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Abstract

Accurate estimation of the turbulence dissipation rate is important for the turbulent flows in the chemical process industry.
Previous studies, limited by single-point velocity measurement techniques, mainly focus on measuring the single-point local
dissipation rate or averaged dissipation rate over a finite volume. Various methods — turbulent kinetic energy balance, Taylors
hypothesis, and dimensional analysis — have been proposed to estimate the dissipation rate of turbulent kinetic energy. These
methods cannot provide the global distribution of the dissipation rate over a large flow region. Since particle image velocimetry (PIV)
is capable of providing multi-point instantaneous measurements of a flow field, it is more suitable for examining the dissipation rate
distribution. However, PIV measurements are limited to finite grid sizes, which often exceed the smallest eddy sizes that dominate the
turbulence dissipation rate. In this paper, a large eddy PIV method for dissipation rate estimation is proposed. Based on
a dynamic-equilibrium assumption for the sub-grid scale (SGS) flux between the resolved and the sub-grid scales, our method
measures the SGS energy flux, and thus, estimates the turbulence dissipation rate. The SGS flux is obtained from the strain-rate
tensors computed from velocity fields and the modeled SGS stress. When the PIV measurement resolves down to the Kolmogorov
scale, the SGS stress is replaced with the viscous shear stress. In other words, the resolved velocity fields directly give the dissipation
rate. This method is applied to estimate the dissipation rate along the center plane of a stirred vessel with an axial 45° pitched-blade
turbine. The results obtained are compared with those calculated using the dimensional analysis method. The average dissipation
rates over the impeller and flow discharge regions are also evaluated and compared using both methods. © 2000 Elsevier Science
Ltd. All rights reserved. '
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1. Introduction rate over a finite volume. In what follows, we briefly

‘ review existing methods for estimating the turbulence
Turbulent flows contain eddy motions of a wide range dissipation rate.

of time and length scales and hence are often used in the

chemical process industry to promote macro- and 1.1. Review of methods of dissipation rate estimation

micro-mixing and chemical reaction. The dissipation rate

of turbulent kinetic energy determines the degree of seg- 1.1.1. Direct measurement of strain rate tensors

regation, droplet and bubble break-down, and chemical Direct approximation from the definition,

reaction. Therefore, it is important to know the dissipa-

tion rate over the entire flow field. Various methods have L v/(ou; ou;\?

been proposed for estimating the turbulence dissipation & =20(s; 8ij) = §<<§ 5x—> > ’ 1)

rate. Limited by single-point velocity measurement tech- ! '

niques, previous studies mainly focus on measuring the where u; is the ith component of the fluctuating velocity,

single-point local dissipation rate or averaged dissipation requires highly resolved turbulence fluctuating strain-

rate fields. So far, only three-dimensional numerical
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conducted using nine spatially aligned hot-wire probes
(Andreopoulos & Honkan, 1996). However, in order to
resolve the strain rate field, the spatial resolution has to
be smaller than Kolmogorov length scale, and only mul-
tiple hot-wire probes are known to meet this require-
ment. Such intrusive complex probes are generally
unsuitable for complex flows common to the chemical
process industry.

1.1.2. Turbulent kinetic energy balance
In this approach, the turbulence dissipation rate
is approximated by inverting the stationary turbulent
kinetic energy balance equation, i.c.,
C’Xj 0X;

(Cpujy + 2uu; sipy + 3<u; u?y)

by Y @
0x;

This approach requires experimental evaluation of all the
right-hand-side terms, which involve only integral-scale
turbulence quantities. Hussein and Martinuzzi (1995)
have successfully applied this method for estimating the
dissipation rate along the center plane of a channel flow
passing over a surface mounted cube using point-wise
LDV measurements. However, it is clear that without
a dependable velocimetry tool capable of measuring 3D
volumetric velocity fields, it will be very difficult to obtain
the required spatial derivatives across a large measure-
ment area. Thus, certain assumptions have to be adopted
to simplify the equation to 2D, or even 1D. Furthermore,
the pressure and velocity correlation term, <{p'u;>, is
difficult to measure directly from experiments, and mod-
els or assumptions must be applied, such as assuming
a zero-pressure-velocity correlation (Landahl & Mollo-
Christensen, 1992). These difficulties limit the methods

applicability to simple geometries, and hence make it

unsuitable for estimating the turbulence dissipation rate
in process equipment.

1.1.3. Turbulence power spectrum
In homogeneous turbulence, the local dissipation rate
can be defined in terms of the energy spectrum, E(x, t):

&= 2UJ4K2E(K, t) dx. ’ 3)

o]

For isotropic turbulence, it can be written as
&= 151)J‘K:1)‘E1(K1)(1K1, 4)

where E,(x,) is the one-dimensional power spectrum. In
theory, by measuring E, (x,), the turbulence dissipation
rate can be approximated from Eq. (4). However, in order
to fully resolve E(x), the velocity measurements must
be sampled at a rather high frequency. Unfortunately,

current hot-wire probes and LDV often do not extend to
high enough wave numbers to allow the application of
this method for process equipment.

1.1.4. Taylor’s frozen turbulence hypothesis

It assumes that the turbulent eddies are advected past
the point of observation by the mean flow fast enough so
that they do not have time to change substantially during
the time of passage. In this way, spatial derivatives can be
approximated by time derivatives. Therefore, the spatial
covariance needed to evaluate the turbulence dissipation
rate can be determined from time covariance using the
following relationship:

(&) )-a(&)) 5

For isotropic homogeneous turbulence, the dissipation
rate can, therefore, be expressed in terms of the time
covariance {Hinze, 1994)

15v /[ 0u,\?
~w (%)) ©

This relationship is based on the assumption that the
principal direction of flow is with the chosen coordinate
axes, and that the turbulence intensity is low. These
conditions do not hold for complex flows like stirred
tanks (van Doorn, 1981). When applying this method,
care must be taken to validate the frozen turbulence
assumption. In practice, LDV sampling limitations often
make such validation impossible. :

1.1.5. Dimensional analysis
In isotropic turbulence, the turbulence dissipation rate
can be expressed in terms of a micro-scale and the turbu-
lence velocity fluctuations
r2

e=150-5, (7
where 4 is the Taylor micro-scale. Alternatively, using
equilibrium turbulence arguments (Batchelor, 1953;
Tennekes & Lumley, 1972) Eq. (7) can be re-expressed as

/3

e=A T B (8)
where [ is the integral length scale and A is a propor-
tionality constant of order 1. In theory, Eq. (8) applies
only to turbulence that is homogeneous, isotropic, and in
spectral equilibrium, but in practice, it is rather difficuit
to meet these conditions. Moreover, in the complex
flows, e.g., the flow in a stirred tank, the integral length
scale varies from region to region. Thus, a single value for
I cannot describe a complex flow. Nevertheless, for lack
of a more generally applicable alternative, Eq. (8) has
been recommended for estimation of € for process equip-
ment such as stirred tanks (Kresta & Wood, 1993).
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In summary, previous methods for turbulent dissipa-
tion rate estimation usually involve dubious assumptions
and the estimations are rather crude and are seldom
space resolved. Direct assessment of the dissipation rate
from its definition would require resolution of the fluctu-
ating strain rate tensor, which has been possible only
with multiple hot-wire probes. With the advancement of
full-field velocimetry techniques, dissipation rate estima-
tion stands to benefit from the availability of spatially
resolved instantaneous velocity in a plane, as with par-
ticle image velocimetry (PIV) (Keane & Adrian, 1993), or
in a volume, as with holographic PIV (HPIV) (Meng
& Hussain, 1991, 1995; Barnhart, Adrian & Papen, 1994;
Meng, Estevadeordal, Gogineni, Goss & Roquemore,
1997). It is noted that velocity fields provided by PIV are
low-pass filtered. In other words, they are resolved to
finite scales much like in large eddy simulation. Eddies
smaller than the filter width are smoothed out. Further-
more, the low temporal sampling rate of PIV excludes
the conventional approach of obtaining spatial informa-
tion from temporal fluctuations. Hence, conventional
dissipation rate approximation methods are not suitable
for analyzing PIV data. For this purpose, new methods
have to be devised to appropriately use full-field velocity
data to estimate dissipation rate.

In this paper, we propose a large eddy-based dissipa-

tion rate estimation method using PIV data. The method"

is demonstrated by estimating the turbulence dissipation
rate distribution in the center plane of a stirred vessel.
Before we discuss this method in detail, a brief introduc-
tion to the large eddy approach is provided below.

1.2. Review of the large eddy approach

To make use of PIV measurements that are limited to
finite grid sizes (which often exceed the smallest scales in
turbulence when a large global field of view is desired), we
borrow the ideas of “large eddy” and “sub-grid scales”
from large eddy simulation (LES). In turbulent flows, the
large-scale structures are the ones that absorb energy
from the mean flow and are strongly flow-dependent.
Indeed, these scales tend to be highly anisotropic and
vortical in nature, and are responsible for most of the
transport in turbulent flows. On the other hand, small-
scale structures mainly dissipate the energy provided by
larger eddies, and are more universal (i.e., flow-indepen-
dent) than the large scales. For this reason, large eddy
simulation attempts to overcome the limitations of DNS
(such as low Reynolds number and simple geometry
flows) by resolving only the large scales. The small scales
are assumed to be universal and are modeled by sub-
grid-scale (SGS) models. Like DNS, LES solves the
Navier-Stokes (NS) equations directly for the large scales
(Reynolds, 1990; Rogallo & Moin, 1984). The subgrid
scales begin at the cutoff wave number, k., chosen to lie
in inertial subrange of the energy spectrum. Fig. 1 shows
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Fig. 1. Schematic model of turbulent kinetic energy transport.

a schematic sketch of the large eddy approach in terms of
the energy spectrum. In this figure, k; is the integral
length scale wave number, and «, is the Kolmogorov
scale wave number. In LES, a low pass filter (LPF) is
applied to the NS equation to separate the resolved
scales from the sub-grid scales. In real space, the filtering
is defined as a moving spatial average and the bandwidth
is defined by 4 = 2n/k,. This filtering process introduces
the SGS stress, 7;;, which must be modeled. Several SGS
models have been proposed and applied in high
Reynolds number simulations, including eddy-viscosity
(Smagorinsky, 1963), the similarity model (Bardina,
Ferziger & Reynolds, 1984; Liu, Menenveau & Katz,
1994), the gradient model (Clark, Ferziger & Reynolds,

©1979; Liu et al. 1994), and various dynamic models

(Germano, 1992; Verman, Geurts & Kuerten, 1996).
PIV often uses correlation of double-exposure particle
images to extract the velocity field. Since each velocity
vector provided by PIV only represents the average velo-
city over an interrogate cell (IC), the spatial filtering
properties of PIV are similar to LES. Therefore, it is more
suitable to use a large eddy approach to analyze turbu-
lence characteristics from PIV data than to use tradi-
tional methods developed for one-point measurements.

1.3. Review of stirred vessel studies

One of the many flows in which estimation of the
turbulence dissipation rate is critical is the stirred vessel.
Stirred vessels are some of the oldest and most commonly
encountered industrial devices, frequently used in the
chemical process industry for gas dispersion in liquids,
liquid-liquid blending and solid suspensions in liquids.
Understanding flow characteristics such as flow circula-
tion pattern, circulation time, turbulent kinetic energy
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distribution, and the turbulence dissipation rate distribu-
tion in the tank is crucial. The rate of dissipation is
ultimately important in assessing the effectiveness of
micro-mixing owing to its close relationship to the
smallest scale structures in the flow.

A vast amount of knowledge on the flow character-
istics of stirred vessels has been obtained through experi-
mental investigation in recent years (Rao & Brodkey,
1972; Van’t Riet & Smith, 1975; Calabrese & Stoots,
1989; Wu & Patterson, 1989; Wu, Patterson & Van
Doorn, 1989; Kresta & Wood, 1993; Bakker, Myers,
Ward & Lee, 1996; Ward, 1995). Considerable research
has been conducted to measure turbulence parameters in
this flow, such as the turbulent kinetic energy, length
scales and the turbulence dissipation rate. Two different
dissipation rates are of interest: the local dissipation rate
field (¢) and the average dissipation rate in a finite volume
(¢,). Several approximation methods have been proposed
to estimate the dissipation rate in stirred tanks from
LDV measurements (see Kresta, 1991; Kresta &
Wood, 1993; Zhou & Kresta, 1996 for detailed literature
review).

Cutter (1966) derived the averaged dissipation rate
from a macroscopic energy balance for a Rushton tur-
bine and concluded that turbulent kinetic energy (TKE)
is mainly dissipated in the impeller stream ( ~ 50%). Wu
et al, (1989) used LDV to measure the velocity and
turbulent kinetic energy and then performed an energy
balance over a defined control volume. They concluded
that ~ 30% of energy is dissipated in the discharge
stream and ~ 40% is dissipated in the bulk of the vessel.
Rao and Brodkey (1972) and Okamoto, Nishikawa and
Hashimoto (1981) applied a power spectrum method to
stirred tank flows using hot-film and LDV measure-
ments, respectively. Wu and Patterson (1989), Wu et al.
(1989); Rao and Brodkey (1972) and Kresta and Wood

(1993) estimated the integral length scale by integration -

of the auto-correlation function. Wu et al. (1989) and
Kresta and Wood (1993), further, applied this integral
length scale to the dimensional model of dissipation rate

(Eq. (7)). Several correction methods have been proposed-

to adjust characteristic turbulent velocity and length
scale (Wu & Patterson, 1989; Wu et al., 1989; Rao
& Brodkey, 1972). However, Kresta and Wood (1993)
concluded that a sophisticated correction procedure is
not necessary. They obtained the characteristic turbu-
lence velocity from the kinetic energy, k, and set [ = W /2,
where W is the width of blade, thereby assuming that the
integral length scale is constant throughout the entire
vessel. Evidently, all methods proposed in the past to
estimate dissipation rate for the stirred vessel in various
ways suffer from the limitations of single-point measure-
ments.

In what follows, we introduce the large eddy PIV
method for turbulence dissipation rate estimation and
apply it to a stirred vessel as an example.

2. The large eddy PIV method

Particle image velocimetry provides spatial informa-
tion of instantaneous 2D velocity fields simultaneously
(see Keane & Adrian, 1993 for a review); hence, spatial
derivatives of the velocity fields and spatial covariance
can be calculated directly from PIV measurements with-
out Taylors hypothesis or isotropic turbulence assump-
tions. However, the spatial resolution of PIV is limited. It
can be represented by

Lic

LCCD

L, ‘L, , 9)
where L, is the smallest resolved length scale with the
PIV system, L, the length scale of the viewing area in the
flow, and L;¢ and L¢¢p the dimensions of the interroga-
tion cell (IC) and CCD array, respectively (usually in
number of pixels). Clearly, for a given PIV technique, the
decrease of L,, requires the reduction of the viewing area
size L,. For a typical PIV system where Ly = 32 pixels
and L¢cp = 1024 pixels, and a flow at Re = 10° based on
the integral length scale of 10cm, the viewing area
dimension of the PIV measurement is only 0.1 mm in
order to resolve the Kolmogorov scale (3 um). This field
of view is usually too small to provide useful full field
information for chemical process applications. The alter-
native is to sacrifice spatial resolution.

It must be further noted that the velocities from PIV
measurements are different in nature from velocities
obtained by single-point velocimetry techniques. As a re-
sult of the correlation technique (which generally forms
the basis of PIV data reduction), each velocity vector is
a result of a spatial average of the velocity field in one IC.
In other words, it is low-pass filtered. Care must be taken
when statistical quantities such as time-averaged mean
velocity, turbulence kinetic energy, and Reynolds stresses
are extracted from PIV data. The real, point-wise velocity
can be written in terms of the PIV resolved (spatially
averaged) velocity:

= U = O(U) + 2 9*(U) — 50° (U) + ..., (10)

where  ®(U;) = (a,0%/0x3 + a,0%/0x3 + a36%/0x3)U,,
U; is the PIV resolved velocity, and ay, a,, asare con-
stants related to the low-pass filter bandwidths for each
direction. For a uniform filter, the constants are defined
as

A7
a; =—=, i=1>2537 (11)

8
where A; is the filter width along the ith axis. For an
isotropic filter, filter widths along all three axes are the
same, denoted as 4. Therefore, Eq. (10} can be rewritten
as

2 4

o2y
=0 —-—L*V
u = Ui =5 LVi+ 557

VU, + ... (12)
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Based on dimension analysis, the second term in Eq. (12)
scales like 4%/1%, where [ is the local integral length scale.
Therefore, the true velocity, u;, can be approximated by
PIV measurement U;when 4 «I. In this limit, the follow-
ing relationships hold

Cuy = UY, (13)
u; X Ui - <Ui> > (14)
i uyy = U0 — (Ui<U;» (15)

Here, brackets represent ensemble average. Hence, when
the IC size is much smaller than the local integral scale of
the flow, Reynolds-averaged statistical quantities can be
approximated from PIV data.

For high Reynolds number flows, the turbulent kinetic
energy is generated at (flow-dependent) large scales and
cascades to (universal) small scales where it dissipates in
the viscous sub-range. By examining the production and
dissipation as a function of the wave number (Fig. 2), it
can be shown that the turbulent kinetic energy is mainly
generated at the integral scale, and then the same amount
of energy is dissipated near the Kolmogorov scale. In
between, there is a large region (inertial subrange) where
turbulent kinetic energy is neither generated nor dissi-
pated. The major role of turbulent structures in the
inertial sub-range is thus to transfer energy from large to
small-scale structures without change. Hence, when the
sub-integral scales are in dynamic equilibrium, the flux of
turbulent kinetic energy through the inertial sub-range
will be equal to the turbulence dissipation rate.

Based on this physical model, we propose to estimate
the turbulent kinetic energy transferred from large to
small scales, and thus, to approximate the turbulence
dissipation rate. Since only the length scales within the
inertial sub-range are needed to estimate the flux of
turbulent kinetic energy, the proposed method does not
require the velocity field to be resolved down to the
Kolmogorov scale. Therefore, it can provide a direct
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Fig. 2. Schematic model of production and dissipation of turbulent
kinetic energy.

estimation of the dissipation rate over rather large flow
regions. A mathematical description of the method is
provided below.

The instantaneous velocity, u;, and pressure, p;, can be
written as

u; = U; +1; ,
o (16)
pi=P; + i,

where U,, P; are the resolved-scale velocity and pressure,
respectively, found by PIV measurements, and #;, p; are
the unresolved-scale velocity and pressure. By filtering
the incompressible continuity equation and the Navier-
Stokes equation, the LES equations are obtained:

ou,
=0, (17a)
ﬁxi
an @((7,(7]) 513 62(7,' étij
__o _ 1
a T ox, o TV T a (17b)

where t;; = wu; — U;U; is the SGS stress tensor, which
must be modeled by a sub-grid-scale (SGS) turbulence
model. Multiplying Eq. (17b) by U; and contracting, the
resolved-scale kinetic energy transport balance equation
is obtained:

=2 =2
aq* 0 g 0 (

at  lox;  ox;

where §;; is the resolved scale strain rate tensor defined
by

S = 1<an + w"). (19)

YT2\ax | oox;

The last term in Eq. (18) is the eddy dissipation, which
models the kinetic energy transported to small scales
from the resolved scales. According to our previous argu-
ment, this term will be equal to the turbulent kinetic
energy dissipated in the smallest scales. Therefore, the
turbulence dissipation rate can be approximated by com-
puting the Reynolds averaged SGS dissipation rate

e~ (esgsy = — {1y gij> ) (20)

where, in practice, the Reynolds average on the right-
hand side is replaced by a time average over sequential
full-field PIV data sets. Eq. (20) embodies the essence of
the large-eddy PIV method. Under the dynamic equilib-
rium assumption, the turbulence dissipation rate ¢ can be
estimated by the SGS energy flux gg6s at the cut-off scale
corresponding to the PIV resolution. The SGS flux is
obtained from the strain-rate tensors, S;;, computed from
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the PIV measured (resolved) velocity fields and the
modeled SGS stress, ;. When the PIV system resolves
down to the Kolmogorov scale, the SGS stress is re-
placed with the viscous shear stress. In other words, the
resolved velocity fields directly give the dissipation rate.

The SGS stress 1; in Eq. (20) has to be closed by
a model. Various SGS models have been proposed in the
literature:

1. Smagorinsky model: The eddy viscosity model
(Smagorisky, 1963) is given by

1= — CA%SISy (21

where C; = 0.17 is the Smagorinsky constant. This
value will be adopted in our analysis. Based on LES
simulations of Eq. (17a) and (17b), the Smagorinsky
model has been found to be too dissipative in laminar
regions with mean shear. However, we expect the
model to give good results in high Reynolds number
turbulent flows.

2. Similarity model: The similarity model (Liu et al., 1994)
is based on the assumption that the velocities at differ-
ent scales give rise to turbulent stresses with similar
structures. The model can be expressed as

In contrast to the eddy-viscosity model, this model has
a mechanism to represent backscatter of energy for
SGS to resolved scales. Since, in practice, the double
filtered velocity correlation (first term in Eq. (22)) is
not available from experimental measurement, the
similarity model is unsuitable for dissipation rate es-
timation.

3. Gradient model: Clark et al. (1979) modeled the SGS
stress as an inner product of the velocity gradients

1 [00,\/00, |
Tij —EA (an ><GXk) (23)

This model is equal to the similarity model exbanded ,

in a low-order Taylor series (Liu et al., 1994), and
ensures forward scatter and backscatter of energy be-
tween resolved scale and SGS. Since all the terms are
measured from the resolved velocity field, this model is
suitable for the proposed dissipation rate estimation.

4. Dynamic model: In order to overcome the shortcom-
ings of Smagorinsky model, the model constant, Cy, is
replaced by a coefficient obtained dynamically, de-
pending on the local structure of the resolved fields.
Since the dynamic coefficient is not available from
experimental measurement, the dynamic model is un-
suitable for use with PIV data.

In this paper, these SGS models will be used to esti-
mate the turbulence dissipation rate from PIV data using
Eq. (20).

3. Estimation of the dissipation rate in a stirred vessel

The large-eddy PIV method is applied to a pitched
blade turbine (PBT) stirred vessel. This work is based on
a study by Sheng, Meng and Fox (1998), who attempted
to validate CFD simulation results (including turbulence
dissipation rate) using PIV measurements.

3.1. PIV Experiment

The PIV experiment has been described in detail by
Ward (1995) and reported by Bakker et al. (1996). The
axial impeller stirred vessel was a Plexiglas circular water
tank of diameter T' = 0.292 m with the fluid height main-
tained at 0.311 m. Four axial baffles (width = 0.0243 m)
were mounted along the wall as shown in Fig. 3. A P-4
impeller of diameter D = 0.102 m with 45° pitch was
located at a height C = 0.134 m from the bottom. The
ratio between the vessel and the impeller diameter was
D/T =035 and the off bottom clearance was
C/T = 0.46. The ratio of blade width (W) to the impeller
diameter (D) was 0.20. The impeller was driven at 60 rpm,
resulting in a Reynolds number of about 9200 based on
impeller diameter and the tip velocity. The integral
length scale of a stirred tank is often taken as half of the
impeller width, since it is approximately the size of the
trailing vortices (Kresta & Wood, 1993). Following this
convention, the integral length scale is [ = 10 mm.

The PIV system was a Dantec Flowgrabber™ owned
by Chemineer, Inc. An argon-ion laser was used to pro-
duce a 10 mm thick light sheet, which illuminated the

Fig. 3. Sketch of the stirred vessel with a pitched P-4 impeller used for
the PIV experiments.
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tank from the top. To compensate for the refractive index
variation, the circular tank was kept inside a square tank
filled with a compensating liquid. An 8-bit, black-and-
white 512 x 480 CCD camera was used to acquire par-
ticle images. The viewing arca of the camera was set to
cover the entire vessel. The flow was seeded with 0.1 g of
neutrally buoyant 80 pm diameter fluorescent polymer
spheres, resulting in a seeding density of 15-25 particles
in a 16 x 16 pixel sampling window. The continuous-
wave laser was shuttered to produce 10 ps of exposure.
Two consecutive images were cross-correlated to give the
velocity field. A total of 59 x 50 vectors were given for the
entire plane at each instant on a non-uniform grid. A to-
tal of 1024 instantaneous 2D velocity field measurements
were carried out over a period of 22 min with a sampling
rate of 0.77 Hz. Since the overall viewing area is large
(whole tank), the average spatial resolution of the vectors
is limited to roughly 5 mm. Hence the resolved scale is
much larger than the Kolmogorov Ilength scale
n = 10 um. This clearly calls for the large eddy PIV
approach.

The PIV measurement accuracy is analyzed as follows.
Errors in spatial derivatives of velocity result from the
velocity (displacement) measurement and spatial differ-
entiation. With sub-pixel resolution implemented in
Dantec’s FFT-based correlation software, the particle
displacement estimation error is 0.1 pixel over 8 pixels or
1.25%, where an IC size of 16 x 6 is adopted. The spatial
derivative error would be 1 pixel over 16 pixels or 6.25%
if a direct finite difference method is used. Hence, the
total error in a velocity derivative would be 7.5%. The
dissipation rate contains multiple products of velocity
derivatives, and hence would suffer an error of multiple
times of 15%, which is clearly unacceptable. Hence, to
obtain velocity derivatives and especially to estimate
dissipation rate using PIV, it is imperative to cut down
the derivative errors and also to reduce the PIV measure-
ment errors. For this reason, in the current work we
employ an adaptive-window derivative scheme. In this
scheme, the resolved velocity field is interpolated by the
cubic-spline method, and then a central difference
scheme over an adaptive window is applied to calculate
the derivatives. As long as the interpolation can faithfully
resolve the velocity field (which is a fairly good assump-
tion), the resolution of the derivatives reaches 10™%.
Hence, the spatial differentiation error is negligible and
the remaining error in our velocity derivatives is only the
PIV velocity measurement error, 1.25%. This error can
be further reduced by adopting larger IC window sizes;
for example, 32 x 32 or 64 x 64 are commonly used, result-
ing in improved accuracy of 0.6% and 0.3%, respectively.

It should be pointed out that, besides correlation, there
are other methods to extract velocity fields from PIV
images, such as particle tracking and particle pairing.
However, these techniques are less widely used than
FFT-based correlation method.

3.2. Analysis of PIV experimental data

To estimate the dissipation rate from PIV measure-
ments using the large-eddy PIV method and other
methods for comparison, we evaluate if the premises of
these methods are satisfied. First, we check if the higher-
order terms in Eq. (12) can be dropped so that the
statistical quantities can be calculated from the resolved
scale velocity, U;, using the relationships given in
Egs. (13)-(15). The average filter width (equal to the IC
size) for the PIV measurement here is 4 = S mm while
the integral scale is [ ~ 10 mm. Thus, the second term in
Eq. (12) is one order of magnitude smaller than the first

" term. Second, we roughly check if the dynamic equilib-

rium assumption holds. As pointed out before, the
Kolmogorov length scale, estimated from the Reynolds
number based on the integral length scale of [ ~ 10 mm is
n ~ 10 um. Between  and [ there is a large region within
which the cut-off scale L, = 5 mm lics. We thus assume
that the conditions for approximating the dissipation
rate by the large-eddy P1V method are satisfied.

Some treatments are necessary to circumvent the 2D
limitation of PIV. Below are two situations where such
simplifications are made in our data processing.

First, for comparison purposes, we will compute
the dissipation rate using the dimensional argument,
Eq. (8). This requires the turbulent kinetic energy
k =3(U; — <U:>)*> to be obtained from PIV. Since
the PIV data only contain the axial and radial compo-
nents, the circumferential normal stress will be approxi-
mated from the axial and radial normal stresses by
assuming the flow to be locally isotropic at the resolved
scales. The turbulent kinetic energy is thus estimated
from

32 - _
k=7 2 (U~ U . (24)

Second, in order to evaluate the dissipation rate using
Eq. (20), a total of nine components of the strain rate
tensor in Eq. (19) have to be measured. Currently PIV
can only provide five out of the nine components: two
off-diagonal and three diagonal components (directly
measured and derived from the continuity equation).
What are missing from direct PIV measurements are the
derivatives of circumferential velocity and derivatives
with respect to the circumferential axis

Due to large-scale anisotropic motion in this flow, the
missing strain-rate covariance cannot be approximated
from the known terms theoretically. However, examina-
tion of the five known components of dissipation rate
tensor (using the Smagorisky model) reveals that, they all
have similar distributions and magnitudes (Figs. 4a-d).
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Fig. 4. Components of the dissipation rate tensor (a)e;; (b)es, (C)eas (d) &15 = €25.

We thus assume that the dissipation rate can be approxi-
mated by multiplying the sum of the known components
by a factor of 9/5. Obviously, further improvement of the
dissipation rate approximation will require extension of
the velocity measurement to 3D.

3.3. Dissipation rate and comparison

Figs. 5 and 6 show the dissipation rate calculated using
the large-eddy PIV approach, where the SGS stress is
obtained from Smagorinsky and the Gradient models,
respectively. A high dissipation region is evident from
both figures around the impeller and in the flow dis-
charge regions, overlapping with the strong shear layer in
the mean velocity flow field (Fig. 7). To illustrate the
similarity between these two € distributions, their cross-
correlation distribution is plotted in Fig. 8. It is observed
that the cross-correlation coefficient lies between 0.97
and 0.99. Calculations of the SGS stress using the other

models given in the introduction yielded similar results,
that is, these dissipation rate estimations agree with each
other in magnitude as well as in spatial distribution.
Hence, it can be concluded that the choice of the SGS
model is not important in the large-eddy PIV method.
To compare these results with the dimensional analysis
method, Eq. (8) is employed using the PIV data and
constants / = 10 mm (half the impeller width) and 4 = 1.
The estimated dissipation rate is shown in Fig. 9. As far
as the shape of distribution is concerned, the large eddy
estimations (Figs. 5 and 6) correspond reasonably well
with the dimensional analysis result. Both estimations
show a focused high-dissipation region at the impeller
and flow discharge regions. Moreover, both provide
a maximum to minimum dissipation rate ratio of 10,
which suggests that the dissipation rate distribution in
the stirred tank is highly inhomogeneous. However, the
dissipation rate obtained by dimensional analysis has
much larger values in the bulk of the vessel than those
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Fig. 5. Dissipation rate, ¢, for the flow in a stirred tank by modeling the
SGS flux using the Smakorinsky eddy-viscosity model.
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Fig. 6. Dissipation rate, ¢, for the flow in a stirred tank by modeling the
SGS flux using the Gradient model.

found by the large eddy approach. Fig. 10 shows the
cross-correlation distribution of the large-eddy estima-
tion obtained by the Smagorisky model with that from
dimensional analysis. Large discrepancies are evident in
the bulk of the tank. This discrepancy is most likely
a result of the assumption employed by the dimensional
analysis method, that the integral length scale in the bulk
of tank is the same as in the impeller region. Indeed, one
would expect the local integral length scale to be signifi-
cantly smaller near the impeller than in the bulk fluid.
This behavior is seen in Fig. 11, which shows the integral
length scale distribution (I = k*%/) in the stirred tank,
where k and ¢ are computed from the large-eddy approach.
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Fig. 7. Mean velocity field produced by a P-4 impeller obtained by
PIV.
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Fig. 8. Cross-correlation coefficient (co-variance) distribution of
estimations by the Smakorinsky model and the Gradient model.

Dissipation rates averaged in the impeller and flow
discharge regions as a percentage of the total dissipation
rate in the tank have been computed by integrating the
local dissipation rate over a finite area in 2D.
Table 1 shows the results obtained for the three dif-
ferent estimation methods and those reported by Cutter
(1966), Wu and Patterson (1989), and Jaworski and
Fort (1991). From the table, one can see that the results
obtained with the large-eddy method agree with most
reported results rather well for this flow. On the
other hand, the average dissipation rate in the impeller
region is underestimated by the dimensional analysis
method.
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4. Conclusions and discussions

In this paper, we propose a dissipation rate estimation
technique based on a large-eddy PIV approach. The
basis for using PIV measurements is that: (i) From PIV,
the velocity field in a plane is simultaneously obtainable,
lending itself to spatial derivative calculation. (ii) PIV
measurements usually do not resolve to the smallest
turbulent eddies, and they do not have to (hence the need
for a “large-eddy” approach). (3) Some terms in the dissi-
pation estimation are unavailable if PIV provides only
two components, as is usually true at the present stage.
However, the missing terms can be approximated from
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Fig. 11. Normalized integral length scale in the stirred tank, calculated
by I = k3?/¢ and normalized with the half of blade width (W /2).

Table 1
Comparison of the dissipation rate averaged in the impeller region and

- flow discharge region as a percentage of the total dissipation rate in the

tank
Dissipation rate Dissipation rate
averaged in averaged in flow
impeller region (%) discharge region (%)
Large-eddy PIV approach 30 48
using Smagorinsky model
Large-eddy PIV approach 30 47
using the Gradient
model
Dimensional argument by 15 45
Kresta and Wood (1993)
Cutter (1966) 20 50
Wu and Patterson (1989) 30 40
Jaworski and Fort (1991) 32 54

available terms, and this procedure involves far less du-
bious assumptions than most other methods of dissipa-
tion rate estimation. The basic idea of the large-eddy
estimation method lies in the dynamic equilibrium as-
sumption, which is usually valid at high Reynolds num-
bers. The total energy dissipated at the smallest scale, ¢, is
approximated by the sub-grid scale energy flux, &sgs,
from the resolved scale to the sub-grid scale. The SGS
flux is obtained from the strain-rate tensors computed
from PIV velocity fields and the modeled SGS stress.
When the PIV measurement resolves down to the Kol-
mogorov scale, the SGS stress is replaced with the vis-
cous shear stress. In other words, the resolved velocity
fields directly give the dissipation rate.

The proposed method is applied to estimation of dissi-
pation rate distribution in a stirred tank with an axial
impeller using PIV data with the full-tank viewing area
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and a coarse spatial resolution of S mm. Two different
SGS models, Smagorinsky eddy-viscosity and gradient
model, are employed in the estimation of SGS stress,
yielding consistent results. The computed dissipation rate
distributions are compared with results obtained using
the dimensional analysis method employed by Kresta
and Wood (1993). All three estimations, based on the same
PIV measurements, agree with each other rather well.
However, the large-eddy PIV method is inherently more
accurate for inhomogeneous and anisotropic flows. Fur-
thermore, the use of PIV measurements enables the dissi-
pation rate distribution to be estimated over a large area.

Beyond the current work, further research is needed to
address the following questions:

First, our physical model implicitly assumes the
dynamic equilibrium, wherein the turbulent kinetic en-
ergy SGS flux is equal to the dissipation rate. This en-
ables us to approximate the turbulence dissipation rate
by measuring total kinetic energy flux from the resolved
to the unresolved scale (the SGS flux). For non-equilib-
rium turbulence such as rapid distortion, however, this
assumption is challenged. We think that at least some
correction must be introduced to the SGS flux to com-
pensate for the local foss. How to make this correction is
an open problem. Furthermore, like all turbulence mod-
els, the models used to account for the SGS stress, 1,
lack physical meaning.

Second, from the derivation of Eq. (20), it is clear that
the accuracy of our approximation highly depends on the
filter bandwidth, and thus, the interrogation cell size in
PIV. The choice of PIV configuration has to be carefully
evaluated in light of the anticipated turbulence length
scales, especially the integral and Kolmogorov length
scales.

Lastly, the direct measurement of the dissipation rate
requires the ability to measure all of the terms in Egs. (1)

and (2). Since the current PIV technique lacks the capa-

bility tomeasure 3D velocity fields, the circumferential
velocity component is missing; therefore, its derivatives
and all derivatives along the circumferential direction are
lacking. The effect of these missing terms in the strain rate
tensor on the estimation cannot be accurately evaluated
due to anisotropicity of the flow at the resolved scale.
Furthermore, data resolved on a 2D plane in a vastly 3D
flow provide, at most, very limited insight into the dy-
namics of complex flows. Clearly, fully resolved 3-com-
ponent velocity measurements in a 3D volume as
a function of time are strongly needed. Hence, it is essen-
tial to develop 3D PIV techniques such as stercoscopic
PIV (Adrian, Soloff, Liu, Meinhart & Lai, 1997), Particle
Tracking Velocimetry (Guezennec, Brodkey & Kent,
1994) and Holographic PIV (Meng & Hussain, 1991,
1995; Barnhart et al., 1994; Meng et al., 1997). Among
these, the holographic PIV gives instantaneous 3D vol-
umetric recording and provides the highest spatial res-
olution, and hence is the most promising technique.

Notation

A dimensional analysis constant

C impeller off-bottom clearance

C; Smagorisky model constant

D impeller diameter

E, one-dimensional power spectrum
K turbulent kinetic energy

l integral length scale

L;c dimension of interrogation cell

Lcep  dimension of CCD sensor size

Ly dimension of camera viewing area

L, cutoff length scale

P pressure fluctuation

p unresolved-scale pressure

P instantaneous pressure

{p> time-averaged instantaneous pressure

P filtered pressure in time or space domain

q’ resolved-scale kinetic energy

St fluctuating strain rate tensor

S;; filtered strain-rate tensor in time or space domain

t time

T tank diameter

u; fluctuating velocity

u; instantaneous velocity

{u;> time-averaged instantaneous velocity

i unresolved-scale velocity

U, filtered velocity components in time or space
domain

w impeller blade width

Xy x, y, and z coordinates

Greek letters

4 filter width for an isotropic spatial filter
A; filter width along the ith axis

€ turbulence dissipation rate

£sgs  sub-grid scale flux

g, average dissipation rate in a finite volume
n Kolmogorov length scale

K wave number

K. cut-off wave number

K integral scale wave number

Ky Kolmogorov scale wave number

2 Taylor micro-scale

U molecular viscosity

v kinematic viscosity

T sub-grid scale stress
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