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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national center of
excellence in advanced technology applications that is dedicated to the reduction of earthquake losses
nationwide. Headquartered at the University at Buffalo, State University of New York, the Center
was originally established by the National Science Foundation in 1986, as the National Center for
Earthquake Engineering Research (NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions throughout the
United States, the Center’s mission is to reduce earthquake losses through research and the
application of advanced technologies that improve engineering, pre-earthquake planning and post-
earthquake recovery strategies. Toward this end, the Center coordinates a nationwide program of
multidisciplinary team research, education and outreach activities.

MCEER’s research is conducted under the sponsorship of two major federal agencies: the National
Science Foundation (NSF) and the Federal Highway Administration (FHWA), and the State of New
York. Significant support is derived from the Federal Emergency Management Agency (FEMA),
other state governments, academic institutions, foreign governments and private industry.

MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by developing
seismic evaluation and rehabilitation strategies for the post-disaster facilities and systems (hospitals,
electrical and water lifelines, and bridges and highways) that society expects to be operational
following an earthquake; and to further enhance resilience by developing improved emergency
management capabilities to ensure an effective response and recovery following the earthquake (see
the figure below).
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A cross-program activity focuses on the establishment of an effective experimental and analytical
network to facilitate the exchange of information between researchers located in various institutions
across the country. These are complemented by, and integrated with, other MCEER activities in
education, outreach, technology transfer, and industry partnerships.

The purpose of this study is to develop structural models and numerical techniques to perform
analysis of structures in damage states up to collapse. These are needed for determining functional
limit states required for performance and fragility based seismic design methodologies. The authors
explored alternatives to the widely used displacement-based incremental iterative algorithms. They
have developed a framework, termed a dynamical system, where displacements, internal forces and
other state variables can be treated uniformly (i.e., modeling of components is clearly separated from
the numerical solution). Two methods have been formulated. State Space and Lagrangian.

The State Space method considers the governing equations of motion and constitutive behavior of
a structure as constituting a constrained dynamical system which is represented as a system of
differential algebraic equations solved using numerical methods. The Lagrangian formulation is a
new form that involves displacement and velocities as well as internal forces and their impulses. It
leads to the concept of a generalized momentum for framed structures. It extends to continua with
large deformations and can therefore also be used in geometric nonlinear analysis.

Both methods can potentially be used as alternatives to the conventional displacement-based
incremental iterative method for the analysis of structures to collapse. Both clearly distinguish the
modeling of components from the numerical solution. Thus, phenomenological models of compo-
nents such as structural steel connections, reinforced concrete elements, semi-active devices, shock
absorbers, etc. can be incorporated into the analysis without having to implement element-specific
incremental state determination algorithms.
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ABSTRACT

Nonlinear analysis of structures has become increasingly important in the study of
structural response to hazardous loads. Such analyses should include (i) the effects of
significant material and geometric nonlinearities (ii) various phenomenological models of
structural components and (iii) the energy and momentum transfer to different parts of
the structure when structural components fracture.

Computer analysis of structures has traditionally been carried out using the
displacement method, wherein the displacements in the structure are treated as the
primary unknowns, combined with an incremental iterative scheme for nonlinear
problems. In this work, considering the structure as a dynamical system, two new
approaches — (i) the state space approach and (ii) the Lagrangian approach are developed.
These are mixed methods, where besides displacements, the stress-resultants and other
variables of state are primary unknowns. These methods can potentially be used for the
analysis of structures to collapse as demonstrated by numerical examples. Attention is
focused on skeletal structures, although the extension of the methods to other systems is
discussed.

In the state space approach, the governing equations of motion and constitutive
behavior of a structure are considered as constituting a constrained dynamical system,
which is represented as a system of differential algebraic equations (DAE) and solved
using appropriate numerical methods. A large-deformation flexibility-based beam
column element is formulated, for use with the state space approach.

In the Lagrangian approach, the evolution of the structural state in time is

provided a weak formulation using Hamilton’s principle. It is shown that a certain class
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of structures, referred to in this work as reciprocal structures has a mixed Lagrangian
formulation in terms of displacements and internal forces. The Lagrangian is invariant
under finite displacements and can be used in geometric nonlinear analysis. For
numerical solution, a discrete variational integrator is derived starting from the weak
formulation. This integrator inherits the energy and momentum conservation
characteristics for conservative systems and the contractivity of dissipative systems. The
integration of each step is a constrained minimization problem and is solved using an
Augmented Lagrangian algorithm.

In contrast to the displacement-based method, both the state space and the
Lagrangian methods clearly separate the modeling of components from the numerical
solution. Phenomenological models of components essential to simulate collapse can
therefore be incorporated without having to implement model-specific incremental state
determination algorithms. The state determination is performed at the global level by the
DAE solver and by the optimization solver in the respective methods. The methods
suggested herein can be coupled with suitable pre- and post- processors to develop a

unified computational platform for analysis of collapsing structures.
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1. INTRODUCTION
1.1. Background and Motivation

In recent years, the requirements of structural analysis have become more
challenging. Some of the reasons for this are that: (i) New approaches to the design of
structures for earthquakes and other hazardous loads are based on structural performance
and use fragility functions as measures of performance. Such fragility quantification is
carried out with respect to predefined performance /imit states describing the condition of
the structure in relation to usability and safety. Often, the limit states used in seismic
design are well beyond linear elastic behavior, in many cases approaching collapse
conditions. (ii) Structures in areas of low to moderate seismicity have traditionally been
designed for gravity loads. Evaluation of such structures under more stringent loads
prescribed by modern codes requires estimation of their strength and ductility reserves at
various levels of ground motion. (iii) To study the effectiveness of structural protective
devices and retrofit measures at higher levels of ground shaking requires analysis of
highly nonlinear systems. Hence analysis methods that cater to these requirements should
be developed. The objective of this work is to create a basis for the development of a
unified approach for such analysis methods. Attention is focused here on skeletal
structures (framed structures comprising components with one prominent dimension —
beams, columns, truss members, energy dissipation devices etc.), common in buildings
and bridges. It is shown however that the formulations derived here can be extended to

continua.



1.2. Challenges

A precise definition of collapse is not attempted, but it is recognized as a
condition where the structure has lost the abilities to sustain gravity loads or to
shakedown under repeated lateral loading. Such a condition is presumed to be caused by
three factors — (i) plasticity (the fact that the load carrying capacities of structural
components are limited) — (ii) damage (the fact that the strength, stiffness and energy
dissipation characteristics of structural components deteriorate under increased and
repeated loading) and (iii) geometric nonlinearity or P-A effects (under large
displacements, the gravity loads cause significant additional stresses in structural
components). Of these, only factors (i) and (ii1) are considered in this work.

To accurately model the nonlinear response of the structure, detailed
phenomenological models of parts of the structure such as members and connections are
often necessary. For example, Mazzolani and Piluso (1996) present such models for
structural steel connections and Hsu (1993) does so from reinforced concrete elements. It
should be possible to seamlessly incorporate such models in the analysis.

Moreover, when a component fractures, i.e. loses strength instantaneously, there
is transfer of energy and momentum between various parts of the structure, which must

be accounted for.
1.3. Displacement-based Incremental Iterative Method

The response variables of the structure which, when known, determine future
response of the structure are called state variables. These include displacements, internal
forces, plastic strains etc. A more detailed discussion of state variables is presented in

Section 3. Computer analysis of structures has traditionally been carried out using the
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displacement method, wherein the displacements in the structure are treated as the
primary unknowns, combined with an incremental iterative scheme for nonlinear
problems. Stresses and other state variables that appear in the mathematical model of the
structure in constitutive relations, in mixed variational formulations or in any other
fashion are treated “locally”, i.e. at the level of a unit of spatial discretization — a finite
element, a quadrature point etc. In linear analysis, these additional state variables are
“condensed out” of the system of equations. In nonlinear analysis, however, every
iteration of the solution process at an increment comprises of two stages: (i) a global
stage where the primary unknowns, the displacements, are obtained using the
“condensed” equation system (ii) and a local stage where all other state variables are
updated. The local stage is referred to as the incremental state determination and requires
element-specific algorithms (see for example, Neuenhofer and Filippou (1997), de Souza
(2000) and Lowes and Altoontash (2002)).The widespread use of the displacement
method is primarily because the techniques of nonlinear structural analysis have grown as
extensions to those of linear analysis and have most often been implemented in general
purpose computer programs originally designed for linear analysis. The displacement
method also enables the automatic construction and efficient structuring of the stiffness

matrix, which plays a central role in linear analysis.

1.4. Mixed Methods

More recently, however, mixed methods have been explored wherein the fields of
displacements, stresses (or stress-resultants), strains, plastic multipliers etc. are all given
separate spatially discretized representations (see for example, Washizu (1982), Simo et

al. (1989) and Han and Reddy (1999)).



The advantage of the flexibility formulation of beam-column elements, resulting
from force-interpolation functions being always exact even when the element is non-
prismatic and undergoes inelastic behavior, has been well documented (see for example,
Park et al. (1987) and Neuenhofer and Filippou (1997)). The yield function in plasticity
theory that defines the elastic domain (see for example, Simo and Hughes (1998)), and
the damage function in damage mechanics (see for example, De Sciarra (1997)) are most
naturally expressed in terms of stresses and stress-like quantities (or stress-resultants)
using the tools of convex analysis. Thus stress-resultants play an important role in
nonlinear analysis.

The use of mixed methods alleviates locking effects at the element level due to
deformation modes in linear elastic structures (see for example, Hughes (1987)) and
yielding modes in elastic-plastic structures (see for example, Comi and Perego (1995)).
Moreover, various state variables besides forces and displacements play important roles
in modern structural protective systems such as active and semi-active devices.

These factors motivate an approach where besides displacements, stress-resultants

and other variables of state play a fundamental role.

1.5. Dynamical Systems Approach

In this work a variant of the mixed formulation is adopted, where the structure is
viewed as a dynamical system. A dynamical system is a collection of states along with a
means of specifying how these states evolve in time. Two such means of specifying the

evolution of the states are studied:

1. The State Space Approach: The evolution of states is characterized as the solution of

a system of first order differential equations. However, not all states are independent
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and free. Some states are constrained by (i) algebraic equations — holonomic
constraints (e.g. the equilibrium equations that constrain stress-resultants, kinematic
constraints on displacements such as in rigid floor diaphragms etc.), (ii) inequality
constraints (e.g. yield condition on stress-resultants) and (iii) non-integrable
constraints involving velocities — nonholonomic constraints (e.g. the inequality
constraints on certain state variables can be expressed as nonholonomic constraints
in the conjugate variables; for example, the yield condition on the stress-resultants
leads to nonholonomic constraints in terms of strain rates as will be seen later). The
first order differential equations of evolution along with the holonomic constraints
(algebraic equations) and the nonholonomic (implicit differential equations)
constraints form a system of differential algebraic equations (DAE).

2. The Lagrangian Approach: The evolution of the states is characterized by the

stationarity of the time integral of a certain functional (Hamilton’s Principle). The
time integral depends on a system Lagrangian function and a system Dissipation
function, both functions of the state variables and their rates of change with time.

The various constraints are embodied in these functions.

The state space approach uses the strong form of the governing equations in time, while
the Lagrangian formulation uses the weak form. This distinction is discussed in greater
detail in Section 5. The two approaches reveal different properties of the structural

system and lead to different numerical methods as shown in Fig. 1.1.

Both methods consider material and geometric nonlinearity. In contrast to the
displacement-based method, both the state space and the Lagrangian methods clearly

separate the modeling of components from the numerical solution. Phenomenological
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Fig. 1.1. Schematic of Development in this Work

models of components essential to simulate collapse can therefore be incorporated
without having to implement model-specific incremental state determination algorithms.
The state determination is performed at the global level by the DAE solver and by the
optimization solver in the respective methods. The Lagrangian formulation results in the
concept of the generalized momentum of the structure as shown in Section 5. This could

provide insights into the momentum transfer that occur when there is component fracture.

It has be shown that for systems such as elasto-plastic structures where loading
and unloading occur on different paths, the stiffness matrix (the tangent stiffness matrix,

in the case of nonlinear analysis) which plays such a central role in linear systems, is no



more than an iteration matrix. The indefiniteness of the tangent matrix is not related to
instability (see for example, Nguyen (2000)). The approach followed in this work
eliminates the need for a global tangent stiffness matrix. The present formulations are

likely to enable a broader notion of stability, although this is only briefly studied here.

The proposed methods follow a generalized approach which addresses modeling and
solution through rigorous formulations which make very few assumptions to obtain the
solution of complex non-linear problems. While traditional displacement methods
address implicitly the model and the solution, the proposed methods distinguish the
modeling of components from the numerical solution. The advantage of such

formulations is indicated in this report.

The second formulation, the Lagrangian approach, implicitly addresses the
equilibrium and the conservation of impulse, within a variational formulation. This
approach allows addressing problems involving sudden collapse, or sudden degradation
before collapse, which involves instantaneous lack of equilibrium and impulses.
Moreover, the suggested formulation opens the way to addressing impulse driven
processes such as blasts and impacts in complex structures without or with modern
protective systems. As such this method pioneers a generalized approach to solving

complex nonlinear dynamics problems.
1.6. Scope and Outline

In Section 2, constitutive relations of uni-axial and multi-axial ideal and kinematic
hardening plasticity are established in two equivalent forms — the rate form and the
dissipation form — for use in the State Space Approach and in the Lagrangian Approach

respectively. In Section 3, the State Space Approach is developed. The governing
7



equations of motion and constitutive behavior of a structure are considered as constituting
a constrained dynamical system, which is represented as a system of Differential
Algebraic Equations (DAE). These equations are solved using appropriate numerical
methods. An inelastic large deformation beam-column element is formulated in Section 4
for use with the state space approach, starting from the finite deformation compatibility
equations and applying the principle of virtual forces in rate form. The element uses
stress-resultant-strain constitutive equations and includes the effect of axial force-bending
moment interaction. The element is utilized in structural analysis to collapse. In Section
5, the evolution of the structural state in time is provided a weak formulation using
Hamilton’s principle. It is shown that a certain class of structures, referred to here as
reciprocal structures, has a mixed Lagrangian formulation. This class includes structures
with a wide range of material behavior including hyperelasticity, rate-independent
plasticity, viscoelasticity, viscoplasticity, tension- or compression-only resistance etc.
The resulting Lagrangian has some special properties: (i) The generalized displacements
that appear in the Lagrangian consist of both physical displacements at certain nodes and
the impulses of the forces in certain members, leading to the idea of a generalized
momentum; (i1) The Lagrangian is invariant under finite displacements and can be used in
geometric nonlinear analysis. A discrete variational integrator is derived in section 6,
starting from the variational statement of Hamilton’s Principle to numerically integrate
the Euler-Lagrange equations in time. This integrator inherits the energy and momentum
conservation characteristics for conservative systems and the contractivity of dissipative
systems. The integration of each step is a constrained minimization problem and is solved

using an Augmented Lagrangian algorithm. Finally, the work is summarized and some



conclusions are drawn in Section 7. Since the State Space and Lagrangian Approaches
were at first developed independently, their implementations are currently not on par with
each other. The implementation status is shown in Table 1.1. While the state space
formulation has been implemented for all four features of Table 1.1, the Lagrangian

formulation is yet to be implemented for large deformations and post-yield hardening.

Table 1.1. Status of the State Space and Lagrangian Implementations

Feature State Space Approach Lagrangian Approach
Plasticity Implemented Implemented
Hardening Implemented Formulated
Large Displacements Implemented Implemented
Large Deformations Implemented Formulated







2. MATERIAL NONLINEARITY: CONSTITUTIVE RELATIONS OF PLASTICITY
2.1. Background

Structural materials and components have limits on strengths coupled with
different loading and unloading paths, leading to nonlinear inelastic behavior. This
section addresses formulations of hysteretic behavior with deterioration. The
formulations are structural extensions of plasticity theory. The constitutive laws
commonly used for analysis of structures with nonlinear inelastic material properties are
based on classical plasticity theory. They are characterized by a yield surface, a flow rule
and a hardening rule (see for example, Lubliner (1990) and Simo and Hughes (1998)).
When working with macro-elements such as members of a frame, it is favorable to
formulate constitutive equations in terms of stress resultants and their conjugate strain
quantities rather than in terms of stresses and strains. For example, in a beam, the
constitutive relationship is defined between the cross-sectional stress resultants — axial
force and bending moment, and the strains — centroidal axial strain and curvature.
Classical plasticity theory may be applied in this context by looking at the principle of
maximum dissipation as holding in an integral sense (Lubliner (1990)). In its classical
form, the maximum dissipation principle states that for a given strain rate, the stress is
such that it maximizes the rate of energy dissipation. This statement can be approximated
by stating instead that the integrals of the stresses over a cross-section (stress-resultants)
are such that the total rate of energy dissipation over the cross-section is maximized for
given plastic strain rates that satisfy compatibility (e.g. plane sections remain plane). The
material in this section, although not original, is presented in order to establish the

relations of plasticity in forms that are suitable for use in the following sections.
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Fig. 2.1. 1D Elastic-Ideal Plastic System

2.2. One Dimensional Plasticity

Consider the one-dimensional elastic-ideal plastic system of Fig. 2.1. The total

deformation can be decomposed as:
e=¢&"+¢&’ (2.1)

where & is the elastic deformation and & is the plastic deformation. The stiffness of the

spring is k and the force in the spring is given by:
F=ke =k(e-¢") (2.2)
The slider shown in the figure is characterized by the convex yield condition:
O(F)=|F|-F, <0 (2.3)

When @ = 0, sliding occurs and plastic strain develops. Let the absolute value of the

sliding rate, called the plastic multiplier, be A (1> 0, when sliding). Then,

P
" = a; — Asgn(F) (2.4)

12



where sgn(x) = 1 if x = 0 and x/|x| otherwise (the signum function). Or using equation

(2.3):

e =222 (2.5)
OF

This is the flow rule. When @ < 0, no sliding occurs and A = 0. Hence,

A=0 when ®<0
A>0 when ®=0 (2.6)

® >0 cannot occur

These conditions can be summarized as follows:
A20  @®(F)<0  A0=0 (2.7)

Equations (2.7) can be recognized as the Kuhn-Tucker optimality conditions (see for

example, Fletcher (2000)). It is also seen that when ®(F) = 0, i.e. when yielding has
. 0D o : 2
occurred, @ :8—3 0, for if ®>0, then ®@(¢+Ar) =CI)(t)+(DAt+O(At )> 0 for
t
sufficiently small A¢. Hence when ®(F) = 0:
AD =0 (2.8)
This is known as the consistency condition of classical plasticity.

2.3. One Dimensional Plasticity - Rate Form

Equation (2.2) can be written in rate form as:

F=k(é-¢") (2.9)
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Since Cb:Z%F , it can be concluded from equation (2.8) that when ®(F) = 0,

EZ%F = (. Substituting in equation (2.9), we have:
ﬁaEF:;taEk(é—ép):O (2.10)
oF oF

If 1% 0, then @k(é—gp)zo NG PR TP
OF oF oF

=ésgn(F) (2.11)

If 2 =0, then either ®<0 (unyielded) or ® <0 with ®=0 (unloading). Let H(x) be the
Heaviside step function: H(x) = 1 if x>0, H(x) = 0 if x<0. It is seen that A = 0 if and only
if H(®)H(®) = 0. Combining this with equation (2.11), the following results are

obtained:
A=H(®)H(D)ésgn(F) (2.12)
Noting that sgn(F)sgn(F) = 1, we have:
" =Asgn(F)=H(®)H (D) (2.13)
F=k(é-¢&")=k(1-HH,)é (2.14)
where H; = H(®), the step function signifying yielding and H,. = H(®), that signifies
unloading from the yield surface. This is the statement of ideal plasticity in rate form.
Two further generalizations can be performed at this stage. First, the step function H; can

be smoothened as follows:

14



H, = (2.15)

F

y

where N is a real number and ideal plasticity is recovered as N — . Second, H, can be

modified as follows:

H, =H(<i))= 1+sg2n(CD) _ 1+sgn(1;sgn(F)) _ 1+sgn(];)sgn(F) (2.16)

Furthermore, since the directions of the rate of change of force and the rate of change of

strain are presumably the same, sgn( ') = sgn( ¢ ). Hence:

oo 1+sgn(F¢)

5 5 =n,+n, sgn(Fg') (2.17)

where 17, = 1, = 0.5 for classical ideal plasticity. But The shape of the unloading curve
can be varied by varying 77; and 7,. However, the sum 7; + 7, must be equal to one to

satisfy the yield condition (Constantinou and Adane (1987)). Thus equation (2.14) may

be written as:

N

(m, +n,sen(Fg)) |& (2.18)

Pl
F

y

This is identical to the Bouc-Wen model without hardening (Wen (1976)). Sivaselvan
and Reinhorn (2000) derived such relationships between other one dimensional
constitutive models and also extend the rate model to include various deterioration effects

stiffness and strength degradation and pinching.
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Notice that as mentioned in Section 1, the inequality constraint (2.3) has led to the
nonholonomic constraint (implicit differential equation (2.18) connecting the rate of

change of stress to the rate of change of strain.

— & — ¢
T

7 Fy

I-)-

B
n

Fig. 2.2. Visco-plastic Regularization

2.4. One Dimensional Plasticity — Dissipation Form

Next, consider the elastic-visco-plastic system of Fig. 2.2. This is the visco-plastic
regularization of the ideal plastic system of Fig. 2.1 (Duvaut and Lions (1976) and Simo

and Hughes (1998)). If the force in the spring is F, then the force in the damper is:

_{0 if |F|<F, {0 if |F|<F,
damper

Bl - =(|F|- 2.19
|F|_F;lider if |F|>Fy (|F|—Fy)sgn(F) if |F|>Fy <|F| Fy>sgn(F)( )

Hence:

1 1
év =;Fdamw :;<|F|—Fy>sgn(F) (2.20)

16



where 77 is the coefficient of the regularizing viscous damper and <x> = (x+|x|)/2, the
ramp function also known as the Mackaulay Bracket. The above constitutive equation
can be derived from a convex dissipation function as follows:

Assume the function ¢(F) to be a penalty function that penalizes /s that lie outside the

elastic region:

1 2
(/)(F)—Z<|F|—Fy> (2.21)
Then:
o _00(F) 1y
& == —77<|F| F,}sgn(F) (2.22)

In the limit of the viscous coefficient, 7, going to zero, the dissipation function ¢ of

equation (2.21) becomes:

(D(F)_ 0 lf F.;lider SF'y (2 23)
© lf F;lider > F; .

where Fyq. 1s the force in the slider. In the language of Convex Analysis and Sub-
differential Calculus, this function is referred to as the Indicator function of the elastic

domain. The Indicator Function of a convex set C is defined as:

(2.24)

0 if xeC
U. = )
wif xgC

Thus, if C is the elastic domain, C = {x : |x| < Fy} , thenp(F)=U,(F). The plastic strain

rate is such that:

" e dp(F) (2.25)
17



where Jis the multi-valued sub-gradient operator. For a comprehensive treatment of this
subject, the reader is referred to Hiriart-Urruty and Lemaréchal (1993) and for a
discussion in the context of Plasticity Theory, to Han and Reddy (1999). However, since
the tools of Sub-differential Calculus are not absolutely essential for the developments in
this work and in order to keep the notation tractable, it is chosen to carry out all
derivations involving the dissipation function using the well-behaved regularized form

and impose the ideal-plastic limit as a final step.
2.5. Kinematic Hardening — Series vs. Parallel Models

The experimentally observed one-dimensional behavior of many materials and
components can be idealized as follows: (i) after yielding, the slope of the force-
deformation curve is positive, but smaller than that in the elastic region; (i) under cyclic
loading, the force lies between two parallel lines as shown in Fig. 2.3. This behavior is
known as kinematic hardening and is closely related to the Bauschinger Effect in
structural steel. Kinematic hardening can be modeled using the series model as show in
Fig. 2.4 or using the parallel model as shown in Fig. 2.5 (Nelson and Dorfmann (1995),
Thyagarajan (1989) and Iwan (1966)).

In this work, we use the parallel model for kinematic hardening. The constitutive

equations are as follows:
F=F"+F" and F’'=F-F"=F—-ake (2.26)

where F¥ is the elastic-plastic force and F" is the hardening force as shown in Fig. 2.5.

The yield condition is given by:
®(F")=|F"|-(1-a)F, <0 (2.27)
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Fig. 2.3. Kinematic Hardening
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Fig. 2.5. Kinematic Hardening - Parallel Model
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and the rate form of the plasticity relation by:
F=aké+(1-a)k(1-HH,)é (2.28)
where H, and H, may be the modified functions:

FP

(l_a)Fy

H = and H,=n+n, sgn(F"g') (2.29)

The elastic domain, C ={x:|x|<(1—a)F y}. Then the dissipation function, regularized

dissipation function and the dissipation form of the plasticity relation are given

respectively by:
o(F")=U.(F") (2.30)
o(F) =$<\FP\—(1—a)Fy>2 2.31)
op(F”) 1
£ :%p):;qu‘—(l—a)F»sgn(F) (2.32)

The series formulation will be discussed briefly in Section 5. In the State Space Approach
of Sections 3 and 4, the rate forms will be used, while in the Lagrangian Approach of

Section 5, the dissipation form will be used.

2.6. Multi-dimensional Plasticity

The relations of plasticity can be derived for the multi-dimensional case, i.e.,
where there is interaction between the stress-resultants, along similar lines as the one

dimensional case. Equations (2.1)-(2.4) have their multi-dimensional analogues:

g=¢g'+¢’ (2.33)
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F=k(e—2") (2.34)

subject to the yield condition:

d)(F) <0 (2.35)
and the flow rule:
& = 16;() (2.36)
oF

where F is the stress-resultant vector, € is the total deformation vector, €’ is the plastic

deformation vector, k is the cross-section elastic rigidity matrix consisting of the axial
rigidity (EA), the flexural rigidity (£/) etc. and A is the plastic multiplier. The Kuhn-

Tucker conditions:
120 @(T)SO AD =0 (2.37)
are identical to equations (2.7) except that the yield function ®@ in now a function of F,

the stress-resultant vector. Using the consistency condition, A® =0, the plastic

multiplier, A, and the plastic strain rate, &, are obtained in a fashion similar to equation

(2.11) as:
20\ ke
iz(aia)ﬁ)k 2 (2.38)
oF oF
oD T
& = 5) ke, (2.39)

The following equation (2.14), the rate of change of the stress-resultant vector is:
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F=|ké-HH, (@”—g;; (2.40)

where, as before, where H, = H(®), the step function signifying yielding and H,. =
H(®), that signifies unloading from the yield surface. By non-dimensionalizing the

stress-resultants, it can be arranged that ®(F) = ®’(F) — 1. Then again, these step
functions may be generalized as follows:
H, =|®(F)+1]" and H,=n +n,sgn(F"¢) (2.41)

Equation (2.40) can be attributed two geometric meanings:

k(22

1. Letn= (Taf ) . fi is the unit normal to the yield surface in the k' norm,
() k(%)

ie., ﬁ||i,1:ﬁTk*1ﬁ:1. Then when H;, = H, = 1, ie., when on the yield

surface, F = [ké—(ﬁTk”ké)ﬁ]. Thus F is the projection in the k' norm of ké on

the tangent plane to the yield surface (Simo and Govindjee (1991)).

2. The interaction matrix

)
k<]
&)

gl

Q)

( )ﬁ‘?) (2.42)

" k()

%’\%ﬁ 3

is introduced. It can be verified from equation (2.39) that¢” =B¢. Also BB = B.
Hence B is a projection matrix (Trefethen and Bau (1997)). B projects ¢ onto the

normal £ to the yield surface. The rate form of plasticity is therefore:

F =k[I-H H,B|¢ (2.43)
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where I is the identity matrix. Observe the similarity between equations (2.43) and (2.14).

The elastic domain is given byC = {.7- ;D ( F ) < 0} . Hence, the dissipation
function is ¢(.’F ) =U, (}" ) . In the multi-dimensional case, there are several possible
regularizations. Two of these are (Simo and Hughes (1998)):

1. Duvaut-Lions Regularization:

1
o(F)= 5”7:_PCF||2 (2.44)

where PcF is the orthogonal projection of F on the set C and ||.|| is the vector 2-

norm.

2. Perzyna Regularization:

1

- %@)( grr))2 (2.45)

o(F)

where <> denote the Mackaulay brackets. The dissipation form of the plastic

constitutive law is then:

(2.46)

Kinematic Hardening is again incorporated using the parallel model. The
analogues of equations (2.27) and (2.28) are:
®(F")<0 (2.47)

F =aké+(I-0)k(I-H H,B)é (2.48)
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where a is the diagonal matrix of post-yield slope ratios, and F7, the plastic component

of the stress-resultant vector is F” = F -ake .
2.7. Yield Functions ©®

Two yield functions are used in this work to model the behavior of beam-column

cross sections. In the following, p, n” and m" are the non-dimensional axial force, minor-

. : P M . M-
and major-axis moments, p = 7 m’ = ;i andm” =

P is the axial force and M’s,

y z "
y y y

the bending moments on the cross-section. Superscripts y and z on the bending moments
denote the axis of bending and subscript y denotes the yielding value of the stress-

resultant in the absence of the other stress-resultants. The stress-resultant

T
Vector,.’F:{P M7 MZ} .

1. Yield Function 1: This is the function given by Simeonov (1999) for structural steel

I-sections and is given by:

o +e3]pl of +3)p|

-1 (2.49)

O(F)= [ i

b +b3|p| 1 | b; +b3 |p|

whereb,b; ,c¢ ,c; ,b7 ,b; ,c] and c; are coefficients that control the shape of the

surface. The parameters of the surface a re explained in detail by Simeonov (1999).

2. Yield Function 2: This is the yield function presented by McGuire et al. (2000) for

wide-flanged structural steel I-sections and is given by:

(D(.’F)=p2+(mz)2+(my)4 (250,
+3.5p (mz )2 +3p° (my )2 + 4.5(mz )2 (my )2 -1
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When modeling kinematic hardening by the parallel model, the yield function has to be

modified appropriately. In this case, the non-dimensional quantities used in equations

P? M zp
(2.49) and (2.50) arep=—, m’ = and m” =
P’ M;P

where the plastic components,
y

F? :{P” M?P M?* }T, andPyP ,M;" and M are the plastic components of the

respective yield values given by P’ = (1-a)P,, M” =(1-a)M} and M7 =(1-a)M;.

The biaxial hysteretic model used by Park et al. (1986) in random vibration, by
Nagarajaiah et al. (1989) and Fenves et al. (1998) to model seismic isolation bearings and
by Kunnath and Reinhorn (1990) to model the biaxial bending interaction in reinforced
concrete cross-sections is in fact an application of equation (2.48) with a two dimensional

circular or elliptic yield function.
2.8. Summary

The constitutive relations of classical plasticity theory have been established in
forms suitable for use in following sections. In the state space approach of Sections 3 and
4, the rate forms (2.18) and (2.48) will be used as non-holonomic constraints, while in the

Lagrangian Approach of Section 5, the Dissipation Form (2.46) will be used.
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3. THE STATE SPACE APPROACH
3.1. Background

In this section, an alternate method is proposed for the static and dynamic analysis
of structures with inelastic behavior. The solution is aimed at performing analysis beyond
the onset of yielding near collapse and at considering strength changes as well as stability
issues. The governing equations of motion and constitutive behavior of a structure are
considered as constituting a constrained dynamical system. This leads to an alternative
approach to the formulation and solution of initial-boundary-value problems involving
nonlinear distributed-parameter structural systems by solving the equations of balance
and the constitutive equations simultaneously.

For a dynamical system comprising lumped-parameter elements whose nodal
force-displacement relationships are available directly (e.g. base isolation systems,
various damping systems etc.), introducing nodal velocities and the forces in these
elements as additional unknowns results in a set of explicit first-order Ordinary
Differential Equations (ODE). Such dynamic system is unconstrained and can be solved
using any appropriate numerical method. This approach has been extensively employed
in the solution of dynamic linear and non-linear problems especially in structural control
and non-deterministic analysis (see for example Nagarajaiah, Constantinou et al. (1989),
Inaudi and de la Llera (1993), Casciati and Faravelli (1988) and Barroso et al. (1998)).

However, in the general case, the dynamic system has holonomic as well as non-
holonomic constraints. When there are un-damped quasi-static degrees of freedom (i.e.,
the mass and/or damping matrix is singular) the equations of equilibrium in these degrees

of freedom are holonomic constraints on the internal forces. When considering
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distributed plasticity, the constitutive relations are non-holonomic constraints. The
resulting system of equations not only consists of explicit ODE’s but also contains
implicit ODE’s (arising from the non-holonomic constraints) and algebraic equations
(arising from the holonomic constraints). The numerical solution of such systems of
Differential-Algebraic Equations (DAE) is more complex than the solution of ODE’s and
reliable methods for this purpose have been developed more recently (Brenan et al.
(1996))

The structure, which is spatially discretized following a weak formulation, is
completely characterized by a set of state variables. These include global quantities such
as nodal displacements and velocities and local quantities such as nodal forces and strains
at integration points. The evolution of the global state variables is governed by physical
principles such as momentum balance and that of the local variables by constitutive
behavior. The response of the system is described by a set of equations involving the state

variables and their rates.

3.2. Overview of Previous Work

The state-space approach (SSA) involving DAE’s has been used extensively in
multi-body dynamics of aerospace and mechanical assemblies (see for example, Bauchau
et al. (1995) and Haug et al. (1997)). The first application of the state-space approach to
finite-element solution of quasi-static distributed plasticity problems, is that of Richard
and Blalock (1969), to solve plane-stress problems. Since this work considered only
monotonic loading, the load factor (rather than time) served as the independent
monotonically increasing variable. It is surprising, however, that no subsequent work in

this direction has been reported until the beginning of the last decade. Hall et al. (1991),
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used DAE’s to solve large deformation plasticity problems arising in punch stretching in
metal forming operations. Papadopoulos and Taylor (1994), presented a solution
algorithm based on DAE for J, plasticity problems with infinitesimal strain.
Papadopoulos and Lu (1998) subsequently extended this strategy to a generalized
framework for solution of finite plasticity problems. Iura and Atluri (1995), used the
DAE-based state-space approach for the dynamic analysis of planar flexible beams with
finite rotations. The first formal description of the methodology of formulating initial-
boundary-value problems in nonlinear structural analysis was provided by Fritzen and
Wittekindt (1997) and by Shi and Babuska (1997). These works provide the motivation

for the approach proposed here.

3.3. Section Outline

The work reported here consists of four parts. First, a general procedure is
presented for identifying the state variables of a spatially-discretized structure. Second,
the algorithm for constructing the system of state equations is introduced, accounting for
element connectivity, boundary conditions, constitutive relationships, and different types
of excitation. Third, a nonlinear beam element based on force-interpolation and a
constitutive macro-model is developed in this framework. Fourth, the above development
is implemented in a computer program and the quasi-static and dynamic responses of a
typical frame structure are validated against benchmark solutions. The DAE solver

DASSL (Brenan, Campbell et al. (1996)) has been used in this work.

3.4. State Variables and Equations of a SDOF System

A nonlinear single-degree-of-freedom (SDOF) system, subjected to dynamic and

quasi-static forces, will be used to illustrate the state-space formulation. The constitutive
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model of equation (2.28) will be used to represent the system. The model in Fig. 3.1 has

three state variables and, therefore, three state equations.

ak ‘—» u
% N/ e e e e v v PJ’
90000300
IR
F’
7% 2 o o 7 P
( M
(1-a)k
@
C 7
Fig. 3.1. SDOF System
Let,
y=u , y,=u , y,=F=F"+F’ (3.1)
Then, for the dynamic problem the response is described by,
my,+cy, +y,—P=0 (3.2)
Y,=» =0 (3.3)
by —|ak+(1-a)k(1-HH,)]y, =0 (3.4)

For this system, y; and y, are the global state variables and y3 is the local state variable.
Correspondingly, (3.2) and (3.3) are the global state equations and (3.4) is the local state

equation. In terms of the state variables H; and H, of equations (2.29) are as follows:
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N

Vs —aky,

(1-a)F,

1=

and H, =, Sgnl:(y3_aky1)yz:|+772 (3.5)

Equations (3.5) are identical to equations (2.29) of Section 2 with the definitionsof the
state variables yj, y» and ys in equation (3.1). It should be noted that the choice of state
variables for this system is not unique. For example, an alternative, and probably more
natural, formulation of the same problem can be devised using the hysteretic component

of the restoring force as a local state variable. Let,

»n=u, yzzu’yS:F" (36)

Then, the response of the SDOF system is described by,

my, +cy, +aky, +y,—P=0 3.7
¥, =3 =0 (3.8)
yi—(l1-a)k(1-HH,)y,=0 (3.9)
H, and H, are then given by:
N
H1=L and H2=771sgn(y3y2)+772 (3.10)
(I-a)F,

The first version, however, is preferred for reasons, which will become apparent later . In

either case, we obtain a system of ODE.

In contrast to the dynamic system (3.2)-(3.4), a quasi-static system subjected to

identical force history, has only two state variables, hence, two state equations. Let,

n=u,y,=F (3.11)
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Then, the response of the SDOF system is described by,
y,—P=0 (3.12)
¥, —[ak+(1-a)k(1-HH,)]5 =0 (3.13)
In this case, the constitutive equation (3.13) is an implicit differential equation and the

equation of equilibrium (3.12) is algebraic. Therefore, a set of DAE must be solved to

obtain the quasi-static response of SDOF system with nonlinear restoring force.
3.5. Differential-Algebraic Equations (DAE)

A DAE system is a coupled system of N ordinary differential and algebraic

equations, which can be written in the following form:
(I)(t,y,y)zﬂ (3.14)

where @, y and y are N-dimensional vectors; t is the independent variable; y and y are

the dependent variables and their derivatives with respect to t. Some of the equations in

(3.14), however, may not have a component of y . Consequently, the matrix

a;(.) = @ (3.15)
oy w,;

may be singular. A measure of the singularity is the index (Brenan, Campbell et al.
(1996)). This, in simple terms, is equal to the minimum number of times equation (3.14)

must be differentiated with respect to ¢ to determine y explicitly as functions of y and .

The explicit ODE system,

y=g(ty) (3.16)
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therefore has index 0. The system composed of (3.2)-(3.4), for example, can be converted

to the standard form without additional differentiation.

=y (3.17)
PO b 21 (3.18)
m
j/3:aky2+(l—a)k 1_% I:nlsgn((y3_akyl)y2)+772:| W (3.19)

Equations (3.12) and (3.13) modeling the quasi-static response of SDOF system,
however, is index 1, because the algebraic equation (3.12) must be differentiated once

before substitution in (3.13).

y,=P (3.20)
. P
Y, = - (3.21)
y; —aky,

ak+(1-a)k{1- [n]sgn((y3—akyl)yl)+772]

(l_a)Fy

Strictly speaking, this is not an explicit ODE because y, appears on the right-hand side

of (3.21). But since it appears only in the signum function, which is a constant function

except for the singularity at y, = 0, the index may be taken to be 1.

The numerical solution of DAE is more involved than the solution of ODE. A
brief summary of the integration method in DASSL is provided for the sake of

completeness. The derivative y is approximated by a backward differentiation formula:

: 1 k j
yn = yn - ai yn— (322)
hn ﬂO ( ; 1
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where, y,, y,and y,.; are the approximations of the solution of (3.14) and its derivative at

times ¢, and ¢,, respectively; &, = t, - t,.; 1s the time interval; k is the order of the
backward differentiation formula relative to y,; o; and By are the coefficients of the

method. Substituting (3.22) in (3.14) results in a system of nonlinear algebraic equations:

1 k
@[fﬂ,yn,m[yn _zai Y. j:| =0 (323)
n 0 i=l

These are solved by the Newton-Raphson method using an iteration matrix of the form:

5‘D(fn,ynayn)+ 1 0®(t,,y,.Y,)

(3.24)
oy h, B, oy

N(tn’yn’yn):

The process of advancing from time ¢, to the current time ¢, is summarized by the

equation:

vt =yr =N (g0 yn )@ty ) (3.25)
where the superscript m is the iteration counter. A detailed description of the numerical
algorithm can be found in Brenan, Campbell et al. (1996).
3.6. State Variables and Equations of a Multi-Degree-of-Freedom System

The equation of motion of a multi-degree-of-freedom (MDOF) system is shown

in equation (AI.15) of Appendix I.
3.6.1. Global State Variables

In the general case, the set of global state variables of the system consists of three

parts:
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Generalized displacements along all free nodal degrees of freedom: Displacements
along constrained generalized coordinates are excluded by virtue of imposing
boundary conditions.

Generalized displacements along degrees of freedom with imposed displacement
histories: This occurs, for example, when support displacements due to settlement or
earthquake motion are prescribed and in displacement-controlled laboratory testing.
Velocities along mass degrees of freedom: The number of velocity state variables
may be less than the number of displacement variables because often, rotational and
even some translational mass components, are ignored if their effect is presumed

negligible.

3.6.2. Local State Variables

The local state variables describe the evolution of individual elements. These

consist of,

Independent element internal end forces.

Constitutive variables, such as stresses or strains at the integration points, according
to Table 3.1, which may be required to characterize inelasticity.

Any other internal variable that may govern the behavior of the element (e.g. yield

stresses, back-stress, etc.)

3.6.3. State Equations

The three sets of global state equations can be summarized as follows:

T

Npw = [M 0 0]1y,| [C, C, 0][y,| |B/ P!
Nfree Ndamp - 0 00 y; + C1r2 C22 0 y12 + B; y;— P2 =0 (326)
Ns-mtic - 0 00 y; 0 0 0 y:; B3T l)3

37



Ny | yi-d=0 (3.27)

mass

Ny [ 1-¥2 =0 (3.28)

whete, y,=u(r), v.=u(), v,=F={(@) (@) - (")}, d = proseribed
displacement history vector and superscripts denote partitions described in Appendix I.

The state of each nonlinear element i is defined by evolution equations involving
the end forces, displacements and the internal variables used in the formulation of the

element model. These equations are of the form:
Aet(ue,i’Zi)Qi =G(Q,ue,i,ﬁe,i,zi’ii) 7' =H(Zi,Qi,Qi,ue,i,l-le,i) (3.29)

where A“(u®’,z') is the element tangent flexibility matrix; G and H are nonlinear
functions; Q' and Q' are the independent element end forces and their rates; u®’ and u“’

are the displacements of the element nodes and their rates; z' and z' are the internal
variables and their rates. It must be noted that the first part of equation (3.29) would not
be necessary in a displacement-based formulation. The formulation of these equations for
a small deformation beam element is presented in the next subsection and that for a large

deformation beam-column element in Section 4. The state vector of the structure is

T

yz{ylT (v.) v yI} , where y4={(z])T (z2) - (z‘)T}T The state equations

(3.26)-(3.29) consist of explicit ordinary differential equations (the first two partitions of
(3.26) and (3.28)), implicit ordinary differential equations (3.29), as well as algebraic
equations (the third partition of (3.26) and (3.27)). They therefore constitute a system of

DAE of the form (3.14).
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3.7. Formulation of a Flexibility-Based Planar Beam Element

The beam element is internally statically determinate. Therefore, a flexibility
formulation using force interpolation functions is utilized here. The displacement
interpolation functions used in the usual stiffness-based formulations are exact only for
elastic prismatic members. In contrast, the force interpolation functions, which are
statements of equilibrium, are always exact. The state variables of the beam element are
the independent end forces and the strains and curvatures of sections located at the NG
quadrature points. Compatibility of deformation within the element may be expressed in
weak form using the principle of virtual forces as:

C}I L . L

- _ J' T|€ _ T,

q=1¢;t=[b .dx_jb &dx (3.30)
I 0
qs

where £={¢ ¢}T, the vector of centroidal strain and curvature and b is the force

interpolation matrix:

10 0
b= 331
0 T-1 = (31
LI

where L is the length of the beam and x is the coordinate along the length of the beam.
From the equilibrium of a segment, the stress resultant vector at any section can be

obtained as:

4 (@
.7-'={N }=b 0, 1 =bQ (3.32)
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where N* = axial force at any section, M* = bending moment at any section, Q; = force
component parallel to the element chord, Qs = bending moment at the left end and Qs =
bending moment at the right end. From Appendix I, we have the following

transformations:
P°=R'T,Q=B‘Q (3.33)
T .
q="T,Ri‘ =(B) u’ (3.34)

where R = 6x6 rotation matrix (Weaver and Gere (1990)) and

-10 01 0 O
T,=| 0 1 1 0 1 0 (3.35)
R L L .
1
0O — 00 — 1
L L A

The rate form of plasticity, (2.28), is used to represent this constitutive macro-
model. In this section, the beam element is assumed to be axially elastic without any
interaction between the axial force and the bending moment. Axial force-biaxial bending
moment interaction and large deformations are treated in Section 4. Then the section

constitutive equations can be written as:
¢=a'F or £=abQ (3.36)
where a is the cross-section tangent flexibility matrix:

-1

(B4 0
"7l o [aEI+(1-a)EI(1-HH,)] (3-37)
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where EA4 and EI are the cross-section elastic axial and flexural rigidities and H, and H;

are then given by:

N

M —aEl$

(l_a)My

=

and H, =n,sgn [(M —aEI(zﬁ)(ﬂJr?]z (3.38)

and M, is the yield moment of the cross-section. Substituting (3.36) in (3.30), we have:

[ j bTa’bdx} Q=T,Ru, (3.39)

0

The state equations of the beam element can be summarized as:

[ | bTa’bdx} Q =T,Ru, (3.39)

0

¢&=abQ i=1.2,..NG (3.40)

The section tangent flexibility matrix, a’, which is 2x2 in the planar case and 3x3 in the
three-dimensional case, can be inverted in closed form. It should be noted however, that
the formulation does not require the explicit inversion of the element flexibility matrix,
which is of sizes 3x3 and 6x6 respectively in the two and three-dimensional cases. In this
work, the Gauss-Lobatto rule (Stroud and Secrest (1966)) is used for element quadrature.
Though this rule has lower order of accuracy than the customary Gauss-Legendre rule, it
has integration points at the ends of the element and hence performs better in detecting
yielding. Comparing equations (3.39) and (3.40) with the generic equations (3.29), we

have:
e T T 1 T T T \T .
A" =[b"abdx  z,={gf.5],..8);) G=T,Rq, (3.41)
0
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T

H={[abQ] [ab.Q] .. [a b, Q]| (3.42)

3.8. Numerical Solution

Equations (3.26)-(3.28) and equations (3.39)-(3.40) written for every element in
the structure constitute the state equations. They are solved by the numerical algorithm

outlined in subsection 3.5 using the routine DASSL.
3.9. Numerical Example

To illustrate the method, the system of state equations of an example structure is
assembled and solved for two different types of excitation: quasi-static and dynamic. The
response of the state space model is then compared with finite-element solutions of
ANSYS (1992) which uses a conventional incremental displacement method and

stiffness-based beam elements.

The example structure is shown in Fig. 3.2. It is a portal frame consisting of three
element. The connections are assumed rigid. The stress-strain curve of the material is
assumed bilinear with the following properties: E = 199955 kN/mm?, o, =248.2
kN/mm?, Er = 0.03E. The section constitutive model of equation (3.36), requires
definition of five parameters: (i) the elastic axial rigidity £A4, (ii) the initial bending

rigidity (iii) the post-yield bending rigidity aKj, (iv) the parameter n controlling the
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Fig. 3.2. Example Frame

smoothness of transition and (v) a discrete yield point M,. These are obtained by analysis
of the cross-section and are listed in Table 3.2. For dynamic analysis, lumped masses of

24.96 kN.s/m” each are assumed at the top two nodes in the horizontal direction, giving a

Columns
d=203.2 mm
tw=7.2 mm
br=203.1 mm
tr=11.1 mm

Beam
d=303.3 mm
tw="7.5 mm
br=203.3 mm
tr=13.1 mm

structural period of 0.75s. A damping ratio 5% of critical damping is assumed.

The finite-element model in ANSYS was created using the thin-walled plastic
beam element BEAM 24 (ANSYS (1992)). It belongs to the class of stiffness-based fiber
element models. The cross sections of the frame members were divided into 10 layers.
The number of elements was obtained by a convergence study. The macro-element model

for the proposed state-space solution is shown in Fig. 3.3 and consists of three elements

with 5 Gauss points each.

Us

Ue

Fig. 3.3. Node and Element Numbering and Active Displacement DOF
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The state variables for quasi-static analysis of this frame are summarized in Table
3.3. The result of a quasi-static analysis with cyclic displacement input of increasing
amplitude is shown in Fig. 3.4. The state variables for a dynamic analysis are
summarized in Table 3.4 and the results of a dynamic analysis using a ground
acceleration record from the 1994 Northridge earthquake in Fig. 3.5. Also shown in the

figures are results obtained using ANSYS, indicating good agreement.

3.10. Summary

A general formulation for state-space analysis of frame structures has been
presented. The method has been applied to both quasi-static and dynamic problems. The
global state equations of equilibrium and the local constitutive state equations are solved
simultaneously as a system of differential-algebraic equations. The algorithms used for
time-step selection in nonlinear dynamic analysis are to date largely heuristic based on
such ideas as the number of iterations taken in a step for convergence. The state space
approach provides a consistent algorithm based on the truncation error estimate for
automatic time-stepping. A flexibility-based nonlinear bending element has also been
developed in this framework. The accuracy of this macro-element can be refined by
increasing the number of quadrature points, at which the constitutive equations are
monitored, in contrast to increasing the number of elements in conventional finite
element analysis. The feasibility of the state-space approach has been demonstrated by
good correlation with results from a finite element program, which uses a conventional

incremental solution algorithm with densely meshed displacement-based beam elements.
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Fig. 3.5. Dynamic Analysis: Shear Force vs Relative Horizontal Displacement of Left

Beam Element
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Table 3.1. Local state variables for different types of element formulation

Type of Constitutive Type of Element

Model Stiffness-based | Flexibility-based
Strain-decomposition | Total stresses Plastic strains
Stress-decomposition | Hysteretic stresses | Total strains

Table 3.2. Numerical Example - Model Properties

Section A (cm”) I (cm") a (%) N M, (kN-m)
Column 57.99 4504.98 3 8 117.05
Beam 73.96 12535.21 3 8 215.67

Table 3.3. Quasi-Static Analysis - Global and Local State Variables (y;; to y2¢, y26 to
vy3s and y; to ysprepresent curvatures of quadrature sections)

Global Uy Us U Uy us Uog
State Variable b2 » »3 Ya Vs Ve
Element 1 F; M; M; & din
State Variable 7 b Yo Yio 1
Element 2 F; M, M; & "y
State Variable Vo s V24 Vs V36
Element 3 F; M; M; & P
State Variable V37 38 Y39 Va0 Y51
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Table 3.4. Dynamic Analysis - Global and Local State Variables

Global Uy Us Us u; ug Uy u, u,

State variable Vi 2 3 Va4 Vs 6 V7 8

Element state variables same as Table 3.3, but translated by the rule: y?,, = y*, forn>7.
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4. LARGE DEFORMATION BEAM-COLUMN ELEMENT
4.1. Background

Besides inelastic behavior, due to large lateral forces and PA effects, structures
undergo large displacements. In such cases, in order to capture the behavior accurately,
the equilibrium of forces and the compatibility of deformations of the structure need to be
considered in the displaced configuration as opposed to the original configuration. While
the influence of large elastic deformations has been well studied, this section considered
large inelastic deformations. An attempt is made herein to formulate a flexibility-based
planar beam-column element, which can undergo large inelastic deformations. This
element, in connection with the State Space Approach of Section 3, can be used to
analyze structures until stability is lost and gravity loads cannot be sustained. The new
element formulation has no restrictions on the size of rotations. It uses one co-rotational
frame for the element to represent rigid-body motion, and a set of co-rotational frames
attached to the integration points, used to represent the constitutive equations. The

development in this section parallels that of subsection 3.7.
4.2. Overview of Previous Work

Reissner (1972) developed the governing equations of a plane geometric
nonlinear Timoshenko beam starting from the equilibrium equations, and derived the
nonlinear strain-deformation relationships that are compatible with the equilibrium
equations in the sense of virtual work. Subsequently Reissner (1973) extended this
formulation to three-dimensional beams. Huddleston (1979) independently developed

nonlinear strain-deformation relationships for a geometric nonlinear Euler-Bernoulli
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beam. These equations reduce to those of Reissner (1972), when shear deformations are
neglected. Huddleston’s approach forms the basis of the formulation presented herein.

Researchers have studied the computational solution of the nonlinear beam
problem using the co-rotational, the total Lagrangian and the updated Lagrangian
formulations. The treatment of large rotations using the co-rotational formulation was
introduced by Belytschko and Hsieh (1973). In the co-rotational formulation, one or more
coordinate systems called co-rotational frames are attached to material points and rotate
along with them during deformation. Either a single co-rotational frame can be attached
to the element chord or multiple co-rotational frames can be attached to one or more
integration points along the length of the beam (Crisfield (1991)), Simo and Vu-quoc
(1986) developed a general three-dimensional beam element with large rotations and
shear deformation using the latter approach and using quaternion interpolation. Lo (1992)
developed an element using a similar approach. Schulz and Filippou (2001) developed a
total Lagrangian formulation using curvature-based rotation interpolation functions. They
also describe the second order moments resulting from the use of the Green-Lagrange
strain and the second Piola-Kirchoff stress. Yang and Kuo (1994), present an exhaustive
discussion of frame elements using the updated Lagrangian formulation.

All of the above developments deal only with nonlinear elastic constitutive
equations, although they can be extended in the incremental form to inelastic behavior.
The formulations indicated above are based on the principle of virtual displacements. A
flexibility-based approach (principle of virtual forces) for frame elements provides
additional well-known benefits (Park, Reinhorn et al. (1987), Neuenhofer and Filippou

(1997)). Backlund (1976) developed a flexibility-based element. However, large rotations
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were restricted to only the co-rotational frame attached to the undeformed centerline, and
moments and curvatures were assumed linearly distributed within the element. Carol and
Murcia (1989) and Neuenhofer and Filippou (1998) approached the solution of geometric
nonlinear flexibility formulations. The large rotations were restricted again to the element
co-rotational frame. However, second order effects within the element were considered.
Since the force-interpolation matrix is displacement-dependent, Carol and Murcia (1989)
used conventional displacement interpolation functions, while Neuenhofer and Filippou
(1998) used a curvature-based displacement interpolation procedure to approximate the
displacement field within the element. Barsan and Chiorean (1999) used the geometric
linear flexibility formulation and corrected the resulting stiffness matrix using stability
functions. This formulation is also limited to small deformations within the element’s co-
rotational frame and to monotonic loading.

The development in this paper enhances existing modeling by including inelastic
behavior, by introducing large rotations within the element co-rotational frame and by
using the flexibility approach. The solution procedure associated with the proposed

model allows the study of response up to complete flexural collapse.

4.3. Element Formulation

The formulation of the state equations of the flexibility-based large deformation
beam-column element is developed herein. Fig. 4.1(a) shows the deformed shape of a
beam, in co-rotational coordinates attached to the initially straight centerline of the beam,
with the rigid body modes removed. The following assumptions are made: (1) The Euler-

Bernoulli hypothesis holds, that is, plane sections perpendicular to the beam axis before
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(b) Deformation and Transformations

Fig. 4.1. Euler-Bernoulli Beam subjected to Large Deformation

deformation, remain so after deformation and shear deformations are ignored in this
formulation. (2) The cross-section has an axis of symmetry and in the planar case,

bending is about this axis. (3) The only sources of inelasticity are axial and flexural.
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There is no inelasticity in shear. The nonlinear strain displacement relationships are

(Huddleston (1979)):
%z(lﬂ;)(ﬁ %:(lhs)cos&’ %:(l+g)sint9 4.1)

where (&,7) is the coordinate of a point which was at (x,0) before deformation, & is the
angle made by the tangent to the center-line with the horizontal, ¢ is the axial strain of the
centerline and ¢ is the curvature. Considering a small perturbation about this deformed

position, the incremental compatibility conditions are given by:

do

E:é¢+(l+5)¢ (4.2)
fl—f:écosﬁ—[(l+£)sin6’]9 (4.3)
%:ésin¢9+[(l+g)cos<9]9 (4.4)

Integrating these equations over the length of the element and performing a series of
integrations by parts (see a detailed derivation in Appendix II), the following variational
equation is obtained:

ql L & L

=14, = j b" { ;}dx = j b édx (4.5)

. 0 ¢ 0

q;
where ¢, = the component along the element chord of the displacement of the right end of

the element relative to the left end, ¢, g3 = rotations at left and right ends relative to the

chord as shown in Fig. 4.1(a).¢3=(1+5)¢, rather than ¢, is found to be the work
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conjugate of the co-rotational moment. This is in agreement with the formulation by

Reissner (1972). € = {g ¢Z}T b is the force interpolation matrix given by:

cosd - sin @ B sin @

. §L) e wo
. £ £
S(L) S(L)

It is observed that under small deformations, equation (4.6) reduces the result of
Neuenhofer and Filippou (1998). From the equilibrium of a segment, as shown in Fig.

4.1(a), the stress resultant vector at any section is obtained as:

P )
.’F:{M}:b 0, =bQ (4.7)

O
where P = axial force at any section, M = bending moment at any section, Q; = force
component parallel to the element chord, O, = bending moment at the left end and Qs =

bending moment at the right end. Note than the forces in the vector Q are in element

coordinates.
4.4. Transformations of Displacements and Forces

The global displacements and the rates of displacement have to be converted to
local element coordinates and subsequently to deformations in the element co-rotational
system by eliminating the rigid body modes. Fig. 4.1(b) shows the element in the
undeformed and the deformed configurations. €. is the undeformed chord angle made

with the horizontal in the undeformed configuration. 6, is the chord angle after rigid
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body rotation in the deformed configuration. The reference chord rotation is (see Fig.

4.1(b)):

6.-0,-0 (48)

e

Assuming that (x;,y1) and (x2,02) are the coordinates of the element end nodes in the
undeformed configuration and (xl’,yl’) and (xz’,yz’), those in the deformed configuration,

then,
X =xtu, o p=Eytu, XN=Xtu, Y, =Y, U, (4.9)

where (uy1, uy1, ua) and (uw, uy, ug) are the beam generalized displacements at the

respective nodes. The length of the chord in the deformed configuration is then:

f(L)=\/(x'z—Xi)2+(y;—y{)2 (4.10)

where L is the original chord length. The generalized deformations, ¢;, in the co-

rotational system (see Fig. 4.1), devoid of rigid body components, are:
ql:‘f([’)_l‘ g, =ty —0. q; =uy, —0, (4.11)

The independent end forces in the co-rotational system have to be transformed into the
global coordinate system so that they can participate in the global equations. Considering
equilibrium in the deformed configuration leads to the following transformation for the

forces:

F=B‘Q or F=R'T;Q (4.12)
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where F is the vector of end forces in the global coordinate system. R is the rotation

matrix from global to local coordinates, Tr is the transformation from local to co-

rotational coordinates and B¢ = R"Ty is the element equilibrium matrix.

cos 6 —sind 0| ]
, , [
sinf, cos6, O} 0
[
0 0 1!
R=| - - e e (4.13)
I cosf, —sing, 0
0 isiné’; cosd, 0
_ o 01
1 0 0 -1 0 0
T, =|0 L L 0 (4.14)
e ¢(2) '
0 L 0 0 L 1
<L) (z) |

Since the displacement rates are work conjugate to the forces, they are transformed by:

q=T;Ru, (4.15)
T
Whe:reuez{uxl U, Uy U, U, ”92}-

4.5. Approximation of the Element Displacement Field

As seen in Eq. (4.6), the instantaneous force-interpolation matrix, b, depends on
the displacement field in the element, relative to the element co-rotational frame. This
field therefore needs to be approximated. The determination of the displacement field
using the compatibility equations (4.1), is an over-specified two-point boundary value

problem, since all the end displacements and the strains at the integration points are
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known at a given instant. For small deformations, Neuenhofer and Filippou (1998)
successfully used a Curvature Based Displacement Interpolation procedure to obtain the
displacement field. However, when used with the large deformation compatibility
equations, and with more integration points, this procedure is found to result in
oscillatory displacement fields. Hence, the following procedure is used for this purpose:
(1) An implicit first order method is used to integrate Eqgs. (4.1) as an initial value

problem (IVP) starting from one end of the element as shown below:

Hil+l = 91'1 +(xi+l _xi)&m étlJrl = é:il + (xm —X )COS(G}H)
nla=n +(x.,-x)sin(6,,) i=12,..NG-1 (4.16)
where NG = number of integration points and subscript i denotes the i™ integration point.

(i1) The equations are solved a second time as an IVP starting from the other end of the

element.
0, =60 +(x_—-x)f., &= +(x_—x)cos(6,)
niy=n +(x,—x)sin(67,) i=NGNG-1,....2 (4.17)
(ii1) The displacements at the integration points are approximated as the weighted average
of the two solutions: y, =4y, +(1-4) x/ where y denotes any of the components of the

element displacement field, €, & or 7, and A is a weighting factor. 4 = 0.5 is used in this
work. This approach is found to produce sufficiently accurate results, as shown in the

numerical examples.
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4.6. Constitutive Relations

The inelastic behavior of members is modeled in a macroscopic sense. The
relationships between stress resultants (axial force, bending moment etc.) and generalized
strains (centerline strain, curvature etc.) are used directly, instead of the material stress-
strain relationships. The rate form of multi-axial plasticity (2.48) is used along with the

cross-section yield function (2.49). The section constitutive equation is given by:
¢=a'F or é=a’(bQ+BQ) (4.18)

-1

where a' is the section tangent flexibility matrix, f ={ak+(I-a)k[I-H,H,B]} , k is

the cross-section elastic rigidity matrix, o is the diagonal matrix of post-yield rigidity
ratios and I is the identity matrix. B is the matrix of the interaction between the stress
resultants given by equation (2.42). Substituting equation (4.18) in equation (4.5), we

have:
L . L .
{ j b'a’ bdx}Q =T.Ru, - [ j bTatbdx} Q (4.19)
0 0
The second term on the right hand side is the initial stress term. The Gauss-Lobatto rule
is again used for element quadrature.

4.7. Summary of State Equations

The element state equations of (3.29), for the large deformation element, take the

form:

{ j bTa’bdx}Q =T,Ru, —[ j bTa’bdx}Q (4.19)

0 0
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¢&=a(bQ+bQ)  i=12,..NG (4.20)

Comparing equations (4.19) and (4.20) with the generic equations (3.29), we have:

L
AY = J‘bTatbdx , the element tangent flexibility matrix 4.21)
0
z,= {ef,eg,...,sﬁG}T , the element states (4.22)
L o]
G =T.Ru, - { [babdx |Q (4.23)
0 ]

T —
geeey

1= ([, (50 +5,Q)] [a: (5:0+5.0) ] .. [, (01,0 +5,,Q) | 424

Equations (3.26)-(3.28) and equations (4.19)-(4.20) written for every element in the

structure constitute the state equations. They are solved using DASSL.
4.8. Numerical Example 1: Snap-through of a deep bent

The elastic snap-through analysis of the bent structure (see for example, Crisfield
(1991)) shown in Fig. 4.2 is carried out using two flexibility-based elements, one for each
member and having seven integration points (NG = 7). The non-dimensional properties of
the structure are shown in Table 4.1. Fig. 4.2(a) and (b) show the force-displacement
behavior for two height/span ratios (0.05 — shallow bent and 0.25 — deep bent). The
figures also show standard displacement-based solutions obtained using ABAQUS using
10 B23 type elements (ABAQUS, 2000). The results indicate discrepancies smaller than

5% at maximum and less than 1% on average.
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107 s ABAQUS (10 B23 elements per member)
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(b) Case (2): Deep Bent (4/L = 0.25)

Fig. 4.2. Numerical Example 1: Force-Displacement Response

Table 4.1. Numerical Example 1: Non-dimensional Structural Properties

S h

A (L2 +h ) VA
Case (1) 2x10™ 0.05
Case (2) 1.88x10™ 0.25
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4.9. Numerical Example 2: Collapse of a single-story structure

Fig. 4.5 shows a single story frame. Each of the columns can be modeled as being
fixed at the bottom and free to translate but fixed against rotation at the top. The columns
have a standard AISC S3x5.7 cross-section. This choice is made because a series of
experimental studies that have been planned using this configuration. The modulus of
elasticity of the material is assumed as E = 2x10° MPa (29000 ksi), the yield stress as oy
= 248.8 MPa (36 ksi) and the hardening ratio as a = 0.03. The cross-section has axial
rigidity, EA = 2.11x10° kN (47362.8 kip), flexural rigidity, EI = 2.08x10° kN-mm®
(72210 kip-in®), axial force capacity, Py, under no bending moment = 262.2 kN (58.8
kip), strong axis bending moment capacity, M,, under no axial load = 7248.7 kN-mm (64
kip-in) and the ratio of post-yield to elastic rigidities, a = 0.03. One flexibility-based

element with 10 integration points is used to represent each column.
4.9.1. Constitutive Equation for S3x5.7 cross section

The axial force-moment interaction diagram for the S3x5.7 cross-section,
obtained by a fiber model analysis of the section is shown in Fig. 4.4. The parameters of
the yield surface given by equation (2.49) are obtained as b; = 1.5 and b, = -0.3 to best fit
the results from sectional analysis. The yield function the of the cross-section is therefore
given by:

1.5-0.3|
||

P = +|m|-1=0 (4.25)

The constitutive equation of the section is then given by equation (2.48).
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4.9.2. Nonlinear Static Analysis

The frame is subjected to a constant vertical load representing the weight and a
lateral load applied in displacement control. Each column carries an axial force of 21% of
the elastic critical buckling load, when vertical. The force deformation response of one of
the columns is shown in Fig. 4.5. The figure also shows the standard displacement-based
solution obtained using ABAQUS, with the material properties listed above and a
kinematic hardening model. The slight difference in the two solutions stems from the fact
that the flexibility formulation suggested in this paper uses the section-constitutive
behavior, while the displacement-based solution in ABAQUS uses the material stress-
strain relations directly. This results in the transition from elastic to inelastic behavior
being represented differently in the two cases. Fig. 4.6 shows the convergence of the

flexibility-based element with increasing number of integration points.
4.9.3. Dynamic Analysis

The above one-story structure is subjected to an earthquake excitation
corresponding to the El Centro NS-1940 acceleration record with a peak ground
acceleration of 2.55% of the acceleration due to gravity (g). The total mass on the
structure = 4x0.2156F""“/g. The period of small amplitude elastic vibration of the

structure is given by:

T Faxtal
tan| — critical
I [ 2\F
T=2r /— _ —
g T Faxml
5 Fcritical

1 (4.26)
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and equals 1.29 sec for F*/F" = (0.2156. The damping constant is taken to be ¢ =
1.304x107 kN-sec/mm, which corresponds to a 5% damping ratio for small amplitude
elastic vibration. The results of the dynamic analysis are shown in Fig. 4.7(a) to Fig.
4.7(c). The structure collapses after 2.5 sec as indicated by the large lateral and vertical
displacements in Fig. 4.7(a) and (c) and by the loss of lateral strength capacity in Fig.
4.7(b). Additionally, the response of a similar structure tested to collapse was

successfully simulated using the above procedure (see Vian et al. (2001)).
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5. THE LAGRANGIAN APPROACH - FORMULATION

5.1. Background

In this section, a second alternative method is proposed for the analysis of
structures considering both material and geometric nonlinearities. The formulation
attempts to solve problems using a force-based approach in which momentum appears
explicitly and can be potentially used to deal with structures where deterioration and
fracture occur before collapse. In Sections 3 and 4, the response of the structure was
considered as the solution of a set of differential equations in time (DAE when there are
constraints). Since the differential equations hold at a particular instant of time, they
provide a temporally local description of the response and are often referred to as the
strong form. In contrast, in this section, a time integral of functions of the response over
the duration of the response is considered. Such an approach presents a temporally global
picture of the response and is referred to as the weak form.

The kernel of the integral mentioned above consists of two functions — the
Lagrangian and the dissipation functions — of the response variables that describe the
configuration of the structure and their rates. The integral is called the action integral. A
precise formulation of these functions is the subject of this section. In elastic systems, the
configuration variables are typically displacements. It is shown here, however, that in
considering elastic-plastic systems it is natural to also include the time integrals of
internal forces in the structure as configuration variables. The Lagrangian function is
energy-like and describes the conservative characteristics of the system, while the
dissipation function is similar to a flow potential and describes the dissipative

characteristics. In a conservative system, the action integral is rendered stationary
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(maximum, minimum or saddle point) by the response. In analytical mechanics, this is
called Hamilton’s principle or more generally the principle of least action. For non-
conservative systems such as elastic-plastic systems, such a variational statement is not
possible, and only a weak form which is not a total integral is possible.

Such a weak formulation enables the construction of numerical integration
schemes that have energy and momentum conservation characteristics. This construction

and the numerical solution are presented in Section 6.
5.2. OQOutline

An overview of variational methods that have been developed for plasticity is first
presented in order to place the present work in context. The concept of reciprocal
structures and their Lagrangian formulation is then explained using simple systems with
springs, masses, dashpots and sliders. The Lagrangian formulation for skeletal structures
is subsequently developed and treatment of geometric nonlinearity is shown. Some
remarks are then made about the uniqueness of the solution and the extension of the
approach to continua. The numerical integration of the Lagrangian equations by discrete

variational integrators is discussed in the next section.
5.3. Variational Principles for Plasticity

Variational formulations of plasticity are based on the principle of maximum
dissipation and the consequent normality rule. The equivalence of maximum dissipation
and normality is demonstrated for example by Simo, Kennedy et al. (1989). The local
Gauss point level constitutive update has been ascribed a variational structure based on
the concept of closest point projection (Simo and Hughes (1998) and Armero and Perez-

Foguet (2002)). Various approaches have however been used for deriving global
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variational formulations for plasticity, each of which when discretized in time, leads to a

constrained minimization problem in every step. These are listed below:

1.

Complementarity and Mathematical Programming Approach: Maier (1970) starting

from the equivalence of the Kuhn-Tucker conditions and the linear complementarity
problem for piecewise linear yield functions derived minimum theorems for
holonomic elastic-plastic structures. Capurso and Maier (1970) extended this
formulation to nonholonomic structures. They derived a primal minimum theorem
for a function of displacement and plastic multiplier rates and a dual minimum
theorem for a function of stress and back stress rates. When discretized in time using
the Backward Euler method, these minimum principles lead to quadratic
programming problems in displacement and stress increments respectively. For an
extensive survey of this approach and its application by other authors, see Cohn et al.
(1979). More recently, Tin-Loi (1997) has presented plasticity with nonlinear
hardening as a nonlinear complementarity problem. For a discussion of the
complementarity problem, the reader is referred to Isac (1992).

Variational Inequality Approach: Duvaut and Lions (1976) formulated static as well

as dynamic plasticity problems as variational inequalities. Johnson (1977) and Han
and Reddy (1999) formulated the static plasticity problem as a Variational inequality
similar to that of Duvaut and Lions (1976). They used this formulation to show
existence and uniqueness and to develop a finite element spatial discretization. For
the solution of the minimization problem resulting in each increment, Johnson

(1977) used Uzawa’s iterative method (see for example, Ekeland et al. (1976)), while
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Han and Reddy (1999) used a predictor corrector method. For a treatment of
variational inequalities, see Kinderlehrer and Stampacchia (1980).

3. Convex Analysis and Monotone Operator Approach: Romano et al. (1993) used the

variational theory of monotone multivalued operators to derive rate variational
principles for plasticity. De Sciarra (1996) extended this approach to derive several
variational principles involving stress rates, displacement rates, back stress rates,
plastic multiplier rates etc. which are generalizations of the Hu-Washizu mixed
variational principle (Washizu (1982)). These principles impose the yield conditions
and flow rule in a variational sense, leading to the concept of a global yield function
(Romano and Alfano (1995)). Cuomo and Contrafatto (2000) used an augmented
Lagrangian approach to solve the nonlinear programming problem arising in each

increment.

Panagiotopoulos (1985) and Stavroulakis (2001) discuss the relationship between these
different approaches listed above. The most common procedure is to use the Backward
Euler method to approximated the rate quantities in the variational statement leading, to a
constrained minimization problem in each time increment (see Simo, Kennedy et al.
(1989) for a detailed presentation). Beyond the variational inequality formulation of
Duvaut and Lions (1976), not much work has been done in the variational formulation of

dynamic plasticity.

In this work, a weak formulation for dynamic plasticity is attempted using
Hamilton’s principle. It can be shown that the Backward Euler method used in the
literature discussed above for quasi-static plasticity is unsuitable for dynamic analysis

because of its excessive numerical damping. In the next section, a numerical integrator
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well-suited for dynamic analysis is developed by discretizing the variational principle

instead of the differential equations.
5.4. Simple Phenomenological Models of Reciprocal Structures

Reciprocal structures are those structures characterized by convex potential and
dissipation functions. A more precise definition is provided in subsection 1.5. In this
subsection, the concept of reciprocal structures is explained using simple spring-mass-
damper-slider models. The mixed Lagrangian and Dissipation functions of such systems
are derived and various structural components that such a formulation encompasses are

listed.

5.4.1. Mass with Kelvin type Resisting System

Fig. 5.1. Mass with Kelvin type Resisting System and Force Input

Consider a spring-mass-damper system where the spring and the damper are in
parallel (Kelvin Model) as shown in Fig. 5.1 and subject to a time-varying force input

P(f). The well known equation of motion of this system is given by:
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mii + ci + ku = P (5.1)

where m is the mass, k is the modulus of the spring, ¢ is the damping constant, u is the
displacement of the mass and a superscripted “.” denotes derivative with respect to time.
The well known approach in Analytical Mechanics is to multiply equation (5.1) by a

virtual displacement function du, integrate over the time interval [0,7] by parts to obtain

the action integral, Z in terms of the Lagrangian function, £, and the dissipation

function, ¢, as shown below (see for example, Jos¢ and Saletan (1998)):
T T a . T
5T = 5[ £ (u,ii)di + M&'udt ~ [ Péudi=0 (5.2)
0 0 au 0

where O denotes the variational operator, and the Lagrangian function, £, and the

dissipation function, ¢, of this system are given by:

E(u,a):%maz —%kuz (5.3)
N
o(i)=—ci (54)

Notice that due to the presence of the dissipation function and because the force P(¢) can

in general be non-conservative, equation (5.2) defines 6Z and not Zitself. Conversely,

starting from (5.2), equation (5.1) can be obtained as the Euler-Lagrange equations:

i[@{,’)_(aﬁij@l'ﬁ:P = mii+cu+ku=P (5.5)
dt\ ou ou ou

Thus, the Lagrangian function, the dissipation function and the action integral determine

the equation of motion.
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5.4.2. Mass with Maxwell type Resisting System

Fig. 5.2. Mass with Maxwell type Resisting System and Displacement Input

Consider on the other hand, a spring-mass-damper system where the spring and
the damper are in series (Maxwell Model) as shown in Fig. 5.2 and subject to a time
varying base-velocity input, v;,(f). We wish to obtain a Lagrangian function and a
dissipation function for this system that determine the equations of motion as above.

Expressing the compatibility of deformations results in:
VvV, +—+—=1u (5.6)

where F'is the force in the spring and damper. Writing the equation of equilibrium of the
mass, we have:
mii+F =0 (5.7)

Integrating equation (5.7) for u# and substituting in equation (5.6) gives:

l1«'“+11«“+ij1«“dr=—v,.,,—vo (5.8)
k c ms,
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t
where vy is the initial velocity of the mass. Letting J = j Fdrt (this idea has been used by

El-Sayed et al. (1991)), the impulse of the force in the spring and damper, equation (5.8)

can be written as:

1. 1. 1
;J+ZJ+;J=—VM = (59)

From the correspondence between equations (5.9) and (5.1), we conclude that the

Lagrangian function, £, the dissipation function, ¢ and the action integral, I of this

system are given by:

11 11

L(J,J):Ezﬂ—g;ﬂ (5.10)
¢(]):%%J2 (5.11)
5Z = 5]4‘ JJdt+J. (J)aJde L (1) +v, |6Jdt (5.12)

Equation (5.9) can also be thought of as the equation of motion of the dual system shown

in Fig. 5.3.

1/m

Ik —

1/c

Fig. 5.3. Dual of System in Fig. 5.2
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We observe that while the Lagrangian and Dissipation functions involve the
displacement and the velocity for a parallel (Kelvin type) system, they involve the

impulse and the force for a series (Maxwell type) system.

5.4.3. Mass with Combined Kelvin and Maxwell Resisting Systems
ki
80003300

Ci
| P
m >
C2
SR

2 7

Fig. 5.4. Mass with Combined Kelvin and Maxwell Resisting Systems

Consider now the combined Kelvin-Maxwell system shown in Fig. 5.4 subject to
a Force Input. (Note that the velocity input has been excluded for the sake of simplicity).
The forces in the springs are denoted by F and F; respectively and their impulses by J;
and J,. If we define the flexibilities of the springs as a; = 1/k; and a, = 1/k», then the

equations of equilibrium and compatibility become respectively:
mii+ci+ku+J, =P (5.13)

a2j2+ijz—a =0 (5.14)

2
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It is found that elimination of either u or J, results in a differential equation that does not
have a weak formulation (see introduction in subsection 5.1) that separates in to a
Lagrangian part and a dissipation part. Such a formulation would therefore not lend itself
to the derivation of the discrete variational integrators of the next section. Moreover,
when considering plasticity, the dissipative term in equation (5.14) is not single valued
and hence, elimination of .J, would not be possible. It is therefore necessary to devise
mixed Lagrangian and dissipation functions that contain u, J> and their time derivatives.

Consider the following Lagrangian and dissipation functions and action integral:

PN BT 1 .
L',(u,Jz,u,Jz)=§mu2 —Eklu2 +§a2J22+J2u (5.15)
P PO B
go(u,Jz)ZEcluz +EZJ22 (5.16)
T ' T . T ool(J T
57 ==5[ £ (i, J, )di + | CAOPYN [ M&szz ~[Pouar (5.17)
0 0 au 0 8']2 0

It can be easily verified that the corresponding Euler-Lagrange equations are:

i(%)_(%jﬁ_?:p = mii+cii+ ku+J, = P (5.18)
dt\ ou ou ou

dfoL) [9£) 00 o - 45+ ) —iz0 (5.19)
dt\ oJ, oJ, ) dJ, G

which are respectively the equilibrium equation of the parallel subsystem and the
compatibility equation of the series subsystem. Bryant (Bryant (1959)) and Stern (Stern
(1965)) describe a method to determine a Lagrangian with a minimal set of variables for

electrical networks. Fig. 5.5 shows the electrical circuit that is analogous to the
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mechanical system of Fig. 5.4 (see Table 5.1). Equation (5.15) is indeed a minimal set

Lagrangian.

Capacitance, Cy = 1/k;

Resistance, Ry = 1/¢;

A
M

| Current, i1 = F}

izze

Current Source, I =P

sz 1/k2 R2: 1/6‘2

Inductance, L = 1/m

\Voltage v = Velocity v

Fig. 5.5. Electrical Circuit Analogous to Fig. 5.4

Table 5.1. Electrical Analogy

Mechanical System

Electrical System

Force (F) Current (7)
Velocity (v) Voltage (v)
Impulse (J) Charge (gq)

Displacement (u)

t
Flux Linkage J.vd T
0

Spring Stiffness (1/k) | Capacitance (C)
Damping (1/c) Resistance (R)
Mass (1/m) Inductance (L)

77



5.4.4. Alternate formulation for Combined Kelvin and Maxwell System

It is found however, that it is more convenient for MDOF structural systems to
use a Lagrangian function of all the spring forces as shown below, even though it is not

minimal.
. 3 1 ) 1 72 1 s 2 .
E(Jz,u,J2)=§mu toald! v ad; +(J,+J,) (5.20)
or in matrix notation:

£(J,L‘:,J):%muz+%JTAJ+JTBT£¢ (5.21)

0
where J = [J; L], A :{(g }, the flexibility matrix and B = [1 1], the equilibrium
a,

matrix. The equilibrium matrix operates on the vector of internal forces to produce the
vector of nodal forces. The compatibility matrix operates on the velocity vector to
produce the rate of change of deformation. As a consequence of the Principle of Virtual
Work, the transpose of the compatibility matrix is the equilibrium matrix. The dissipation
function and the action integral are still given by equations (5.16) and (5.17). The Euler-

Lagrange equations are:

d % _(9£ +a—?:P = mii+ci+BJ=P (5.22)
dt\ ou ou ou

i(%]—[%}a—?:o = AJ+8—(.p—BTu:O (5.23)
dr\ 8J oy ) ol aJ
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The mixed Lagrangian of equation (5.21) and the Dissipation function of equation (5.16)
form the basis of further developments in this paper. Observe that the Lagrangian is not

unique. For example, the Lagrangian:
Z(u,J,d,J)=%md2 +%JTAJ—JTBTu (5.24)

would result in the same governing differential equations (5.22) and (5.23). In fact, any

Lagrangian differing from that in (5.21) by only a gauge transformation of the form:
L(udi,3)=L(3.i,5) +i;((u,J) (5.25)
dt

where y( u,J) is any scalar function would result in identical Euler-Lagrange equations
(see for example, Scheck (1994)). The form (5.24) is obtained from a Legendre
transformation of the potential energy in spring 2. However, we prefer the form (5.21)

due to its following features:

1. It does not contain the displacement, u explicitly. Therefore the momentum, . is
u

conserved (see for example, Scheck (1994)). This leads to the idea of the generalized

momentum:

:%zmuul +J, (5.26)

u

2. It extends to geometric nonlinear problems where the equilibrium matrix B is not

constant, as shown in a later section.
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Thus far, weak formulations have been derived for dynamic systems with viscous
dissipative functions as illustrations. We now proceed towards the original goal of

developing weak formulations for dynamic systems with plasticity.

5.4.5. Elastic-viscoplastic Dynamic System

.,
100158

I-)- |
o

n

Fig. 5.6. Elastic-visco-plastic Dynamic System

Consider the elastic-visco-plastic dynamic system of Fig. 5.6. As shown in
Section 2, this is in fact a visco-plastic regularization of the elastic-ideal-plastic system of
Fig. 5.7. Let the yield force of the slider be F), so that that force Fijiqer in the slider is such
that |Fiiiger] < F). If the force in the spring is F, then as in equation (2.20) of Section 2, the

rate of deformation of the slider-dashpot combination is:

i, =%<|F|—Fy>sgn(F) =%<M—Fy>sgn(]) (5.27)

t
where again, J = I Fdrt, <x> is the Mackaulay Bracket and sgn(x), the signum function.
0

Again, from equation (2.22) of Section 2, the above constitutive equation can be obtained

as follows from a convex dissipation function:
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. 1 /- 2 _ 8§0J 1. )
-] = il 6

The equations of equilibrium and compatibility are therefore,

mii+J = P
. op(J (5.29)
aJ+M—u:O
oJ

where a = 1/k, and it is verified without difficulty that the Lagrangian function, the

dissipation function and the action integral are respectively:

L(J,u,J) =%ma2 +%aj2 (5.30)
. 1 . 2
¢(J)=%<‘J‘—Fy> (5.31)
57 = —5}5(],51, J)dt + E%Jdt - jP&udt (5.32)
0 0 0

5.4.6. Elastic-Ideal plastic Dynamic System

F, > e

Fig. 5.7. Elastic-ideal-plastic Dynamic System
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Fig. 5.7 shows an elastic-ideal plastic dynamic system. As noted above, this
system is obtained from the viscoplastic one in the limit of the regularizing viscous
coefficient, 7, going to zero. The dissipation function ¢ of equation (5.28) then becomes:

0 if |J|<F,

o(J)= wif >, (5.33)

1e., (p(J):uc (J) where C is the elastic domain, C:{x:|x|<Fy}. The Lagrangian

formulation of the elastic-ideal plastic system is then the same as that of the elastic
viscoplastic system, i.e. equations (5.30)-(5.32), with the dissipation function of equation

(5.31) suitably interpreted.
5.4.7. Summary of Phenomenological Models

It is observed from the preceding discussion that many types of phenomenological
behavior can be modeled using a formulation consisting Lagrangian function, a
dissipation function and an action integral. A new form of the Lagrangian function has
been introduced which contains the impulse of the internal force. The specific forms of
the dissipation function have been presented for viscous, visco-plastic and ideal plastic
behaviors. The concepts are provided a formal terminology in subsection 5.5 and are

extended to frame structures in the following subsections.
5.5. Reciprocal Structures

Materials whose constitutive behavior can be characterized by a potential function
and a dissipation function are called Generalized Standard Materials (Nguyen (2000)).
Components whose potential as well as dissipation functions are convex functions

(Hiriart-Urruty and Lemaréchal (1993)) are called reciprocal. A structure composed
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entirely of reciprocal components is called a reciprocal structure (analogous to the term
reciprocal network of Stern (1965)). Such structures have a Lagrangian Formulation. The
systems discussed in the previous sub-sections are of this type. This class also includes a
wider variety of other behavior such as hyperelasticity, rate-independent plasticity,
viscoelasticity, viscoplasticity and tension- or compression-only resistance. Appendix III
shows the contributions of various one-dimensional reciprocal components to the
Lagrangian and Dissipation functions. These can be expressed in their more general
vector or tensor forms and used in the structural analysis methodology discussed below.
However, for the sake of simplicity and concreteness, the derivations here are limited to

linear-elastic ideal-plastic (non-hardening) components.

5.6. Compatibility Equations of a Frame Element

In order to obtain a Lagrangian formulation for a frame structure, the
compatibility equations need to be expressed in a form similar to equation (5.23). The
compatibility and constitutive equations of a frame element are now derived, which are
then assembled to form the compatibility equation of the structure. Consider the beam
element with rigid plastic hinges at the two ends. From Fig. 5.8(b), the compatibility of

deformations in the element gives:

éhingel q.llJeam éhingeZ (]l

0 Grean 0 g’
_.thyingel i q:lzeam n 0 _ qz —0 (534)
Hhingel Dream _ 0 q

0 Grean | | Oineer | |4’

0 Grean) | TOningez)  |4°

Let A° be the elastic flexibility matrix of the element. Then:
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Qo = AQ (5.35)

T
1 2 3 4 5 6 : :
where q,,,, = {qum Dovam  Drvam Dovam Drcam q,mm} and Q is the element independent

end force vector. Let @hinger and @hinger be the dissipation functions of hinges 1 and 2

respectively. Then from equation (5.34) we have:

ghingel ghingeZ a

e'y _ ¢hingel d e'y _ ¢hing62 5 3 6
hingel [ — an hinge2 ([ — ( . )
Nz hingel Nz hinge2

011ingel 011ing62

where Fjinget and Fiinge1 are the stress-resultants in hinges 1 and 2 respectively. But due

to the sign conventions of the end forces and internal stress-resultants,

T T e
‘Ezingel = {Ql _Q3 Q4} and 'Eu’ngel = {Ql QS _Q6} : Deﬁne (0 = (Dhingel +¢hing62 b the

dissipation function of the element. Then we have:

éhingel ‘éhingeZ

0 0

il | 0| o0 637
Oea | | 0 | 2Q

0 Opinger

0 _ghzingez

Substituting equations (5.35) and (5.37) in equation (5.34) gives the element equation:
e a¢9 Tee
AQ+———-B'u‘ =0 (5.38)
Q

In the next subsection, the element compatibility equations are assembled to form the

compatibility equation of the structure.
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(b) Deformations

Fig. 5.8. Beam Element with Rigid-Plastic Hinges

5.7. Governing Equations of Skeletal Structures

The governing equations of the structure consist of the equilibrium equations, the
compatibility equations and the constitutive equations. From Appendix I, the equilibrium

equations are:
Mii+Cu+BJ-P=0 (5.39)

Define the elastic flexibility of the structure by:
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Ae,l
Ae,2
A= _ (5.40)

Ae’Nelem

As in Appendix I, let F:{(QI)T (Qz)T (QNM )T}T and define sz.FdT, the
0

impulse vector. Then the compatibility equation of the structure is given by:

2o(d)

AT+
oJ

-B"a=0 (5.41)

Internal imposed displacements within elements, such as resulting from pre-stressing or
thermal loads have been neglected here for the sake of simplicity, resulting in there being
no forcing term in equation (5.41). Pre-multiplying equation (5.39) by a kinematically
admissible virtual displacement ou (satisfying compatibility), and equation (5.41) by a

statically admissible virtual impulse oJ (satisfying equilibrium), we have:

Su™ii+Su"Ca+5u"BJ-Su"P =0

. op(J (5.42)
SITAT+65" ﬁ- SI"B"u=0
oJ
Adding equations (5.42) and integrating over the time interval [0,7], we obtain:
T T . T .
[ su"Miids + [ 53" Adde + [ "B Su—53"B 4 |di
’ ’ ’ (5.43)

+JT‘5uTCﬁdt+‘T[5JTa(p—(.J)dt—j.§uTP =0
0 0 aJ 0

Consider the first integral,
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T T T
[ su"Miidr = su™u|, ~ [ 5a"Midr = —§j%ﬁTMﬁdt (5.44)
0 0 0
Similarly the second integral,
L . L1 .. .
j SITAJdt =5 j EJTAJart (5.45)
0 0

Equilibrium is considered in the undeformed configuration, so that the equilibrium matrix
B is a constant. Geometric nonlinearity, where B is a function of u, is considered in the

next subsection. The third integral of equation (5.43) is then,
T T

T T T
j J"B"Suds — j SI"Budt = JTBTau[ _ jJTBTéudt - j SI"BYudt = -6 j I Bud: (5.46)
0 0 0

0 0

Substituting equations (5.44), (5.45) and (5.46) in equation (5.43), we have:

T
57 =-6 j BuTMu +%JTAJ +JTBTu}dt
0

. (5.47)
t T t T 8¢(J) t T
+[su"Cadt+ [ 53" ——dt—[5u"P=0
0 0 8J 0
The Lagrangian and the dissipation function are then given by:
£(J,0,d)= %uTMu +%JTAJ +J"B"u (5.48)
N :
pu,J)==—u"Cu+g¢(J 5.49
o(i,3)=- o (J) (5.49)

Conversely equations (5.39) and (5.41) can be obtained from the relation (5.47) as Euler-

Lagrange equations.
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5.8. Effect of Geometric Nonlinearity on the Lagrangian Function

Having examined the structural dynamic problem under small deformations, it is
now desired to consider equilibrium in the deformed configuration. The effect of large
structural displacements is considered, while that of large deformations within the
corotational frames of elements is ignored. This seems to be justified for elastic-plastic
frame elements where significant displacements occur after yielding when hinges form,
thus not accompanied by large deformations within the element corotational frame. The
effect of the change of length on the flexibility coefficients of beam-column members is
also neglected since this is a higher order effect. Large deformations may be included by
proceeding from the Lagrangian density and performing spatial discretization such as by
the Finite Element Method. Some remarks on this are made in a later section.

The added ingredient is only the fact that the equilibrium matrix, B, is a function
of displacement, B(u), as seen for example from equation (4.12) of Section 4. However,
the equilibrium equations (5.39) being in global coordinates and the compatibility
equations (5.41) being incremental (compatibility of deformation and displacement rates)
must both remain unchanged by this additional consideration. It is now demonstrated that
the spatially pre-discretized Lagrangian of equation (5.48) holds in the deformed

configuration as well. The Lagrangian is now:

T

£(uJdu,Jd)= %ﬁTMiH%JTAJ +J"[B(u)] 0 (5.50)
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The dissipation terms and the external forcing function remain the same. Moreover, since
. . . d(oL oc .
only an additional function of u is introduced, the term Z(Ej_(ﬁj also remains

unchanged. Therefore, it is sufficient to examine the term 4 % _[2£ .
dt\ ou ou

i(azj—(a/;j:Mﬁ+i(BTJ)—i(ﬁTBTJ)

di\ ou ) ou dt ou
B 4 (5.51)
=Mii+B"J+ ——(uTBT) J
dt ou

Let the structure have a total of N, deformations (and hence N, internal forces).

The matrix B therefore has N, columns. Let B, represent the i column of B (Notice that

the meaning of B, here is different from that in the last section, where it denoted the ih

. o . , 0 /.
column-wise partition of B). Consider the /™ column of the term (7j —a—(uTB) .
t u
[ B, 9B, . 0B, |
Bli Ou, Ou, uy,
9By, 0By .. OBy
dBi _ i B-Zi _ Ou, Ou, uy, 0 (552)
dt dt : : :
By, By, OBy, oBy,;
! L Ou, Ou, e uy, ]
-TpT - T T T T T
ubB =u |:B1 B2 Bi BN:|
(5.53)
=[Bu B, - Bu - By, arow vector

Therefore,
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[ o8, o8, By, |

Ouy Ouy Ou,

a a aBli aBZr cee aBNu“

T T. F) 3 d .
[—(u B)} =—(Bla)=| ™ ™ “olg (5.54)

ou i column ou . : :

0B, 0By, ... aBNuf

ouy, uy, Ouy,

It is postulated that the ™ deformation component, &), is a twice continuously

T
differentiable function of the deformed configuration. Then B, = (%} is the Jacobian
u

of the deformation function, and aaB" =(
u

T
OB, o’¢, . :
~ | =—, the Hessian is symmetric. Hence
ou ou

the right hand sides of equations (5.52) and (5.54) are equal, implying that

(%) _ai(“TB) = 0. Having recognized the symmetry in B, the above result may also
u

be proved using index notation as follows:

(dBj 0 (0"B)=B,-B, i, =B, i,—B, i,=B,i,-B =0 (555)

a i.p"p ii.p"p ij.p™i pii%p ij.p™i
dt ou

Thus the formulation remains unchanged when geometric nonlinearity is included.

5.9. Extension to Continua

It is shown in Appendix IV that weak formulations analogous to equations (5.47)
through (5.49) can be obtained for continua. The final results are presented here. For a

three dimensional continuum, the Lagrangian formulation is given by:

1. . 1, .. 1 ..
[zEukuk +EA[jliiijl +p—OJ[jBijkuk (556)
gp(J,u):UC(J)%c[jaiaj (5.57)



57 = —5} [ pycacut

0Q

u, .

T T
op o9
+[[p, S Ot «[[p, 030t
0Q 0Q j
T T
- [ | putiou,ddt - [ 7,6u,dTdt
0Q or
and for a beam-column with finite deformation, by:
1 T« 1 3T 3 Ty * .«
L=—puu+—Jal+J Bu
2 2
p(3,0)=U(3)+Si'eq
2

07 = —5.Tfj£dxdt+j.jg—§5udxdt+.rfj.g—§5dedt

0o 0o 00

T L T
—j j £T Sudxdt j Q" 5qdt
0o 0

(5.58)

(5.59)

(5.60)

(5.61)

The analogy with equations (5.47) through (5.49) is seen easily. The integral over time

can be discretized to obtain action sums from which discrete variational integrators can

be obtained as shown in the next section. These can then be discretized in space using, for

example, the finite element method. This is a subject of further work.

5.10. Summary of Lagrangian Formulation

Reciprocal structures and their Lagrangian formulation have been illustrated using

simple systems with springs, masses, dashpots and sliders. The concept of generalized

momentum has been demonstrated. The Lagrangian formulation for skeletal structures

has been developed. It has been shown that the Lagrangian remains unchanged when

geometric nonlinearity is included. The extension of the approach to continua has been
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briefly discussed. The numerical integration of the Lagrangian equations by discrete

variational integrators is discussed in the next section.
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6. THE LAGRANGIAN APPROACH — NUMERICAL SOLUTION
6.1. Background

In this section, a numerical method is developed for the time integration of the
governing equations (5.39) and (5.41) of the structure. This development consists of two

stages:

1. Following Kane et al. (2000), the action integral of equation (5.47) is discretized in
time to obtain an action sum. Using discrete calculus of variations, finite difference
equations are obtained, which are the discrete counterpart s of the Euler-Lagrange
equations. It is seen that the numerical method obtained in this fashion conserves
energy and momentum for a Lagrangian system and inherits the contractivity
(stability in the energy norm) of dissipative systems.

2. The task in each time step is shown to be the solution of a constrained minimization

problem for which an Augmented Lagrangian algorithm is developed.
A numerical example is presented to illustrate the feasibility of the method.
6.2. Time Discretization - Discrete Calculus of Variations

The action integral of equation (5.47) is discretized using the midpoint rule and a
time step /4, approximating derivatives using central differences. It is assumed in this
process, that the J and u are twice continuously differentiable functions and P is a once
continuously differentiable function of time, and that the dissipation function is
continuously differentiable with respect to J . It is shown by Simo and Govindjee (1991)

using geometric arguments that the O(h®) accuracy holds in the limiting case of rate-
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independent plasticity when the viscous coefficient 7 — 0 as well. The resulting action

sum is given by:

T
l(ukﬂ j M(ukﬂ +1(Jk+l_‘]k A Ja—ds

_551:]/! 2 2 h h

k=0 +(Jk+1+J TBT(qu—ukj

h

n—1 —
+ i 5“k+1+5uk C U — Uy 6.1)

= 2 h :

o83, +63 ) @
2 ol

n-1 T
" h{ gy ¥ OU, Pk+l} + o(r)
2 2

where nh = T and subscript k& denotes the approximation at time ¢ = kh. The time
integration problem may now be stated as: Given {wy, w,} and {Jo, J,}, find the
sequences {Uy, Wy, ... W1} and {J1, J2, ... J,1} that make the action sum of equation (6.1)
stationary. This is the discrete variational problem (Shaflucas (1969), Cadzow (1970),
Cybenko (1997), Kane, Marsden et al. (2000), and Marsden and West (2001)). Consider

the first sum:

52}1{ (u,m u"jTM(uk“ j} :Z_;h{(éuw 5uijM(uk+lh—ukj}

For a justification of using the o operator as done here, see Cadzow (1970). Collecting

the terms in duy+; and ouy, we have:
n—1 n—1
Z5uk+l (uk+1h ] Zé‘uZM(uth uk]
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Pulling terms involving the boundaries of the time interval out of the sum gives:

n-l1 _
&,TM( }zau,m [h j 5ugM(T“oj_zaugM(%j

k=1

Changing the indexing in the first sum replacing the index k& with k+1 and collecting

terms results in:

5u:M(“n hun—l j_ Su'™ ( u p u, j _ Z hé‘u:M(uk” Z;k U, j

k=1

This procedure is called discrete integration by parts or summation by parts. The
similarity with integration by parts in the continuous case can be clearly seen. Since duy =

ou, = 0 in Hamilton’s principle, we have:

n-l1 T _ n—1 _
5 h{ (“k*l ] M(—u"“h ukj}:—ZhéuZM(uk” 2;2““"‘1] (6.2)
k=0 k=1

Proceeding in a similar fashion using Discrete Integration by Parts, the following

equations are obtained:

n—1 T _
S h{ ( k+1 J j A( Jk+l j} Zhé‘JT ( k+1 21;12/( + Jk—l ) (63)
k=0

Jo,+J; u. —u
5 h k+1 BT k+1 k
a2t |
_ S BdsI"BY | M "Mt | su™B Jpa =i
~ ¢ 2h g 2h

T
N lh{( 5“k+12+ 5“1{) C[“m J} ZI: Tc(uk+12_}luk—l] (6.5)
=0 p
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%

+—
oJ

S (&IM +5J, ]T o9

1
k+3

n—1
= Z%J{ % (6.6)
k+d il 2 oJ k=L
n—1 T n—l1
S {(WJ pw} - Zgau{ (Pk% + Pk_%) (6.7)

Substituting equations (6.2) through (6.7) in equation (6.1) results in:

n—1 [ -2 — — l)Jri—i_l)—l
25“2 M(“kn ;zk +uk_lj+C(Uk+12hUk_lj+B(Jk+12h ka_{ k+ . k ZH
=1

—B" Wy — Uy (68)
k-1 2h
Since ou; and &J; are arbitrary variations, the discrete equations of motion are:

M u =20ty e W — U, B Jn—9J, _ Pk*% + Pk—%
n 2h 2h 2
A(Jk+l_2Jk+Jk—lj+l op _BT(ukﬂ_uk—l ~0
k-t 2h

n 2| aJ
Notice that these equations could have been obtained directly from equations (5.39) and

n—1 I _
Soat| 4L 2Jk+Jk-1j+1{a_¢ 120
k=1

h? 2| &l

1
k+5

=0

(6.9)
L9
Y]

1
k+5

(5.41) by using the Central Difference approximation. But deriving them using Discrete
Variational Calculus ensures that the resulting time-integration scheme possesses energy
and momentum conserving properties. This is demonstrated below. This also provides a
framework for consistently developing higher order methods and error estimation

methods that preserve conservation.
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6.2.1. Features of the Discrete Equation

It can be shown that the finite difference equations (6.9) inherit the energy and
momentum characteristics of the differential equations (5.47). Consider first the
momentum in the absence of dissipation and external forces. The equations (6.9) then

become:

M(uk+l_2;k+uklj_'_B(JkHZ;leJ:O (610)
A(Jkﬂ — 2}‘1]2k + Jk—l j_BT (ukﬂz_hukl J =0 (61 1)

The difference in the generalized momentum between times k+1/2 and &-1/2 is given by:

(e e Ry | w2

ARV u,, _2uzk +u,_ +B Jk+1 _kal (612)
h 2h

=0

from equation (6.10). Hence the generalized momentum is conserved. Consider now the

difference in the energy between times k+1/2 and £-1/2:

T
Wy — W +l Jk+l _Jk A Jk+1 _Jk
h 2 h h
T T
_ l(“k_uklj M(uk_ukl]_i_l(']k_‘]kl} A(Jk_Jklj
2 h h 2 h h
T T
W _Zuk U + Jin =i A Iy _ZJk i
h 2h h
U _Zuk U +B Jin =i
h 2h
T
h Jk+1 _Jk—l A Jk+1 _2Jk + Jk—l _B" Wy — W,
2h h 2h

=0

(6.13)

Il

>
1
/N

=

o

h

N
=

! B
|

-
e

+
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from equations (6.10) and (6.11). Hence energy is conserved. Notice that the energy in

. N ST R . .
equation (6.13) is EuTMu +EJ TAJ because the strain energy function is assumed to be

quadratic and so is equal to the complementary strain energy. Equations (6.12) and (6.13)
are heuristic proofs of conservation. Kane, Marsden et al. (2000) present a discrete
version of Noether’s theorem (see for example, José and Saletan (1998)) by which it can
be shown that any numerical integrator derived using the discrete calculus of variations
approach inherits these conservation characteristics. Moreover, it is shown by Simo and
Govindjee (1991) that the midpoint rule inherits the contractivity or B-stability of the
dissipative system, i.e., systems with neighboring initial conditions converge in the

energy norm.

6.3. Time-step Solution

1

ll 1 J +L _Jn_,
The notation n = k — %, v, = {%} and F, = [%} is introduced.

v, and F, are the Central Difference approximations of the velocity and the internal force

respectively. Equation (6.9) then becomes:

M Vn+1 B Vn + C Vn+1 + Vn + B Fn+1 + Fn — Pn+1 + Pn (614)
h 2 2 2
Al Ea=F ) 100 00| | _pr(YuatVs)_ (6.15)
h 2 aF n+l aF n 2

It is common in modeling frame structures for dynamic analyses to use a lumped mass
matrix and to ignore rotational inertia. Hence the mass matrix could in general be

singular. Similarly, the damping matrix could also be singular, for example when using
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mass proportional damping. Thus, consistent with the convexity assumptions and without

loss of generality, equation (6.14) can be rearranged and partitioned as follows:

M 0 o0 o][v'] [c, ¢, o o|[v'] [B"] [P My
2100 0 0 O||v?| |C, C, 0 0||v’| |B} P’
= N i F=q e+ (6.16)
o 0 0 0fly 0 0 0 O0f|v B) P

0 0 0 0f|v 0 0 0 0fv'| B! P’ 0

where the partitions 1 through 4 represent respectively (i) degrees of freedom with mass,
(i1) those with damping but no mass, (iii) those with prescribed forces and (iv) those with

prescribed displacements (or velocities). The symbols™ F, v/ and P’ denote respectively

(F”“; F, j, (V”“; Vs j and (@j . The first two parts of equation (6.16) are:

2
2 vy +C, V' +C,v’ +BF=P' +=Mv|
CLv'+C,v’+B,F =P’
Eliminating v>, we obtain:
1 h -1 D h \1-1pl W 1
vV =—-"M'BF+-M'P'+M 'Mv (6.18)
2 T2 "
Then
v =C,(P*-B,F-CJv') (6.19)
and

" The superscripts on v and P are to be interpreted as the index of the vector partition rather than as
exponents. The other superscripts -1 and T have their usual meanings of matrix inverse and transpose
respectively.
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B'v'+B]v’ =B/v' -B]C,B,F +B]C,,P’ (6.20)
where M =M +§E“ , C,, =C,,—C,,C;,C},, the Schur’s complement of C;; (Golub and

Van Loan (1996)), B,=B,-C,,CB, and P'=P'-C,C,P*>. Equation (6.15) can

similarly be partitioned as follows:

A Fn+1_Fn _}_l a_go
h 2\ oF

Substituting equations (6.18) and (6.20) in equation (6.21) and rearranging terms, we

o0
oF

J—BITVl -B]v'-B]v' -Bv' =0 (6.21)

n+l n

obtain:
N ST A4 B IS (6.22)
n+l 2 3
n+l
where
e h o1 n STar-1D
A=A +5B2C22B2 +TB1 M™B, (6.23)

h o1 e n STrr-1D
A-~BiCyB, - -B/M'B, F,

b= (6.24)

2
+%§rm-lrﬂ +hBTC P’ + hBTM MY +gz_§

Observe that the structure of A , the equivalent dynamic flexibility matrix, is dual to that

of the equivalent dynamic stiffness matrix of Newmark’s method with y = . The roles of
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the flexibility and mass matrices are interchanged. Pre-multiplying equation (6.22) by

SF,+1 and integrating gives :

5|:%F711KF71+1 _F;15+§¢(Fn+l ):| = 0 (625)

In obtaining equation (6.25), it has been noted that B,0F,,, =JP° =0, since P’ is

prescribed. Since A, Cy, and M are positive definite, from equation (6.23) we have A is
positive definite. Hence the quantity in brackets in equation (6.25) is minimized. If
dissipation in limited to plasticity, then the function ¢ is the regularized indicator
function of the elastic domain. Hence, in the limit of rate-independent plasticity, the

problem of obtaining F,.; at each step may be stated as follows:

Minimize I1(F,,, ) = %F,LKFM -F'b

n+l

Subject to (1) B;F,

n+1 =

P’ (6.26)

1 y

and (ii) %(ﬁ.(FM)SO i=1,2,...,N

This then is the Principle of Minimum Incremental Complementary Potential Energy
which can be stated as: Of all the ¥, satisfying equilibrium with prescribed external
forces at the un-damped quasi-static degrees of freedom and satisfying the yield
conditions, the one that minimizes the incremental complementary potential energy 11 is

the one that satisfies equilibrium in the other degrees of freedom and compatibility.

" Notice that Shere denotes spatial variation as opposed to temporal variation as in Section 5. In Appendix
IV on continua, the same drepresents both spatial and temporal variations.
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It is to be noted that due to the nature of the velocity-dependent Lagrangian and
dissipation functions, it was possible to eliminate the velocities, leading to a minimum
principle in forces only. In general, however, the incremental potential would be a
function of F,;; and v,;; and would result in a saddle-point problem at each time step.
Equation (6.26) is similar to the rate variational principles of plasticity in the references

of Section 5.
6.3.1. Constrained Minimization by the Augmented Lagrangian Method

In this section, an Augmented Lagrangian algorithm for the solution of the
minimization problem (6.26) and a dense matrix implementation of the algorithm are
presented. For a detailed treatment of the Augmented Lagrangian formulation, the reader
is referred to Bertsekas (1982), Glowinski and Le Tallec (1989) and Nocedal and Wright
(1999). The problem (6.26) is reduced to a sequence of linearly constrained sub-problems

using the Augmented Lagrangian regularization:

1oy~ = h
HAL (F/m > )“) = EFnTHAFnH - FnT+1b + EZ|:/11¢1 (Fn+l ) + §<¢z (Fn+l )>2} (6-27)
i=1

where A={4,, 42,..., iNy}T is the vector of plastic multipliers, v is a penalty parameter
and <> denotes the Mackaulay Brackets. The Augmented Lagrangian regularization is a
combination of the usual Lagrangian term, Aigi(F,;;) and the penalty function
VI2<@(F,+1)>>. The latter helps accelerate convergence while the former eliminates the
need for the penalty parameter to be large, which leads to numerical ill-conditioning.

Both terms vanish at a feasible point.
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The solution is obtained in two nested stages. In the inner stage, the dual
variables, i.e. the plastic multipliers A are held fixed and the primal variables, i.e. the

forces F,+) are obtained by solving the equality constrained sub-problem:

N,

1 — — h
Minimize HAL (Fn+1 > )\’) = EFr:rlAFnJrl o Fr;l;rlb + EZ |:ﬂ'l¢l (Fr1+1 ) + K<¢l (Fn+1 )>2 } (6 28)

Fn+l i=1 2
Subject to B,F,,, =P’
This is called the inner or primal stage. In the outer or dual stage, the forces are held

fixed and the plastic multipliers are updated using the formula:
A =4 +vg(F,.,)) (6.29)

The superscripts new and old have been used, rather that iteration indices, to denote

values at the beginning and at the end of an iteration, to avoid the proliferation of

o¢.(F
subscripts and superscripts. Due to the Central Difference approximation, gﬂi %
n+l
is the plastic strain increment. In physically terms, therefore, the Augmented Lagrangian
process is equivalent to relaxing the regularizing dashpot and allowing the frictional

slider to incrementally develop plastic strain in each iteration.

A dense matrix algorithm for the solution of (6.28) is now presented. Consider the

Lagrangian function:

[ — h
L (Fn+l b u) = EFI;I;—IAFnH - Flf;[-;—lb +EZ|:/11¢1 (Fn+l ) + g<¢z (Fn+l )>2 :l _HT (BSFrH—l - P3 ) (630)
i=1

where p is the vector of Lagrange multipliers corresponding to the equality constraints of

equilibrium. The optimality conditions are:
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oL 04, o

=0= AF,, +§%[4 +v(4,(F,.))] = B'u-b=0 (6.31)
i=1 n+l

n+l

L g=_BF +P =0 (6.32)
op

Equations (6.31) and (6.32) are solved using the Newton-Raphson method:

new old
F F
[ n+lj :( n+lj _H—l (pj (633)
B 1 q

where H, the Hessian of the Lagrangian L, is the iteration matrix.

A -B' oL oL
H = p = =
-B 0 oF

on

(6.34)

n+l

(1) (k2.)

n+l n+l

{[gz g (E,. )>];i_§’f+ vH (¢ (F,, ))[aaf ][;Fi” (639

The Newton-Raphson iteration, (6.33), involves solving the linear system:

FRYNEH

The Range Space Method of Fletcher (2000) is used for this purpose and is summarized

below:
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A= LXL% — the Cholesky decomposition of A
B R "
L:B, = [Q, Q,] 0l” Q,R — QR decomposition

S=L(1-QQ )L

T=LIQR™ (6.37)
U=-R'R"'
x=-Sp+Tq
y=T'p-Uq

Steps are taken in the implementation to minimize computation and storage, for
instance by using rank k updates to form A, replacing B, with LB,, By with L B,

etc. (where Lx denotes the Cholesky factor of the matrix X) and storing factored matrices

wherever possible.

2
n+l

Having solved for F,.;, vl and v_  are obtained using equations (6.18) and

(6.19) respectively and u,,+; by:

1 1
1 1 V,.atV,

ul | =ul 4| S h (6.38)
2
2 2
w2, =l 4| Y Ve (6.39)
2
3 3
u,,=u +p (6.40)

Observe that the Lagrange multipliers corresponding to the equilibrium constraints are
the displacement increments in those degrees of freedom. This can be seen from virtual
work considerations. When performing a geometric nonlinear analysis the equilibrium

matrix B must be updated at every step. Strictly this requires an iterative procedure
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because the matrix B has to be evaluated at time k+1/2. But in order to save
computational effort, this step is skipped and the equilibrium matrix at time & is used

instead.
6.4. Numerical Example

The portal frame structure and the Northridge earthquake record of Section 3 (Fig
3.3) are used here as a numerical example. The dimensions and properties are as shown
in Table 3.2, but it is assumed here, that there is no hardening in the stress-resultant strain
behavior. In order to verify the results obtained the program DRAIN-2DX (Allahabadi
and Powell (1988)) is used here. This choice is made here in contrast to the general
purpose finite element programs used for verification in Sections 3 and 4 because the
lumped plasticity and large-displacements-small deformations assumptions used by
DRAIN-2DX are closer to the assumptions made in this section. For the sake of
objectivity, it was also the intention not to use programs such as IDARC2D (Park,
Reinhorn et al. (1987)), in the development of which the author has been involved. Two

analyses, one with and one without PA effect, are performed and are discussed below.

6.4.1. Analysis without PA effect

First, a dynamic analysis is performed with no external axial load on the columns
and hence no significant geometric nonlinearity and PA effects. Fig. 6.1 shows the
horizontal displacement history of node 2 (Fig. 3.4). The permanent displacement
resulting from plastic deformation can be observed as well as close agreement between
the results from the Lagrangian Approach and from DRAIN-2DX. Fig. 6.2 shows that

there is significant difference between the Lagrangian approach and DRAIN-2DX in
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predicting the vertical displacements. This is because, while the plastic material model in
DRAIN-2DX accounts for the reduction of bending moment capacity resulting from the
axial force interaction, it does not consider the fact that centroidal axial plastic strain
develops from plastification caused by bending because of the normality rule. It is
important to consider this effect when relying on tension stiffening in beams for collapse
prevention. Fig. 6.3 shows the time history of the rotation of node 2. The regions where
the curve is flat correspond to the development of plastic rotations in the columns at
constant joint rotation. The differences between results from the Lagrangian approach
and from DRAIN-2DX stem from the fact that additional joint rotations are caused by
differential settlements of the columns resulting from permanent axial deformation in the
Lagrangian approach. Fig. 6.4 shows a plot of the horizontal reaction at node 1 versus the
horizontal displacement at node 2, also showing good agreement between the two

approaches.

6.4.2.  Analysis with PA effect

Next, a dynamic analysis is performed with an axial force of 731.05 kN on each
column, corresponding 50% of the yield force. In this case there is significant geometric
nonlinearity. Fig. 6.5 and Fig. 6.6 show that the horizontal and vertical displacements
continue to grow. The point marked “collapse” in Fig. 6.8 is the point beyond which an
external horizontal force is required to pull the structure back to keep displacements from
growing autonomously under the vertical loads acting on it. During a dynamic analysis,
when this point is crossed, displacements continue to grow without reversal even when

the input reverses; the analysis is terminated at this point. It is also noticed that under
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load reversal, the yield force in the opposite direction is higher than the original yield

force since the moments resulting from PA effects need to be overcome in addition.
6.5. Summary

A numerical method has been developed for the time integration of the governing
equations (5.39) and (5.41) of the structure. Using discrete calculus of variations the
action integral is discretized in time to obtain finite difference equations which are the
discrete counterparts of the Euler-Lagrange equations. These equations have been shown
to preserve the energy and momentum characteristics of the continuous time structure. It
has been shown that at each time step the problem becomes one of constrained
minimization in forces. This is the principle of minimum incremental complementary
potential energy. An augmented Lagrangian method and a dense matrix solution
algorithm have been developed for the solution of this minimization problem. Since the
matrix A of the minimization problem (6.26) is positive definite, the solution is globally
convergent, allowing for larger time steps for computation. This is however not the case
in the conventional incremental iterative approach where the tangent matrix may not be
positive definite and the Newton iterations may not be globally convergent, limiting the
time step. In the continuum case discussed in Section 1.10, the minimization problem
(6.26) would be over the function space of stresses rather than over the vector space of
internal forces as shown here. This minimization problem can then be discretized for
example using a mixed finite element method (see for example, Pian and Sumihara
(1984) and Cuomo and Contrafatto (2000)). A numerical example has been presented to
demonstrate the feasibility of the method. The example has been chosen to be simple to
enable comparing the results with other computational tools that have different modeling
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assumptions. The formulation presented here can be used in three-dimensional problems

with no changes.
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7. SUMMARY AND CONCLUSIONS

Motivated by the need of performance and fragility based seismic design
methodologies for the analysis of structures near collapse with significant material and
geometric nonlinearities, it was sought to develop structural models and numerical
methods for such analyses.

Rather than extending the widely used displacement-based incremental iterative
algorithms, it was desired to explore alternative methods that could offer potential
benefits. In considering skeletal structures, the following facts were noted: (i) The
advantage of the flexibility formulation for beam-column elements, resulting from force-
interpolation functions being always exact even when the element is non-prismatic and
undergoes inelastic behavior is well known. (ii) The yield-function in plasticity theory
that defines the elastic domain and the damage domain in damage mechanics are most
naturally expressed in terms of stresses and stress-like quantities (or stress-resultants).
Thus stress-resultants play an important role in nonlinear analysis. Hence it was desired
that internal forces are principal unknowns as well in the solution. Also, it has been
shown in the literature that mixed methods alleviate locking in plasticity models.
Moreover, various state variables besides forces and displacements play important roles
in modern structural protective devices such as semi-active components.

The dynamical systems approach, wherein the structural model is perceived as a
collection of states along with a means of specifying how these states evolve in time,
provides a framework where displacements, internal forces and other state variables can
be treated uniformly. The modeling of components is clearly separated from the

numerical solution. Dynamical systems theory can be applied to the models and
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numerical solutions to define broader notions of stability that are important in collapse

analysis. A study with these factors in consideration showed potential and led to the

following results:

7.1.

Summary of Important Results

By considering the structure as a dynamical system, two new approaches — (i) the
state space approach and (ii) the Lagrangian approach have been developed. These
are mixed methods, where besides displacements, the stress-resultants and other
variables of state are primary unknowns.

In Section 2, the constitutive relations of plasticity with hardening have been
established in two equivalent forms — (i) the rate form and (ii) the dissipation form.
The former is used as a nonholonomic constraint in the state space approach, while
the latter is used in the Lagrangian approach.

In the state space approach, the subject of Section 3, the governing equations of
motion and constitutive behavior of a structure are considered as constituting a
constrained dynamical system which is represented as a system of differential
algebraic equations (DAE) and solved using appropriate numerical methods. In this
work, the DASSL solver which uses backward difference formulas to approximate
the DAE is used.

Even very advanced displacement-based finite element packages do not have robust
time-stepping algorithms. For instance, the elastic-plastic dynamic analysis of a
simple three dimensional portal frame Simeonov (1999) was impossible to perform
using ABAQUS ABAQUS (2000). However, the same problem formulated and

solved using the proposed state-space approach. The only way of verifying the result
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obtained form such new analysis was the agreement with the response envelops
obtained using static analyses.

A flexibility-based inelastic large deformation planar beam-column element has been
formulated in Section 4 for use with the state space approach, starting from the finite
deformation compatibility equations and applying the principle of virtual forces in
rate form. The element uses stress-resultant-strain constitutive equations and
includes the effect of axial force-bending moment interaction. The element is utilized
for structural analysis to collapse as shown in a numerical example.

In Section 5, the evolution of the elastic-plastic structural state in time is provided a
weak formulation using Hamilton’s principle. It is shown that a certain class of
structures called reciprocal structures has a mixed weak formulation in time
involving Lagrangian and dissipation functions. The new form of the Lagrangian
developed in this work involves not only displacements and velocities but also
internal forces and their impulses leading to the concept of the generalized
momentum for framed structures. This Lagrangian has been shown to extend to
continua. The derivative of the compatibility operator with respect to displacements
possesses a symmetry that renders the Lagrangian invariant under finite
displacements. The formulation can therefore be used in geometric nonlinear
analysis.

In Section 6, a discrete variational integrator has been derived starting from the weak
formulation of Section 5. This integrator inherits the energy and momentum
conservation characteristics for Lagrangian systems and the contractivity in the

energy norm of dissipative systems. The integration of each step has been shown to
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be a constrained minimization problem — the principle of incremental minimum
complementary potential energy. An Augmented Lagrangian algorithm and a dense

matrix implementation have been derived for the solution of this problem.

The two methods proposed in this work can potentially be used as alternatives to
the conventional displacement-based incremental iterative method for the analysis of
structures to collapse as has been demonstrated by numerical examples. In contrast to the
displacement method, however, both proposed methods clearly distinguish the modeling
of components from the numerical solution. The state space approach requires just the
specification of the state equations in the form of DAE, while the Lagrangian approach
requires the specification of the Lagrangian and dissipation functions. Thus
phenomenological models of components such as structural steel connections, reinforced
concrete elements, semi-active devices etc. can be incorporated in the analysis without
having to implement element-specific incremental state determination algorithms. The
state determination is performed at the global level by the DAE solver and by the

optimization solver in the respective methods.

The proposed methods follow a generalized approach which addresses modeling and
solution through rigorous formulations which make very few assumptions to obtain the
solution of complex non-linear problems. While traditional displacement methods
address implicitly the model and the solution, the proposed methods distinguish the
modeling of components from the numerical solution. The advantage of such

formulations is indicated in this report.

The second formulation, the Lagrangian approach, implicitly addresses the

equilibrium and the conservation of impulse, within a variational formulation. This
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approach allows addressing problems involving sudden collapse, or sudden degradation
before collapse, which involves instantaneous lack of equilibrium and impulses.
Moreover, the suggested formulation opens the way to addressing impulse driven
processes such as blasts and impacts in complex structures without or with modern
protective systems. As such this method pioneers a generalized approach to solving

complex nonlinear dynamics problems.
7.2. Extensions and Implementations

Parts of the work reported here have been extended and implemented in

computational platforms and have been published in peer-reviewed journals.

1. The rate form of the one-dimensional plasticity model of Section 2 has been
extended by the author to include the effects of hysteretic degradation effects
(Sivaselvan and Reinhorn (2000)).

2. The above hysteretic degrading model has been implemented in the nonlinear
analysis computer programs (i) IDARC2D at the University at Buffalo (Park,
Reinhorn et al. (1987)), (ii)) NONLIN available from the Federal Emergency
Management Agency (http://training.fema.gov/EMIWeb/nonlin.htm) and (iii)
LARSA (LARSA (2002)), a commercial software.

3. The large deformation beam column element of Section 3, suitably modified to work
in a displacement-based framework, has also been implemented in the programs
IDARC3D and LARSA.

4. An elaborate discussion of the State Space Approach of Section 3 was published by

the author and others (Simeonov, Sivaselvan and Reinhorn (2002)).
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7.3.

An abridged discussion of the large deformation beam-column formulation in

Sections 4 has also been published by the author (Sivaselvan and Reinhorn (2002)).
Recommendations for Further Work

The DAE solution of Section 3 uses general purpose dense matrix algorithms.
Incorporation of efficient numerical methods that utilize the particular form of the
structural analysis problem could result in significant performance improvement. For
example, Hall, Rheinboldt et al. (1991) have shown in finite strain plasticity
problems in metal forming that the DAE solution can be up to 26 times faster that the
conventional displacement-based approach.

The development of Section 3 can be extended to three dimensions. Such a
formulation has recently been proposed by de Souza (2000). It will be fruitful to
study its implementation.

The continuum extensions of Section 5 need to be discretized using for example the
finite element method and to be implemented. The characteristics of the resulting
methods need to be investigated relative to displacement-based methods.

Recently, libraries have become available to develop and implement algorithms for
large scale optimization exploiting problem structure (see for example, Gertz and
Wright (2001)). Exploration of such algorithms for the solution of the incremental
constrained optimization problem of Section 6 would help evolve the method for
general purpose.

When using the variable step variable order backward difference formula algorithm
of DASSL in the state space approach, it was observed that the method has to restart

often with a one step first order method due to plastic yielding and unloading. Thus it
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7.4.

may be advantageous to use higher order one-step methods. The discrete calculus of
variations approach can be used to systematically construct such methods. Even very
advanced displacement-based finite element packages do not have robust time-
stepping algorithms. For instance, the elastic-plastic dynamic analysis of a simple
three dimensional portal frame Simeonov (1999) was impossible to perform using
ABAQUS ABAQUS (2000). However, the same problem formulated and solved
using the proposed state-space approach. The only way of verifying the result
obtained form such new analysis was the agreement with the response envelops
obtained using static analyses.

Damage Mechanics: De Sciarra (1997), for example, has shown that the constitutive
equations of damage mechanics, in a manner analogous to plasticity, can be
characterized by a dissipation function involving a stress-like quantity that is
conjugate to the damage variable. The weak formulation developed in this work can
therefore be extended to damage mechanics, thus permitting the modeling of

material degradation in collapse simulation.

Recommendations for New Directions

The formulations of this work could be used to develop a qualitative theory for
structures which can be used to bound structural response. Such a bounding method
could be used as an alternative to the “pushover analysis” currently used in seismic
design.

The stability theory of dynamic systems can be used to define collapse at the scale of

the whole structure and study dynamic shakedown.
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As mentioned above, the methods presented in this work allow a separation of
modeling and numerical solution, especially time discretization. This may help at

least a partial automation of the development of numerical code from an abstract

model definition.
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APPENDIX I. REVIEW OF MATRIX STRUCTURAL ANALYSIS

This appendix establishes the notation of matrix structural analysis that is used in
the other sections. Fig. AL.1 shows a frame structure subject to external nodal loads along

with the global coordinate system and a typical element isolated. The forces at the ends of

the member are given by the vector P*’ in the global coordinates and by the vector P in
element local coordinate system as shown in Fig. AL.2. These force vectors are related by

the transformation:
P =R"P* (AL1)

where R is the matrix that rotates global coordinates into local coordinates (Weaver and
Gere (1990)). Define Q' as the vector of independent internal forces in the member. The
end force vector is related to the independent internal forces by the equilibrium

transformation:
P =T Q' (AL2)

where the transformation Tr matrix is developed in other sections of this work according
to the nature of the element under consideration (see for example section 4.4). Combining

equations (Al.1) and (AL.2), we have:
P =B'Q’ (AL3)

where B¢ = R"Ty is the equilibrium matrix of the element i. The cross-sectional stress-

resultants along the length of the element are given by:

F(x)=b(x)Q (AL4)
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where F is the vector of cross-sectional stress-resultants, and b is the Force Interpolation

Matrix function. These transformations are shown in Fig. AIL.2.

Let u® be the vector of element end velocities in the global coordinate system,
u’, the vector of element end velocities in the element coordinate system, ¢', the vector
of element deformation rates including rotations but without rigid body displacements,
and¢, the vector of cross-sectional strains. Then, by the Principle of Virtual Work,
corresponding to the equilibrium equations (Al 1), (AL.2), (AL.3) and (AL.4), we have the

compatibility equations:

u“’ = Ru*’ (ALS)
q' = Tu* (AL6)
. AT .
q'=(B*) u* (AL7)
F(x)=b(x)Q’ (ALS)

The transformations (AI.1)-(ALS8) are shown in the Tonti diagram, Fig. AL.3.

Let the structure have a total of Npor displacement degrees of freedom (DOF) that
are either free or have specified non-zero displacements. The fixed DOF need not be
considered. Let the number of elements be N,.,,. The number of DOF of each element
can be different, but are shown here as 12, corresponding to frame members, for

simplicity. The incidence (or connectivity) matrix of the structure is defined as follows:
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1 2 e Nooe _

Element 1| 2 AN

Element 2| 2
N =

K 1 if connected,
Element Njern| 2 0 otherwise

2 | i (AL9)

Then from the equilibrium of the joints, we have:

Pe,l

Pe,2
P=N"| . (AL10)

Pe*Nelem

and from the Tonti Diagram, Fig. AL.3, we have the following result:

Be,l

Be,Z
B=N" ) (AL11)

B Netem

where B is the equilibrium matrix of the structure, since:

P =BF (AL12)

where F = {(Q' )T (QZ)T (QNE’E’" )T}T, the vector of internal forces. Again from the

principle of virtual forces, we have the corresponding compatibility relation:

=B"u (AL13)

137



It should be noted that (AI.11) is not used in implementation, but is specified only for
notational convenience in derivations. In actual implementation, an algorithm such that
used for assembling the conventional Stiffness Matrix (Weaver and Gere (1990)) is used
to assemble B. Also, in small displacement theory, the velocities and deformation rates in
the above equations can be replaced by the corresponding displacements and
deformations. But the rate forms are used here used here since they extend to large

displacements.
For a dynamic problem, the equations of motion of the structure are given by:
Mii+Cu+BF =P (AL.14)

where M and C are respectively the mass and damping matrices of the structure. Of the
total of Npor DOF of the structure, let Nj.. be unconstrained and Ny, have specified
non-zero displacements. Of the N, unconstrained DOF, let N, have mass, Ny.mp have
damping (i.e., the partition of the damping matrix associated with these DOF is positive
definite), but no mass and the remaining Ny, neither mass nor damping (quasi-static

DOF). The equations of motion can then be partitioned as follows:

T

Nmass - M 0 0 0 ﬁl Cll C]Z 0 0 l.ll B;r Pl

Nywp=> |0 0 0 0||i*] |C, C, 0 O0||a*| |B] P’ (AL15)
ND()F .3 + . + T F= \

Nyw— [0 0 0 0]ii 0 0 0 oflw| |B! P

Ny.—> [0 0 0 0](i*) [0 0 o0 ofa*| |B] p

Notice that the last Nyaic + Ngeo equations are algebraic. The Ny equations are
constraints on the stress-resultants F, arising from equilibrium of the quasi-static DOF. It
will be seen that the last N, equations can be eliminated using the principle of virtual

work. Further developments are presented in the respective sections as necessary.
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Fig. AL.1. 3D Frame Structure
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APPENDIX 1. PRINCIPLE OF VIRTUAL FORCES IN RATE FORM

Starting from the rate form of the nonlinear compatibility equations (4.2)-(4.4),

we set out to obtain a variational equation of the form:

?l ij {é}d (AIL1)
(= . eax .
R

The following are the boundary conditions:

0 o =420 =4 (AIL2)
¢ ‘L =4, 6], = 5‘x:o =0,¢]_, =6 (AIL3)
Moo =M,o =1, =71, =0 (AIL4)

Substituting equation (4.1) in (4.3) and integrating over the length of the element, we

have:

L > L L
j 98 i = j £cosOdx— [ FL fax (AILS)
0 X 0 0 dx

Integrating the second term on the right hand side of Eq. (AILS5) by parts and imposing

the boundary conditions, the following relation is obtained:
L L .
q, = Iécos Odx + nﬁdx (AIL6)
0 o dx

Substituting Eq. (4.2) in Eq. (AIL6) results in:

L

g, = I[(cos@+77¢) 77(1+g)] {;}dx (AIL7)

0
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Similarly, starting from equations (4.4) and , integration by parts and substituting Eq.

(4.2) results in:

'=L M é1 {é}dx AIlL.8
& IK g J fL(”)b (AILS)

Also, integrating equation (4.2) over the length of the element results in:
r &
¢-a,=[[¢ (1+ g)]{¢3} dx (AIL9)
0

The following integral relationship follows by combining equations (AIlL.7), (AIL.8) and

(AIL9):

ql L .
g f=[b" {‘?}dx (AIL10)
N ¢
qs

where,

(cos6+n¢) ¢(§é— ]_si;@ ¢[£j_sin0
b = ‘ ‘ (AIL11)

n(1+e) (?‘ J(Ha) £ (1+e)

L

Consideration of the section constitutive equations leads to a different strain
measure conjugate to the bending moment, and results in the transformation of b into the
equilibrium matrix b. In the presence of centerline axial strain, the plane section

hypothesis yields the following for the strain of a fiber at a distance y from the centerline:

e(y)=e—(1+¢)gy (AIL.12)
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In rate form, this gives:
é(y)=é—épy—(1+¢)dy (AIL13)

Integrating the resulting stress rates over the cross section, it can be shown that the stress

resultant rates are given by:

j E'dA

. —H E'ydA . )
{]‘I;}: —EIE’ydA ij’yjdA Bﬁ (lfg)Hé}:K{; (135)}{,,;} (AIL14)

or

{;}= _(1fg) (1+18) f{g} (AIL15)

where K' is the section tangent rigidity matrix and f is the section flexibility matrix, f =

(K)". By introducing the strain measure ¢=(1+&)¢ we see that the constitutive

equations can be written as:

& P
{5} = f{M} (AIL16)

and that;

b'| ¢ 1 |=b" (AIL.17)
(I+&) (1+¢)

The variational Eq. (AIl.10) now leads to equation (4.5).
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APPENDIX Ill.

ONE-DIMENSIONAL RECIPROCAL COMPONENTS

Component

Schematic Lagrangian Dissipation

Linear-elastic spring
(Stiffness = k)

0300 R L s
2 2k

Nonlinear elastic
spring

Strain energy or
Complementary -
strain energy

Linear viscous
damper (Damping

constant = c) —J?
2c
1 . |n+l
clu| or
Nonlinear viscous n+l y
damper n ‘J '
n+l ¢~

Maxwell element

1
Kelvin element — - —ku? Ecuz
Viscoplastic element h 15 Lo o2
(Yield force = F,) Y 7 (-7

2k
2
Kinematic 1o 1o :
—J +—J u.(J,—-J

Hardening ! 2670 2k, 7 c( 1 2)
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APPENDIX IV. LAGRANGIAN FORMULATION OF CONTINUA
AIV.1. Three Dimensional Continuum

In this subsection, the Lagrangian formulation of Section 5 is extended to the
three dimensional continuum. The reader is referred to Belytschko et al. (2000) for a
concise review of the continuum mechanics concepts used here. The notation followed
here is also from this reference. Vectors and tensors are written in bold face and their

Cartesian components are written in italics with subscripts.
AlV.1.1.Review of Continuum Kinematics

Consider a body occupying a region Q of space with boundary I' at time =0. This
is called the reference configuration of the body. The position vector of a point in the
body is X. In Cartesian coordinates, the vector is represented by its components X;. The
motion of the body is described by the map ¢, so that at time ¢, the position vector of the
point X is x = #X,?). The displacement of the point X is u and x=X + u. The deformation

gradient tensor F is defined as:
F:—X or F,=0,+u,; (AIV.1)

The Green-Lagrange strain tensor is defined as:

E= %(FTF ~1) or E,= %(F,{F,g = (AIV.2)

where I is the identity matrix and ¢ is the Kronecker delta (=1 if i=j, 0 otherwise).
Using the definition of the deformation gradient, the Green-Lagrange strain tensor may

be written in terms of the displacements as:
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1
E, = E(ui,j ) (AIV.3)

y

Using equation (AIV.3), the material time derivative of the Green-Lagrange strain tensor

can be obtained as:

U, +u; +”k,uk,+”k,uk,)

Oyly gt j,i tu Ut uk,iuk,j)

ik

(AIV.4)

N|,_ [\)|»— l\)l»—* l\)lv—‘

=5,
=5
[a‘ﬂukl )i, (afk+ak,i)aj,l}
=5l

(6,6,+6,9, )(é‘pk-i-uk’p)uk’q]

pJjq q - jp
Hence we obtain the strain rate-velocity relationship:

E, =B, (AIV.5)

ip~ jq iq~ jp

where B), = ;(5 0,+0,0, )(5 o U »% is the strain rate-velocity operator.

The stress measure that is work conjugate to the Green-Lagrange strain tensor is

the second Piola-Kirchhoff stress S defined by the relation:

= F,Sn (AIV.6)

z 1111

where 7 is the traction vector and n is the unit normal in the reference configuration. I',,

and I'; are the portions of the boundary with prescribed displacement and prescribed

traction respectively.
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AIV.1.2.Continuum Plasticity

Finite deformation plasticity can be formulated in several ways. These are
discussed in an excellent fashion by Simo and Ortiz (1985). Of these, the material

formulation is adopted here. Other formulations are equally applicable using appropriate

kinematic operators B;.k . The fundamental assumption of finite deformation plasticity is

the multiplicative decomposition of the deformation gradient tensor into plastic and

elastic parts:
F =F°F” (AIV.7)

where the elastic deformation F° is obtained by unloading the body to an intermediate
configuration (Simo and Ortiz (1985)). The material formulation then defines the

following relationships:

1. The plastic Green-Lagrange strain tensor:
E’ = l(FPTFP —1) (AIV.8)
2

2. The elastic Green-Lagrange strain tensor:
E‘°=E-E’ (AIV.9)

3. The elastic stress-strain relationship:

E = p, ‘Z—VS’ (AIV.10)

where S is the second Piola-Kirchhoff stress tensor and yAS) is the complementary

strain energy function per unit mass, assumed here to be quadratic so that
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1

7% (S) Ayk,S .S, where 4, s the inverse of the elasticity tensor and py is the mass

density in the reference configuration.

4. The yield condition:

D(S,F)=0 (AIV.11)

so that the elastic domain is C = {S |D(S,F)< 0} .

5. The flow rule:

E’ e 0U, (AIV.12)

as in equation (2.25) of Section 2.
The Lagrangian formulation of the continuum is now presented.
AlV.1.3.Lagrangian Formulation

It is proposed that the Lagrangian and dissipation density functions (i.e. per unit

mass) and the action integral of the continuum are given respectively by:

1 1
£ =ty — Ay +— . LB i (AIV.13)
0
. N
o(d.a)=U.(J) eyt (AIV.14)

57 = —5} j P, LAt

+j J Po f 5ukd9dt+Hpo 6;0 8J,dQxdt (AIV.15)

k g

= jj pof,Ou,dQdt — j [z,0u,drat
0Q or
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t
where J, = JSijdr, the impulse of the second Piola-Kirchhoff stress tensor, S;; and ¢ is
0

the damping per unit mass. It is shown next that the governing equations of the
continuum can be derived from this Lagrangian formulation as Euler-Lagrange

Equations.
AlV.1.4.Derivation of Euler-Lagrange Equations

Consider the first integral of equation (AIV.15):

y

T T
5[ [ pycdQdt =5[] G Doty + % Poded Ty + By j dQdt  (AIV.16)
0Q 0Q

By integrating by parts in time, the first two terms of the integral on the right hand side

can be written as follows:

T T
1 }
5 ! iz ot 1, et = — { i puii 51, At (AIV.17)

T T
1 . ..
S[] ~ PoAd At = [ [ oAy 6,2t (AIV.18)
0Q 0Q
Consider now the integrand of the third term:

ij ip~ jq iq~ jp

J, B, :%J,.(d 8,+8,0,)(8, +u,, )i,

p-Jq g jp

Now %Jl.j (5. 0, +0.0,. ):%(Jpq +Jqp) =J,, due to the symmetry of the second Piola-

Kirchhoff stress tensor and hence of the impulse tensor J. Hence:

J;B;

ijk

iy =J,, (0, +u iy, =T, (8, +uy, )iy (AIV.19)
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replacing the indices p and g by i and j respectively. Substituting, we have:

5} [ 7By dQdt = [ [ 57, (5, +u,, )i, dQadt
0Q

O —

JOuy iy ;dQdt (AIV.20)

+

+
0 — 0 —

J; (84 +u,, )5, dQdt
Consider the following time integral:

g

j‘]" (é‘lk "‘”/c,i)&"kuidt =Jj (é‘lk +u’fﬂi)5u"ﬂ/ oT
0

JT- (S ;) u dt - I Uiy Ou,_dt

0

The first term on the right hand side vanishes because du is prescribed at the beginning
and end of the time interval in Hamilton’s principle. Moreover, using the symmetry of J,
the indices, i and j in the third term can be switched to obtain:

T

[, (8, +u,,) i, e = j (8, +u,, ) Su, dt - j S Ou dt (AIV.21)

0

Since o, +u, , = F,, the deformation gradient:
J; (8, +u,,)=S,F,=S,F, =P, (AIV.22)

where P is the unsymmetric first Piola-Kirchhoff stress tensor. The second equality above
follows from the symmetry of the second Piola-Kirchhoff stress tensor, S. Notice also
that similar to equation (AIV.19), the first integrand on the right hand side of equation

(AIV.20) can be written as:
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8T, (6, +u,, )iy, =5, By, (AIV.23)

Substituting equations (AIV.21), (AIV.22) and (AIV.23) in equation (AIV.20), we have:

5} [ 7Byt ddt = T [ 67,8, d0Qdt —j [ Pou, dQat (AIV.24)
0Q Q 0Q

0
Notice that the second integral of equation (AIV.21) cancels out the second integral of

equation (AIV.20) in a fashion similar to the spatially discrete case of section 5.8. Now

consider the spatial integral:

ou,dQ)

J

[ Pidu, ,a@=[(P,5u,) dQ-[P,
Q Q Q

(AIV.25)
ou,dQ)

J

= J.ijnj5ukdl“ —J‘ij,
r Q

where T is the boundary of the domain, n is the unit vector normal to the boundary and
the second equality follows from Gauss’ theorem. Substituting equation (AIV.25) in

equation (AIV.24), we have:

L

5} [,B)t,dQt = i [ 87, B, dQat +f [ P, ou,dOd
00 00 00 (AIV.26)

T

~[[ P ou,drar
or

Substituting equations (AIV.17), (AIV.18) and (AIV.26) in equation (AIV.15) and

grouping terms containing ouy and &J; gives:
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T
jj(po”k + po Py ; _pof/chudedt
0Q
T 8@
+£ i ( Pyt + Py = 7, BykukJ5J dQdt (AIV.27)
T
+“‘ Pyn, — 5udedt
or

=0

Let ', and T'; be the portions of the boundary with prescribed displacement and
prescribed traction respectively. Then due to the arbitrariness of du; everywhere but on

I',, and due to the arbitrariness of dJ;;, we have:

0
—pyii, — py 22 5 PP +pf = (AIV.28)
Op
pOAylikl TP o -~ B, il =0 (AIV.29)

i

Pn,=7, on I',

(AIV.30)
ou,=0 on I,

Equation (AIV.28) is the equation of motion expressed in the reference configuration (see
for example, Belytschko, Liu et al. (2000)), equation (AIV.29) is the equation of
compatibility and equation (AIV.30) represents the boundary conditions. It has thus been
demonstrated that the Lagrangian function, the dissipation function and the action
integral of equations (AIV.13)-(AIV.15) determine the governing equations of the three

dimensional continuum.
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AIV.2. Large Deformation Beam Element

A Lagrangian formulation is now presented for the large deformation beam

element of Section 4 in the element corotational system.
AlIV.2.1.Kinematics

Consider the rate-compatibility equations (4.2), (4.3) and (4.4) of Section 4.

Multiplying equation (4.3) by cos&and equation (4.4) by sindand adding, we have:

5'=(:0$(9£+sin6’ﬁ (AIV.31)
dx dx

Similary, multiplying equation (4.3) by siné and equation (4.4) by cosé and subtracting,

we have:

__sm@ﬁ_i_cosﬁd_n (AIV.32)
l+e dx 1+¢& dx
Differentiating equation (AIV.32) further with respect to x gives:
% d(sinf d ). d{cosf d
- —|E4+ = — | AIV.33
¢ dx[1+g dxjég dx(1+g dx]n ( )

If the displacements in the x and y directions are denoted by u and v respectively, then
u =§ and v =7 . Combining this with equations (AIV.31) and (AIV.33), the following

compatibility relations is obtained:

*

¢=Bu (AIV.34)

where € = {g 5}T ,u={u,v}" and B’ is the compatibility operator:
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cos Qdi sin Qdi
B = N * (AIV.35)

_i sinﬁi i cos@i
dx\l+edx) dex\l+¢ dx

AlIV.2.2.Constitutive Relations

The constitutive relations are those of multi-axial plasticity discussed in Section

2.6. We have from equation (2.33):
E=¢"+¢’ (AIV.36)

The stress-resultant vector, F = {P M }T . The plastic strain rate is:

g =00 (AIV.37)
oF

where ¢, the dissipation function, is given by ¢ =U,., the indicator function of the elastic
domain C = {.’F |D(F)< O} , @ being the yield function of the cross-section of the
beam. The elastic strain is given by:

& = i[l ]:Ta]:j (AIV.38)
oF\ 2

where a is the elastic flexibility matrix of the cross-section.
AlV.2.3.Lagrangian Formulation

It is proposed that the Lagrangian and dissipation density functions (i.e. per unit

undeformed length) and the action integral of the continuum are given respectively by:
L= % ol U+ %JTaJ +J"Ba (AIV.39)
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p(d.u)=U.(J) +%uTcu (AIV.40)

57 =—5( [ caxdr+ [ [5u™ 2L avdr+ [ {537 22 axd
——'([! xt+£;|:u5xt+}[;[ §Xt
” : (AIV.41)
- j j Sufdxdt - j 5q"Qdt

0o 0

t
where J =ITdT, the impulse of the stress-resultant, ¢ is the damping per unit
0

undeformed length and Q and q are the element end force and displacement vectors
respectively. It is shown next that the governing equations of the beam-column can be

derived from this Lagrangian formulation as Euler-Lagrange Equations.
AlV.2.4.Equilibrium Matrix

Before showing that the FEuler-Lagrange equations of the Lagrangiam
formulation, equations (AIV.39) through (AIV.41), are the equilibrium and compatibility
equations of the beam-column, it is necessary to obtain the adjoint of the compatibility
matrix, B, the equilibrium matrix, B. Considering the internal power, integrating by parts

and using equation (AIV.32) gives:

r r dM sin@ t
j F B udx = j W' BFdx + (P cos O +— ]u
0 0 dx 1+¢ 0
’ (AIV.42)
+(Psin9—dﬂcosejv +M9‘L
x 1+¢ 0

where B is the equilibrium matrix:
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) d d (sin@ d
sm@—cos@d— _d_ ) d_
B * o @\ reax (AIV.43)
. d d (cos@ d
—cos@—-sinfd— — —
dx  dx\l+¢ dx

Using the boundary condition of equations (AIL.2), (AIL.3) and (AIl.4) of Appendix II,

we have:

L L .
j FTB udx = j uTdex+(Pcos9+dﬂ sin 0
0 0 dx 1+¢

qu+M<L>q~3—M<o>q-2<Aw.44>

The Euler-Lagrange equations can now be derived.
AIV.2.5.Derivation of Euler-Lagrange Equations

Consider the first integral of equation (AIV.41):
TL TL 1 1 . .
S| [ £t =5[] (— poui+—JTal + JTB*ujdxdt (ATV.45)
0o 0o 2 2

By integrating by parts in time, the first two terms of the integral on the right hand side

can be written as follows:

T L 1 T L
5| JE pou"udxdt =~ [ su” pyjidxd (ATV.46)
0o 0o
rL 1. . L .
s[| EJTadedt =—[ [ 9" addxdt (AIV.47)
0o 0o

Consider the third term:
TL TL T L T L
5 j j J"B udxdt = j j SITB udxdt + j j JTSB udxd: + j j J'B Sudxdt (AIV.48)
0o 0o 0o 0o

Integrating the third term by parts in time:
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O ey

TJTB*audxdt - jJTB*5u‘de - f j J"B" Sudxdt — j j JTB Sudxdt  (AIV.49)
0 0 0o 0o

The term B’Su is examined. We have the following terms:

B;:—H'siné’i:—sinﬁ _s1n¢9@+cos<9@ 4 (AIV.50)
dx I+ dx 1+¢ dx|dx

szzécosﬁi:cosﬁ _s1n0@+cosz9@ 4 (AIV.51)
dx I+ dx 1+¢ dx |dx

o d cos@ . sinf@ .|d
B,y =—/|| - 0+ =& |—

dx 1+¢& (1+g) dx
——COSH(——SIHG@+COS(9@)+ Smez(cosﬁd—ujtsinﬁjﬂ i (AIV.52)
1+¢ 1+ dx 1+¢ dx (1+g) dx dx |dx
_i sin 26 ﬂ_ cos 20 ﬂ i

dx (1+g)2 dx (1+g)2 dx | dx
B; :i B cos202ﬂ_ s1n26’2ﬂ i (AIV.53)
dx (1+g) dx (1+g) dx |dx

Therefore from equations (AIV.50) and (AIV.51),

Bl*lé'u + Bl*zé'v = [— sin 0 d_u + cos & @} {— sin 0_d5u +cos Gd—&}}

l+e dx 1+¢ dx dx dx
(AIV.54)

sin@ dou cos@ dov . du dv

=| - + —sinf@—+cos@—

1+ dx 1+¢ dx dx dx

Thus it is seen that B, 0u + B,,0v = 8B, i+ B,,v. Similarly from equations (AIV.52) and

(AIV.53), it can be concluded that B, du+ B,,6v =068, i+ 5B,,v. Combining these two

results, we have:

BSu = 6Bu (AIV.55)
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Substituting equations (AIV.49) and (AIV.55) in equation (AIV.48) and using the fact

that ou =0 att =0 and t = T, we get:

TL TL T L
5j j J"B udxdt = j j SI"B udxdt — j j J"B Sudxdt (AIV.56)

0o 0o 00

Using the adjoint relationship, equation (AIV.42):

jJTB Sudx = | 5uTBde+(Pcos6’ M Sm‘gja ,

dx 1+¢ (AIV.57)

( )5% - (0)5%
Substituting equation (AIV.57) in (AIV.56) and then equations (AIV.46), (AIV.47) and

(AIV.56) in (AIV.41) and collecting the terms in du, &J and oq, we have:

ﬁ& T( 0u+—+BJ fjdxdt+jj5JT(aJ+g—?—Bu)dxdt

0 0o

am Smejéqldz—f(gz —M(L))5q1dt—I(Q3 +M (0))Sg,dt (AIV.58)

0

}(Ql Pcos@+

=0

dx 1+¢

Due to the arbitrariness of the virtual displacement and impulse fields, we have the

pointwise relations:

P, +a—f”+BJ—f =0 (AIV.59)
ou
= 0@ .
aJ+—-Bu=0 (AIV.60)
oJ
0, = Pcos+ dM sin 8
dx l+¢&
0,=M(L) (AIV.61)
O, = _M(O)
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Equation (AIV.59) is the equation of equilibrium of an infinitesimal segment of the
beam. This can be verified (see for example, Huddleston (1979)). Equation (AIV.60) is

the equation of compatibility and equations (AIV.61) are the boundary conditions.

It is recognized that the key to the proposed Lagrangian formulation being
invariant under finite deformations in all three cases, the discrete case in Section 5 and
the continuum and beam-column discussed in this Appendix is the symmetry of the

derivative of the compatibility operator with respect to the displacement field.
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