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NOMENCLATURE 

Abbreviations 
 

3D three-dimensional 

CCD charge coupled device 

DD data-data particle pairs 

DNS direct numerical simulations 

DR data-random particle pairs 

FFT fast Fourier transform 

LDA  laser Doppler anemometry 

NI National Instruments 

PDF probability density function 

PIV particle image velocimetry 

PSD particle size distribution 

PTV particle tracking velocimetry 

RDF radial distribution function 

RAM random access memory 

RR random-random particle pairs  

SNR signal-to-noise ratio 

VI  virtual instrument 
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Mathematical symbols 

 

A constant, from the scaling argument method 

A first frame of double-pulsed holographic imaging 

B spatial spectral- filtering function 

B second frame of double-pulsed holographic imaging 

I pixel intensity 

I0 reconstructed wave signal intensity 

IH hologram intensity 

Kz Fourier transform of the diffraction kernel kz 

L depth of sample volume 

Le large eddy length scale 

N number of points for the Fourier transform of the velocity vector field 

NA number of particles extracted from A hologram 

NB number of particles extracted from B hologram 

Nc collision frequency 

Ni number of particle pairs in ith shell 

Np total number of particles in a field 

Nr total number of random particles in a field 

Nx number of PIV vectors in the x direction 

Ny number of PIV vectors in the y direction 

O amplitude of object wave (spherical wave) 
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P(wr|r) probability density function of wr conditioned on the particle pair 

separation distance 

PXY(r) probability density function for pairs particle pair separations in the Monte 

Carlo RDF method 

R amplitude of reference wave (plane wave) 

Re Taylor microscale Reynolds number 

St Stokes number 

Te large eddy time scale 

V volume of the particle field 

dt time separation between laser pulses 

g(r) radial distribution function 

hz Fresnel diffraction kernel 

j  

k wave frequency 

ke turbulent kinetic energy 

 two-particle separation vector 

t  Kolmogorov time scale 

Uz reconstructed wave front 

 PIV velocity vector 

 root mean square of the velocity fluctuations 

u  Kolmogorov velocity scale 

 individual particle velocity vector 
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 two-particle relative velocity vector 

wr radial component of the relative velocity between two particles 

 PIV vector location 

xp position of a particle in the x direction 

yp position of a particle in the y direction 

z distance from the hologram to the reconstructed plane 

zo normal distance of the particle to the hologram 

zp position of a particle in the z direction 

"window" size over which velocity field is spatial averaged 

x PIV vector spacing in x direction 

y PIV vector spacing in y direction 

CCD CCD camera pixel size 

RDF bins width used in calculating the RDF 

hologram angular aperture 

proportionality constant for the Lin spectrum 

particle image depth-of- focus 

 turbulent kinetic energy dissipation rate 

phase- lag of spherical wave front 

 Kolmogorov length scale 

 wavelength of laser light 

 kinematic viscosity 
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scattering angle between the incident laser light and the hologram 

recording plane 

f fluid density 

p particle density 

particle diameter 

p particle response time 
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Abstract 

Quantification of the inertial particle clustering and the dispersion and collision processes 

is of fundamental importance to the validation of our theoretical understanding of the 

dynamics of inertial particles in both natural and industrial turbulent flows. The particle 

collision kernel contains two important parameters, the radial distribution function (RDF) 

and the mean inward radial relative velocity (Sundaram and Collins 1997). The 

sensitivity of these parameters on the particle inertia or Stokes number and the turbulence 

characteristic namely the Reynolds number based on the Taylor microscale, R is key to 

advancing our understanding of the phenomena. Due to the complicated physics of the 

particle collision process it is typically studied using direct numerical simulation (DNS). 

There is a pressing need to experimentally validate the DNS results as well as to extend 

the data to Reynolds number beyond what is currently possible. Using the hybrid digital 

holographic system as a tool the particle inertial effect on both RDF and two particle 

radial relative velocity PDF was studied in a stationary, homogenous and isotropic 

turbulent box experimentally and compared with DNS. The optical set was modified to 

improve the quality of the holograms and then optimized to minimize the error in the 

depth position accuracy use mono dispersed particles scattered on the glass plate. By 

analyzing the angular aperture theoretically and experimentally it was determined to be 

limited by the long focal length microscopic lens system.  

Three inertial particles were employed to obtain 3 different Stokes numbers. The PDF 

and RDF were quantified using two different particle matching and two calculation 

methods to compare their performance. Finally the Stokes number effects on the two 
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particle radial relative velocity PDF and RDF were compared with DNS results under 

similar flow and particle Stokes number conditions. 
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CHAPTER 1-INTRODUCTION 

1.1 Particle Collision Frequency Kernel 

The motion of discrete particles in turbulent flow is of great importance to a broad range 

of natural as well industrial flows. For example there is an unresolved question 

concerning the rate at which clouds develop in the atmosphere. Clouds are observed to 

develop faster than the standard microphysical models predict (Beard and Ochs 1993). 

The discrepancy has been linked to the turbulent motion of the water droplets (Shaw, 

Reade et al. 1998; Shaw 2003). Another example is the spatial in-homogeneities inside a 

diesel engine which lead to the local formation of soot particles that grow by coagulation 

and are consumed by oxidation at rates that are controlled by mixing. The spatial 

uniformity of spray injectors is controlled by the turbulent breakup processes that occurs 

outside the liquid core. The common physics in these processes is governed by the 

motion of either physical particles or chemical species driven by turbulent fluctuations. 

Here in lies the motivation of this study of the turbulent collision process for particles 

laden turbulent flow. 

There are two distinct regimes of particle motions of general interest. The first being the 

motion of particles with densities matching the fluid phase which are significantly 

smaller than the smallest length scales of the flow (Kolmogorov scale). These particle 

follow the motion of the fluid. Our study focuses on the second regime in which there is a 

particle to fluid density mismatch, such as solid particles or liquid droplets in a gas, 

which exhibit so-called inertial effects. Even when the particle is smaller than the 
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smallest scales of motion of the fluid, these inertial particles will no longer precisely 

follow the motion of the fluid. They are expelled from vortical regions of the flow and 

collect in regions of high strain (Squires and Eaton 1991; Elghobashi and Truesdell 1992; 

Eaton and Fessler 1994). The resulting phenomenon, known as particle 'clustering' or 

'preferential concentration', can profoundly impact aerosol processes such as gravitational 

settling (Maxey 1987; Wang and Maxey 1993) and turbulence modulation (Squires and 

Eaton 1990). 

As a new approach to model the evolution of the phenomenon mentioned above, 

Sundaram introduced the collision frequency kernel for monodisperse particles of 

diameter  (Sundaram and Collins 1997), it was later modified by Wang et al (2000), 

resulting in the following kernel. 

                     24 ( ) ( ) ( )c r r rN g w P w dw 

 

(1.1) 

Here the collision kernel is related to only two particle statistics; the raidal distribution 

function (RDF), g(r), which accounts for the enhancement due to particle clustering; and 

the radial component of the relative velocity between two particles wr and its probability 

density function P(wr|r) conditioned on the particle pair separation distance r, which 

controls the rate particles are brought into contact. Extensions of the collision kernel to 

systems of bidisperse (Zhou, Wexler et al. 2001; Zaichik, Simonin et al. 2006) and 

polydisperse (Derevich 2007) particles size distributions (PSD) lead to similar functional 

dependences on the two unknown parameters, g(r) and P(wr|r). 
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1.2 Motivation 

Digital holographic particle image velocimetry (HPIV) offers potentially the best solution 

to volumetric measurements of the three-dimensional velocity fields in complex flows 

(Meng, Pan et al. 2004). Thanks to the simplicity of implementation and operation of 

digital compared to film-based HPIV, sufficient statistics can be obtained to provide and 

experimental investigation of the RDF and PDF, heretofore quantified only through the 

use of direct numerical simulations (DNS) (Reade and Collins 2000). The digital HPIV 

system enabled the preliminary experimental measurements of the full three dimensional 

dense particle field radial distribution function (RDF) (Cao, Pan et al. 2007) and the two 

particle radial velocity probability density function (PDF) (de Jong 2008) inside a 

stationary, homogenous and isotropic turbulent flow. However, due to the spatial 

limitations and uncertainties inherent in the experimental measurements, several factors 

need accounted for in order appropriately compare the experimental and DNS results. 

These include a correction for the limited experimental volume, a poly-disperse particle 

size distribution, lower dimensional measurements and uncertainties in the measured 

particle locations. These limitations motivated the optimization of the particle position 

accuracy by improving the quality of the raw holograms, maximizing the angular 

aperture and the selection of parameters used in the particle extraction process. The 

system improvements justified this further incremental investigation of inertial particle 

dynamics and comparisons to DNS results. 
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1.3 Overview 

This thesis describes the further development of experimental techniques used to quantify 

the inertial particle dispersion statistics, namely the RDF and the two particle relative 

velocity PDF in a homogeneous, stationary and isotropic turbulent flow facility. Dif ferent 

methods have been implemented to calculate the RDF and perform frame-to-frame 

particle matching. These different methodologies were compared and then used to further 

our understanding of the particle Stokes number effects on both RDF and two particle 

relative velocity PDF. A procedure for calibrating the particle position depth accuracy 

and angular aperture is also presented.  

Background information and literature surveys of digital holographic imaging, stationary 

turbulent flow chambers, two-particle statistics from particle dynamic fields, and related 

comparisons of experimental measurements to DNS are presented in Chapter 2. In 

Chapter 3 the experimental implementation is described, including both the theoretical 

and experimental analysis of the angular aperture and the depth accuracy for the current 

system, and the integrated experimental process for acquiring the 3D particle coordinates 

and velocity of the particles in the experimental control volume. Chapter 4 presents the 

calculation and experimental results of RDF and two particle relative velocity PDF under 

different Stokes number and flow conditions and their comparison with DNS experiments. 

The discussion, conclusions and future work are presented in Chapter 5. 
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CHAPTER 2-BACKGROUND 

2.1 Flow Facility and Calibration Result 

The eight-fan-driven cubic isotropic turbulence box was built in house by Pan and Meng  

(Pan 2003). The exterior consists of acrylic walls of length 40 cm per side, the interior 

corners of the cube are blocked off by acrylic sheets in the shape of equilateral triangles, 

with the dual purpose of acting as mounting plates for the fans and shaping the interior 

chamber into a more spherical geometry. Eight Fans (Comair Rotron, model number 

MC12B7) are mounted in each corner of the box and directed toward the center of the 

flow chamber. de Jong later modified the box by moving the fans closer to the center in 

order to minimize the interaction between the individual return flow fields of the fans. 

 The new fans provide a tachometer TTL pulse-train output at a frequency of two pulses 

per revolution.  The tachometer pulses were fed into a National Instruments (NI) data 

acquisition board (PCI-6621) and monitored via National Instrument LabVIEW software 

to assess stability.  The power was supplied to the fans by a GW Instek laboratory DC 

power supply (model GPS 3030DD), with each fans supplied voltage adjusted by 

individual potentiometers.  This allowed the fans rotation rates to be balanced within an 

uncertainty of ±3%  in order to improve the isotropy of the flow field. The rotation rate of 

each fan is variable over a range of 1400 to 4000 rpm (de Jong 2008).  
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Figure 2-1: Top view of the stationary turbulence flow chamber  

de Jong used a LDA system (Dantec Dynamics) to balance the fans' orientation and 

rotation rates in order to produce stationary isotropic turbulent flow in the center of the 

turbulence chamber. He then implemented a PIV system to fully characterized the flow in 

the chamber. The isotropic turbulent flow parameters inside the box under three flow 

conditions are listed in the table below(de Jong, Cao et al. 2009): 

Table 2-1: Turbulent flow parameters to characterize the flow chamber 

Parameter I II  III  

Fan rotation rate [rpm] 3250 3550 3900 

Turbulent kinetic energy, k [m
2
/s

2
] 0.578 0.721 0.954 

Turbulent intensity, uô [m/s] 0.621 0.693 0.798 

Kinetic energy dissipation rate,  [m
2
/s

3
] 5.90 8.29 12.0 

Large eddy length scale, L = k
3/2

/  [cm] 7.45 7.38 7.76 

Large eddy time scale, Te = L/uô [s] 0.120 0.107 0.097 

Kolmogorov length scale,  [ m] 155 142 129 

Kolmogorov time scale, t [10
-3

  s] 1.59 1.35 1.12 

Kolmogorov velocity scale, u [m/s] 0.097 0.106 0.116 

Taylor micro-scale,  [mm] 3.83 3.61 3.45 

Reynolds number, Re 159 167 184 
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2.2 Development of hybrid digital holographic imag ing system 

Holography is ideally suited for study of dynamic, three-dimensional particle fields  and 

its applications for this purpose are vast (Trolinger 1975). Holographic particle image 

velocimetry (Holographic PIV or HPIV) is a well-documented experimental technique 

which enables the measurement of all the spatial components of the velocity vector in a 

3D volume (Hinsch 2002). However, the low signal-to-noise ratio (SNR) is a key issue in 

holographic particle imaging system for applications involving dense particle fields. 

Since holographic PIV uses flow-tracing particles to map three-dimensional flow velocity 

fields, it requires high seeding densities to resolve the small-scale flow structures in 

turbulent flows. In holographic PIV, there are two traditional ways of velocity mapping, 

one is based on particle group images mapped via correlations implemented with Fast 

Fourier Transforms (FFT) (Zhang, Tao et al. 1997), the other is based on individual 

particle image matching (Pu and Meng 2000). Both of the two methods are sensitive to 

false particles resulting from image noise.  

Considerable efforts have been expended attempting to solve the noise issue in particle 

holography and holographic PIV field. For example, several modified optical recording 

schemes based on in- line holography were designed to improve the particle signal 

intensity (Royer 1977) (Zimin and Hussain 1994). Off-axis holography (Barnhart, Adrian 

et al. 1994; Zhang, Tao et al. 1997; Pu and Meng 2000) or in- line recording off-axis view 

techniques (Meng and Hussain 1995) were proposed to avoid in- line superposition of 

coherent wave components, the source of speckle noise. It appears that optical schemes in 

particle holography have been thoroughly explored (Hinsch 2002) and their increasing 
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sophistication has reached a point of diminished return. Some data processing methods 

have also been investigated to improve the SNR (Pan and Meng 2003; Xu, Jericho et al. 

2003; Koek, Bhattacharya et al. 2005; Pu and Meng 2005; Asundi and Singh 2006; Yang, 

Kostinski et al. 2006; Soulez, Fournier et al. 2007). The older film-based recording 

technique and optical reconstruction of images although capable of superior SNR is 

poorly suited to the application of newer data processing methods.  

Digital holographic particle imaging systems employs a digital image sensor to record the 

hologram and uses numerical algorithms to reconstruct the 3D image volume, it 

eliminates the wet film processing that has long been the biggest barrier to entry for 

researchers who are interested in the Holographic PIV technique (Cao, Pan et al. 2008). 

However, the low resolution of digital image sensors has restricted standard digital 

particle holography to the in- line configuration (forward scattering). The narrow angular 

spread of the in- line hologram recording, along with the finite digital sensor pixel size 

causes severe speckle noise and a large depth-of- focus in the reconstructed particle image. 

Consequently, the current generation of digital holographic imaging systems is limited to 

measurements at low particle densities (<1per mm3) and small flow facilities (<1 cm in  

each dimension)(de Jong 2008). 

To apply digital holography to the measurement of three-dimensional dense particle 

fields, a hybrid digital holographic imaging system is developed by Cao and Pan (Cao, 

Pan et al. 2008). Figure 2-2 shows the recording scheme. A pulsed laser beam is split into 

a reference beam and an object beam allowing the selected volume of particles to be 

imaged at angles greater than 0°.  The hybrid design offers us several benefits.  
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Figure 2-2 Hybrid Digital Holographic Imaging Design 

(side scattering with on-axis reference wave)(Pan 2003) 

First, the unique hybrid design made the system very flexible in defining the 

measurement volume through controlling the size and location of the illumination beam. 

For example, when higher spatial resolution is required, the size of the measurement 

volume can be reduced so that particle seeding density can be increased without 

scarifying the signal-to-noise ratio in hologram reconstruction. Furthermore, the 

dimension of the flow facility no longer determines the depth of the measurement volume, 

making the technique more applicable to practical use (Cao, Pan et al. 2007). 

The second benefit is the hybrid configuration avoids the excessive speckle noise from 

particles along the illumination path that are outside the volume of interest, which occurs 

in standard digital in- line holography. The recombination of the object and reference 

beams on-axis minimizes the spatial frequency of the holographic fringes, such that these 

can be resolved by the digital sensor. Such a design has the advantages of speckle-noise 
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suppression provided by off-axis (side) scattering and the lower resolution requirement 

provided by on-axis (in- line) recording (de Jong 2008).  

The 3D dense particle field measurement capability of this hybrid digital system makes it 

an outstanding technique for the study of inertial particle dispersion in isotropic turbulent 

flow. Heretofore experimental measurements of a three-dimensional particle fields have 

typically been limited to basic sparse particle field applications using particle tracking 

velocimetry (PTV)  (Cowen and Monismith 1997; Doh, Kim  et al. 2002; Voth, La Porta 

et al. 2002), tomographic particle image velocimetry (Tomo-PIV) (Elsinga, Scarano et al. 

2006), and forward scattering holographic particle imaging (Owen, Zozulya et al. 2002; 

Pan and Meng 2003) (Owen, et al. 2002, Pan and Meng 2003, Xu, Jericho a(Xu, Jericho 

et al. 2001).   

Digital holography provides access to the complex wave during hologram reconstruction. 

The attribute  can be exploited to distinguish real particle images from speckle noise by 

identifying a unique particle signature in the complex reconstructed field present only in 

real particle images. Particle identification augmented with the complex wave signature 

consistently provides > 50% removal of 'bad' particles and < 8% of the good particles (de 

Jong and Meng 2007). 

2.3 Particle Inertia Effects  

Particle inertia is a requirement of collision and coagulation processes because it allows 

particles to cross carrier fluid trajectories enabling collisions. The most important 
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parameter for  evaluating a particle's inertia is the Stokes number, which is the ratio of the 

particle response time to the fluids response time, it is defined as 

 

2

2

1/2

18
( )

18
( )

p

p f p

f

v
St

vt

 (2.1) 

where Űp is the response time of a particle with diameter  and density p in a fluid of 

density f,  
1/2( / )v  is the Kolmogorov time scale and 3 1/4( / )v

 is the 

Kolmogorov length scale, with  being the kinematic viscosity and  the turbulent energy 

dissipation rate. In the limit at 0St a particle will follow a fluid element or is referred 

to as a fluid tracer. In the other limit at St denotes a heavy particle completely 

unresponsive to the flow (Sundaram and Collins 1997). DNS in (Reade and Collins 2000) 

has shown that the particle Stokes number is a primary factor in determining the degree 

of particle preferential concentration and therefore the RDF in particle- laden turbulent 

flows. In the context of experimental measurements, the Stokes number is sensitive to the 

quantification of the particle's diameter  and the flow dissipation rate  In our 

experiment, mechanical sieving procedure of particles was implemented to narrow the 

particle size distribution thus providing a narrower particle diameter,  range. There is 

no experimentally available direct method of measuring the turbulent energy dissipation 

rate, , in the enclosed zero-mean turbulent flow chamber. de Jong performed PIV and 

LDA measurements and evaluated correction factors in order to minimize the 

experimental  errors. The Reynolds number corrected, second-order, longitudinal velocity 
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structure function method was determined to be the most robust method (de Jong, Cao et 

al. 2009) of indirectly determining  in this flow facility. The results are shown in table 2-

1. By using different particles and flow conditions several St number can be achieved in 

this facility. 

Preliminary measurements of the RDF by holographic imaging (Cao 2007) showed that a 

quasi-steady state can be expected in the facility when the RDF calculated at consecutive 

'phases' post particle injection varies minimally. de Jong (de Jong 2008) further refined 

the steady state RDF timing by synchronizing the camera with the particle injection 

process. While stationary turbulence chambers produce flows that are similar to those of  

DNS ñboxò turbulence, the differences in their initial conditions, both fluid and particle, 

preclude comparing their evolving particle fields. So, to avoid any temporal dependence 

of the measurements the DNS and experimental data comparisons at steady state are 

necessary (Salazar, De Jong et al. 2008). 

Additionally, sufficiently resolved DNS experiments are not subject to the same degree 

of errors that are inherent in the experimental measurements. Identifying, possibly 

correcting or compensating for these errors is important to present a quantitative 

comparison of the results obtained by each method.  
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CHAPTER 3-EXPERIMENTAL IMPLEMENTATION 

3.1   Optical Setup for Hybrid Digital Holographic Imaging System  

Slight modifications were made to the optical setup to improve the image quality and 
ultimately improve the accuracy of the technique. Figure 3-1-a-b shows the sketch and 

the corresponding picture of the old and the new optics for the hybrid holographic 
imaging systems.  
 

                    
 

Figure 3-1-a: Sketch of the old digital hybrid holographic optical setup with 90° light 
scattering and an experimental flow facility (de Jong 2008) 

 

             
 

Figure 3-1-b: Sketch of the new digital hybrid holographic optical setup  
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After examination of the variable beam splitters it was found that the polarization of the 

object and reference beams was not the same.  In this implementation the polarizing cube 

beam splitter within the variable beam splitters reflect horizontally polarized light and 

transmit vertically polarized light. This setup insures that the illumination beam and 

reference beam are both horizontally polarized and therefore provide optimal holographic 

imaging.  This improved the overall quality of the holograms recorded by the CCD 

camera. Further adjustments were made to minimize any standing interference or 

background image non-uniformity.  Figure 3-2 shows the comparison of the old and new 

raw holograms. The background of the new hologram is much more uniform with little 

evidence of a low frequency interference pattern. The contrast of the particle fringe 

patterns was slightly enhanced as well. These improvements should result in a more 

accurate 3D particle position obtained from a cleaner hologram. 

     

Figure 3-2: Raw holograms using the old and new optical set up 
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The laser is a Spectra-Physics PIV-400 dual, injection-seeded Nd:YAG laser (400 

mJ/pulse at 532 nm, 8 nano-second pulse width) . The laser pulses are first split into two 

separate beams, an object beam and a reference beam, by a 99% reflectance plate beam 

splitter. (CVI Model: BS1-532-99-1012-45P).  

The object beam is radially expanded and collimated by a pair of diverging (Newport 

KPC079, -75, plano-concave) and converging (Newport KPX202, 250, plano-convex) 

spherical lenses first, then further expanded in the vertical direction by a pair of diverging 

(Melles Griot) and converging (CVI Model: SCX-50.8-76.3-C-532) cylindrical lens. 

Before the object beam enters the turbulence chamber, a 7 mm wide by 40 mm tall 

aperture was used to remove the low intensity Gaussian tails expanded beam to provide a 

more uniform particle illumination.  

The original laser is pure vertically polarized light (green, wave length, ʇ = 532nm). To 

create the reference beam the remaining 1% of light transmitted through the first high 

energy beam splitter is used. The two pairs of variable beam splitters, each consisting of a 

quarter wave plate (CVI Model: QWPO-532-10-4-AS15) and a polarizing cube beam 

splitter (CVI Model: PBSO-532-100) are used to reduce the reference beam intensity to 

less than 0.1% of the laser output. The arrangement of the polarizing cube beam splitters 

insures that the object beam and reference beam are both vertically polarized.  The two 

variable beam splitters provide a fine adjustment of the reference wave intensity needed 

to match with the object wave scattered light intensity to maximize the fringe pattern 

intensity. After passing through the variable beam splitters, the reference beam is 

expanded, first by a 3X (CVI Model: HEBX-10.0-3X-532), then by a 10X (Newport 
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Model: HB-10XAR.14) beam expander. Before entering the camera lens optics system, 

the reference beam is combined with the light scattered by the particles by a 50/50 beam 

combiner. In this hybrid system, we combine the light scattered by the particles (object 

beam) at 90° with the reference beam to form the hologram.  

 

Figure 3-3: PBSO high energy laser line polarizing beam splitter cubes (CVI)  

 

The lens system used to move the imaging plane close to the illuminated control volume 

in this experiment is a Model KS/2 Long-Distance Microscope system manufactured by 

the INFINITY Photo-Optical Company. The lens system is made up of the main body, 

two TR 2X amplification tubes and a CF-1/B objective. This lens combination is capable 

of producing linear magnifications between 2.0 of 5.0. The large format CCD camera is a 

pco.4000 (14 bit, 4008×2672, 9 m pixel array). The frame rate is directly related to the 

number of active pixels along one-dimension of the CCD. 

 In the temporal RDF experiment, to increase the frame rate, the CCD active area was 

limited to 3272x1224 pixels. To compensate for the reduced number of active pixels, the 

lens linear magnification was set to 2.1, which produced an effective pixel size of 4.212 
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m and view area of 13.8 x 5.1 mm2. The frame rate of the camera was also increased by 

increasing the readout rate of the CCD to its fastest setting, 32 Mbit/s. This combination 

of image size and readout rate enabled the camera to operate at 5 Hz. Under steady state 

condition, we optimize the camera settings to maximize both the size and quality of the 

recorded holograms. The CCD readout was lowered to 8 Mbit/s, which maximizes the 

signal-to-noise ratio of the recorded images. Under these operating conditions, the 

maximum camera frame rate became 0.33 Hz. 

To synchronize the laser and the camera, two digital delay pulse generators from Stanford 

Research Systems, Inc (model DG535) are used. The first pulse generator controls the 

firing of the lasers and q-switches. The second pulse generator controls the mechanical 

shutter (NM Laser Product, Inc model 0355S3W8) at the exit of the laser cavity and 

triggers the camera image acquisition. Synchronization of the triggering of the image 

acquisition sequence and the injection of the inertial particles is controlled by the digital 

output of a National Instruments, Inc. (NI) PCI-6621 timing board. The NI board outputs 

two TTL pulses, one to initialize the image acquisition sequence via the Acq. Enable 

input on the pco.camera and a second to a solenoid valve that releases a compressed air 

jet aimed at a know mass of  particles. The control of the timing board was accomplished 

through a simple LabVIEW virtual instrument (VI). Control of the image acquisition in 

this manner enabled ensemble averaging of independent data sets, at any given time after 

the particle injection, over multiple injection sequences (de Jong 2008).  
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3.2   Particle Positioning Accuracy  

3.2.1   Theoretical Angular Aperture Analysis  

Particle positioning accuracy and thereby velocity accuracy in velocimetry applications 

depends on many factors in the system configuration (Cao 2007).  Angular aperture is the 

most important factor which affects the depth accuracy in the hybrid digital holographic 

imaging system. Reconstructed particles have a z depth that is longer than the actual 

particle size for all but infinitely resolved holograms. A maximization of the angular 

aperture produces the shortest available depth of focus leading to the most accurate z 

position estimation. 

The angular aperture is a function of the camera pixel size, Ў, and the image size, a 

function of the number of pixels, N. Given the system parameters: 2 m, 2650N   

new optical set up angular aperture can be quantified. The angular aperture of on-axis 

holograms is given by (Pan 2003) 

Angular Aperture 
2

2

c

c

H
if

z

if
 

(3.1) 

where C is the critical pixel size. This is defined as the point where the particle fringe 

spacing is less than the pixel spacing. This can be calculated by: 

 
C

z z
H N  (3.2) 
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where ʇ is the wavelength of the laser light, z is the depth position of the particle and N is 

the image size in pixels.  When the pixel size is smaller than C, the fringes in the entire 

image (hologram) can be resolved.  

A new parameter *H  is introduced which is the actual diameter of the fringe patterned 

observed on the raw hologram. Since the size of the fringe patterned do not span the 

entire hologram but only a small portion, a modified * 1

10
H H  accounts for this 

discrepancy. This new dimensional limitation was determined to be a function of the 

diameter of the long distance microscopic lens system. 

A critical plane 
cz  can be defined as the depth where either H*  or the spatial resolution 

limits the ability to resolve the particle fringe pattern. 

 

*
*

2 2
c

c

H

z
  (3.3) 

 
2cZ mm

 
(3.4) 

So when z < 2mm the angular aperture is always equal to 0.133 7.624
2

rad
 

When z > 2mm the angular aperture is decreasing from 0.133 7.624
2 2c

H
rad

z
 

3.2.2   Particle Positioning Accuracy Calibration Experiment 

To quantify the depth accuracy a series of calibration experiments was performed using 

mono-dispersed particles (Duke Scientific Diameter=10 m) scattered on a flat glass 

plate (Micro Slides). The mono-dispersed particles were distributed on the microscope 
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slides in an alcohol solution which quickly evaporated. A suitable solution concentration 

was found by trial and error. The particle coated slide was subsequently placed in the 

holographic imaging system control volume. The distance between camera and the 

control volume was varied, holograms were imaged and the accuracy of the digitally 

reconstructed particle z locations determined. 

The glass plate is placed at a small angle (about 15 degree) to the holographic recording 

plane. Three different locations were implemented at the reconstruction planes of 1500-

2500 m, 4500-6500 m and 8500-10500 m respectively. The particles extracted from 

the holograms should all be on an interpolated virtual 2D plane representing the tilted flat 

plate. The deviation of particle's extracted positions from this plane is assumed to be the 

particle depth error. Figure 3-4 shows the particles' measured depth positions (blue 

dimonds) relative to the true depth position (black line) and the standard deviation (red 

histograms) of particle depth position error for the three sets of the experiments. 
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Figure 3-4-a: Measured and true particle positions and the error distribution for 

Reconstruction planes from 1500-2500Аm.  = 79.8Аm.
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Figure 3-4-b: Measured and true particle positions and the error distribution for 

Reconstruction planes from 5500-6500Аm.  = 92.1Аm. 
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Figure 3-4-c: Measured and true particle positions and the error distribution for 

Reconstruction plane at 9500-10500Аm.  = 109.1Аm.  
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The standard deviation of the error in the depth position for the 3 camera positions, 

reconstruction planes at 1500-2500Аm, 5500-6500Аm and 9500-10500Аm, increased 

from 79.8Аm to 92.1Аm to 109.1Аm respectively. At locations closer than 1500Аm the 

error (not presented here) also increased. The subjective quality of the holograms also 

improved at closer distances. The dynamic range (higher contrast) of the images 

increased which in turn improved the particle extraction capabilities of the software. The 

number of particles extracted in each of the experiments went from 884 to 618 to 567 

respectively.  The calibration experiment adequately captured the trend but did introduce 

errors that could not be isolated and accounted for. The 1mm thick glass plate introduced 

reflections off both the front and back surface resulting in overlapping fringe patterns 

from the same particle. This exaggerates the depth error by an unknown amount. The best 

quality holograms taken at slightly different locations on the plate resulted in depth errors 

less than 50Аm.   

3.2.3   Telescopic Lens limited Angular Aperture  

The raw holograms in the calibration experiment where analyzed using equation 3.3 to 

determine the angular aperture at the three locations.  
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Figure 3-5: Example hologram for reconstruction planes from 1500-2500 m. 

The fringe pattern diameter in pixels for figure 3-5 is approximately 100, resulting in an 

angular aperture of  
*

1

100 2
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2 2 2000
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rad
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Figure 3-6: Hologram for Reconstruction plane at  5500-6500 m 

The diameter of the fringe pattern in figure 3-6 is 300, resulting in an angular aperture of 

*

2

300 2
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2 2 6000

H
rad

z . 

 

Figure 3-7: Hologram for Reconstruction plane at 5500-6500 m 

500 pixels 

300 pixels 
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The diameter of the fringe pattern in figure 3-7 is 500, resulting in an angular aperture of 

*

3

500 2
0.05 2.9

2 2 10000

H
rad

z .
 

The diameter of the long distance microscopic lens system was determined to be the 

critical factor limiting the angular aperture in our system: 

The inside diameter of the telescope is:  D = 30mm 

The distance between the light source and the inlet of the telescope is 300mm, 

So the lens limited angular aperture is:  

 
1 2 3

30
0.05 2.9

2 2 300

telescope

telescope

telescope

D
rad

z

 

The angular aperture using this optical setup reaches a maximum of 2.9° at 2mm. At 

distances greater than 2mm the angular aperture is limited by the lens system. At 

distances less than 2mm it is limited by the camera pixel size. 

Theoretically if the angular apertures for the three locations are the same, the depth 

accuracy should not change, however, when the camera is moved closer to the 

measurement area the signal to noise ratio is improved. The intensity of the particle 

scattered light is stronger. A spherically propagating waveôs intensity falls off as square 

of the distance from the source. The improved contrast resulted in higher quality 

holograms which in turn resulted in a larger number of extracted particle with a higher 
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depth accuracy. Future experiments using this optical setup should place the camera at 

approximately 2 mm from the measurement area. 

3.3 Particle Information and Sieving Process 

Three different particles are used in the experiments:  

Particle#1: Hollow7 (Potters Beads ï Conduct-O-Fil SH400S33), 

Particle#2: Ploy50  (DANTEC ï 38A2121 PSP-50), 

Particle#3: Hollow44 (Potters Beads ï Conduct-O-Fil SH230S33), 

More information is listed in the table 3-1. 

Table 3-1: Particle information and St Number 

Type Particle #1 Particle #2 Particle #3 

Name Hollow7 Poly50 Hollow44 

Property Silver coated hollow 
glass Spheres 

Polyamid Seeding 
Spheres 

Silver coated hollow 
glass Spheres 

Diameter(um) 7 30 25 

Density(kg/m3) 1700 1030 500 

St(Re=184) 0.23 2.58 0.87 

St(Re=167) 0.19 2.13 0.72 

St(Re=159) 0.16 1.79 0.60 

 

All the particles are filtered with a mechanical ultrasonic sieving machine (Model: 

GilSonic GA-8) with stack of metal sieves with openings ranging from 5 to 32 m, see 

the picture below. 
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Figure 3-8: Sieving Machine 

For Hollow7 and Poly50 the sieves from 5m, 10 m, 15 m and 20 m were used. A 5g 

sample of particles is placed on the top most 20 m sieve. The default custom-

programmed sieving sequence function of the machine was run 3 times for each batch. 

The particles on both 10m and 15 m sieves was collected for experimental use. For 

Hollow44 particles we used the 15m, 20 m, 25 m and 32 m sieves and collected the 

particles on both 20m and 25 m sieves. 

A sample of both the sieved and un-sieved Hollow7 particles was sent to Particle 

Technology Labs Inc (Electrozone process) to obtain and got their respective particle size 

distributions (PSD) which are graphed below in figure 3-9. The width of the sieved 

(filtered) particle PSD is much narrower than the unfiltered (Base) PSD. 
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Figure 3-9: Initial and filter particle size distributions of 

particle sample SH400S33 used in the experiments 

 
The sieving process removes the smallest particles which canôt be resolved by the 

imaging system but contribute to noise as well as removing the large particles which will 

scatter a lot of light and ówash outô smaller particles. The narrower PSD also reduces the 

demands on the numerical experiments used in the comparisons.  

3.4 Experiment Procedure  

The optics for the hybrid holographic imaging system was setup as illustrated in figure 3-

1-b. The hologram quality was initially tested by injecting 0.1g of filtered particles into 

the turbulence chamber without turning the fans on. The slow settling of the particles 

enabled the fine adjustment of the images to remove in-plane (x-y) position bias errors. It 

also facilitated the sensitive adjustment of the two variable beam splitters to optimize the 

clarity (contrast) and uniformity of the fringe patterns. 
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A series of background images are then taken with the object beam blocked. These 

images are then averaged and inverted using a Matlab (Mathworks Corp.) algorithm 

(Make Background) developed by de Jong. The resulting image can then be added to 

subsequent images which contain particles to remove illumination non-uniformity and 

improve the particle fringe pattern SNR. 

An appropriate number of 0.1g filtered particle batches are produced to enable a 

sufficient number of particles to imaged over an uninterrupted set of holograms. The 

Hollow7 required 36 sets, the Poly50 and Hollow44 both required 200 sets of holograms. 

Before each 0.1g injection of particles and subsequent set of holograms the fanôs rotation 

rate is checked by monitoring the built in tachometer from each fan using a LabView 

(National Instruments, Inc.) virtual instrument initially developed by de Jong and slightly 

improved for this round of experiments.  

3.5 Processing of Digital Hologram  

To numerically reconstruct all the holograms a Matlab script run on 8 Dell Precision 

PWS 490 workstations configured with two dual-core Intel Xeon 2.66 GHz processors 

and 16 GB of RAM. Using the multiple processors in the system and the Matlab 

'matlabpool' and 'parfor' functions the time to completely reconstruct a holograms was 

reduced by a factor of three compared to running on only a single processor core. The 

time savings when processing thousands of  holograms is significant. There are three 

necessary steps to process digital holograms in order to get the three dimensional 
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coordinates of the particles inside the measurement area. Figure 3-10 shows the general 

procedure. 

 

Figure 3-10 Digital Hologram Processing Flow Chart 

3.5.1 Hologram preprocessing 

The preprocessing improves the quality of holograms by subtracting the background 

image from the raw hologram to remove some inhomogeneous illumination in the 

recording and any static fringe patterns from dirt on the optics. The preprocessing tool 
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box in Matlab is used to improve the quality of the hologram through filtering and 

exposure correction. 

For example, the toolbox "imfilter" can remove low frequency inhomogenous 

illumination as well as some low frequency noise fringes caused by dust or other objects 

along the optical path. The toolbox "adapthisteq" can enhance the contrast of the 

grayscale image by transforming the values using contrast- limited adaptive histogram 

equalization. Figure 3-11 shows the raw hologram and the hologram after preprocessing 

procedure.  

     

Figure 3-11 Raw Hologram & Hologram after Pre-Processing 

 

3.5.2 Numerical reconstruction 

Since the holograms are digital recorded the relatively simple numerical reconstruction 

can be implemented as a posed to the tedious optical reconstruction required when analog 

film based recorded is implemented. The fringe pattern on the hologram records the 

pattern of interference between the object wave and a known reference wave. During the 
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numerical reconstruction the reference wave are numerically propagated back through the 

hologram to obtain the complex wave front of the original object wave behind the 

hologram.   

To solve for the complex wave a convolution given in Eq. 3.5 of the hologram's intensity 

and a diffraction kernel is performed. Since the convolution of two functions can be 

represented by the multiplication of their respective Fourier transforms, the complex field 

behind the holograms is typically written as (Pan 2003), 

                  1( , , ) { [ ( , )] ( , )}H zU x y z I K u v                                                                  (3.5) 

where IH is the hologram intensity and Kz(u,v) is the Fourier transform of the diffraction 

kernel  
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k x y z

j x y z
 (3.6) 

given by 

 2 2( , ) exp[ 1 ( ) ( ) ]zk u v jkz u v  (3.7) 

The discrete form of Eq. 3.7 can be used to directly multiply the transformed digital 

hologram to become, 
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with m and n being the matrix indices; Nx and Ny being the number of pixels; and x and 

y being the pixel size in the x and y directions respectively.  

Given that the Fourier transform of IH only needs to be calculated once, reconstruction of 

the complex wave in a plane at any axial location z, can be accomplished by carrying out 

only one inverse FFT per plane. Also, because inverse Fourier transform is uniquely 

dependent on z, the calculations of successive reconstructed planes are independent. This 

allows for the calculation of the entire reconstructed field U(x,y,z) to be easily 

parallelized and thus greatly speed up the numerical reconstruction process (de Jong 

2008). 

3.5.3 Particle extraction  

There are two methods for particle extraction, PEI (Particle Extraction using Intensity) 

method and PECA method (Particle Extraction using Complex Amplitude), in the hybrid 

digital holographic imaging system, only PEI method can be used due to the highly 

irregular distribution of the scattered wave in side scattering. 

Using the scanning approach, the 3D imaging volume is sampled on consecutive 2D 

planes in the hologram reconstruction. From the images on each scanning plane, objects 

are identified using standard image processing algorithms. These 2D objects are then 

combined to form 3D bodies, of which the position and shape information can be 

extracted by using information processing algorithms specially designed for digital 

particle holography (Pan 2003). 

The advances in computing capabilities allows the entire reconstructed intensity field to 

fit in a computers active memory, simplify the extraction of 3D particle images and 



36 
 

greatly improving the processing speed. Instead of building regions in two dimensions 

and correlating them across successive planes, regions can be built based on connectivity 

relationships between adjacent foreground pixels in three dimensions. Therefore, 3D 

particle images can be directly extracted from the reconstructed intensity field (de Jong 

2008). Once the particle image is extracted, initial estimates of the 3D position of the 

particle can be obtained by calculating its intensity based centroid (PEI method). The 

intensity based centroid of the particle (xp,yp,zp) is calculated from the relationships, 

100 010 001

000 000 000

, ,p p p

m m m
x y z

m m m
where a moment of order (p+q+r ) of the 

intensity I is given by, 

                                     , ,p q r

pqrm i j k I i j k  (3.9) 

and i, j, k are the pixel coordinates of the foreground pixels in the particle image.  
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CHAPTER 4-RESULTS 

This chapter presents the radial distribution function (RDF) and the two particle radial 

relative velocity probability density function (PDF) based on the 3D coordinates of 

particles extracted by digital holography inside the isotropic turbulent box. 

4.1 Radial distribution function  

The RDF is one of the key parameter in the particle collision frequency kernel described 

in Eq. 1.1, it was introduced by (Sundaram and Collins 1997). The RDF is a statistical 

mechanical description of a particle field, which is the ratio of the number of particles 

found at a separation distance r to the expected number based on a uniform distribution 

of particles (McQuarrie 1976). For a three dimensional particle field, it can be calculated 

by the equation below:  

                              

/
( )

/

i i
i

N V
g r

N V
                                                                                (4.1) 

Where V is the total volume of the system, N = ½Np(Np-1) is the total number of particle 

pairs, so N/V is the bulk particle pair number density. Ni is the number of particle pairs 

found within the distance / 2ir r , Vi is the volume of the discrete shell located at ri. 

The separation ir  is increased at step of r  until the shell reaches its maximum which is 

the inscribed sphere of the test volume. So the radial distribution function becomes a 

function of separation distance ir  , it has the properties of the g(r<) = 0 and g(Ð) = 1. 
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This means particles cannot be located less than one collision diameter apart and at large 

separation distance the  particle field appears random. Besides, the value of r  must be 

carefully chosen, so the result can statistically converges at the minimum r . In certain 

particle clustering conditions, DNS have shown that the RDF can reach values in excess 

of 100 at small separations distances (Reade and Collins 2000, Wang, Wexler and Zhou 

2000).  

4.1.1 Reflected Boundary Condition 

Equation 4.1 shows the RDF normalized by the average pair density in the experimental 

volume V. I t is sensitive to the size and shape of the volume over which the particle field 

measured. Due to clustering, the average pair density for a small sample volume will be 

larger than the corresponding value in the thermodynamic limit V Ą Ð. To compensate 

for this the RDF is renormalize so that the average pair density used is based on the 

equivalent sample volume measured in Kolmogorov units (Salazar, De Jong et al. 2008). 

Some edge correction methods are proposed for particles near the boundary in small 

sample volumes (Coleman, Pietronero et al. 1988; Lemson and Sanders 1991; Provenzale, 

Guzzo et al. 1994). However, the limitation of edge correction is that for larger particle 

separations, many fewer particles are used to calculate the RDF since the maximum 

separation is the radius of the largest sphere that can be enclosed by the sample volume. 

Thus, to overcome this limitation an assumption of periodicity is used to increase the 

statistics at the larger particle separations. With this assumption, the particle field can be 

reflected across each of the volume boundaries so that at each particle location the same 

number of shells can be used to calculate the RDF.  
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4.1.2 Monte-Carlo estimator 

The radial distribution function RDF at larger separation distances can be obtained by 

calculating the partial volumes of the shells located near the edges of the sample volume. 

In even the simplest geometries directly calculating the particle volume of each shell that 

crosses the boundary is an arduous computational task (de Jong 2008), thus the partial 

volumes are often estimated by means of a Monte-Carlo scheme (Davis and Peebles 

1983). The basic concept for Monte-Carlo scheme introduces an additional set of random 

data points inside the survey volume which allows the actual data points to be compared 

against a uniform distribution of particles. Using coordinates of points in the data set D 

and points in the data set R of the randomly distributed particles three different particle 

pair distributions can be generated. They are data-data pairs (DD), data-random pairs (DR) 

and random-random pairs (RR). Multiple combinations of these three distributions have 

been developed such as Davis & Peebles, Hewett, Hamilton and Landy & Szalay 

(Kerscher 1999; Kerscher, Szapudi et al. 2000) in order to estimate the partial shell 

volumes and thus the radial distribution function.  

Kerscher et al. (2000) compared several Monte-Carlo estimators and recommend using 

Landy & Szalay (1993) estimator since it contains the least bias, it is defined as 
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NR being the total number of particles and random points in the survey volume 
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respectively; PXY(ri) is the pair counts with a function  that is symmetric, see below: 

(Szapudi and Szalay 1998) 

                         

 

( ) ( , )
iXY i r

x X y Y

P r x y

                                                                        

(4.3) 

where ( , ) [ ( , ) ]
ir i i RDFx y r d x y r , ( , )d x y is the separation of the two particles and 

the condition in brackets equal to one if ( , )d x y falls in a bin of width RDF between ri and 

ri + RDF, and equal to zero otherwise. The drawback of the Monte-Carlo estimators is 

that if the particle seeding density NP/V is not equal to the particle seeding density in the 

thermodynamic limit V Ą Ð, then the estimators begin to show bias. 

4.1.3 Transient Radial distribution function  

Preliminary particle clustering experiments proved that the radial distribution function 

RDF develops over time, the RDF was averaged over several 'phases' following the 

particle injection (Salazar, De Jong et al. 2008). Pseudo-steady state is achieved when 

RDF between consecutive 'phases' shows very little change, the period before the steady 

state, when the RDF is developing, is called transient state.  The physics behind the  

procedure is very complex, first the particular phase is mixed by the large-scale flow 

structures via transporting and dispersing, the so called 'macro mixing' phenomenon tends 

to be uniform due to the randomness of turbulent large scale structure. The phenomenon 

of interest here is present in the vortex structure at order of the viscous scales where 

finite- inertia particles are centrifuged out of the vortex cores and accumulate in the low-
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vorticity, high-strain regions, leading to the 'clustering' which is most prominent at the 

order of the smallest vortexes (Cao 2007). 

To determine the exact time when the steady state RDF is achieved following an injection 

of particles, de Jong modified the experiment to synchronize the camera with the particle 

injection process and continuously recorded holograms at a rate of 5 Hz for just over 60 

seconds. This resulted in a total of 312 holograms per injection cycle. The particle 

injection process was repeated 26 times resulting in a total of 8112 particle holograms.  

By dividing the holograms into 3 sections, 10 'phases' of 1 second, 10 'phases' of 2 

seconds and 3 'phases' of 10 seconds each, and subsequently computing the RDF in each 

phases temporal trend can be assessed. A steady state condition approximately 5 seconds 

after the injection of particles is achieved as shown in figure 4.1 (de Jong 2008). 
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Figure 4-1: Transients of the RDF calculated with reflected boundary conditions. (a) 0  

to 10 s after particle injection (b) 10 to 20 s after particle injection (c) 30 to 62.5 s after 

particle injection. Data averaged over the time windows shown in the figure legends.  
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4.1.4 Steady state radial distribution function  

Figure 4-1shows that after the initial transient process is complete the RDF remains at a 

pseudo-steady  steady state condition for the later period of the experimental data set. The 

pseudo-steady is different from a true steady state condition since at long times particle 

settling and adhesion to surfaces will alter the measured RDF.  

Once the RDF reaches the pseudo-steady state, it is no longer necessary to monitor the 

flow at a high temporal resolution (5 Hz). The camera can be adjusted to produce higher 

quality holograms with less noise. We altered the zoom factor of the camera lens so the 

maximum view area of the CCD becomes 7.7 x 5.0 mm2. To increase the number of 

images that could fit into the camera RAM the number of active pixels in the horizontal 

direction was reduced to that of the vertical direction resulting in a view area of 5.0 x 5.0 

mm2. Recall the depth of the volume illuminated by the laser was set is 7 mm, however, 

due to the small angular aperture we discussed in chapter 3, the depth accuracy of the 

particles extracted on the edge of the vertical direction is less reliable than the central 

area, so we limited the valid particle centroids to the central 5.0 mm depth of the 

illuminated field to make the RDF calculations more accurate. The volume of the particle 

field used to calculate the steady state RDF in the experiment is a cube of 5.0 mm3.  

The time separation between two laser pulses was set at 75 µm causing the particle fields 

extracted by the first and second pulse are very similar, however, because of noise factors 

such as speckle and image aberrations, distinct differences between the extracted particle 

fields exist. Fortunately, the noise in the reconstructed particle field is unlikely to be 

present in the same location in both images from double-pulsed holography. de Jong 

compared the RDF calculated only by particles validated between two images (A and B) 
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and those by particles extracted from single image (A or B) and proved that the RDF 

obtained from matched particles is more reliable. Applying the particle matching 

algorithm used to extract the particles velocities, the ñbadò particles that arise from noise 

are significantly reduced (de Jong 2008).   

Section 4.1.1 and 4.1.2 introduced the two methods employed in this investigation for 

calculating the RDF, reflected boundary condition and Monte-Carlo estimator. The main 

advantage of the reflected boundary condition methodology lies in the edge correction 

factors applied for particles located near the boundaries of the experimental volume. This 

allows the inclusion of a significant number of particles at large separations that would 

otherwise not be available thus improving the statistic at large particle separations. This 

methodology is also used to extend the measured RDF to largest particle separations by 

calculating the partial volume of spherical shells that cross the boundary of the 

experimental volume. The benefit for Monte Carlo estimator is the maximum two-

particle separation distance in RDF can be extended to the diagonal of the cubic volume, 

which is 8.7 mm. Salazar et al. (2008) point out that the RDF is independent of sample 

volume in the thermodynamic limit as V , or if particle seeding density becomes 

uniform on the scale on the measurement volume. Since the particle seeding density in 

our experiment is not perfectly uniform in part due to the Gaussian illumination profile of 

the laser beam, extending the maximum separation distance in the RDF is critical to 

realizing a large enough measurement volume to produce a volume independent RDF.  
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Both methods of calculating the steady state RDF for the three different particles used 

only the particles matched (validated) in an image pair. These results appear in figures 

4.2, 4.3 & 4.4.  

 

Figure 4-2: Steady State RDF for Hollow7 using reflected boundary condition and 

Monte Carlo estimator 
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Figure 4-3: Steady State RDF for Hollow44 using reflected boundary condition and 

Monte Carlo estimator 

 
Figure 4-4: Steady State RDF for Poly50 using reflected boundary condition and Monte 

Carlo estimator 
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The Hollow7 (St = 0.23) RDF in figure 4-2 has a markedly different trend at small r/  

from the larger Stokes number particle shown in figure 4-3 and 4-4. This is most likely 

attributable to the weaker scattering and therefore poorer SNR of the smaller particles. At 

small separation distances the overlapping fringe patterns become harder to properly 

reconstruct into valid particles thus biasing the RDF at small r/ . 

4.1.5 Particle inertial effect on radial distribution function  

Salazar showed using DNS experiments matched with prior experiments in our facility 

that the RDF increases with Stokes number (Salazar, De Jong et al. 2008). This trend is 

shown below in Figure 4-5. 

 

Figure 4-5: Steady State RDF for experiment and DNS(dc=8ɛm) St=0.21 (solid square 

for Exp. , dot dashed line for DNS) St=0.4 (solid diamond for Exp. , solid line for DNS) 

St=0.6 (solid triangle for Exp. , dashed line for DNS) (Salazar, De Jong et al. 2008) 
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The experimental RDF for the three different particles found to qualitatively agree with 

the DNS. Figure 4-6-a-b shows the RDF comparison calculated by reflected boundary 

condition and the Monte-Carlo approach. The reflected boundary condition RDF exhibits 

the expected increasing trend with increasing Stokes number found in the DNS. 

 
Figure 4-6-a: Comparison for Steady State RDF for 3 particles using reflected boundary 

condition 
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Figure 4-6-b: Comparison for Steady State RDF for  3 particles using Monte-Carlo 

estimator 

4.2 Two-particle Radial Relative Velocity PDF 

4.2.1 Particle matching and velocity extraction 

Using the digital hologram processing procedure described in section 3.5 the 3D 

coordinates of the particles in the measurement volume was obtained. The individual 

particle velocity is then found using a nearest neighbor particle matching scheme between 

successive image pairs. The particle's displacement between image A and B divided by 

the image to image time delay dt gives the particle velocity. The optimal time delay 

between image pairs is dependent on the velocity scale of the flow and the accuracy of 

the particle position measurement. Unlike conventional PIV image processing which 

correlates multiple particle images in an interrogation cell to obtain an average velocity 
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of a group of particle HPIV uses individual particle matching. There are two factors 

driving the use of this methodology. First is the inability to seed the flow with sufficient 

particles to allow multiple particle image correlation techniques to resolve the turbulence 

scales of interest in this flow. Secondly is the overall objective of realizing individual 

particle statistics. Particle matching techniques from only 2 successive images is easy to 

implement but prone to significant errors especially as the frame to frame movement of 

the particles increases. As the frame to frame displacement decreases the errors in particle 

positioning begin to dominate the resulting velocity vector. In all but the slowest flows, 

the current generation of scientific digital cameras and lasers operate at too low a frame 

rate to match particle images between successive frames thus allowing more advanced 

particle tracking algorithms (Ouellette, Xu et al. 2006) that track particle images over 

three or more camera frames to be implemented. This limitation is especially true for 

hybrid digital holographic imaging systems because the laser power required to 

successfully record the side scattered light from particles limits the laser repetition rate to 

the order of 10's of Hz (de Jong 2008) and the image resolution needed for high quality 

holographic imaging is not yet available in high speed cameras. For this reason in most 

traditional and holographic PIV systems the camera and laser are operated in double-

pulsed mode utilizing a dual-cavity laser head and a camera capable of acquiring two 

successive images with an inter- framing time on the order of 1 s. Optimal double-pulsed 

imaging requires an a priori knowledge of the flow time and length scales of interest to 

properly set dt. The flow was characterized using LDA and traditional PIV prior to using 

HPIV to obtain the optimal frame to frame delay used here of 75 Аs. 
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4.2.1.1 Nearest neighbor particle matching 

The nearest neighbor algorithm for particle matching between the extracted particle fields 

from the A and B images utilizes a simple distance matching scheme. The distance 

between each particle in both the A and B images is stored in an NA by NB array where 

NA and NB are the number of particles in each image field. The first particle match is then 

made by finding the row and column of the minimum of the distance matrix. Once a 

particle match is made, the columns associated with the particle in image A and the rows 

associated with the particle in image B are removed from the distance matrix resulting in 

a new NA-1 by NB-1 matrix. The new minimum of the matrix is then found and a new 

particle match is made. The new match particles' rows and columns are removed from the 

distance matrix and the process continues until no row or column remains. This 

procedure results in the number of matched particles equal to the minimum of NA and NB. 

This procedure may result in particles from one image being matched to particles in the 

other image a large unrealistic distances. These particles are most likely matched 

incorrectly and should be rationally removed from further consideration. The rationality 

used to invalidate matched particle pairs is based on our a priori knowledge of the flow 

field characteristics. An objective maximum distance a particle is likely to move during 

the double-pulsing of the particle field is set by multiplying the characteristic velocity 

scale of the flow (4u in our system) and t. Consequentially the particles that remain 

after filtering have individual velocities between 0 and '4u (de Jong 2008).  
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4.2.1.2 Relaxation method 

The particle relaxation method is much more complex than the nearest neighbor method. 

It is applicable if the local particle seeding density is large enough to resolve flow length 

scales in which the particle motion is correlated.  The basic concept of the relaxation 

method used here was originally described in Beck and Lee (1996), and was later updated 

by Barnard and Thompson (1980). Pereira et al. (2006) has the most recent version which 

incorporates a search radius 4sR u t for particle i  in the first image to a number of 

possible links pN  to the particles in the second image which satisfy the relationship 

 j i sy y R  (4.4)                      

At the same time, using a neighborhood radius 2nR  to search for a number of 

neighbor particles 
nN , which satisfy 

 i k nx x R  (4.5)                      

Since the probability ,i jP  for particle i  in the first image to match a particle j  in the 

second image has to satisfy  
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with *

iP  being the probability of particle i  having no matching particle in the second 

image. The match probabilities ,i jP  are updated according to the criterion   
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Where ,p kN  is the number of possible links of a neighbor particle k  to the second image, 

, , ,i j k lQ is the weight of judging whether the neighbor link satisfies the quasi-rigidity 

condition, ,i jF is the weight of the flow estimate, they are functions of ,i j j id y x  and 

,k l l kd y x . 

 

Figure 4-7: Relaxation Method 

After a sufficient number of iterations the best matches will have the highest probabilities 

and worst incorrect ones have lowest probabilities. Therefore, by searching for the 

maximum value of ,i jP while assuming similar displacement of its neighboring particles 

the most probable link of particle i can be found.  

This version of the relaxation method ensures that if a particle has no neighbors, the no-

match particle probability 
*

iP  does not automatically increase to 1. In the event that two 

particles from image A were matched to the same particle in image B with equal 
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probabilities the particle in image A that resulted in a lower velocity magnitude was 

consider the correct match.  

4.2.2 Two-particle radial relative velocity PDF 

Calculating two-particle radial relative velocity statistics requires a high quality particle 

velocity realization. The two-particle radial relative velocity rw  is the relative velocity of 

two single particles, 
2 1w v v ,  times the radial separation vector r  between them: 

 
r

r
w w

r    (4.8)                              

 DNS results of the radial relative velocity PDF at contact (Wang, Wexler et al. 2000) 

suggest that the PDF is positively skewed and for low Stokes numbers. The positive tail 

behaves like a Gaussian distribution, while the negative tail matches an exponential 

distribution. At Stokes numbers near unity however, the PDF shows a higher peak at zero 

while the tails decay more slowly than a typical exponential distribution.  

 

Figure 4-8: Two-particle radial relative velocity 
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Once the particle velocity field inside the cubic measurement area has been extracted by 

the two particle matching methods discussed above the radial relative velocities 

r

r
w w

r  
between every particle pair can be calculated and binned according to the 

separation distance r . We compared the two-particle radial relative velocity PDF at 

increasing two-particle separation distance obtained by the two matching methods for all 

3 particles in Figure 4-9. The relative velocities are normalized by their root mean square, 

2 1/2

rw , so as to make a meaningful non-dimensional comparison. In 4-9-a the two 

methods agree closely at all the two-particle separation distances for the Hollow7 particle. 

However in 4-9-b and 4-9-c the PDF results obtained from the relaxation method show 

more scatter than those from the nearest neighbor method. This is most likely due to the 

uncorrelated motion of the particles in our experiment. 
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