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NOMENCLATURE

R Dome radius of parent aneurysm
r Dome radius of daughter aneurysm
a' Orifice radius of daughter aneurysm

h’' Height of daughter aneurysm

tq Wall thickness of daughter aneurysm
ty Wall thickness of parent aneurysm

P Intra-aneurysmal pressure

Sdq Tensile stress on daughter aneurysm
Sp Tensile stress on parent aneurysm

So Wall strength of the daughter aneurysm

1) a'/R, orifice index of daughter aneurysm
A h'/a’, aspect ratio of daughter aneurysm
Lo Initial orifice index of daughter aneurysm
n Relative tensile stress (rupture index)

T Non-dimensioned relative time scale

T Time variable
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ABSTRACT

Rupture of intracranial aneurysm is of primary concern to neurosurgeons.
Knowledge about the rupture of intracranial aneurysms can greatly help in the decision of
clinical intervention. By constructing a biomathematical model, this study proposes a
rupture mechanism based on the concept of daughter aneurysm. This study discusses the
formation of a daughter aneurysm, the tensile stress evolution of a daughter aneurysm
and the time frame for a daughter aneurysm to rupture. Two conditions are responsible
for the formation of a daughter aneurysm: local wall weakness and intra-aneurysmal
pressure surge. The tensile stress on the daughter aneurysm relative to its wall strength is
found to decrease first and then increase again, which suggests that daughter aneurysm
may form to temporally protect itself from rupture. Based on this evolution pattern of the
tensile stress on the daughter aneurysm wall, a rupture index is established within the
scope of our model, which can be used to predict the rupture of an intracranial aneurysm.
The time frame involved in the rupture of an intracranial aneurysm is also explored by
assuming a two-phase growth pattern for the daughter aneurysm. The time to rupture is
found to be closely related to the initial orifice index in our model. Although this is only a
first-order model, this model helps us to understand certain phenomena of aneurysm

growth and rupture. Although the final validity of this model can only be ascertained in



an a posteriori manner, it is believed that this model potentially can improve our
understanding in the mechanism of intracranial aneurysm formation and rupture, help in
evaluating the rupture potential of an intracranial aneurysm and aid in clinical decisions.
Future work includes a statistical study of daughter aneurysms, use of solid modeling and

analysis of the stability of the daughter aneurysm system.
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CHAPTER 1 INTRODUCTION

1.1 Intracranial Aneurysms

Intracranial aneurysm is a form of cerebrovascular disease characterized by the
small, thin-walled ballooning, which usually occurs at the Circle of Willis (Figure 1.1). A
fully developed intracranial aneurysm typically ranges in size from a few millimeters to
25 mm [33]. Current research favors a degenerative etiology of intracranial aneurysms
and points to the important role that hemodynamics plays in all developmental stages of
an intracranial aneurysm [81, 83]. The mechanism for the growth and rupture of an
intracranial aneurysm remains elusive. Subarachnoid hemorrhage (SAH) associated with
aneurysmal rupture is a potentially lethal event with a mortality rate of as high as 50%
[99]. Unfortunately, most intracranial aneurysms are asymptomatic, i.e., they do not
produce symptoms in patients and are discovered typically on an incidental basis or until
they have already ruptured [35, 99]. The three most commonly used techniques to
diagnose an intracranial aneurysm are conventional angiography, MRA, and helical

(spiral) CTA. Treatment of an intracranial aneurysm includes microsurgical clipping,



embolization with Guglielmi Detachable Coils (GDC), stenting, stent-assisted coiling and

liquid embolic agents.

Figure 1.1. A typical intracranial aneurysm occurring at the Circle of Willis.

1.2 Mathematical Modeling

A model is a representation of a system, which can be objects, processes, or
anything else we wish to describe or whose patterns of behavior we wish to analyze
[24]. A mathematical model of a system is a symbolic representation involving an
abstract mathematical formulation [31, 61]. Since the representation of a system
contains no more information than the system it represents, a model is only as valid as
the assumptions employed in its derivation.

Mathematical modeling is a powerful tool in the research of intracranial
aneurysms. Previous work of mathematical modeling on aneurysm rupture is

summarized in Section 2.3.



Desirable characteristics in a paper on modeling have been summarized by Yates
[104] and were re-emphasized by Massoud et al [57]. These features include:

1) The model is presented with all equations demonstrated in full;

2) All parameters of the model are defined and their units made clear;

3) All equations are consistent in their dimensions and can be verified by the
reader;

4) Data from the real system being modeled are offered to validate the model;

5) The domain of real time wherein the simulation is intended to be valid is
given;

6) Any assumptions about the structure, parameter values, initial conditions,
etc., are justified by carefully checked citations;

7) The model is clearly presented, its interesting points are highlighted, and its

validation is properly documented.

1.3 Objectives and Scope

The objective of this study is to provide a possible mechanism for the rupture of
intracranial aneurysms. Due to the complexity and highly in vivo nature of the problem,
mathematical modeling is employed as a primary research tool. Based on literature
review and clinical evidence, this study proposes that the formation, development and
rupture of a daughter aneurysm is a mechanism for the rupture of an intracranial
aneurysm. Within this frame, the current study tries to address the following questions:

(1) What are the factors involved in the formation of a daughter aneurysm?



(2) How does the wall tensile stress change with the development of a daughter
aneurysm?
(3) What are the possible growth patterns for a daughter aneurysm?

(4) How to predict the rupture of an intracranial aneurysm using this model?

Finally, this study examines the assumptions of this model and discuss its validity
and application in a broader pathophysiological context. Experimental evaluation of this

model is not done but is discussed in the current work.



CHAPTER 2 BACKGROUND

2.1 Rupture of Intracranial Aneurysms

2.1.1 General information

When an intracranial aneurysm ruptures, it bleeds into the subarachnoid space,
and there is often massive hemorrhage into the brain substance and the ventricular system
[83]. This event is termed as subarachnoid hemorrhage (SAH), a fatal disease which
accounts for 20% of all stroke cases. The burst of an intracranial aneurysm is the primary
cause to SAH. In North America, approximately 28,000 aneurysms rupture each year and
roughly 50% die within the first 30 days following rupture [34, 35]. The mortality rate for
aneurysm-related SAH ranges from 30% to 60%, and of those who survive,
approximately 50% are left disabled [74]. The so-called “rule of five” states that if 5
patients with primary SAH from rupture of an aneurysm are left untreated, at the end a
year only one will be alive and well, another will be disabled and 3 will be dead [19]. The
risk of aneurysm rupture may be even larger than previously reported based on a study of

Tsutsumi et al [94].



Despite the great morbidity and mortality rate of aneurysm rupture, there is little
information available on the growth and rupture of intracranial aneurysms [83, 99]. The
enlargement of an aneurysm sac appears to be highly non-uniform. Both the growth rate
and the dimensions are irregular [3, 20, 21, 50, 72, 77, 87, 101]. Although it is believed
that 98% of the intracranial aneurysms do not rupture [65], it is more appropriate to
regard all aneurysms as being in varying stages of their development, which will in all

probability lead to rupture or thrombosis [83].

2.1.2 Risk factors

Risk factors for aneurysm rupture include the following:
1) Cigarette smoking [45, 47, 48, 101];

2) Alcohol consumption [45];

3) Gender [4, 36, 48, 101];

4) Age[4,36,47,102];

5) Symptomatic in nature [23, 101];

6) Hypertension [4, 15, 45, 51, 101];

7) Number of aneurysms [23, 101];

8) Aneurysm size [4, 23, 36, 45, 47, 65, 69, 101, 102, 103];
9) Aneurysm location [4, 36, 65, 69, 101];

10) Aneurysm morphology [4, 13, 27, 36, 69, 97];

11) History of previous SAH [23, 45, 79];

12) Aneurysm wall thickness [13, 27, 90];

13) Structural components of the aneurysm wall [27];



14) Flow and pressure conditions (hemodynamics) [27, 32, 77, 81];

15) Contact with the perianeurysmal environment [71, 77].

In order to predict the rupture potential of an intracranial aneurysm, it is also
necessary to have a good understanding of the mechanism of aneurysm rupture [98].
However, the mechanism of aneurysm growth and rupture is still obscure. Among the
four stages of an aneurysm “life cycle” (genesis, development, thrombosis and rupture),
rupture is the least understood one. Compared with the large body of literature on
unruptured aneurysms, there is little documentation on the mechanism of aneurysm
rupture. A summary of previous research on aneurysm rupture is presented in this thesis.

(See Section 2.3)

2.1.3 Site of rupture

Hademenos et al reported that posterior circulation aneurysms have a higher risk
of rupture [36]. Weir et al found that 40.3% of the ruptured aneurysms were on the
anterior cerebral artery (ACA) or anterior communicating artery (AComA). Aneurysms
in the basilar artery (BA) bifurcation also had a greater tendency than those in the middle
cerebral artery (MCA) to rupture [102]. In the famous “International Study of Unruptured
Intracranial Aneurysms” (ISUIA) [45], two groups were gathered retrospectively. In the
group of patients with no history of SAH, only 10% were AComA and 23% were MCA
lesions. In the other group with previous SAH, only 8% were AComA and 38% were
MCA aneurysms. This suggests that the site of aneurysm rupture may be related with the

anatomy of the Circle of Willis and the different local hemodynamic parameters.



Within an aneurysmal sac, rupture occurs almost invariably at the fundus where
the flux of blood entering the sac impinges on the wall [84]. Crompton studied 289 cases
and found that 84% ruptured through the apex, 14% ruptured through the body and only
2% ruptured through the neck [16]. Unfortunately he did not give the information about
the specific type of the ruptured aneurysms. In a pathological study performed by
Crawford, he localized the rupture site to the fundus or apex in 64% of the cases, 10% to
the middle third of the sac and only 2% to the neck or proximal third of the sac (the
location of the other 24% was undetermined) [15]. The high frequency of rupture at the
fundus supports the use of surgical clipping as a common treatment for intracranial
aneurysms. One interesting phenomenon is that, contrary to the common impression that
the dome is the thinnest part of an aneurysm sac, it was found that the neck was thinner
than the dome [90]. This suggests that the rarity of rupture at the neck must be explained

on the basis of hemodynamic factors [77].

2.1.4 Size at rupture

In general, it may be said that the larger the aneurysm, the greater is the tendency
to rupture. The mean size of all ruptured aneurysms was significantly larger than the
mean size of all unruptured aneurysms [102]. Most cerebral aneurysms are between 5 and
10 mm in diameter when they rupture. Unruptured aneurysms are generally less than 6
mm in external diameter, and in practice the risk of hemorrhage seems to be greater with
increasing size of the aneurysm [16, 83, 90].

The critical size for intracranial aneurysms has long been an issue of controversy.

Whether intracranial aneurysms reach a certain size before they rupture is still not



established yet [85]. The conclusion varies from author to author. Some authors reported
that unruptured intracranial aneurysms smaller than 1 cm have a very low probability of
rupture [45, 103]. Some believe that the majority of aneurysms rupture at an average
diameter of less than 1 cm [16, 28, 49]. McCormick studied the sizes of 140 aneurysms
and concluded that an aneurysm less than 5 to 6 mm is unlikely to rupture [56]. But
Kassell studied 1092 patients and found that over 10% were less than 5 mm in diameter
[49]. Crompton also found that the majority of the ruptured aneurysms were about 5 mm.
The critical size is between 2 and 5 mm [16]. It was also reported that tiny aneurysms of
less than 3 mm can rupture and cause the so-called “benign SAH” [85, 90, 105].

The inconsistency of these data may result from the following facts. 1) It is
inappropriate to compare the size of an aneurysm that has already been ruptured with that
of an unruptured one. There has been evidence that many aneurysms decrease in size
after rupture [20]. 2) It is possible that there are overwhelmingly more small aneurysms
than large aneurysms. As a result, a small portion of ruptured small aneurysms may
represent a big portion of the total ruptured aneurysms. 3) Since all aneurysms are at
continuous development, it is possible that the investigation of aneurysm size is
influenced by the time of measurements, especially considering that aneurysm growth is
very unpredictable [3, 20, 21, 50, 72, 77, 87, 101].

The controversy regarding the critical size of aneurysm rupture suggests that size

alone is not an adequate factor to predict aneurysm rupture.



2.2 Histology

Since intracranial aneurysms differ anatomically from normal vasculature, it is
useful to review the histology of normal arteries and intracranial aneurysms. Normal
arteries are consisted of three distinct layers: tunica intima, tunica media and tunica
adventitia [77]. Compared with their extracranial counterparts, intracranial arteries are
characterized by an attenuated tunica media and adventitia, and no external elastic lamina
(EEL). Intracranial aneurysm wall has a very thin tunica media or none, and the internal
elastic lamina (IEL) is either absent or severely fragmented [1, 72]. Thus, it is generally
composed of only intima and adventitia [74]. (See Fig. 2.1) Collagenous connective
tissue is the dominant component of an intracranial aneurysm wall [40]; components such
as elastin and smooth muscle are present in negligible amount in an intracranial aneurysm
wall [73] and therefore do not make a significant contribution to its wall mechanics.
Thus, it can be concluded that the mechanical properties of an aneurysm are mainly
related to the fiber strength and orientation of collagen [55]. Loss of elastin can also
explain why intracranial aneurysms are considerably less distensible than normal cerebral

arteries [76].
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Figure 2.1. Aneurysm structure, morphology and histology. (From Weir B, 1985.
[100])

2.3 Review of Previous Research on Intracranial Aneurysm Rupture

Despite of its importance, there has been only limited research on the rupture of
intracranial aneurysms. While it is known that hemodynamics plays an important role in
the rupture of intracranial aneurysms, aneurysm rupture cannot be explained by
hemodynamic factors alone. One must consider both aneurysm hemodynamics and the
wall properties. It is often suggested that aneurysms rupture when the local wall tensile
stress exceeds its wall strength [77], but how the local wall tensile stress gets to exceed
the wall strength and what steps are included in this process are still unknown. In history,
several mechanisms have been postulated to explain the rupture mechanism of

intracranial aneurysms, but none of them is satisfactory.
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One theory of rupture states that with the onset of wall failure, the wall yields and
further enhances the tension according to the Law of Laplace (See Section 3.2), thus
instigating a vicious cycle — the greater the wall tension, the more the wall expands; and
the more the wall expands, the greater is the wall tension [27]. There are some drawbacks
of this theory. 1) It assumes that expansion of the aneurysm will cause thinning of the
aneurysm wall. This is not true. On the contrary, aneurysm wall thickness increases with
the increase of aneurysm radius [58, 83, 85] as a result of wall remodeling [12]; 2) It
cannot explain why most intracranial aneurysms do not rupture.

Jain postulated a rupture mechanism based on his experimental model of a latex
aneurysm sac attached to a lateral tube in a closed circuit with pulsatile flow. He
concluded that resonance phenomenon could occur in aneurysms and cause aneurysm
rupture [46]. However, Steiger reviewed the significance of periodic flow and concluded
that aneurysmal vibrations induced by periodic flow appeared to be small and they only
represented an epiphenomenon with limited importance for aneurysm growth and rupture
[85].

Austin and colleague suggested that an increase in pulse pressure or pulse rate can
result in increased turbulence, which is a destructive factor on the aneurysm wall leading
to sudden enlargement and potential rupture [6, 7, 8]. But whether the flow inside an
intracranial aneurysm is turbulent or laminar is still not established. In fact, many results
showed that the flow inside an aneurysm is rather predictable instead of being turbulent
[17, 88]. Steiger, after careful review, suggested that the flow field inside intracranial
aneurysms depends on several factors including the shape and size of an aneurysm,

aneurysm wall elasticity and Reynolds number [85].

12



Because of the highly complex in vivo nature involved in the process of aneurysm
rupture, mathematical modeling remains a most commonly used tool. The purposes of
using mathematical models to simulate intracranial aneurysms were described in the
work of Hademenos et al [37, 38]. One of the most well-known models is established by
Canham and Ferguson, where they estimated the critical size at rupture by adopting the
Law of Laplace [13]. Hung and Botwin applied the thin-shell theory to a spherical model
and found that the natural frequencies of some aneurysms fall within the range of bruit
frequencies that commonly accompany aneurysms [44]. Nieto and Torres constructed a
nonlinear mathematical model that simulated the blood flow inside an aneurysm [63].
Austin used an electric circuit model and found that an increase in pulse pressure or pulse
rate can result in increased turbulence, which is a destructive factor on the aneurysm wall
leading to sudden enlargement and potential rupture [7]. Hademenos and colleagues
modified the Law of Laplace and established nonlinear mathematical models for both
saccular [37] and fusiform intracranial aneurysms [38]. Chitanvis et al developed a non-
linear constitutive quasi-static model and studied the dynamic behavior of saccular
aneurysms in response to pulsatile blood flow [14]. More recently, Dickey and Kailasnath
hypothesized that rupture risk varies as the third power of aneurysm diameter based on
their assumption that the likelihood of an aneurysm rupture is proportional to the number
of weak spots in an aneurysm wall [18]. These mathematical models, while not perfect,
provide us with qualitative and/or quantitative information and valuable insight into the

rupture of intracranial aneurysms.

13



CHAPTER 3 INTRODUCTION TO THE MODEL

3.1 Daughter Aneurysm

The sudden enlargement or surface bubbles on an intracranial aneurysm wall are
commonly termed as “daughter aneurysms” [16, 70]. Daughter aneurysms are often
observed clinically, and many researchers have reported them using the term “daughter
aneurysm” [16, 69, 70, 75, 97], “surface bubble” [16], “loculation” [7, 22, 42, 50],
“lobulation” [1, 2, 5, 72, 89], “secondary loculus” [20, 26], “bleb” [15, 30, 41, 59, 62, 85,
91, 92, 95, 98], “daughter sac” [23, 75], “outpouching” [64], “multilobed” [4, 36], or
“multichamber” [42]. Figure 3.1 — 3.3 are examples of clinically observed daughter

aneurysms.

14



89 mm (3D),

29 mm (3D)

3.4 mm (31))

Figure 3.2. A daughter aneurysm seen from CT scan.
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Figure 3.3. Examples of daughter aneurysms from literature. a) Two aneurysms
arising at branches of a middle cerebral artery; both of them have daughter
aneurysms at the fundus. (Adapted from Crawford 1959 [15].) b) Middle
cerebral aneurysm which had a ruptured daughter aneurysm at the fundus.

(Adapted from Crawford 1959 [15].) c) Middle cerebral artery aneurysm
showing daughter aneurysms. The smaller daughter aneurysm at the fundus

16



has ruptured. (Adapted from Crawford 1959 [15].) d) CTA study obtained in
a patient with a BA tip aneurysm. (Adapted from Tateshima et al 2001. [91])

Back in 1966, Crompton performed a pathological study of 275 ruptured
intracranial aneurysms and found that 57% of the aneurysms had daughter aneurysm
“bubbles”. In contrast, only 16% of 112 unruptured aneurysms had a bubble on the
surface [16]. In a study by Sampei et al, three of four unruptured aneurysms with a
daughter aneurysm later ruptured between 1 month and 10 years of follow-up review,
whereas only 2 of 10 unruptured aneurysms without a daughter aneurysm later ruptured
[70]. Austin also reported the formation of one or more loculations, which he interpreted
as abrupt enlargement due to a focal weakening in the wall [7]. In a cerebral angiographic
study by Hinshaw and colleagues, one third of the aneurysms were found to be loculated
and 65% of these patients had SAH [42]. Du Boulay studied the natural history of
intracranial aneurysms and found that over one third of the recent bleeded aneurysms had
one or more loculus, whereas aneurysms not responsible for recent bleedings had
virtually no loculus [20]. Although Chitanvis et al [14] did not include daughter
aneurysm in their modeling, they particularly pointed out that “...undulations in the
aneurysm wall could play an important role in the path to rupture”. These reports strongly
suggest that daughter aneurysms are associated with aneurysm rupture. Clinically,
surgeons tend to treat an intracranial aneurysm more urgently if a daughter aneurysm is
observed [23]. It has been suggested that aneurysms harboring daughter aneurysms
should be treated or at least be followed up with MRI [67]. Therefore, it is important that

we consider the daughter aneurysm phenomenon when modeling aneurysm rupture.
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Besides angiographic and autopsy studies discussed above, it was shown in
Steiger’s computer simulation of the development of cerebral aneurysms that an
aneurysm could gain new stability by forming a bleb or daughter aneurysm at the weaker
part of the wall [85]. This is in agreement with Austin’s arguments, which he asserted
that the “loculations” represent a second stable equilibrium after the initial enlargement
[7].

Despite the fact that daughter aneurysms are commonly known to neurosurgeons,
there has been little research done to explain quantitatively the existence of daughter
aneurysms. To the best of our knowledge, Steiger is the only one who explained the
daughter aneurysm phenomenon by using the Law of Laplace in his computer simulation
of aneurysm development [85]. It is believed in this study that the daughter aneurysm
phenomenon is so important to aneurysm rupture that a systematic investigation is

needed.

3.2 Law of Laplace

The Law of Laplace describes the relationship between the circumferential stress
and the radius for any curved elastic surface. According to the Law of Laplace, the
tension in the wall of a hollow sphere is computed as:

T =PR/2 [Eq. 3.1]
where T is the tangential tension on the wall, P is the intramural pressure, and R is the

radius of curvature. For a cylinder, the formula is:

T=PR [Eq. 3.2]
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Figure 3.4. lllustration of the Law of Laplace in a sphere (Adapted from
http://hyperphysics.phy-astr.gsu.edu/hbase/ptens.html)

The derivation of this law can be found in many books and papers [13, 25, 34]. It
should be noted that the above expression for the Law of Laplace is valid only for thin-
walled elastic structures, i.e., t << R, where t is the thickness of the vessel wall.

The tensile stress (S) of an arterial wall is defined as the tension per unit cross-
section of the vessel wall. It is dependent on the wall tension and wall thickness:

S =PR/ [Eq. 3.3]

The Law of Laplace, despite its simplicity, is a powerful tool in modeling many

biological and pathophysiological phenomena [25].
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3.3 An overview of the Model

This study has developed a mathematical model on the rupture of intracranial
aneurysms, where we propose that the formation, development and rupture of daughter
aneurysm is a mechanism for the rupture of an intracranial aneurysm. The formation of a
daughter aneurysm is a combined result of intra-aneurysmal pressure surge and local wall
weakness, and it is related to the distribution of the properties of the aneurysm wall. The
relative tensile stress 77 of the daughter aneurysm wall depends on two parameters: its
orifice index y and its aspect ratio A. In our model, as a daughter aneurysm develops, 7
first decreases to its minimal value (at 4 = 0.577) and then increases again until it reaches
the value of 1. According to our model, since the daughter aneurysm grew out of the
weakest part of the wall and it was about to rupture before it forms, it will rupture before
or at 7 = 1. Thus 7 can be served as a rupture index in this model. The growth mode
cannot be derived from this model itself, but it is hypothesized that the growth mode of a
daughter aneurysm involves two phases: a fast phase followed by a slow phase. The end
of the fast phase is likely to be a stable equilibrium for the daughter aneurysm. Further
studies may involve a statistical study of daughter aneurysms in terms of their
morphology, histology and mechanical properties; stability analysis of the daughter
aneurysm system to study the condition why some daughter aneurysms are in stable
equilibrium while others rupture; and solid modeling of the daughter aneurysm model

using more realistic geometries.
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CHAPTER4 METHODOLOGY

4.1 Assumptions

The model is based on the following assumptions.

4.1.1 Assumptions on the formation of a daughter aneurysm

This study proposes that the formation of a daughter aneurysm is the result of

13

pressure surge inside the aneurysmal sac and the existence of a “weak™ area in the
aneurysm wall. Before the pressure surge, this “weak” area has deteriorated to such a
degree that it can hardly withstand the tensile stress and is just about to rupture. Then it
responds passively to the intra-aneurysmal pressure surge and develops a daughter
aneurysm out of this “weak” area. Here the “weak” part of the aneurysm wall is

characterized by its low Young’s Modulus, which is defined as

B F
A-AL/Lo

where F is force, A is the cross-sectional area of the aneurysm strip, Ly is the initial length

and AL is the change in length.
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" Driving force

The driving force for the formation and development of a daughter aneurysm is
the intra-aneurysmal pressure. The local wall weakness responds to the pressure surge by
forming a daughter aneurysm. Factors that can cause the intra-aneurysmal pressure
changes include systemic blood pressure, intracranial pressure, size and shape of the
aneurysm, diameter and length of the parent artery, intra-aneurysmal flow field,
aneurysm wall properties and vasospasm [79]. Intra-aneurysmal pressure surge is
possible under certain pathophysiological circumstances. Austin postulated that “jump
phenomenon” can occur in intra-aneurysmal pulse pressures with small increases in
systemic pulse pressure or pulse rate [7]. Foutrakis et al suggested that impingement of
the flow can greatly increase the pressure gradient at the aneurysm apex [29]. Higher
intra-aneurysmal pressure may also be induced by downstream stenosis. In an experiment
by Sekhar and colleagues, intra-aneurysmal pulse pressure exhibited a cubic relationship
with mean arterial pressures (MAPs) after a 50% stenosis [78]. Injection of contrast
medium during angiography can also elevate intra-aneurysmal pressure. It was reported
that intra-aneurysmal systolic pressure can increase by 5-23 mmHg immediately after
injection of contrast medium [79]. An electric shock may also cause a sudden rise in

blood pressure and induce intracranial aneurysm rupture [80].
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Figure 4.1. Force balance of the daughter aneurysm.

. Local wall weakness

Steric inhomogeneities in the viscoelastic properties of human intracranial
aneurysms have been observed and may play an important role in their development and
rupture [93, 94]. One of the factors that will affect the Young’s Modulus is the thickness
of the aneurysm wall; namely the thinner the wall, the smaller the Young’s Modulus. It
has been reported that the thickness of an aneurysm wall varies within the aneurysmal
sac, especially for large aneurysms [87]. Some parts of the wall consist of only a thin
layer of fibrous tissue and endothelium, while some other parts consist of fibromuscular
tissue [83]. Mizoi and colleagues reviewed 78 cerebral aneurysms and found that 50% of
them had partially thin-walled sac at the dome [58]. It was reported that persistent thin-
walled areas of aneurysms lacking the normal structural elements accounts for SAH that

occurs in up to 36% of patients with giant aneurysms [87].
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Weakening of an aneurysmal wall may be caused by a number of
pathophysiological and/or hemodynamic factors. Histologically, loss of smooth muscle
cells (SMC) and derangement of connective tissue elements will lead to deterioration of
the aneurysm wall strength [93]. It has been reported that fatty plaques and/or
calcifications can weaken the aneurysm wall and lead to local outpouchings which are
prone to rupture [64]. The stagnant intra-aneurysmal flow field may cause inadequate
nutrition for collagen synthesis and maturation, weakening of the elastic membrane and
collagen, which result in weakening of the aneurysm wall [42, 72]. Intra-aneurysmal
turbulence was observed by several authors and was believed to be able to cause the
degeneration of elastica [26, 27, 39]. Jet impinging on the dome of an aneurysm may also
cause the fatigue of the local aneurysm wall [83, 84]. High pressure also appears to break
the single elastin layer of cerebral arteries [84] and cause infiltration of atheromatous
plaques [64].

The weaker part of the parent aneurysm can also be the result of a previous
hemorrhage. Saccular aneurysm-like bled formation after aneurysm rupture has been
reported by Hayashi et al [41]. It is known that there is a substantial difference between
previously ruptured and unruptured aneurysms [70, 103]. Suzuki and Ohara observed that
intracranial aneurysms can stop bleeding soon after aneurysm rupture and form a new
protective fibrin layer, which is relatively weaker than the original aneurysmal wall [90].
Fibrin deposition leading to local wall weakness is also discussed by Steinburg and
Chung [87]. Formation of a daughter aneurysm bleb after a previous rupture has been
documented by Hayashi et al [41]. It is likely that the aneurysm wall forms another

protective layer after the daughter aneurysm ruptured, which would represent a repeated
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rupture at this site, but since the daughter aneurysm wall is already very weak, the new

protective layer cannot survive long.

4.1.2 Assumptions on the development of a daughter aneurysm

The following assumptions made are made on the development of a daughter

aneurysm:

1y

2)

3)

Both the parent aneurysm and daughter aneurysm are spherical. A spherical shell
is believed to be a reasonable approximation to an intracranial aneurysm [14, 66,
99, 100]. There is little documentation on the geometry of daughter aneurysms.
From our observation of a few angiographs, a daughter aneurysm usually appears
as spherical or elliptical.

The aneurysm wall is thin as compared with the radius, such that the Law of
Laplace can be applied. Intracranial aneurysm wall is known to be very thin [50,
77, 85, 90]. In one report, the average intracranial aneurysm wall thickness is 51
pm [1]. And it appeared from measurements that the thickness of the aneurysm
walls amounted to about 2.4% of the radius of the aneurysms [85]. This is good
enough for the application of the Law of Laplace. But it was also reported that the
thickness of the aneurysm wall could be as large as the thickness of normal
cerebral artery, which is around 1 mm [83]. In these rare cases, application of the
Law of Laplace will introduce significant errors.

The pressure on the daughter aneurysm wall and the pressure on other parts of
the aneurysm wall are identical. Computer Fluid Dynamics (CFD) simulation by

Mulay et al show that the pressure distribution inside an aneurysmal sac is rather
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4)

homogeneous except for the distal neck region where a higher pressure is
observed [59].

New tissue is added to the parent aneurysm and to the daughter aneurysm at the
same rate. The fourth assumption is important in that it allows the thickness of the
aneurysm wall to increase during the development of the daughter aneurysm.
Although some authors have assumed a constant aneurysm wall volume in their
modeling processes [13, 27, 85], it is believed in this study that tissue remodeling
is important during the development of an intracranial aneurysm. It has been
found that aneurysm wall thickness increases with the enlargement of the
aneurysm radius [58, 83, 85]. This is a reflection of the fact that aneurysms wall is
capable of responding to its environment and is capable of repairing itself [10, 12,
101], as Crompton has pointed out that “... the wall of an aneurysm is a living
and metabolizing structure, able to add to and reinforce itself. Enlargement does
not necessarily imply thinning.” [16] Remodeling of the aneurysmal wall
structure was also emphasized by Ujiie et al and was believed to be involved in
the mechanism of aneurysm rupture [98]. Studies have shown that tissue
remodeling of intracranial aneurysms is closely related with the remodeling
process of extracellular matrix (ECM), which is a dynamic network of proteins
and proteoglycans [51]. Collagen is the predominant element in the ECM of an
intracranial aneurysm wall. During remodeling of ECM, new collagen is
proliferated and differentiated, and the cross-linkage of collagen is also altered,

which can change the tensile strength of an aneurysm wall [51].
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5) The growth of daughter aneurysm in the width direction is negligible compared
with the height direction. This assumption is rather conceptual and it is based on
our assumption that daughter aneurysm forms at the weak part of an aneurysm
wall. It is assumed that this weak part does not increase during the development
of daughter aneurysm. To the best of our knowledge, there has been no

documentation on the dynamic growth of a daughter aneurysm.

4.2 Method

According to the assumptions, a graphic model is presented in Figure 4.2. In this
figure, R and r is the radius of the parent aneurysm and the daughter aneurysm,
respectively; a' is half of the length of the daughter aneurysm orifice which is also
referred as “orifice radius” in following sections; h' is the height of the daughter

aneurysm measured from the base.

Figure 4.2. Diagram of the model we use: a spherical aneurysm with a spherical

daughter aneurysm.
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Here this study looks at the change of the wall tensile stress (S) during the
development of a daughter aneurysm, because the tensile stress in an aneurysm wall is

known to be the predominant force responsible for aneurysm growth and rupture [1, 9,

12, 26, 27, 81].
t(T) '
A DL
Growth
—_— r(T)™ a'(T)
B
R(0) t,(0) R(T) t,(T)
Time=20 Time=T

Figure 4.3. lllustration for the derivation of the formulas. A is the area which forms
a daughter aneurysm and b is defined as a control of A, but B does not form

a daughter aneurysm.

Figure 4.3 illustrates the dynamic process of daughter aneurysm development. It
is assumed that initially (at time 0), the area which is going to develop a daughter
aneurysm is of thickness t,(0). And this study conceptually defines a control area B
which is identical to area A at time 0, but it does not develop a daughter aneurysm. This
study does this simply for the purpose of illustration.

Applying assumption (4), the volume of B' and A' should be the same:

27R(T) - {R(T) = y[R(T)]* —[a'(T)]* } -, (T) = 22r(T)-h'(T)-t,(T)  [Eq.4.1]
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where R(T) is the radius of the parent aneurysm at time T, a'(T) is the base radius
of the daughter aneurysm at time T, h'(T) is the height of the daughter aneurysm at time
T, to(T) is the thickness of area B', and ty(T) is the thickness of area A'. The left hand side
of the equation is the volume of area B', and the right hand side is volume of area A'.

Equation 4.1 can be rearranged as below:

t,(T) _R@) RO =[ROF ~[a' )]’ (Eq. 42]
t,() (M) '(T)

According to assumption (1) and (2), the Law of Laplace (See Section 3.2) can be

applied to both the parent aneurysm and the daughter aneurysm, which yields:

P(T)-1(T)
S = Eq. 4.3
d(T) 2'td(T) [Eq ]
and
_P(M)-R(T)
SP(T)_—2~tp(‘I') [Eq. 4.4]

We then define the relative tensile stress 7(T) = :d E'rl'; , with S¢(T) and Sy(T) being

p

the tensile stress on the daughter aneurysm and on the parent aneurysm at time T,
respectively. It will be shown later in this model that 7 can serve as a rupture index of the

aneurysm.

Dividing Eq. 4.3 by Eq. 4.4 yields

td(T):r(T).Sp(T):r(T)‘ 1 [Eq. 4.5]
t,(T) R() Sy(M) R(T) n(M)

Combining Eq. 4.5 and Eq. 4.2 yields:

My h'(M) [Eq. 4.6]
n(m) [R(T)] R VR "
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Notice that in the daughter aneurysm sphere, the following geometrical

relationship exists as is shown in Eq. 4.7. (Figure 4.4):

[r(M)-h'M7P +[@'M] =[rM7 [Eq. 4.7]

h*(T)
a'(T)
r(T)-h'(T)

R(T)

Figure 4.4. Geometric relationship inside the daughter aneurysm sphere.

Equation 4.7 is equivalent to:
[a'(T)]* +[h'(T)])* =2r(T)-h'(T) [Eq. 4.8]

From Eq. 4.6 and Eq. 4.8, it is obtained that

1 1— 2 242
T ALk +\/4 M) ]‘{H[jg))] }

[Eq. 4.9]

a'(l)

where 4(T) =R is the orifice index, indicating the relative size of the daughter

aneurysm orifice (neck) as compared to the size of the parent aneurysm, and A(T) = LAD)

a'(T)
is the aspect ratio of the daughter aneurysm, indicating the basic shape of the daughter

aneurysm.
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CHAPTER 5 RESULTS

5.1 Basic Equations for Daughter Aneurysm

As introduced before, wall tensile stress is the predominant force responsible for
aneurysm rupture [1, 9, 12, 26, 27, 81], hence this study focuses on the change of the

tensile stress of the daughter aneurysm, 7 is expressed as a function of [ and A:

nu,m=““”41‘” ’-(“j ) Eq. 5.1]

In Eq. 5.1, the relative tensile stress on the daughter aneurysm is expressed as a
function of two dimensionless shape parameters: [ is the orifice of the daughter aneurysm
nondimentioned by the radius of the parent aneurysm; and A is the aspect ratio of the
daughter aneurysm defined as height normalized by the orifice radius.

Equation 5.1 illustrates the dependence of the tensile stress of daughter aneurysm
on two shape parameters; thereby it serves as a basis for rupture risk assessment. It also
provides a scheme to characterize a daughter aneurysm by the measurable non-
dimensioned shape parameters, therefore enable us to study the daughter aneurysm model

in a systematic approach.
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The dependence of the relative tensile stress 77 on aspect ratio A at various orifice
index u levels is plotted in Figure 5.1. For a fixed g, the relative tensile stress 7 reaches
its minimum at 677/64 = 0, which gives an aspect ratio of 1 =+/3/3 ~ 0.577. Note that
before the daughter aneurysm initiates, it is part of the parent aneurysm wall, having the

same tensile stress as the parent aneurysm (77 = 1). Hence all the curves start from 7 =1.

=]
[e-]
T

o
@
T

Relative wall stress { )

0 ! I I
0 0.5 1 1.5 2 25

Height/radius ratio (A = h'/a’)

Figure 5.1. Rupture index (7) as a function of the aspect ratio (A) of the daughter

aneurysm.

It helps us understand the physics behind these curves in Figure 5.1 by analyzing
the process during the development of a daughter aneurysm. The growth process of a
daughter aneurysm is characterized by two simultaneous processes: 1) Change of the

spherical radius r. As a daughter aneurysm develops, its spherical radius first decreases
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until the bulge reaches a semi-spherical shape (4 = 1) and then increases. 2) Thinning of
the daughter aneurysm wall due to the volume restriction of the wall material. As a result
of these two processes, the relative tensile stress on the daughter aneurysm first decreases

and then increases again.
Figure 5.1 suggests that the formation of a daughter aneurysm works to protect

the weak part of the aneurysm wall from rupture by temporally reducing its tensile stress.

5.2 Comparison of the Results with Steiger’s Computer Simulation

For comparison, Figure 5.1 is re-drawn using 4 = 0.2 and A from 0 to 1. The
results from Steiger [85] is shown in Figure 5.2 right, where the “relative wall stress™ first
decreases and then increases with the height/radius ratio in a very similar manner as
curves in Figure 5.1 computed from Eq. 5.2. Although in Steiger’s paper the “relative
wall stress” was not explicitly defined, its name suggests that this quantity is similar to

the relative tensile stress 7= Sq4/S,, defined in our work.
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Figure 5.2. Left: Rupture index (7)) as a function of the aspect ratio (A) of the
daughter aneurysm at pu = 0.2. Right: Development of a daughter aneurysm:

result from Steiger’s computer simulation. (Adapted from Steiger 1990 [85])

Figure 5.2 indicates that the results of this study agree well with Steiger’s
computer simulation. Both show the transitional height/orifice-radius value to be 60%,
but this study does not agree with his statement that daughter aneurysms tear if they grow
higher than that point. In fact, daughter aneurysms with aspect ratios of greater than one
are commonly observed clinically, especially for those with small orifice indices (Figure
3.3 a). Although the relative tensile stress begins to increase beyond that point, we can
see from Figure 5.1 that 7 is still smaller than 1 for most curves (for example, the curve u
= 0.5), which means that the stress on the daughter aneurysm is still smaller than that on
the parent aneurysm. (Remember that 7 is the ratio between the tensile stress on the
daughter aneurysm and that on the main aneurysm). Rupture will occur, however, when
the wall of the daughter aneurysm cannot endure the tensile stress on it. As part of the
assumption for the formation of a daughter aneurysm, the wall of a daughter aneurysm is
weaker than other parts of the aneurysm wall , so when the tensile stress on the daughter
aneurysm becomes the same as other parts of the wall (7 = 1), the probability for the
rupture of the daughter aneurysm increases and the whole aneurysm may rupture. The use
of relative tensile stress as a rupture index in our model in further discussed in the next

section.
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5.3 Index for Aneurysm Rupture

n =1 1is chosen to be a criterion for aneurysm rupture because daughter aneurysm
was formed when that part of the wall could not endure the high local tensile stress. As
shown in Figure 5.1, the development of daughter aneurysm temporarily reduces the
tensile stress (77 < 1), but as the relative tensile stress increases and it reaches 1 again, the
weaker part of the wall is again subject to the same tensile stress as before the daughter
aneurysm was formed. Theoretically it is possible to grow a “grand daughter aneurysm”,
but clinically there has been no report on this phenomenon. Since the daughter aneurysm
wall is already weaker than other parts, its strength cannot be more than the original
strength Sy, hence it is expected that the daughter aneurysm to rupture when S4 = So.
Thus, 7 = 1 serves as an indication for rupture, and this is a rather conservative
estimation. A more accurate rupture index can be adopted based on the wall strength of a
specific daughter aneurysm. For example, for a daughter aneurysm whose wall strength is
half of that of the parent aneurysm wall, it is more reasonable to use 7 = 0.5 as its rupture
index.

Using 77 =1 as a rupture index, this study can obtain different shapes of daughter
aneurysms when they are expected to rupture. Figure 5.3 shows several examples of
them. The clinical significance of these aneurysms shapes is obvious: aneurysms of such

shapes are likely to rupture at any time.
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p=0.02 p=0.05
A=4.5 A=3.2
p=0.1 p=0.2
A=24 A=18
p=0.3 p=0.4
A=15 A=1.2
p=0.5 p=0.6
2=1.0 A=0.8

Figure 5.3. Various aneurysm geometries at rupture as predicted by the rupture

index 7= 1.

Since in this model the geometry of daughter aneurysm is characterized by its
orifice index [ and aspect ratio A, this study further explores the relationship with respect
to these two shape factors at rupture. In Figure 5.4, the “rupture line” represents all the

daughter aneurysms when they are expected to rupture as predicted by this model. Below
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the rupture line is the “unruptured zone”, in which the daughter aneurysms are still
unruptured; and on top of the line is the “ruptured zone”, in which daughter aneurysms
should have already ruptured as predicted by this model. This plot provides us with a
means to assess the rupture risk of an aneurysm by measuring the orifice index and aspect

ratio of its daughter aneurysm.

A vs p for rupture
6 T T T T

Ruptured Zone

Rupture Line

Unruptured Zone

Height-to-base radius of daughter aneurysm, x=h‘/a’

| | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Orifice radius normalized by parent aneurysm radius, p=a'/R

Figure 5.4. Orifice index vs. aspect ratio for daughter aneurysm rupture. This chart
can be used to assess rupture risk of aneurysms with daughter aneurysms

based on their shapes.

5.4 Dynamic Growth of Daughter Aneurysms

For an aneurysm in the “unruptured zone” with a certain risk of rupture, it is of

great interest to further predict how much time is left before it ruptures, or whether it will
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reach that point at all. This requires a model that describes the dynamic growth of
daughter aneurysm as a function of time. The modeling of the actual change of A and
with time requires detailed simulations of the aneurysms wall dynamics and active tissue
remodeling. This study assumes a simple growth mode, in which assumes g remains
constant and A increases linearly with time during the daughter aneurysm growth. The
growth in height (or A) has two phases. The first phase is identified as “fast phase”,
during which period the daughter aneurysm expands rapidly until 7 reaches its minimal
point (Figure 5.1). The second phase is called “slow phase”. During this phase, the
daughter aneurysm grows linearly in height until it ruptures. This growth mode is
qualitatively consistent with our common observation of the outburst of a bulge on a
balloon or rubber tire. However, it is purely conceptual and experimental proof is needed.

From Figure 5.1, the tensile stress on the daughter aneurysm decreases during the
first phase. This means there is less and less resistance to the growth of the daughter
aneurysm as the daughter aneurysm enlarges. This positive-feedback process accounts for
the rapid growth during the first phase. During the second phase, the tensile stress on the
daughter aneurysm increases, providing a negative feedback to its further growth,
meaning that growth becomes more and more “difficult”. This may account for the slow
growth rate of the second phase.

The total time for a daughter aneurysm to rupture is the summation of the time
involved in the first phase and the duration of the second phase, i.e., 1. = 1; + 12, Where 1,
is the time to rupture, T, 1s the time involved in the first phase and 7, is the time involved

in the second phase. Since the growth in the fast phase is rapid, a further assumption is
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made that the duration of the first phase is negligible as compared with that of the second

phase, i.e., T} << 1. Therefore, 1, = 1,.

The growth of daughter aneurysm during the second phase is mathematically

described as follows:
( p(t) = po = Constant

L (T)=3/3+(1-J3/3) [Eq. 5.2]

N

()= HA+1= %) [+ 40T
7 4 A7)

[Eq. 5.3]
where 7 is time scaled by the time it takes for the daughter aneurysm to develop into a

hemisphere. The slope (1-+/3/3) and 7 are chosen in such a way that if the daughter

aneurysm grows continuously with this rate, it will take 7 = 1 to develop into a

hemisphere.

A plot of this growth mode (for = 0.2) is shown in Figure 5.5.

= Time 1)
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Figure 5.5. Diagram of the development of a daughter aneurysm with g = 0.2
(rupture occurs at n = 1). The cartoons illustrate the shape of the aneurysm

during different stages.

Using the same methodology, this study can also plot the growth of daughter

aneurysms with different initial orifice indices x’s. (Figure 5.6)

» Time (1)

Figure 5.6. Diagram showing the comparison of the development of aneurysms with
different initial orifice indices g = 0.1, 4 = 0.2 and x = 0.4. The cartoons
illustrate the shape of the aneurysms when they rupture, which occur at n =
1.
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5.5 Time to Rupture

Given the model on the dynamic growth of daughter aneurysm, this study further
explores the relationship between the time to rupture and the orifice index g From Figure
5.6, it can be inferred that for a given growth mode, the time for an aneurysm to rupture
is a function of the orifice index u only (since a unique growth mode is assumed).
Following the same growth mode as described in Section 5.4, the relationship between

the time to rupture and the orifice index u of the daughter aneurysm can be plotted.
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Figure 5.7. Time to rupture as a function of the orifice index of daughter aneurysm.

Figure 5.7 shows clearly that the time to rupture decreases as the initial orifice
index increases. While the actual growth mode and the point of rupture may differ from

the assumed, the general trend shown by this curve should remain the same. This has
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been tested by assuming several different growth modes for daughter aneurysms. For
example, in one growth mode it is assumed that the daughter aneurysm first grows in
height with its base kept constant until it is about to rupture, and then the base expands
with the height fixed until it is about to rupture, and this process goes on. Since the initial
orifice index is an indication of the percentage of the “critical weaker areas” of the
aneurysm wall in which daughter aneurysm may form, it follows that the larger the
weaker area, the sooner an aneurysm will rupture. This conclusion, consistent with some
experimental studies [1, 77, 90], may provide insight into the rupture of intracranial

aneurysms.
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CHAPTER 6 DISCUSSIONS

6.1 Pathological and Clinical Observations

This section discusses the existence of daughter aneurysms in more details and

explores it the context of aneurysmal pathophysiology, biology and hemodynamics.

6.1.1 Daughter aneurysm and aneurysm formation

Taking the concept of daughter aneurysm to the extremity, we might view the
cerebral artery as the parent aneurysm in our model, and then the development of a
daughter aneurysm would be analogous to the genesis of an intracranial aneurysm.
Stehbens has identified three early changes related to the development of saccular
aneurysms: funnel-shaped dilatations, areas of thinning and microscopic evaginations
[82]. This supports that daughter aneurysms will develop out of the weaker part of the
wall, which is characterized by gross thinning of the wall, gross deficiency of the elastica
and media. But the structure of an aneurysm wall is different from that of the normal

cerebral arterial wall. The aneurysmal sac itself usually is composed only of intima and

43



adventitia, while the media is absent [74]. In early aneurysm formation, the bulging is
from the luminal surface into the wall of media; in daughter aneurysm formation, the

bulging is mainly from the intima directly into the adventitia.

6.1.2 Daughter aneurysm and aneurysm growth

Daughter aneurysms have also been found more frequently on larger aneurysms
[7], hence associating themselves with aneurysm growth. According to Stebhens,
aneurysm features which may predict impending rupture are thin areas in the wall, sac-
like pouches extending outward, patchy fibrin infiltration, layers of thrombus on the inner
aspect of the sac, inflammatory cells in the sac wall, and blood pigment containing
macrophages and erythrocytes within the wall [82]. In an immunohistochemical
comparison of ruptured and unruptured aneurysms, the walls of ruptured aneurysms
exhibited more significant endothelial damage, inflammatory cell invasion, and structural
changes in the vessel wall. There was also a loss of smooth muscle cells and degradation
in matrix proteins. Elastase and collagenase activity was higher in the walls of ruptured
aneurysms [11]. It is conceivable that these enzymes participate in the erosion and
thinning of the aneurysm wall hence predisposing the wall to daughter aneurysm
formation. In a pathological examination of 45 aneurysms, lesions smaller than 3 mm
were composed of mostly endothelial cells and fibrous tissue. Ones larger than 4 mm
contained collagen in their walls and had developed thin areas in their domes [25]. These
pathological and clinical observations put together suggest that daughter aneurysms are at

the very least associated with aneurysm growth and rupture.
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6.1.3 Site of daughter aneurysm

Because daughter aneurysm is closely associated with rupture, it seems logical to
reason that most daughter aneurysms grow from the dome region of the parent
aneurysms, since it is found clinically that most intracranial aneurysms rupture at the
fundus [77, 97]. Because the aneurysm develops out of a diseased portion of the vessel
wall, its wall property is generally weaker than the normal vessel wall. There must be a
continuous deterioration of the vessel wall from the parent artery to the aneurysmal wall.
This deterioration is a reflection of the histology of the aneurysm wall: the media is
absent. The dome region is farther off the normal artery than other parts of the aneurysm
wall, thus it represents the weakest part of the aneurysm wall. Unlike the neck region, the
dome does not have tissue support from the parent vessel. Weakness in the aneurysm
dome may also be resulted from jet impingement, since most intracranial aneurysms are
formed at vessel bifurcations. As clinical evidence, Murata et al reviewed operative
findings of 36 patients treated with neck clipping and found that 80 % of aneurysms had

thin wall domes with or without daughter aneurysms [59].

6.1.4 Multiple daughter aneurysms

It is possible that another de novo daughter aneurysm form at a different site of
the parent aneurysm wall, with the same mechanism as the formation of the first daughter
aneurysm. Clinically, multiloculation has been observed by several authors [16, 42, 72].
But in this case, the process is much more complicated since the development and rupture
of both daughter aneurysms have to be considered. Multiple daughter aneurysms are not

as common as single daughter aneurysms and they are not studied in this work.
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6.2 Daughter Aneurysm and Aneurysm Wall Property

The formation of a daughter aneurysm may also be related with the aneurysm
wall property itself. In 1971, Austin investigated the stress-strain and pressure-volume
relationships in experimental model latex rubber aneurysms and suggested that either a
high pulse rate or increased pressure may lead to a critical jump phenomenon and
increased turbulence of flow within the aneurysm. In 1989, he and his colleagues used a
model that mimics the elastance of fresh aneurysm walls and performed another
experiment to study the contribution of pressure and volume in the enlargement of
intracranial aneurysms. They found that a pressure threshold exists during the
enlargement of an aneurysm. Before the threshold, there is linear enlargement in volume
with increased pressure, while after the threshold, there is an abrupt jump in volume
(mean increase = 70 £ 14 %) to a new stable equilibrium volume. Austin also found in his
electric circuit model that an increase in pulse pressure or pulse rate can result in
increased turbulence, which is a destructive factor on the aneurysm wall leading to
sudden enlargement and potential rupture [6]. It may be viewed from this study that the
abrupt increase in volume is a sign of forming and growing daughter aneurysms. It is also
concluded in the paper that a further increase in pressure could eventually result in

aneurysm rupture, indicating that daughter aneurysm may be a precursor of rupture [8].
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6.3 Flow Field Inside a Daughter Aneurysm

In this study, the impact of the flow inside an aneurysmal sac is ignored since it is
known that the velocity inside an aneurysmal sac is much smaller that that of the parent
vessels [54, 85, 86]. The pressure field inside an aneurysmal sac found to be nearly
constant [59].

The flow field inside a daughter aneurysm was investigated by Ujiie et al [97] and
is shown in Figure 6.1. It can be seen that the flow activity inside a daughter aneurysm is
extremely sluggish. The orifice of the daughter aneurysm functioned as a second neck but
of remarkably narrow size, thus severely reducing the flow. According the Bernoulli’s
law, the pressure inside the daughter aneurysm should be greater than that inside the
parent aneurysm. It is likely this elevated pressure will contribute to the development of a

daughter aneurysm.

Figure 6.1. Schematic diagram of the intra-aneurysmal flow field with a daughter
aneurysm at the dome. (Adapted from Ujiie et al, 1999 [97].)
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In the studies of Tateshima et al [91, 92], wall shear stress (WSS) was calculated
from the velocity gradient using laser Doppler Velocimetry (LDV) from an acrylic
aneurysm model constructed from 3D CT angiography. It was found that WSS was the
highest at the bleb of an aneurysm. This indicates that the increased WSS might have
been involved in the development of a daughter aneurysm. This high WSS at the
daughter aneurysm may destroy the endothelial cells and result in the local weakening of
the aneurysm wall. Since high WSS is regarded as a major factor in the formation and
development of intracranial aneurysms [52], it is likely that this elevated WSS inside a
daughter aneurysm contributes to the development of the daughter aneurysm.

However, the results from Ujiie et al and Tateshima et al seem contradictory.
How can the flow field inside a daughter aneurysm be extremely sluggish while having
the highest WSS? This discrepancy suggests that further in vitro experiments are needed
to study the flow field inside a daughter aneurysm. More importantly, the relationship
between the intra-aneurysmal hemodynamics and the daughter aneurysm growth is to be

established.

6.4 Daughter Aneurysm: Rupture or Stabilize?

While daughter aneurysms are often precursors of rupture, it should be noted that
not all daughter aneurysms result in rupture. In fact, some authors reported that a
daughter aneurysm represents a stable equilibrium at the weak part of an aneurysm wall
[7, 8, 85]. This seemingly controversial role of daughter aneurysms can be resolved using

the results and hypotheses of this model.
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In section 5.4, this study made a hypothesis that the development of a daughter
aneurysm involves two phases: a fast phase and a slow phase. And the change of the
driving force for the daughter aneurysm as it grows was discussed during these two
phases. It is possible that in some cases, the driving force at the end of the first phase may
become zero. Then as the daughter aneurysm grows further, the net force on the daughter
aneurysm is opposing its growth. This may be the mechanism for the daughter aneurysm
to be at equilibrium or stabilize at the end the first phase. In order for the daughter
aneurysm at this equilibrium to develop further, a greater pressure surge is required to
overcome the increasing tensile stress. However, the mechanism for this condition
remains to be elucidated, which may become possible by performing a stability analysis
on the stressed daughter aneurysm model. The various geometries of the daughter
aneurysms at their stable equilibrium are illustrated in Figure 6.2. This is based on the

geometries of daughter aneurysms at the end of their first phase growth.
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Figure 6.2. Various shapes of daughter aneurysms at their stable equilibrium as
predicted from this model.

Our prediction is that daughter aneurysms grow beyond the shapes in Figure 6.2 is
at a higher risk of rupture than those below the shapes in Figure 6.2. Clinical evidence is
needed for evaluation of this hypothesis.

All the aspect ratios in Figure 6.2 are 0.577. In Figure 6.3, it is combined with the
plot in Figure 5.4. Now there are three distinct zones: safety zone, transitional zone and
ruptured zone. The safety zone is the region before a daughter aneurysm develops into
stabilization. In this region, the daughter aneurysm is relatively “safe”. The transitional

zone is the region between stabilization and rupture. Daughter aneurysms in this zone
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should be followed by angiography. The rupture zone is the region above the rupture line,
and daughter aneurysms in this zone should have already ruptured as predicted by this
model. Like Figure 5.4, Figure 6.3 provides us with a tangible means to evaluate our

model.

Ruptured Zone
< 3} -
2F Rupture Line .
Transitional Zone
1 Stabilization Line
Safety Zone
0 | | | 1 L
0 0.1 0.2 03 0.4 05 086 0.7
1

Figure 6.3. Different zones of daughter aneurysm as predicted by this model.

6.5 Evaluation of the Model

In contrast to an actual model whose performance can be evaluated by
experimental examinations, a conceptual model has to rely on logic for its justification
and is considered satisfactory if the mathematical formulation of its performance is

identical with that of the original system [57].
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Our model is consistent with some well-known phenomena in aneurysm

development and rupture.

1)

2)

3)

4)

It is known that the development of intracranial aneurysms is
unpredictable [3, 21, 77]. One of the reasons could be that the process
of aneurysm growth can be complicated by formation and development
of daughter aneurysms. Du Boulay believed that loculus of the parent
aneurysm could be the reason of delayed hemorrhage [20].
Hypertension is known to be a risk factor of aneurysm rupture [4, 15,
45, 51, 101]. In our model, an increase of the pressure inside the
aneurysmal sac is one of the requirements for the formation of a
daughter aneurysm. The increased intra-aneurysmal pressure may be
the primary driving force for the formation and development of
daughter aneurysms. (Section 4.1)

It has been a confusing phenomenon that in many cases small
aneurysms rupture while large aneurysms stay unruptured [75, 106]. It
is conceivable that small aneurysms, irrespective of their small sizes,
may have uneven wall strength distributions and grow daughter
aneurysms which may lead them to rupture.

Our model is also consistent with the observation that some aneurysms
with remarkably thin walls do not rupture [84]. It is likely that the thin-
walled part is on a daughter aneurysm sac and is in stable equilibrium.

However, in order to have a thorough understanding of the last two
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phenomena, the mechanism of how daughter aneurysms stabilize has to

be elucidated. (Section 6.4)

The validity of this model can in fact only be ascertained in an a posteriori
manner, owing to the highly in vivo nature of the subject. A statistical study is necessary

in order to compare the results of this model to the actual clinical data.

6.6 Limitations/Future

There are several limitations of this model. First of all, some assumptions may not
represent the actual case and will affect the modeling results. For example, it is assumed
that a daughter aneurysm maintains a spherical shape during its development. In fact,
elliptic daughter aneurysms are commonly observed. Second, the model does not predict
the exact time frame over which rupture will occur. The model also neglects biological
processes such as enzymatic erosion of the wall, and it assumes steady-state, i.e.,
neglecting the pulsatile nature of the hemodynamic forces. Furthermore, it does not
establish the mechanism why some daughter aneurysms lead to rupture while some
remain in stable equilibrium.

Despite these limitations, it is believed that this model may provide a new
framework for understanding aneurysm rupture. Given the complexity and multifactorial
nature of aneurysm growth and rupture, it is unlikely that one mathematical model will
characterize the behavior of all intracranial aneurysms. This model, rather, may help

understand one of several ways an aneurysm can rupture. The usefulness of this model
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will ultimately depend on evaluations by in vitro and in vivo experiments, which aim to
understand aneurysm rupture.

Future work will include solid modeling of the daughter aneurysm model. This
would allow us to use more realistic daughter aneurysm geometries and incorporate
aneurysm wall properties. Stability analysis of the daughter aneurysm model is needed in
order to find out the mechanism for the stability of daughter aneurysms. A statistical
study of daughter aneurysms is also important in order to obtain the geometry distribution
of daughter aneurysm, wall properties of a daughter aneurysm and the time frame for a

daughter aneurysm to develop and rupture.
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CHAPTER 7 CONCLUSIONS AND

RECOMMENDATIONS

7.1 Conclusions

This study proposes that the formation, development and rupture of a daughter
aneurysm is involved in the mechanism of intracranial aneurysm rupture. The formation
of a daughter aneurysm is a combined result of intra-aneurysmal pressure surge and
weakened aneurysm wall, and it is related to the distribution of the properties of the
aneurysm wall. The relative tensile stress 7 of the daughter aneurysm wall depends on
two parameters: its orifice index u and its aspect ratio A. As the daughter aneurysm
develops, 7 first decreases to its minimal value (at 4 = 0.577) and then increases again
until it reaches the value of 1. Since a daughter aneurysm was formed when that part of
the wall has deteriorated to such a degree that it was about to rupture, and the wall of a
daughter aneurysm is originally weaker than other parts of the parent aneurysm, it is
expected that it will rupture before or at 77 = 1, when the tensile stresses on the daughter

aneurysm becomes the same as before the daughter aneurysm is formed. Thus 7 is used

55



as an index for rupture in this model. In order to study the dynamic growth of a daughter
aneurysm, it is further hypothesized that the development of a daughter aneurysm
involves two phases: a fast phase and a slow phase. Based on this hypothesis and the
rupture index 7, this study establishes the time frame for a daughter aneurysm to rupture.
The time for an aneurysm to rupture is found to be highly dependent on the initial orifice
index. This model is consistent with some observations in the growth and rupture of
intracranial aneurysms. However, more experimental and clinical data are needed in

order to evaluate this model.

7.2 Contributions

While the validation of this model can only be ascertained in an a posteriori
manner, this study improves our understanding in the mechanism of aneurysm rupture,
which is still obscure to us. Our study emphasizes the predictive value of a daughter
aneurysm in the rupture of an intracranial aneurysm. Instead of focusing on size alone of
an intracranial aneurysm to evaluate its rupture risk, it is suggested by this model to look
at factors that are involved in the formation and development of daughter aneurysms. The
conclusions of our study produce understanding and insights to the rupture of an
intracranial aneurysm, such as the importance of the “initial orifice index” in determining
the time to rupture. These conclusions, if carefully evaluated, can help in the screening
and decision of treatment for intracranial aneurysms. The current study also shows the
necessity to build a database of intracranial aneurysms with manifestation of daughter
aneurysms. Such a database can be used to determine which type of intracranial

aneurysms is more likely to grow daughter aneurysms, the actual geometry of daughter
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aneurysms, the hemodynamic parameters involved in daughter aneurysm development,

and the time frame for a daughter aneurysm to develop and rupture...

7.3 Recommendations

The current study emphasizes the importance of the properties of an aneurysm
wall in predicting its rupture risk. Instead of only looking at the size of an aneurysm, it is
suggested that it is more important to focus on factors that are involved in the formation
and development of a daughter aneurysm. Size is one of the factors that will influence the
growth of a daughter aneurysm, namely the larger the radius, the more likely a daughter
aneurysm will grow. Other factors include area of local wall weakness, intra-aneurysmal
pressure change etc.

This study shows a necessity to build a database of intracranial aneurysms with
manifestation of daughter aneurysms. While it is still difficult to directly analyze the
focal fragility of the aneurysmal wall, an estimation based on its shape is possible [98].
Such a database could be used to determine which specific type of parent aneurysms is
more likely to grow daughter aneurysms, the actual geometry of daughter aneurysms, the
hemodynamic parameters involved in daughter aneurysm development, and the time
period for a daughter aneurysm to grow and rupture.

One of the challenges in establishing a daughter aneurysm database is the
inadequate ability of imaging devices to detect the presence and shape of aneurysm
lobulation, which can be as small as 1 mm. Even the enhanced MRA is not adequate for
detection of lobulation of an intracranial aneurysm [5]. Recent progress in digital

subtraction angiography (DSA) shows that it is significantly superior to detect the
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presence of aneurysmal lobulation and its relationship to neighboring arteries using
shaded surface display (SSD) images [89].

It was found recently that we can use the population mean values instead of the
patient-specific material parameters to study the rupture potential of aneurysm [68].
Although the conclusion was based on abdominal aortic aneurysms, it would be a logical
extension to apply it to intracranial aneurysms. This implies that it would be possible to
study and evaluate the rupture potential of intracranial aneurysms with daughter

aneurysms using computer simulation.
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APPENDICES

Appendix A: Source code

All the scripts are written in MATLAB® 6.1.

A.l. “draw_aneurysm.m”

This Matlab® function draws the geometry of an aneurysm with a daughter

aneurysm at the dome.

function draw_aneurysm(mu, lambda,h)

%draw_aneurysm(mu, lambda,h)

%This program draws a daughter aneurysm model with orifice index mu and aspect ratio
lambda;

%h is the thickness of the lines.

x1=linspace(-1,-mu,50000);
x2=linspace(mu,1,50000);
x3=linspace(-1,-0.95,50000);
x4=linspace(0.95,1,50000);
yl =sqrt(1 - x1.2);

y2 = sqrt(1 - x2.72);

y3 =-sqrt(1 - x3.72);

y4 = -sqrt(1 - x4.72);
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al = mu;

h1 = mu*lambda;

r=(h1"2 + al”2)/(2*hl);

y0 =hl + sqrt(1-mu*mu) - r;

x=linspace(-mu,mu,50000);
y =y0 + sqrt(r*r - x.*x);

plot(x1,y1,x2,y2, x3,y3, x4,y4, X,y);
set(findobj("Type','line"),'Color','k','LineWidth',h);
axis equal,

x1 = linspace(-r,-mu,50000);

x2 = linspace(mu,r,50000);

y1 =y0 - sqrt(r*r - x1.*x1);

y12 =y0 + sqrt(r*r - x1.*x1);

y2 =y0 - sqrt(r¥*r - x2.*x2);

y22 =y0 + sqrt(r*r - x2.*x2);

if lambda>1 % If the daughter aneurysm is past a hemisphere
hold on;
plot(x1,yl, x1,y12, x2,y2, x2,y22);
set(findobj('Type','line"),'Color','’k','LineWidth',h);

end

axis([-1.03 1.03 -0.35 1.5));
axis off;

return;

A.2. “eta_lambda.m”

This Matlab® function plots the curve of the relative tensile stress 7 as a function

f the aspect ratio A at the orifice index 4= 0.1, 0.3 and 0.5 (Figure 5.1).

function eta_lambda()

%Ilambda _eta_meng 1205()
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%This program draws the curve of the relative tensile stress as a function of the aspect
ratio lambda.

% mu = a'/R is the orifice index

% lambda =h'/a' is the aspect ratio

mu=0.1;
lambda 1= 1/mu - sqrt(1/mu/mu-1);
lambda = linspace (lambda 1,2.48,1000);

coef = mu*(1+sqrt(1-mu*mu))/4;
eta = coef*(1+lambda.*lambda).”2./lambda;

plot(lambda,eta);
hold on;

%
mu=0.3;

lambda_i= 1/mu - sqrt(1/mu/mu-1);
lambda = linspace (lambda 1,1.49,1000);
lambda2 = linspace (1.5, 2,1000);

coef = mu*(1+sqrt(1-mu*mu))/4;

eta = coef*(1+lambda.*lambda).”2./lambda;
eta2 = coef*(1+lambda2.*lambda2).”2./lambda2;

plot(lambda,eta,lambda2,eta2,'’k--");
hold on;

%
mu=0.5;

lambda 1= 1/mu - sqrt(1/mu/mu-1);
lambda = linspace (lambda 1,1.09,1000);
lambda2 = linspace (1.1, 2,1000);

coef = mu*(1+sqrt(1-mu*mu))/4;
eta = coef*(1+lambda.*lambda).”2./lambda;
eta2 = coef*(1+lambda2.*lambda2).”2./lambda2;

plot(lambda,eta,lambda2,eta2,'’k--");
hold on;
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xlabel('"Height/radius ratio (\lambda = h)");
ylabel('Relative wall stress ( \eta)');
axis([0 2.5 0 1.2]); hold on;

plot([0 2.5],[1 1],’k--"); hold on;
plot(1.07,1,"*', 1.4712, 1, '*',2.454,1,"*")

return;

A.3. “two_phase_grow”

This Matlab® function plots two-phase growth mode of a daughter aneurysm as

described in Section 5.4.

function two_phase grow(mu, end lambda)

%This function plots the two-phase growth of a daughter aneurysm
%mu = a'/R is the orifice index;
%end_lambda is the aspect ratio of the daughter aneurysm when it ruptures.

lambda_i= 1/mu - sqrt(1/mu/mu-1);
lambda_minimal = sqrt(3)/3;

k slow =1 - lambda_minimal,

k fast=20*k slow;

t_fast = (lambda_minimal-lambda_1)/k fast;

t slow = (end lambda - lambda minimal)/k slow;

tl = linspace(0,t_fast, 10000);

t2 = linspace(t_fast, t slow, 10000)

lambdal =lambda_ 1+ k_fast*tl;

lambda2 = lambda_minimal + k_slow*(t2-t_fast);

coef = mu0*(1+sqrt(1-mu0*mu0))/4;
etal = coef*(1+lambdal.*lambdal).”2./lambdal;
eta2 = coef*(1+lambda2.*lambda2).”2./lambda2;

subplot(2,1,1);plot(t1,lambdal,t2,lambda2);
subplot(2,1,2);plot(tl,etal,t2,eta);

return,;
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