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Lecture 21

Instructor: Miao Yu

CE407 
SEPARATIONS
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Packed Towers
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Packed Towers
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• Analyze a slice of the tower from height 𝒛 to 𝒛 + ∆𝒛 

• The control volume is the irregularly shaped volume around the wetted packing

• i.e. the gas around the wetted packing

Packed Towers
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• Rate of solute entering control volume from below (via the gas) ȁ= 𝑽𝒚 𝒛

• Where 𝑽 is the molar flow rate of gas and 𝒚 is the bulk vapor mole fraction of solute evaluated at 

height 𝒛

• Rate of solute exiting control volume at top (via the gas) ȁ= 𝑽𝒚 𝒛+∆𝒛

• Evaluated at height 𝒛 + ∆𝒛

Control Volume Analysis
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• Rate of solute exiting the gas due to absorption across the gas/liquid interface  

          = 𝒌𝒚 𝒚 − 𝒚𝒊  ∗ 𝒂 𝑺 ∆𝒛

   𝑓𝑙𝑢𝑥 =
𝑚𝑜𝑙𝑒𝑠

𝑎𝑟𝑒𝑎 ∗𝑡𝑖𝑚𝑒
         cross sectional area, S, times thickness of slice = volume of slice

   interfacial area per volume of packed tower 

• 𝒂 𝑺 ∆𝒛 therefore is the area available for mass transfer in the control volume 

• 𝒌𝒚 𝒚 − 𝒚𝒊  ∗ 𝒂 𝑺 ∆𝒛 therefore has dimensions of moles/time – rate of mass transfer

• NOTE: 𝒂 is NOT just the surface area/volume of the packing. It is the gas/liquid interfacial area per packed 

volume of the wetted packing and is a function of flow rate

• The thickness of the liquid layer depends on the flow rate and the actual surface area of the liquid 

wetting the packing depends on the thickness of that layer.

• 𝒚𝒊 is the mole fraction of the vapor phase at the gas/liquid interface

Control Volume Analysis, continued
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• At steady state:

Moles solute in = moles solute out

             หȁ𝑽𝒚 𝒛 = 𝑽𝒚
𝒛+∆𝒛

+ 𝒌𝒚 𝒚 − 𝒚𝒊  ∗ 𝒂 𝑺 ∆𝒛

• Therefore

หȁ𝑽𝒚 𝒛+∆𝒛 − 𝑽𝒚
𝒛

∆𝒛
= −𝒌𝒚 𝒂 𝑺 𝒚 − 𝒚𝒊

• Take the limit as ∆𝒛 → 𝟎

𝒅

𝒅𝒛
𝑽 𝒚 = −𝒌𝒚 𝒂 𝑺 𝒚 − 𝒚𝒊

• Note: gas is losing solute as you go up the tower (increasing z), which agrees 

with the fact that the right hand side of the equation is negative

Control Volume Analysis, continued
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• For a dilute mixture 𝑽 ≈ 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕, so we can take it out of the integral

𝑽
𝒅𝒚

𝒅𝒛
= −𝒌𝒚 𝒂 𝑺 𝒚 − 𝒚𝒊

• Now we separate the variables

𝒅𝒛 = −
Τ𝑽 𝑺

𝒌𝒚 𝒂
 

𝒅𝒚

𝒚 − 𝒚𝒊

• Integrate from the bottom of the tower

Control Volume Analysis, continued
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• Integrate left hand side of the equation

න
𝟎

𝒁𝒕

𝒅𝒛 = 𝒁𝒕

• Evaluate the RHS

𝒁𝒕 = −
Τ𝑽 𝑺

𝒌𝒚 𝒂
 න

𝒚𝒃

𝒚𝒂 𝒅𝒚

𝒚 − 𝒚𝒊

• Reversing the limits on the integral will change the sign

𝒁𝒕 =  
Τ𝑽 𝑺

𝒌𝒚 𝒂
 න

𝒚𝒂

𝒚𝒃 𝒅𝒚

𝒚 − 𝒚𝒊

                       Height of a Transfer Unit        Number of Transfer Units, Ny

• 𝑯𝒚 =  
Τ𝑽 𝑺

𝒌𝒚 𝒂
       Because we have been working in Vapor Phase mole fractions, this carries the subscript y

Control Volume Analysis, continued



‘-

10

 𝒁𝒕 = 𝑯𝒚 ∗ 𝑵𝒚   𝑯𝒚 =  
Τ𝑽 𝑺

𝒌𝒚 𝒂
  𝑵𝒚 = 𝒚𝒂׬ 

𝒚𝒃 𝒅𝒚

𝒚−𝒚𝒊

• The height of packing required (𝒁𝒕) is the product of the height of a transfer unit (𝑯𝒚) times the number of 

transfer units (𝑵𝒚)

• Height of a transfer unit can be thought of as: Given the flows / mass transfer coefficient / available surface 

area per volume – how effective is a packing

• Number of transfer units can be thought of as: how much mass transfer do we need to accomplish

• This may look straightforward to solve, except:

• How are we going to determine 𝒂 ?

• How do we determine 𝒚 − 𝒚𝒊 as a function of 𝒚 in order to evaluate the integral?

Control Volume Analysis, continued
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𝑵𝒚 =  න
𝒚𝒂

𝒚𝒃 𝒅𝒚

𝒚 − 𝒚𝒊

• If 𝒚 − 𝒚𝒊 is constant then we can take it out of the integral

• 𝑵𝒚 =  
𝟏

𝒚−𝒚𝒊
𝒚𝒂׬ 

𝒚𝒃 𝒅𝒚 =
𝒚𝒃−𝒚𝒂

𝒚−𝒚𝒊
 which is  

𝒕𝒐𝒕𝒂𝒍 𝒄𝒐𝒏𝒄𝒆𝒏𝒕𝒓𝒂𝒕𝒊𝒐𝒏 𝒄𝒉𝒂𝒏𝒈𝒆 𝒊𝒏 𝒕𝒐𝒘𝒆𝒓

𝒅𝒓𝒊𝒗𝒊𝒏𝒈 𝒇𝒐𝒓𝒄𝒆 𝒇𝒐𝒓 𝒎𝒂𝒔𝒔 𝒕𝒓𝒂𝒏𝒔𝒇𝒆𝒓

• If 𝒚 − 𝒚𝒊 is not constant 

• one can numerically integrate: will need multiple data points for 𝒚𝒊 vs 𝒚

• one can use an average value of 𝒚 − 𝒚𝒊: use Logarithmic Mean 

𝒚 − 𝒚𝒊 𝒍𝒎 =
𝒚 − 𝒚𝒊 𝒂 − 𝒚 − 𝒚𝒊 𝒃

𝐥𝐧
𝒚 − 𝒚𝒊 𝒂

𝒚 − 𝒚𝒊 𝒃

𝑵𝒚 =
𝒚𝒃 − 𝒚𝒂

𝒚 − 𝒚𝒊 𝒍𝒎

Number of Transfer Units
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• At Steady State

𝑭𝒍𝒖𝒙 𝒐𝒇 𝑺𝒐𝒍𝒖𝒕𝒆 𝒇𝒓𝒐𝒎 𝑩𝒖𝒍𝒌 
𝑮𝒂𝒔 𝒕𝒐 𝒕𝒉𝒆 𝑰𝒏𝒕𝒆𝒓𝒇𝒂𝒄𝒆

=
𝑭𝒍𝒖𝒙 𝒐𝒇 𝑺𝒐𝒍𝒖𝒕𝒆 𝒇𝒓𝒐𝒎 𝑰𝒏𝒕𝒆𝒓𝒇𝒂𝒄𝒆

𝒕𝒐 𝑩𝒖𝒍𝒌 𝑳𝒊𝒒𝒖𝒊𝒅 

• and…   𝒚𝒊 = 𝒚∗ 𝒙𝒊  (Interfacial Mole Fractions are in Equilibrium)

• Which we can express as…

 𝒌𝒚 𝒚 − 𝒚𝒊  𝒂 ∆𝑽 = 𝒌𝒙 𝒙𝒊 − 𝒙  𝒂 ∆𝑽

          Area available for mass transfer

• Which can be rearranged to…

𝒚 − 𝒚𝒊 = −
𝒌𝒙

𝒌𝒚
𝒙 − 𝒙𝒊

How do we sort out the interfacial mole fraction?
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• We know that:    𝑯𝒚 =  
Τ𝑽 𝑺

𝒌𝒚 𝒂
  Eq 22-19

• Analogously:   𝑯𝒙 =  
Τ𝑳 𝑺

𝒌𝒙 𝒂
  Eq 22-20

• So…  𝒌𝒙 =  
Τ𝑳 𝑺

𝑯𝒙 𝒂
  and 𝒌𝒚 =  

Τ𝑽 𝑺

𝑯𝒚 𝒂
  

• Therefore:
𝒌𝒙

𝒌𝒚
=

Τ𝑳 𝑺

𝑯𝒙 𝒂
 ∗

Τ𝑽 𝑺

𝑯𝒚 𝒂

−𝟏

=
Τ𝑳 𝑺

𝑯𝒙 𝒂
 ∗

𝑯𝒚 𝒂

Τ𝑽 𝑺
=

𝑳

𝑽

𝑯𝒚

𝑯𝒙
  

• For dilute systems 
𝑳

𝑽
≈ 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 and is the slope of the nearly straight OP Line

•
𝑳

𝑽
≈

𝒚𝒃−𝒚𝒂

𝒙𝒃−𝒙𝒂
 from previous lectures

How do we sort out the interfacial mole fraction?



‘-

14

• Now    𝒚 − 𝒚𝒊 = −
𝒌𝒙

𝒌𝒚
𝒙 − 𝒙𝒊

    𝒚 − 𝒚𝒊 = −
𝑳

𝑽

𝑯𝒚

𝑯𝒙
𝒙 − 𝒙𝒊

• Use equilibrium relationship (Raoult’s Law, etc) to relate 𝒚𝒊 to 𝒙𝒊

• 𝒚𝒊 = 𝒎𝒙𝒊 → 𝒙𝒊 = Τ𝒚𝒊 𝒎

• Now we have one equation and one unknown so we can solve for 𝒚𝒊 in terms of 𝒙 and 𝒚 at any point in 

the tower

• Solve for 𝒚𝒊 at the top (a) and bottom (b) of the tower and take log mean of 𝒚 − 𝒚𝒊 𝒂 and 𝒚 − 𝒚𝒊 𝒃

• Now you can solve for number of transfer units 𝑵𝒚 =
𝒚𝒃−𝒚𝒂

𝒚−𝒚𝒊 𝒍𝒎

• Then the height of packing required is 𝒁𝒕 = 𝑯𝒚 𝑵𝒚

• We’ve still got some issues – we don’t know 𝒂 and we will need to determine 𝒌𝒙 and 𝒌𝒚

How do we sort out the interfacial mole fraction?
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• Gas Film:

𝑯𝒚 =
ൗ𝑽

𝑺

𝒌𝒚 𝒂
 𝑵𝒚 = ׬

𝒅𝒚

𝒚 − 𝒚𝒊

• Liquid Film:

𝑯𝒙 =
ൗ𝑳

𝑺

𝒌𝒙 𝒂
 𝑵𝒙 = ׬

𝒅𝒙

 𝒙𝒊−𝒙

• Overall Gas:

𝑯𝑶𝒚 =
ൗ𝑽

𝑺

𝑲𝒚 𝒂
 𝑵𝑶𝒚 = ׬

𝒅𝒚

𝒚 − 𝒚∗

• Overall Liquid:

𝑯𝑶𝒙 =
ൗ𝑳

𝑺

𝑲𝒙 𝒂
 𝑵𝑶𝒙 = ׬

𝒅𝒙

 𝒙∗−𝒙

• All of these are equivalent and will lead to the same answer for 𝒁𝒕

• We still need to figure out mass transfer coefficients and 𝒂 !

Various Forms to Solve for Zt
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𝒚 − 𝒚𝒊 𝒍𝒎 =
𝒚 − 𝒚𝒊 𝒂 − 𝒚 − 𝒚𝒊 𝒃

𝐥𝐧
𝒚 − 𝒚𝒊 𝒂

𝒚 − 𝒚𝒊 𝒃

𝒚 − 𝒚𝒊 = −
𝑳

𝑽

𝑯𝒚

𝑯𝒙
𝒙 − 𝒙𝒊

𝒚 − 𝒚𝒊 = −
𝑳

𝑽

𝑯𝒚

𝑯𝒙
𝒙 − 𝒚𝒊/𝒎

𝑵𝒚 =
𝒚𝒃 − 𝒚𝒂

𝒚 − 𝒚𝒊 𝒍𝒎
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Or
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