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Moment-Generating Functions

Definition:

Moment-Generating function of R.V. X'is defined by: Oy(s) = E[eSX]

parameter w, and is defined for all real values

For X discrete; ¢ (s) = Zesxipx(xi)

. Where ¢,(s) is a function of real

of m.

i
For X continuous;  ¢(s) = I:dx esxfx(x) , Which is the Laplace transform of f(x).

Continuous Case
0x(®) = L{fx@} = [7 dx e fy
£y = L7 {04()}

Use of Moment-Generating Functions

1- Sums of R.V’s: Let Xand Y be independent R.V’s, and let Z = X + Y, then

f ) = ffwdg Fyz=0f(©), and

q)Z(S) _ E[esZ] _ E[es(X+Y)] = B

sX sY
e e

| = EL"™EL’T] = 0,(5)0,(5)

n n
X,
Generalize: If Z = E X, all independent R.V’s, then ¢ ,(s) = I I E[es T = I I Oy ()

1

i=1

i=1
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2- Moment Generation
Since  0x(s) = [ dx "y, then 0,(0) = [~ dx fy() = 1.

Also %(])X(s) = 0'y(0)= [ dxxe"fy0 Then ¢/y(0)= [ dxxfy(0 = X .

Similarly, ¢”4(0) = X* .

(n), e . JoOx L (n),~y_ oo n _yn
In general, ¢}"(s)= j_wdx ()¢’ fyx) , resultingin ¢ (0)= J._oodx Af ) = X

so:[ x" = o{0 |

Examples

1. Exponential pdf

) oo oo - A ° A
Fx0 = ke U oy = [Tdv ey = [Faxaet T = ool -2 T o

s_
—(n+1)

A—s
, when evaluated at s = 0, results in

The nth derivative 6% (s) = n!A(h—s)

Elx" = o{0) = 2
A

11. Gaussian pdf

IRy 2 5 2
f (%) = ! 2e (x—m)/20 which results in| = 0,(s) = &M’ ° /2

216

Application: Sum of two independent Gaussian R.V’s
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II11. Poisson R.V

T & -
prk) = e k=012, ..

oo oo

K sk K1k ¢ (ue)

k

Je—u _ e(ue )e—u

(- 1)

Opls) = !

As a check: ¢(0) =1

Sum of two Poisson:
Let K, and K, be two independent Poisson R.V’s: pKl(k) = ]—Cl—!uke_“, and pKz(k) = %Ake_}”.

S_1) A -1 M -1
Let N = K, +Ky.Then  9(s) = 0 ()0 (5) = M D Me-1 _ wrne-1)

k
Therefore, Nis Poisson with p(n) = m+Ar) ;'}‘) ot




