
SecondOrderSystems.docx - 10/11/2007 10:10 AM Page 1 

Second Order Systems 
 

 
 
Here is an example of a second order system 
from EAS 206. 
 

 
 

Fs = kx Fv = a dx/dt 

F(t)+ Fv + Fs = m d
2
x/dt

2 

F(t)
 

m
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We can write the equation in the form 
 

2

2
( )

d x dx
m b kx F t

dt dt  

 
consider first the simpler case where b = 0 (no 
damping) and F(t) = 0. The equation becomes 
 

2

2
0

d x
m kx

dt  

 
which has the solution 
 

1/ 2

sin( )

where  [ / ]

n

n

y C t

k m  

 
The mass will oscillate sinusoidally and the 
oscillation will continue forever at the undamped 
natural frequency ɤn 
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Recognizing the periodic nature of the solution, 
it is convenient to rewrite the equation in the 
form 

2
1 2,3

2 2

1 2
( )                     (3.12 ,  3.13 )

n n

d y dy
y KF t

dt dt  

 
where ɤn is the natural frequency and ɕ is the 
damping ratio.  The form of the homogeneous 
solution depends on the roots of the 
characteristic equation 
 

2

2

1 2
1 0

n n
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Second Order Systems 
 Homogeneous Solution 
 
0 < ɕ < 1 (under damped system solution) 

1 2,3sin           (3.13a , 3.14a )n
2-  t

nh
 (t)=  1- t+  y ce

 

ɕ = 1 (critically damped system solution) 

1 2,3 (3.13b , 3.14b )1 2 t t
1 2h

  (t  )  =    +      y C e C te  

ɕ > 1 (over damped system solution) 

1 2,3(3.13c , 3.14c )1 2t t
1 2h

(t)= +      y C e C e  

The particular solution will depend on the 
forcing function F(t). 
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 Second Order Systems 
Step Function Input 

 
 For F(t) = AU(t), the solution is as shown in 
Figure 3-13. 

2 2

1/ 2
2

sin 1 cos 1
1

nt
n n

 
y(t)= KA KAe t t

 
 

 
For underdamped systems, the output oscillates 
with a frequency ɤd 
 

 

Figure 3.14 in 2
nd

 and 3
rd

 Edition 

 
2

d n =   1 -   
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 Second Order Systems 
 Frequency Response 
 
 If F(t) = A sin ɤt, the solution is given by 
 

 
The first term is a transient which will eventually 
die out - the steady-state response can be 
written in the form 
 

 

 
1 2,3sin

     (3.15 , 3.18 )
h 2 2 1/22

n n

KA   [  t +  ( ) ]
y  (t  ) =  +   y

{(1 - [ /   + (2  /  ) ) }]

  

 
1 2,3

sin[ ( )]

where

 (3.16 , 3.19 )tan
n-1

2

n

y(t)= M( )KA t+

2  /
( )=-             

1 - ( / )

 

 

 
1 2,3 (3.18 , 3.21 )

2 2 1/22

n n

B 1
M ( ) = =  =     

KA {[1 - ( /  + (2  /) ) }]
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