CE 561, Exam 1, October 26, 2007

This exam consists of 4 questions, each with multiple parts. You should be careful not to
get stuck on one part. If you do not know how to do a problem, move on and return to it if
you have time at the end.

You may use a calculator and a single letter-size sheet (2-sided) of notes to aid you on this
exam. You may not exchange notes with or otherwise consult your fellow students. If you
talk to your fellow students during the exam, | will assume that you are cheating, you will
be asked to leave, and you will fail the exam.

You will have 2 hours and 50 minutes to complete the exam. Please use a separate blue
book for each exam problem. Carefully explain any assumptions you make, label what
part of what problem you are working on, and define the symbols that you use. The point
value of each part is indicated — budget your effort accordingly. There are 100 points total.

1. (35 points total) Consider the following first-order reactions among molecules A, B, and C,
occurring in a constant-volume isothermal batch reactor that initially contains only species A
at an initial concentration Cy,.

(1) A—)B+CWithF1:k1CA
(2) C & D with ry = szc — k.zCD
3) A —> B+ D with s = k3Ca

(a) Write these reactions in matrix form (4 points).
In matrix form, these can be written as:

11 1 o0][4
0 0 -1 1|B]
001—1c_9
11 0 1]||D

If the forward and reverse directions of the second reaction are treated as separate
reactions, or as

-1'1 1 0

0 0 -1 1
-1'1 0 1

OO~

If the second reaction is treated as a single reaction

(b) Write the rate equations for the concentrations of the 4 species in matrix form. Use a 4x4
matrix of rate coefficients and a four element vector of concentrations (4 points).

The rate equations can be written terms of the vector of concentrations and a matrix of
rate constants as:



c,l [~k-k 0o o o ][c,
d|Cs| | ki+ky 0 0 0 | Cy
dt|Co| | k0 -k k, ||Cc

o k0 k, -k, | Cp

(©) Describe briefly how you would solve these equations using matrix methods (you do not
have to actually solve them) (4 points).

If M is the matrix of rate constants from part (b), and C, is the vector of concentrations at ¢ = 0,
then we know that the solution can be written as

C(O=exp(M1) C, 01 C(0)=(Texp(A) T C,
where A is the diagonal matrix of the eigenvalues of M, and T is the matrix whose columns

contain the corresponding eigenvectors of M . To write the solution in this form, we find the

eigenvalues of M by solving det (£ -l ) =0 for A. For each solution, 4;, we find the
corresponding eigenvector x; by solving Mx; = 4 x;. The eigenvectors and eigenvalues are then
placed in the matrices T and A, respectively. We then take the inverse of T, then multiply the

matrices to get C(¢) according to the equation given above.

(d) Describe a numerical method that could be used to integrate the rate equations. Outline
the algorithm used in this method and state the advantages and disadvantages of the
method (4 points).

The simplest method is the explicit Euler method. In this method, if we denote the equations as
dC

— =/

then this method gives the values of C at time ¢ + At as

C(t+ar)=C(1)+f(C(r)Ar
Applying this repeatedly, with sufficiently small values of Af gives us the concentrations vs.
time. The principal advantage of this method is its simplicity and ease of implementation.
Disadvantages are its relatively low accuracy (of order A¢) and its poor stability characteristics.

For stiff ODE’s, we may have to take very small time steps to retain numerical stability of the
solution process.

(e) Proceed to solve the rate equations by any method you choose. You should obtain
expressions for the concentrations of A, B, and C as functions of time. The initial
concentrations (at = 0) are C4 = Cy,, Cp = Cc = Cp =0 (15 points).

Examination of the equations shows that both C4 and Cy only depend on C4. Thus, these two
equations can be solved separately. For C4, we have



This is our favorite ODE, with solution
Ca = Cyoexp(-(k1+k3)t)
Adding the equations for C4 and Cp (or analyzing the reaction stoichiometry in some other way)
shows that
dCy , dCs _
dt dt
d(Cy+Cp)
dt
Integrating this gives C4 + Cp = a constant = Cy,. Thus,
Cp=Cyo—Cy= CAO(I - exp(—(k1+k3)t)

(kl +k3)CA +(k1 +k3)CA=0

Similarly, adding the ODEs for C¢ and Cp gives
dC, dc
Tf+TZD=k1CA —kyCp +k yCp +k3C 4 + kyCo — k5 C)
d (CC +Cp )
dt
Integrating this gives
Ce+Cp=A-Cy,exp(—(k +Kk;)1)
Where 4 is a constant of integration. Using the initial condition at ¢ = 0, shows that 4 = Cy,, so
we have

Ce+Cp=Cyy (1=exp(~(ky + & )1))

This can be used to obtain a single equation for either C¢ or Cp. Solving for Cp, we have
Cp =Cyy (1-exp(=(ky +k)1)) - Ce

And substituting this into the ODE for C¢ gives

dc
e ps e s Co 1ol +)0) )

dditczkcho exp (= (ki + &y )1) = (ky + k) Ce +k,Cy, (l_eXp(_(kl +k3)t))
e (hy +h,)Co=Cy (ko + (K — ko )exp(=(k + k5 )1))

Now, we can guess that the solution will be of the form
CC = f(t)exp(—(k2 + k_z)t)

For which
d
90— (hy + k) 70 exp(~(ky + K2 )0) + Lexp(- (b + £.2)1)

Substituting this into the ODE for C¢:
~(ky + k) £ (t)exp(=(k +k,2)t)+%exp(—(k2 ey ) 1)+ (ky +hy) £ (1) exp(=(ky + Koy ) 1) = Cpy (Kog + (I = ey Jexp (= (s + 5 ) )

The first and third terms on the LHS cancel as expected, and we are left with



%exp(—(kz +hy)1)=Cy, (k,2 +(ky — ke )exp(— (K + ks )t))
d

V_ Caoky exp((ky +k 5 )t)+Cyp (kg =k Yexp((ky + k5 —ky — k3 )2)

dt
Integrating this once gives
Cyok_ Cuo (ki —k5)
f:#exp((kz +hky)t)+ (6o h _k3)exp((k2 +hy—k —ky)t)+ K

Where K is a constant of integration that can be evaluated using the initial condition that =0 at ¢
=0, from which

CCuky  Cap(ki—ks)

And thus
_ CAOk—2 _ CAo (kl - k—2) 1 3
A _—k2 i (exp((kz + k_z)t) 1)+ (o + ks —Fo _1{3)(exp((k2 +k, -k k3)t) 1)
And
¢ Ok— CAo (kl —k_ )
c= k2A+ k_22 (1=exp(=(ky + k5 )1))+ (o +ha -k _k3)(exp(—(k1 +ky) 1) —exp(—(k, +k_2)z))
Finally,
C,k C,, (k —k.
Cp=Cy, (l—exp(—(k1 +k3)t))—ﬁ(l—exp(—(k2 +k2)t))_(k2-:ézl—lqi3€3)<exl)(_(kl +k3)t)—exp(—(k2 +k72)t))
63) If there are i A molecules, j C molecules, and £ D molecules in the system at time ¢, what

is the probability that at some very short time later (#+Af) there are j+1 C molecules?
Write your answer in terms of the rate constants. Assume that the time interval is short
enough that, at most, one reaction event can occur during it (4 points).

If the time interval is sufficiently short that, at most, one reaction occurs, then there are two
possible ways to have j+1 C molecules: by reaction 1, with rate ki or by the reverse of reaction
2, with rate k,k. So, the total probability of having j+1 C molecules at time #+A¢ is

Pj+1(f+At) = VVj’jH(AZ‘) = kiiAt + kokAt = (kll + k_zk) At



2. (25 points total) Consider the elementary gas phase reaction OH + H, <> H,O + H.
Calculated properties of the reactants, transition state, and products are given in the following
table. Boltzmann’s constant is kz = 1.38x1072 J K'l, Planck’s constant is 7 = 6.63x107*J S,
and the ideal gas constant is R = 1.987 cal mol” K =8.314 J mol™ K.

OH H, H,O H Transition State
M (amu) 17.01 2.02 18.02 1.01 19.03
I (amu A?) 089 0.28 0.60,1.16, 1.81 0.93, 5.99, 6.90
AH¢(0 K) (kJ/mol) 37.0 0 -238.9 216.0 60.6
v (cm™) 3738 4401 1595, 3657, 3756 12104, 573, 690,

1191, 2439, 3675

Jelec 2 1 1 2 2
o (rotational symmetry number) 1 2 2 1
Hard Sphere Collision Diameter (A) 2.8 2.9 2.6 2.0 3.0

(a) What is the hard-sphere collisional rate constant for collisions between OH and H, at 300 K?
(5 points).
The hard sphere collisional rate constant is given by

1
oll =0
mu
where the collision cross-section ois given by

doy +dy. Y 28429 2
a:n(u] :n(%xlo‘lo m) =255x107"9 m>

k,

C

2
and the reduced mass for the colliding molecules is
__MopMy, _17.01€2.02 1 kg ~3.00x1027 kg
Moy +my,  17.01+2.02 6.022x10%° amu
SO
|
8(1.38x10* JK™)(300K) & 3 3
k. =2.55%x10"" m? —478x10710 — ™ _287x108
T (3‘00 x 10727 kg) molecule s mol s

(b) Sketch the profile of enthalpy vs. reaction coordinate (at 0 K) for this reaction, clearly
labeling the enthalpy of reaction and the forward and reverse enthalpy of activation (4
points).

The enthalpy of formation of the reactants at 0 K is 0 + 37.0 = 37.0 kJ/mol.

The enthalpy of formation of the transition state at 0 K is 60.6 kJ/mol.

The enthalpy of formation of the products at 0 K is -238.9 +216.0 = -22.9 kJ/mol.
Thus, the forward enthalpy of activation is 60.6 — 37.0 = 23.6 kJ/mol,

and the reverse enthalpy of activation is 60.6 — (-22.9) = 83.5 kJ/mol,

and the enthalpy of reaction is -22.9 — 37.0 =-59.9 kJ/mol

A sketch of the reaction energetics therefore looks like this:



Forward

Enthalpy of

Activation = Reverse

23.6 kd/mol Enthalpy of
Activation =

83.5 kJ/mol

Enthalpy of
Reaction =
--59.9 kJ/mol

(c) Using transition state theory, calculate the forward rate constant for this reaction at 300 K (12
points).

According to transition state theory, the forward rate constant is given by:
f -
@) exp( Ej
R (Quer VX Qe, V) kT

The partition functions are as follows:

For OH, a diatomic molecule,

B
¥ 1 22(17.01/6.022x10% Jkg(1.381x 1072 }J K™ (300)K
2”;” j = ( ) ( ) (300) ~6.85x10° m™

Qtrans /V :( 2
34
(6.626 x10734] s)

1 1
Qvib = =

—hv _ o
oo ) 1-e| 4o i0Y)

1

Quip = _1.44%3738
l—exp| ————
300

sriir 87 (089/6.022x10%)(1.381x107° )3 K™ (300)K

rot —

3 s ~11.0
o 1(6.626x10 Js)

Qelec =2
s0 Qo V =6.85x10>"*%1*11.0%2 = 1.51x10* m™

For Hy, also a diatomic molecule,



¥ | 27(2.02/6.022x10% )kg(1.381x 1072 }J K™ (300)K
Qtrans /V :(Zﬂ-n;ij : = ( ) ( 5 ) ( ) = 280 X 1030 m-3
h (6.626 x10734) s)

0, =1 (we know this because it was 1 for the OH vibration, and the H; vibration is even higher
in frequency — no need to calculate it)
srir 87 (028/6.022x10%)(1.381x107 )T K (300)K

rot —

=1.73

oh’ 2(6.626>< 10734 s)2

Qelec =1
S0 Qo V =2.80x10°"%1.0%1.73*1= 4.85x10*" m™

Finally, the transition state is a nonlinear polyatomic molecule (with 3 distinct moments of
inertia and 3N — 6 = 6 vibrational frequencies (including the imaginary vibrational frequency that
corresponds to the reaction coordinate and that is excluded from the partition function
calculation). For it, we have:

3 26 -23 -1
o (2amiT % | 27(19.03/6.022x10% ) kg(1.381x10°% ) K (300) K IS
erans - 2 - 2 LR m
h (6.626x10775)
1 1
Qvib: —hv = 144( K)_
1—ex i _ —1L. cm Vi
H p( ij Hl eXp[ 1000 K J
1 1 1 1 1

Qi = =573 -690 —-1191 —2439 -3675
l—exp| —— l—exp| —— l—exp| —— l—exp| —— l—exp| ——
08.3 08.3 208.3 208.3 208.3

O, =1.068*%1.038*1.003*1*1=1.11

(None of the vibrations contribute much at this temperature, because k7" is much less than the
energy of a vibrational quantum, even for the lowest frequency in the structure.)

] ] 1
Jz (821 kY2 (872 14T Y2 (8221 kT Y2
Qrot = O_ h2 h2 h2

3

877 (1/6.022x10% }(1.381x107 )J K™ (300)K
\/; T ( X )( X ) ( ) (]A[BIC)%

Qrot =

1 1(6.626x107s)’

= * * b —
0., 77.1(0.93 5.99 6.90) 18370

Qelec=2
s0 Ors/V=8.11x10’"*1.11*¥18370*1 = 1.65x10** m™

So, the forward rate constant is:



kT (Ofs 1V) oxp [ -E, , J

7 Qe V) Qe V) kT
(1381x10™ )T K™ (300)K 1.65x10° m” ~23600 J mol”!
kp= 34 53 30 3 XP [P
6.626x10*I s 1.51x10° m™ 4.85x10" m’ 8.314 Jmol™ K™ (300)K

ky =6.25x10"% s 02.25x1072 m> ©7.78x107° =1.09x107" m?® s =6.75x10™" cm® s =6.59x10' cm® mol! s™!

(d) Describe an approximation used in transition state theory that is likely to be a poor
approximation for this particular reaction (4 points).

For this particular reaction, the worst approximation is probably the assumption of classical
behavior — ignoring the possibility of tunneling. Because the H atom is very light, and the
reaction involves transfer of an H atom, it turns out that transition state theory would
underestimate the reaction rate. Various semi-empirical tunneling corrections are available that
might be used to correct for this.

Another less obvious problem is with the use of the classical rotational partition function for the
H, atom. This classical partition function is based on the assumption that there is a continuum of
rotational energy levels. However, because the moment of inertia of H, is so small, the energy
spacing of rotational levels is unusually large, and rotation is quantized at room temperature.



3. (25 points total) Consider the catalytic hydrogenation of styrene to ethylbenzene via the
following sequence of reactions:

(1) Adsorption of styrene CsHg + S <> CgHs-S =k [CgHs]Hs — k. 9C8H8—S
(2) Dissociative adsorption of H, H,+2 S <> 2 H-S 72 = ko[H1])05" — kaOps”
(3) Hydrogen addition to styrene H-S + CgHg-S R rd CgHg-S +S k3‘9H-S‘9€8H8-S — k.3(9@3[-19_565

(4) Desorption of ethylbenzene H-S + C3H9-S e CgH]o +28S Vg = k40H—S0C8H9-S — k_4[CgH1()]952

Where H-S, CgHs-S, and CgHo-S are surface species, and S is an empty surface site. The
overall reaction is H, + CsHg — CgHjo. Adsorption and reaction steps obey mass action
kinetics.

(a) Derive a rate expression for the overall reaction in terms of the forward and reverse rate
constants of the four reactions, assuming that hydrogen addition to styrene (step 3) is rate-
limiting (15 points).

If step (3) is rate-limiting, then steps 1, 2, and 4 can assumed to be in quasi-equilibrium. From
equilibrium of step (1), we get
Ocsus.s = (ki/k.1) [CsHg]Os
From equilibrium of step (2), we have
Orr.s = (ko[ Ha)/k2)* O
From equilibrium of step (4), we have
Ocsto-s = ka[CsHi0)0s/kaOrs = (ka[CsHio) k) (ka[Ha)/k2) " s
Substituting these into the overall site balance gives
Os + Ocsus-s + Ons + Ocsro-s = 1
(1 + (ky/ky) [CsHs] + (ka[Hal/k2)™ + (ka[CsHioVks) (ka[Halk2) ") 05 =1
Os = 1/(1 + (k/k.1) [CsHs) + (ka[Ha)/k2)*” + (ka[CsHio) k) (ka[Ha)/k2) ")
Thus,
Ocsiss = (ki/k.1) [CsHsl/ (1 + (ki/k.y) [CyHs] + (ea[Ha)/k2)™ + (ko[ CsHiol/ka) (o[ HaJ/k o))
Ons = (ka[Hal ko) /(1 + (/ky) [CsHs] + (ko[ Hal/k) ™ + (ko[ CsHuol/kg) (ko[ Hol/k2) )
Ocso-s =(ka[CsHiolks) (ko[ Halk2)**/(1 + (ki/k.y) [CsHi] + (ka[Hal ko)™ + (ka[CsHiol/kos) (a[Hal ko) ™)
and finally, the overall rate of reaction is equal to the rate of step (3), which is
r=r3 = k3Oms0csms.s — k-30csro-s0s

r= (ks (o[ Hs)/k2)* (ki/k1) [CsHy] — ks(k [ CsHuol/ks) (ka[Hal/k2) %) (1 + (ki/ky) [CsHg] + (ko[ Holk2)™ + (ka[CsHiol k) (o[ Ha Yk o) )

Or, with nicer formatting:

I (A ) )
(Hk[CH/ \/k[T [CHI(/)m]

(b) If H, is present in large excess, if step (3) is effectively irreversible, and if the surface
coverage of all adsorbed species is low, then the reaction becomes pseudo-first-order in

kk
[CsHg], with effective rate constant £, =%,/k2 [Hz]k (if your answer to part (a) is
| 2




correct, you should be able to simplify it to this using these assumptions, but you are not
required to do so). Suppose the reaction takes place in a 2 mm cubic pellet of porous
catalyst. The catalyst has a specific surface area of 50 m*/g, a pore volume fraction of 0.35
and a pellet density of 3.5 g/em’. The diffusion coefficient of styrene in H, within the
catalyst pores is 0.1 cm?/s, and the tortuosity of the pores is estimated to be 3.0. For what
value of k. will pore diffusion limitations reduce the reaction rate by a factor of 2, compared
to the rate in the absence of pore diffusion limitations? (10 points)

The reaction rate will be reduced by a factor of 2 when the effectiveness factor is 0.5. Using the
generic (slab) form for the effectiveness factor vs. Theile modulus, we want to solve

tanh(e)/e = 0.5
Rearranging this to ¢ = tanh(¢)/0.5 and iterating, starting from ¢ = 2 leads to

o=1.92

S, p.k,t

: . . 4 :

For an arbitrary pellet shape, the Thiele modulus is defined by ¢ = ] , which makes
Ags

the effectiveness factor vs. Theile modulus curve approximately the same as the slab solution

that we just used. For a cube of diameter 2 mm, we have ¥ =8 mm’ and S = 6*4 mm” = 24 mm’,

so V/S=10.3333 mm = 0.03333 cm. The Theile modulus is then

500000 cm® g'*3.5 gem™ ¥k *3
—— =408,k
0.1cm® s" *0.35 vk
where k, has units of cm/s. Setting the Thiele modulus equal to 1.92 gives k. =2.2 x10™ cm/s.

¢ =0.03333 cm\/



4. (15 points total) Consider the homogeneous gas-phase dehydrogenation of ethylbenzene to
styrene (CgH;9o — CsHg + H;). This is an elementary reaction with a substantial energetic
barrier.

(a) Derive the simplest rate expression that you can that gives a qualitatively correct
description of the pressure dependence of this reaction (6 points).

Let ethylbenzene be denoted by 'A', let styrene be denoted by 'B', and let hydrogen be denoted by
‘C’ so we have our favorite reaction A — B + C. The simplest model of this process that gives a
qualitatively correct picture of the pressure dependence is the Lindemann-Hinshelwood model,
in which we assume that the reaction occurs in 2 steps — a reversible energy transfer step
followed by an irreversible reaction step:

A +M < A* + M, with rate r; = ki [A][M]-k,[A*][M]

A* —> B + C, with rate r, = ky[ A*]
Where A* denotes an ethylbenzene molecule that has enough energy to react, and [M] is the total
concentration of all species in the gas mixture (p/(RT) in terms of the pressure). Since A* is a
short-lived reactive entity, we can apply the steady-state approximation to it to get

d|A*
R R 1T LIRS [ WAPE
from which r; =7,, and

[4%]= b [4][M]
ko [M]+k,

The overall reaction rate is then given by » = = r, = ky[A*], or

. kiky [M] (4]
ko [M]+k,
And the effective unimolecular rate constant is
14 . k1k2 [M]

T4l ko M+ ks

(b) Sketch a log-log plot of the unimolecular rate constant vs. pressure for this reaction.
Show how the expression derived in part (a) for the unimolecular rate constant can be
simplified for very high pressures and for very low pressures, and illustrate these limiting
cases on your sketch (5 points).

For very high pressures, k.;[M] >> k», so k, can be neglected in the denominator of k,,; leaving
the high-pressure limiting rate constant, which we usually call £...
_kiky[M] ki,

Tk M) kg
Conversely, for very low pressures k.;[M] << k,, so k1[M] can be neglected in the denominator
of k,,; leaving the low-pressure limiting rate constant, which we usually call k,[M]
kyky [M ]

k

k,[M]= =k [M]

2



In the high-pressure limit, the unimolecular rate constant is independent of pressure, while in the
low-pressure limit, it is directly proportional to pressure. Therefore, a log-log plot of the
unimolecular rate constant vs. pressure over a wide range of pressures will look like:

Unimolecular Rate Constant

Total Concentration or Total Pressure

(©) Describe one improvement you could make to the treatment of the pressure dependence
that you used in part (a) that would lead to more quantitative description of the pressure
dependence of the reactions (4 points).

One possibility would be to consider activated reactant molecules with a range of energies and
use energy dependent rate constants for ki, and k.



