CE 561, Exam 1, November 7, 2008

This exam consists of 3 questions, each with multiple parts. You should be careful not to get stuck
on one part. If you do not know how to do a problem, move on and return to it if you have time at
the end.

You may use a calculator and three letter-size sheets (2-sided) of notes to aid you on this exam. You
may not exchange notes with or otherwise consult your fellow students. If you talk to your fellow
students during the exam, I will assume that you are cheating, you will be asked to leave, and you
will fail the exam.

You will have 2 hours to complete the exam. Please use a separate blue book for each exam
problem. Carefully explain any assumptions you make, label what part of what problem you are
working on, and define the symbols that you use. The point value of each part is indicated — budget
your effort accordingly. There are 100 points total.

1. Consider the following two reactions:
(1) A — B with rate r= kch
(2) B < C with rate r, = k,Cg — k3Cc

(@) Write these reactions in matrix form. (5 points)
In matrix form, these can be written as:

-1 1 o]A
0 -1 1(B|=0
0 1 -1f|c

If the forward and reverse directions of the second reaction are treated as separate
reactions, or as

A
-11 0
B|=0
0 1 -1 -
C
If the second reaction is treated as a single reaction

(b) Write the rate equations for the concentrations of the three species in matrix form. (5 points)
The rate equations can be written terms of the vector of concentrations and a matrix of
rate constants as:

d Ca -k 0 0 ||C,u
a Ce|=| ki —ky kg |ICp
(c) Explain how you would solve these equations to obtain expressions for the concentrations of A,
B, and C as functions of time, for initial conditions of Ca(t = 0) = Cp,, Cg(t =0) = Cc(t =0) = 0.
Take your solution as far as you can in the time available. (10 points)
If M is the matrix of rate constants from part (b), and C, is the vector of concentrations at t = 0,

then we know that the solution can be written as

C(t)=exp(Mt) C,0r C(t)=(Texp(At) TH) C,
where A is the diagonal matrix of the eigenvalues of M , and T is the matrix whose columns
contain the corresponding eigenvectors of M . To write the solution in this form, we find the



eigenvalues of M by solving det(l—ﬂl)=o for 4. For each solution, 4, we find the
corresponding eigenvector X; by solving M x; = 4 x;. The eigenvectors and eigenvalues are then
placed in the matrices T and A, respectively. We then take the inverse of T , then multiply the
matrices to get C(t) according to the equation given above.

k-4 0 0
qu;wi}ﬂa kg —A kg | =(—k =) ((—ky = A) (kg — A) —kykg ) =0
0 kK, —ks—A

(—hq = 2) (ko + (ko + k) 2+ 22 — ko ) = (—ky = ) (2 + Ky +k5) 2 =0

So, the three eigenvalues are 1; = -ky, 1, = -(kz + k3), and A3 = 0. Corresponding eigenvectors are
obtained by substituting the eigenvalues into M x; = 4; x;. For 4y = -k, this gives

0o 0 0 x

KiXq + (kl - k2)X1,2 +k3x3=0

k2X1’2 +(k1 - k3)X1’3 = 0

X o = ko X
13 = 1,2
ks — Ky
(ky k)~ :
B (ko ki) X2 —ksXgg _ ks =k _ koks —kiky —kiks + ki —kykg
X1 = = X0 = X2
Ky kg ky (ks — ki)
k, — ky — kg
X = ——=2o 3
11 -k 1,2
k —k, — kg
= kg—k
ko

For A, = -k, — k3 this gives

kg +ky+kg 0 0| X1

ky ks ks | X2 (=0
0 ko Kp | Xo3
X1 =0
X22 =7X23
0
X =| 1
-1

For A3 = 0 this gives



0 kz —k3 X3’3

X3’1 = 0

_ K3
X32 =7 X33
ky

0
X3 = k3
k2
And finally, the matrix of eigenvectors (each column of which could be multiplied by an
arbitrary constant) is
ki—k,—ks 0 0
k, -1 k,

If we really want to insist on completing this, we can find the inverse of the matrix by
augmenting it and performing row operations:



k,—k,—ks 0 0[]L 0 0
k;—k, 1 kg0 1 0
|k -1 kyfo 0 1
1 0 Olk—k—kg
ks—ki 1 k| O 10
k, -1 k| 0O 01
! 00
1 0 0 kl;k2k_k3
0 1 k3k—lk_—3k 10
k, -1 ky| ! g 3 01
[ 1
B
10 0 kl;kzk—ks
0 1 @ﬁ 10
0 -1 k 1_5_ 3
™ 01
| Ky —ky — kg |
B S
1 0 0 k1_k2_k3
R
0 0 ky+ky[t 273
ki—kp—ks
B 0
10 0 k1|:k2|<_k3
01 kg|—2=2— 1 0
001 kl_kf_ks 1 1
| k, + ks ko +ks Ky +ks |
1 0 0
0 1 ks ks kK
| Ky +Kg K, + ks ko +ks |
1 0 0
1 0 I(l_k2_k3
0 1 klk2 k2 _ k3
(ki—ky —kg)(ky +k3) ko +ky ko +kg
001 N . .
K, + ks ko+ks ky+ks |




So, at long last, we have

1t 0 0
T-1- kiky ko ks
1 1 1

L K, +ks kp+ks  ky+ks |

To obtain an explicit solution, we would multiply out:

Ct)=(Texp(At) TY) C,

r k k1 k 0 0
k -k, —ks 0 07 exp(—kit) 0 0 1—k|2(— 3 k k
C(t)=| kg—k 1 k 0 —(k, +k3)t) 0O 172 2 __ 3
i() 3k 1 ) k3 eXp( (2+ 3)) (kl—kz—k3)(k2+k3) k2+k3 k2+k3
2 2 0 0 1
- 1 1 1
| Ky + kg ko +ky  ky+k; |
ek
ki—k,—ks 0 0 c 1kk2 3
Ct)=| kg—k 1 Kk Ao7172 exp(—(k, + kg )t
P [Cee T Rl Al
2 2 c
Ao
| Ky + ks |
Cpo €Xp(—kyt)
CAO(kB_kl) CA k1k2 k3CA
C(t) =| 2223 L exp(—kit 0 —(Ky + kg )t) + R0
CO=7 "k, —k, > 1)+(|<1—|<2—|<3)(|<2+|<3)ex'0( (ke k) )+k2+k3
CAokZ CAoklkZ kZCAO
—ZAOT2 ey (—kyt)— —(K, + kg )t
kl—kz—k3eXp( ) (kl—kz—k3)(k2+k3)eXp( (ke +ka) )+k2+k3 ]

Oof course: you did not have to use the matrix method and carry this all the way to the end to get
full credit.

(d) Show how you would find an analytical expression for the scaled sensitivity coefficient of the
concentration of B to the forward rate constant for the second reaction (k). Set up the equations
and provide a clear description of an appropriate method of solving the problem. Take your
solution as far as you can in the time available. (10 points)

In general, the equation for the sensitivity coefficient of species i to rate constant j is

dz. . _
U _ %_{_ Z%ZI
dt ok, Foy

Where g; is the rate equation for species i. Thus, the equation for the sensitivity coefficient of species B
with respect to k; is



dz
TBZ = _CB + kleZ - kzzsz + kszcz

From this equation we see that we have to simultaneously solve for the sensitivity coefficients of species
Aand C to k,. Those equations are

daz,,
dt

daz.,

= kleZ

= CB + kzzaz - kszcz

These three equations would have to be solved simultaneously. Usually, we would have to to solve these
along with the equations for the concentrations. However, since we have an explicit analytical expression
for the concentrations, we would simply substitute the known expression for Cg into this equation. We
also note that the equation for Z,, does not depend on any concentrations or sensitivity coefficients. In
fact, it is our favorite ODE, with solution Zx, = Za,(t=0)exp(kit). However, the initial condition or Zy, is
Zp(t=0)=0. Thus, we simply have Z,, = 0, which is what we would expect, since reaction one is
irreversible, and we know that the concentration of species A cannot have any dependence on k,. Thus,
we finally have

dZg, Cpo (ks k) CpokiK, k,C
=— —kt 0 —(k, +k; )t 380 -k, Zg, +k,Z
d t {kl_kZ_kS el 1)+(k1_k2_k3)(k2+k3)exp( (ka+ks) )+k2+k3 e Tl
dZ., CAO(kS_kl) C, kk k.C

= —kt Ao 12 —(k, +k;)t 3780 14+k,Zg, —k,Z
d t(lq—@—«ge”“ O T k) (g ok P (e k) )+ [ haZe, —loZe,

Comparing these, we see that

dz;, N dz.,
dt dt
Zg,+Z,=constant =0

Zcz = _Zaz

Substituting this into the equation for Zg, we are left with a single equation for it:

dZ, __ Cuo (kS _kl)
kl - kz _ks

CAo I(1k2
(k,—k, —k; ) (K, +k;)

k.C
exp(—(k, + k3)t)+ﬁj_(kz +Ks)Zs,

17 exp(—ki,t)+

Finally, we could solve this with the initial condition Zg, = 0 at t = 0 to obtain an explicit analytical
expression for Zg, as a function of time. We could do so by assuming Zg, = f(t)exp(-(ko+ks)t), substituting
that into the equation, integrating, and applying the initial condition.

The above approach is akin to what we would do if we did not have an explicit equation for Cg. In
this case, we could have simply taken a partial derivative of Cg with respect to k:

9Cy _ 0O (CAo(k:%_ki) C kK,

Z. = =
2 dk, dk,| k —k,—k, (k, —k, =k, ) (K, +k;)

exp(—kt)+ exp(—(k2 +k3)t)+ﬁj

k, + K,



Either taking this derivative or solving the above equation would be tedious but doable. The scaled
sensitivity coefficient would then be obtained as
k2

Og, = Zg,
Cs

(e) If there are i A molecules, j B molecules, and k C molecules in the system at time t, what is the
probability that at some very short time later (t+At) there are j+1 B molecules? Write your answer
in terms of the rate constants. Assume that the time interval is short enough that, at most, one
reaction event can occur during it. (5 points)

If the time interval is sufficiently short that, at most, one reaction occurs, then there are two
possible ways to have j+1 B molecules: by reaction 1, with rate k;i or by the reverse of reaction
2, with rate ksk. So, the total probability of having j+1 B molecules at time t+At is

Pj+1(t+At) = Wj,j+1(At) = kqiAt + kakAt = (k1| + k3k) At

2. Consider the elementary gas phase reaction Al + H, <> AlH,. Properties of the reactants, transition
state, and products are given below. Boltzmann’s constant is kg = 1.38x10% J K™, and Planck’s
constant is h = 6.63x103*J s.

Al H, AlH, Transition State
M (amu) 26.98 2.02 29.00 29.00
I (amu A% 0.28 1.3;3.9;5.1 1.5;4.5;6.0
AHs (0 K) (kJ/mol) 337.7 0.0 280.0 451.9
v(cm™) 4140 729;1750; 1790  4003i; 758; 1346
Jelec 2 1 2 2
Hard Sphere Collision 3.0 2.9 35

Diameter (A)

() How many translational, rotational, and vibrational degrees of freedom do each of the reactants,
transition state, and product have? (5 points).

Al is an atom, with three translational, zero rotational, and zero vibrational degrees of freedom.

H, is a linear diatomic molecule, with three translational, two rotational, and one vibrational
degree of freedom.

AlH; is a nonlinear triatomic molecule (we can tell it is nonlinear because it has three distinct
moments of inertia). Thus, it has three translational, three rotational, and three vibrational
degrees of freedom.

The transition state is also a nonlinear triatomic, with three translational, three rotational, and
three vibrational degrees of freedom. The imaginary vibrational frequency corresponds to the
reaction coordinate, and thus is not truly a vibrational degree of freedom. So, two vibrational
degrees of freedom is an equally correct answer.

(b) What is the hard-sphere collisional rate constant for collisions between Al and H, at 1000 K? (5
points).
The hard sphere collisional rate constant is given by



8keT %
Keoll :O-[ 8 j
T

where the collision cross-section o is given by

dy+dy ¥ (3.0+29 2
azﬁ[u] =7r( - ; 7 x10710 mj =2.73x1071° m?

2
and the reduced mass for the colliding molecules is
My + My,  26.98+2.02 6.022x10%° amu
SO
8(1.38x10%° JK™)(1000K) 7 e e
Keotl =2.73x107% m? =9.16x106 M _552108
ﬂ(3,12x10—27 kg) molecule s mol s

(c) Sketch the profile of enthalpy vs. reaction coordinate (at 0 K) for this reaction, clearly labeling the
enthalpy of reaction and the forward and reverse enthalpy of activation. (5 pts)

The enthalpy of formation of the reactants at 0 K is 0 + 337.7 = 337.7 kJ/mol.

The enthalpy of formation of the transition state at 0 K is 451.9 kJ/mol.

The enthalpy of formation of the product at 0 K is 280.0 kJ/mol.

Thus, the forward enthalpy of activation is 451.9 — 337.7 = 114.2 kJ/mol,

and the reverse enthalpy of activation is 451.9 — 280.0 = 171.9 kJ/mol,

and the enthalpy of reaction is 280.0 — 337.7 = -57.7 kJ/mol

A sketch of the reaction energetics therefore looks like this:

Forward

Enthalpy of

Activation = Reverse

114.2 kd/mol Enthalpy of
Activation =
171.9 kd/mol

Enthalpy of
Reaction =
-57.7 kJ/mol

(d) Use transition state theory to calculate the forward rate constant for this reaction at 1000 K, for
pressures sufficiently high that it is independent of pressure (15 points).
According to transition state theory, the forward rate constant is given by:




Q) ()
T Qe V)Qa V) PUkT

The partition functions are as follows:
For Al, an atom:

3

% | 27(26.98/6.022x10%° |kg(1.381x107% }J K1 (1000) K
2”:;”) _ ( Jio ) K 2000) ~8.33x10%m3

6.626x10 % Js)’
( 107347 )

An atom has no vibrational or rotational motions.
Qelec =2
50 Qa/V = 8.33x10%%*2 = 1.67x10¥ m"

Qtrans IV :(

For H,, a diatomic molecule,

3
3 | 27(2.02/6.022x10% )kg(1.381x1072% )3 K1 (1000)K
27mKT )72 _ ( ) g( ) (1000) ~1.71x10%m"3
h? 344 .\2
(6.626><10 Js)

Qtrans IV :(

8 kT 87 (0.28/6.022><1046)(1.381><10_23)J K (1000)K

Qrot =——> 5 =5.77
oh 2(6.626x10’343 s)
O - 1 ~ 1 ~ 1 ~
vib = = == =
“hv _1.44 cm K) v (—1.44*4140)
1-exp| — — I AL l—exp| —— - "=
p( kT j ' eXp( 1000 K Pl 1000
Qelec =1

50 Quo/V = 1.71x10°°*1.0%5.77*1= 9.89x10*' m™

Finally, the transition state is a nonlinear polyatomic molecule (with 3 distinct moments of
inertia and 3N — 6 = 3 vibrational frequencies (including the imaginary vibrational frequency that
corresponds to the reaction coordinate and that is excluded from the partition function
calculation). For it, we have:

3

3 26 -23 -1
(2T % | 27(29.00/6.022x10% ) kg(1.381x10%° } K (1000)K o1
Qtrans - h2 - 2 =J.29X m
(6.626x10—343 s)
1 1
Quiv = “hv ) 1.44 cmK) v;
1—exp( ') 1- i UL A
H KT T[ &P 1000 K
1 1




i (8721 ,KT & 8721 kT & 8721 kT &
- h? h? h?
%

(Ldale)

Jz | 87%(1/6.022x10*)(1.381x10)J K™ (1000) K
1 (6.626x10*3s)’

Qo = 468.9(1.5%4.5%6.0)2 = 2084

Qelec =2
50 Qrs/V = 9.29x10%%*1.76*2984*2 = 9.76x10*° m

So, the forward rate constant is:
T -E

kf _ kT (QTS /V) exp{ o, f J
h (Qaici /V)(Quci V) KT

(138110 )3 K™ (1000)K 9.76x10% m™ ~114200 J mol™:
ki = . ex
f P\ 8:314 3 mol K (1000)K

6.626x107*Js 1.67x10% m® 9.89x10% m3
ki =2.08x10" s ¢5.90x107% m®1.083x107° =1.33x10% m? s =1.33x10™ cm® s =8.00x10°® cm® mol™* s

(e) Sketch and qualitatively describe the expected pressure dependence of the forward rate constant for
this reaction. (5 points)

The pressure dependence of a recombination reaction like this one (the reverse of a unimolecular
decomposition, is just the same as that of the unimolecular decomposition. We can write something
analogous to the Lindemann-Hinshelwood expression, as

Al + Hy; & AIH,* with rate = k;[AI][H2] — k1 [AIH,*]
AlH* + M — AlH, + M with rate = k,[AIH,*][M]
Applying the pseudo-steady-state approximation for AlH,*, we have
ki [AI[H2] = ka[AIH*] - k[AIH*][M] =0
[AIHZ*] = ky[Al][HA]/( k1t k[M])
The overall reaction rate is then the rate of the second step
Rate = ko[AIH2*][M] = kiko[M][AIT[HAJ/( k.1 + ko[M])

At low pressures, where k;>>k,[M], the reaction behaves as if it were third order (the bimolecular
rate constant is proportional to pressure), Keec = (Kiko/k1)[M]

At high pressures, where k,[M]>>k 4, the rate becomes independent of pressure, and k.. = k; (the rate
constant that we calculated from TST above).

One can arrive at the same conclusion by noting that the equilibrium constant is independent of pressure, so the
pressure dependence of the recombination rate constant must be the same as that of the unimolecular
decomposition rate constant.



Recombination
Rate Constant

Total Concentration or Total Pressure

3. Consider the surface-catalyzed cracking of ethane to ethylene and hydrogen, by the following
mechanism:

(1) Ethane adsorption C,Hg + 2S <> C,H5-S + H-S rp = kl[CzHe]asz — K10co150H
(2) Hydrogen loss from ethyl C,H5-S + S <> C,H4-S + H-S > = KoOconss — KoOconaOn
(3) H, desorption 2HS & H, + 2S 3 = k39H2— k.3[H2]932

(4) Ethylene desorption CH;-S - CyH,+S Iy = KaOcons — K4[CoH4] 65

Derive a rate expression for the overall reaction in terms of the forward and reverse rate
constants of the four reactions, assuming that hydrogen desorption (step 3) is rate-limiting (15
points).
If step 3 is rate limiting, that means we assume that the other three steps are pseudo-equilibrated.
As always, we also have the site balance equation. We want to use those four equations to
determine the surface site fractions in terms of the gas phase concentrations and rate parameters.
ki[CoHe] 952 —K40com5604 = 0
KaOcors0s — K20comaln = 0
KsOcara — K4[CoH4)0s = O
Ocona + Ocons + Oy + 05 =1
From the third equation, Ocons = (K4/Ks)[CoH4)bs = K4'1[C2H4]95, where K, is an adsorption equilibrium
constant.
From the second equation, Ocons = (k.z/kz) 902H40H/98 = K2_1002H40H/98
Using the result of the previous equation, this becomes , Ocons = K2'1K4'1[C2H4]HH
Substituting this into the first equation gives
ki [CoHe]0s* = ky KoKy ' [CoHA104% = 0
From which

0 - K1K2K4[CZH6]9
H [C2H4] S
And, using that result
K,|[C,H.||C,H
GCZHSZ\/ 1[ 2K6l]<[ 2 4]93

2" %4




Substituting all of this into the overall site balance gives

\/KK K, [sz5| K[C, sz c:|;| J, 46, <1

% \/KKK[CH K,[C,H,][C,H,]  [C,H,]
1+ + +
[czi—éuﬁ] s v Kzgn K,
Finally, then, the overall réfaction rate is
I = kO’ — k3[H2]05”
K, K,K H
ks 2 4[C2 6]_k-s[Hz]
[C.H.]

KKK[CH] . [KICHJICH,] . [C.H.])
E“J [C.H.] J Ko KJ

4. Suppose a surface reaction with first-order kinetics occurs on the pore walls within a porous
catalyst pellet that has been formed into long rods with a hexagonal cross-section, as
illustrated below:

1@ I

End view Oblique view of catalyst rods.

If the effective diffusion coefficient of the reactant within the catalyst is 0.1 cm?s, the
catalyst specific surface area is 30 m?/g, the catalyst pellet density is 0.8 g/cm®, and the rate
constant for the first order surface reaction is 10 cm/s, estimate the rod width d for which
diffusion limitations will reduce the overall reaction rate by a factor of 2 from the rate that
would be observed in the absence of diffusion limitations.

The observed reaction rate is reduced by a factor of 2 when the effectiveness factor is 0.5.
Using the generic (slab) version of the effectiveness factor as a function of Thiele modulus,
we have

tanh (¢)

=05

This can be solved iteratively or by trial and error to get g = 1.92.
The Thiele modulus for a pellet of arbitrary shape is given by:

. ! Sgpck,r
S\ D,e

We have numerical values for everything except V/S:

4 % *
1.92:!\/30x10 0.8*0.1
s 0.1

This gives V/S =3.92x10™* cm.




All that remains is to relate the surface to volume ratio of the pellet to the dimension d given. A little
middle school geometry is required:

NI

%\‘Q }S‘ &‘o.

NI

d

Ve

In the construction shown above, there is a rectangle with area d * and four triangles that each

e

have area l*g*i. Thus, the total cross-sectional area is
243
A L —ﬁd2
3 83 243 2
The perimeter of the hexagon is

d
=6*— =2/3d
RN

Thus, for an arbitrary length | of the hexagonal rod, the volume to surface ratio is

V3

V_ 2

d?l

S 2J3dl 4
Returning to the problem at hand, we have
d/4 =3.92x10* cm, or d = 1.57x10° cm = 15.7 microns = too small to be practical

d
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