CE 561, Exam 2, December 15, 1999

This exam consists of four questions, each with multiple parts, and each worth 25% of the
exam score. You should be careful not to get stuck on one part. If you do not know how to
do a problem, move on and return to it if you have time at the end. If you cannot find the
numerical answer to a problem, explain how you would find the answer if you had more
time.

Carefully explain any assumptions you make, clearly indicate what part of what problem
you are working on, and define the symbols that you use. The point value of each sub-part
is indicated — budget your effort accordingly. There are 100 points total. Good luck.

1. The sequential first-order reactions

A - B, with rate =;Cx

B - C, with rate &,Cp
are to be carried out in solution in a well-mixed isothermal batch reactor. Species B is the
desired product, while species C is an undesired by-product. The values of the rate
parameters are = 0.3 hi* andk, = 0.6 hi* at the operating temperature. At the start of each
batch, the reactor is filled with a solution containing 2 moles of A per liter (and no B or C).
The reactor volume is 500 liters. Emptying, cleaning, and re-filling the reactor between
batches requires 15 minutes.
(a) Find theconcentration of species Bn the reactor as a function of batch time. (10 pts.)
(b) Find thebatch time that maximizes the average production rate of species B. (10 pts.)
(c) Find theaverage production rateof species B for this optimal batch time. (5 pts.)

(a) The species mole balance equations for the batch reactor are

dC,
= —kC
. K Ca
d
d_(iB:kch_szB

The first equation is our favorite ODE, whose solution is
Ch = Caoexp(—k1)
Using a prime to denote differentiation and substituting in the solutio@fothe second
balance equation can be written as
Cs + kG = Kk Coexp(— ki
We guess thdatg has the fornCg = f(t) exp(kat). Substituting this into the ODE gives
f'(t) exr(—kot) = k; f(1) exi—k, 1) + k, f(§ exp-k§= kG, ex- k}
which simplifies to
t'(t) =k Caoextl(ke~ k) §

Integrating this gives
f(t)= @exp«kz ~ k)t) + Const
ko =k

So we have

Cy = %exq_kﬂ) + Const exr()— k )
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Applying the initial conditiorCg = 0 att = O gives

0= XG0 4 const
k, -
So, finally, we have
Cg = KiCro (exp(~kyt) = exg—k,t))
ko =k
Or, with the given values for the rate parameters and initial concentraion of
Cg =2(exp(-0.3) - exg—0 8))

with Cg in moles per liter antdin hours.

The concentration d can be found from the overall stoichiome@iy+ Cg + Cc =Cao

(b) The average production rate is the amount produced per batch divided by the total time
(including turnaround time between batches) for each batch.
_ VG
turnaround
Putting in the results from part (a) and the given values from the problem statement gives
100qexp(— 0.3) - exig— 0.6))
t+0.25
We can maximize this by taking the first derivative and setting it equal to zero.

d(prod. rate :1000(t+0.25)(06exp(— 0.6)- Q3exp- 08)-( exp- 03— exp Oth

prod. rate=

prod. rate= mol hr

. mol hr?
dt (t+0.25
or d(prod. rate :1000(0.6t+ 119exg—- 0.6) —( 023+ 1076exp— OB mol hr2
dt (t+0.25

Setting this equal to zero, recognizing that this requires the numerator to be equal to zero, and
multiplying the numerator by exp(-@)&jives us

0.6t+115-( 03+ 107bexd O3= O
or

t=iln( O.6t+1155)

0.3 \0.3x+107

Starting with some initial guess fgrone can iterate on the above expression to g€L635
hr.

(c) Evaluating the production ratetat 0.635 hr gives
100Qexp(— 0.1904~ exg— Q3803
0.8847
we can verify that this is a maximum, rather than a minimum, by also evaluating the

production rate at somewhat higher and lower batch times.t At0.55 hr, we get a
production rate of 161 mol firand at = 0.75 hr, we also get a production rate of 161 hr
So, it looks liket = 0.635 ht* is a minimum, but that the production rate it quite insensitive to
the exact value of. This means that we can just select a convenient batch time in this
general range.

prod. rate= mol hi* =162 mol hi*




2. The reversible, liquid phase, exothermic, first-order isomerization reaction
A o B, with rate :kch—k_lCB
is to be carried out in a perfectly mixed adiabatic stirred tank reactor. Pure A is fed to the
reactor. The rate parameters, reactor properties, and physical properties are as follows:
Feed concentration of A = 8 moles/liter
Feed temperature = 300 K
Density of A = Density of B = 1.04 g/cn
Specific Heat of A = Specific Heatof B=23 i
Heat of reaction = -41.6 kJ/mol
Forward rate constantks = 1x10° exp(-5000/T) ht
Reverse rate constanks = 1x10° exp(-10000/T) ht
Note: Somehow, | got the pre-exponential factors here switched around from what |
intended. That is, | meant to make th&m= 1x10° exp(-5000/T) ht, k; = 1x10° exp(-
10000/T) ht*. The solution given below is for those values. For the values given (which you
actually used on the examy; >> kp, so the reaction is effectively irreversible, and the
forward rate constant is so large that there is only a single steady-state with the reaction
going essentially to completio@f = about 0.008, or 99.9% conversion). That single steady-
state is then stable, and the whole problem was much easier than | had intended.
Feed flow rate = 100 liters fr
Reactor volume = 500 liters
(a) Write the steady-state material and energy balances for this system and solve them to find
the steady-state temperature and compositiomn the reactor. Be sure to solve for all
possible steady states. (10 pts.)
(b) Carry out alinear stability analysis for each set of steady-state operating conditions
found in part (a) to show which aseable and which areinstable (15 pts.)

At steady state, the species mole balances and the enthalpy balance are
In — out + production =0

Q(Cro~ Ca)* M-k Cy+ k, G)=0

Q(0-Cg)+V(kCy -k, G)=0

PCQ(T,- T +(-AH Uk G- & G)=0
Let J=_A—AH, and Tzl

p (o]
then we have

Cao~Ca=1(kCa— k; G)
Co=1(kCr—k:G)
T,-T=1 kG~ k G)
from which we have the usual relationships for a single reaction in an adiabatic reactor
Ce=Cao~Ca
T=T,+JCu~C)
Substituting these, as well as well as the Arrhenius expressions for the rate constants, into the
species mole balance for A gives



_ -E, /R -E,/R
C,,—-C,= C,—-A C,-C
Ao A T[AGXF{TO + J( CAO_ CA) A 1eX To + J( CAO_ C/.\) ( Ao A)

From the numbers in the problem statenten5 hr and) = 20 K liter mol*. Putting in these
and the rest of the numbers gives

5000 ~10000
8-C, =5 10ex C,-10%e 8-C
5[ p[300+ 2q 8-C, J A X‘E300+ 2 8—CA)J( A)J

We could also write this in terms ©f Caq—Ca as

5(105e p( ~5000 j -x)-10° ex%ﬂ)x)
300+ 2 300+ 2

The possible range ofis x=0 tox=8. Plotting the above expression by hand, or using your
calculator, or iterating on the above expression or some combination of the above will
eventually show that this has solutions at

X =0.3119x = 4.206, anc = 6.465
Using this to evaluate the concentrations and temperatures shows that the three sets of
steady-state operating conditions are:

(1) Ca = 7.69 mol litet*, Cg = 0.31 mol litet", T = 306.2 K
(2) Ca = 3.79 mol litet', Cg = 4.21 mol litet", T = 375.8 K
(3) Ca = 1.53 mol litet*, Cg = 6.57 mol lite", T = 429.3 K

(b) To analyze the stability of the steady-state operating conditions found in part (a), we will
write the transient balance equations, find their Jacobian, and evaluate its eigenvalues at each
set of operating conditions.

The transient balances are
dC
v th =Q(Cao = Co)+ M-k G+ k; G)

dCB‘Qo(O Ca) MK G- k; Q)

pCV =pC,Q(T,- N+(-AHM kG- k G)

or in terms of the parameter$= AéH, and T:Ql, pre-exponentials and activation

p 0
energies
dc, C,,-C -E, /R -E,/ R
th= Ar A—Aiexp( E_1I_ jCA+Alexp( E?I_ jCB
dG; _Cy F{_Ell R) F{_Ezl R)
ex C,+A e C
a1 T JAT SR T e

dT T T -E /R -E, /R
Pt +J(A1 ;{E_il_ )CA—Alex;{ '2|' )CB)

and substituting in the numbers



dCA=8_CA—105ep( 5;)00)C ‘10 e '{ 12000)CB

dt 5
dCB Cs _10°ex F{—5000) C, +10° ex '{ —10000) C,
dt 5 T T
dT 300 T +ox10P exp( _SOOOJCA _ox 10 ex;{ —10000)CB
dat 5 T T
taking all 9 partial derivatives, the Jacobian of this set of equations is
1 . (-5000 s (—10000 5000 . s _ (-5000 10000 -10000
: 10 exp{i_l_ ) 10 ex;{ = ) =) x10 é = )CA — x10° e{pijB
_ s (-5000 1 . (-10000 5000, -5000) . _ 10000 -10000
J=| 10 eXF{Tj : 10 ex;{ = ) =) é = )CA = x10° e{pijB

20x 1¢° ex;{ _5300) -20x 1¢° ex;E _1OTOOOJ —gl+ 2({ 5200 x10° e 6 5300ch - 1$?°°x 10° e{pi_l?rooojcg)

or, in terms of the rate constants evaluated at a particular temperature (so we only have to
evaluate them once for each set of conditions)

_ % Kk, -390, 100005, p(—10000) c
32| K - % K, 5(T)(2)ok1 c, - 10009 .
20k, -20k, % + 20( 5$00kch - g(ﬁ_l%)

Now, we must evaluate this at each steady-state solution and then find its eigenvalues.

For C, = 7.69 mol litett, Cg = 0.31 mol litett, T = 306.2 K,k; = 0.008097 ht, k; =
6.556<10" hr, from which

-0.2081 6556 10 - 431% 16
J=/8.097x 103 - 02000 4317 16
01619 -131%k 10 - 02086

If you have a calculator that calculates eigenvalues, you can use it to find that the eigenvalues
of this matrix are

A1 =-0.2084 + 8.35710°%, A, =-0.2084 - 8.35710°, A3 = -0.2000
The real part of each of these eigenvalues is negative, so this steadysséddie is

ForCa = 3.79 mol litet!, Cg = 4.21 mol litet*, T = 375.8 Kk; = 0.1666 ht, k, = 2.77610*
hrt, from which

-0.3666 2776 100 - 002227
J=| 0.1666 - 02003 0 0222
3332 -555X% 10 02454

The eigenvalues of this matrix are
A1 =0.07852,A, = -0.20002 A3 = -0.2000



Since one of these is positive, this steady statastable

For Ca = 1.53 mol lite?*, Cg = 6.57 mol litet*, T = 429.3 Kk; = 0.8746 ht, k, = 7.65x10°
hr, from which

-1075 7650« 10° - 00338
J=|08746 -02077 00338
1749  -0.1530 04772

The eigenvalues of this matrix are
A1 =-0.4071,A, =-0.1984 A3 = -0.2000
Since all of these are negative, this steady statalde



3. Consider the dehydrogenation of ethylbenzene (EB) to styrene (S) in an adiabatic packed bed
catalytic reactor
EB - S+ |—b
Data for the reaction are as follows:
Feed temperature = 925 K
Feed pressure = 2.4 bar
Molar flow of EB in the feed = 85 mol's
Molar flow of S in the feed = 0 mol’s
Molar flow of H, in the feed = 0 mol's
Molar flow of H,0 in the feed = 1020 mol's(H,O does not react)
Reaction rate % (pes — pgor2/K) mol (kg catalyst} s*
with k = 3.46¢10° exp(-10980/T) mol (kg catalysts™* bar*
andK = 8.2x10° exp(-15200/T) bar
(in the absence of any pore diffusion limitations)
heat of reaction = -120 kJ mbol
specific heat of feed mixture = 2.4 3 i*
molecular weight of EB = 106 g nmibl
Note: the heat of reaction should have been +120 kJ/mol, but the solution shown here uses
the given (wrong) value of -120 kJ/mol. Note that this heat of reaction is inconsistent with
the expression given for the equilibrium constant.

(@) If the molar flow rate of styrene (S) at the reactor exit is 40 riplwghat is the
temperature at the reactor exi? (5 pts.)

(b) Calculate themass of catalyst required to achieve a styrene (S) molar flow rate of 40
mol s* at the reactor exit. (15 pts.)

(c) Assuming the kinetics given above were measured in the absence of pore diffusion
limitations, estimate thenaximum catalyst pellet diameterfor which pore diffusion
limitations within the spherical catalyst pellets will be negligible throughout the reactor.
Be sure to explain your reasoning. The catalyst density is 2.0% crhe effective
diffusion coefficient for EB in the catalyst pores is about 0.5 shin the temperature
range in which the reactor is operated. (5 pts.)

(a) For this problem, I think it is most convenient to write the species mole balances in terms
of the total molar flow rate of each species. Of course it could also be done in terms of

concentration. In this form, the mole balances can be written as
% =-Qr
dz
dFs _
dz
dFH2 B

Qr

dz
whereFgg, Fs, andFy, are the molar flow rates of ethylbenzene, styrene, and hydrogen,
Q is the reactor cross-sectional area, marglthe rate of reaction in moles per volume per
time,
r= pek (Pes — PsPHz/K) mol m® s*



whereps is the density of the packed bed (kg catalyst peofmeactor volume).
Similarly to the mole balances, the enthalpy balance can be written as
ar. —(AH)r
dz
From the species mole balances, we see that

dis _ dR, _ dRy,

dz dz dz

which reflects the stoichiometric constraint tHatg, — Feg) = Fs, =Fn2 -

oC,u

Similarly, for the temperature, we have the usual sort of relationship for an adiabatic reactor:

dT _ AH dFRg

dz pusépQ dz
since the temperature and total number of moles are changing with position in the reactor, the
density and velocity can both change with position. However, the overall continuity equation
requires that

d(pu)
dz
So the product of density and superficial velocity is constant, and we have
dT_ AH  dRg
dz pousoépQ dz
This can now be integrated to get the relationship for which we are looking:

-AH
T-T,= —(FEB,O - FEB)

" Pols £
Now, we just need to plug in the numbers to find the temperatufe fod0 mol &, or Fgg = 45
mol s*. To do this, we need to recognize that the group appearing in the denominator of the
expression above,us o2 is the total mass flow rate into the reactor. This is
Total mass flow rate = 1020 mob® s* * 18 g mol* + 85 mol EB & * 106 g mot*
Total mass flow rate = 27370 g s

=0, Orpus = PoUs o

Putting all this together gives, for the reactor outlet temperature,
1
T=025K +—20000ImOl g5 45 oi st = 998k
27370gs'x 24 J ¢ K

(b) From part (a), we have the relationship between the molar flow rate of ethylbenzene and the
temperature
T=T+, 20
PoUs oC 2
From stoichiometry, we have
Fs =Fego— Fes=85-F ¢ mol s

(FEB’O - FEB) =925+ 183 85 Fp)

Fi, = Fego~ Feg=85—Fgg mol s*
Fi0 = Fi00=1020mol s*

E

total

=Fep + Fs+ Fyy +Fy0=1190-F¢; mol s



The partial pressures of the species (which we need in the rate expression) are then related to
the total pressure and molar flow rates by

Fes Fes
= —EB =24 —E8 | bar
pEB ﬂotal( Ftota| ) 4(1190_ FEB
F 85-F
Ps = ptotal[_sj = 2-4(—53) bar
Ftotal 1190- FEB

F 85-F
ARV S
Ftotal 1190- I:EB

Note that the total pressure is assumed to be equal to the feed pressure (that is, we are
neglecting pressure drop through the reactor at this point).

The species mole balance for ethylbenzene can then be written as

dFR
d_IZB = _stk( Pes ~ PsPy / K)

and the expressions for the partial pressures in terms of the molar flow rates can be
substituted in. Before doing this we will re-write the ODE in terms of catalyst mass
instead of distance Note thatp.Qdzis the mass of catalyst in a ‘slice’ of the reactor of
thicknesdz We can call itW, whereW is the mass of catalyst. Then we have

dF
d_\;?:_k(pEB_ PsPy / K)

Substituting into this the expressions for the partial pressures gives

2
ﬁ =—kl 2. l -1 2. % /K
dw 1190- R, 1190- R,

Next, substituting the expressions for the rate constant and equilibrium constant into this
gives

2
- 1190-F
s _ 5465167 ox 10980 ” Fe | =
dw 925+ 188 85 k) -15200
8.2x 10 ex
925+ 188 85 Fp)

This can be rearranged to give

e ~(1190- Feg)?

~10980 , 15200 2
8304e F.o(1190- Fop) - 293« 10 85-F,
XF{ 925+ 183 85- FEB)J[ el es) ex{ 925+ 183 85- FEB)j( ce) ]

The catalyst mass required is obtained by integrating this Fgys 85 toFgg = 45 (or
integrating the negative of it from 45 to 85).

We J‘SS (1190~ Fep )’ dFeg
45 -10980 , 15200 2
8304e F.o(1190- Fop) - 293¢ 10 85-F
XF{ 925+ 183 85- FEB)J[ el es) ex{ 925+ 183 85- FEB)J( ce) J

You can probably evaluate this integral using a function on your calculator. My
calculator says W = 7873 kg catalyst.




(c) Pore diffusion becomes important when the Theile modulus is aboutklis lhtrinsic
first-order rate constant per catalyst masds the catalyst pellet density, abda is the
effective diffusion coefficient of the reactant in the catalyst pores, then the Theile
modulus is

V K
o= [kes
S\ D

Note that this is for an irreversibl& brder reaction. For a reversible reaction, diffusion
effects will be somewhat smaller, since the net reaction rate will be smaller. We can
therefore use the estimate from the irreversible reaction to get a conservative value for the
reversible reaction.

We will evaluate the rate constant at the maximum temperature in the reactor (998 K,
from part (a)). At this temperature= 0.0577 mol (kg catalyst)s* bar™. If we try to
substitute this into the expression for the Thiele modulus, we realize that the units don’t
work out right. That is because the rate constant is expressed in a mixture of pressure and
concentration units. That is, the reactant concentrations are expressed as pressures, but
the rate is given in concentration units (moles per volume). A ‘putedrder rate
constant for the rate per catalyst mass would have units of (volume (kg cataf)st)

So, we need to convert the units, using the concentration (moles per volume) of an ideal
gas at a pressure of 1 bar and the reaction conditions. Using the ideal gas law, we find
that at 998 K, a pressure of 1 bar corresponds to a concentration xf@*2foles nr.

Dividing the rate constant by this conversion factor givest79 ni (kg catalyst) s*.

The volume to surface ratio for the spherical catalyst pelt#6isSo, we have
(p:ﬂ \/479 m?® (kg catalyst} $x 2000 (kg catalyst)th
6 0.5cm? s'x10* nf cn¥

Q= %(138420m'1)

Setting this equal to 1 and solving fbgivesd = 4.3x10° m = 43 microns. Thus, pore
diffusion limitations will actuallyalwaysbe present for any practical catalyst size at this
temperature.



4. The second order, irreversible reaction A +-BC + D to be carried out in an isothermal,
partially mixed reactor. Tracer experiments show that the residence time distribution (RTD)
for the reactor is well fit by the RTD for three equally-sized, perfectly-mixed tanks in series.
The feed to the reactor is an equimolar mixture of A and B, @Gjith= Cg, = 5 moles/liter.

The mean residence time of the reactor is 10 minutes. The reaction rate is given by
r=2CaCg mol liter* hr', with CaandCg in moles per liter.

(a) Derive thedimensionless residence time distribution functiorfor three equally-sized
perfectly-mixed tanks in series. (5 pts.)

(b) Compute theconcentrationsof A and B in the reactor effluent using@gregated flow
model with the RTD for 3 tanks in series. (8 pts.)

(c) Compute theoncentrationsof A and B leaving the reactor by modeling the reactor as 3
perfectly-mixedtanks in seriesand solving species balance equations for the 3 tanks. (8
pts.)

(d) Explain any differencesbetween the results obtained in parts (b) and (c). (4 pts.)

(@) We can consider a tracer experiment in a series of three identical stirred tanks, each
having a volumeVv/3, so the total volume i¥. The volumetric flow rate through the
tanks isQ,. Att = 0, we put some initial pulse of tracer into the first vessel, then we
measure the concentration at the outlet of the third vessel. The fraction of tracer that
comes out of the third reactor in some small time intefivéd 6 +d6 , by definition,E(6
)d@ , whereE(0) is the residence time distribution function. The total amount of tracer
that comes out of the third reactor in some small time intérvial 6 +d0 is C(6)d6. So,
the residence time distribution function is proportional to the concentration of tracer
leaving the third tank. We can compute this concentration from the tracer mole balance
equations for the three tanks. These are the usual transient mass balances for a CSTR of
volumeV/3 with no reaction term (since the tracer doesn’t react).

VvV dC _ : _
EE_QO(CO Cl)_ Qoq

VaG g (c -
s 2=Q(G-C)

VG oo
£ -qc-c)

whereG, is the tracer concentration entering tfigtdnk (which is zero, as showi), is
the tracer concentration in the first tank and entering the secondGairk,the tracer
concentration in the second tank and entering the third tank,Cand the tracer
concentration in the Btank (and leaving the'®tank), which is proportional to the
residence time distribution function. At 0,C; = M/(V/3), andC; = C; = 0,whereM is
the total number of moles of tracer initially put in the reactor. With this definE@),=
Q.C3(8)/M. The residence time for the whole systent isV/Q,,. Writing the balances
in terms oft, we get



dg, _ 3
FT
dc, _3,. _
T_?(Cl C)
dc, _3,.
W‘?(Cz C)

We can integrate these sequentially, using the initial conditions:
Cl = ﬁex;{jj
\% T

d_g+§C2 :gMeXF{jj
dt 1 TV T
as usual, we guess that

C, = f(t) exp(%)

substituting this into the ODE gives

: 33 —33),3 “3)\ M (B
f(t)exp( - j - f(t) ex;( . )+T f(t) exé - ) =V e{pT)
(=M
rn= TV

integrating this gives

SO

f(t)= M, const
TV

C, = (%M + const) exp{ﬁ)
TV T
using the initial condition thaf, = 0 att = 0 shows that the constant of integration is
zero, so
C2 :%Mex;{ﬁ)
TV T
Likewise, guessing that

C, = f(t) exp(?)

and substituting into thé30DE gives



(b)

€ 3, Y2M ey 1)

dt 1 T\1TV T
-3t) 3 -3 3 -3 2T M -8
fr(t — | -=f(t — |+ =f(t — |=—— eXp—
()exp(rj T ()ex;(rj T ()exér) 2 V e{rj
271t M
fr(t)=——
®) 2 V
2
f(t)=27t2M+const
21V

272 M -3t
= —+const |e —
& (ZTZ % ) XF{ T j

C,(t=0)=const=0

_2n* M F{—3t)
C=—5—exg—
21° V T

The residence time distribution functiong&9) = Q,Cs(6)/M
2 _ 2 _
50 o )= e )
M 21° V T 27 T
If we transform this to the dimensionless residence time distribution, in teréhsdl’t,
we have

E(6') = 1E(6) = 227;1 exp(?j

For the segregated flow model, we integrate the concentration that would be obtained in a
batch reactor after tim@over the residence time distribution
C= J' C(6)E(6) B
0
for the second order reaction with the stoichiometric fégd= Cg, and the material
balance on A gives

dC
= kGG =-kG=2G,
dC2A=—2dt
A
2L
CA CAO
Co _ 5

CA = =
1+ 2C,, 1+10t
So, the segregated flow model gives

6=J'°°( 5 )27026XF{—39) 46
o \1+109 )| 213 T

_ © 5 )
C= 2918 -18))do

J.o (1+ 109)( ex(~18)
Integrating this numerically using a calculator gives

C =2.11moles/ liter




(© For this part, we write the steady-state mole balances for A as
T
(Cao=Cu) = 3 kCh

T
(Car—Ca2)= 3 kCh

T
(Caz = Cas) = 3 kCa
plugging in the numbers gives

%cf\ﬁcﬂ—s:o

C. = -1+./1+20/ 9
g T

=3.578moles/ liter
2/9

%cf\z +C,, -3578=0

c,, = t*VI+ 19901, 2 o moles liter
e 219
%cf\3 +Cpg —2.742= 0
-1+ J1+
Cps= 1 21/ 912188: 2.203 moles/ liter

(d) The segregated flow model predicts slightly lower reactant concentration, or slightly
higher extent of reaction, because it neglects micromixing. In the segregated flow model,
the reaction, on average, takes place at a higher reactant concentration than in the reactor
model, where in each reactor the reaction takes place at the concentration in that tank.



