T he bilateral Laplace transform
Definition
Analysis formula

T he bilateral Laplace transtorm is defined by the analysis formula

X (s) = f_ i r(t)e= dt,

X (s) is defined for regions in s — called the region of conver-
gence (ROC) — for which the integral exists.



Svnthesis formula
The inverse transform is defined by the synthesis formula
1
r(t) = —
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f X (8)e ds.
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Since s is a complex quantity, X (s) is a complex function of a
complex variable, and o is in the ROC.

¢ [ he synthesis formula involves integration in the complex s
domain. We shall not perform this integration in this subject.
The synthesis formula will be used only to prove theorems
and not to compute time functions directly.

¢ [he synthesis formula makes apparent that =(t) is synthe-
sized by a superposition of an uncountably infinite number
of eternal complex exponentials et each for a different value
of s and each of infinitesimal magnitude X (s) ds.



Relation to unilateral Laplace transform
The difference between the unilateral and the bilateral Laplace
transform is in the lower limit of integration, i.e.,

i
Bilateral = X(s) = f r(t)e= dt,
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- ]
Unilateral = X(s) = ﬁ] r(t)e t dt.

e [ he unilateral Laplace transform is restricted to causal time
functions, and takes initial conditions into account in a sys-
tematic, automatic manner both in the solution of differential
equations and in the analysis of systems.

e [ he bilateral Laplace transform can represent both causal
and non-causal time functions. Initial conditions are ac-
counted by including additional inputs.



Approach
Databases of time functions and their Laplace transforms are
developed as follows:

e Determine the Laplace transforms of simple time functions
directly,

e Use the Laplace transform properties to extend the database
of transform pairs.

MNotation
We shall use two useful notations — L{x(t)} signifies the Laplace
transform of »(t) and a Laplace transform pair is indicated by

2(t) < X(s).



Laplace transform properties
A few of the important properties are summarized: a more com-
plete list is appended.

Property x(t) X(s) ROC
Linearity axi(t) 4 bralt) aXq1(s) 4 bXa(s) = (Hy N Hz)
Delay by T x(t —=T) X(s)e T i
Multiply by ¢ tr(t) —rm;'h‘] R

s
Multiply by e @ r(t)e™™ XNis + a) shift & by —a
le(t
Differentiate in ¢ : e,;{f} sX (s)
i
: r' X(s) I
Integrate in ¢ (7)) dr o (RN {R{s} = 0})
Convolve in ¢ f ri(m)xa(t — 7)) dr XNi(s)XNa(s) o (Ry N Rz)
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Laplace transform properties
Most proofs of properties are simple as indicated below.
Linearity

azy (1) 4+ bro(t) < aX1(s) + bXo(s).

The proof follows from the definition of the Laplace transform
as a definite integral. Let x(t) = ar1(t) + bro(t), and use the
analysis formula.

X(s) = f_ D;(a.xl(z} 4 bao(t))e ™ dt,

= n.fm rq(t)e dt—l—bfm ro(t)e 5t dt,
= aXi(s) + bXa(s).

Q. Given the ROC of X1(s) and X2(s) what is the ROC of X (s)7
A. At least the intersection of the ROCs of X1(s) and Xa(s).



Laplace transforms of simple time functions
Causal exponential time function
If (t) = e™*u(t) then the Laplace transform is

ot ¢
X(s) = / e u(t)e™ ™ dt,
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The exponential term has a magnitude of either O or oco. For
R{s — a} = 0 the exponential term is zero and the integral con-
verges. Let R{s} = 7, then

1
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X(s) = for o > .

The region of convergence (ROC) of X(s) is 7 = .



Causal exponential time function, cont'd

Thus we have

2(t) = e“tu(t) <L X(s) =

r(t)
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Relation between time functions and pole-zero diagrams
Consider the causal exponential time function and its Laplace
transform

2(t) = e?tu(t) << X(s) = for o > a

1
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T he following shows both the time functions and the pole-zero
diagrams for 5 different values of «.

Time functions Pole-zero diagrams
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Relation of time functions to region of convergence

We have considered only causal exponential time functions. Now
we wish to consider more general time functions. First, we com-
pare the Laplace transforms of two time functions: the causal
exponential time function z(t) = e “wu(t) and the anti-causal
exponential time function z(t) = —e™u(—t).

Causal exponential time function
The Laplace transform of the causal exponential time function

was worked out earlier and is

for @ = —ox.

X(s) =

s+ o
The region of convergence (ROC) of X(s)is 0 > —a.



Anti-causal exponential time function

If #(t) = —e~“*u(—t) then the Laplace transform is
= ¢ ¢
X(s) = —f e~ u(—t)e " dt,
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The integral converges provided R{s 4+ o} < 0, and
1
X(s) = for o < —a.
(s) “ta g < —a

The region of convergence (ROC) of X(s) is 0 < —av,



Causal and anti-causal exponential time functions can have
the same Laplace transform formula but differ in ROCs
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The Laplace transform formula plus the ROC uniquely
specify the time function

e 1/(s+ a) is the Laplace transform formula of e=**u(t) and
of —e~y(—t).

e | he ROCs for these two time functions are different.

e | he ROC must be known to uniguely compute the time
function.



More general exponential time functions
MNow consider

r(t) = et for a > 0,

which is neither causal nor anti-causal but is bounded.

r(t) = E—r::|t|




More general exponential time functions, cont'd
Note we can express x(t) as

r(t) = e = ey (—t) + e tu(t).

r(t) = el




More general exponential time functions, cont'd
We use the linearity property of the Laplace transform

azy(t) 4 bro(t) <= aX1(s) + bXo(s),

and previous results on the Laplace transforms of anti-causal and
causal exponentials to give

- 1 1
X(s)=— : + T
5 o 5. s
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We can combine these terms and find a formula that is valid in
a region of the s plane as follows

- — 2
2(t) = e M & X (5) = > for —a < 0 < a.
8= — ¥



Relations of parts of time function to the ROC

r(t) = e—clt] q—hRDE
. Jw
r(t) = E‘”-u(—rj/ () = e “Pu(t)
e

ROC of causal part
=7}
ROC of anti-causal part

The ROC of X(s) is a strip in the s plane. We can associate
which time function goes with each pole. If the ROC is to the
left of a pole then that pole corresponds to a anti-causal (left-
sided) time function. If the ROC is to the right of a pole then
that pole corresponds to a causal (right-sided) time function.



Example — the effect of the ROC
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Pole-zero diagram
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Example — illustrating the effect of the ROC

Pole-zero diagram
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X () = _32 (s—{l—l) +§(si2) for Rt{s} > 2
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Example — illustrating the effect of the ROC

Pole-zero diagram
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Example — illustrating the effect of the ROC
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