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Abstract— This paper studies the problem of concur- The input shapers and the time-delay filters
rent design of a feedback controller and a pre-filter to assume that the system being studied is stable.
minimize a weighted cost comprising the maneuver time The effect of the feedback controller on the pre-
and the input power. The pre-filter is parameterized as filter has recently been studied by Kenison and

a time-delay filter motivated by the Posicast controller. . .
The proposed technique is illustrated on a double Singhose [3], Muenchhof and Singh [13], Tenne

integrator assuming that the feedback controller is of the @nd Singh [12] etc. Kenison and Singhose [3]
proportional derivative form. A closed form expression Study the problem of simultaneous design of a
relating the weighting parameter and the number of PD controller and an Input shaper for a double
delays, to the feedback gains is derived. The proposed jntegrator. They consider various metrics such as
trﬁgzrs‘";‘;‘;h's TSO "t'”Strated on spring-mass and spring- harcent overshoot, residual energy, settling time
) pot systems. etc. in their design. They conclude that the con-
current design results in better performance com-
pared to a PD controller. Muenchhof and Singh
Otto Smith introduced the concept Bbsicast [13] study the problem of simultaneous design of
controller [1] where a step input is broken infeedback/feedforward controller to minimize the
multiple steps so as to eliminate residual oscikost function which include the residual energy
lations of an under-damped system. It was cleam the system and a metric which represents the
that thePosicast controller is sensitive to errors in disturbance rejection capability of the closed loop
model parameters such as the natural frequensystem. The problem is formulated as a minimax
and damping ratio. Singer and Seering [2] proeontroller which minimize the maximum cost
posed a technique to design a series of impulseser a hypercube of uncertainties. They illus-
which resulted in a response which was robust tivated their controller on the benchmark floating
errors in the system parameters. They referred tscillator problem. The minimax design problem
the impulse sequence as bmput Shaper. Singh is computationally expensive and to address this
and Vadali [8] illustrated that a time-delay filterissue, Tenne and Singh [12], proposed to exploit
designed to cancel the under-damped poles tife Unscented Transformation to represent the
the system resulted in the same solution as tlastribution of the cost function as a function of
input shaper. They also illustrated that cascadirtge distribution of the uncertain model parameters.
time-delay filters designed to cancel the uncertaifihey solved the minimax problem where the cost
under-damped poles resulted in a robust prefiltes a combination of the residual energy, maneuver
There have been numerous other papers whitime and the integral of a quadratic cost of the
have studied the problem of design of inpustates and control. This concurrent design was
shapers for rest-to-rest maneuvers of vibratorgarried out to design a feedback controller and
systems with the objective of minimizing thea prefilter for a high-speed tape transport system.
residual vibrations in the presence of modelling In this work, the simultaneous design of feed-
uncertainties [4], [5], [6], [7], [10], [11]. back/feedforward controller is presented for a set

. INTRODUCTION



of second order systems. The double integratof a single time-delay filter, the control inpUt(s)
is considered in Section Il and is followed bycan be represented as:
concurrent design of feedback/feedforward con-

trollers for spring-mass-dashpot systems in Sec- U(s) = (Ao + Alemp(_g))kﬁ_ (4)
tion 1ll. The paper concludes with a summary of s? + kys + ko
results in Section IV. For time ¢t < T, the control inputu(t) can be

solved in closed form as:
II. DOUBLE INTEGRATOR

Consider the block diagram shown in Fig-
ure 1 which represented the feedback control ofi(t) = Agkeexp(—0.5k1t) (COS(\/%‘:]{?Q — k3t/2)
a double integrator. The feedback controller is

parameterized as a proportional-derivative con- kisin(y/4ks — k3t/2)
troller since it guarantees stability provided both N Ay — |2 :
the gains are positive. The reference input to 2 (5)

the system is modified by a time-delay filter.

The problem considered here is the rest-to-retefining a = 0.5k; and b = \/4ky — k2/2, the

maneuver of the system. control input in time-domain can be represented
as:

u(t) = Agkoe™ (cos(bt) — asiré(bt)) (6)

andu?(t) is:

u2 (t) _ Agk%e_zat <a28’in2(bt)+b2008(b£%72ab sin(bt)cos(bt) >

— A2f2¢2at (a?4b2)4(b2—a?)cos(2bt) —2ab sin(2bt)
- Lr0M2 202

= AZk3e 2" (P + Qcos(2bt) + Rsin(2bt)). (7)

Fig. 1. Closed Loop System

The objective of the concurrent design is to
arrive at the parameters, k,, Ay, Ay and7 so To determine the integral of?(¢), consider the

as to minimize the cost function: term:
T 2 1 T T
J= [ (1+au”)dl. 1 / W2 (t)dt = / e~ 2% (P Qcos(20t)+ Rsin(2bt))dt
0 Agks Jo 0

8
The transfer function of the closed loop systemhich can be shown to reduce to ®)

is
T 1— —k1T

Y (s) ko / u?(t) dt = Agkgu 9)

= 0 2k,

- 2
R(S) 52 + /{15 + kz ( ) . .
. . Thus, the cost function can now be represented in
and the transfer function relating the referencgipsed form as

input to the control input is:

A2k2a(1 — e M T
Uls) s’ pers MR ao

= 3)
2
Rs)  s*+hkstk The goal of time-delay filters to eliminate resid-
where R(s) is the Laplace transform of the pre-ual vibrations, is achieved by requiring a pair of
filtered step input. Including the transfer functiorzeros of the time-delay filter to cancel the poles




of the closed loop system. The closed loop poleshich states that as the penalty on the power in-

of the system are located at:

Vhi =4k k

2 2

Ky
L
iy 2

ijwub—ﬁ

(11)

creases, the proportional feedback gain decreases.
Figure 2 illustrates the variation of the cost func-
tion as a function of; andks,, fora = 1. It can be
seen that the analytically derived solution matches
the graphical minimum of the cost function.

Now, the parameters of the time-delay filter can

be represented in closed form as:

- (12)
\/4ky — k3
P05k T
Ao = 1+ e0BkiT (13)
1
A= 1+ 0Bk T (14)

which satisfies the requirement thag + A; = 1.
The cost can now be simplified to
k%a (60.5k1T . 1)
2k; (00T 4 1)

J=T+ (15)

To derive the optimal feedback gains, we need to

Cost Function

Fig. 2.

determine the gradients of the cost function to the

variablesk,; andk, which result in the equations:

0J 9T ki (e —1)

Ok, Ok, k2 (O5RT 41)
k3o e0SmT i or

2ky (eVohT 4 1)2( 'k,

(16)

+ +1).

Singh and Vadali [9] illustrated that by placing
multiple zeros of the time-delay filter at the ex-
pected location of the under-damped poles of the
system resulted in robustness to uncertainties in
damping ratio and natural frequencies. To study
the improvement in the robustness of the two
time-delay prefilter, the concurrent design prob-

It can be shown that the gradient is zero in thiem is studied for the two time-delay filter. The

limit for any value ofk,:

(17)

The gradient of/ with respect tdk; results in the
equation

OJ 0T  kya (™7 —1)
Oky  Oky ' ky (e95MT 41)
18
n k:ga 05k T (k 8T> (18)
2k (€050 T 4 1)2 lakg
It can now be shown that:
0J - Boa.  m/ko
li = 14+ =2 =
kllinoc‘)k@ ) k§< * 8 )+ 4 0
8

3a

control input for a two time-delay prefilter is:

(Bo + Brexp(—sT) + Byexp(—2sT))kys
s? + k:ls + k?g '

(20)
where the transfer function of the two time-delay
filter is:

G(s) = By + Biexp(—sT) + Baexp(—2sT)

= (Ap + Ale:ch(—sT))2
(21)

where the gains4, and A, are given by Equa-

tions 13 and 14. This corresponds to locating mul-
tiple zeros of the time-delay filter at the nominal
location of the closed loop poles of the system.
The gains of the time-delay filter generated by



cascading multiple single time-delay filters inSubstituting A; into Equation 24, results in the
series results in a time-delay filter where all thequation
gains are positive and less than 1. Furthermore, k2T
the time-delays are integral multiples of the period J = 2%2“ ((Co)* + (Co — C1)* + ...
of the damped natural frequency of the closed et 9
loop system. Following the same procedure as the (Co = C1+ G2 — 4 (1) Chn) ) +nT.
single time-delay filter, it can be shown that the (28)
optimal feedback gains are: where in the interest of brevityC; is represented
as C;. Substituting for7" and simplifying, this
by =0, ky— 2\/3 22) further reduces to
3a akin(®*2C,_1)  nm
where the proportional feedback gain is double J = 92n+1, /ky ™ Vs (29)
that of the single time-delay filtered problem._ o ,
Increasing the number of delays in the time-delag:nd'ng_% and equating to zero, we can calculate
filter, the optimal feedback gains can be solveff!® optimalk; as
and the resulting derivative feedback gain is zero. o2l
Assuming that the derivative feedback gain is zero ko =\ o e (30)
irrespective of the number of delays in the time- Sa(*"2Cs-1)
delay filter, a closed form solution for the optimalThe optimal feedback gains of the proportional
proportional feedback gain can be derived. derivative controller are presented in Table I. It
Let n be the number of time-delays. Fbr = can be seen that with the increase in the number
0, the value of optimalk, in closed form can of delays, the optimal proportional feedback gain
be obtained as follows. The cost function for increases. However, since the gains of the time-

delays is: delay filter decrease with an increase in the num-
ot ber of delays, the peak magnitude of the control
J = / au”dt + nT. (23) profile does not change significantly as shown in
0 Figure 5.
where,
T
T = Vi # of Delays| k; ko
2
8
This can be rewritten as 1 0 \ 3a
T = 2 0 2,/ &
Jza(/ ug dt + uidt + ... Sa
o (24) 3 0 \/ 5o
+ / U?L_l dt) + nT. 4 0 /512
(n-1)T 1o
where, S 0 o
Up—1 = Aoks cos(\/kat) + Arks cos(v/ka(t — T'))+ 6 0 o
o+ Ap_1ka cos(y/ ko (t — (n— 1)T)). n 0 \/%
(25) 3af( Ch—1)
. TABLE |
Ay = 267:1" (26) OPTIMAL FEEDBACK GAINS

It can be shown that,

Figure 3 and 4 illustrates the displacement and
velocity response of the double integrator for the

(+nT k2T '
/ uldt = 2 (Ag— A1+ Ag...+(—1)"Ay)2
' (27) optimal feedback/feedforward controller for a unit
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step input. The obvious penalty is the increase il
the maneuver time which brings with it robustnes:
to modelling uncertainties. Figure 5 illustrates the
control profile and with an increase in the numbe
of delays there is an increase in the number c
serrations. Since the time-delay prefilter convert
the unit step into a staircase form, the jumg
discontinuities in the control profile correspond
to the steps in the prefiltered reference profile.
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2l if nis odd

5 if n is even

7=

(32)

Figure 6 illustrates the variation of the maxi-

mum magnitude of the control profile as a func-
Fig. 3. Displacement Response tion of the weighting parameter, which is mono-

tonically decreasing. This graph can be exploited

to selecta given constraint on the control mag-
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Fig. 4. Velocity Response

The maximum magnitude of the control profile

can be determined from Equation 25 which results

in the solution

nitude.
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Fig. 6. Variation of Peak Control

The motivation for adding delays to the time-

delay filter was to decrease the sensitivity of the
(31 residual energy to errors in estimated inertia of
the system. To illustrate the benefits of additional



delays, the variation of the residual energy as a |ll. M ASS/SPRING/DAMPER SYSTEM

function of varying inertia of the system is plotted  Thjs section illustrates the generalization of the

in Figure 7. The solid, dashed, dotted and dasyncurrent design techniques on a general second
dot lines correspond to prefilters with 1,2,3 and ¢der system.

time-delays respectively. It is patent from Figure 7 _
that with the increase in the number of delays, th&. Soring-Mass-Damper System

insensitivity of the residual energy is increased. Consider the second order system:

y+cy+ky=u (33)

subject to the control law:

0.25

= w=—kaly = 7) ~ ky (34)
QD o2p Delays
5 The transfer function of the system is
E 0.15 Y k
3 o 2 (35)
G o R(s) s24 (ki +c¢)s+ (ko + k)
[}
@ and
0.05 Y(S) B 1
e U(s) s2+cs+k
| Inertia | - Pre-filtering the step input to the system with a

single time-delay filter results in:

(ko(s* +cs+ k))(Ag + AreT)
s(s? 4 (k1 +c¢)s+ (ko + k))

Fig. 7. Sensitivity

U(s) =
Figure 8 illustrates the time evolution of the _ _
displacement of the double integrator with a 100% For time¢ < 7' the control inputu(t) can be
error in estimated inertia. It is clear that the dasHsolved as
dot line which corresponds to the 4 time-delay

refilter has the smallest residual energy. kyAge T
P 9 w(t) =229 (1, cos(bt)
ko + k
4 (C]Cg — klkg + 2k1k)sm(bt)) Aokgk
te ‘ ‘ ‘ i 1 Delay 2b kQ + k
B Foon (36)
‘‘‘‘‘ 4 Delay
=T A /AGE S where
Q 4| Saiatt
€
8 k?l +c
© a=—
?)_ 2
aos b VAa(ks + k) — (k1 + ¢)?
N 2
T
T =21
pe b
o ﬁme (séc) ‘ ) A e’
T 1 et
Fig. 8. Displacement and
w Aokok



It is clear that the steady state output of the
system to a unit step input is scaled by a facto

ko +I<:
this is a type O system, the control mput IS non- 7

zero at steady state which prompts us to propos
the cost function:

optimal k2

J= /T (14 a(u — u)?) dt

whereu,, is the steady state value of the control
input w.

This cost function in closed form can be shown
to be

Fig. 10. Optimalks

J =T+
ak3((kik — cka)® + k3 (k2 + K)e™"T 1) (37) B. Mass-Damper System
2(k1 + ) (ka + B)3(e T 4+ 1) Letting k = 0 in Equation 37 gives

2
The optimal feedback gains and the parameters J=T+ k(¢ + k2)< D)
of the time-delay filter can be numerically deter- 2(k1 + C)kz(eTT +1)
mined. Figures 9 and 10 illustrate the variation|t can be shown that this cost is minimum when
of the optimal feedback gains as a function of thﬂw gains are, — —c and k, is the solution of
damping factorc and the stiffnesg. the equation

3ak; + akyc® —8 =0

0.4 which is:

\\\\\\\}QQQ\\\\\\\Q\ —ac® & va2ct + 96a

mImmImnerIiRRR N ko = . 38
Ml ; 6o =
£ oad R 1 M \ Since k, is required to be positive for stability,
" o RN the optimal solution is unique.

The optimal derivative gain can be seen to force
the closed loop dynamics to include undamped
poles which is identical to the closed loop re-
sponse of the double integrator. A conservative
design when the damping coefficiens uncertain
is to selectk; to equal the upper bound of

Fig. 9. Optimalk, C. Sporing-Mass System

_ _ _ Next, we consider a spring-mass system. Let
Closed form solutions for the optimal gains. — (0 and & = w? in Equation 37. The cost
as a function ofc and £ for a general second fynction then becomes

order system are indeterminable. However, closed

form solutions can be found for mass-damper and 9o 4 o kg
spring-mass systems as shown in the following; — 7 aki (kfw! + k3 (ks +w?)))(e2 " — 1)
sections. ey (ko + w?)3(e BT 1)




It can be shown that this cost is minimum whemncrease in the number of delays of the time-delay
the gains aré:; = 0 and k. is the solution to the filter. The proposed technique is also illustrated on

equation

3ak; + 8akiw?® — 8k; — 16kyw* — 8w* = 0 (39)
[1]
[2]

From Equation 35 it is clear that, + w? is
required to be positive for stability. Replacirg
with z — w? in Equation 39 we get

3
3art—4ariw® —(8+6aw)r’+120wz—5aw® = 0 e

(40)
whose roots aré, + w?. The discriminant of
the quartic equation can be shown to be negativg,
which implies that the quartic equation has two
real and two complex roots [14]. Moreover, since[S]
the coefficient ofz° in Equation 40 is negative,
which corresponds to the product of the roots, this
proves that there is only one real root such thaff!
ks +w? > 0 for Equation 39 thus guaranteeing an

unique solution for optimak; (7]

IV. CONCLUSIONS

Simultaneous design of a feedback controllers]
in conjunction with a time-delay filter is stud-
ied in this work. A cost function which is a [g
weighted combination of the maneuver time and
the control power is minimized for a double
integrator. It is assumed that the inertia of thélo]
double integrator is uncertain which results in
uncertain location of the closed loop poles oftl]
the system. The feedback controller considered
in this work is a proportional-derivative controller[12]
which is guaranteed to be stable for all positive
proportional and derivative feedback gains. Thg3]
time-delay filter is designed to cancel the nominal
closed loop poles of the system. To desensitize the
closed loop systems to uncertainties in the inerti?m]
multiple zeros of the time-delay filters are located
at the estimated closed loop poles. A closed
form solution for the feedback gains is derived
in terms of the number of delays and weighting
parameter ). It is shown that the proportional
feedback gain increases with the number of delays
and the derivative feedback gain is one which
results in an undamped closed loop response.
Numerical simulations illustrate the improvement
in the insensitivity of the control system with an

spring-mass-dashpot systems.
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