noise     
14 LDR 1.8 KJM - 0 - 25 
15 LDR 1.8 white-noise     
16 LDR 1.8 KJM 90 0 - 25 
17 LDR 1.8 white-noise     
18 LDR 1.8 KJM 90 0 UP 25 
19 LDR 1.8 white-noise     
20 LDR 1.8 RIO - 270 - 100 
21 LDR 1.8 white-noise     
22 LDR 1.8 RIO 360 270 - 100 
23 LDR 1.8 white-noise     
24 LDR 1.8 RIO 360 270 UP 100 
25 LDR 1.8 white-noise     
26 LDR 1.8 BOL - 0 - 50 
27 LDR 1.8 white-noise     
28 LDR 1.8 BOL 90 0 - 50 
29 LDR 1.8 white-noise     
30 LDR 1.8 BOL 90 0 UP 50 
31 LDR 1.8 white-noise     
32 LDR 1.8 KJM - 0 - 50 
33 LDR 1.8 white-noise     
34 LDR 1.8 KJM 90 0 - 50 
35 LDR 1.8 white-noise     
36 LDR 1.8 KJM 90 0 UP 50 
37 LDR 1.8 white-noise     

Notes: 
1.  LDR=Low-damping rubber; LR=lead-rubber; Fixed=fixed base 
2.  Transverse support width, see figure 6-1 
3.  RIO=Rio Dell; BOL=Bolu; KJM=JMA; SYL=Sylmar, see table 6-2 
4.  Intensity is in percent of peak ground acceleration (PGA), see table 6-2 for value of PGA 
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TABLE 6-3 Earthquake simulation testing schedule (continued) 

Direction 
Test Bearing 

Type1 
Width2         

(m) Record 3 

x y z 

Intensity 4 
 (%) 

38 LR 1.8 white-noise     
39 LR 1.8 BOL - 0 - 50 
40 LR 1.8 white-noise     
41 LR 1.8 BOL 90 0 - 50 
42 LR 1.8 white-noise     
43 LR 1.8 BOL 90 0 UP 50 
44 LR 1.8 white-noise     
45 LR 1.8 KJM - 0 - 50 
46 LR 1.8 white-noise     
47 LR 1.8 KJM 90 0 - 50 
48 LR 1.8 white-noise     
49 LR 1.8 KJM 90 0 UP 50 
50 LR 1.8 white-noise     
51 LR 1.8 SYL - 360 - 50 
52 LR 1.8 white-noise     
53 LR 1.8 SYL 90 360 - 50 
54 LR 1.8 white-noise     
55 LR 1.8 SYL 90 360 UP 50 
56 LR 1.8 white-noise     
57 LR 1.8 BOL - 0 - 100 
58 LR 1.8 white-noise     
59 LR 1.8 BOL 90 0 - 100 
60 LR 1.8 white-noise     
61 LR 1.8 BOL 90 0 UP 100 
62 LR 1.8 white-noise     
63 LR 1.8 KJM - 0 - 100 
64 LR 1.8 white-noise     
65 LR 1.8 KJM 90 0 - 100 
66 LR 1.8 white-noise     
67 LR 1.8 KJM 90 0 UP 100 
68 LR 1.8 white-noise     
69 LR 1.8 SYL - 360 - 75 
70 LR 1.8 white-noise     
71 LR 1.8 SYL 90 360 - 75 
72 LR 1.8 white-noise     
73 LR 1.8 SYL 90 360 UP 75 
74 LR 1.8 white-noise     

Notes: 
1.  LDR=Low-damping rubber; LR=lead-rubber; Fixed=fixed base 
2.  Transverse support width, see figure 6-1 
3.  RIO=Rio Dell; BOL=Bolu; KJM=JMA; SYL=Sylmar, see table 6-2 
4.  Intensity is in percent of peak ground acceleration (PGA), see table 6-2 for value of PGA 
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TABLE 6-3 Earthquake simulation testing schedule (continued) 

Direction 
Test Bearing 

Type1 
Width2 

(m)  Record 3 

x y z 

Intensity4
 

  (%) 

75 LR 1.2 white-noise         
76 LR 1.2 BOL  - 0  - 50 
77 LR 1.2 white-noise         
78 LR 1.2 BOL 90 0  - 50 
79 LR 1.2 white-noise         
80 LR 1.2 BOL 90 0 UP 50 
81 LR 1.2 white-noise         
82 LR 1.2 KJM  - 0  - 50 
83 LR 1.2 white-noise         
84 LR 1.2 KJM 90 0  - 50 
85 LR 1.2 white-noise         
86 LR 1.2 KJM 90 0 UP 50 
87 LR 1.2 white-noise         
88 LR 1.2 SYL  - 360  - 50 
89 LR 1.2 white-noise         
90 LR 1.2 SYL 90 360  - 50 
91 LR 1.2 white-noise         
92 LR 1.2 SYL 90 360 UP 50 
93 LR 1.2 white-noise         
94 LR 1.2 BOL  - 0  - 100 
95 LR 1.2 white-noise         
96 LR 1.2 BOL 90 0 -  100 
97 LR 1.2 white-noise         
98 LR 1.2 BOL 90 0 UP 100 
99 LR 1.2 white-noise         

100 LR 1.2 KJM  - 0 -  100 
101 LR 1.2 white-noise         
102 LR 1.2 KJM 90 0  - 100 
103 LR 1.2 white-noise         
104 LR 1.2 KJM 90 0 UP 100 
105 LR 1.2 white-noise         
106 LR 1.2 SYL -  360 -  75 
107 LR 1.2 white-noise         
108 LR 1.2 SYL 90 360  - 75 
109 LR 1.2 white-noise         
110 LR 1.2 SYL 90 360 UP 75 
111 LR 1.2 white-noise         

Notes: 
1.  LDR=Low-damping rubber; LR=lead-rubber; Fixed=fixed base 
2.  Transverse support width, see figure 6-1 
3.  RIO=Rio Dell; BOL=Bolu; KJM=JMA; SYL=Sylmar, see table 6-2 
4.  Intensity is in percent of peak ground acceleration (PGA), see table 6-2 for value of PGA 
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TABLE 6-3 Earthquake simulation testing schedule (continued) 

Direction 
Test Bearing 

Type1 
Width2 

(m) Record3 

x y z 

Intensity4      
(%) 

112 LDR 1.2 white-noise     
113 LDR 1.2 RIO - 270 - 25 
114 LDR 1.2 white-noise     
115 LDR 1.2 RIO 360 270 - 25 
116 LDR 1.2 white-noise     
117 LDR 1.2 RIO 360 270 UP 25 
118 LDR 1.2 white-noise     
119 LDR 1.2 BOL - 0 - 25 
120 LDR 1.2 white-noise     
121 LDR 1.2 BOL 90 0 - 25 
122 LDR 1.2 white-noise     
123 LDR 1.2 BOL 90 0 UP 25 
124 LDR 1.2 white-noise     
125 LDR 1.2 KJM - 0 - 25 
126 LDR 1.2 white-noise     
127 LDR 1.2 KJM 90 0 - 25 
128 LDR 1.2 white-noise     
129 LDR 1.2 KJM 90 0 UP 25 
130 LDR 1.2 white-noise     
131 LDR 1.2 RIO - 270 - 100 
132 LDR 1.2 white-noise     
133 LDR 1.2 RIO 360 270 - 100 
134 LDR 1.2 white-noise     
135 LDR 1.2 RIO 360 270 UP 100 
136 LDR 1.2 white-noise     
137 LDR 1.2 BOL - 0 - 50 
138 LDR 1.2 white-noise     
139 LDR 1.2 BOL 90 0 - 50 
140 LDR 1.2 white-noise     
141 LDR 1.2 BOL 90 0 UP 50 
142 LDR 1.2 white-noise     
143 LDR 1.2 KJM - 0 - 50 
144 LDR 1.2 white-noise     
145 LDR 1.2 KJM 90 0 - 50 
146 LDR 1.2 white-noise     
147 LDR 1.2 KJM 90 0 - 50 
148 LDR 1.2 white-noise     
149 Fixed  1.2 white-noise         
150 Fixed  1.2 white-noise         

Notes: 
1.  LDR=Low-damping rubber; LR=lead-rubber; Fixed=fixed base 
2.  Transverse support width, see figure 6-1 
3.  RIO=Rio Dell; BOL=Bolu; KJM=JMA; SYL=Sylmar, see table 6-2 
4.  Intensity is in percent of peak ground acceleration (PGA), see table 6-2 for value of PGA 
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SECTION 7 

RESULTS OF EARTHQUAKE SIMULATION TESTING 

7.1 General 

This section presents sample results from testing performed on the quarter-scale bridge model in 

both the isolated and fixed base configurations as described in Section 6. Results from 

white-noise testing performed in the fixed base configuration (Test 150, see table 6-3) are used to 

identify the dynamic properties of the truss-bridge (with added mass) and to estimate the 

generalized dynamic properties. Results from the numerous earthquake simulations performed on 

the isolated bridge are used to: (1) investigate the influence of multiple components of excitation 

on the response of the isolation system and the individual bearings focusing on the vertical 

component of excitation, and (2) investigate the influence of lateral displacement on the vertical 

response of the isolation system and to identify the contribution of vertical load on the isolation 

system due to the vertical component of excitation. Additional results, not presented in this 

section, are located in Appendix D. However, the results presented in this section and 

Appendix D are from earthquake simulations conducted only at the largest of the two intensity 

levels, see table 6-3. 

The remaining portions of this section are organized as follows. Section 7.2 describes the 

procedures used for data analysis. Section 7.3 provides general comments and observations from 

the testing program. Section 7.4 presents the results of white-noise testing performed in the fixed 

base configuration and Section 7.5 presents the results of earthquake simulation testing performed 

in the isolated configuration including earthquake simulator input motion, global structural 

response and local response of the isolation system and individual isolation bearings. A summary 

is provided in Section 7.6.        

7.2 Data Analysis 

7.2.1 General 

The various procedures used to process and analyze the data acquired during earthquake 

simulation and white-noise testing performed on the bridge model in both the isolated and fixed 

base configurations is described in this section. Throughout this section reference is made to both 

the global coordinate system ( x , y  and z ) and the direction with respect to truss-bridge, namely, 



 

114 

transverse (T), longitudinal (L), and vertical (V). As a point of clarification, the longitudinal (L) 

axis of the bridge coincides with the global x − direction. Additionally, the transverse axis (L) 

coincides with the y − direction and the vertical (V) with the z − direction; see figures 6-1 

and 6-2. In general the global coordinate system is used to described a particular response 

quantity (i.e., maximum displacement) whereas orientation with respect to the bridge (T, L and 

V) are used to describe the direction(s) of excitation.        

7.2.2 Relative Displacement 

Several string potentiometers (SPT) and Krypton LEDs (KRY) were used to measure and record 

the absolute displacement response of particular points either on the bridge or the earthquake 

simulator extension platforms during testing. Each string potentiometer housing was fixed to a 

reference frame and attached to the particular point of interest using a magnet. The Krypton 

camera was located on the west reference frame and the individual LEDs attached to various 

points on the bearings and load cells on the west simulator extension platform (see figure 6-2). 

The relative displacement response between any two points of interests, for example the top and 

bottom of a seismic isolation bearing, was calculated by subtracting the recorded absolute 

displacement responses obtained from the appropriate instruments. For example, the relative 

displacement of bearing 1 in the x − direction was calculated according to: 

 2 1( ) ( ) ( )x i STP i STP iu t u t u t= −  (7-1) 

where 2 ( )STP iu t  is the recorded absolute displacement from STP2 at time it  and 1( )STP iu t  is the 

recorded absolute displacement from STP1 at time it . The relative displacement between two 

Krypton LEDs was calculated in a similar manner. 

Unlike the Krypton camera system, error is introduced in the string potentiometer measurement if 

the point of interest travels in a plane (or three dimensional space) rather than along a single axis. 

One method of minimizing this error, and utilized here, is to maximize (within reason) the 

distance between the instrument (string potentiometer housing) and the point of attachment. For 

this setup, the reference frames on the east and west sides of the bridge model were positioned so 

that the distance between the string potentiometer housing and the point of attachment were 

6096 mm , a distance resulting in negligible error from the anticipated transverse motion. 

However, due to the proximity of the North wall, to the bridge model the distance between the 

string potentiometer housing and the point of attachment in the north-south direction (see figures 
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6-2 and 7-1) was limited to 3048mm . To illustrate the error introduced from horizontal motion, 

take for example STP3 (see figure 6-2). Assuming the point of attachment (in this case the top 

end-plate of bearing 2) displaces 120 mm  ( 200%  rubber shear strain) in both the x −  and 

y − direction ( xu  and yu ). The displacement recorded by STP3 is: 

 ( )2 2 122.3 mmy y xu l u u l= + + − =  (7-2)  

corresponding to an error of: 

 100 2%y y

y

u u
Err

u
−

= ⋅ ≈     (7-3)  

For the north-south potentiometers, the error at the measured maximum displacement in the 

y − direction is approximately 2% . However, if the displacement in the y − direction is small, 

for example, 2mm  then  4.36mmyu =  and the error is 118% .  

The maximum horizontal displacement was determined from the square-root-sum-of-squares 

(SRSS) response calculated with the relative displacements xu  and yu  according to: 

 ( )2 2
max max ( ) ( )x i y iu u t u t= +    (7-4) 

where ( )x iu t  is the relative displacement in the x − direction at time it  and ( )y iu t  is the relative 

displacement in the y − direction at time it .        

7.2.3 Forces and Moments 

The response of the individual bearings, in terms of axial load, shear force, and bending moment, 

was measured using the four 5-channel reaction load cells (see Appendix A) located beneath the 

individual bearings. The axial load response ( P ) and shear force response in the x −  and 

y − directions ( xF  and yF , respectively) are of primary importance to this study and although 

moments were recorded, the data was not processed and therefore is not presented here. For each 

bearing, the maximum horizontal shear force ( maxF ) was calculated from the shear force 
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responses xF  and yF  in a similar manner to the maximum horizontal displacement calculated 

according to (7-4). 

Another important quantity for this study is the contribution of the vertical load on the isolation 

system ( EQP ) due to vertical ground shaking. For simulations performed with three components 

of excitation (T+L+V), the vertical load response, EQP , was calculated from equilibrium of the 

bridge in the vertical z − direction using the recorded data from the normal channels of each load 

cell. From equilibrium in the z − direction: 

 
4

1
0 ( ) ( )z EQ i j i T

j
F P t P t W

=
Σ = = −∑  (7-5) 

where ( )j iP t  is the axial load from the thj  load cell at time it  and TW  is the total static weight 

of the bridge model calculated as the sum of the initial readings from each of the load cells. 

7.2.4 Absolute Accelerations 

The absolute acceleration response was recorded during earthquake simulation and white-noise 

testing using accelerometers (45 in total) distributed across the bridge model and the earthquake 

simulator extension platforms (see, figure 6-2). For the purpose of data analysis, all acceleration 

records were low-pass filtered at 30Hz  to eliminate noise and local high frequency spikes. The 

cutoff frequency of 30Hz  was chosen to be larger than the highest mode of interest ( 22Hz ) 

determined from the results of white-noise testing (presented in Section 7.4). The records were 

digitally filtered in the frequency domain using Matlab (Math Works, 1999) and its built-in 

discrete Fast Fourier Transform (FFT) and Inverse Fast Fourier Transform (IFFT) algorithms.    

The motion of the earthquake simulator extension platforms, in terms of absolute (input) velocity 

and displacement, were determined from the recorded acceleration records using a combination 

of the digital filtering, numerical integration and linear correction procedures outlined below. The 

digital filter uses a trapezoidal window with corners chosen at 1/ 5Hz , 1/ 4Hz , 30Hz  and 

31Hz . The lower cutoff frequency of 1/ 5Hz  and the transition frequency of 1/ 4Hz  were 

chosen based on the low spectral acceleration response for periods greater than 3 seconds  from 

elastic response spectra generated from the recorded input acceleration. The upper transition 

frequency of 30Hz  and cutoff frequency of 31Hz  were chosen to be consistent with the low-
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pass filtering. The procedure used to obtain the velocity and displacement records is outlined 

below: 

1. Zero correct the acceleration records to remove any initial offset and multiply by value of g , 

the gravitational acceleration constant, in units of interest 

2. Calculate frequency response using Fast Fourier Transform (FFT) algorithm 

3. Modulate the frequency response using the trapezoidal window function with corner 

frequencies at 1/ 5Hz , 1/ 4Hz , 30Hz  and 31Hz  

4. Calculate time response from the filtered frequency response data using the Inverse Fast 

Fourier Transform (IFFT) algorithm 

5. Numerically integrate the filtered acceleration record using a cumulative trapezoidal 

algorithm to obtain velocity record 

6. Fit a first order polynomial to velocity data to obtain slope and y-intercept 

7. Linearly correct velocity data with slope and y-intercept obtained in Step 6 

8. If desired, repeat Steps 5 through 7 using the velocity record to obtain a displacement 

response 

7.2.5 Frequency Response Analysis 

Frequency response analysis was utilized to identify the modal frequencies of the truss-bridge and 

corresponding critical damping ratios. The modal frequencies were identified from plotted 

transfer function amplitudes calculated using frequency response functions of various input and 

output signals and calculated according to:  

 
*

*
( ) ( )( )
( ) ( )

Y f X fTR f
X f X f

⋅=
⋅

 (7-6) 

where ( )X f  is the frequency response function of the input signal ( )x t  determined using the 

FFT algorithm in Matlab (Math Works, 1999), ( )*X f  is the complex conjugate of the frequency 

response function ( )X f  and ( )Y f  is the frequency response function of the output signal ( )y t . 
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The transfer function generated using (7-6) assumed no input noise and uncorrelated output noise 

(Reinhorn, 2005).    

The critical damping ratio ( ζ ) for each mode was estimated from the plotted transfer function 

amplitudes using the Half-Power method (Clough and Penzien, 1975). The method relies on 

identification of the resonant amplitude ( maxTR ) and frequencies (denoted, 1f  and 2f ) 

corresponding to maxTR  divided by 2 . Then the critical damping ratio is estimated according 

to:    

 2 1

2 1

f f
f f

−ζ =
+

 (7-7) 

where 1f  and 2f  are frequencies on each side of the resonant frequency, of , coincidental with 

max / 2TR .     

Additionally, frequency response analysis was used to identify the frequency content of the 

vertical load response due to the vertical component of excitation during earthquake simulation 

testing. For this analysis, transfer function amplitudes were calculated using the recorded vertical 

ground acceleration (input) and calculated vertical load response (output).  

7.3 Experimental Observations 

This section provides general comments and observation from the earthquake simulation testing 

program. Photographs of the bridge model in the isolated configuration taken prior to testing are 

presented in figure 7-1. The photograph presented in figure 7-1a shows a view of the bridge 

model and the two earthquake simulator extension platforms and has been annotated with an 

arrow illustrating the direction of East. Figure 7-1b contains a photograph showing a view of 

bearing 1, the Krypton camera, and the west reference frame all identified by arrows and text. 
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a. view of bridge model 

b. view of bearing 1 and Krypton camera  

FIGURE 7-1 Photographs of isolated bridge model 

West reference frame 

Krypton camera 

Bearing 1 

East 
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To ensure equal distribution of load to each of the four supports, the 5-channel reaction load cells 

were installed on the steel interface plates attached to the simulator extension platforms and 

connected to the data acquisition system prior to the installation of the isolation bearings and the 

truss-bridge. Once connected to the data acquisition system, all signal offsets were removed 

(zeroed) enabling the weight of the truss-bridge and supplemental lead to be measured. The low-

damping rubber (LDR) bearings were then installed atop the load cells followed by the 

truss-bridge and the added mass plates and supplemental lead. At this time the earthquake 

simulators were lifted from their respective parking frames and leveled to ensure accurate initial 

readings that indicated an unequal distribution of load amongst the four load cells. The 

earthquake simulators were returned to their respective parking frames and previously fabricated 

light gauge steel shims were installed between the bottom end-plate of bearings 1 and 3 and their 

supporting load cells. Shim plates were added until the load was, within reason, evenly 

distributed to each support. Table 7-1 presents initial (normal channel) load cell readings from the 

first test following each re-configuration. From Test 1, the load cell readings presented in table 7-

1 vary from 91.1 kN  to 102.6 kN , a deviation of approximately10 % . The total model weight 

was determined from the sum of the initial load cell readings which ranged from 381.9 kN  (Test 

112)  to 388.2 kN  (Test 38), a 1.6%  deviation. 

The total model weight of, approximately, 382 kN  exceeded the target weight of 320 kN  as 

required from the similitude requirements for a target static pressure of 3.45 MPa  and outer 

bearing diameter of 172 mm (see Section 3). The additional weight can be attributed to the 

combined weight of fasteners, gusset plates, and stiffener plates used in the fabrication of the 

truss-bridge and ancillary steel plates and angle sections used to connect the mass plates to the 

truss-bridge. In addition, the added weight in combination with the reduced outer diameter of the 

LDR and lead rubber (LR) bearings (152 mm ) resulted in a static pressure of approximately 

5.2 MPa . 

TABLE 7-1 Initial load cell readings and total static weight of model  

Test LC 1N 
(kN)  

LC 2N 
(kN)  

LC 3N 
(kN)  

LC 4N 
(kN)  ( )kN

TW
 

1 94.5 102.6 91.1 96.3 384.5 
38 97.0 101.9 92.7 96.6 388.2 
75 103.0 92.7 98.1 88.1 381.9 

112 99.7 95.3 95.1 91.7 381.8 
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A thermocouple was used to measure the temperature of the lead-core of bearing 4 between each 

earthquake simulation for testing performed with the LR bearings (Test 38 through 111). The 

core temperature was monitored so that testing could be paused to prevent the core from reaching 

a temperature that might result in strength degradation. Prior to the initial test and following each 

earthquake simulation the thermocouple was inserted into a groove in the top end-plate of bearing 

4 terminating at the lead-core. The thermocouple was held in place until the temperature reading 

stabilized then was recorded by hand. Over the period of time (approximately eight hours) 

between Test 38 and 74 the initial core temperature increased from 20 C  (the ambient 

temperature of the laboratory) to 22 C . This is not to say the core temperature did not exceed 

22 C  during earthquake simulation testing but rather the residual temperature at the end of the 

lead-core at the onset of each earthquake simulation was no more than 22 C . This process was 

repeated for Tests 75 through 111 resulting in a similar range of temperatures. 

7.4  White-Noise Testing 

7.4.1 General 

Upon completion of earthquake simulation testing performed on the isolated bridge model, the 

bearings (at this time LDR) were removed and the bridge was connected directly to the four load 

cells providing a fixed base condition. Two white-noise tests, numbers 149 and 150 (see table 

6-3), were conducted in this configuration to determine the dynamic characteristics of the loaded 

truss-bridge, namely, the modal frequencies and critical damping ratios. The resulting modal 

frequencies were then used to estimate the vertical and lateral stiffness of the truss-bridge.  

Each white-noise test consisted of a low amplitude, broad-band, excitation applied 

simultaneously in the x − , y −  and z − directions for a duration of approximately 80 seconds. 

For brevity, only the results from Test 150 are presented. The input excitation during white-noise 

testing (and earthquake simulation testing) was recorded by three accelerometers located at the 

center of each earthquake simulator extension platform (ACC1 through 3 on the west platform 

and ACC7 through 9 on the east, see figure 6-2). The peak ground (base) acceleration (PGA) 

determined from the recorded acceleration histories was approximately 0.25g  in the x − and 

y − direction and 0.35g  in the z − direction. 
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7.4.2 Frequency Response Analysis 

Transfer functions were generated using (7-6) and various combinations of input and output 

signals recorded during white-noise testing. Slight discrepancies were observed between the input 

from the east and west earthquake simulators, therefore, two transfer functions were generated for 

each output signal. Input acceleration histories were obtained from accelerometers located at the 

center of each earthquake simulator extension platform in the y − direction (ACC2 and ACC8) 

and z − direction (ACC3 and ACC9); see figure 6-3. The output acceleration histories were 

obtained from accelerometers located at the approximate center of each of the top mass plates 

oriented in the y − direction (ACC38, ACC41 and ACC44) and z − direction (ACC39, ACC42 

and ACC45); see figures 6-3 and 7-1.  

Figure 7-2 presents the transfer function amplitudes generated from the recorded response on the 

east (ACC44), center (ACC41) and west (ACC38) mass plates (see figure 7-1). Again, two 

transfer functions are plotted for each output signal, one from the input signal recorded on the 

east platform (ACC8) and one from the input signal recorded on the west platform (ACC2). From 

the curves presented in figure 7-2b, peaks are observed at approximately 4.5Hz  and 22Hz . 

Figures 7-2a and 7-2c show spikes at 4.5Hz  with similar amplitudes and spikes at 22Hz  with 

smaller amplitudes than shown in figure 7-2b. The amplitudes of the 22Hz  spike at the three 

locations suggest a lateral sway mode and is consistent with the results of modal analysis 

performed with a commercially available software package SAP2000 (CSI, 2002). The 

approximately equal amplitude of the 4.5Hz  peak at each location suggests the response might 

be attributed to a local mode from the mass plate assembly and/or connection to the truss-bridge.  

Figure 7-3 presents transfer functions generated from recorded acceleration responses in the 

z − direction. The curves plotted in figure 7-3 correspond to output signals from accelerometers 

located on the west (ACC39), center (ACC42) and east (ACC45) mass plates. From figure 7-3b 

(center), two peaks are observed, one at 12Hz  with an amplitude of approximately 30  

(ACC42/ACC9) and the other at 28Hz  with an amplitude of approximately 20  (ACC42/ACC9). 

The transfer function amplitudes plotted in figures 7-3a and 7-3c also show frequency peaks at 

12Hz  and 28Hz . The amplitude of the 12Hz  peaks in figures 7-3a and 7-3c is, approximately 

20  or 2 /3  the amplitude of the 12Hz  peak in figure 7-3b, suggesting a vertical mode with peak 

deformation at the center of the bridge. Again, this result is consistent with the results of modal 

analysis performed with SAP2000. The amplitudes of the 28Hz  peak in figures 7-3a and 7-3b is 
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20  (ACC9) and 50  in figure 7-3c which is inconsistent with those expected from a higher 

frequency vertical mode. Therefore, the amplification at this frequency is believed to be due to a 

local mode from the mass plate assembly and/or connection to the truss-bridge.          

Based on the results presented in figures 7-2 and 7-3, the first and second modes of the 

truss-bridge were identified as a vertical mode at, approximately, 12Hz  and a lateral sway mode 

at, approximately, 22Hz . The critical damping ratio, ζ , for each mode was estimated from the 

transfer function amplitudes plotted in figures 7-2b and 7-3b using the Half-Power method 

(Clough and Penzien, 1975) and (7-7). Table 7-2 presents the calculated damping ratio, ζ , the 

resonant frequency, of , the response amplitude maxTR , max / 2TR  and the corresponding 

frequencies 1f  and 2f  for each mode and input instrument. The critical damping ratios for the 

first mode of 12Hz  are 1.8%  and 1.5%  based on ACC3 and ACC9, respectively. The critical 

damping ratio for the second mode at 22Hz  was estimated to be 0.6%  and 1.1%  based on 

ACC3 and ACC9, respectively. 

TABLE 7-2 Dynamic properties of fixed base truss-bridge from the results of white-noise 
testing (Test 150) 

Mode Instrument 
Combination (Hz)

nf  maxTR  max

2
TR  1

(Hz)
f

 2

(Hz)
f

 
(%)
ζ

 

ACC42/ACC3 12.25 22.7 16.0 12.0 12.4 1.8 
1 

ACC42/ACC9 12.00 35.8 25.3 11.9 12.2 1.5 

ACC41/ACC2 21.88 9.6 6.8 21.6 22.1 1.1 
2 

ACC41/ACC8 21.75 14.9 10.6 21.6 21.9 0.6 
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FIGURE 7-2 Transfer function amplitudes from recorded motion in the y − direction 
during white-noise testing (Test 150) 
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FIGURE 7-3 Transfer function amplitudes from recorded motion in the z − direction 
during white-noise testing (Test 150) 
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7.4.3 Generalized Properties of the Truss-Bridge 

The generalized stiffness of the truss-bridge was back calculated using the resonant frequencies 

identified from the frequency response analysis with: 

 
2 *2

b
n

WK
T g

π⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (7-8) 

where nT  is the period of the thn  mode and equal to 1/ nf ; g  is the gravitational acceleration 

constant equal to 29810mm/s ; and *W  is the effective weight equal to 204 kN . The effective 

weight was calculated as *M g  where *M  is the generalized mass: 

 * T
n nM M= φ φ  (7-9) 

calculated with the 3x3 lumped mass matrix, M , and a shape function, nφ , determined assuming 

a parabolic deformed shape for both the horizontal and vertical directions and equal to 

{ }0.48,1.0, 0.48 . The shape function was calculated assuming maximum deflection at the center 

of the bridge and lumped masses of: 11,723 kg , 14,964 kg  and 11,723 kg  at 1524 mm , 

5,334 mm  and 9,144 mm  along the length of the truss-bridge, respectively (see figure 6-1). 

Based on this procedure, the generalized stiffness of the truss-bridge in the horizontal ( bhK ) and 

vertical ( bvK ) directions were estimated to be approximately 400 kN/mm  and 118 kN/mm , 

respectively.          

In the isolated configuration the isolation system and truss-bridge can be approximated as series 

spring systems in both the transverse and vertical directions. In the transverse direction, the 

bridge structure is essentially “rigid” relative to the horizontal stiffness of the isolators. For 

example, the effective stiffness ( effK ) of a LR bearing is approximately 0.4kN/mm  at 100%  

rubber shear strain (see Section 5, table 5-6). The ratio of the estimated bridge stiffness to the 

stiffness of the isolation system eff/ 4bhK K  is equal to 250  and the equivalent horizontal 

stiffness calculated using: 

  
, eff

1 1 1
4eq h bhK K K

= +
⋅

 (7-10)       
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and equal to 1.593kN/mm  or approximately eff4K . However, in the vertical direction, the 

stiffness of each LDR bearing under zero lateral displacement ( voK ) is approximately equal to 

80kN/mm  (see Section 5, table 5-3). The ratio of the vertical stiffness of the truss-bridge 

(118kN/mm ) to the vertical stiffness of the isolation system composed of LDR bearings 

( 320kN/mm ) is equal to 0.37  and an equivalent vertical stiffness ( ,eq voK ) of approximately 

86 kN/mm . Based on the results of the previous calculations, it is reasonable to assume in the 

isolated configuration that the truss-bridge behaves rigidly in the horizontal direction. However in 

the vertical direction, the stiffness of the truss-bridge is approximately 1/ 3  the stiffness of the 

isolation system composed of LDR bearings and should be considered. Table 7-3 presents the 

equivalent vertical stiffness of the bridge-isolation system considering the vertical stiffness of the 

isolators under zero lateral displacement ( voK ) and with a vertical stiffness at a lateral 

displacement corresponding to the maximum horizontal displacement ( vK ) calculated using the 

two-spring formulation [(2-42)], denoted ,eq voK  and ,eq vK , respectively. Also presented in this 

table are the corresponding equivalent vertical frequencies, vof  and vf  calculated using the 

effective weight *W . The equivalent vertical frequencies for the LDR and LR isolation system, 

assuming zero lateral displacement in the isolation system are 10.2Hz  and 10.8Hz , respectively. 

Using the estimated reduced vertical stiffness (corresponding to the maximum displacement) the 

equivalent vertical frequencies for the LDR and LR isolation system are 9.7Hz  and 10.3Hz , 

respectively. 

TABLE 7-3 Equivalent vertical frequencies in the isolated configuration 

Bearing 
Type kN

mm

voK

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

1

kN
mm

vK

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
4

kN
mm

voK⋅

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
4
kN
mm

vK⋅

⎛ ⎞
⎜ ⎟
⎝ ⎠

kN
mm

bvK

⎛ ⎞
⎜ ⎟
⎝ ⎠

,

kN
mm

eq voK

⎛ ⎞
⎜ ⎟
⎝ ⎠

,

kN
mm

eq vK

⎛ ⎞
⎜ ⎟
⎝ ⎠

( )

*2

kN
W  

( )Hz
vof

 
( )Hz

vf  

LDR 80 55 320 218 118.8 87 77 204 10.2 9.7 

LR 130 82 520 327  97 87  10.8 10.3 
Notes: 
1. ( )22/ 1+12/ /v voK K R⎡ ⎤= π Δ⎣ ⎦ ; LDR: max 47 mmuΔ = =  and LR: max 53 mmuΔ = =   

2. * *W M g= ; * T
n nM M= φ φ   
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7.5 Earthquake Simulation Testing 

7.5.1 Input Motion 

Four simulations were chosen to illustrate the performance of the earthquake simulators. Here 

performance is being measured in terms of synchronization of the two simulators and whether the 

motion reproduced by the simulators matched the target motion. In addition, displacement 

histories, determined from the recorded acceleration histories, for one of these simulations are 

used to investigate the presence of torsion and/or rocking. The synchronization of the two 

simulators is assessed through a graphical comparison of recorded (and numerically obtained) 

motion from instruments located on each simulator. Target matching is assessed through a 

comparison of elastic response spectra generated from both the target and recorded motions 

assuming 5%  critical damping. For brevity, only the recorded motion from two of these 

simulations is presented in this section, specifically, Test 110 (SYL 75%) and Test 135 (RIO 

100%). The recorded earthquake simulator motion from Tests 98 (BOL 100%) and 104 (KJM 

100%) are presented in Appendix D. These tests represent the most adverse condition for the 

earthquake simulator with the largest intensity and overturning demand due to the 1.2 m  support 

width configuration of the isolated bridge.   

Figures 7-4, 7-5 and 7-6 present recorded earthquake simulator motion in the x − , y −  and 

z − direction, respectively, from Test 110 (SYL 75%). Figure 7-4 presents acceleration, velocity, 

and displacement histories for the west (ACC1 and STP1) and east (ACC7 and STP11) 

earthquake simulator extension platforms in the x − direction. In figure 7-4a the acceleration 

histories from ACC1 (center of west platform) and ACC7 (center of east platform) agree well 

with peak ground accelerations (PGA) of 0.57 g  and 0.62g , respectively. Figure 7-4b presents 

velocity histories determined using the procedure described in Section 7.2 and acceleration 

histories from ACC1 and ACC7. The velocity histories of each simulator agree well with peaks 

(PGV) of 326 mm/s  and 315 mm/s  for the west and east platforms, respectively. Figure 7-4c 

presents displacement histories for the west (STP1) and east (SPT11) simulator platforms. Again, 

the simulator platforms histories agree well with peak ground displacements (PGD) of 31 mm  

and 32 mm . Figure 7-4d presents elastic acceleration response spectra generated with 5%  

critical damping using the target motion (and the recorded acceleration from ACC1 and ACC7. 

The spectra presented in this figures show the response from the recorded motion matches the 

target response well for periods greater than 0.5 sT >  and exceeds the target for 0.5 sT < , where 

T  is the period of vibration. From the results plotted in figure 7-5, the recorded acceleration, and 
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displacement histories show the motion of the west and east tables again agree reasonably well, 

however, the elastic response spectra presented in figure 7-4d show the response from the 

recorded input exceeds the target, again, for 0.5 sT < . Figure 7-6 presents the recorded motion of 

the earthquakes simulators in the z − direction (SYL-UP). From figure 7-6a, the PGA of the west 

platform ( 0.69 g ) is substantially larger than the east platform ( 0.39 g ). The elastic response 

spectra presented in figure 7-6d illustrate the difference between the east and west platforms, both 

of which, exceeded the target for periods less than approximately 0.1s . A difference in vertical 

input from the west (usually higher) and east simulators was observed on several occasions 

generally occurring on large intensity motions such as SYL 75% and BOL 100%. 

Figures 7-7, 7-8 and 7-9 present the earthquake simulator motion and elastic response spectra for 

the x − , y −  and z − direction, respectively, from Test 135 (RIO 100%). The recorded motion 

from Test 135 (RIO 100%) showed closer agreement with the target than was observed from Test 

110 (SYL 75%), which can be attributed to the difference in demand associated with reproducing 

the motion of these two events. For example, the PGV from SYL 75% is 503 mm/s  whereas the 

PGV from RIO 100% is 289 mm/s , or approximately half.  

To identify torsion or rocking during earthquake simulation testing, accelerometers were placed 

around the perimeter (and at the center) of each earthquake simulator extension platform, see the 

instrument layout in figure 6-2. The presence of torsion or rocking can be identified by comparing 

the displacement histories determined from recorded accelerations at the edge and center of the 

platforms. The difference, if any, was then used to estimate the amount of rotation about each 

axis. Figure 7-10 presents displacement histories numerically obtained from the recorded 

acceleration histories from Test 110 (SYL 75%). Plotted in figure 7-10a are the displacement 

histories obtained from ACC7 (center of east platform) and ACC10 (center of the North edge of 

east platform) each oriented in the x − direction and, approximately, 3350 mm apart. The 

maximum displacements differ by 18 mm  corresponding to an angle of rotation about the 

z − axis of, approximately, 0.3  degrees. Figure 7-10b presents displacement histories obtained 

from accelerations recorded with ACC9 (center of the east platform), ACC11 (center of the North 

edge of the east platform), and ACC12 (center of the east edge of the east platform). A 2 mm  

difference is observed comparing the displacement histories obtained from ACC9 and ACC11 

which translates into a negligibly small rotation about the x − axis. Comparing the displacement 

histories obtained from ACC12 and ACC9 almost no difference in maximum value is observed 
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and therefore no rotation about the y − axis. This result could be expected since the bridge 

support is approximately 230 mm  eccentric to the center of the simulator, or 3.4%  of the width 

of the earthquake simulator extension platforms ( 6706 mm ). Figures 7-10c and 7-10d present 

displacement histories obtained from accelerometers located on the west platform. The 

displacement histories shown in these figures agree well suggesting again negligible rocking and 

torsion during this simulation.   

7.5.2 Global Response 

For this testing program, global response refers to the truss-bridge and added mass plate 

assemblies focusing on the relative displacement response and acceleration response at various 

points along the length of the bridge and up the height. Sample global response results from Test 

110 (SYL 75% with LR bearings) and Test 135 (RIO 100% with LDR bearings) are presented to 

illustrate the concentration of relative displacement response across the plane of isolation and the 

absence of torsion in the horizontal displacement response for both types of isolation systems. In 

addition, acceleration response results from these tests are presented to illustrate the effectiveness 

of each isolation system in reducing acceleration demands above the plane of isolation.   

Plotted in figure 7-11 are acceleration histories recorded with instruments oriented in the 

y − (Transverse) direction at three different elevations from Test 110 (SYL 75%). Figure 7-11a 

presents acceleration recorded at the approximate centers of the top mass plate. Figure 7-11b 

presents acceleration recorded directly above the plane of isolation atop bearings 2 and 3 and 

figure 7-11c presents acceleration recorded at the center of each earthquake simulator extension 

platform. From the results presented in these figures, an approximately 50%  reduction in peak 

acceleration is observed between the base (ACC2 and ACC8) and the center mass plate (ACC41). 

Figure 7-12 presents relative displacement responses from Test 110. Figure 7-12a presents the 

displacement response of the three mass plate assemblies relative to extension platforms. The 

relative displacement responses plotted in figures 7-12a agree well with a difference in maximum 

relative displacement of only a few millimeters indicating the horizontal motion is translation 

without torsion. Figures 7-12b and 7-12c present the relative displacement response at two 

elevations, bearing 2 and the west mass plate, in the y −  (Transverse) and x −  (Longitudinal) 

directions, respectively. The results plotted in figure 7-12b, show maximum relative 

displacements above bearing 2 and at the west mass plate of 70 mm  and 77 mm , respectively, 

illustrating the displacement response is concentrated across the isolation system (as expected). 
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The results plotted in figure 7-12c also show the displacement response to be concentrated across 

the isolation system.    

Figures 7-13 and 7-14 present acceleration and relative displacement responses from Test 135 

(RIO 100%) with the LDR bearings and a 1.2m  support width. The effectiveness of the LDR 

isolation system in reducing acceleration demands is evident by the 60%  reduction in peak 

acceleration between the center mass plate (ACC41) and the east extension platform (ACC8) 

shown in figure 7-13. Figure 7-14a presents plotted relative displacement responses at the west, 

center and east mass plates in the y − direction that again differ by a few millimeters, illustrating 

that the displacement response with the LDR bearings is translation without the presence of 

torsion. Figures 7-14b and 7-14c present plots of the relative displacement response above 

bearing 2 and at the west mass-plate assembly in the y −  and x − directions, respectively. Again, 

it is clear the deformation is concentrated across the isolation system  

7.5.3 Local Response 

7.5.3.1 General 

This section presents sample results of the response of the isolation system and individual 

bearings from earthquake simulation testing conducted with the LR and LDR bearings in both the 

1.8 m  and 1.2 m  support width configurations. In Section 7.5.3.2, maximum response quantities 

including: horizontal displacement; horizontal shear force; maximum axial load; and minimum 

axial load values obtained from simulation performed with: transverse (T); transverse plus 

longitudinal (T+L); and transverse plus longitudinal plus vertical (T+L+V) components of 

excitation. The results of these simulations are compared to investigate the influence of multiple 

components of excitation and the coupled horizontal-vertical response exhibited by elastomeric 

and lead-rubber seismic isolation bearings. In Section 7.5.3.3, the results obtained from 

simulations performed with three components of excitation (T+L+V) are used to quantify the 

contribution of vertical load carried by the isolation system and individual bearings due to the 

vertical component of excitation. 

7.5.3.2 The Influence of Multiple Components of Excitation 

Figure 7-15 presents plots of the x −  and y − direction force displacement response of LR 1 from 

Tests 106 (T), 108 (T+L) and 110 (T+L+V), corresponding to SYL 75%. Figure 7-15d illustrates 

the unidirectional force displacement response of the LR bearing whereas Figure 7-15a shows the 
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absence of response in the x − direction (L) during Test 106. From the force-displacement 

response presented in 7-15d, the maximum displacement and shear force are observed to be 

62 mm  (103 %  rubber shear strain) and 19.7 kN , respectively. Figures 7-15b and 7-15e present 

the force-displacement response in the x −  and y − directions from Test 108, respectively. The 

maximum displacement and shear force in the y − direction are 68 mm (a 10 %  increase from 

Test 106) and 19.3 kN , respectively. The increase in maximum y − direction displacement is a 

result of the second (L) component of excitation and the coupled horizontal response (circular 

yield surface) exhibited by LR bearings, among others (Mokha et al., 1993; Huang, 2002; 

Mosqueda et al., 2003). Comparing the y − direction force displacement responses presented in 

figures 7-15d and 7-15e illustrates the effect of the second component of excitation on the 

unidirectional response that in this case resulted in a 10 %  increase in maximum y − direction 

displacement. Figures 7-15c and 7-15f present the x −  and y − direction force displacement 

response, respectively, for LR 1 from Test 110 (T+L+V). The maximum y − direction 

displacement and shear force presented in figure 7-15f are 70 mm  and 19.7 kN , respectively. 

Comparing the results plotted in figure 7-15f  (T+L+V) to those plotted in figure 7-15e (T+L), 

there is some additional fluctuation in the force-displacement response due to the vertical 

component and a slight increase in the maximum y − direction displacement and shear force of 

3 %  and 2 % , respectively.       

To illustrate the influence of the vertical component of excitation on the axial load of LR 1, axial 

load responses from Tests 108 (T+L) and 110 (T+L+V) are presented in figure 7-16. A maximum 

compressive force of 197 kN  and minimum (compressive in this case) force of 14 kN  are 

observed from the axial load response plotted in figure 7-16a. The substantial fluctuation in axial 

load observed from the results plotted in figure 7-16a are due the 1.2 m  support width and the 

overturning moment generated by inertial forces in the y − directions during earthquake 

excitation. From the axial load response plotted in figure 7-16b, the influence of the vertical 

component is clear and is a high (relative to the overturning) frequency response. The maximum 

(compressive) load of 243kN  corresponds to an, approximately, 24 %  increase in axial load due 

to the vertical component of excitation. 

Figure 7-17 presents the force displacement response of LDR 1 in the x −  and y − direction from 

Tests 131 (T), 133 (T+L) and 135 (T+L+V) with RIO 100%. The force-displacement response of 
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LDR 1 under conditions of unidirectional (T) excitation is plotted in figure 7-17d. The force-

displacement plot presented in this figure clearly shows a difference in effective stiffness for the 

positive and negative displacement excursions with maximum displacements of 38 mm  and 

46 mm− , respectively. A lower effective stiffness is observed for the negative displacement 

excursions due to the increased compressive load as a result of the overturning moment. The 

influence of axial load on the horizontal stiffness of elastomeric bearings is well documented 

(Koh and Kelly, 1987; Kelly, 1997) and can be predicted with reasonable accuracy using the 

two-spring model presented in Section 2 as part of the investigate the influence of lateral 

displacement on the vertical stiffness of elastomeric bearings. Similar results are observed from 

the y − direction force displacement response of LDR 1 presented in figures 7-17e (T+L) and 7-

17f (T+L+V). 

Figures 7-18 through 7-21 present maximum and minimum response data for bearings 1 and 2 for 

the largest intensity simulations (see table 6-3) performed with the LR bearings configured in 

both the 1.8 m  and 1.2 m  support widths. Maximum horizontal displacement ( maxu ) data, 

calculated according to (7-4), from the various simulations performed with the LR bearings is 

presented in figure 7-18. Comparing the  maxu  data in figure 7-18a (1.8 m ) for simulations with 

T and T+L components of excitation illustrates the increase in maximum horizontal displacement 

due to bidirectional excitation. Again the increase is due to the second component of excitation 

and the coupled response exhibited by LR bearings. For SYL the increase in displacement is less 

substantial than was observed with BOL and KJM. This is due to the near-fault characteristics of 

the SYL motion, where the response is dominated by one component (SYL 360) and can be seen 

from the elastic response spectra; see figures 7-4d and 7-5d. Comparing maxu  results from T+L 

and T+L+V components of excitation shows the addition of the vertical component has a 

marginal effect on the maximum horizontal displacement, with the exception of KJM where the 

addition of the vertical component resulted in a 25 %  reduction in maximum horizontal 

displacement. The maximum horizontal displacement data plotted in figure 7-18b (1.2 m ) shows 

similar results.  

Figure 7-19 presents maximum horizontal shear force ( maxF ) data for simulations performed with 

the LR bearings. From figure 7-19a (1.8 m ), an increase in maxF  is observed for the T+L 

simulations when compared to the unidirectional excitation (L) and is a result of the increase in 

displacement illustrated in figure 7-18a. A small decrease in maxF  is observed comparing the 
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results of simulations with T+L and T+L+V components of excitation with the exception of KJM 

which exhibited a substantial reduction in maximum horizontal shear force (a results of the 

reduction in horizontal displacement previously shown in figure 7-18a). The difference in maxF  

of bearing 1 and bearing 2 for BOL 100%, KJM 100% and SYL 75% (T only) illustrates the 

influence of the axial load fluctuation (from the overturning moment) on the shear force response. 

The impact of the axial load fluctuation on the maximum shear force response is further 

illustrated by comparing the results presented in figure 7-19a (1.8 m ) with those in figure 7-19b 

(1.2 m ). The maximum shear force data presented in figure 7-19b (1.2 m ) is consistently lower 

than maxF  presented in figure 7-19a (1.8 m ) for each simulation. The results presented in figure 

7-19 suggest that for this system the vertical component of excitation has minimum impact on the 

shear force response.  

Figure 7-20 presents maximum axial load data ( maxP ) for bearings 1 and 2 from each simulation. 

From the BOL 100% and KJM 100%  results presented in figure 7-20a, the maxP  is consistently 

larger for bearing 2 compared to bearing 1, which is consistent with the lower maxF  data for 

bearing 2 as shown in figure 7-19a. The T+L+V simulations resulted in a moderate increase in 

maximum axial load for both bearings 1 and 2, as expected. Figure 7-21 presents minimum axial 

load ( minP ) data for the LR bearings. For KJM 100% and SYL 75% with T+L+V components of 

excitation, the axial load is almost reduced to zero in the 1.8 m  configuration and results in 

tension for the same simulation with the bearings in the 1.2 m  configuration. For SYL 75% 

T+L+V in the 1.2 m  support configuration a tension force of approximately 30 kN  was recorded 

which corresponds to an axial pressure of  1.7 MPa−  ( 250 psi− ). 

Figures 7-22 through 7-25 present response data from the large intensity simulations (see 

table 6-3) performed with the LDR bearings in both the 1.8 m  and 1.2 m  support width 

configurations. Maximum horizontal displacement and shear force data for simulations performed 

with the LDR bearings are presented in figures 7-22 and 7-23. From the maximum horizontal 

displacement data presented in figure 7-22 the addition of the longitudinal (L) component again 

results in an increase in maximum horizontal displacement (with the exception of RIO) as 

expected. Simulations with T+L+V components of excitation result in a marginal change in the 

maximum horizontal displacement as compared to simulations with T+L components of 

excitation. Figure 7-23 presents maximum horizontal shear force data, and as was observed with 

the LR bearings, simulations with T+L components resulted in an increase in maximum 
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horizontal shear force when compared to simulations with only T excitation, a consequence of the 

increased horizontal displacement. Comparing the results presented in figure 7-23a (1.8 m ) to 

those in 7-23b (1.2 m ), the increase in axial load fluctuation (and therefore maximum 

compressive load) results in a decrease in maximum horizontal shear force. Figures 7-24 and 7-25 

present maximum and minimum axial load data, respectively, from simulations performed on the 

LDR bearings. Again the addition of the vertical component both increases the maximum axial 

load and decreases the minimum as was observed with the LR bearings. Although this result is 

expected, in the next section the contribution of vertical load due to the vertical component of 

excitation is quantified and used to evaluate design procedures accounting for the vertical 

component of excitation. 

7.5.3.3 Contribution of the Vertical Component of Excitation 

In this section the contribution of the vertical load on the isolation system ( EQP ) due to the 

vertical component of excitation is quantified using data recorded from the load cells for 

earthquake simulations performed with three components of excitation (T+L+V) and the LR and 

LDR isolation systems. To facilitate a direct comparison with the recorded vertical base 

acceleration and to compute amplification factors, the EQP  response was normalized by the 

effective weight ( *W ). In addition, transfer functions were generated from the calculated 

*/EQP W  and vertical base acceleration signals to identify which frequencies are being amplified 

and to assess whether the reduction in vertical stiffness discussed in Sections 2 and 5 has an 

impact on the vertical response of the isolation system.  

Figure 7-26 presents the vertical load response calculated using (7-5) normalized by the effective 

weight ( */EQP W ) and recorded vertical acceleration histories from ACC3 (west platform) and 

ACC9 (east platform) for Test 104 (KJM 100%). In each plot, the maxima and minima are 

identified by a circle and square, respectively, and the value reported in the legend along with the 

corresponding symbol. From the results presented in figure 7-26 the amplification of vertical 

response is apparent and approximately 5  times the peak base acceleration with respect to ACC9. 

Amplification factors for simulations performed with the vertical component of excitation and the 

LR and LDR isolation system are presented in tables 7-4 and 7-5, respectively. These factors 

were calculated according to: 
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*/

Amplification EQP W
PGA

=  (7-11) 

where */EQP W  is the maximum absolute value of EQP  normalized by the weight *W  and PGA  

represents the peak ground (base) acceleration recorded by either ACC3 or ACC9. Also presented 

in these tables are the maximum and minimum EQP  values (denoted ,maxEQP  and ,minEQP , 

respectively), the effective weight, *W , the peak base acceleration from ACC3 and ACC9 

(denoted 3ACCPGA  and 9ACCPGA , respectively) and the  value of the amplification. An average 

value of the amplification was calculated due to the differences in PGA from the east and west 

simulators. Figures 7-27 and 7-28 present bar plots of the calculated amplification factors for the 

LR and LDR isolation systems, respectively. From figure 7-27a (LR in the 1.8 m  support width) 

the amplification factors calculated from ACC3 (west platform) and ACC9 (east platform) vary 

for each simulation, however, the average values for BOL 100%, KJM 100%, and SYL 75% are 

2.8 , 4.2  and 2.3 , respectively. Figure 7-27b presents amplification values for the LR bearings in 

the 1.2 m  configuration with average values for BOL, KJM, and SYL of 3.5 , 4.5  and 2.0 , 

respectively. Figure 7-28 presents amplification values for the LDR bearing in the 1.8 m  and 

1.2 m  support width configurations. From figure 7-28a (LR in the 1.8 m  support width), the 

average amplification for RIO 100%, BOL 50% and KJM 50% are 3.0 , 3.5  and 5.3 , 

respectively. For the LDR bearings in the 1.2 m  support configuration, the average amplification 

for RIO, BOL and KJM are 3.5 , 4.6  and 5.6 , respectively.  

TABLE 7-4 Summary results from simulations with vertical excitation and the LR 
bearings 

Test 
,max

(kN)
EQP

 ,min

(kN)
EQP

 
*

(kN)
W  

*
EQP

W
 3

(g)
ACCPGA 9

(g)
ACCPGA Amp.

ACC3
 

Amp.
ACC9

 
Amp.
Avg.

 

61 172 -150 204 0.84 0.39 0.25 2.2 3.4 2.8 

67 278 -265 204 1.36 0.37 0.28 3.7 4.8 4.2 

73 187 -150 203 0.92 0.66 0.29 1.4 3.2 2.3 

98 188 -176 203 0.93 0.31 0.24 3.0 3.9 3.5 

104 289 -277 204 1.42 0.31 0.31 4.5 4.6 4.5 

110 198 -175 203 0.98 0.67 0.39 1.5 2.5 2.0 
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TABLE 7-5 Summary results from simulations with vertical excitation and the LDR 
bearing 

Test 
,max

(kN)
EQP

 ,min

(kN)
EQP

 
*

(kN)
W  

*
EQP

W
 3

(g)
ACCPGA 9

(g)
ACCPGA Amp.

ACC3
 

Amp.
ACC9

 
Amp.
Avg.

 

24 181 -185 205 0.90 0.35 0.27 2.6 3.4 3.0 

30 127 -128 204 0.63 0.24 0.14 2.6 4.5 3.5 

36 264 -229 204 1.30 0.30 0.21 4.4 6.2 5.3 

135 127 -140 201 0.70 0.19 0.21 3.6 3.3 3.5 

141 113 -109 201 0.56 0.12 0.12 4.6 4.6 4.6 

147 211 -185 201 1.05 0.20 0.18 5.3 5.8 5.6 

The amplification of the vertical ground motions suggest the isolation system does not behave as 

an “almost” rigid system in the vertical direction and has a level of flexibility such that the 

vertical component of excitation is being amplified. To identify the frequency content being 

amplified in the vertical direction transfer functions were calculated using (7-6) and the 

calculated */EQP W  response in conjunction with the recorded vertical acceleration histories from 

ACC3 and ACC9. Sample transfer functions calculated for the LR and LDR systems are 

presented in figure 7-29. As a point of reference, transfer functions generated from the results of 

white-noise testing (Test 150) in the fixed base configuration are also presented in this figure. 

Figure 7-29b presents the transfer function amplitudes calculated from the results of Test 67 

corresponding to the LR bearings in the 1.8 m  configuration and KJM at 100% intensity. Two 

additional vertical lines are plotted in this figure at 10.3 Hz  (solid) and 10.8 Hz  (dashed) 

correspond to the equivalent vertical frequencies calculated using the vertical stiffness of the 

isolators at maximum displacement and zero lateral displacement (see table 7-3). The transfer 

function amplitudes plotted in figure 7-29b show large amplitude peaks in the proximity of 

10 Hz , specifically, a peak at 10 Hz  with an amplitude of approximately 20  and a peak at  

10.8 Hz  with an amplitude of approximately 13 . Similarly, presented in figure 7-29c are transfer 

function amplitudes calculated from the results of Test 147 corresponding to KJM 50% 

performed with the LDR bearings in the 1.2 m  configuration. Again, two vertical lines are plotted 

in this figure, one at 9.7 Hz  (solid) and the other at 10.2 Hz  (dashed) which correspond to the 

equivalent vertical frequency considering the vertical stiffness of the LDR bearings at the 

maximum displacement and zero lateral displacement, respectively (see table 7-3). Again, large 
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amplitude peaks are observed in the general proximity of 9  to 10 Hz . Specifically, peaks at 

9.4 Hz  with an amplitude of approximately 30  and 10.1 Hz  with a amplitude of 

approximately 35 .       

7.6 Summary 

From the results of white-noise testing performed in the fixed base configuration, the vertical 

frequency of the loaded truss-bridge was determined to be approximately 12 Hz . The vertical 

stiffness of the truss-bridge was estimated to be 118 kN/mm  and on the same order of magnitude 

of the combined vertical stiffness (under zero lateral displacement) of the LR and LDR bearings. 

For earthquake simulation testing, the east and west simulators reproduced the target motions 

reasonably well with some deviations for SYL 75% and periods less than 0.5 s . In addition, the 

synchronization of the two tables in the horizontal direction was very good although some 

discrepancies were observed in the vertical direction. A comparison of the maximum response 

quantities from simulations performed with T, T+L, and T+L+V components of excitation 

illustrated the impact of axial load variation on the horizontal response of the LDR and LR 

bearings. The influence of the vertical component of excitation on the horizontal response was 

obscured by the axial load fluctuation generated by the overturning moment in both the 1.8 m  

and 1.2 m  support width configurations. Focusing on simulations with all three components of 

excitation (T+L+V), significant amplification in the vertical response was observed for both the 

LR and LDR isolation systems. The calculated amplification values suggest using the PGA from 

the vertical component will results in un-conservative estimates of the vertical load on the 

isolation system due to the vertical component of excitation. Finally, the transfer function 

amplitudes plotted in figure 7-29 suggest the frequencies being amplified are in close proximity 

to the equivalent frequency of the bridge-isolation system. The impact of the stiffness reduction 

on the estimation of the vertical load due to the vertical component of excitation is evaluated in 

Section 9. 
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FIGURE 7-4 Earthquake simulator motion in the directionx − from Test 110: SYL090 at 
75% intensity and comparison of response spectra       
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FIGURE 7-5 Earthquake simulator motion in the directiony − from Test 110: SYL360 at 
75% intensity and comparison of response spectra       
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FIGURE 7-6 Earthquake simulator motion in the directionz −  from Test 110: SYL-UP 
at 75% intensity and comparison of response spectra      
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FIGURE 7-7 Earthquake simulator motion in the directionx − from Test 135: RIO360 at 
100% intensity and comparison of response spectra      
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FIGURE 7-8 Earthquake simulator motion in the directiony − from Test 135: RIO270 at 
100% intensity and comparison of response spectra      
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FIGURE 7-9 Earthquake simulator motion in the directionz − from Test 135: RIO-UP at 
100% intensity and comparison of response spectra       
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FIGURE 7-10 Earthquake simulator displacements determined from recorded 
accelerations for Test 110: SYL at 75% intensity       
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FIGURE 7-11 Recorded directiony −  absolute acceleration responses for LR bearings 
with a 1.2m support width and 75% SYL (Test 110) 
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FIGURE 7-12 Calculated relative displacement responses for LR bearings with a 1.2m 
support width and 75% SYL (Test 110) 
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FIGURE 7-13 Recorded absolute acceleration responses for LDR bearings with a 1.2m 
support width and 100% RIO (Test 135) 
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FIGURE 7-14 Calculated relative displacement responses for LDR bearings with a 1.2m 
support width and 100% RIO (Test 135) 
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 a. Test 106 (T): x − direction  d. Test 106 (T): y − direction 
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 c. Test 110 (T+L+V): x − direction  f. Test 110 (T+L+V): y − direction 
FIGURE 7-15 Shear force versus lateral displacement response of LR 1 for 75% SYL: 

Tests 106, 108 and 110 
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FIGURE 7-16 Axial load response of LR 1 from Tests 108 and 110: SYL 75% 
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FIGURE 7-17 Shear force versus lateral displacement response of LDR 1 for 100% RIO: 
Tests 131, 133 and 135 
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FIGURE 7-19 Comparison of maximum horizontal shear force data from tests performed 
with LR bearings 
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FIGURE 7-20 Comparison of maximum axial load data from tests performed with LR 
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FIGURE 7-21 Comparison of minimum axial load data from tests performed with LR 
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FIGURE 7-22 Comparison of maximum horizontal displacement data from tests 
performed with LDR bearings 
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FIGURE 7-23 Comparison of maximum horizontal shear force data from tests performed 
with LDR bearings 
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FIGURE 7-24 Comparison of maximum axial load data from tests performed with LDR 
bearings 
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FIGURE 7-25 Comparison of minimum axial load data from tests performed with LDR 
bearings 
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FIGURE 7-26 Normalized vertical load and recorded input accelerations with LR 
bearings and 100% KJM (Test 67) 

 



 

162 

 

 

 

BOL 100% KJM 100% SYL 75%
0

1

2

3

4

5

6

7

8
A

m
pl

if
ic

at
io

n

West Platform: ACC3
East Platform: ACC9
Average            

 
 a. 1.8 m support width  

BOL 100% KJM 100% SYL 75%
0

1

2

3

4

5

6

7

8

A
m

pl
if

ic
at

io
n

West Platform: ACC3
East Platform: ACC9
Average            

 
 b. 1.2 m support width  

FIGURE 7-27 Amplification factors from simulations performed with LR bearings 
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FIGURE 7-28 Amplification factors from simulations performed with LDR bearings 
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FIGURE 7-29 Comparison of transfer function amplitudes from the vertical response of 
the truss-bridge in the fixed base, LR-isolated and LDR-isolated configurations 
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SECTION 8 

FINITE ELEMENT ANALYSIS OF A LOW-DAMPING RUBBER 
BEARING 

8.1 General 

This section describes the development of a finite element (FE) model of the low-damping rubber 

(LDR) bearing(s) tested as part of this study and described in Sections 3, 5 and 7. The FE model 

was developed to further investigate the influence of lateral displacement on the vertical stiffness 

of the LDR bearings utilizing the finite element software package ABAQUS (HKS, 2004). A 

series of analyses was performed specifying various lateral displacements and vertical loading 

(identical to the lateral offset testing program described in Section 4) to determine the vertical 

force-displacement response of the LDR model from which the vertical stiffness was calculated. 

The normalized vertical stiffness results from the lateral offset analyses were used to further 

evaluate the validity of the two-spring formulation presented in Section 2. In addition, the results 

of FE analyses performed using experimentally determined values of the shear modulus and an 

assumed value of the bulk modulus are compared to the results of characterization tests 

performed on the LDR bearings to validate the FE model.    

The remaining portions of this section are organized as follows. Section 8.2 presents a brief 

review of the finite element method and nonlinear analysis as it applies to the modeling of a LDR 

bearing. Section 8.3 describes the development of the FE model including; geometry, element 

selection, material models, boundary conditions and loading. Section 8.4 presents the results of 

various FE analyses (FEA) including; mesh selection, lateral offset and model validation. A 

summary is provided in Section 8.5.    

8.2 Nonlinear Finite Element Analysis 

A finite element model of the LDR bearing was developed to validate the two-spring model of 

Section 2 and to provide an independent computation of the vertical stiffness. Material 

nonlinearity is considered using a hyper-elastic material model (discussed in Section 8.3.4) that 

assumes nonlinear, elastic and isotropic material behavior and is characterized by an assumed 

strain energy density formulation. A mixed pressure-displacement formulation is used where 

displacement and pressure are independently interpolated (Bathe, 1996; HKS, 2004) to account 

for the nearly incompressible material behavior that is typical of natural rubber. The solution is 
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obtained through incremental analysis in which an updated Lagrangian formulation is employed 

accounting for material, geometric and kinematic nonlinearities (Bathe, 1996). Newton’s method 

is used to iterate displacement and pressure variables at each increment in the analysis (HKS, 

2004). 

8.3 Development of the LDR Model 

8.3.1 General 

This section describes various aspects associated with the development of a three-dimensional 

(3D) FE model of a low-damping rubber (LDR) bearing using the finite element package 

ABAQUS.  

8.3.2 Geometry 

The geometry of the FE model is based on the as-built dimensions and thicknesses of the LDR 

bearings as specified by the manufacturer. Although small differences between the as-built and 

actual dimensions were observed, specifically, the uniformity of the individual rubber layer 

thicknesses, these differences were not considered for the development of the FE model. Only 

one half of the bearing was modeled in 3D exploiting the symmetry of the bearing, boundary 

conditions and loading, thereby reducing the number of element and thus the computational effort 

required for each analysis. Therefore, the basic geometry of the FE model is one half of a hollow 

cylinder. 

The dimensions of the FE model and the individual components comprising the bearing are as 

follows. In plan, the cylinder consists of an inner radius ( iR ) and outer radius ( oR ) equal to 

15 mm  and 76 mm , respectively. In elevation, the model consists of 2  steel end-plates each 

25 mm  thick forming the top and bottom surfaces, 20  intermediate rubber layers with thickness 

( rt ) equal to 3 mm  and 19  steel shim plates with thickness ( st ) also equal to 3 mm . Each steel 

shim plate is located between two intermediate rubber layers in an alternating fashion. The basic 

geometry of the FE model was discretized into three different mesh patterns to facilitate a mesh 

density analysis. Due to the circular geometry and to avoid large element aspect ratios, the nodes 

along the radial direction were spaced at a biased interval according to:  

 
0

1N

n
n

R w
b=

Δ = ∑  (8-1) 
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where RΔ  is the annular width of the bearing equal to o iR R− , w  is the radial width of the first 

element, N  is the number of intermediate intervals (elements) in the radial direction and b  is an 

additional parameter controlling the interval spacing. The value of b  was chosen uniquely for 

each mesh to maintain an element aspect ratio (in plan) of approximately 1. Values of b  along 

with the other parameters are presented in table 8-1 for each mesh pattern. Figure 8-1 presents 

illustrations of the three mesh patterns used for the mesh density analysis. A plan view of the 

half-section and a partial elevation view showing the top end-plate and the first few rubber layers 

is presented for each mesh pattern in this figure. For Mesh 1 (figure 8-1a), the model is 

discretized into 5  elements in the radial direction and at 20  degree increments in the 

circumferential direction. In elevation the end-plates and shim plates are discretized into a single 

element in thickness and the individual rubber layers are discretized into two elements in 

thickness, resulting in a total of 2,747  elements. For Mesh 2 (figure 8-1b), the model is 

discretized into 10  elements in the radial direction and at 10 degree increments around the 

circumference. In elevation, the end-plates and shim plates are discretized into a single element in 

thickness whereas the rubber layers are discretized into four elements in thickness resulting in a 

total of 18,182  elements. For Mesh 3 (figure 8-1c), the bearing is discretized into 20  element in 

the radial direction and at 5  degree increments in the circumferential direction. In elevation, the 

end-plates and shim plates are represented by a single element and the individual rubber layers by 

4 elements in thickness, resulting in 72,722  elements. 

TABLE 8-1 Radial bias parameters for node geometry 

Mesh 
Parameter and Units 

1 2 3 

RΔ  (mm)  61.2 61.2 61.2 
b  - 0.667 0.835 0.917 
N  - 5 10 20 

Elements - 2,747 18,182 72,722 
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a. Mesh 1: 2,747 elements 

 
b.  Mesh 2: 18,182 elements 

 
c.  Mesh 3: 72,722 elements 

FIGURE 8-1 Mesh patterns considered for the LDR model 
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8.3.3 Elements 

Two different solid elements were selected from the ABAQUS element library and used to 

construct the FE model of the LDR bearing, specifically, one for the rubber material (C3D8H) 

and the other for the steel material (C3D8I). Both elements were chosen based on suitability to 

prevent locking, specifically, volumetric locking in the rubber due to the nearly incompressible 

behavior (large bulk modulus) and shear locking in the steel due to spurious shear stresses as a 

result of bending. The C3D8H element is an 8-node full integration mixed formulation solid 

element with linear displacement and constant pressure interpolation. With the C3D8H element, 

displacement and pressure are independently interpolated, however, the pressure interpolation is 

an order lower than the displacement interpolation to ensure nonlocking (Bathe, 1996). The 

C3D8I element is an 8-node full integration solid element with linear displacement interpolation 

that incorporates incompatible bending modes into the displacement formulation to eliminate 

spurious shear strains that might lead to shear locking (HKS, 2004; Cook et al., 2002).  

8.3.4 Material Model 

Vulcanized natural rubber is a nonlinear and nearly incompressible material. Under uni-axial 

tensile loading the stress-strain relationship is characterized by a high modulus of elasticity at low 

strain ( 50%< ), a low modulus of elasticity at intermediate strain ( 50 200%− ), and a high 

modulus of elasticity at high strain ( 200%> ). Upon unloading the stress-strain response does not 

retrace the loading path but follows a similar slightly shifted path resulting in some un-recovered 

energy and a residual elongation at zero load. An illustration of the uni-axial stress-strain 

behavior of vulcanized natural rubber in both tension and compression is presented in figure 8-2 

(Stanton and Roeder, 1982). This particular specimen was taken to failure with a corresponding 

elongation at break of approximately 500%  strain. Typically, the bulk modulus is several 

thousand times larger than the shear modulus resulting in a Poisson’s ratio ( ν ) ranging from 

0.4985  to 0.4999  (Stanton and Roeder, 1982), with 0.5ν =  being incompressible. The bulk 

modulus is defined as: 

 
/

pK
V V

= −
Δ

 (8-2)  

where p  is the hydrostatic pressure, VΔ  is the change in volume and V  is the initial volume. 

However, for lightly filled (low-damping) natural rubber the value of the bulk modulus typically  

ranges from 2000 MPa  to 2500 MPa . 
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FIGURE 8-2 Illustration of uni-axial stress-strain curve for natural         

rubber (source: Stanton and Roeder, 1982) 

A hyper-elastic material model was chosen to represent the rubber portion of the LDR bearing 

with ABAQUS. This model assumed elastic, nonlinear, isotropic material behavior and is defined 

by an assumed strain energy density potential (HKS, 2004). For this study, the neo-Hookean form 

of the strain energy potential was selected that requires two parameters, both directly related to 

engineering material parameters, namely, the shear modulus and the bulk modulus. The neo-

Hookean form of the strain energy potential per unit volume as implemented in ABAQUS (HKS, 

2004) is given by:         

 ( ) ( )2
10 10

1

13 1W C I J
D

= − + −  (8-3) 

where 10C  and 1D  are strain independent material constants, 1I  is the first (deviatoric) strain 

invariant and J  is the total volume ratio. The material constants 10C  and 1D  are related to the 

shear modulus ( G ) and bulk modulus ( K ) according to:         

  10
2
GC =  (8-4) 
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 1
2D
K

=  (8-5) 

and 1I  is defined as: 

 
2 2 2

1 1 2 3I = λ + λ + λ  (8-6) 

where iλ  are the deviatoric stretch ratios equal to 1/ 3
iJ − λ  and iλ  is the thi  principle stretch 

ratio defined as: 

 1i iλ = + ε  (8-7) 

where iε  is the principle strain in the i − direction. Although more robust strain energy potential 

formulations are available with ABAQUS (refer to HKS, 2004) accounting for non-constant shear 

modulus (Mooney-Rivlin) and stiffening at high shear strains (Ogden), these formulations require 

additional material constants that need to be determined through multiple material tests. 

Table 8-2 presents, assumed and experimentally determined, material properties and calculated 

strain energy potential parameters used for the various analyses. Because the mesh density and 

lateral offset analyses were conducted prior to testing of the LDR bearings, typical values of the 

shear modulus and bulk modulus for low-damping natural rubber were assumed: 0.69 MPa  

(100 psi ) and 1999 MPa  ( 290,000 psi ), respectively. Because the shear modulus of natural 

rubber is not strain-independent as assumed in the neo-Hookean formulation, two bounding 

values were estimated from the experimental data for the validation analyses. Both shear moduli 

represent tangent values and were estimated from the force response at zero shear strain (initial 

shear modulus) and 100%  rubber shear strain from the force-displacement response of LDR 5M 

(M indicates cover was lathed down to 3 mm , see Section 5) subjected to uni-directional shear to 

a maximum shear strain amplitude of 150%  with an axial (compressive pressure) of 3.45 MPa  

( 500 psi ). The initial and 100%  shear strain tangent moduli were estimated to be 0.83 MPa  

(122 psi ) and 0.72 MPa  (104 psi ), respectively. The shear strain amplitude of 100%  represents 

the approximate average shear strain in an individual rubber layer due to a compressive load of 

180 kN  and was estimated as follows. The maximum shear strain in a hollow circular pad is 

calculated according to (Constantinou et al., 1992):    
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 max 6 c stS fγ = ε  (8-8) 

where S  is the shape factor equal to 10.2 , stf  is an amplification factor to account for the central 

hole equal to 1.63 for the LDR geometry and cε  is the compressive strain due to a compressive 

load of 180 kN obtained from the results of an axial load test performed on LDR 5 and equal to 

3.1% . The average shear strain was estimated as:  

 avg max
1
3

γ = γ  (8-9) 

which assumes a triangular distribution of shear strain in the radial direction, a reasonable 

approximation of the actual strain distribution, determined to be 103% . Experimental 

determination of the bulk modulus of rubber is a difficult task requiring special testing 

capabilities including a tri-axial testing apparatus and the ability to measure (very small) changes 

in volume. Access to such an apparatus was not possible during this study, therefore a value 

typical of Durometer A, Hardness 50 natural rubber was assumed. Values typically range from 

2000  to 2500 MPa . To investigate the sensitivity of the solution to the assumed value, three 

additional FE analyses were performed with K  equal to 2000 MPa , 2500 MPa , and infinity 

( 2
1 0mm / ND = ). The results of these analyses are presented in Section 8.4.4 and show little 

change in the solution for values of K  between 2000 MPa  and 2500 MPa . 

The steel components of the LDR bearing were modeled using a simple linear elastic formulation 

with parameters E  (Young’s modulus) and ν  (Poisson’s ratio) assumed to be 200,000 MPa  and 

0.3 , respectively. Although, these material parameters were assumed, the values are typical of 

hot rolled mild carbon steel from which the internal shim plates (ASTM A1011 Gr. 36) and 

internal end-plates (ASTM A36) were fabricated. 

TABLE 8-2 Material properties and strain energy potential parameters 

Type of Analysis (MPa)
G

 
(MPa)

K
 10

(MPa)
C

 
1

2(mm / N)

D
 

Mesh density 0.69 1999 0.345 0.001 
Lateral offset 0.69 1999 0.345 0.001 

0.831 1999 0.414 0.001 Validation 0.722 1999 0.36 0.001 
Notes: 
1. Initial tangent modulus for LDR 5M 
2. Tangent modulus at 100% rubber shear strain for LDR 5M 
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8.3.5 Boundary Conditions 

The boundary conditions of the FE model were intended to replicate (within reason) the boundary 

conditions of the bearings in the single bearing testing machine (SBTM) during characterization 

and lateral offset testing (see, Section 4). In the SBTM the bottom bearing end-plate is connected 

to the 5-channel reaction load cell by four bolts providing a fixed-type condition, i.e., restrained 

translation and rotation in each direction (see figure 4-1). The top bearing end-plate is connected 

to the loading beam of the SBTM again using four bolts, and with the aid of hydraulic actuation, 

applies unidirectional shear and axial load to the bearing specimen. In addition, the SBTM control 

system is designed such that under normal operation (see, Section 4) the loading beam remains 

level as it translates horizontally. Figure 8-3 presents an illustration of a bearing in the un-

deformed (figure 8-3a) and the deformed (figure 8-3b) configuration highlighting the boundary 

conditions assumed for the FE model, namely, fixed at the bottom end-plate and free to translate 

in the 1−  and 3 − directions at the top end-plate.  

To apply the prescribed boundary conditions to the FE model the degrees-of-freedom (DOFs) of 

the nodes located on the top and bottom end-plate surfaces were constrained to a control node 

located at the centroid of the corresponding half-section. Figure 8-4 presents a rendering of the 

FE model (Mesh 2) in the un-deformed configuration that shows the top end-plate surface, the cut 

surface and the global coordinate system. The control node (centroid) is located along the 2 − axis 

(see figure 8-4) at a radial distance of 33.38 mm  from the center. For the top control node, 

translation in the 2 − direction and rotation about the 2 − axis were restrained. All DOFs of the 

base control node (3 translational and 3 rotational) were restrained to create a fixed condition.  

Because one half of the bearing is being modeled an additional restraint is required to prevent the 

intermediate rubber layers from bulging on the cut surface (normally restrained by the other half) 

and to prevent torsion due to lateral loading and small differences between the calculated centroid 

(using analytical curves) and the actual centroid of the discretized surface. To account for this in 

the FE model, all nodes located on the cut surface were restrained from translating in the 

2 − direction. 
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Step: Step-3
Increment     29: Step Time =    1.000

Low damping rubber bearing
ODB: LDRM2NCH150VC750.odb    ABAQUS/STANDARD Version 6.5-1    Wed May 10 12:48:50 EDT 2006

1

2

3

FIGURE 8-4 Rendering of FE model (Mesh 2) in the un-deformed configuration 

8.3.6 Loading 

The loading applied to the FE model varied based on the type of analysis, i.e., mesh density, 

lateral offset, and validation. For the mesh density analysis, a displacement-type boundary 

condition was utilized to specify a translation of the top control node along the 3 − axis (vertical) 

with a specified amplitude of 1.8 mm−  (compression). For the lateral offset analyses, the FE 

model was loaded in three steps that were intended to replicate the loading conditions of the 

bearing in the SBTM (see, Section 4). The first step consisted of an applied distributed load to the 

top surface of the top end-plate acting in the 3 − direction with a magnitude of 1.38 MPa−  (initial 

compressive pressure). For the second step, a horizontal translation with a magnitude of Δ  was 

specified at the top control node in the 1− direction using a displacement-type boundary 

conditions. The value of Δ  varied from 0 mm  (zero lateral displacement) to 152 mm , a lateral 

displacement equal to the bearing diameter. The third step applied a concentrated load at the top 

control node with a magnitude of / 2P  (compressive load). Nodal reactions obtained from the FE 

results were multiplied by two for comparison purposes and to identify the force-response of the 
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entire LDR bearing. The loading conditions for the two validation analyses were similar to those 

for the lateral offset analyses differing only in the number of steps. For validation of the 

compression stiffness, load was applied in two steps, first, the initial compressive pressure of 

1.38 MPa− , and second, a concentrated load of 78 kN−  corresponding to a total compressive 

load on the entire bearing of 180 kN . For the validation of the shear stiffness, load was applied in 

two steps, first, an initial compressive pressure of 3.45 MPa , and second, a translation of the top 

control node in the 1− direction of 90 mm  (150 %  rubber shear strain). 

8.4 Results 

8.4.1 General 

This section presents results from the various FE analyses, including, the mesh density analyses 

used to select a mesh pattern for the subsequent analyses, i.e., lateral offset and validation. 

8.4.2 Mesh Density Analysis 

Finite element analysis was performed using ABAQUS and the three models, referred to herein 

as Mesh 1, Mesh 2 and Mesh 3  (see figure 8-1). To determine the sensitivity of the solution to 

the mesh pattern (or discretization) each model was subjected to compressive loading through a 

specified vertical translation in the 3 − direction with amplitude equal to 1.8 mm−  (compression) 

at the top control node.  

Figure 8-5 presents both global (vertical load) and local (stress component S33) results obtained 

from FE analysis for each mesh pattern. In figure 8-5a, the calculated reaction (multiplied by two) 

at the base control node is plotted against the specified vertical translation of the top control node 

for each increment and mesh pattern. From the results plotted in this figure, the vertical force 

response for Mesh 2 and 3 are similar and substantially less than Mesh 1. Figure 8-5b presents 

average normal stress (S33) profiles for each mesh pattern. The average element stress (S33) was 

interpolated at the center of the element using the normal stress components at the integration 

points. Note, the location from which the stress profiles were calculated is inconsequential since 

the analysis becomes axisymmetric with only vertical loading. From the results potted in 

figure 8-5b the stress profile for Mesh 1 is coarse and differs substantial in magnitude from 

Mesh 2 and 3 that agree well, both with maximum S33 values of approximately 14 MPa− . 

Figure 8-6 presents the estimated vertical stiffness and computational effort associated with each 

mesh pattern.  
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FIGURE 8-5 Global and local results from the mesh density analyses 
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FIGURE 8-6 Convergence and computational effort for the various mesh densities 

From figure 8-6a, Mesh 1 (2,747 elements) results in a vertical stiffness of approximately 

108.5 kN/mm  whereas Meshes 2 (18,182 elements) and 3 (72,722 elements) result in a vertical 

stiffness of 92.5 kN/mm and 91.8 kN/mm , respectively. These results show that the vertical 

stiffness converges asymptotically as the number of elements increases and the difference 
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between the predicted value for Mesh 2 and Mesh 3 is less than 1% : although the number of 

elements has quadrupled. Figure 8-6b presents a plot of the computational effort in terms of CPU 

(central processing unit) and wall clock time. From the results plotted in this figure, the additional 

computational effort for Mesh 3 is clear with approximately 1.6 hours  of CPU time and 4 hours  

of total analysis time and substantially greater than the 0.2 hours  and 0.5 hours  for Mesh 2, 

respectively. Note, all analyses were performed using the same Silicon Graphics Inc. (SGI) 

machine with 8-1.5GHz processors. Based on the results presented in this section, the FE model 

with mesh pattern 2 was chosen for subsequent analyses. 

8.4.3 Lateral Offset 

A series of FE analyses (termed lateral offset) were performed with the LDR model that were 

intended to replicate the lateral offset testing performed on the LDR bearings (see Section 5). The 

results of these analyses are normalized to facilitate a direct comparison with the (normalized) 

experimental results. In addition, the normalized results from the FE analyses are compared with 

the predicted reduction in vertical stiffness using the two-spring formulation [see (2-42)]. 

(Ave. Crit.: 75%)
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Step: Step-3
Increment     29: Step Time =    1.000
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Low damping rubber bearing
ODB: LDRM2NCH050VC750.odb    ABAQUS/STANDARD Version 6.5-1    Wed May 10 11:14:57 EDT 2006
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FIGURE 8-7 Graphical results from FEA of LDR model shown in the deformed 
configuration. 
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For each analysis, the FE model was loaded as described in Section 8.3.6, namely, applying an 

initial (compressive) pressure of 1.38 MPa , shearing the model to the specified lateral offset Δ , 

and applying a concentrated compressive load resulting in the desired maximum compressive 

load maxP . As with the lateral offset testing, a combination of lateral offsets and maximum 

compressive loads were considered. Specifically, analyses were performed at lateral offsets of 0 , 

30 , 60 , 90 ,120  and 152mm  and maximum compressive loads of 60 , 120  and 180kN  which 

are identified herein by the corresponding target pressures ( ρ ) of 2.75 , 5.2  and 9 MPa , 

respectively. The target pressure identifies the axial load for which the secant vertical stiffness 

was calculated. Figure 8-7 presents graphical results from FE analysis using ABAQUS. The 

results presented in this figure are Von Mises stress contours with the FE model in the deformed 

configuration corresponding to a lateral offset of 30 mm  ( 50 %  rubber shear strain) and a 

maximum compressive load of 60 kN (120 kN  for the entire bearing). From the results presented 

in figure 8-7, the maximum stress contour value reported is 29,710psi  ( 205 MPa ) occurring in 

the intermediate steel shim plates around the mid-height of the bearing. Although this value is 

below the expected nominal yield stress for ASTM A36 steel, namely, 248 MPa  the maximum 

Von Mises stress reached and slightly exceeded 248 MPa  for analysis with 180kN  of maximum 

compressive loading suggesting yielding of the intermediate steel shims might have occurred 

during lateral offset testing. 

Figure 8-8 presents vertical force-displacement results from FE analyses with lateral offsets 

ranging from 0  to 152mm  and a maximum compressive load of 60 kN . The force-displacement 

results presented in this figure clearly illustrate the reduction in vertical stiffness as a result of the 

increasing lateral offset. For 152mmΔ = , a substantial increase in maximum vertical 

displacement (reduction in vertical stiffness) is observed when compared to the force-

displacement response for 0 mmΔ = . Table 8-3 presents vertical stiffness values calculated from 

the vertical force-displacement response from the FE analyses. The vertical stiffness results 

reported in this table are denoted voK  for analyses with 0 mmΔ =  and vK  for 0 mmΔ >  and is 

consistent with the notation used throughout this report. From the results presented in this table, 

for a given ρ  the vertical stiffness decreases with increasing Δ  and for 0 mmΔ =  the vertical 

stiffness increases with increasing ρ  (or maxP ):  a similar trend was observed from the results of 

experimental testing performed on the LDR bearings (see Section 5). 
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TABLE 8-3 Vertical stiffness results from lateral offset analyses 

( )kN/mm
voK

 ( )kN/mm
vK

 
( )MPa

ρ
 

0 mm 30 mm 60 mm 90 mm 120 mm 152 mm 
2.75 83.4 76.0 58.9 38.9 22.6 12.6 
5.2 88.3 80.5 60.5 39.1 NA NA 
9 92.7 83.1 57.8 NA1 NA NA 

Notes: 
1. Analysis not conducted – no results available 
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FIGURE 8-8 Vertical force-displacement results from FEA at each lateral offset and a 

maximum compressive load of  60 kN 

Figure 8-9 presents vertical stiffness results normalized by the zero lateral displacement vertical 

stiffness ( /v voK K ) plotted as a function of the lateral offset normalized by the bearing outer 

radius ( / RΔ ). Also plotted in figure 8-9 is the normalized vertical stiffness predicted by the two-

spring formulation [see (2-42)]. From the results plotted in this figure, the FE model also exhibits 

a substantial reduction in vertical stiffness over the range of lateral displacements considered, 

further verifying the experimental data and analytical predictions. In addition, the /v voK K   

results from the FE analyses agree well with the predicted values from the two-spring 

formulation. A slight reduction in /v voK K  is observed with increasing ρ  for a given / RΔ . This 
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results is inconsistent with the experimental results where /v voK K  was observed to increase with 

increasing ρ  for a given / RΔ . The source of this inconsistency might be attributed to the 

difference in shear moduli exhibited by the natural rubber and that predicted by the neo-Hookean 

model at high shear strains (greater than 300% ). For shear strains greater than 300%  the natural 

rubber in the bearing is likely to exhibit a substantial increase in Young’s modulus (and therefore 

shear modulus) as illustrated in figure 8-2 that is not captured by the neo-Hookean formulation. 

To illustrate the level of maximum shear strain for the various tests consider the lateral offset test 

with 60 mmΔ =  ( / 0.8RΔ = ) and max 180 kNP =  ( 9 MPaρ =  ). The total maximum shear strain 

(due to combine shear and compression) can be approximated as: 

 ,max 6 4.1t c st
r

S f
T
Δγ = ε + =  (8-10) 

where 6 c stS fε  is the maximum shear strain due to compression equal to 3.1 [see (8-8)] and 

/ rTΔ  is the shear strain due to a lateral displacement Δ  approximately equal to 1.0 . In contrast, 

the total maximum shear strain ( ,maxtγ ) for the lateral offset test with 60 mmΔ =  ( / 0.8RΔ = ) 

and max 60 kNP =  ( 9 MPaρ =  ) is approximately equal to 1.7 : two and one half times less than 

for 60 mmΔ =  and max 180 kNP = . 
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FIGURE 8-9 Normalized vertical stiffness data from FEA and comparison with two-

spring formulation 
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8.4.4 Validation 

Finite element analysis was performed with the LDR model using a value of the strain energy 

potential constant ( 10C ) calculated with the experimentally determined value of the shear 

modulus. Force-displacement results obtained from these FE analyses were compared with 

experimental vertical and lateral force-displacement results from tests performed on LDR 5M and 

6 to validate the FE model. In addition, two FE analyses were performed to investigate the 

sensitivity of the solution to the assumed value of the bulk modulus, one with 
3 2

1 0.8 10 mm /ND −= ×  corresponding to a bulk modulus of 2500 MPa  and the other with 

2
1 0 mm /ND =  corresponding to an infinitely large bulk modulus (incompressible material 

assumption). 

As stated previously, two values of the shear modulus were estimated from the experimental 

results and used for the FE validation analysis. These bounding values of the tangent shear 

moduli were estimated from the shear force-displacement response of LDR 5M subjected to 

quasi-static loading to a maximum rubber shear strain of 150%  with a (constant) compressive 

pressure of 3.45 MPa . Tangent shear moduli were estimated at zero rubber shear strain (initial) 

and a shear strain amplitude of 100 %  (estimated average shear strain under maximum 

compressive loading) and determined to be 0.83 MPa  and 0.72 MPa , respectively. For each 

value of the shear modulus two validation analyses were performed: (1) specifying an initial 

distributed (compressive) load of 3.45 MPa  and a lateral displacement at the top control node of 

90 mm  (150%  rubber shear strain) and (2) specifying an initial distributed (compressive) load of 

1.38 MPa  and a concentrated vertical load at the top control node of 77 kN  resulting in a 

maximum compressive load of 90 kN  (180 kN  for the entire bearing).  

Figure 8-10 presents a comparison of FE results using the initial tangent shear modulus 

( 0.83 MPa ) and the assumed bulk modulus of 1999 MPa  with the results obtained from lateral 

and vertical load tests performed on LDR 5M (with cover removed, see Section 5). In 

figure 8-10a the shear force responses agree well up to a lateral displacement of approximately 

50 mm  (80%  rubber shear strain). For displacements greater than 50 mm , the FE results over 

predict the experimental results. Figure 8-10b presents a comparison of the vertical force-

displacement response from FE with those obtained from experimental testing. From the results 

presented in this figure the FE model under predicts the maximum vertical displacement.  
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FIGURE 8-10 Comparison of experimental and FE results with 0.83MPaG =  

Figure 8-11 presents a comparison of the FE results using the 100%  tangent modulus 

( 0.72 MPa ) again with the experimental results from lateral and vertical tests preformed on LDR 

5M. From figure 8-11a, the FE results under predict the shear force response over the entire range 

of lateral displacement however the slope (horizontal stiffness) agrees well with the horizontal 
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stiffness of the experimental results between 50 mm  and 75 mm  as expected. Figure 8-11b 

presents a comparison of the FE and experimental results for vertical loading. From the results 

presented in this figure, the FE model predicts the vertical displacements (and thus vertical 

stiffness) reasonably well.  
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FIGURE 8-11 Comparison of experimental and FE results with 0.72MPaG =  
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FIGURE 8-12 Comparison of experimental and FE results for LDR 6 
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TABLE 8-4 Comparison of vertical stiffness values calculated from experimental and FEA 
results 

(kN/mm)
voK

 
LDR No. (MPa)

G
 

Experimental FE 

Error
(%)

 

0.83 86.3 106.3 23 
5M 

0.72 86.3 95.3 10 

0.83 90.4 106.3 18 
6 

0.72 90.4 95.3 5 

Additionally, figure 8-12 presents the results of FE analysis using 0.83 MPaG =  and 

0.72 MPaG =  with the results of an axial load test performed on LDR 6. From figure 8-12a, the 

FE results agree well with the experimental results up to approximately 100kN  after which the 

FE results under predict the vertical displacement (over predict stiffness). From figure 8-12b 

( 0.72 MPaG = ) the FE and experimental results are observed to agree very well. However, it 

should be noted, considerable variation in vertical stiffness results were observed from axial load 

tests performed with different bearings of the same type and is reported in Section 5. Two factors 

contribute to the variation in vertical stiffness for LDR 5M and 6. First, variability is introduced 

through the individual rubber layer thicknesses and second, the rubber cover had been removed 

from LDR 5 then referred to 5M, which contributed, albeit marginally, to the vertical stiffness. 

Table 8-4 presents vertical stiffness values calculated from the experimental and FE results for 

both LDR 5M and LDR 6. Also presented in this table is an error estimate calculated taking the 

experimental value as the true value. From the results presented in table 8-4, the vertical stiffness 

determined from FEA with 0.72 MPaG =  agrees well with  the experimentally determined 

vertical stiffness from LDR 5M and 6 with approximately 10 %  and 5 %  error, respectively. 

To illustrate the sensitivity of the solution to the assumed value of the bulk modulus, two 

additional analyses were performed one corresponding to 2500 MPaK =  and K → ∞  

(incompressible material assumption), both with 0.72 MPaG = . These results were compared to 

those from the FEA with 0.72 MPaG =  and 1999 MPaK =  and are presented in figure 8-13. 

From the results presented in this figure, the vertical force-displacement response for 

1999 MPaK =  and 2500 MPaK =  do not differ substantially, however, the incompressible 

assumption leads to an approximately 20 %  larger vertical stiffness when compared with 

1999 MPaK = .  



 

188 

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
0

25

50

75

100

125

150

175

200

Vertical displacement (mm)

V
er

tic
al

 lo
ad

 (
kN

)

K=1999 MPa        
K=2500 MPa        
K→ ∞

 
FIGURE 8-13 Vertical force-displacement results from FEA for three values of the bulk 

modulus 

8.5 Summary 

This section described the development of a FE model of a LDR bearing. Finite element analysis 

was performed to: selected a mesh pattern, to further investigate the influence of lateral 

displacement on the vertical stiffness of LDR bearings and to validate the FE model by way of a 

comparison with experimental results obtained from tests performed on the LDR bearings. From 

the FEA results and various comparisons the following observations were made: (1) the FE 

results show a substantial reduction in vertical stiffness over the range of lateral displacements 

considered as was observed with the experimental data and (in normalized form) agree well with 

the predicted reduction using the two-spring formulation, (2) although the exact value of the bulk 

modulus could not be determined the FE solution does not differ substantially for the range of 

values that is typical of lightly filled natural rubber, and (3) considering bounding values of the 

tangent shear modulus the FE results were observed to agree reasonably well with experimental 

results given the simplicity of the neo-Hookean model and the variability in the individual rubber 

layers of the LDR bearings. 
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SECTION 9 

COMPARISON OF RESULTS 

9.1 General 

This section presents qualitative and quantitative comparisons of experimental results with the 

results of various formulations, finite element (FE) analysis, and equivalent linear static 

procedures. In the first portion of this section, the measured reduction in vertical stiffness from 

lateral offset testing performed on the low-damping rubber (LDR) and lead-rubber (LR) bearings 

are compared with the predicted reductions in vertical stiffness from the three formulations 

presented in Section 2. Both qualitative (graphical) and quantitative (residual analysis) 

comparisons are presented. Subsequently, the results of lateral offset tests performed on the LDR 

bearings are compared with the results of FE analysis of a three-dimensional (3D) LDR model. In 

addition, the FE results are compared with results of analysis using the two-spring formulation. In 

the second-to-last section, the results of earthquake simulation testing performed with three 

components of excitation are used to evaluate an equivalent linear static (ELS) procedure to 

compute the vertical load on the isolation system due to vertical component of excitation. A brief 

summary and discussion is presented at the end of the section.         

9.2 Reduction in Vertical Stiffness 

9.2.1 General  

The values of vertical stiffness obtained from the lateral offset tests were normalized to facilitate 

a direct graphical comparison of the experimental data with: (1) the values predicted by the 

various formulations for the reduction in vertical stiffness, and (2) the results of the finite element 

(FE) study. Normalizing the results in this manner also enabled a residual analysis to be 

conducted. The results of which are used as quantitative indicators of the difference between the 

predicted values and the experimentally observed values. Although presented previously, the 

normalization procedure is described here for convenience: the values of vertical stiffness 

obtained from the lateral offset tests, vK , were normalized by the vertical stiffness at zero lateral 

displacement, voK , determined from axial load tests. The measured lateral offsets, Δ , were 

normalized by the bearing outer radius, R .          
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9.2.2 Comparison of Experimental Results and Analytical Formulations 

The normalized vertical stiffness data ( /v voK K ) from the low-damping (LDR) and lead-rubber 

(LR) bearings are plotted in figures 9-1a and 9-1b, respectively, along with the predicted 

reduction from the two-spring formulation. Also plotted in each of these figures is a horizontal 

reference (dashed) line at / 1v voK K = . From figure 9-1a, the reduction in vertical stiffness of the 

LDR bearings is evident from the experimental data. The two-spring formulation over predicts 

the reduction in vertical stiffness for each lateral offset and pressure with the exception of LDR 6 

at  / 0.4RΔ ≈  and 2.75 MPaρ =  where /v voK K  is observed to lie slightly below two-spring 

prediction. The experimental data from the LDR bearings agree well with the two-spring 

formulation for 2.75 MPaρ =  over the range of lateral displacement considered. However, for 

the intermediate and large vertical pressures ( 5.2 MPaρ =  and 9 MPa ) more significant 

differences between the two-spring formulation and the experimental data are observed, 

specifically, at / 0.4RΔ ≈  and / 0.8RΔ ≈ . A plausible explanation for the difference with the 

larger pressures is provided in the subsequent section comparing the experimental and FE 

analysis results. From figure 9-1b, the reduction in vertical stiffness is again apparent from the 

LR bearing data. The experimental data is observed to agree reasonably well with the two-spring 

formulation over the range of lateral displacements and for each axial load amplitude (or target 

pressure). In addition, the two-spring formulation again over predicts the reduction in vertical 

stiffness with the exception of LR 5 at / 0.4RΔ ≈  and 5.2 MPaρ =  where the experimental data 

point lies slightly below the predicted value from the two-spring formulation. Finally, the 

experimental data for both the LDR and LR bearings show a nonzero vertical stiffness at 

/ 2RΔ = , a lateral displacement equal to the bearing diameter, that is approximately equal to 

20 %  of voK  (the zero lateral displacement vertical stiffness). This result agrees well with the 

predicted value from the two-spring formulation at / 2RΔ =  of 0.17  (or 17 % ); see (2-42). 
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FIGURE 9-1 Comparison of normalized vertical stiffness data from the LDR and LR 
bearings with the two-spring formulation 
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FIGURE 9-2 Comparison of normalized vertical stiffness data from the LDR and LR 
bearings with the overlapping area formulation 
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Figure 9-2 presents a comparison of the experimental data from the LDR and LR bearings 

(figures 9-2a and 9-2b, respectively) with the predicted reduction from the overlapping area 

formulation (see Section 2). The presentation of figure 9-2 is similar to the presentation of 

figure 9-1. From the results presented in figure 9-2a (LDR), the overlapping area formulation 

substantially over predicts the reduction in vertical stiffness for most lateral offsets and target 

pressure. This formulation predicts / 0v voK K =  at / 2RΔ = , which does not agree with the 

experimental observations. Similar conclusion can be drawn from figure 9-2b (LR), where the 

overlapping area formulation over predicts the reduction in vertical stiffness for each lateral offset 

and target pressure. Importantly, the overlapping area formulation does not capture the trend 

observed in the experimental data.         

A comparison of the experimental data for both bearing types with the predicted reductions using 

the piecewise linear formulation, also referred to herein as the linear formulation, is presented in 

figure 9-3. From figure 9-3a (LDR), the experimental data is observed to agree reasonably well 

with the linear formulation, however, this formulation under estimates the reduction in vertical 

stiffness for LDR 6 at nearly all lateral offsets with 2.75 MPaρ = . In figure 9-3b (LR), the linear 

formulation agrees reasonably well with the experimental data in an average sense. 



 

194 

 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
0

0.2

0.4

0.6

0.8

1

1.2

Δ/R

 K
v / 

K
vo

 

LDR 5, ρ=2.75 MPa
LDR 5, ρ=5.2 MPa 
LDR 5, ρ=9 MPa   
LDR 6, ρ=2.75 MPa
LDR 6, ρ=5.2 MPa 
LDR 6, ρ=9 MPa   
Linear              

 
 a. LDR bearings  

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
0

0.2

0.4

0.6

0.8

1

1.2

Δ/R

 K
v / 

K
vo

 

LR 5, ρ=2.75 MPa
LR 5, ρ=5.2 MPa 
LR 5, ρ=9 MPa   
LR 6, ρ=2.75 MPa
LR 6, ρ=5.2 MPa 
LR 6, ρ=9 MPa   
Linear             
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FIGURE 9-3 Comparison of normalized vertical stiffness data from the LDR and LR 
bearings with the piecewise linear formulation 
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TABLE 9-1 Results from the residual analysis 

Bearing type and number 
LDR LR Formulation (MPa)

ρ
 

5 6 5 6 

Sub-Total Total 

2.75 0.57 0.3 0.48 0.42 1.77  
5.2 0.56 0.4 0.22 0.59 1.77 4.7 Two-spring 
9 0.48 0.37 0.13 0.22 1.20  

2.75 1.11 0.57 1.01 0.79 3.48  
5.2 0.8 0.62 0.29 1.04 2.75 8.0 Overlapping 

Area 
9 0.63 0.52 0.27 0.37 1.79  

2.75 0.15 0.18 0.16 0.26 0.75  
5.2 0.29 0.12 0.22 0.46 1.09 2.6 Linear 
9 0.36 0.25 0.04 0.11 0.76  

Residual analysis was performed to quantify the difference between the predicted values of a 

particular formulation and the experimental values. For this analysis, the difference between the 

experimental and the predicted value was summed for each bearing, pressure and formulation and 

calculated according to: 

 
, ,1

m
v v

m
vo voe i t ii

K KR
K K=

⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∑  (9-1) 

where the subscript e  represents the experimentally determined value; the subscript t  represents 

the predicted value from a particular formulation and m  represent the number of offsets for a 

particular target pressure. Cumulative residual values calculated for each bearing, axial load 

amplitude and formulation are presented in table 9-1. Also included in this table are residual sub-

totals (for each target pressure) and residual totals (for each formulation). From table 9-1, the 

linear formulation resulted in the lowest residual value ( 2.6 ) followed by the two-spring model 

( 4.7 ) then the overlapping area formulation (8.0 ). 
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9.2.3 Comparison of Experimental and Finite Element Analysis Results 

The results of the finite element (FE) analyses were normalized in the same manner to facilitate a 

graphical comparison with the normalized experimental results from tests performed on LDR 5 

and 6. This comparison is presented in figure 9-4. Figure 9-4a presents the experimental results 

from tests performed on LDR 5 with the FE results for each lateral offset and target pressure. In 

this figure the experimental results are shown by hollow markers and denoted “Exp.” in the 

legend whereas the FE results are shown by corresponding solid markers and denoted “FE” in the 

legend. A solid line is also included in these plots and represents the reduction in vertical stiffness 

predicted by the two-spring formulation. Figure 9-4b presents the experimental results from LDR 

6 with the FE results. Note the presentation of figure 9-4b is identical to that of figure 9-4a. From 

the results presented in these figures, the experimental and FE results compare well for 

2.75 MPaρ =  over the range of / RΔ  considered. However, for larger pressures, specifically 5.2  

and 9 MPa , the FE results tend to over predict the measured reduction in vertical stiffness. At a 

given lateral offset ( / RΔ  ) the FE results show /v voK K  decreases with increasing ρ  whereas 

the experimental results show the opposite trend, specifically, increasing /v voK K  with increasing 

ρ . Additionally, the FE results compare well to the predicted reduction from the two-spring 

formulation for each / RΔ  including the predicted /v voK K  value at / 2RΔ = . 
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FIGRE 9-4 Comparison of experimental and finite element results for LDR bearings 
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FIGURE 9-5 Stress-strain results from tests performed on high-damping rubber bearings 

taken to failure (source: Kelly, 1991) 

The difference between the /v voK K  values from the experimental data and the FE results for the 

intermediate and large ρ  might be attributed to a substantial increase in the stiffness of the 

natural rubber (shear modulus) at high shear strains (greater than 300 % ) that is not captured by 

the neo-Hookean material model used for the FE model or the two-spring formulation. To 

illustrate this hypothesis, the total shear strain in an individual rubber layer is estimated at a 

particular lateral offset ( / 0.8RΔ = ) for two levels of ρ  ( 2.75 MPa   and 9 MPa ) and used in 

conjunction with experimental data from tests performed with high damping rubber (HDR) 

bearings taken to failure (maximum shear strains exceeding 500 % ). Unfortunately, shear stress-

strain data for shear strains greater than approximately 250 %  could not be obtained from the 

LDR (or LR) bearing used in this study due to the combination of the stroke of the horizontal 

actuator, part of the SBTM, and the total thickness of rubber. In lieu of this data, results from tests 

performed on high damping rubber (HDR) bearings taken to failure (Kelly, 1991) are used to 

illustrate the possible shear stress-strain response under large shear strain ( 300 600 %− ). The 

results of tests performed on the HDR bearings are presented in figure 9-5, noting, the vertical 

axis is in units of ksi or kips per square inch and the vertical pressure in units of psi or pounds per 
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square inch. A dashed line was superimposed on the experimental data representing the 

approximate shear stress-strain relationship assumed for the FE analysis. The results presented in 

this figure show the increase in shear modulus (stiffening) for shear strains greater than 

approximately 250 %  for the HDR bearings and the substantial difference between the plausible 

response and that assumed for the FE analysis at large shear strain noting that the onset of strain 

stiffening in LDR would likely occur at slightly larger shear strain than with the HDR bearings. 

 To illustrate the level of shear strain under combined loading the maximum total and average 

total shear strains were estimated for two lateral offset tests. The maximum total shear strain in a 

hollow circular pad due to combined loading (compression and shear) is approximated according 

to: 

 t,max 6 c st
r

S f
T
Δγ ≈ ε +   (9-2) 

where 6 c stS fε  (also presented in Section 8) represents the maximum shear strain due to 

compressive loading (Constantinou, 1992) and / rTΔ  is the shear strain due to lateral 

displacement. The average total shear strain was estimated (assuming a triangular shear strain 

distribution) according to: 

 [ ]t,avg
1 6
3

c st
r

S f
T
Δγ ≈ ε +   (9-3) 

where S  is the shape factor equal to 10.2  for the LDR bearings, cε  is the compressive strain due 

to an applied load maxP , stf  is a factor accounting for the central hole equal to 1.62  for the LDR 

bearings, Δ  is the lateral displacement, and rT  is the total rubber thickness approximately equal 

to 60 mm .  

TABLE 9-2 Estimated maximum and average shear strain under combined loading 

( )MPa
ρ

 / RΔ  (mm)
Δ

 max

(kN)
P

 

1

mm
mm

cε

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
( )
t,max

%
γ

 
( )
t,avg

%
γ

 

2.75 0.8 61 60 0.018 177 127 
9 0.8 61 180 0.073 409 204 

Notes: 
1. Compressive strains determined from axial load tests conducted to maximum axial load amplitude listed 
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Table 9-2 presents the estimated maximum and average shear strain ( t,maxγ  and t,avgγ ) values for 

tests performed with 2.75 MPaρ =  and 9 MPaρ =  both with a normalized lateral offset of 

/ 0.8RΔ = . From the results presented in this table, the maximum and average shear strain for 

2.75 MPaρ =  and / 0.8RΔ =  are 177 %  and 127 % , respectively. For the lateral offset test with 

9 MPaρ =  and / 0.8RΔ =  the maximum and average total shear strain are estimated to be 

409 %  and 204 % , respectively. The estimated maximum total shear from the 2.75 MPaρ =  and 

/ 0.8RΔ =  test is approximately 200 % , that, from figure 9-5 corresponds to a region of strain 

where the assumed relationship for the FE analysis would likely agree well with the plausible 

stress-strain response. However, for 9 MPaρ =  and / 0.8RΔ =  the estimated maximum total 

shear strain is approximately 400 %  which is well into the stiffening region for the HDR bearing 

and likely for the LDR bearings. A higher order stain energy density formulation could be used 

for the FE analysis to attempt to capture the stiffening behavior of the material, however, such 

formulations require extensive material testing data to accurately reproduce the various modes of 

deformation. 

9.3 Vertical Earthquake Load 

9.3.1 General 

The results of earthquake simulation tests performed with three components of excitation 

(Transverse + Longitudinal + Vertical) were used to determined the contribution to the vertical 

load due to the vertical component of excitation ( EQP ). In this section, an equivalent linear static 

(ELS) procedure is used to estimate the vertical load due to vertical excitation considering: (1) the 

vertical stiffness of the isolators under zero lateral displacement ( voK ) and (2) the vertical 

stiffness of the isolators at the maximum horizontal displacement ( vK ). The results of the ELS 

procedure are compared to the experimentally determined EQP  values to investigate whether the 

reduction in vertical stiffness should be considered for calculation of the vertical load using the 

ELS procedure.   

9.3.2 Estimation of the Vertical Load using an Equivalent Linear Static Procedure 

The maximum axial load on the bearings due to vertical earthquake shaking was estimated using 

the spectral acceleration ( ,a voS ) and the effective weight ( *W ) of the isolated truss-bridge and 

calculated according to: 
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 *
,vo a voP S W= ⋅  (9-4) 

where the spectral acceleration was determined from the average of the elastic response spectra 

generated using the recorded acceleration histories from the east (ACC9) and west (ACC3) 

extension platforms for an appropriate level of damping and at the equivalent vertical period of 

the bridge-isolation system considering the unreduced ( voK ) vertical stiffness of the isolators.  

The elastic response spectra were generated for 1%  and 2 %  of critical damping for the LDR 

and LR bearings, respectively, corresponding to the effective vertical damping determined from 

the results of characterization testing (see Section 5). The equivalent period of the bridge-

isolation system, assuming full vertical stiffness ( voK ), was calculated according to: 

 
*

,
2vo

eq vo

WT
K g

= π
⋅

 (9-5) 

where *W  is the effective weight of the bridge, g  is the gravitational acceleration constant, and 

,eq voK  is the equivalent stiffness of the bridge-isolation system calculated as: 

 
,

1 1 1
4eq vo bv voK K K

= +
⋅

      (9-6) 

where bvK  is the generalized vertical stiffness of the truss-bridge equal to 119 kN/mm  (see 

Section 7) and voK  is the unreduced (zero lateral displacement) vertical stiffness of an individual 

LDR or LR bearing determined from the results of characterization testing (see Section 5). The 

effective period of the bridge-isolation system ( vT ) using the reduced vertical stiffness ( vK ) of 

the LDR and LR bearings was calculated in a similar manner. 

Figure 9-6 presents sample elastic response spectra generated from recorded acceleration histories 

from Tests 104 and 147 and illustrates the identification of the average spectral acceleration. 

Figure 9-6a presents elastic response spectra calculated from the recorded acceleration histories 

from Test 147 (corresponding to LDR in the 1.2 m  configuration and KJM 50 %). Also shown in 

this figure is the average of the two spectra from which the spectral acceleration value was 

determined. The equivalent period ( voT ) of the bridge-LDR system was estimated to be 0.098 s  

(10.2 Hz ) that corresponds to an average spectral acceleration of 0.67 g  assuming 1%  of critical 



 

202 

damping. Figure 9-6b presents elastic response spectra generated using recorded acceleration 

histories from Test 104 (corresponding to LR in the 1.2 m  configuration and KJM 100 %). The 

equivalent period of the bridge-LR system was estimated to be 0.092 s  (10.9 Hz ) and 

corresponds to an average spectral acceleration of 1.11g  assuming 2 %  of critical damping. 
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 a. Test 147: LDR 1.2 m and KJM 50% (1% critical damping)    
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 b. Test 104: LR 1.2 m and KJM 100% (2% critical damping)   

FIGURE 9-6 Sample elastic response spectra and selected spectral acceleration for Tvo and ζ
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Summary values and results of the ELS procedure using spectra from earthquake simulations 

performed with the LDR and LR bearings are presented in tables 9-3 and 9-4, respectively. 

Table 9-3 presents the estimated axial load due to the vertical component of excitation 

considering the unreduced vertical stiffness of the LDR bearings ( voK ) to compute voP  and the 

reduced vertical stiffness ( vK ) to compute vP , respectively. Also listed in this table is the test 

number; a description of the excitation and support width configuration; the maximum horizontal 

displacement, maxu ; the equivalent bridge-isolation system stiffness assuming unreduced and 

reduced vertical stiffness, denoted ,eq voK  and ,eq vK , respectively; the equivalent periods, voT  

and vT  calculated using (9-5); and the corresponding average spectral accelerations, ,a voS  and 

,a vS . For Test 147, a 35 %  percent reduction in the vertical stiffness of the LDR bearings 

(1 /v voK K− ) calculated using (2-42) translates into a 13 %  reduction in the effective vertical 

stiffness ( , ,/eq v eq voK K ) that further translates into an approximately 5 %  increase in the 

equivalent period ( /v voT T ) which, depending on the shape of the spectrum, might or might not 

result in a substantial difference in spectral acceleration. In this case, using the spectra generated 

from the recorded acceleration histories, the difference in equivalent periods resulted in a 21%  

difference in average spectral acceleration ( , ,/a v a voS S ). However, using a code specified uniform 

hazard spectrum (FEMA, 2000), such a difference in effective period will have no significant 

impact on the spectral acceleration. Similarly, table 9-4 presents values of voP  and vP  for tests 

performed with the LR bearings. Again, although there is some variation in voP  and vP  for each 

test, the difference between the equivalent periods ( vT  and voT ) is small. Values of voP  and vP  

presented in tables 9-3 and 9-4 are compared with the experimentally determined values ( EQP ) in 

the subsequent section. 
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TABLE 9-3 Calculated vertical load for LDR-bridge system using Equivalent Linear 
Static Procedure 

Test Description 
max

(mm)
u

 
,

kN
mm

1
eq voK

⎛ ⎞
⎜ ⎟
⎝ ⎠

,

kN
mm

2
eq vK

⎛ ⎞
⎜ ⎟
⎝ ⎠

(s)

3
voT  

(s)

3
vT  ,

(s)

4
a voS  ,

(g)

4
a vS  

(kN)

3
voP  

(kN)

3
vP  

24 RIO 100% 1.8 m 45.8 86.6 77.4 0.098 0.103 0.95 0.75 195 154 
30 BOL 50% 1.8 m 44.2  78.0  0.103 0.68 0.74 139 151 
36 KJM 50% 1.8 m 50.5  75.6  0.104 1.31 2.04 268 417 

135 RIO 100% 1.2 m 45.4  77.5  0.103 0.63 0.71 128 145 
141 BOL 50% 1.2 m 47.0  77.0  0.104 0.39 0.40 81 82 
147 KJM 50% 1.2 m 47.3  76.8  0.104 0.67 0.69 137 141 
Notes: 
1. Equivalent stiffness of bridge and isolation system under zero lateral displacement (Kvo) 
2. Equivalent stiffness of bridge and isolation system at maximum displacement (Kv) 
3. Calculated using  the effective weight: W*=205 kN  
4. Spectral acceleration for 1% critical damping 

 

TABLE 9-4 Calculated vertical load for LR-bridge system using Equivalent Linear Static 
Procedure 

Test Description 
max

(mm)
u

 
,

kN
mm

1
eq voK

⎛ ⎞
⎜ ⎟
⎝ ⎠

,

kN
mm

2
eq vK

⎛ ⎞
⎜ ⎟
⎝ ⎠

(s)

3
voT  

(s)

3
vT  ,

(s)

4
a voS  ,

(g)

4
a vS  

(kN)

3
voP  

(kN)

3
vP  

61 BOL 100% 1.8 m 61.8 96.7 84.1 0.092 0.099 0.99 0.72 202 148 
67 KJM 100% 1.8 m 53.1  87.1  0.097 1.33 1.33 273 273 
73 SYL75% 1.8 m 73.7  79.7  0.102 1.34 1.03 274 211 

98 BOL 100% 1.2 m 59.4  85.0  0.099 0.91 0.72 187 148 
104 KJM 100% 1.2 m 51.4  87.6  0.097 1.11 1.17 228 240 
110 SYL 75% 1.2 m 73.3  79.9  0.102 1.10 0.77 226 158 
Notes: 
1. Equivalent stiffness of bridge and isolation system under zero lateral displacement (Kvo) 
2. Equivalent stiffness of bridge and isolation system at maximum displacement  (Kv) 
3. Calculated using the effective weight: W*=205 kN  
4. Spectral acceleration for 2% critical damping 
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9.3.3 Comparison of the Estimated and Experimentally Determined Vertical Load 

Experimentally determined values of the vertical load due to the vertical component of excitation 

( EQP ) were presented in Section 7 and presented, for convenience, in tables 9-5 and 9-6 for tests 

conducted with LDR and LR bearings, respectively. In each of these tables the maximum 

( ,maxEQP ) and minimum ( ,minEQP ) are reported for each test determined from the four load cell 

normal signals and equilibrium in the vertical direction, see (7-5). The maximum of the absolute 

values, EQP , was determined according to (9-7). 

    ( ),max ,minmax ,EQ EQ EQP P P=  (9-7) 

TABLE 9-5 Experimentally determined values of the vertical load from earthquake 
simulation with LDR bearings 

Test Description 
,max

(kN)
EQP

 ,min

(kN)
EQP

 
(kN)

EQP
 

24 RIO 100% 1.8 m 181 185 185 
30 BOL 50% 1.8 m 127 128 128 
36 KJM 50% 1.8 m 264 229 264 

135 RIO 100% 1.2 m 127 140 140 
141 BOL 50% 1.2 m 113 109 113 
147 KJM 50% 1.2 m 211 185 211 

 

TABLE 9-6 Experimentally determined values of the vertical load from earthquake 
simulation with LR bearings   

Test Description 
,max

(kN)
EQP

 ,min

(kN)
EQP

 
(kN)

EQP
 

61 BOL 100% 1.8 m 172 150 172 
67 KJM 100% 1.8 m 278 265 278 
73 SYL 75% 1.8 m 187 150 187 

98 BOL 100% 1.2 m 188 176 188 
104 KJM 100% 1.2 m 289 277 289 
110 SYL 75% 1.2 m 198 175 198 
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FIGURE 9-7 Comparison of estimated and experimentally determined vertical load for the 

LDR-isolated bridge 

Figure 9-7 presents a comparison of the estimated vertical load ( voP  and vP ) with the 

experimentally determined vertical load ( EQP ) for simulation performed with three components 

of excitation (T+L+V) and the LDR bearings. In this figure the x − axis represents the 

experimentally determined vertical load ( EQP ) and the y − axis represents the estimated vertical 

load using the ELS procedure. The estimated values considering the unreduced vertical stiffness 

( voP ) are identified by solid and hollow circles representing 1.8 m  and 1.2 m  support 

configuration, respectively, whereas values estimated using the reduced vertical stiffness ( vP ) are 

identified by solid and hollow squares again representing the 1.8 m  and 1.2 m  support 

configuration. Also plotted in this figure are three reference lines, a solid line with slope equal to 

1.0  and two dashed lines with slope equal to 1.15  and 0.85 . From the data plotted in figure 9-7, 

voP  and vP  estimate EQP  reasonably well with the majority of data points lying within 15 %±  of 

EQP , however, in two instances both voP  and vP  under predict the axial load due to the vertical 

earthquake shaking, EQP . In addition, using the full vertical stiffness of the LDR bearings ( voK ) 

appears to result in a slightly improved estimate of the vertical load further suggesting the 
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reduction in vertical stiffness might not effect the vertical response significantly. Figure 9-8 

presents a comparison of voP  and vP  with EQP  for simulations conducted with LR bearings. The 

presentation of figure 9-8 is identical to that of figure 9-7. From the results presented in 

figure 9-8, the use of voP  and vP  estimate EQP  reasonably well and in close proximity to 15 %±  

of EQP . However, the vertical load estimated using the full vertical stiffness of the isolator ( voP ) 

conservatively predicts the experimentally determined vertical load ( EQP ) in more instances than 

vP  which was calculated with the reduced vertical stiffness. 
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FIGURE 9-8 Comparison of estimated and experimentally determined vertical load for the 

LR-isolated bridge 
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9.4 Summary and Discussion 

This section compared the results of an experimental and analytical investigation of the influence 

of lateral displacement on the vertical stiffness of LDR and LR seismic isolation bearings. In 

addition, the results of earthquake simulation testing performed on a quarter-scale isolated bridge 

model were compared with the results of an equivalent linear static procedure for the estimation 

of the vertical load due to the vertical component of excitation.  

The following comments are provided based on the comparison of results from the investigation 

of the influence of lateral displacement on the vertical stiffness of LDR and LR bearings. Of the 

three formulations the piecewise linear resulted in the lowest residual (or best predictor) of the 

experimental data. However, the piecewise linear formulation does not capture the physical 

behavior and in some instances under predicts the reduction in vertical stiffness. In addition, the 

piecewise linear formulation was empirically formulated and might not predict well the reduction 

in vertical stiffness for bearings with different proportions. The two-spring formulation resulted 

in the second lowest residual value and over estimated the reduction in vertical stiffness for all 

but two cases. Importantly, the two-spring formulation captures the physical behavior, and hence 

the general trend of the experimental data and predicts that approximately 20 %  of the unreduced 

vertical stiffness remains at a lateral displacement equal to the bearing diameter corroborated by 

the experimental data. The overlapping area formulation resulted in the largest residual and while 

over estimating the measured reduction in vertical stiffness for all lateral displacements, the 

formulation does not capture the physical behavior and predicts zero vertical stiffness at a lateral 

displacement equal to the bearing diameter that is not supported by the experimental data. For the 

lowest level of axial pressure, the FE results compared well with the results of lateral offset tests 

performed with the LDR bearings. The difference between the FE and experimental results for 

the intermediate and highest axial pressure is likely due to differences between the actual shear 

stress-strain behavior of the natural rubber and that assumed for the FE model at high shear 

strains. In addition, the FE results were shown graphically to agree well with the two-spring 

formulation, further validating the utility of the two-spring formulation. 

From the results of the equivalent linear static procedure, no appreciable improvement in the 

prediction of the vertical load was observed by considering the reduction in vertical stiffness of 

the LDR and LR bearings when compared to the experimentally determined values. This suggests 

the vertical response is not significantly effected by the reduction in vertical stiffness for this 

particular structure, isolation system and bin of ground motions. For this study, the ELS 
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procedure considering the unreduced vertical stiffness ( voK ) of the bearings resulted in 

reasonably good predictions of the experimentally determined vertical load, however, the 

accuracy (conservatism) of the procedure  will likely rely on the characterization of the vertical 

component of excitation.  
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SECTION 10 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

10.1 Summary 

This report presented an experimental and analytical study of the coupled horizontal-vertical 

response of elastomeric and lead-rubber bearings focusing on the influence of lateral 

displacement on the vertical stiffness. The objectives of this study were to experimentally and 

analytically investigate the influence of lateral displacement on the vertical stiffness of low-

damping rubber (LDR) and lead-rubber (LR) bearings and to use these results to evaluate existing 

and proposed formulations to predict the vertical stiffness at a given lateral displacement. In 

addition, earthquake simulation testing was performed to investigate the coupled horizontal-

vertical response of a bridge model isolated with LDR or LR bearings. The results of earthquake 

simulations performed with three components of excitation, namely, transverse (T), longitudinal 

(L) and vertical (V) were used to evaluate an equivalent linear static procedure for the estimation 

of the vertical load due to the vertical component of excitation. For the equivalent linear 

calculation the equivalent vertical period of the bridge-isolation system was calculated 

considering the vertical stiffness of the LDR and LR bearing under zero lateral displacement 

( voK ) and a reduced vertical stiffness ( vK ). 

Three formulations were considered to predict the vertical stiffness at a given lateral 

displacement. The first, a two-spring formulation, based on the model of Koh and Kelly (1987) is 

capable of reproducing the modes of deformation of an elastomeric bearing subjected to 

combined loading (Kelly, 1997). In addition, the spring properties of the two-spring model can be 

related to the mechanical properties of an elastomeric bearing providing a physical understanding 

of the coupled behavior. For convenience the simplified two-spring formulation is presented 

again in normalized form here: 

 2

2

1
121

v

vo

K
K

R

=
⎡ ⎤Δ⎛ ⎞+ ⎜ ⎟⎢ ⎥⎝ ⎠π⎣ ⎦

 (10-1) 

where Δ  is the lateral displacement, R  is the radius of the bearing and voK  is the vertical 

stiffness under zero lateral displacement. The second formulation was based on a widely accepted 
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procedure for the estimation of the critical buckling load of an elastomeric bearing subjected to 

combined compression and lateral displacement (Buckle and Liu, 1994; Naeim and Kelly, 1999). 

With this procedure the vertical stiffness is reduced by the ratio of the overlapping area, between 

the top and bottom load plates, to the bonded rubber area for lateral displacements greater than 

zero (see figure 2-5). Again, for convenience the overlapping area formulation is presented here: 

 v r

vo b

K A
K A

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (10-2) 

where bA  is the bonded rubber area equal to 2Rπ  and rA  is the reduced area calculated 

according to:      

 ( )2 sin
4

r
DA φ − φ=  (10-3) 

where 2D R=  and φ  calculated according to (10-4).  

 12cos
D

− Δ⎛ ⎞φ = ⎜ ⎟
⎝ ⎠

 (10-4)  

Although a reasonable methodology, the overlapping formulation does not fully capture the 

behavior of an elastomeric bearing subjected to combined loading but rather accounts for the 

reduction in the vertical stiffness through a column with reduced cross-sectional area predicting 

0vK =  at 2RΔ = .  

The third formulation, a piecewise linear expression, was empirically formulated based on the 

knowledge of full vertical stiffness at 0Δ =  and experimental evidence of the vertical stiffness 

observed for 2RΔ = . The piecewise linear formulation is presented again here: 

 
1 0.4 for / 2

0.2 for / 2

v

vo

v

vo

K R
K R
K R
K

Δ⎛ ⎞= − Δ ≤⎜ ⎟
⎝ ⎠

= Δ >
 (10-5) 

Although, the piecewise linear formulation offers a simple relationship it has no theoretical basis. 
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The results of characterization testing were used to determine the mechanical properties of the 

LDR and LR bearings and to estimate material properties including the shear modulus and 

effective yield strength of the lead-core (LR only). Due to the uncertainty of the contribution of 

the disproportionately thick rubber cover (12 mm ) to the horizontal stiffness, the 12 mm  rubber 

cover of LDR 5 was lathed to an approximate thickness of 3 mm  and re-tested. From the results 

of tests performed with 12 mm  and 3 mm  of cover thickness, the 12 mm  cover was shown to 

contribute substantially to the horizontal stiffness and negligibly to the vertical stiffness. The 

effective shear modulus ( effG ) and damping ratio ( effβ ) of LDR 5 with 3 mm of cover (LDR 

5M)  were determined to be 0.82 MPa  and 2.7 % , respectively, at a shear strain amplitude of 

104 %  and frequency of 0.01 Hz . Results from axial load tests were used to determine the 

vertical stiffness of the LDR and LR bearings. From the results of these tests, the vertical stiffness 

was observed to vary considerably between bearings of the same type although no appreciable 

differences were observed from the results of horizontal shear tests. For example, the vertical 

stiffness of the two LDR bearings differed by 8 %  and the LR bearing by 13 %  from tests 

conducted to the largest axial load amplitude. The differences in vertical stiffness was attributed 

to variations in the individual rubber layer thicknesses observed after cutting one of each type of 

bearing in half for inspection following completion of the testing program. Experimentally 

determined values of the vertical stiffness were compared to theoretical predictions to evaluate 

the assumption of incompressible material. Assuming the material to be incompressible ( K → ∞ ) 

resulted in theoretical values that substantially over estimated the vertical stiffness for both the 

LDR and LR bearings. Theoretical values of the vertical stiffness calculated using an assumed 

value of the bulk modulus ( K ) of 2000 MPa  agreed reasonable well with the experimentally 

determined values. 

The results of the lateral offset testing showed the vertical stiffness of the LDR and LR bearings 

reduces with increasing lateral offset over the range of lateral displacement considered in this 

study. At a lateral displacement equal to the bearing diameter ( 2RΔ = ) the vertical stiffness of 

the LDR and LR bearings was determined to be approximately 20 %  of the vertical stiffness at 

zero lateral displacement ( voK ). The two-spring formulation was shown to predict the reduction 

in vertical stiffness reasonably well typically over estimating the experimental data for each 

lateral displacement. For the LDR bearings, better agreement was observed for the lower and 

intermediate axial load amplitudes. 
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A 3D finite element (FE) model of a LDR bearing was developed in ABAQUS and analyzed to 

further investigate the influence of lateral displacement on the vertical stiffness of elastomeric 

bearings. Bounding values of the tangent shear modulus ( G ) determined from characterization 

tests performed on LDR 5M were used to perform validation compression and shear analyses. 

The results of the FE analyses showed a substantial reduction in vertical stiffness over the range 

of lateral displacements considered in the experimental studies; the results of the FE analysis 

agreed well with the experimental data from the lower and intermediate axial load amplitudes and 

the predicted reduction using the two-spring formulation. Although the exact value of the bulk 

modulus could not be determined, the FE solutions did not vary substantially for values of the 

bulk modulus ranging from 2000 MPa  to 2500 MPa , which are typical values for lightly filled 

natural rubber. Results of the FE analyses performed using the initial tangent shear modulus 

( 0.83 MPa ) overestimated the experimentally determined vertical stiffness for LDR 5M and 6 by 

approximately 20 % . However, the results of FE analysis performed using the tangent shear 

modulus ( 0.72 MPa ) at a rubber shear strain of 100 %  (the estimated average shear strain under 

the compressive loading conditions) showed better agreement with the experimentally determined 

values from LDR 5M and 6 with a 10 %  and 5 %  difference, respectively.        

Earthquake simulation testing was performed on a quarter-scale isolated bridge model with 

isolation systems composed entirely of LR or LDR bearings. The results of earthquake simulation 

testing were used to investigate the influence of multiple components of excitation on the 

response of the isolation system and individual bearings and to investigate the effect of the 

reduction in vertical stiffness observed with the LDR and LR bearings on the vertical response. In 

addition, white-noise testing was performed on the bridge model in the fixed base configuration 

to identify natural frequencies and to estimate the generalized stiffness of the truss-bridge. From 

the results of white-noise testing, the vertical frequency of the loaded truss-bridge was determined 

to be approximately 12 Hz  from which the generalized vertical stiffness was determined to be 

118 kN/mm . Because the vertical stiffness is on the order of the combined vertical stiffness 

(under zero lateral displacement) of the LR and LDR bearings, 320 kN/mm  and 520 kN/mm , 

respectively, the equivalent stiffness of the bridge-isolation system was considered for the 

calculation of the vertical frequency of the system. A comparison of the maximum response 

quantities from simulations performed with T, T+L, and T+L+V components of excitation 

illustrated the impact of axial-load variation on the horizontal response of the LDR and LR 

bearings. The influence of the vertical component of excitation on the horizontal response was 
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obscured by the axial load fluctuation generated by the overturning moment in both the 1.8 m  

and 1.2 m  support-width configurations. Significant amplification in the vertical response was 

observed from simulations performed with all three components of excitation (T+L+V) for both 

the LR and LDR isolation systems. Transfer functions generated from the vertical response 

showed amplification of the response in close proximity to the frequency of the bridge-isolation 

system considering the zero lateral displacement and reduced vertical stiffness of the individual 

isolation bearings. The most pronounced amplification were observed from the results of 

simulation performed using the 1995 Kobe JMA records. Finally, an equivalent linear static 

procedure was used to estimation the vertical load on the isolation system due to the vertical 

component of excitation. The results of the equivalent linear procedure were compared with 

values determined experimentally to evaluate the procedure and to determined whether the 

reduction in vertical stiffness should be considered for the calculation of the vertical load due to 

vertical ground shaking.  

10.2 Conclusions 

The key conclusions of this study are as follows: 

1. The vertical stiffness of the low-damping rubber (LDR) and lead-rubber (LR) bearings 

decreased with increasing lateral displacement. For the LDR and LR bearings the vertical 

stiffness reduced by 40 50 %−  at lateral displacements equivalent to 150 %  rubber shear 

strain. 

2. At a lateral displacement equal to the bonded rubber diameter ( / 2RΔ = ), the vertical 

stiffness of the LDR and LR bearings was observed to be approximately 20 %  of the vertical 

stiffness at zero lateral displacement ( voK ).  

3. The Koh-Kelly two-spring formulation [(2-42) and (10-1)] compared well with the 

experimentally determined vertical stiffness at each lateral offset with the exception of tests 

performed on the LDR bearings at the largest axial load amplitude. The deviation between the 

two-spring formulation and the experimental data was attributed to the likely substantial 

increase in shear modulus for the large shear strains (greater than 300 % ) occurring with the 

largest axial load amplitude and various lateral offsets. 
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4. The overlapping area formulation [(2-43) and (10-2)] substantially over predicted the 

reduction in vertical stiffness for most lateral offsets and predicts zero vertical stiffness at a 

lateral displacement equal to two times the radius of the bearing: a result that does not agree 

with experimental data.  

5. The piecewise linear formulation [(2-46) and (10-5)] agreed well with the experimental data 

and resulted in the lowest cumulative residual. However, the formulation has no theoretical 

basis and does capture the trends observed from the experimental data.  

6. The two-spring formulation was further corroborated by the results of the FE analysis that 

accounted for material and geometric nonlinearities, although the neo-Hookean model was 

unable to capture suspected stiffening behavior of the natural rubber at large shear strains.  

7. Significant amplification of the vertical response was observed for both the LDR and LR 

isolation systems suggesting the use of the peak ground acceleration (PGA) of the vertical 

component will lead to un-conservative estimates of the vertical load due to vertical ground 

shaking. The flexibility of the isolation or isolation-structural system should be considering 

for the purpose of estimating the vertical load using the equivalent linear static procedure. 

8. The equivalent linear static procedure considering the full vertical stiffness of the bearings 

resulted in estimates of the vertical load on the isolation system that agreed reasonably well 

with the experimentally determined values. For this bridge-isolation system, considering the 

reduced vertical stiffness of the individual bearings for the equivalent linear static procedure 

lead to no substantial improvement in the estimated vertical load as compared with the values 

estimated using the vertical stiffness at zero lateral displacement. It is important to note the 

spectral accelerations used for the equivalent linear static procedure were determined from 

response spectra generated from recorded acceleration histories and that the accuracy of this 

procedure will likely depend on the characterization of the vertical design spectrum. 
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10.3 Recommendations for Future Research 

The following recommendations are provided based on the observations, results and finding of 

this study: 

1. The LDR and LR bearings used for this experimental investigation were identically 

proportioned resulting in shape factors of 10.2  and 12.2 , respectively, the difference being 

due to the addition of the lead-core restraining the rubber layers from bulging along the inner 

circumference of each bonded rubber layer. Typically, shape factors for elastomeric bearings 

range from 10  to 20  although values greater than 15  are undesirable due to the large shear 

strains that develop under design level compressive loading. Further experimental validation 

of the two-spring formulations is recommended for a wide range of shape factors. 

2. Update the current mathematical model for elastomeric and lead-rubber bearings, that 

typically uses a coupled Bouc-Wen formulation for the horizontal response and a linear 

spring with constant stiffness for the vertical direction, with the formulations derived from 

the two-spring model (Koh and Kelly, 1987) that will account for the influence of axial load 

on the horizontal stiffness and the influence of lateral displacement on the vertical stiffness.  

3. A comprehensive parametric study is needed to determine the influence of the vertical 

component on the response of structures isolated with elastomeric and lead-rubber bearings 

accounting for a range of superstructure flexibility. The results of this study should provide 

insight into the correlation between the maximum horizontal and vertical responses. 
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Note 
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