Differential Equations
Chapter 6.1-6.3. 1.4, 1.5




MATH REVIEW

Gauss's Theorem - Divergence Theorem

transforms a surface integral into a volume integral

ﬁ (Ho V)dA = . :'f (VV)dvol where: (V)isa vector
A

vol

ﬁ (a)dA = ﬁ:} (Va)dvol  where:(a)isa scalar
A

vol

Gradient V:@i+@3+@fé
OX oy 0z

V of a vectoris a scalar

V of ascalaris a vector



CONTINUITY EQUATION CONSERVATIVE INTEGRAL FORM

Gauss's Theorm transforms a surface integral 1nto a volume integral

ﬁEOVdA:mV{/dvol where, V = g + g + g
iy bt ox 0y 0z

A (control volume mass) =net mass outflow

9 p dvol =— pgov dA
e avor oy
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by Smits convention mass inflow is -.

applying Gauss's Theorm to the net mass outflow term,



CONTINUITY EQUATION CONSERVATIVE INTEGRAL FORM

fﬁ%p d vol :—{:ﬁwp\?) d vol

vol
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differentiating,

P, V(pV)=0 (6.7)
ot
Unsteady, 3-D, any fluid, variable density
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- OX OX P OX 4

@-F u@-FV@-FW@ + p@+p@+p@ =0 )
ox Oy ox 0y 0z

Steady,incompressible flow
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MONENTUM EQUATION CONSERVATIVE INTEGRAL FORM

ﬁ(pgovdAj\/+§ﬁMdvol— fHpf d vol- ﬁpdS+ﬁrdS

A

vol vol

using Gauss's Therom

ﬁ VdA = ﬁ:j (VV)d vol and ﬁ (a)dS= ifﬁ (Va)d vol

vol S vol

to convert tle three surface integrals to volume inteagrals

ﬁjv(pv)% vol+ﬁjiﬂ)dvol fHp f dvol-f{Vpd vol+ {{Vrd vol

vol vol vol vol vol

differentating,

opV

~ =—Vp—V(p{»/)\7—Vr+pf



MOMENTUM EQUATIONS
unsteady, 3D, any fluid, variable density
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NEWTON'S LAW FoR GENERAL Flow
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STRESS ¥ ST7TRA/N
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EQUATI/IONS OF mo7ron
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ANALYSIS BY
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SECOND GRID REDUCTION (2:1)
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restricting the momentum equation to Newtonian fluids

for which the fluids stress 1s a linear function of the rate

of deformation of the fluid - the change of velocity with distance.
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ENERGY EQUATION CONSERVATIVE INTEGRAL FORTM

FirstLaw Q=AE+W =AE+W__. +W. + W + Wiogy

viscous pressure

Work = Forcex Velocity
Wit =0
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Workpressure o ﬁ(p dA){;
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Vol

Workviscous o ﬁ(f dA){/:
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Net Energyinto control volume ﬁ (p \Y dA)(e + \;j
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Heat addition ﬁ adA
A

Internal energy, U=c T



FirstLaw Q=AE+W=AE+W_ . +W . +W +Wb0dy

viscous pressure
Q - AE net in + AE change in Wshaft + W + W + Wbody
control control volume

viscous pressure
volume
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EQUATION SUMMARY - 3D, viscous, variable density
CONTINUITY
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EQUATION SUMMARY - 3D, viscous, variable density

CONTINUITY

8_p+ u@+va—p+W@ + pau+paV eraw =0

ot ox Oy 0z ox 0Oy 0z

2D steady incompressible,

MOMENTUM -x,y,z directions inviscid -> T= constant, adiabatic
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BOUNDARY LAYER Prandtl 1904

Divide a flow into two regions according to the forces that prevail

BOUNDARY LAYER

thin layer near wall

viscous forces as improtant as interial forces
ou ou

—large, 1= ua— very large

ignore traverse momentum equations

2—D incompresible boundary layer equations,

0
u8u+V8u :—ld—p+l Sy
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FREE STREAM
=0, u=0,

Potential Flow
isentropic, frictionless
irrotational,

uniform and parallel



EQUATION SUMMARY - 3D, viscous, variable density
CONTINUITY
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Viscos /7Y - UNITS

T 5y
= iy

«w?ﬂz‘fg #74«"
. Al
74 S Ave
M RIC |
o~ M/m* _ N - L
A Ve m*



STRESS e STRAIN IV A PARALLEL Fliow

STRESS o STRAIN RATE (NEWToN/AY

FLUID)
YT 0y
= CoEFFICIENT OF VISCos)TY
PROPERTY OF THE FLv/d
TABLE 1.2
Properties of common liquids at 1 atm and 20°C
Viscosity p - Kinematic viscosity v = /v(/e
Liquid kg /(m-s) slug/(ft-s) m?/s ft2 /s
Alcohol
(ethyl) 12x 10" 251 x107° 151 x107% 1.62x%x 1073
Gasoline 29%107% 6.06 X 107* 427 x 1077 459 x 10™°
Mercury 5% 1077 3.14x107° 116 x 1077 125 % 107°
Oil
(lubricant) 0.26 543 x 1073 279 x 10~* 3.00 x 10~*
Water 1005 X 107 1.67 X 1075 0.804 x 107° 8.65 X 107

(¢



PARALLEL FLOW (STEADY)
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RO7A7TING SHAFT
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